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Abstract

Since the proportional navigation guidance law was first
introduced, many of the researchers had proposed differ-
ent methodologies to investigate the corresponding per-
formances of all the existing guidance laws. In 1997,
Yang and Yang introduced an unified approach, in that
paper the authors found that under the proposed frame-
work, all the existing guidance laws, namely TPN, IPN
and PPN, are indeed special cases of the mentioned
general guidance law. But their results were restricted
to two dimensional space. In this paper, the author
not only extends the results to three dimensional space,
but also to GTPN, GIPN and PPN. Unlike conven-
tional researchers, a modified polar coordinate (MPC) is
adopted. It is shown that with the property of this mod-
ified polar coordinate, the number of differential equa-
tions required to describe the relative dynamics can be
reduced from six to three, and all the terms of differ-
ential equations involve only products and additions of
variables. For all the mentioned guidance laws in this pa-
per, to describe the capture area we need only two trans-
formed variables, while the third variable is required to
provide the condition of finite turn rate.

1 Introduction

Since the proportional navigation guidance law was first
introduced, many of the researchers have proposed differ-
ent methodologies to investigate the corresponding per-
formances of all the existing guidance laws, for example,
TPN [1,2], IPN (3], PPN [4,5]. But unified approach
did not exist until 1997. In 1997, Yang and Yang [6]
introduced an unified approach, in that paper the au-
thors found that under the proposed framework, all the
existing guidance laws are indeed special cases of the
mentioned general guidance law. But their results were
restricted to two dimensional space.

Although there were some results for the case of there di-
mensional space [7-9], again, the approaches used were
distinct. In this paper, the author not only extends the
results to three dimensional space, but also to the gen-
eral form of TPN and IPN, namely, GTPN, and GIPN.
Unlike conventional researchers, a modified polar coordi-
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nate (MPC) is adopted. It is shown that with the prop-
erty of this modified polar coordinate, the number of
differential equations required to fully describe the rela-
tive dynamics between missile and target can be reduced
from six to three, and all the terms involved in the dif-
ferential equations contain only products and additions
of variables. In addition, using the relative velocities,
which were adopted by Yang and Yang [6], as nonlinear
transformation variables reveals that for the GTPN and
GIPN all the results found for two dimensional space can
be applied directly to the case of nonmaneuvering target
or maneuvering but the target’s exact acceleration can
be obtained. However, for the PPN guidance law, the
results obtained from two dimensional space can only be
applied to nonmaneuvering target.

In section 2, the 3D relative dynamics between missile
and target are derived in MPC. The number of dynamic
equations are reduced from six to three. And these three
differential equations also shed the light on why the gen-
eral guidance laws introduced in section 3 takes its given
form, which was never explained in existing literatures.
Then in section 4, using the relative closing and tangent
velocities transforms the first two differential equations
into another form which is used to derive the capture
area and the condition for finite turn rate for all the
three guidance laws.

2 Dynamic Equations in the Modified Polar
Coordinate

Let the relative position vector (line of sight),r, of target
and missile be defined as (see Figure 1)

T=TT —TM = per, (2.1)

where r is the line of sight (LOS) vector from missile

platform to target, rr and rjs are the position vectors
of target and missile in an inertial coordinate OXY Z
respectively, p is the Length of LOS vector, i.e., the range
between target and missile, and e, is the unit vector in
the direction of the LOS. Then the relative velocity and
acceleration can be written as

d . .
—7 = vV, = pe, + pé, = vr — UM, (2.2)
dt

vy = per + 2pér + pér = aT — ap, (2.3)

dt



in which v, is the relative velocity of target relative to

missile, é, & 4 e, is the time derivative of the unit LOS
vector, vr,vpy and ar,apy are the missile and target
velocity and acceleration vectors respectively. Note that

X

Figure 1: Engagement geometry

vp — vp has no component along the direction e, x ér,
that is, (UT - vM)T(eT g ér) =0.

The components of the state vector of the modified polar
coordinate system are defined as follows [10]:

zpi ér
T aler
zp= (1P 21 1 (2.4)
zp3 ’,
ldp
Tps ¥

The state dynamics, are given by differentiating each
component of state vector zp:

d
%P = f(zp) +g(zp)(ar — am), (2.5)
where
[ Tp2
—22pszp2 — (TheTpP2)TP
f(g:p) = —XpaTpy (26&)
L (xFazp2) — oy
r Oaxs r
. I —
olzp) = 7Pl TPz | (2.6b)
L $P3-7?£1

in which x5,z py represents the inner product of vec-

tors zpy and Tpy, zp1zh, is the matrix formed by the
product of vectors zp1 and :c%l, 01x3,03x3 are defined
as 1 x 3 and 3 x 3 zero matrices, and I3 denotes the
3 x 3 identity matrix. To describe the relative dynam-
ics between missile and target in a 3-Dimensional space,
six states are required. However, we utilized eight states
instead, hence, there are two constraints on the above
given states, namely,

zglzpl =1, :1:'1;;1:1:1:2 =0. (2.7)

Note that xps is not a unit vector in general, indeed
its magnitude is equal to the magnitude of the angular
velocity of line of sight. By assuming that the angular
velocity of line of sight, €, is orthogonal to the line of
sight, we have

zp1 X zp2 =zp1 X (X zpP1) = Q, (2.8)
it follows that

(xp1 x ng)T(a:pl X Tp2) = xgzo:pg = QTQ, (2.9)
(2.10)
(2.11)

zp1 X = —xp2,
T
zp2 X 2= (2 Qzp,
in the above equations z p; X  p; denotes the cross prod-

uct of vectors z p; and zp;. For convenience, let us define
the following unit vectors

el 2P a2 (2.12)
VarQ’ VarQ' '

apparently e; and eq are the unit vectors in the direc-

tion of é, and  respectively. By taking this orthogonal
coordinate system (e, e, eq), the analysis of guidance
law in this paper becomes easy.

If we express ar and ap in this (e, e, eq) coordinate
system as

(2.13)
(2.14)

A

ar = arier + ar2et + arqeq,
A

apm = aMmier +apm2et + apmneq,

and after applying the constraints (2.7), we then have
the following three coupled scalar differential equations:

d
5P = 070 — 2%, + zps(ar: — amn),

;—tv QT = —22p VT +ZI:P3(G.T2 — aMz), (215b)

(2.15a)

—Ip3 = —ITpP3TpP4. (215C)

dt

In addition, the dynamic equation for the angular ve-
locity of line of sight €2 satisfies

d
-‘EQ = zp3 [(aT2 — am2)eq — (aTa — apma)ed]

—2zpsf. (2.16)

3 Guidance Laws

Observe equations (2.15) and (2.16) we know that the
acceleration components ayrq,arqe do not have any ef-
fect on capturing the target but do change the direction
of €. Furthermore, they influence system observabil-
ity [11]. The above observation explains why most of
the existing guidance laws are in the form of [6]

am =vg X §2, (3.1)

where the guidance reference vector v, is defined as

A
vy = vg1€r + Vg2€r + Vgneq. (3.2)
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Hence

am =ve2VOTQR, apr = v VORTQ, apme =0,

3.3)

and equations (2.15) can be further written as

d
—TPs

dt

=07Q — 2%, + zpslar: — v VTR, (3.4a)

d
Et' VT = —2xpgV Qr0 + $P3(aT2 + vq1V QTQX34b)

d

‘> TpP3 = —TP3Tps.

dt

(3.4c)

For convenience, let us define the velocity vector of mis-
sile and target as

A
vm = Vireum = vapier + varcer + vmaeq,

A
vr = Vre,r = vrier + vraes + vraeq,

where Vy; =

[T -
vy UM, Vr =

(3.5)
(3.6)

,/v%vT, and e,ps, e,7 are

the unit-vectors in the direction of vpr, v, respectively.

Table 1: Expressions of vg1,vg2 and vgq for existing guid-

ance laws
Vg1 Vg2 Vg2
TPN ﬁIE4(tO) 0 0
zpa(to;

RIPN | pEeelss 0 0
GTPN | p2Eif | a¥ gy 0
GIPN | pzeslh | oY 0
PPN | —Buari(t) ~Buma(t) | ~Posmalt)
OPN U1opt(t) V2opt (t) 0

Table 1 shows the guidance reference vectors adopted
by some of the existing guidance laws [6,11], in which
a, f are navigation constants (or variables). In most of
the literatures @ = [ = constant, however, it is not
necessarily to be held {11]. Note that for the case 8 =
a = constant, then

vg = B(vr —vm) = By, for IPN, 3.7
= PBvr(to), for TPN, (3.8)
= —fBupn, for PPN. (3.9

In this paper, we adopt the definition of “capture” of
target given in [9].

Definition 8.1. The capture of target by missile is char-
acterized by a finite final time ¢ at which the range p(t¢)

is equal to zero. This can be formulated as
Jty < oo such that p(tf) =0 or zp3(ty) = co. (3.10)

To avoid the turn rate of the line of sight, i.e. ||é,]|, from
infinite, we also require that
QT (:)Qts) is finite. (3.11)

Definition 3.2. The time at which missile is launched
is denoted by #¢ and is called the initial time.

In the following sections we assume that all the required
states, xp, can be measured.

4 Nonlinear Transformation Using
Relative Velocities

In this section we adopt the relative velocity components
in the direction of e, e; [6], and zp3 as the intermediate
variables u,v, and w then we have

azps A VOATQ A
u=—,v= ,W = Tps, (4.1)
TpP3 ZP3

and the relative dynamics can be characterized by

du

== v2w + (a1 — an1), u(to) = wo,  (4.2a)
d

Ezti = —wvw + (ar2 — ama), v(to) = vo, (4.2b)
dw

- = —uw?, wlto) = wo, (4.2¢)

with the initial conditions

A VT (to)Qto)
- fl'PB‘(tO)

A xpy(to)
zp3(to)’

A
Uo ,wo = xp3(to).

To have a direct comparison with the results in [6], as-
sume that

ar =0o0r ay = ar + vy X £,
hence we have

ap1 = ar1 + vga VT, apye = ars — v VOTQ,

apQ = arq. (4.3)
Equations (4.2) can be further transformed into

j—f = v* — vg2v, u(n0) = uo, (4.4a)

% = —uv + vg1v, v(T0) = o, (4.4b)

% = —uw, w(70) = wo, (4.4¢)

where the independent variable 7 is defined as dr 2 wdt.
Note that the phase portraits on the (u,v)-plane in the
“t” domain are the same as those in the “7” domain.
Moreover, v = 0 is the “equilibrium line” on the (u,v)
plane in 7 domain.

The capture conditions (3.10) and (3.11) imply that at
final time t¢, v(t5) = 0. In addition, it is obvious that
at final time, we have a finite closing velocity p(t;) < 0.
Henceforth, we define the capture region as:

Definition 4.1. The capture region is the region on the
(u, v)-plane such that whenever the initial states (ug, vo)
are started inside this region, the state trajectories will
lead to (uy,0) at ty or 7y, where uy is a negative finite
number, and the turn rate /Q7(t£)Q(t5) remains finite

as well.
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Although the conditions given in definition 4.1 are neces-
sary conditions of definition 3.1, however, for the guid-
ance laws considered in this paper, the corresponding
given conditions turn out also to be sufficient.

Comparing the first two equations of (4.4) with the equa-
tions (5a,b) in [6] reveals that both of the equations in-
deed are the same, which in turn indicates that equa-
tions (4.4) are the three dimensional extension of [6].
Hence, most of the results given in [6) can be applied
directly. While the conclusion regarding PPN guidance
needs some modification as will be seen in the following
consecutive subsection. For comparison, the following
three cases are considered:

4.1 Case 1: GIPN
The differential equations for guidance law using GIPN
can be formulated as

du

- = —(a —1)v?, u(m) = uo, (4.5a)
g; = (8 - Duwv, v(7o) = vo, (4.5b)
3—1: = —uw, ’w(To) = wp. (4'50)

It is easy to show that for constant «, 3 the phase por-
traits on the (u,v) plane satisfy

(B-1w? + (a— 1) = (8- Dug + (a— 1)v3, (4.6)

which is an ellipse or hyperbola centered at (0,0), and
the phase portraits on the (v, w) plane satisfy

v(n)w® N (7) = vowl Y,

QT (MQ(r)p® P (r) = VAT (ta)t0)p >~ (20). (4.7)
Apparently, to have finite turn rate at final time ¢, 3 >
2 is required. The capture area is determined by {11]:

or

1. For navigation variables a > 1,3 > 2:

any initial condition except ug > 0 and vo = 0.
(4.8)

2. For navigation variables ami, <a<1,8> 2:

up < 0 and u2 4+ (@min — 1)v3 > 0. (4.9)

3. For constant a, 8 such that a < 1,8 > 2:
uo <0 and (B —1ui+ (a—1)v% >0. (4.10)
4.2 Case 2: GTPN

For the guidance law uses GTPN, the relative dynamics
can be described by

du
= v? — awgv, u(To) = uo, (4.11a)
dv
=Tt Buov, v(T9) = vo, (4.11b)
dw
E; = —uw, w(To) = wWp. (4110)

The state trajectories on the (u,v) plane can be easily
shown in the following form

[u(())] _ [ cos(d — o)  sin(6 — oo)} [—(ﬁ - 1)u0] [ﬁuo]
v(0)] T [—sin(@ — o) cos(8 —6o)| | —(a — 1)vo *lave

(4.12)
where 0 is defined by df £ vdr, and u(fo) = ug,v(bp) =
vo. It is easy to see that on the (u,v) plane, the phase
portraits satisfy

(u — Bug)? + (v — avg)® = ri7pn, (4.13)
which is a circle centered at (Bug,avg) with radius
retpN = V/(B—1)2ud + (@ —1)2vZ (see Figure 2).
Note that a”;& = v > 0, for all vy > 0, and the trajectory
of (u(8),v(6)) will move in a clock-wise direction.

Figure 2: Phase portraits on (u,v) plane for GTPN guid-
ance law with o > 1,8 > 2.

For constant ,a, to have u(ry) < 0,v(ry) = 0, the
region is determined by:

Pl <ric B%uZ, and uo < 0. (4.14)
On the (v, w) plane, it can be shown that
e
L R Y R EN
w(7o) :
v(rYw(r) = v(re)w(To)elra Bro=2dr, (4.15b)

or, equivalently,

I e K
=i S TR
VOT()Q(T) = /T (70)Qro)el 70 Pro=2)47,

It is easy to show that if 8 > 2,u¢ < 0, the minimum
value of u occurs at ug or u(rs). In addition, if

(%ﬁ2 ~ 28+ 1)ud + (1 - 2a)v8 >0, (4.16)

then we have Bug — 2u < 0, for 7 > 73, which in turn
results in finite turn rate at final time 74,

VT (r1)ry) < VT (10)Q(70), (4.17)
and p(75) = 0. Note that condition (4.16) will be satis-
fied automatically if 8 > 2,a < 1.
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4.3 Case 3: PPN
For PPN guidance law, the missile’s velocity is adopted
as the guidance reference vector, and consider nonma-
neuvering target (ar = 0), hence,

ap = —BVirewns X 8,

= —BVuv Qra [(evMet)e"' - ( UM&,)@;J (4 18)

and
- du 9 T
d_T =v" 4+ ﬁVM(euMet)v7 ’U,(To) = Uo, (4193')
d
% = —uv — BV (elprer)v, v(10) = vo, (4.19b)
dw
s —uw, w(T) = wp. (4.19¢)
Next, it is easy to see that
ay =y = VMevM + Varéunr. (420)

However, without considering aerodynamic drag, com-
paring equations (4.18) and (4.20) yields

Vm =0,
VMé,,M = —ﬂVMeuM X Q .

= —AVMVOTQ [( Tred)er — (EZ"Me,)e,] (4.22)

(4.21)

It can be shown that the direction cosines e:,FMGm efMet
and el eq satisfy

%(e{Mer) =—(B - 1)(esnmer)v, (4.23a)
d
E(BZM%) = (B~ 1)(esmer)v, (4.23b)
d
7= (esaen) =0, (4.23c)
with  initial  conditions (eTprer) (7o) =
(EZMBT)OY(EZM&)(TO) = (evTMet)Ox (efMen)(TO) = (evTMen)O'

and the following unity length constraint as well
1= (efyer)? + (esmer)? + (egpren)®. (4.24)
Observing equations (4.23) reveals that (el,,e,) and
(eTyse:) can be solved independently from (4.19),
[(ET er)(é‘)} - [COS((ﬂ = 1)(0 - 00)) —sin((8—1)(6 ~ o))} .
(expret)(©)] — |sin((B—1)(6 —60))  cos({B—1)(6 ~ 6o))
(eT\rer)o
[(e%ez)o] , (4.25)
where @ is defined by df £ ydr. After some mathemat-

ical manipulations, it can be shown that on the (u,v)
plane we have

[u(O)J _ { cos(@ — 6p)  sin(f — 90)] [uo + V(eT, e,)o]

v(0) - sin(9 —00) cos(0 —Bo)] |wvo+ Varlel pet)o
+ ~cos((8—1)(6 —6o)) sin((B~1)(6—60)) | .
- Sl"((ﬂ - 1)(9 60)) —cos((8 —1)(6 — 60))
T
Vi (evMe:)o
_ | cos(0—86) sin(@—6)]| |Vr (e;‘Ter)o
= |—sin(6 — 6p) cos(d — bp) Vr(e,ret)o
[COS((H —1)(6 —60)) —sin((8 —1)(6 - 6p))
sin((8—1)(6 — 60))  cos((B — 1)(9 — 60o))
Va ( r)
[VAA: (Z,,MZ: "} (4.26)

This implies that the direction cosines of target on the
(u, v) plane satisfy

[<e3Ter)(e)] _ [ cos(6 — o)

(esree)(8)] — |~ sin((6 — bo) con(0 - 00)} [(efTer)o}

COS(G — 00) (eZ‘Tei)O ’
(4:27)
A A '
where (¢Ze,)o 2 (eTpe,)(to), (Trec)o 2 (eTper)(to). Tt
follows that the trajectory on the (u,v) plane can be real-
ized as a moving circle centered at (Vr(elre.), Vr(elre:))

with constant radius rppy = /VZ — V2(elren)? (see

Figure 3), that is,

[u - VT(egTer)]Q +

Here we have applied the facts that vy — vps has no
component in the eq direction, that is,

2
[v - Vr(elres)] =rdon.  (428)

0 = Vel e — Vrelrea, (4.29)

and el eq is a constant. Recall that due to the def-
inition of v (equation (4.1)), we have v(6y) > 0. At
final time, the corresponding 0 is determined by letting
u(fy) < 0,v(8y) = 0, that is,
0> cos(f5 — HQ)VT(CZTB,-)() + sin(fy — QO)VT(CUTTCt)O
~ cos((B — 1)(65 — 00))Va (egprer)o
+sin((8 — 1)(85 — 60)) Vi (elprer)o,
0 = —sin(5 — 6o)Vr(elrer)o + cos(8; — 8o)Vir(elrer)o
—sin((8 ~ 1)(85 — 60))Var(exnmer)o
—cos((B - 1)(65 — 00))Va (esmer)o,
or,

0> -V \/(eZMer)g + (eTpree) coslBymo + (B — 1)(85 — 60)]

+Vry/(eZper)3 + (eLper)? cos(Buro — 05 + 6o),
0=-Vy \/(eZMer)g + (T ee)g sinf0,n10 + (B — 1)(85 — 60)]

+Vr \/(eZTer)% + (eTre)% sin(8u70 — 65 + 60),
where 8,70 and 8,0 are defined by

(4.30a)

(4.30b)

(GZTE,‘)O
cos By =
T VT g + (eTped’
T
cosBuaro = (evarer)o

VIEer)s + (ehye)s

Equation (4.30) implies that
Vi \/(evTMe,-)g + (eTyset)d > VT\/(efTer)g + (e ee )f4.31a)
g>2. (4.31b)

is a sufficient condition to guarantee the satisfaction of

capture condition for any initial engagement geometry.
However, due to the fact explained by equation (4.29),
condition (4.31) is equivalent to

Vm > Vr and 8 > 2.
Next, on the (v, w) plane, it can be shown that
I

0

(4.32)

T
U(T)w(T) = vowoe [—2u—BVps(el Mer)]d‘r

— vowel =2V (€Tren +G=aVar Ty enlaty 33y
w(T) = woe I T,
= woe —Joy ':‘19

(4.34)
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which in turn indicates that if 3 is chosen such that
s
/ [~2Vir(eFrer) + (2 — B)Vir(eTprer)ldr < 0,  (4.35)
To
then the finite turn rate constraint can be retained. It
can be seen from Figure 3 that if

Vi > Vi, 8> 2 and (elrer)o > 0, (€2per)o >0,  (4.36)

then inequality (4.35) can be satisfied. In addition it
can be shown that for 0 < A« 1

u(fy — 6o — A) N uy

v(0; — 60 — B) ~ Afus + BV (eTyer)(05))

(4.37)

which in turn renders p(7¢) = 0.

gV _ _ _
- )
L’ \\ VRN
7 \ \ \
, L VoMol
1
' v (B-1e-0g \
! ! bV sz;
' \ TVt
1 Vel V) |
1

Figure 3: Velocity diagram on (u,v) plane for PPN guid-
ance law.

5 Conclusion

In this paper, the author adopted the modified polar co-
ordinate to describe the relative dynamics between tar-
get and missile. It is shown that with the property of
this modified polar coordinate, the number of differential
equations required to describe the relative dynamics can
be reduced from six to three, and all the terms of differ-
ential equations involve only products and additions of
variables. Then utilized relative velocities as the trans-
formation variable, all the results derived by Yang and
Yang in [6] can be recovered. More specifically, for the
case of GTPN and GIPN, the results found for two di-
mensional space can be applied directly to the case of
nonmaneuvering target or maneuvering target but with
measurable exact acceleration. However, for the PPN
guidance law, the results obtained from two dimensional
space can only be applied to nonmaneuvering target. For
all the mentioned guidance laws in this paper, to describe
the capture area we need only two transformed variables,

while the third variable is required to provide the infor-
mation of finite turn rate. The proposed mathematical
model in this paper not only provides an intuitive expla-
nation on the reason why most of the existing guidance
appears in their current forms, but also paves the way to
analyze the capture area and performance for even more
general guidance laws with more realistic situations, e.g.,
the maneuverabilities (accelerations) of missiles and tar-
gets are bounded.
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