See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/243044407

The Quasi-score statistic in quasi-likelihood model

Article in Statistics: A Journal of Theoretical and Applied Statistics - January 2001

DOI: 10.1080/02331880108802752

CITATION
1

2 authors:
; Jong-Wuu Wu
¥ National Chiayi University
120 PUBLICATIONS 1,792 CITATIONS

SEE PROFILE

All content following this page was uploaded by Jong-Wuu Wu on 11 June 2014.

The user has requested enhancement of the downloaded file.

READS
172

Wen-Chuan Lee
Chang Jung Christian University
53 PUBLICATIONS 813 CITATIONS

SEE PROFILE

ResearchGate


https://www.researchgate.net/publication/243044407_The_Quasi-score_statistic_in_quasi-likelihood_model?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/243044407_The_Quasi-score_statistic_in_quasi-likelihood_model?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jong-Wuu-Wu?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jong-Wuu-Wu?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/National-Chiayi-University?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jong-Wuu-Wu?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Wen-Chuan-Lee-3?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Wen-Chuan-Lee-3?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Chang_Jung_Christian_University?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Wen-Chuan-Lee-3?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Jong-Wuu-Wu?enrichId=rgreq-cad57f4771a655dc4c05096aecef87c0-XXX&enrichSource=Y292ZXJQYWdlOzI0MzA0NDQwNztBUzoxMDY3MTU1NTA4NDY5NzdAMTQwMjQ1NDM3OTEyMQ%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Statistics 38 (2001) pp, 523535 © 2001 OPA (Overseas Publishers Amcolation) N.V.
Reprints available directly from the publisher Published by Homise under
Photocopying permittad by Llicense caly the Gordon and Breach Sciencé Publithers impriat,

s member of the Taylor & Francls Group.

THE QUASI-SCORE STATISTIC
IN QUASI-LIKELIHOOD MODEL
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In quasi-likelihood model, we propose the quasi-score statistic to establish test procedure
for testing the hypothesis that whether the link function is correct or not. In additicn,
four practical examples are given to show the advantage of the proposed test.

Keywords. Quasi-likelihood model; Link function; Quasi-score statistic; Dimension
reduction

1. INTRODUCTION

Let {(Y, X),i=1,2,...,n} denote a random sample, where Y; is a
real-valued response variable and (Xj,...,X,)7 is a p-dimension
column vector of covariates, The distribution of ¥]X = x is assumed to
be a member of the family of distributions depending on the parameter
B and ¢ and x. Here § is 2 p-dimension row vector of regression
coefficients and 4 is a g-dimension row vector parameters. Under this
set-up, the conditional mean u(x) of ¥ given X'=x can be written as
u(x)=g(8,x;0) for some known function g. For example, for a
particular value 8, g(3, x; 8o) = g(x7; 8) can be referred to as a link
function (also see McCullagh and Nelder, 1989) and g(x74: §) can be
considered as a parametric family of link functions. Therefore,
£(3, x; 6y) and g(8, x; 6) of this paper are also called by a link function
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524 §.-W, WU AND W.-C. LEE

and a parametric family of link functions, respectively. This paper
provides a method for testing the adequacy of a particular
hypothesized family of link functions (that is, testing the family link
function g(-, ;8) = g(-, -; 6), if g(-, -;8,) is correct link function).

In the literature, several parametric families of link functions were
considered by Prentice (1976); Aranda-Ordaz (1981); Pregibon
(1980, 1985) and Wang (1991) etc. However, so far there exists no
formal test for assessing the appropriateness of these hypothesized
parametric families. As to the tests for the adequacy of a particular
assumed link function, the general approach is to use the tests based
on the deviance statistic or Pearson chi-squared statistic. Pierce and
Schafer (1986) argued that the deviance residuals should provide
a better basis for goodness-of-fit tests than the Pearson residuals.
Williams (1987) investigated the case influence on the test statistics for
selecting appropriate models.

In addition, the score statistic has been found useful for deriving
diagnostic procedures for various purposes. In generalized linear
model, Pregibon (1982) and Chen (1983, 1985) use it to test the need
for additional explanatory variables, Wang (1985, 1987) use it to set
up added-variable and constructed-variable plots. Chen and Wang
(1991) use it for diagnostics on Cox’s regression model. Finally, Wang
(1991) use it to set up parameter plot in generalized nonlinear model.

In this article, the distribution of ¥]X=x is unknown in quasi-
likelihood model, therefore we can’t use the score statistic as the
diagnostic tool. So, we propose the quasi-score statistic for detecting
global lack-of-fit of a quasi-likelihood model for the link function with
specifying a particular family of alternatives. Moreover, the diagnostic
as Pregibon (1980); Chen (1983) and Wang (1985, 1991) etc., are
special cases of our test procedure. In the next section, we give the
basic structure of the quasi-likelihood model. Section 3 develops
the quasi-score statistic, set up parameter plot, and gives sufficient
conditions for the asymptotic distribution of the quasi-score statistic.
Four practical examples and conclusions are given in Section 4.

2. QUASI-LIKELIHOOD MODEL

Assume Y to be the response variable with the conditional mean, given
X=x,
E(Y|X = x) = g(x7 ) (2.1)
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and the conditiona! covariance
Var(Y|X = x) = ¢Vig(x7B)|. 2.2)

Here g() and V() are given functions and ¢ end 2 are unknown
parameters to be estimated. Models of the general form given by (2.1)
and (2.2) are discussed by McCullagh and Nelder (1989) using the
name quasi-likelihood models. Generally, the main concern i the
estimation of the regression parameter 5. Since a fully specified
likelihood is not assumed, Wedderburn (1974) has shown that the
ordinary least-squares equations may be generalized to the quast-
likelihood equations

OKBXY) _ Y - e(XT8) Dg(x[B) _
% % Cu @Al e <0 @3

to be solved for 7 giving a solution vector 4, say. Here K{(G;x, ) is
called the quasi-likelihood function. McCullagh (1983) has shown that
under certain conditions, 4 is consistent and asymptotically notmal
provided the link function is correctly specified. Suppose the link
function is incorrectly specified, the estimator £ can not be consistent,
though one can show that ﬁ still converge to some constant vector,
say 8.. On the other hand, if model (2.1) is correct but the variance
function ¥1(:) is incorrectly defined, the estimator 4 can still be
consistent, except that now the estimator becomes less efficient.
Therefore, in the following section, we will propose test statistic to test
whether the link funetion is correct or not, and its graphical version
for detecting the need of a single parameter and influential
observations on the need.

3. QUASI-SCORE STATISTIC AND PARAMETER PLOT |

3.1. Basic Framework for the Test Procedures

We extend the model given by (2.1) and (2.2) for the response variable
Y and a parametric family of link function for modelling the mean
function of Y. Therefore, in the present, we consider the following
model:

E(¥|X = x) = g(6, x;6) (3.1)
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and
Var(P|X = x) = $Vo[g(8, x;6)]. (3.2)

According to our set-up, let the link function g(-) and the variance
function ¥y(-) be known, and we assume the null hypothesis Hy:6=40,
(That is, whether the link function g(4, x; 6) is g(8, x; 65)) or not, where
8(08, x; B5) is defined as true link function, 8, is known value, 4 in the
parameter space I1€ R” and 6 in the parameter space © € RY. Model
(3.1)~-(3.2) includes the class of generalized nonlincar models, see
Wang (1991).

Under the hypothesized link function g(., -; 6,), the quasi-likelihood
estimate §, is a solution of the quasi-likelihood equation

Zn: Y, — 2(B, Xi; 6o) (8, X;; 6,)
7 Volg(B,X;; 6o))] %]

= 0. (3.3)

We know that 3, will converge in probability to the true regression
parameter value, say §p under Hy and the regularity conditions of the
Appendices.

In some applications ¢ may be known: often ¢=1. More often ¢
must be estimated in order to construct tests for testing Hy. In the
absence of information beyond second moments of ¥ given X=1x,
there is little alternative to using

o1 - a8, X 80)]
¢"_"-P; Volg(Bn Xi; 80)]

For large n, ¢, will converge in probability to the true dispersion
parameter value, say ¢, under H, and the conditions (R6) and (R7) in
the Appendices. In order to test Hy:0=4,, we define a quasi-score
statistic at (G,8) = (8,; o) given by

gy > Yi - g(ﬁn:Xf; 60) . ag(iémxi: 80)
U(ﬁ") - ; ‘5}: VO[g(BmXI'; 00)] o0 .

General asymptotic theory for U(ﬁ‘,,) under Hy: 0 =8, will be given in
Theorem 3.1. Before stating the basic conditions and asymptotic
results, we first denote a=(8,6), ag=(B,,6y), Ma;x,y)/80=((y—g
(8, x;6))/ Vol (0, x; 6)]) - (9g(B, x; 6)/66), Dl(ex; x, y)/88 = ((y—g(B, x; 8))/
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Volg(6, x; 6)])- (9g(8, x; 6)/0B), and g(ar, x)=g(B, x; 6) for the ease of
presentation. We note that direct application of the “é-method;”

delivers the asymptotically normal distribution of U(B,) and a con-
sistent estimator of its covariance matrix. To simplify our presenta-
tion of the asymptotic result, we define

o= E[VO[g(;o;x)]‘ (63(33;X)) | (2@%&)]

where a, b =8 or 8. Therefore, under the above regularity conditions
and H,:6=06, we obtain

ﬁ 160 ¢0 115,6 [ E.‘?L“oa’_ﬂxnnz] + Op(n—1/2)}
Jux]

and

- Z bl s, 5 —
n ' U(8,) =j¢% [:—lz—'{%ﬂ)_ dolss(B, — ﬁo)} +0p(n7'72).

i=1
So, the asymptotic distribution of n~1/217(3,) is equal to that of

- 1 0lao; Xi, ¥) 1. ., 0l(cg; X, ¥)
1/2 _______ —— —1 AT An f)
E { &0 %' —p

Since T} is the average of i.i.d. random variables, therefore the central
limit theorem establishes the assertion of Theorem 3.1. The asymptotic
covariance matrix is also stated in Theorem 3.1 with detailed analysis
omitted.

TrEOREM 3.1  Suppose assumptions Conditions (R1)—(R7) given in the
Appendices are satisfied, Then we have

n"'2U(B,) -5 MVN(0, %), as 1 — oo,

where the covariance matrix T, = Tgp — IgﬂIEﬁlIﬁa.

For the estimate U(ﬁ,,) to be of practical use, one needs some
estimate of its asymptotic covariance matrix. Therefore, under H,, the
asymptotic covariance matrix 3 can be consistently estimated by
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~ A A a—=la
2p = (l/n)[fgg —Iggfﬁﬂlgg]. Here we define

s _ 1 1 38(:5;:;3::90)] [38(51.”1(;,90)}
Iop == —
4 ; Volg(B,, Xi; 6o)] {

where a,b=8 or 3.

Accordmgly, the quasi-score test statistic W, = U(4,) [lps—
Tosi ﬁﬁlﬁg]— U(B,) can be used to test Hy. Under the null hypothesis, W,
converges weakly to a central chi-square variable with g degree of
freedom, and large value of W, means that one should reject Hp. More
specifically, to carry out the test, one computes W, and compares it to
critical value of the x2 distribution of a given size of test. Suppose the
dispersion parameter ¢ is given, say ¢= 1, then we replace ¢, by 1 in
the test statistic W,,.

In addition, let Z be a vector of ([¥;— g(ﬂ,,,X,, 60)}/ 9, Volg(B,,
X;;60)]) and W be a matrix of [0g(8,, X:; 65)/96]", then we can rewrite
U(B,) as -

H

UB,) =Wz

Moreover, let V = dlag[l/(b,,Vu[g(B,,,X,,ﬁo)]] and ¥ be a matrix of
[0g(8,, X:;80)/88)7, we can simplify the quasi-score test statistic W,
to become

W, = ZTW{(V'2w)T (1 - H)yv?w| w7z, (3.4)

where H = V20U V¥~ w72, When the dimension of 8 is one
(g=1), we can establish a graphical version of (3.4) for diagnostic
purposes.

Let § = V1295, + V-12Z and ¢* = 0—6,, we construct an approxi-
mate model

S=V208+ VIPWe + ¢, (3.5)

where &~ N(0,0%]). The F-statistic for ¢* =0 under model (3.5) is
computationally equivalent to the quasi-score statistic in (3.4). Thus
the add-variable plot for variable /2, which is a plot of R= V'~ 12Z
versus (I—- HYV'?W (see Cook and Weisberg, 1982), can be treated
as a graphical version of statistic (3.4). The significant slope of the
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regression line in the plot corresponds to the significance of the
parameter 8#(=6,) in the quasi-likelihood model. For later conve-
nience, we call R and (/— H)V'2W as the residuals and W-residuals
respectively (see Wang, 1985). We name the plot as parameter plot. If
Yi,..., ¥, are a random sample from a specified generalized nonlin-
ear model with the corresponding values of p explanatory variables
X1,...,X, and 6, =0, then the parameter plot reduce to plot of Wang
(1991).

4. EXAMPLES AND FINAL REMARKS

To illustrate the usefulness of test procedure in quasi-likelihood model,
we now apply the proposed test W, to some familiar data sets,

In the first example, we consider the data reported by Bissel (1972).
There are 32 independent counts of the number y of flaws in rolls of
fabric of length x. The data are given in Table I of Firth et al. (1991).
They assumed that there is a constant flaw rate and thus the mean
count E(Y]X=x)=x"8 and ¥ to be a Poisson variate. Therefore, we
consider the family of power transformations proposed by Box and
Cox (1964) given as

o= J(TB+1)P =1)/8, if 040
8(5;0) = {ln(xrﬁ +1), otherwise.

So, under Hy:0=1, we obtain 8, = 0.0151, and find that the quasi-
score test statistic W, =0.8733 x 1072 (P-value =0.9255). Therefore,
this concludes that we have stronger evidence not to reject Hy. This
agrees with the conclusion stated in Firth et al. (1991).

The second example is taken from Draper and Smith (1981, p. 205).
The problem is to analyze the relationship between the pounds of
steam used monthly = ¥, and X=(X;, X,), where X, = the operating
days per month and X;=the average atmospheric temperature.
Draper and Smith used a simple additive model with normal errors
to model the data. But Su and Wei (1991) calculated the approximated
p value of their test G, to obtain P-value=0.048. In addition, Cheng
and Wu (1994) calculated the value of their test M. n t0 obtamn
M, =19.5561 (P-value=2.103 x 10~*). They leads to the rejection of
the simple additive model. Here, we usc the family of link function
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given as the first example. Using our test, we obtain f, =
(9.1269,0.2028, —0.0724) and find that the quasi-score test statistic
W,=11.701 (P-value=6.2477 x 10~%) giving stronger evidence to
reject the simple additive model. So, this agrees with the conclusion of
Su and Wei (1991) and Cheng and Wu (1994).

Our third example considers the data given by Bliss (1935) where the
mortality of adult flour beetles is related to exposure to gaseous
carbon disulphide with log dosage; see also Table I of Prentice (1976)
or Table IV of Aranda-Ordaz (1981). From Table I of Cheng and
Wu (1994), we have been known that the P-values of (M, G,) are
(1.999 x 10~2,0.03), (0.997,0.990), and (0.999,0.990) for logistic
model, Prentice’s model, and complementary log—log model, respec-
tively. Both their test M, and the test G, all suggest that the com-
plementary log—log model and Prentice’s model are almost equally
satisfactory. Now, first, we consider the family of link function (see
Prentice, 1976) given by

g(xT[J’; 9) — { exp(ﬁo + xlﬂl) }6‘ (4'1)

1 + exp(Bo + x161)

For =1, (4.1) reduces to the logistic model, while for #=0.279,
the Prentice’s model is obtained. So, under Hjy:8=1, we obtain
B, = (—60.718,34.271), and find that the quasi-score test statistic
W, = 6.8095 (P-value =9.0647 x 10~3), Giving the sufficient evidence
to reject the logistic model. This agrees with the conclusion of Cheng
and Wu (1994). In addition, under Hy:0=0.279, we obtain §, =
(—116.301,63.970) and find that the quasi-score test statistic W, =
0.5653 x 10~ (P-value =0.9940). Giving stronger evidence not to
reject the Prentice’s model. This see that the Prentice’s model does
have better support from the data, under the family (4.1). Next, we
consider the family of link function (see Aranda-Ordaz, 1981) giving
by

g(x73;6) = L —[1 + Gexp(Bp + x18)] ", 620. (4.2

For #=1, (4.2) reduces to the logistic model, while for =0,
the complementary log—log model is obtained. So, under Hy:0=1,
we find that the quasi-score test statistic W,=6.4956 (P-value=
1.0814 x 10~2), giving the sufficient evidence to reject the logistic
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model. In addition, under Hy: 6 =0, we obtain §, = (—39.574, 22.042),
and find that the quasi-score test statistic W,=0.1541 x 102
(P-value =0.9687). Giving stronger evidence not to reject the com-
plementary log—log model. This see that the complementary log—log
model does have better support from the data, under the family (4.2).
Therefore, according to the above analysis, we suggest that the
Prentice’s model and the complementary log—~log model are more
appropriate for the data. This agrees with the conclusion of Cheng and
Wu (1994),

Our fourth example consider the data reported by Carr (1960).
There are 24 independent counts of the reaction rate ¥, partial
pressures of hydrogen x,;, n-pentane x,, and 1sopentane x;. The data
are given in Table I of Box and Hill (1974), They assumed that
B(YX = x) = (BoB2(x2 — x3/1.632)/(1. + x1 81 + X285+ x38)), and ¥ to be
a normal variate. Therefore, we consider the family of link function
(see Box and Hill, 1974) given by

BoBa(xz — x3/1.632)

g(ﬂ’ % 9) = 1+ x164 + X2 + x38°

(4.3)

Box and Hill described a weighted analysis based on the linear version
of (4.3) obtained using y;! as the response. In this example, we obtain
By = (~3839.393,6E — 06, —1.1E — 05) and the quasi-score test sta-
tistic P, =4.8943 (P-value =2.6946 x 10~ 2) for Hy:8= 0. Therefore,
this concludes that we have evidence to reject Hj. This agrees with the
conclusion stated in Box and Hill (1974) and Wang (1991).

In addition, the parameter plot of the first and second examples are
given in Figures 1 and 3, respectively. The parameter plot of Figure 1
indicate two outlier that might affect our conclusions. In fact, when
these two points were deleted, the parameter plot given in Figure 2.
From Figures 1 and 2, we saw that they display no systematic ten-
dencies to be positive and negative (that is, #* =0). Thercfore, these
two points were not influential observations. Moreover, the Wald
statistic W, become 0.01617 (P-value= 0.8988) and ,@,, reduces to
0.0138. These change does not affect the before conclusion. So, we
don’t think that these two points need to deleted. The parameter plot
of Figure 3, it shows the need of a transformation, i.e., an alternative
link, and no influential observation on this indication. This confirms
the result in Cheng and Wu (1994),
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FIGURE 3 Parameter plot for Draper Smith data.

Generally speaking, in calculating the quasi-score statistic we only
need to specify the first two moments of the response variable Y given
X=x. Asymptotically, the test procedure is distribution free, since the
asymptotic null distribution of the quasi-score statistic is independent
of the underlying conditional distribution of ¥ given X=x. In
addition, from the above example, we know that the quasi-score test
W. is also a good alternative in comparison with other tests.
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APPENDICES

(R1) For all @ in a neighborhood N(ag) of cp, the derivatives
(6°Kex; x, y)/0B:08) and (8°Ka; x, )/ OB:08/08y) exist for all (, y)
in the support of (X, ¥), i,/,k=1,2,...,p.

(RZ) For all o in a neighborhood N(ag) of cyp, the derivatives
(0°Kes; x, )]36,:08)) and (9°N(o; x, y)/06,08,08:) exist for all (x, y)
in the support of (X,71), i=1,2,...,¢; ,k=1,2,...,p.

(R3) There exist function Hyx,y), possibly depending on «g, and
i=1,2,...,p, such that E{H{X, Y)} < 0o, and for all o in N(ay),
and (x, y) in the support of (X, Y)

Pl w; x, »)
0B:03,00%

(R4) There exist function Hj(x,y), possibly depending on ap, and
i=1,2,...,q, such that E{H}(X,Y)} < oo, and for all & in N(ay),
and (x,y) in the support of (X, Y)

&l(a; x,y)
6,90,08:

(R5) E{(OKop; X, Y)/0P)} - {(0Kaw; X, V)/8B)} and E{(0Kay; X, Y)/
90)} - {(BKao; X, Y)/88)}T are positive definite matrices, E{(8
(a; X, Y)/0B:00)} and E{(0°Kew; X, Y)/6BDA))} are nonsingular
matrices, and E{(6°)(ao; X, Y)/88,06))} < oo.

(R6) The functions g(e; x) and (9g(a; x/69) are uniformly continuous
at og for all x in the support of X,

(R7) E{[(Y—g(ag; X))’/ Volgloo; )P+ (1/Volg(eo; X))} < 0.

SHi(an’)s 5hk= L2,... P

SH;(x!y)‘l j:k= 1'!21“‘Ip'
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