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Abstract. In this paper certain invariants of conformal mappings of the generalized Riemannian
space are obtained. Here are the general results. These invariants are the analogues of the Thomas
projective parameter and generalized Weyl projective tensor.
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1. INTRODUCTION AND MOTIVATION

A differentiable N -dimensional manifold on which the non-symmetric basic tensor
G;; is defined is a generalized Riemannian space. Because of the non-symmetry
Gij # Gj;, it is possible to determine the symmetric and antisymmetric part of the
metric tensor Gj;:

1 1
gij = E(Gij +Gji) and F;j; = E(Glj —-Gji). (1.1)

Metric g is non-degenerate, i.e. the matrix (g,' j) Nxn 1s non-singular. The co-
ordinates of contravariant metric tensor g of associated space Ry are the corres-
ponding inverse matrix elements (g”/) = (g; j)_l. It also holds that: g'%gq = 8;

The use of a non-symmetric basic tensor and a non-symmetric affine connection
is motivated by Einstein’s and Eisenhart’s works [5—7]. In Einstein’s Unified Field
Theory, the symmetric part g;; of the basic tensor G;; is related to gravitation, and
the anti-symmetric part F;; is related to electromagnetism. Some mathematicians
have studied and developed the theory of non-symmetric affine connection spaces
and the theory of generalized Riemannian spaces, for example, L. P. Eisenhart [7], S.
M. Mincié [ 14, 15], M. Prvanovié [17].
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Affine connection coefficients of the space GRy are (generalized) Christoffel
symbols of the second kind

) 1 .
Fjlk = Egla(G/‘a,k —Gjkat+ Gak,j), (1.2)

where the partial derivative d/dx" is marked with a comma. In general, Fjlk # T klj is

0.
valid. This coefficient is decomposed in two parts, the symmetric part I" 5  and the
anti-symmetric part Tjik, where
ro= (it r a Tl = ri-r 1.3
jk_i( jk +1%;) an jk_z( ik = Tip)- (1.3)
0.
The symmetric part I ; « is the Levi-Civita affine connection of the symmetric metric

g and the anti-symmetric part Tjik is called the torsion tensor.
On the basis of a non-symmetric affine connection, it is possible to consider four
types of covariant derivatives with regard to the affine connection of the space GRy

(see [14,15]). Afterwards, a family of GRy curvature tensors was obtained
) 0. . ) ) ) )
Ripn = Rippn +uTjp., + u'Tj’n;m + 0T}, Tyn + v’Tj"jl Tom +wTp, Ty (1.4)

where u,u’,v,v’, w are real constants, a covariant derivative based on an affine con-
0
nection I" is denoted by a semicolon and a curvature tensor

Oi 00[ Oi Oa Oi
S TR LA Y A S (1.5)

jn.m

0.
=T

jm,n

o
jmn

Geometrical objects that are invariant with respect to conformal mappings play an
important role in the theory of gravity [9,22]. The aim of our paper is to general-
ize invariants of conformal mappings from [2, 19]. These mappings generalize the
concept of conformal mappings defined by N. S. Sinyukov [18], J. Mikes [11-13], S.

E. Stepanov [20,21].

2. CONFORMAL MAPPINGS OF GENERALIZED RIEMANNIAN SPACE

Suppose
f :GR N — GﬁN

is a diffeomorphism. We can consider the manifolds GRy and GRy in the common
system of local coordinates with respect to this mapping (see Figure 1). Namely, if
f maps a point M € GRy to point M € GRy and if (U, ¢) is a local chart around
the point M it will be (M) = x = (x!,---,x) € EN (Euclidean N-space). In this
case, we define (for the coordinate mapping in the GRy) the mapping ¢ = g o f 1,
and then

M) =(po fTHUM)=pM)=x=(x",-- xN)eEY. (@1
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Therefore the points M and M = f(M) have the same local coordinates.

M= ()

FIGURE 1. Common system of coordinates

Based on Eisenhart’s results [ 7], many authors started the researches on conformal
mappings between Riemannian and generalized Riemannian spaces as well as in-
variants of these mappings (see [1-4,8, 10-13,16=21,23]).

One says that diffeomorphism f : GRy — GRy is conformal mapping [19] if
the metric tensors G;; and G; ; of the spaces GRy and GRy satisfy the condition

Gij = VG, (22)

where ¥ is a scalar function. The basic equation of conformal mapping f is

Tl =T+ 08+ Vs — vl g i+ £y 2.3)

for ¥; = 0y/0x', Y = g'®,, and tensor Sj’ ¢ anti-symmetric in the indices j and
k. After symmetrizing the equation (2.3) by indices j and k and contracting the
symmetrized equation by indices i and k, we obtain that is

19, 0
vy =y (M= T%). @)
This result proves that it holds
LU | U iﬂ .
Pl =Ty = (T8 + T8~ Thy e g6) s
1 Iowot 81’ quoz i Iowﬂ i .
—ﬁ( ja%k T ka0 =1 88 gjk)-
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Weyl conformal curvature tensor

Oi Oi 1 ; 0 ; 0 Oi Oi
ijn = ijn + m(SnRJ'm =8 Rjn+ R, &jim— R, &jn)
0 (2.6)
b BBy gm)
(N—1)(N —2) m>/m e /me

is an invariant of the mapping f.
After anti-symmetrizing the equation (2.3) by indices j and k, we obtain that

is Sj‘ K= Tj’k — Tjik. If one substitutes this equality in the equation (2.3), the non-
symmetric affine connection of the space GRy will be reduced to the symmetric

0
affine connection I”. For this reason, different authors have studied equitorsion con-
formal mappings (the case of SJ’. & = 0) or conformal mappings of special generalized
Riemannian spaces [16, 19,23]. We will generalize the existing invariants of con-
formal mappings in this paper.

3. GENERALIZED INVARIANTS OF CONFORMAL MAPPINGS
From the equation (2.2), we get
gy =e¢Vgy, Fiy=eVF;, g/=eVgl,

which proves that is

2/ %mn = 8" gmn and ' Fmn = g Fn. 3.1)
With regard to the equation (2.5), we obtain that it holds

0

9. 0. _. .
== Ce =L (3.2)
p =1,2, for
i_IQvi d i_1101a8i IQvai quﬂ ia 3.3
%jk— jk o an gjk—ﬁ( joaOk T4 ka0 —1 48 gjk)’ (3.3)

and the corresponding E; k
p

From the equations (1.2, 1.3) and the equality gli = (, one obtains that the torsion
tensor Tjik may be expressed as

1.
lek = Egla(Fjoe,k _ij,a + Fock,j)

1

. , . 3.4)
= E((glaFja);k - (glaFk(x);j - (gla jk);a).
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Based on this equation and the second of the equalities (3.1), one establishes that it
holds

T Tk—‘[/k rjk 3.5
r = (r1,r2,r3,74,75),11,...,r5 € {1,2}, for
. 1 . . . . .
— . 4 VY .
Uk = 580[3 (ElkaFJOl_éfBija_riézﬂij +5f3$jaFyk_8,lBrikaFJV)
and the corresponding ?;. k
r
Plugging the equations (2.4, 3.5) into the basic equation (2.3), we get
J =7 Jk,
r r
for
i i sl
T = e =S = Tk (3.6)

r

i -
the above defined gj ke ik and the corresponding {) ke

-
It holds the following lemma:

Lemma 1. Ler f : GRy — GRy be a conformal mapping. The set of geometrical
object given by the equation (3.6) is the set of invariants of the mapping f . ]

Corollary 1. Let f : GRy — GRy be an equitorsion conformal mapping. The
geometrical object

(9.1' Oi i

is an invariant of the mapping f . O

The families R; and R of curvature tensors of the spaces GRy and GR y

satisfy the equation

jmn

F]mn R;mn - R;mn R}mn +u(T;m B T]lmn)
+u (T;n m len m) +U(ij an fo Tin) (3-8)

+v(Tjn am TJO;zTolem)—i_w(Tmn aj Tr(;)zlnTolzJ)
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0
With regard to the invariance C'. imn = C jm ,.» We obtain that is
Ol i 51 81’ 0 Oi Oi
ijn ijn “N_ 2( ij ijn+Rngjm_ngjn)
1 0 0 0 0

- m(fﬁfzﬁjm — 83, Rjn + R, T n&jm— R, m&in)

1

0o . . - . .
+ (N _ 1)(N _2) (R(Sllngjn _8;1 jm) - R(‘S;ngjn _Szgjm))-
3.9
From the equations (3.2, 3.5), we establish that
Tl/m n Tjim;n = G]mn U;'mn (3.10)
r r
T;me(xn TJO;nTolm = O}mn _Ol;mn’ (G.11)
r2 r2
fOI’S = (S17S27S3)7r = (r17"~ar5)7ru - (rid,...,I’g),rv,r:f,sl,SZ,Sg, S {1,2},
Timn = Ljmsn +§1 an(T = 0)fm— sézj’-‘n(T —TDam —Sg;"nn(T —0je  (12)
, k
imn = T Tan + Tan % fm = T San: (3.13)
r2
and the corresponding o mn and Ol mn
s/ r1/
r rz
From equation (1.5) it turns out that:
R}mn = R;mn uT/’m U T/’n m vTj‘"mTolm v Tj‘"nTO’tm wTr‘r):nTol;/: 3.14)
Rij = Rij—uTfq— (' +w) TG TS, (3-15)
0. .
Rl‘ — Rl, _MglaTOIZ 'B (U/‘f’w)glanyTg] (316)
R=R-— W +w) TS The (3.17)

for Ricci-tensor R;; = R¥
scalar curvature R = R.

ijo?

mixed Ricci-curvature tensor R;. = g/*R ja and the

After introducing the equations (3.9-3.17) into the equation (3.8), one obtains that

Cl _ Cl

p/mn p/mn’



GENERALIZED WEYL CONFORMAL CURVATURE TENSOR 561

for
g;mn =R+ ﬁ((sfnzgn — 83 Rjm + Ry gjn— Rl g jm)
TN 1)R(N 5y Cnm=tnm)
- ﬁ((ﬁfn T —0hT Sy + 80T s jn— 8" TL g m)
T T T T (T Thgm)
_% 7o a5 8" G jn =g m)
_gjmn —”/;%;nm — vgﬂi;mn - v'%jnm _w?;innj,
o= (sl,sz,rl,...,rg), and the corresponding gl/mn

The following theorem holds:

Theorem 1. Let f : GRy — GRy be a conformal mapping of generalized Rieman-

nian space GRy. The families g ;mn of geometrical objects given by the equation

(3.18) are families of invariants of the conformal mapping f. g

Corollary 2. Let f : GRy — GRy be an equitorsion conformal mapping. The

family of geometrical objects

. . 1 . . . )
?jmn = R}mn + m(ginRjn _S;Iij + R;ngjn - Rizgjm)
R i i ~ 0 )
TN DN D) (8 = 8n8im) =G jonn =1’ & (3.19)
u |~ | ~ i ~ B ja ~ B
- N_2(8;ng?na_8;1g7ma +gla;75am5gjn_glaganﬂgjm)»
for
g(;mn = kfanﬁn_ k;?nTolcm_ ngjla’
51 52 53
O

k =1,...,6, is the family of invariants of the mapping f.

4. CONCLUSION

Weyl conformal curvature tensor was generalized in this paper. We also obtained
invariants of conformal mappings analogous to the Thomas projective parameter.



562 NENAD O. VESIC

ACKNOWLEDGEMENTS

This paper is financially supported by Serbian Ministry of Education, Science and
Technological Development, Grant No. 174012.

The author express his gratitude to the anonymous referees for their time dedicated
to the review of this manuscript.

REFERENCES

[1] H. M. Abood, “Almost Hermitian Manifold with Flat Bochner Tensor.” Eur. J. Pure Appl. Math.,
vol. 3, no. 4, pp. 730-736, 2010.

[2] S. Bochner, “Curvature and Betti Numbers. 1. Ann. Math. (2), vol. 50, no. 1, pp. 77-93, 1949,
doi: 10.2307/1969353.

[3] H. Chuda and J. Mikes, “Conformally geodesic mappings satisfying a certain initial condition,”
Arch. Math., Brno, vol. 47, no. 5, pp. 389-394, 2011.

[4] H. Chuda and M. Shiha, “Conformal holomorphically projective mappings satisfying a certain
initial condition,” Miskolc Math. Notes, vol. 14, no. 2, pp. 569-574, 2013.

[5] A. Einstein, “A generalization of the relativistic theory of gravitation.” Ann. Math. (2), vol. 46,
no. 4, pp. 578-584, 1945, doi: 10.2307/1969197.

[6] A. Einstein, “Bianchi Identities in the Generalized Theory of Gravitation.” Can. J. Math, vol. 2,
pp- 120-128, 1950.

[7] L. P. Eisenhart, Riemannian Geometry. New York: Princeton University Press, 1967.

[8] L. E. Evtushik, I. Hinterleitner, N. I. Guseva, and J. Mikes, “Conformal mappings onto Einstein
spaces,” Russ Math., vol. 60, no. 10, pp. 5-9, 2016, doi: 10.3103/S1066369X16100029.

[9] E. Goulart and M. Novello, “Cosmological Stability of Weyl Conformal Tensor,” Gravit. Cosmol.,
vol. 14, no. 4, pp. 321-326, 2008.

[10] S. B. Mathur, “Conformal spaces and curvature tensors,” Indian J. Pure Appl. Math., vol. 2, pp.
29-31, 1971.

[11] J. Mikes, V. Kiosak, and A. Vanzurovd, Geodesic mappings of manifolds with affine connection.
Olomouc: Palacky University, 2008.

[12] J. Mikes§, E. Stepanova, A. VanZurovd, and et al., Differential Geometry of Special Mappings.
Olomouc: Palacky University, 2015.

[13] J. Mikes, A. VanZurova, and 1. Hinterleitner, Geodesic Mappings and Some Generalizations.
Olomouc: Palacky University, 2009.

[14] S. M. Mincié, “Ricci identities in the space of non-symmetric affine connection.” Mat. Vesnik, vol.
10 (25), no. 2, pp. 161-172, 1973.

[15] S. M. Minci¢, “Independent curvature tensors and pseudotensors of spaces with non-symmetric
affine connexion.” Collog. Math. Soc. Janos Bolyai, vol. 31, pp. 445-460, 1979.

[16] M. S. Najdanovi¢, M. L. Zlatanovié, and I. Hinterleitner, “Conformal and Geodesic Mappings of
Generalized Equidistant Spaces.” Publ. Inst. Math., Nouv. Ser, vol. 98, no. 112, pp. 71-84, 2015,
doi: 10.2298/PIM1512071N.

[17] M. Prvanovi¢, “Projective and conformal transformations in recurrent and Ricci-recurrent
Riemannian space.” Tensor, New Ser., vol. 12, no. 3, pp. 219-226, 1962.

[18] N.S. Sinyukov, Geodesic Mappings of Riemannian Spaces, (in Russian). Moskva: Nauka, 1979.

[19] M. S. Stankovi¢, L. S. Velimirovi¢, S. M. Minci¢, and M. L. Zlatanovi¢, “Equitorsion Conform
Mappings of Generalized Riemannian Spaces.” Mat. Vesnik, vol. 61, no. 2, pp. 119-129, 2009.

[20] S. E. Stepanov, 1. A. Alexandrova, 1. I. Tsyganok, and J. Mikes, “Conformal Killing forms on
totally umbilical submanifolds.” J. Math. Sci., New York, vol. 217, no. 5, pp. 525-539, 2016, doi:
10.1007/s10958-016-2989-5.


http://dx.doi.org/10.2307/1969353
http://dx.doi.org/10.2307/1969197
http://dx.doi.org/10.3103/S1066369X16100029
http://dx.doi.org/10.2298/PIM1512071N
http://dx.doi.org/10.1007/s10958-016-2989-5

GENERALIZED WEYL CONFORMAL CURVATURE TENSOR 563

[21] S.E. Stepanov and I. I. Tsyganok, “Theorems of existence and non-existence of conformal Killing
forms.” zv. Vyssh. Uchebn. Zaved. Mat., no. 10, pp. 54-61, 2014.

[22] H. Zhang, Y. Zhang, and X.-Z. Li, “Dynamical spacetimes in conformal gravity.” Nucl. Phys., B,
vol. 921, pp. 522-537, 2017.

[23] M. Zlatanovic, I. Hinterleitner, and M. Najdanovi¢, “On equitorsion concircular tensors of general-
ized Riemannian spaces.” Filomat, vol. 28, no. 3, pp. 463—471, 2014, doi: 10.2298/FIL.1403463Z.

Author’s address

Nenad O. Vesi¢
University of Nish, Faculty of Science and Mathematics, ViSegradska 33, 18000 Nis, Serbia
E-mail address: n.o.vesicloutlook.com


http://dx.doi.org/10.2298/FIL1403463Z

	1. Introduction and motivation
	2. Conformal mappings of generalized Riemannian space
	3. Generalized invariants of conformal mappings
	4. Conclusion
	Acknowledgements
	References

