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Abstract. In this study, we firstly give some properties the family F and F-convex function
which are defined by B. Samet. Then, we obtain some midpoint inequalities for differentiable
function. Moreover, we establish some midpoint and trapezoid type inequalities for function
whose second derivatives in absolute value are F'-convex.
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1. INTRODUCTION

Let f: 1 € R — R be a convex function on the interval / of real numbers and
a,b e I witha <b. If f is a convex function then the following double inequality,
which is well known in the literature as the Hermite—Hadamard inequality, holds [&]

b
f(“”’) Eﬁ/ f(x)dxsw. (L.1)

2

Note that some of the classical inequalities for means can be derived from (1.1) for
appropriate particular selections of the mapping f . Both inequalities hold in the
reversed direction if f is concave (1.1).

It is well known that the Hermite—Hadamard inequality plays an important role in
nonlinear analysis. Over the last decade, this classical inequality has been improved
and generalized in a number of ways; there have been a large number of research
papers written on this subject, (see, [3,4,6,9, 12, 13]) and the references therein.

Over the years, many type of convexity have been defined, such as quasi-convex
[1], pseudo-convex [7], strongly convex [ 10], e—convex [2], s—convex [5], h—convex
[14] and etc. Recently, Samet [ 1 1] have defined a new concept of convexity that de-
pends on a certain function satisfying some axioms, that generalizes different types of
convexity, including e—convex functions, «—convex functions, A—convex functions
and many others.

Recall the family ¥ of mappings F : R x R x Rx [0, 1] — R satisfying the follow-
ing axioms:
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(Al)Ifu; € L1(0,1),i = 1,2,3, then for every A € [0,1], we have
1 1 1 1
/F(ul(l),uz(t),u3(t),)t)dl =F /ul(t)dt,/uz(t)dt,fu3(t)dt,)L
0 0 0 0
(A2) Forevery u € L1(0,1), w € L®(0,1) and (z1,z2) € R?, we have
1 1
/F(w(l)u(t),w(t)zl,w(t)zz,t)dt =TFr.w /w(t)u(t)dt,zl,22) ,
0 0
where TF 4y : RXRxR — R is a function that depends on (F,w), and it is non-

decreasing with respect to the first variable.
(A3) For any (w,u1,up,u3) € R* uy € [0,1], we have
wF(uy,uz,u3,us) = F(wuy, wuz, wus,ug) + Ly
where Ly, € R is a constant that depends only on w.

Definition 1. Let f : [a,b] = R, (a,b) € R2,a<b,bea given function. We say
that f is a convex function with respect to some F € ¥ (or F —convex function) iff

F(fax+—=0)y), f(x). f(¥),1) =0, (x,y.1) €[a,b]x[a,b] x[0,1].
Remark 1. 1)Lete >0, and let f : [a,b] — R, (a,b) € R?, a < b, be an e—convex
function, that is (see [2])
fax+A=0)y)<tf(x)+A=1)f(y)+e (x,p.1) €a,b] x[a,b] x[0,1].
Define the functions F : Rx Rx Rx[0,1] — R by
F(uy,uz,u3, ug) = up —uquz— (1 —ug)uz —e¢ (1.2)
and Tr, : RxRxR — R by
1 1
TrwMi,uz,u3) =uy — /tw(t)dt Uy — /(1—t)w(t)dt uszs—e. (1.3)
0 0
For
Ly = (1—w)e, (1.4)
it is clear that F' € ¥ and

F(fx+A=0)y). f(x). f().0) = fx+A=0)y)—1f(x)-(1-1) f(y) - =0,
thatis f is an F—convex function. Particularly, taking ¢ = 0, we show that if f is a
convex function then f is an F—convex function with respect to F' defined above.
2)Let f :[a,b] = R, (a,b) € R2, a < b, be an a—convex function, « € (0, 1], that
is
fax+A=0)y) <t%f(x) + (A1 =1*) f(y), (x,y.1) €[a,b]x[a,b] x[0,1].
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Define the functions F' : Rx R x Rx [0, 1] — R by
F(up uz,uz,ug) =uy —ufus—(1—uf)usz (1.5)
and Tr, : RxRxR — R by

1 1

T, uz,u3) =uy— /t“w(r)dt Uy — /(1—t°‘)w(r)dt uz. (1.6)
0 0
For L,, = 0, it is clear that F € ¥ and

F(fux+(A=0)y). f(0), f(¥).0) = fx+A=0)y)—1% f(x) = (1=1%) f(y) =0,

that is f is an F'—convex function.

3)Let h: J — [0,00) be a given function which is not identical to 0, where J is
an interval in R such that (0,1) C J. Let f : [a,b] — [0,00), (a,b) € R2, a < b, be
an h—convex function, that is (see [14])

flx+ A =1)y) <h(®) f(x)+h(1—1) f(y). (x,y.1) €[a,b]x[a,b] x[0,1].
Define the functions F : Rx Rx Rx [0, 1] — R by
F(uy,uz,us,ug) =uy —h(us)uz —h(l—ug)us (1.7
and Tr, : RxR xR — R by

1 1
TrwWi,u2,u3) =uy— /h(t)w(t)dt Uy — /h(l—t)w(t)dl usz. (1.8)
0 0

For L,, = 0, it is clear that F € ¥ and
F(fx+(1=0)y), f(x), f(¥),0) = fex+(1=0)y)=h(@) f(x)—h(1=1) f(y) <0,
that is f is an F'—convex function.

In [11], author established the following Hermite-Hadamard type inequalities us-
ing the new convexity concept:

Theorem 1. Let f : [a,b] — R, (a.b) € R?, a < b, be an F —convex function, for
some F € ¥. Suppose that f € Li[a,b]. Then

a+b 1 b 1 b 1
F(f(T)’E/a f(x)dx,b_a/a f(x)dx,§)§0,

1 b
Tr (m / f(x)dx,ﬂa),f(b)) <0,
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Theorem 2. Let f : I° € R — R be a differentiable mapping on 1°, (a,b) €
I1°x1°, a <b. Suppose that

(i) | f'| is F—convex on [a,b], for some F € ¥

(ii) the function t € (0,1) — Ly, () belongs to LY(0,1), where w(t) = |1 —2t].

Then,

Theorem 3. Let f : I° C R — R be a differentiable mapping on 1°, (a,b) €

I1°x1°, a <b andlet p > 1. Suppose that |f’|p/(p_1) is F—convex on [a,b], for
some F € ¥ and | f'| € LP/P=V(a,b). Then

TF,l ( f/(a)‘p/(p_l)’|f/(b)‘p/(p_1)) E0

b
TF’w( 2 'f(a)—i_f(b)_bia/ Fedx|,

b—a 2

1
+/Lw(t)dt <0.
0

where

P
p—1

f@+fb)
2

1 b
- /a f(x)dx

10 =(522)" et

The following lemmas will be useful when we give our main result.

Lemma 1 ([6]). Let f : I° C R — R be a differentiable mapping on 1°, a,b € I°
witha < b. If f’ € L'{a,b), then we have

b b
ﬁ/ f(x)dx_f( ;L ) (b— a)/ p(t) f'(ta+(1—1t)b)dt,

where
t, tef0,1]
p(r) =
t—1, te(3.1].
Lemma 2 ([4]). Let f : I° C R — R be twice differentiable function on I1°, a,b €
I1° witha < b. Iff” € L'a,b], then

f(a)+f(b) / F(x)dx —a)’

1
/ t(1=1)f"(ta+ (1—1)b)dt.
0 (1.9)

Lemma 3 ([13] ). Let f:1° C R — R be twice differentiable function on I°,
a,bel°witha <b.If f" € L'a,b], then

b b
[ s g (“; ) (1.10)
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(b—
4

2 1
@) / m@)[f"(ta+ (1 =t)b)+ f"(tb+ (1—1)a)]dt,
0

where
12, te0,1]
m(t) =
(1-0)?, te(3.1].
2. MIDPOINT TYPE INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS

In this section, we establish some midpoint type inequalities for functions whose
derivatives absolute values are F'—convex.

Theorem 4. Let I C R be an interval, f : I° C R — R be a differentiable mapping
on I° a,bel® a<b. Suppose that | f'| is F—convex on |a,b], for some F € ¥
and the function t € [0,1] — Ly, () belongs to LY[0,1], where w(t) = |p(t)| (p(t) is
defined as in Lemma 1). Then,

1|1 a+b
T (b_a = f(X)dx—f(T)',

Proof. Since | f'| is F —convex, we have

F(}f/(ta+(1—t)b)| , }f/(a)}, f/(b)| 1) <0, 1 €[0,1].
Multiplying this inequality by w(#) and using axiom (A3), we get

F(w(t)!f’(ta—i—(l—t)b) ,w(t)|f/(a)|,w(l)‘f/(b) 1)+ Ly <0, 1 €[0,1].

Integrating over [0, 1] with respect to the variable ¢ and using axiom (A2), we obtain

/()

1
»!f’(b)}) + f Luydt <0.
0

1 1

Trw [w(t)\f/(mﬂl—t)b)}dz, f'@|.|f'®) +/Lw(t)dt§0, tefo.1].

0 0

On the other hand using Lemma 1 we have

1 1 b a+b
b_a/a f(X)dx—f(T)

b—a
Since TF,, is nondecreasing with respect to the first variable, we get

1|1 P a+b
TF,w(b_a 5 [ sean=r (5

This completes the proof. O

1
< / ()| (ta + (1 —0)b)| dt.
0

1

/(@) »!f’(b)})wL/Lw(,)dtso.
0

’
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Corollary 1. If | f'| is e—convex on [a,b], & > 0, then we have
1 b b ' '(b
[/ reoas—r (442) S@Hre, e
b—al, 2

8 4
Proof. It is known that an e—convex is an F'—convex. Using (1.4) with
w(t) = |p(t)|, we obtain

f(b—a)[

1 1
3
/mehzefﬂ—umﬂwtzza
0 0

From (1.3) with w(t) = |p(¢)|, we get

1 1
T (41,202, 103) =1 — (/zp(z)dr) s (/(lt)P(t)dl)M38
0

0

for uy,us,us3 € R. Hence,

b b
Trw (ﬁ ﬁ/ﬂ f(x)dx_f(a‘; )',}f/(a)|, f/(b)!)
1 1 b a+b |/ (@] +f'(b)]
“h—a bT/ f(’“)dx‘f( 2 )“ 3 -

Thus, by Theorem 4, we have

R at+b\| S @I+I1f' O3
h—a EL f(x)dx—f( 5 )‘— 3 —8+ZSSO,
that is
b b / (b
. f(x)dx—f(a-; ) 5(b—a)[|f(a)|_g|f()|+2].
This completes the proof. U

Remark 2. 1f we take ¢ = 0 in Corollary 1, then | f’| is convex and we have the

inequality
1 b a+b
E/; f(x)dX—f(T)

which is given by [6].

If”(a)|+—|f”(b)|]

5@—@[ g
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Corollary 2. If | f'| is a—convex on [a,b], « € (0,1], then we have

1 b a+b 1 1 .
E/a f(x)dx_f( 2 ) S(b_a){(a+1)(a+2) (1_2a+1)|f(a)|

1 1 1 ,
+[Z_<a+1)<a+2) (1_2““)]““’)‘}'

Proof. Tt is known that an @—convex is an F'—convex. Using (1.6) with w(t) =
|p(2)], we obtain

1 1
Trwi,uz,uz) =uy — (/la P(f)df) Uz — (/(1 —1%) |P(Z)dl) U3
0

0

|
T A D@+2) (I_W) 2

1 1 o
_[Z_(a+1)(a+z)( _2a+1)]“3

for uq,uz,u3 € R. Hence, by Theorem 4, we have

I I AN ,
i (E E/ f(x)dx‘f(aT)',}f(a)l,\f(b)|)
L a+b
“b-a E/a f(X)dx_f( 5 )
1 | 1 /
_(a+1)(a+2)( _2a+1)}f (a)]
1 1 1 / j
_[1_(064-1)(054—2) (1_2a+1)j|‘f (b)| <0,

that is

1P a+b 1 1 /
E«/L; f(x)dx_f(T)|§(b_a){(a+1)(a+2) (1_2a+1)|f(a)|

i armers (=)ol

which completes the proof. g

Corollary 3. If | f’| is h—convex on [a,b], then we have the inequalty

o [ (“50)

1
<(b—a) (/h(t)lp(t)dt) [|f' @]+ ®]].
0
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Proof. Tt is known that an A—convex is an F—convex. From (1.8) with w(t) =
|p(¢)|, we have

1 1
T (1,22, 3) = 141 — (/h(rnp(mdr) s — (/h(l z>|p(t)|dt) us
0 0
1
— - ( h() |p<r>|dt) s (/h(l “nlpa r)dr) s
0

=u;— ( h(f)lp(f)ldf) (uz +u3)

for uy,us,us € R. Then,

1 1 b a+b
TF’w<b—a m/a f(x)dx—f( > )

11 P a+b
o | reman=r (52

“b-a
Thus, by Theorem 4, we get

1 b a+b
o | o= r (% )‘

1
- (/h(t)lp(t)ldt) [/ @]+]f'®|]=0
0

O — . T —

1@

’

,|f/(b)})

1
- (/h(t)lp(t)ldt) [lf' @]+ ®]].

0

1
b—a

which completes the proof. O

Theorem 5. Let f : 1° € R — R be a differentiable mapping on 1°, a,b € I°,
a <b and p > 1. Suppose that |f’|p/(p_1)
and |f'| € Lp/(p_l)(a,b). Then we have

T (A1 p) | f @70,

ﬁ/abﬂx)dx—f(“;b)

is F—convex on [a,b], for some F € ¥

f/(b)‘P/(P—l)) <0

where

)2

) r—1

2 p—1 1
A1(f.p) = (m) (p+1DrT
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Proof. As | f'|P/P~V is F—convex, we have

F (‘fl(la_i_(l_t)b)‘l’/(p_l)’|f/(a)|p/(17_1)’

e ) <0, e o).

Using axiom (A2) with w(t) = 1, we get

f/(a)‘P/(P_l), f/(b)‘P/(P_l) < 0.

1
Tra / £/ (ta+ 1 =0)p)|” PV ar,
0

Using Lemma 1 and Holder inequality, we obtain

ﬁ/abf(X)dx—f(a;b)

1
=<b—a)/0 P O] f(ta+ (1 —0)b)| di

—1

1 % 1 >
i(b—a)(/o |p(z)|sz) (/0 \f/(taJr(l—t)b)|p/(p_1)dt)

p—1

J;“ (ﬁ)”(/1\f/(m+(1—z)b)}”/""”dz) "
0

that is
1
A1(ﬁp)§/ ‘f/(ta+(1_t)b)}l’/(p—1)dt‘
0

Since T'F,;1 is nondecreasing with respect to the first variable, we can obtain the de-
sired result easily. 0

Corollary 4. If|f’|p/(p_1) is e—convex on [a,b], ¢ > 0, then we have

1 b a+b
oo [ sear=r (5

bh—a |:|f/(a)|17/(17—1) 4 |f/(b)|P/(P—1) :|pl’

< +é& .
2p+1)7 2

Proof. Using (1.3) with w(¢) = 1, we have

Uz +us
2
for u1,us,u3 € R. Then, by the Theorem 5, we have

02T (41(£0). £/ @[V p)|P177Y)

Tri(uy,uz,u3) =u;— —& (2.1
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1¢,\ 1P/ (P—1) ’ p/(p—1)
(g @) J2r|f(b)| .

2 \7oT |1 b a+b
~(52.) v [ w457

B |f/(a)|P/(P—1) + |f/(b)|17/(17—1) .
2 9

1 b a+b
o | sear—r (50)

bh—a |:|f/(a)|P/(P—1) 4 |f/(b)|P/(P—1) :|pl71
< +é& .
2p+1)7 2

D

p—1

that is,

O

|p/(p—1)

Remark 3. If we choose ¢ = 0 in Corollary 4, then | f” is convex and we

have the inequality
1 b a+b
5o | rmax=r (457)

b a [|f/(a)|p/(p—1)+|f/(b)|p/(p—1)}”21
C2(p+ 1)% 2 '

Corollary 5. If | £/17/P~Y is a—convex, a € (0, 1], then we have the following

inequality
1 b a+b
yoa | oar—r (“37)

p=1
h—a |:|f/(a)|P/(P—1) +a |f/(b)|l7/(17—1):| I
C2p+ 1)% o+l

Proof. From (1.6) with w(z) = 1, we have

1

1
Tpa(up,uz,uz) =u;— /t“dt uz—(/(l—t"‘)dr U3 (2.2)
0

0
175} o

a+1 oa+1

us
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for uy,us,u3 € R. By the Theorem 5, it follows that

£(b) |p/(p—1))

0=Tr (As(£p) |f @] 777,
|f/(a)|17/(17—1)

=M(fp) = e Y
2 =i |1 b a+b e
~(52.) wrvr |t [ (450)
S @Y« PP
a+1 a+1 ’
which achieves the proof. g

Corollary 6. If| f'|? /(p=1) g h—convex, then we have the following inequality

1 b a+b
m/ f(x)dx—f( : )

p—1

1 D —1
< b—a . (/h(t)df) [}f/(a)|p/(p_l)+|f/(b)‘p/(p_l)j|7'
0

Proof. Using (1.8) with w(¢) = 1, we have

1 1
TF,l(Ml,Mz,u3) —Ml—( h(l‘)dl‘) uz—( h(l—l‘)dl) Uus 2.3)
[roe)=-\]
1
=uy— h(t)dt) (uz +u3)
/

for uy,us,u3 € R. By the Theorem 5, we obtain

£(b) |p/(p—1))

1
=A1(f.p)— (/h(l)dt) (|f/(a)|p/(p_1) + |f/(b)}P/(P—1))
0

2 \7T ol gt a+b
—(522) et [ (430)

0=Tr (A(fp) | @] 777,

_pP_
p—1
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1
- /h(t)dt (}f/(a)}p/(p—l)+|f/(b)‘p/(p—1))'
0

This completes the proof. O

3. TRAPEZOID TYPE INEQUALITIES FOR TWICE DIFFERENTIABLE FUNCTIONS

In this section, we obtain some trapezoid type inequalities for functions whose
second derivatives absolute values are F'—convex.

Theorem 6. Let I C R be an interval, f : 1° C R — R be a twice differentiable
mapping on 1°, (a,b) € I°x I°, a < b. Suppose that | | is F —convex on [a,b], for
some F € ¥ and the function t € [0,1] — Ly, () belongs to L[0,1], where w(t) =
t(1—1t). Then we have the following inequality

2 | f@+f) 1 P
TF’w((b—a)z 2 b—a/a f(x)dx

1

+/Lw(t)dt <O0.
0

@]

f”(b)l)

Proof. Since | f”| is F—convex, we have

F(|f"ta+1=0)b)|.|f"@)].|f"®)|.1) <0, 1 €[0,1].
Multiplying this inequality by w(#) and using axiom (A3), we get

F(w@®)|f"ta+1=0)b)|,w@®|f" @] w@)|f"®B)|.t) + Lww <0, €[0,1].
Integrating over (0, 1) with respect to the variable ¢ and using axiom (A2), we obtain

! 1
Tr [ w(®) | f"(ta+ (A —0b)|de.|f"@)].| /" ®)] | + [ Luwdt <0, 1 €[0.1].
0 0
On the other hand using Lemma 2, we have
2 |f@+f) 1 P ! "
(b—a)> 5 —b_a/a S(x)dx 5/0 t(1=1)| f"(ta+ (1—1)b)|dt.

Since TF,, is nondecreasing with respect to the first variable, we get

- 2 | f@+f0)
Y\ b-a)?

@]

1 b
> b—a/ f(x)dx

1

+/Lw(,)dt <0.
0

f”(b)l)
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This completes the proof. g

Corollary 7. Let f : 1° C R — R be twice differentiable function on 1°, a,b € I°
with a < b. Suppose that the function | f"| is e—convex on [a,b], € > 0. Then we have

‘f(a)Jrf(b)_ (b—a)? [If”(a)|+|f”(b)| +§]
2 6|

=

1 b
2 iy /a J(x)dx 12

Proof. We know that an e—convex is an F—convex. Using (1.4) with w(t) =
t(1—t), we obtain

1 1
/Lw(t)dt =e/(1—w(l))dl =—
0 0
From (1.3) with w(¢) = t(1—1¢), we get
1 1
TFw(uy us,uz) =uy — /tz(l—t)dt Uy — /t(l—t)zdt Uz —¢

0 0
Uz +us
T
for uq,us,u3 € R. Hence,
2 |f@+fb) 1 (P y y
TF,w( T | e, )
2 f(a)+f(b) If”(a)|+|f”(b)|
(b-a)? / T

Thus, by Theorem 6, we have

2 b 1 b " (b 5
LIRS (I Sy VN YRS LTI Y
(b—a)? 2 b—al, 12 6
This completes the proof. g
Remark 4. 1f we taking ¢ = 0 in Corollary 7, then | /| is convex and we have the
inequality
f@+ 1)

=

2

(b—a)? [If”(a)l + If"(b)l]
12 2 '

b
ia /a f(x)dx

Corollary 8. Let f : [° C R — R be twice differentiable function on 1°, a,b € I°
with a < b. Suppose that the function | | is a—convex on [a,b], a € (0, 1]. Then we
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have
f@-+fo 1 [°
‘ 7 _b—a/a f(x)dx
<(b—a)2 |f"(a)] 1

1 1 1
) |:(oz—|—2)(oz+3)_(6 (a+2)(a+3))‘f (b”]'

Proof. We know that an a—convex is an F—convex. From (1.6) with w(t) =
t(1—1t), we have

1 1
TF w1, uz,uz) =uy — (/z““(l —z)dt) Uy — (/(1 —19¢(1 —t)dt) Uus
0

0

1 1
=s%y-— | e |y
Y@+ 2)(@+3) [6 (a+2)(a+3)] >
for uy,us,us3 € R. It follows that

2 | f@+fb) 1 [P
TFw ((b—a)2 > — b—a/a f(x)dx
2

_ f@+fb) 1 (P
_(b—a)2 5 _b—a/a f(x)dx

|f”(a)| 1 1 "
T (@+2)(@+3) [8_ (a+2)(a+3)] /7).

Consequently, by Theorem 6, we obtain

f@+fm)y 1 b
b—a) 5 _b—a/a f(x)dx

|/ (a)] 1 1 §
_m_[a‘m]lf ()| =0,

which completes the proof. O

A" @) \f”(b)|)

2

Corollary 9. Let f : [° C R — R be twice differentiable function on 1°, a,b € I°
with a < b. Suppose that the function | | is h—convex on [a,b]. Then we have

fl@+fky 1 b

1
<(b—a)? (/h(t)t(l—Z)dt)[lf (“)';'f (”)']
0
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Proof. We know that an h—convex is an F—convex. From (1.8) with w(t) =
t(1—1), we have

1 1
TF W1, u2,u3) =uy — (/h(t)w(t)d[) Uy — (/h(l —t)w(t)dt) U3
0 0
1 1
=u;— h(t)t(1—t)dt |up — h(1—t)t(1—t)dt |us
o -
1
=uy— (/h(t)t(l t)dt) (u2 +u3)
0

foruy,us,us € R. Then,
fla)+ /()

2 1 (P
TFw ((b—a)2 > b—a/a f(x)dx

2 | f@+f) 1 P
_(b—a)2 5 _b—a/a f(x)dx

1
— (/h(t)t(l t)dt) [/ @|+]f"®)|].
0

| @), \f”(b)l)

Thus, by Theorem 6, we get

2

_ f@+fb)
(b—a)*

1 b
5 b—a/ f(x)dx

1
) (f h(n)(1 f’d’) [|£" @] +] " ®)|] <o0.
0

This finishes the proof. U

Theorem 7. Let f : I° C R — R be a twice differentiable mapping on 1°, a,b €

1°,a < b and let p > 1. Suppose that |f”|p/(p_1) is F—convex on [a,b], for some
Fe% and|f"| € LP/P=Y(a,b). Then we have

Tra (A2(£0). [ £/ @[P 70 | @) 7) <0

where

A2(f, p) =
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2\ ! Al @ fe) 1 b
((b—a)z) (B(p+1,p+1)) _b—a/a f(x)dx

2
and B(x,y) is Euler beta function defined by

D
p—1

1
B(x,y)=/ > 11 =1)Y"Vdt.
0

Proof. Since | £”|P/P~V is F—convex, we have
-1 -1
F(‘f”(ta—{—(l—t)b)}p/(p ),|f”(a)|p/(p )’

Using axiom (A2) with w(z) = 1, we get

7@ ) <0, e o).

f//(a) ‘P/(P—l)

1
Tra (/ |7 (a+ 1 —0)b) [P/ P Var, f//(b)|p/(p1>) o
0

Using Lemma 2 and Holder inequality, we obtain

f@+fo)y 1 b
2 _b—a/a f(x)dx

bh— 2 1
_{ 2a) [0 t(A=0)||f"(ta+ (A —1)b)|dt
2 7 2ok
f(b_za) (/lzl’(l—t)”dz) ([1lf”(Za+(1—z)b)\p/(”_”dz)
0 0
2 v ~ 2
_0 2“) (B(p+1,p+1)7 (/ | /" (ta+ (1 —0)b)|P'? ”dr) :
0

that is
1
ta(fp = [ [f"aar a-op)|” " .
0
Since Tr,; is nondecreasing with respect to the first variable, we have

T (420400 £ @] 70 7o) 7770) <o,

Corollary 10. If| f"|? /P=1) s e—convex, we have the following inequality

f@+rmb)y 1 b
7 _b—a/a f(x)dx
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=

—a)? . ¢\ 2/ (=1 ncpy 2/ (p—1) 2t
LU [If @70+ 177 ) H} |

Proof. Using (2.1) and by Theorem 7, it can be proved easily. It is omitted. g

Remark 5. If we choose ¢ = 0 in Corollary 10, then we have

f@+f®) 1 P
5 _b—a/ f(x)dx
a
p—1
N2 ne P/ (p—1) nepy /(=D 7 2
_-a) (B(p“p“));[v @7 + 117 b)| } |
2 2
Corollary 11. If|f”|p/(p_1) is a—convex, we have the following inequality
@+f®) 1 f*
‘f 2f _b—a/ f(x)dx
a
p—1
(h—a)? N (@) p/(p=1) 4 £(b) p/(p—1)7] " p
== B(p+1Lp+1)7 @) a+1| | '

Proof. Using (2.2) and by Theorem 7, it can be proved easily. It is omitted. U
Corollary 12. If | f"|? /=1 i h—convex, we have the following inequality

fla)+ f(b) 1P
IS

pT—l
(b—a)?
2

=

1
(B(p+1,p+1)7 /h(t)dt
0

[|f/(a)|p/<p—1> . ‘f/(b)}p/(p—l)]%‘

Proof. Using (2.3) and by Theorem 7, it can be proved easily. It is omitted. t

4. MIDPOINT TYPE INEQUALITIES FOR TWICE DIFFERENTIABLE FUNCTIONS

In this section, we prove some midpoint type inequalities for functions whose
second derivatives absolute values are F'—convex.

Theorem 8. Let I C R be an interval, f : 1° C R — R be a twice differentiable
mapping on 1°, (a,b) € I°x1°, a < b. Suppose that | f"| is F —convex on |a,b],
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for some F € ¥ the function t € [0,1] — L, belongs to L'[0,1]. If F is linear
with respect to the first, second and third variables, then

b
s e wdx =1 (50)| @l + L @)+ L))

4
TEm (ﬁ
1
+ [ Lmwdt <0
0
where
12, tef0,1]
m(t) =
(1-1)*, te(3.1].

Proof. Since | f”| is F —convex, we have

F([f"ta+0=0b)|,|f"@].|f"®B)|.t) <0, t €[0,1]

and
F(|f”(tb+(l—t)a)‘,}f”(b)‘,|f”(a)|,t) <0,tel0,1].
Using the linearity of F, we obtain
F(|f"ta+0=0)b)|+|f" b+ (1-1)a)|,
"D+ " @].|f )|+ | f"(@)].1) <0,
for t € [0, 1]. Multiplying this inequality by m(¢) and using axiom (A3), we get
F(m@[|f"ta+A=0b)|+[/"b+ 1 =Da)|].m@)[| /" ®)| + ] 1" @]

m@®)[|f"®)| +|f"@)|].t) + L@y <0,
for ¢t € [0,1]. Integrating over [0, 1] with respect to the variable ¢ and using axiom

(A2), we obtain
1
TF.m (/m(t)[\f”(taJr(l—t)b)\ +|f" @b+ (1—1)a)|]dt,
0
1
| "B+ @)].]f"(B)] +|f”(a)|) +/Lm(t)dt <0,
0

for t € [0,1]. On the other hand, using Lemma 3, we have
a+b)

4 1 (b
E/a f(x)dx—f( >

(b—a)®

1
5/0 m@)[|f"ta+ A =0)b)|+|f" @b+ (1—1)a)|]d:.
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Since TF ,, is nondecreasing with respect to the first variable, we get

4 1 P a+b
Thm<@jzpz:;[;fuwx—f(jz)

1
@)+ LB @]+ ) ) ¢ [ Loiie <0

0
This completes the proof. O

’

Corollary 13. Let f: I° C R — R be twice differentiable function on I°, a,b € I°
with a < b. Suppose that the function | | is e—convex on [a,b], ¢ > 0. Then we have

T a+b\|_G—a)?TIf"@|+|f"®)] e
m/ﬂ f(x)dx—f( 5 )S 1 [ +_:|-

12 12
Proof. Using (1.4) with w(t) = m(t), we obtain
1

1
Lm(t)dl =¢ [ (1—m(2))dt
fim=]

0
1/2 1
=¢ /(1—t2)dt+[(1—(1—z)2)dz
0 1/2
11
=—¢.
12

From (1.3) with w(t) = m(t), we get

1 1
TrwW1,u2,u3) =uy — (/tm(t)dt) Uy — (/(1 t)m(t)dt) Uz —¢
0

0

for uy,us,us3 € R. Hence,

4 1 (b a+b
TF’m<—(b—a)2 m/a f(x)dx—f( 2 )

B+ @) LB+ @) )

b " "
%/ f(x)dx—f(a;b)‘_v @[+1/"O)

’

_ 4
~ (h—a)?

b— 12
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Thus, by Theorem 8, we have

4 a+b\| |f"@|+]f"®)] 11
b_a) / f(x)dx —f( ) — B —8+E&‘§0,
that is
b N2 " "
. f(x)dx—f(a;b) < =0 [If @l+1/ (b>|+%].
This completes the proof. U

Remark 6. If we taking ¢ = 0 in Corollary 13, then | f”| is convex and we have
the inequality

b b
s | sean=r (57| <

which is given by Sarikaya et al. in [13].

(b—a)? [If”(a)l + If”(b)l}
24 2

Corollary 14. Let f : I° C R — R be twice differentiable function on I°, a,b € I°
with a < b. Suppose that the function | f”| is a—convex on [a,b], a € (0,1]. Then we

have
1 b a+b
Ta/a f(x)dx—f( 7 )S

Proof. From (1.6) with w(t) = m(t), we have

1 1
TF (Ui, uz,uz) =up— (/t“m(t)dt) Uy — (/(1 t“)m(t)dt) u3

0 0

(b—a)® [lf”(a)| +|f"(b)|]
24 2 ’

1 2 1
T e+ D@+2) (a+3_2“+1)”2

1 1 2 1
_[E_(a+1)(a+2) (a+3_2w+1)}”3

for uy,us,us3 € R. It follows that

4 1P a+b
w((b_a)z 5 | s (4 )'

o |
[ o f(“;b)'

" "

- a)
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! 2 1 " "
T @t D(@+2) (a+3 - 2a+1) [/ ®)]+]f" @]

1 1 2 1 1 "
a [ﬁ_ (@+1)(a+2) (a+3 _2a+1):| [lF"®)|+]f"@]
4 |t a+b\| 1f"®)+]f" @)
ijlxﬂﬂWFf( 2)-— |

~(b-a)y 12
which completes the proof. U

Corollary 15. Let f : 1° C R — R be twice differentiable functionon 1°, a,b € 1°
with a < b. Suppose that the function | | is h—convex on [a,b]. Then we have

fl@+fpy 1 b
' > - b_a[a f(x)dx

1
<%bc02(/74nm1tyh)[kf(aﬂ+f wn}'
0

2

Proof. From (1.8) with w(t) = m(t), we have

1 1
TF w1, u2,u3) =ug1— (/h(t)m(t)dt) Uy — (/h(l —t)m(t)dt) us
0 0
1 1
=u;— h(t)m(t)dz) uz—( h(t)m(l—t)dt) U3
/ [

0

1
=uy— (/h(t)m(t)dt) (u2 +us3)
0

for uq,uz,u3 € R. Then, by Theorem 8,

4 1 b a+b
TF,w(m m/a f(X)dX—f( 5 )',

B+ 7@ LB+ @) )

Eézlffqu—f(“;bﬂ

. 4
~ (h—a)?
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1
2 / hOm@yde | [|£"@)|+ | /)] <0
0

that is,
1
b " "
oo | =g (50| =2 | [romar | [FHOTO
0
which completes the proof. g
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