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1. INTRODUCTION

Developing the idea advanced by Ya.l. Zhitomirskii in [ 1 0] concerning the descrip-
tion of the systems of partial differential equations parabolically steady to a change in
coefficients, the following wide class of parabolic systems with variable coefficients
was defined in [7]:

0ru(t;x) = {Po(t;i0x) + P1(t,x:10x)}u(t:x), (t:x) € .11 (1.1)
Here, u := col(u1,....,um), ;71 :={(t;x): t € (0;T], x € R"}, and Py(t;idx) and
P1(2,x;i0y) are matrix differentiable expressions of the orders, respectively, p and
P1, p > p1 = 0, with coefficients depending on the time variable 7. In this case, the

coefficients of the expression P can depend also on the spatial variable x. It is also
assumed that the corresponding system

deu(t;x) = Po(15i0x)u(t;x), (¢:x) € Mo, (1.2)

is uniformly parabolic by Shilov with parabolicity index 4, 0 < 4 < p, nonnegative
genus i, and reduced order po [2]. In other words, there exist constants §o > 0 and
81 > 0 such that, for all x € R” and ¢ € [0; T], the following inequality holds:

A(:x) = max Red;(1:x) < —8o|lx|I" + 81.
JENm
Here, A; are roots of the equation det(Po(#;¢) —AE) =0, { € C", E is the identity
matrix of the order m, || - || is the Euclid norm in R”, and N, := {1,2,...,m}.

We recall also that the reduced order pg of a system is called the exact power
order of growth of a function A(;-) in the complex space C” (for a parabolic system,
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we have always po > 1). In addition, the genus of a system parabolic by Shilov
is called the largest index u such that the function A(-;-) in the domain G*(K) :=
[0;T]x{x+iyeC": |y|| <K+ |x]|)*} with some K > 0 satisfies the estimate

At x +iy) < =8| x||" +681.84« > 0,8, > 0.

Itis known that 1 — (po—h) < u < 1.
The following condition must be satisfied for (1.1):

(A):0=pr <h—n(—=hu/po)—(m—1)(p—h).

It is obvious that the class of systems (1.1) envelops completely the class of Shilov-
type parabolic systems with nonnegative genus. In this connection, it was proposed in
[10] to call such systems Shilov-type parabolic systems with nonnegative genus and
variable coefficients. To a certain extent, these systems solve the problem of proper
extension of the notion of parabolicity by Shilov to the linear systems of equations
with variable coefficients, since the Shilov class of systems is not parabolically stable
to a change in its coefficients [4].

Let us consider systems (1.1) under the condition that their coefficients are the
complex-valued functions that are continuous in the variable ¢, infinitely differen-
tiable with respect to the variable x, and bounded together with their derivatives
in a ball ITjo.7). For these systems, Green’s function Z(¢,x;7,§),0 <t <t <T,
{x,&} C R", was constructed, and its main properties such as the smoothness and
the behavior in vicinities of infinitely remote spatial points were studied [7]. On the
basis of these results, the theory of the Cauchy problem was developed in [5, 8, 9]
for such systems in spaces of the type S by Gelfand and Shilov [3]. In particular, the
proper solvability of the Cauchy problem with generalized initial data like the Gevrey
ultradistributions was established, the form of a representation of classical solutions
with generalized limiting values on the input hyperplane was obtained, their qualitat-
ive properties were studied, and the sets of generalized input functions, for which the
corresponding solutions are elements of the Schwartz space S or some space of the
type S, were described.

In order to get similar results under weaker conditions imposed on the coeffi-
cients of system (1.1), it is necessary firstly to clarify the properties of corresponding
Green’s function Z. In the present work, we will study properties of the function
Z(t,x;1,£) with respect to spatial variables x and £ under the minimum conditions
of smoothness imposed on the coefficients of this system.

2. AUXILIARY INFORMATION
Let the differential expressions Py and P of system (1.1) have the structure

Po(t:ide) = Y Agx®d, Pr(t.x:id) = Y Ayg(tx)dk,
|k|l+<p k|4 <p1
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|y e mat-

where Ag ¢ () := i *I+ (aéjk(t))m. LA (t:x) =i lkl+ (alljk(t;x))
’ ’ l,j=1 ’ ’ j=
rix coefficients, i is the imaginary unity, and |k |+ :=k1+ ...+ kp, k € Z’i.

By G(t,7;7), 0 <t <t < T, we denote Green’s function of system (1.2). It is
known that G(¢,t;-) = F [@é (S)] (t,7;-), where F[-] is the Fourier transformation
operator, and ©Z(-) is a matriciant of the corresponding Fourier duality of the system.
The following proposition is proper [5, 6]:

VT>038>0VkeZ Ic>0Vie(n:T|VTe[0:T)V{x,6lCR":

1
ntlklp+y g Ix=¢&ll yI-
|8§G(Z’T;x_§)|fc(t—f)_#e 8(([—1)04)

where y i= (m = 1)(p—h) and o= 1/ po. @)y | 1= max fais|.
Here, we consider systems (1.1), which satisfy, in addition to condition (A), the

following condition:

2.1)

(B): the coefficients aéj (@) allj i (;x) are continuous in the variable 7 uni-
formly with respeét to x, differentiable with respect to the variable x
up to the order oy inclusively, and bounded together with their deri-
vatives by complex-valued functions in a ball I1jo.77.

In [7], Green’s function of system (1.1) was constructed in the form

Z(t,x;1,6) =G, t1;x =&+ W(t,x;t,8), (t,x;1,6) € 1'[7%, 2.2)
where 17% ={t,x;1,6)|0<t <t <T{x,E CR"},

Wit x:.b) = [ ap / Gt Bix— ) ®(B. y:v.E)dy. 2.3)
T R7

and

Dt x;7:8) = ZKz(t,x;r,E), 2.4)
=1
where
Kl(th;T’i:) = Pl(tv-X;iax)G(T’é;x_S)’

t
Ki(txin.6) = / dp [ Kitox:poy) K (BoyinE)dy, 1> 1. (2.5)
T R

In this case, it was established that condition (A) and the boundedness of the coef-
ficients of system (1.1) ensure the absolute uniform convergence of the functional
series (2.4) for all {x,&} C R”,t € (7;T], and 7 € [0, T). Moreover, its sum @ and
the iterated kernels K; satisfy the estimates

1
_ lx—&] ) T—e
D1, x:7.8)| < ¢4 (1 —7)@0~(Ham~0 (=)™ (2.6)
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-1
1K (t.x: 1.6 < ch | [ ] eceBlo. jero)
J=1

[lx—

—8(1—(]— gl \T—a
X(t_r)lao—(1+txn)e 8(1 (l 1)6)(0_1-)(1) ,86(0,1), (27)

with the estimating constants independent of ¢, 7, x, and &. Here g := 1 +an—(n+
p1+7vy)/h>0and B(.,-) is the Euler beta-function.

We note that estimates (2.1) and (2.6) for {x,&} C R" and 0 < 7 <t < T guarantee
the absolute convergence of the integral, by which the potential W is determined.
Thus, the matrix function Z(¢, x; 7, ) is properly determined by formula (2.2) on the
whole set 17%.

Completing this item, we present the following estimates from [ 1], which will be
of importance in what follows:

1 1
- (b)) ™ } <S5 ) : 2.8)
= = DLl SRS
[R[ ¢ (= B)(B—1))"
1
_3(1_8)( “i;étli )W
Cgl =0 ’ 8 >0 (29)

<

- (t—7)on
(here, {x,y,§} CR", Be(1;1),0<t<t<T,e€(0;1),and § > 0, and the quantity
¢ depends only on ¢).

3. PROPERTIES OF GREEN’S FUNCTION

First, we estimate the derivatives of the iterated kernels Kj.

According to representation (2.5), the smoothness of the kernel K (z,x;7,§) in
the spatial variables x and £ is determined, respectively, by the smoothness of the
coefficients of system (1.1) and the function G(z, t;x — £). Therefore, there exist the
derivatives 8; ALK for {r,q} C Z"™, |q|+ < a, and the following equality holds:

q
ki) = Y Y0 () (3756 mx-p).

Ikl 4+ =<p1 1=0

where C (5 is a binomial coefficient. From whence, with regard for condition (B) and
estimate (2.1) for {r,q} C Z", |q|+ < ax, (t,x;7,§) € [T2, we get

1
n+p1+y+ir+ql _eof lIx=¢ll \T—
mhotrrtaly 5(G5k)

|828§K1(t,x;r,$)| <crgt—1)" 3.1
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(here, the estimating constants are independent of ¢, 7, x, and £).
For [ > 1, we will use the representation

151
Ki(t.x;7,§) =/dﬂ/Kl(t,x;ﬁ,n+§)K1—1(ﬁ,n+$;f,€)dn
T R7

r+t

t
+/d,3[R[ Ki(t,x;8,x—2)K;_1(B,x—z;1,6)dz, t1 .=

According to it,

0pOLK (1, x;T.6) = ) C”/dﬂf "aqu(z x:p, n+&‘))

|r1|+<|r|+ T R”

< (9 KBk EnD)dnt Y Cq‘/dﬁ[ (0 K1 (13 .5~ 2)

lg1]+=<lql+ f
X (8283_‘11K1_1([3,x—z;t,“§)> dz, |q]+ < ax, (t,x;7,8) € T2, (3.2)
Hence, the estimation of |8§8§IC K;(t,x;7,8)| is reduced to that of the expressions
004 K1 (¢, x;T,n+8)], [01K1(t,x;7,x —2)],
5 Ki—1 (6 +E ). (350K (t.x— B,

In view of the boundedness of 0%a L Lk (t:x), |g|+ < ax, and estimate (2.1), for all
{q.r} €Z”, |q|+ < ox, {x,n,E} € [R” t €(t;T],and t € [0;T), we have

0p0L K (t,xs T +E)| <m Y > CIoT Ay (r:x))|

lkl+<p1lg1l+=<lgl+

1
n+pi+v+ir+aly _S(Hx—n—él\)m
7 e =)@

}a(;rnﬂg)quUvT?x—77—5)} fcr,q(t_f)_ S

(3.3)

=t ( Y AE0#kGE )| <m

lkl+=p1

1
- _nty _ gl ) T—a _n+pi+y Hé\l T—«a
X‘G(I,T;E)‘fcq(l—f) o (@) T <ot — ) () T

34
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We now estimate the expression ‘8; Ki(t,n+&:1,8) | Since

K (tn+ETE) = Y AL +E)IGTin), (txit.€) €M7, (3.5)
lkl+=<p1
we have, according to condition (A), that the iterated kernels K;(¢,n+ &;1,§) are
differentiable with respect to the variable & only to the order ax. This fact and (3.2)
imply that 02 K (t,x;7,£), |g|+ < ax, is also a function differentiable with respect to
& only to this order o«.
Representation (3.5) and estimate (2.1) yield

1
n+pi+y _ 7l T—a
K1+ &8 < 1t -0 e ()

We note that

(3.6)

LKt +E:7.6) = ag(fdﬂ/Kl(z,n+s;ﬁ,y)1<1(ﬂ,y;r,5)dy).
T R”

Let us change the variable of integration in the last integral by the formula y = z +&.
In view of estimates (3.6) and (2.9) and the equalities

t
[ (t = B)(B— )™ dB = (1 — 1)~ B(ag. t0) 3.7)
and
FKAEn+E T8 = KO- LD
we get

t
ket sep| <m Y cp [ap [ ki +epare)
[Rn

lril+=Irl+ T
x| KBz T ldz=m Y Cllenner g
1]+ <Irl+
t 1 1
ity g () (el ) T
< / (=P B-) " / () T () )dzdﬁ
T R”

TR ~sa-a () T o e (0:1).

By reasoning analogously step by step, we arrive at the inequality

< c2,r(e) B(ag, o) (t —7)*~

-1
|82K1 (t.n+§1.8)| < Cl,r(ﬁ)( 1_[ B(Olo,joto)) (t — 7)o
j=1

n+p1+v
h
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_1
o= 80==De) () (3.8)

which is satisfied for all {n,&} C R”, |r|+ <ax, 0<t <t <T, £ €(0;1), and
! € N\ {1} and, hence, until the existence of such number /., for which
Ll Il \ =@
00K, (1.7 + E:7.8)| < c,*,,(e)( I1 B(oeo,jao)) —50-0-0a) (%) ™" 3.9
j=1
(here, the quantities ¢; ,(¢) > 0 do not depend on the variables 7, 7,7, and &, which
vary in the above-indicated way).
Since
BLILK (6, x:Tun +6) = a’agK,(z,x;f,g)(g_ "
00T Ky (t.x —z;7.8) = 00T K (1, y:, E)‘
=X— Z
the expressions Bgail(l(t,x;t,n + g),agazK,(z,x —2z;1,€) and 828§K1(t,x;r,f§)
are of the same type. Therefore, with regard for representation (3.2) and estimates
(3.3), (3.4), (3.8), and (2.9), we have

151

0009 K (0, ;7,6)] < m2|r+q|+( > st [

lr1 4 <Ir|+ T

n+p1+y+irg+aly
h

1 1
(-1 / (O T ) ) g

[Rl’l
t

_n+p1+)/+|r+qfql\+ _n+pi+y
+ Z €q1¢r,(g—q1) X/(:B_f) h (=B h
lgil+=<lql+ t

[l >lia+<';;-_a:s>l*)dzdﬁ)

R7

1
ey (lx—£] \ T _
<m2lrtal+e e el 8)((17'5)01) (t—1) “”( Z Cri,g€1,(r—r1)

Iril4+=<Iri+

_ n+p1+v+iri+al4
/ (t—pe T om0 g Y cqerean

lg11+=<lgl+

ntpi+y+lr+a—qyl4
G B).Irl+ < aslgls <as.e € O:1).

x [(=p)yo1(B—o)*-
/
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In view of the estimates

51
/(t B IB)an_n+p1+J/;|l-\t 1+al4+ (IB _ -L—)a()_ldIB
T

Iry+aly _ Iry+aly
<2k (t—1)* (1+75 )B(ao,ao)

and

n+p1+v+ir+a—qyl4
h

/ (1 — B) 01 (B — )"

rta—dily (14l
<2 & (t—1)* (175 )B(Oto,ao),

we get the inequality

|l x

Ir+aly (11— —&| ) T-
\aga;{Kz(t,x;f,g)}5c;‘§(r—f)2%—(1+a"+ 7 )B(ao,ao)e sa-o)(F=54)

By continuing stepwise the process of estimation, we obtain

Ir+aly
|3233Kl(l,xn,$)} Eclr’g(l_r)lao—(l—f-an—i- 7 )

1 -1
< 3= (54) (1_[ B(ao,jao)), (3.10)
j=1

forall |r|+ < o, |g|+ <ax, {x,§} CR", 0<1 <t <T,e€(0;1),and/ € N\{1}.

Let us pass to the estimation of the expression ‘82 01K, (t,x;7, §)|, which will be
suitable for the establishment of the differentiability of the matrix function @ with
respect to the spatial variables. Directly from (3.10), we arrive at the existence of a
number /* such that

*—1

8 (1—(1%— lx—¢] ) T—o .
‘828§K1*(t,x;t,$)‘ < clr;‘{ae SU—=De) (5 ( 1_[ B(ao,]ao)).
j=1
Letus set /4 := max{l«,[*}, [_ := min{/«,[*}, where 4 is the corresponding number
from (3.9), ¢ := i, Ox 1= 8(1 — %) r« > 2, To := max{1, T}, and

-1

-1
C=(k):: max {Cl,racl,r(g)(l_[B(aOajO{O))’Cr,QSC;:g(l_[B(O{Oajao))}v

1N, \{1} -1 i1



SOME PROPERTIES OF GF OF SHILOV-TYPE PS 373

cx i= c%(To)*+ "= Then (3.8) and (3.10) imply that, for all {x,&,7} CR",0<1 <
t<T,|rl+ <ax and |g|+ < o,
1

}858?6 Kl+ (t,x;, g)‘ < c*e—s*((\lt)f_;fll)ll) T—a

’

1
\3§Kl+(t,n+$;r,§)| < c*e_g*(%)l ¢

In view of this result, estimate (2.8), the equality

1

x— T—a 1 ~
/e—b’o(é-ﬂﬂ)l d—y = /e—é’ollzll " dz = E < 400,
—per =)

1

representation (3.2), and inequalities (3.3) and (3.4), we obtain

LK, e tEnD s Y <7[/d@[w”szn+sﬂz+SW’”

lr1l+<Ir|+ T

xKl+(,B,z+§;r,§)‘dz§mcf( C'l /(t py*o~!

Iril+<Irl+

- -
X/e_‘g*(((lzn—_ﬂz)g) T+ () l_a)e ri ((‘liﬁig)m—dz dp
(t—p)ne

R7

’

1
~ _ lInll_ ) T=a
<mcPEcZB(ag,1)(t —1)%e b (%) = Z clh:

Iril4+<Irl+

0009 K 1 (1o 8| < c”/ﬁﬂ/w”mexﬂn+@

71+ <Ir|+ T

<K BB+ Y <ﬂ{/d@[meuzxﬂx )

lgil+<lgl+ 7
plrtaly
|rl|+<|r|+ T
1
- lx=n=£ll _nll_\T=& . L
x/e 8*(( -B ) +((B—nr)a) )e T (W) dn g
(=P

R7
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o2 q / - [ (k) T () )

lg1l+=<lql+ t R

_8(_lzll \T-« dz —§, (1x= sg
e r*((t—ﬁ)a) —(t—ﬁ)“”dﬂ) §mc3Ee (0 o /(Z pr*odp

1
Ir +q| ~ llx—&| \ T—«
X (( E Cil(t—11)” 1 +) +Cq) SmcfEe_‘g*((t—ﬂ"‘) (t—1)*%

lr1l+=<Irl+
Ir+q| Ir1+a
xB(ao,1)<(2 e > Cri(t—o)y™ 7 = +)Jrcq>
lr1l+<Irl+
1
Ir+ql lx—£l ) T—a
<m 2E(2To) B(ozo,l)(t—t)"‘0 +e_8*((t—f>°‘) , 02q =cr+cyq.

Applymg the method of induction, we can verify firstly the validity of the estimate

LK1 41t +E:7.8)]
fc*(mcgc*E(t—f)aO)le ((t”z)al (HB(a0,1+]cx0)) 3.11)

and, hence, the estimate

Ir+aql4
h

\agagK,++,(t,x;r,g)|5c*( c*E(2To) )(z 7)leo=

1 _
_s. (lx=£1\T—&
w8 (55) (]_[ B(a0,1+jao)), (3.12)
Jj=1
for |r|+ < ax, |g|+ < ox, (t,x;7,§) € 17% and / € N\{1}.
The following propositions hold true.

Lemma 1. The matrix function ®(t,x;t,&) on the set 17% is a function differenti-
able with respect to each of the spatial variables x and & to the order o inclusively,
and their derivatives satisfy the following estimates:

1
Ir+4l Ix—¢&| ) T—a
050901, x:7.8)| < 1 (1 =)o~ (Femt =5 (G55 (3.13)

’

1
T—a
LD 7+ E:7.8)] = eat — )0~ Oreme =3 () Ty gy cpr 31a

(here, the estimating constants c1,¢2, and 84 are independent of t,t,x,€,1).
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Proof. In any way, let us fix a point (xo;&g) from R?”, and let us consider a ball
[fo0 £0) with radius § > 0, which is centered at the point (xg;&p), in this space. Then,
in view of structure (2.4) of the function @ and the differentiability of the iterated
kernels K; with respect to spatial variables on R?” to the order o inclusively, we
can conclude that, in order to prove the differentiability of the matrix function @ at
the point (xg;&p) to the indicated order, it is necessary only to prove the uniform
convergence of the formally differentiated series (2.4) in the variables x and & on the

set lK(Exo‘Eo)’ >0 (atevery fixedt and 7,0 <t <t <T):
o
DK (i E). iy < o lgly < o (3.15)
=1

Directly from estimates (3.10) and (3.12) and the equality

-1 [
o (I' (o))
/1:[03(050, 1+ jag) = m,

where I'(-) is the Euler gamma-function, for {r,q} C Z" , |r|+ < o, |q|+ < ox, and
(t,x:7,€) € I[T2, we have

00 I+ 00
‘Zagagm(z,x;f,s)) = agagxl(z,x;z,g)‘ + 3 |tk xin®)
I=1 I=1 I=l4+1

L Ir+4l
< C*(Z(t—f)lao_(l+an+ 7 +)
=1
Ir+al4

~ Ir+al4
(mc?’qc*E(ZTo) 1z )l(t—f)l“"_ Z

WK

+
I

x(.

J
[[x—&|l |1 !
X— —
xe_s*((tfr)‘)‘) .

From whence, we get the uniform convergence of series (3.15) in x and £ and, hence,
the validity of estimates (3.13).

Due to the corresponding estimates (3.8) and (3.11), we can verify analogously the
validity of estimate (3.14).

The lemma is proved. g

~
| =

1

1
s (lx=g1\T=a _ Irtaly
B(oo, 1+ joco)))e 5*((z_f)oz) <1t —1)% (1+an+ h )

1

Lemma 2. The volumetric potential W(t,x;t,§) on the set I1 % is a function dif-
ferentiable with respect to each of the spatial variables x and & to, respectively, the
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orders ax + p1 and oy inclusively. In this case,
r !
BILW(t x:7.6) =) Cf [ dp / LG Bix—y—E)I DBy +ET.E)dy
l=0 T [Rn

t
+/dﬂ/BZG(Z,ﬁ;x—y)agfp(ﬂ,y:r,é)dy, lgl+ < p1.Irl+ Sax, (3.16)
tl [Rn

r i
agagW(z,x;r,s):Zc,’/dﬂ/agazG(z,ﬂ;x—y—g)ag—’cp(ﬂ,y+s;z,s)dy
l=0 T |Rn

t
+ [ap [ oG portod.c—pesan. iy <o
t R”

(3.17)

lk|+ = p1. p1 <lql+ < ax+ p1.

Proof. For |q|+ < p1 and |r|4+ < a«, we use the representation

Wi, x:.€) =/dﬁ/G(z,ﬁ;x—y—s)w,y+s;r,5)dy
T R7

+/dﬁ/G(t,ﬂ;x—y)qb(ﬁ,y;r,é)dy-
31 R7

From whence, by the formal differentiation under the sign of integral, we obtain
equality (3.16). Hence, in order to substantiate the validity of equality (3.16), it is

sufficient to prove the uniform convergence of the following integrals in the variables
x and £ on R?":

51
Iy xi T, E) = /dﬁ/ 009G (1. prx =y =99~ P(B.y +E:7.6)ldy.
T R”

t

14 < |rl4s 959,50, 8) :=fdﬁ/|83%G(t,ﬂ;x—y)||agq>(ﬂ,y;r,5)|dy.
n R”

(3.18)
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This convergence becomes obvious, if we take condition (A) and the following es-
timates into account for {x,§} CR* and0 <t <t <T:

1
~ _ lx—=£]| \ T—a n+y+ll+q|
J;’l’q(tl,x;t,é) <ccyEe 8*((t—r>°‘) (z—tl)_fJr
151
< [8=otap. iy <Irl.: (3.19)
T

I (t, x:11,8)

1 t
~ lx—&l ) T—a n+p1+y+ir| r1—lql
<o Bt (TS) 7 (g _ / (t— )y~ +=F 4B, (3.20)
5]

These estimates follow directly from (2.1), (3.13), and (3.14).

We now prove the validity of formula (3.17). For this purpose, we fix any k € Z"
such that |k|+ = p1. Then, according to (3.16) for p; < |q|+ < ox+ py and |r|4 <
o, we have

r

15}
oW (t.xiT.6) = ClaT* f dp / 0L0EG (. pix—y—E)op D(B.y +E:T.6)
T R”

=0

t
xdy+017% [ ap [ 056 pioLop.x—nim.g)an. xin) < 11
1

5]

Hence, it remains to substantiate the possibility to introduce the operation aﬁ{‘k under
the signs of the corresponding integrals. In other words, we should prove the uniform
convergence in x and £ of the following integrals on R?” for0 <t <t < T:

I
[ a8 [ 40160 pix -y -0y + v 61
T R

t
/ ap / 0EG (1. B Lot * D (B.x — e, E)d.
1 R”

By reasoning similarly to the case of integrals (3.18) and using estimates (2.1), (3.13),
and (3.14), we get the necessary convergence of the indicated integrals.
The lemma is proved. g

The main result can be formulated as the following proposition.
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Theorem 1. Let system (1.1) satisfy conditions (A) and (B). Then the correspond-
ing function Z(t,x;t,§) defined by equality (2.2) is a function differentiable with
respect to each of the spatial variables x and & on the set 17% to, respectively, the
orders ax + p1 and o inclusively, and

36 > 0V{r.,q} CZ" ,|q|+ < ax+ p1.|r|+ < ax, e >0V (t,x;1,8) € 17% :

1
n+lr+ql4+y —8( llx—£|| )ﬁ
e

001 Z(t,x;1,8)| <c(t—1)~ 7 =) : (3.21)
£¥x

o

a8 ||xna) -
0EZx +E.8)] < cele -0 () e

. 0, k=0,
where k|4 <ax, 0 <1<t <T, {x,§} CR", B = o, k £0 (here, the
07

estimating constants are independent of t, t, x, and £).

Proof. With regard for structure (2.2) and the infinite differentiability of the func-
tion G(t,7;€) with respect to the variable &, the smoothness of the function
Z(t,x;7,£) in the variables x and £ becomes obvious directly from the assertion
of Lemma 2.

Let |g|+ < p1 and |r|4+ < ax. Then, according to (3.16), we get

,
0538 2t §)| < [0 TG mix =)+ ) CHIT M (xiw ) + 457 (i §).
=0
From whence, by using estimates (2.1), (3.19), and (3.20), we obtain assertion (3.21).
In a similar way, by using formula (3.17), we verify the validity of assertion (3.21)
also for p; < |q|+ < ax and |r|+ < 0.
Then, according to estimates (2.1) and (3.14), we have

Vetvied) = | [ap [ Gepix-0okop.c o]
T R”

<caa [(=pror il (gt [R/ exp{ o] (”tx_‘;)'('z)'*

I == dydp o )
+(W> }}((t_lg)(lg_f)an’SO-— min{3, 8x}, [k [+ < o

Using estimate (2.9) and equality (3.7), we get

1
1—ax

, €€(0:1),

iy —8o(1—ey[ 11
Ye(t.x:1.E) < colt — )0 "5 0 8)(<f—f>“)
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where |k|+ < ax, 0 <t <t <T and {x,£} C R". From whence, with regard for
inequality (2.1) and the representation

t
Z(tx+E1.8) = Glt.t:x) + / dp / Gt Bix—O)D(B.L +E:B.E)dL.
R~

T

we arrive at estimate (3.22).
The theorem is proved. ([l

(1]
(2]
(3]
(4]
(5]
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