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not assume any assumption on monotonicity of w(r).
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1. Introduction

In the study of local properties of solutions to of partial differential equations, together with weighted Lebesgue spaces,
Morrey spaces £P*(R") play an important role, see [1]. Introduced by Morrey [2] in 1938, they are defined by the norm

A
1Nl gor == sup r 2 [If @) (1.1)
x,r>0
where0 <A <n, 1 <p < o0.

We refer in particular to [3] for the classical Morrey spaces. As is known, in the last two decades there has been increasing
interest in the study of variable exponent spaces and operators with variable parameters in such spaces, we refer for instance
to the surveying papers [4-7] and the recent book [8] on the progress in this field, see also references therein.

The spaces defined by the norm (1.1) are sometimes called global Morrey spaces, in contrast to local Morrey spaces defined
by the norm

_a
ANl pr == supr P |If l1pBexg.ry) - (1.2)
Y
{xo} r>0
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Variable exponent Morrey spaces £7)-*0) (£2), were introduced and studied in [9,10] in the Euclidean setting and in [11]
in the setting of metric measure spaces, in case of bounded sets £2. In [9] the boundedness of the maximal operator in
variable exponent Morrey spaces £LP**()(£2) was proved and a Sobolev-Adams type £PO-*0) —  £I0-20)_theorem for
potential operators of variable order «(x). In the case of constant «, the £P0-*¢) — BMO-boundedness in the limiting case
px) = ”_TM was also proved. In [ 10] the maximal operator and potential operators were considered in a somewhat more
general space, but under more restrictive conditions on p(x). Histd in [ 12] used his “local-to-global” approach to extend the
result of [9] on the maximal operator to the case of the whole space R".

In [11] the boundedness of the maximal operator and the singular integral operator in variable exponent Morrey spaces
LPO20 was proved in the general setting of metric measure spaces. In the case of constant p and A, the results on the
boundedness of potential operators and classical Calderon-Zygmund singular operators go back to [13,14], respectively,
while the boundedness of the maximal operator in the Euclidean setting was proved in [15]; for further results in the case
of constant p and A see for instance [16-19].

In[20] we studied the boundedness of the classical integral operators in the generalized variable exponent Morrey spaces
MPO-9(£2) over an open bounded set £2 C R". Generalized Morrey spaces of such a kind in the case of constant p, with the
norm (1.1) replaced by

_n
r p
Ifllape = sup ——IIf lirx,r)> (1.3)
MP-$ wre0 @(1) (B(x,r))
under some assumptions on ¢ were studied by many authors, see for instance [21-26] and references therein. Results of [20]
were extended in [27] to the case of the generalized Morrey spaces MP)-0)-*0) (2) (where the L>°-norm in r in the definition
of the Morrey space is replaced by the Lebesgue L?-norm), we refer to [28] for such spaces in the case of constant exponents.

In [29] (see, also [30]) local “complementary” generalized Morrey spaces CMI&;)}(.Q), 2 C R" were introduced and

studied, with constant p € [1, 00), the space of all functions f € Lfoc(.Q \ {X0}) with the finite norm

n
Il Ty
¢ po =Ssup —— LP(2\B(xg,1))*
'M{X(J?(Q) r=0 () (@\80.1)

For the particular case when w is a power function [29,30], see also [31,32], we find it convenient to keep the traditional

A
notation EOC?XO] (£2) for the space defined by the norm

Ifllc oo =supr? ||flp@mpeg.r) < 00, X0 € 2, 0<x <n. (1.4)
I(Xol('q) r>0

n—h
Obviously, we recover the space CDC?,;)\}(Q) from CMI{J;(Z)) (£2) under the choice w(r) =17 .
In contrast to the Morrey space, where one measures the regularity of a function f near the point x, (in the case of local
Morrey spaces) and near all points x € 2 (in the case of global Morrey spaces), the norm (1.4) is aimed to measure a “bad”
behavior of f near the point xo in terms of the possible growth of ||f[|p(2\Bxo,ry) as T — 0. Correspondingly, one admits

¢(0) =0in(1.3)and w(0) = oo in (1.4).
),

. . . P . .
In this paper we consider local “complementary” generalized Morrey spaces "M %o} (£2) with variable exponent p(-),
see Definition 4.1. However, we start with the case of constant p and in this case reveal an intimate connection of the

complementary spaces with weighted Lebesgue spaces. In the case where w(r) is a power function, we show that the space

p.A . . . . . .
C£{XO} (£2) is embedded between the weighted space IP(£2, |x — xo|*®~ V) and its weak version, but does not coincide with

either of them, which elucidates the nature of these spaces.

p(),® . .
In the general case, for the spaces EM %o) (£2) over bounded sets £2 C R" we consider the following operators:

(1) the Hardy-Littlewood maximal operator

If @)ldy

Mf (x) = sup
0

r>

|B(X’ T)| E(x,r)
(2) variable order potential type operators

]a(x)f(x) _ / fy)dy
o lx

_ y|n7a(x) ’
(3) variable order fractional maximal operator
1
M@f(x) = sup ————— | [f)ldy,
>0 B(x, r)|'~"n JEn

where 0 < infa(x) < supa(x) < n,and
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(4) Calderon-Zygmund type singular operator
7w = [ Kooy
2

with a “standard” singular kernel in the sense of R. Coifman and Y. Meyer, see for instance [33, p. 99].

We find conditions on the pair of functions w1 (r) and w;, (r) for the p(-) — p(-)-boundedness of the operators M and T

. . (OX . ),
from a variable exponent local “complementary” generalized Morrey space EM?XO] 1(.Q) into another one EM?XO} 2(.Q),
and for the corresponding Sobolev p(-) — q(-)-boundedness for the potential operators I*C), under the log-condition
onp(-).
The paper is organized as follows.

In Section 2 we start with the case of the spaces Cil{’;g}(ﬂ) with constant p and show their relation to the weighted
Lebesgue space [P(£2, |x — xo|/*®~D). The main statements are given in Theorem 2.1. In Section 3 we provide necessary
preliminaries on variable exponent Lebesgue and Morrey spaces. In Section 4 we introduce the local “complementary”
generalized Morrey spaces with variable exponents and recall some facts known for generalized Morrey spaces with
constant p. In Section 5 we deal with the maximal operator, while potential operators are studied in Section 6. In Section 7
we treat Calderon-Zygmund singular operators.

The main results are given in Theorems 5.2, 6.2 and 7.2. We emphasize that the results we obtain for generalized Morrey
spaces are new even in the case when p(x) is constant, because we do not impose any monotonicity type condition on w(r).

Notation:

R" is the n-dimensional Euclidean space,

£2 C R"is an open set, £ = diam £2;

Xe(x) is the characteristic function of a set E C R";
B(x,r)={yeR":|x—y| <r}, B(x,r) =B(x,1r) N £2;

by c, C, c1, c; etc., we denote various absolute positive constants, which may have different values even in the same line.

By
2. Relations of the “complementary” Morrey spaces E.,C‘{’XO} (£2) with weighted Lebesgue spaces; the case of constant p

We use the standard notation [P($2, o) = {f : fg oWMIfWIPdy < oo}, where g is a weight function. For the space

A
EGC?XO] (£2) defined in (1.4), the following statement holds.

Theorem 2.1. Let $2 be a bounded openset, 1 <p < oo, 0 <A <nandA > {. Then

_ ¢ po ly — xo[*®~ D
P(2.ly — %" = "L @)= (|2

1+e
>0 In A
[y—xol
1

In ln_L
o andgeo = ") g e,
Py Pty

p [x=xo| " P

(2.1)

where both the embeddings are strict, with the counterexamples f (x) =
[x=xo]

[H 2 _
fe Ly (2), butf gIP(2,ly —x|"*™),

and
ly — xo/*®~" Cop
gEQLP Q,ﬁ s butg¢ £I{Jx0)(9)
5> (1“ \y—xm)
Proof.

19, The left-hand side embedding.
Denote v = A(p — 1).Forall0 < r < £ we have

1

(/ Iy—xOI”lf(V)I”dy)p z(/ ) Iy—xOI”If(V)I"dy)p > rh (f i If(v)l"dy>p. (22)
7 2\B(xq.r) 2\B(xg,r)
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A
Thus If lirc@ .-y = 77 If lip i) and then

vy >
W lsysom 2 Wl o

29, The right-hand side embedding.

We take xo = 0 for simplicity and denote w,(|y|) = ('y%p)m We have
In g
W g
/~ If @) IPwe (lyDdy =ﬁ IF»IP (/ Ewg(S)d$> dy, (2.3)
B(xg.t) B(xg.t) 0 S
with
g | A1) (149
w'/s(t) = (M=t |: A\ 1+e + A 2+5i| >0
(In) (Ing)
Therefore,

t
/~ [F W) Pwe(lyDdy 2/ w,(s) <[ lf(J/)Ipdy> ds
B(xg,t) 0 {yef2:s<|xg—y| <t}

¢
A(p—1
_/wuwmmmm |wp%)ﬂswwkm

xO

where the last integral converges when & > 0 since s*?~Yw/ (s) < —S . This completes the proof. O
S

In %)
30, The strictness of the embeddings.
Calculations for the function f are obvious. In case of the function g, take x, = O for simplicity and denote w,(|x|) =

Ap—1)
%. We have
(ln \XI)

In? (ln ] ‘) ¢ 1 (In B)
IW%MM=L—————fM<CA———J—M<w

1+¢ — 1+¢
|x|" (ln W) t(In%)

for every ¢ > 0. However, for small r € (O, %) where § = dist(0, 0£2), we obtain

5
7 Ifllp@\sory) = X[

1
p 1
In )dx P 8 1P il
=1 (7 _ [ ro-ven- 1| In? (In 2
XeR: r<|x|<8 |X|n+k(p D t1+)~(P 1) .

% In” (In £) dt 2 In” (In ) de B r gt B
R S A Nt 4 _ - p 2 —A(p—1)
/ g > / pESY > In (ln 2r> / - Cln (ln r) r )
r r r

so that

1
In? (ln M) dx \ "’
— A(nﬁ)/
r
XER: |X|>1

v

But

P B
r? If llr2\Bo,ry) = Cln (ln 5) — 00 asr — 0,
which completes the proof of the lemma.

Remark 2.2. The arguments similar to those in (2.2) show that the left-hand side embedding in (2.1) may be extended to
N0
the case of more general spaces DQMJ?XO}(.Q):

t pow
(2, p(ly — X)) = My, (£2)

PP (1) 0.

where p is a positive increasing (or almost increasing) function such that inf;. o =D
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3. Preliminaries on variable exponent Lebesgue and Morrey spaces

We refer to the book [8] for variable exponent Lebesgue spaces but give some basic definitions and facts. Let p(-) be a
measurable function on £2 with values in [1, c0). An open set £2 is assumed to be bounded throughout the whole paper. We
mainly suppose that

1 <p- =p®) <ps <00, (3.1)
where p_ := ess infyeop(X), py = ess sup,.op(x). By [PV (£2) we denote the space of all measurable functions f (x) on £2
such that

o) = /Q If )PP dx < oco.

Equipped with the norm

Ifllpey = inf{n > 0: Iy, (%) < 1},

this is a Banach function space. By p’(x) = p(‘l()"i] , X € £2, we denote the conjugate exponent.

By WL($2) (weak Lipschitz) we denote the class of functions defined on 2 satisfying the log-condition

1
p(x) —pW)| < |x =yl < 2% V€ 2, (3.2)

—Injx—y|’
where A = A(p) > 0 does not depend on x, y.

Theorem 3.1 ([34]). Let 2 C R" be an open bounded set and p € WL(S2) satisfy condition (3.1). Then the maximal operator M
is bounded in [P (£2).

The following theorem was proved in [35] under the condition that the maximal operator is bounded in I’ (£2), which
became an unconditional result after the result of Theorem 3.1.

Theorem 3.2. Let 2 C R" be bounded, p, « € WL(£2) satisfy assumption (3.1) and the conditions

inf a(x) > 0, supa(X)p(x) < n. (3.3)
xef2 XER

Then the operator 1“0 is bounded from [PV (£2) to L1V (£2) with qux) = ﬁ —

Singular operators within the framework of the spaces with variable exponents were studied in [36]. From Theorem 4.8
and Remark 4.6 of [36] and the known results on the boundedness of the maximal operator, we have the following statement,
which is formulated below for our goals for a bounded §2, but valid for an arbitrary open set §2 under the corresponding
condition on p(x) at infinity.

Theorem 3.3 ([36]). Let 2 C R" be a bounded open set and p € WL(£2) satisfy condition (3.1). Then the singular integral
operator T is bounded in [PO) (£2).

The estimate provided by the following lemma (see [35, Corollary to Lemma 3.22]) is crucial for our further proofs.

Lemma 3.4. Let §2 be a bounded domain and p satisfy the condition (3.2) and 1 < p_ < p(x) < p;+ < o0o. Let also sup,c o
v(x) < 0o and supyco[n + v(x)p(x)] < 0. Then

V) + s

v W, xe 2,0 <r < {=diam £, (3.4)

X% = 1" X \Bn O llpey = Cr

where C does not depend on x and r.

Let A(x) be a measurable function on £2 with values in [0, n]. The variable Morrey space £P")*©)(£2) introduced in [9],
is defined as the set of integrable functions f on £2 with the finite norm

_
IFllepr 200y = sup € P® If X5 1) llpe) ()
xe2,t>0

The following statements are known.
Theorem 3.5 ([9]). Let §2 be bounded and p € WL(S2) satisfy condition (3.1) and let a measurable function A satisfy the
conditions 0 < A(X), Sup,.o A(x) < n. Then the maximal operator M is bounded in £P®*)(£2).

Theorem 3.5 was extended to unbounded domains in [12]. Note that the boundedness of the maximal operator in Morrey
spaces with variable p(x) was studied in [11] in the more general setting of quasimetric measure spaces.
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The known statements for the potential operators read as follows.

Theorem 3.6 ([9]; Spanne-Type Result) Let 2 be bounded, p, « € WL(§2) and p satisfy condition (3.1). Let also A(x) > O, the

conditions (3.3) be fulfilled and q(x) ﬁ — 2% Then the operator [**) is bounded from L£P©*0)(£2) to £10:+0)(£2), where
rx) _ AX)
qx T p)°

Theorem 3.7 ([9]; Adams-Type Result). Let $2 be bounded, p, « € WL($2) and p satisfy condition (3.1). Let also A(x) > 0 and
the conditions

inf a(x) > 0, sup[A(x) + a(x)p(x)] < n (3.5)
xeQ2 xef2
) (),A0) (),A() 1 _a
hold. Then the operator 1" is bounded from £P (£2) to L9 (£2), where q(x> =0~ hm

4. Variable exponent local “complementary” generalized Morrey spaces

Everywhere in the sequel the functions w(r), w(r) and w,(r) used in the body of the paper, are non-negative measurable
function on (0, £), £ = diam £2. Without loss of generality we may assume that they are bounded beyond any small
neighborhood (0, §) of the origin.

The local generalized Morrey space Mp O ‘“(.Q) and global generalized Morrey spaces MP")-(£2) with variable exponent
are defined (see [20]) by the norms

r P(Qo)
WFIL o0 = sup - I llpes ,
a0 o) 1 10 Boo.n)

r_pTX)

Ifll jpero = sup  ——IIf llpor & )
M xeR,r>0 w(r) B

wherexy € 2and 1 < p(x) <py < ooforallx € £2.
We find it convenient to introduce the variable exponent version of the local “complementary” space as follows (compare
with (1.4)).
Definition 4.1. Letxy € 2,1 < p(x) < p+ < oo. The variable exponent generalized local “complementary” Morrey space
()
p , (£2) is defined by the norm

(Xo)
IFle P()w = P o(r) ”f”ul()(g\g(xo -
X0}

),
Similarly to the notation in (1.4), we introduce the following particular case of the space EM?XO}w([Z), defined by the
norm

”f”%px(;jx(m = Srl:lg“7 IFlpo) (@\Beg,r) < 005 X0 € 2, 0 <A < n. (4.1)

Everywhere in the sequel we assume that
n
rP/(Xo)

sup
o<r<¢ @(r)

< o0, {=diam £, (4.2)

which makes the space M{X (.Q) non-trivial, since it contains I’ (£2) in this case.

Remark 4.2. Suppose that

. n
r P ()

inf
S<r<{ a)(r)
for every 6 > 0. Then

Il 00 gy ~ Wl 0+ Wl

),
(with the constants in the above equivalence depending on §). Since § > O is arbitrarily small, the space EJ\{Ifx()}w(.(Z)
may be interpreted as the space of functions whose restrictions onto an arbitrarily small neighborhood B(xg, 8) are in local
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ION] . ..
“complementary” Morrey space EM{XO} (B(xo, 8)) with the exponent p(-) close to the constant value p(xo) and the restrictions
onto the exterior 2 \ B(xy, 8) are in the variable exponent Lebesgue space [P®).

n
r P’ (xg)
o(r)

(),
If also info.; ¢ > 0, then CMfXO}w(Q ) = [PO(£2). Therefore, to guarantee that the “complementary” space

p(), . . . .
‘M %) w(.Q) is strictly larger than IP0)(£2), one should be interested in the cases where

rP/(Zo)
lim —0. (4.3)
r—0 w(r)

LIOR) . . . . . . . . .
Clearly, the space EM o) (£2) may contain functions with a non-integrable singularity at the point xo, if no additional

. . . ON . L
assumptions are introduced. To study the operators in BM{xO} w(.(Z), we need its embedding into L' (£2). The corollary below
shows that the Dini condition on w is sufficient for such an embedding.

Lemma4.3. Let f € [V (52 \ B(xo, s)) for every s € (0.£) and y € R. Then

t
y+i=—1
/N [y — X" If )ldy < Cf sT P00 If 1l (@\Bxg.s) 98 (44)
B(xp,t) 0

foreveryt € (0, £), where C does not depend on f, t and xo.

Proof. We use the following trick, where the parameter 8 > 0 which will be chosen later:

[xo—yI
A vy = | |xO—y|V*f*|f(y)|(/ sﬁ*‘ds)dy
B(xp,t 0

B(xp,t)

t
=B / sP! ( / xo — y|" P If(V)Idy> ds. (4.5)
0 {yef2:s<|xg—y|<t}

Hence
t
[ ity =c [ s Woiunn 130 =3P lyoatng
B(xo.t) 0
Now we make use of Lemma 3.4 which is possible if we choose § > max (O, # + y) and then arrive at (4.4). O

Corollary 4.4. The following embeddings hold

()0
PO2) = "y, () = 192 (4.6)
where the left-hand side embedding is guaranteed by the condition (4.2) and the right-hand side one by the condition
¢
d
/ w(r) dr < 0. (4.7)
0 r

Proof. The statement for the left-hand side embedding is obvious. The right-hand side follows from Lemma 4.3 with y = 0
and the inequality

£y ¢ dr
75 Wl aing i < W1 o, [ 0T 0 (48)
0 0

{xo} (£2)

Remark 4.5. Note that similarly to the arguments in the proof of Corollary 4.4, we can see that the condition
)

f(f o@)r’~'dr < oo, y € R, guarantees the embedding EMI[JXO) (2) — LY(£2, |y — x0|”) into the weighted space;

note that only the values y > —n/p’(xo) may be of interest for us, because the above condition with y < —n/p’(x¢) is not

. . .. R (ON?]
compatible with the condition (4.2) of the non-triviality of the space EM?XO} (£2).

Remark 4.6. We also find it convenient to give a condition for f € L!(£2) in the form as follows:

¢ N C—
|75 Wl @it < 00 = £ € L@, (49)
0

for which it suffices to refer to (4.4).
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In the sequel all the operators under consideration (maximal, singular and potential operators) will be considered on

function f either satisfying the condition of the existence of the integral in (4.9), or belonging to ‘ Mii )}’w(Q) with w satisfying
the condition (4.7). Such functions are therefore integrable on £2 in both the cases, and consequently all the studied operators
exist on such functions a.e.

Note that the statements on the boundedness of the maximal, singular and potential operators in the “complementary”
Morrey spaces known for the case of the constant exponent p, obtained in [29], read as follows. Note that the theorems
below do not assume no monotonicity type conditions on the functions w, w; and w,.

Theorem 4.7 ([29, Theorem 1.4.6]). Let 1 < p < 00, Xg € R" and w(r) and w,(r) be positive measurable functions satisfying
the condition

r dt
wi(t)— < cwy(r)
0 t
. . C b,w1 C b,
with ¢ > 0 not depending onr > 0. Then the operators M and T are bounded from ~M o) R™) to "M %o} (R™).

s
Corollary 4.8 ([29]). Let 1 < p < 00, X € R"and0 < A < n.Then the operators M and T are bounded in the space EOCI[)XO}(R").

Theorem 4.9 ([29, Theorem 1.3.9]).Let 0 < <n,1 <p < oo, + =1 — %,xo € R" and w (), w,(r) be positive measurable

g p
functions satisfying the condition
o dt
r w1(t)— < cawp(r),
0 t
. . o o c por o ¢ qw2 o
with ¢ > 0 not depending onr > 0. Then the operators M* and I* are bounded from Moy R™) to Moy (R™).

Corollary 4.10 ([29]). Let 0 <@ <n,1 <p < % xy € R" and 117 -

o

% = >and & = % Then the operators M and I¢ are

c oA DN
bounded from Ly (R ) to Lixo} (R™).
Remark 4.11. The introduction of global “complementary” Morrey-type spaces has no big sense, neither in case of constant

exponents, nor in the case of variable exponents. In the case of constant exponents this was noted in [37, pp. 19-20]; in this
case the global space defined by the norm

n

re
sup — |If I (2\B
xeR,r>0 w(r) 2\BE.))

reduces to [P(£2) under the assumption (4.2). In the case of variable exponents there happens the same. In general, to
n

make it clear, note that for instance under the assumption (4.3) if we admit that sup,..o 55 If llp (2\5ee.r)) for two different

points X = xo and x = x;, Xo # X1, this would immediately imply that f € IP®) in a neighborhood of both the points x,
and x;.

p(),
5. The maximal operator in the spaces EeM{xO} m(.Q)

The proof of the main result of this section presented in Theorem 5.2 is based on the estimate given in the following
preliminary theorem.

Theorem 5.1. Let 2 be bounded, p € WL(£2) satisfy the condition (3.1) and f € [PV (2 \E(xo, r)) foreveryr € (0, £). If the
integral

4 n
.
/ 700 1 oo iag (5.1)
0

converges, then

__n_ by
||Mf||[p(‘)(g\§(x0,r)) <Ct Yo / r?o) ||f||ui(~>(9\§(x0,r))dr (52)
0

foreveryt € (0, £), where C does not depend on f, t and x.
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Proof. We represent f as
f=h+h  AO=FfOXodeo® O =FO) w0 W)- (5.3)

1°. Estimation of Mf;. This case is easier, being treated by means of Theorem 3.1. Obviously f; € IP“)(£2) so that by
Theorem 3.1

||Mfl||1,p(-)(9\§(xo,f)) = ||Mfl||u7(-)(g) =< C”fl”l,u(»)(g) = C”f”l,p(-)(g\ﬁ(xo,f))- (54)
By the monotonicity of the norm ||f || pc) (2\Bo.r) with respect to r we have
__n_fto_n 4
||f||uﬂ(-)(g\§(x0,t)) <Ct Vo /0 r?'to) ”f”lp(-)(g\E(xo,r))dr (5.5)
and then

n t n
—n _n__q
IMFllpo @\Gog.en < CE 790 [ 1760 [IF Lo oiug.rn A
(£2\B(x0,t)) (£2\B(x9,1))
0

2°. Estimation of Mf,. This case needs the application of Lemma 4.3. To estimate Mf,(z) by means of (4.4), we observe
that for z € £2 \ B(xq, 2t) we have

r>0

Mf,(z) = sup|B(z, r)l_l/~ () Idy
B(z,r)

< sup/ =2 )y

r=t JB(xp,t)NB(z,r)

<2 |X0—Z|_n/~ F0)ldy.
B(xp,t)

Then by (4.4)

toa
Mfa(z) < Clxo — z|™" / sPeo ||f||LP(‘)(Q\E(xO,5))dS~ (5.6)
0

Therefore

t_n 4
7 —
IME2 llp0) (2\Bexg. 26 = C/o sPEO o) (2\Bixg.9) 95 %0 — 2] n”Lp(-)(Q\E(xo.Zt))

n [ n
s Ty
<o / S700 1l g )5 (57)
0

Since [Mfllpo (\Bag.20) = ||Mf1 00 (2\Bixg,20) T ||Mf2 o0 (2\Bexg, 200 from (5.6) and (5.7)we arrive at (5.2) with
||Mf||Lp<.)<Q\§(XO’2t)) on the left-hand side and then (5.2) obviously holds also for ||Mf||Lp(,>(9\§(X0,t)). O

The following theorem for the complementary Morrey spaces is, in a sense, a counterpart to Theorem 3.5 formulated in
Section 3 for the usual Morrey spaces.

Theorem 5.2. Let 2 C R" be an open bounded set, p € WL($2) satisfy the assumption (3.1) and the functions w1 (t) and w, (t)
satisfy the condition

t
/ a)l(r)g < Can(t), (5.8)
0 r

p(),w
{xo}

[ONZ]
where C does not depend on t. Then the maximal operator M is bounded from the space EM?,‘O} ! (£2) to the space ‘M (£2).

¢t p() o
Proof. Forf € Mo} (£2) we have

n
P’ (xp)
IMfllg porwy = sup ———IIMfllpe) o0& ,
Mgl 2 teqo.0) wa(t) (2\8Gx0. 1))

where Theorem 5.1 is applicable to the norm ||Mf||Lp(,>(9\§(XO,[)). Indeed from (5.8) it follows that the integral fot “”f(r)dr

.. . p)@
converges. This implies that for f € EM{XO} !

by (4.8). Then by Theorem 5.1 we obtain

(£2) the assumption of the convergence of the integral of type (5.1) is fulfilled

n
-1 t ——.——1 -
”Mf”Cfo(’))'mz(ﬂ) < CoS<Ltl<p£ 03 'O o1 PO Nf o g dr-
0 =
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Hence

dr
IMfll¢ »oren < CIfIl p<>w w1(T)* <Cllfllc pore
“ Mgy () Edgr (@) te(O 0 wz(f) r “ Mgl ()

by (5.8), which completes the proof. O

Corollary 5.3. Let 2 C R" be an open bounded set, xo € $2, O < A < nA < pu < nandlet p € WL(L) satisfy the

),
assumption (3.1). Then the operator M is bounded from the space £{X } (_Q) to GC?XO}M(.Q)

p(),®
6. Riesz potential operator in the spaces CeM[xo} (£2)

In this section we extend Theorem 4.9 to the variable exponent setting. Note that Theorems 6.1 and 6.2 in the case of
constant exponent p were proved in [29, Theorems 1.3.2 and 1.3.9] (see also [30, p. 112,129]).

Theorem 6.1. Let (3.1) be fulfilled and p(-), a(-) € WL(£2) satisfy the conditions in (3.3). If f is such that the integral (5.1) con-
verges, then

t
Of 90 (@\Fguey < € 7 / S700f o (2\Bog 5» 9 (6.1)
0

forevery f € [PV (82 \ B(xo, t)), where

1 1 ao(X)

- == (6.2)

qx)  pX) n
and C does not depend on f, xo and t € (0, £).
Proof. We represent the function f in the form f = f; + f5 as in (5.3) so that

IO a0 \Fo.200 < H*Filliaer @\Fewo. 20 + MO lliaer (@B 200
Since f; € [PV (£2), by Theorem 3.2 we have

”Iu(‘)fl ”LQ(')(Q\E(xO’Zt)) = ”Ia(-)fl “Lq(-)(_Q) <Clf ”LI—"(‘)(Q) = C”f”u)(-)(_q\ﬁ(xo,f))
and then

a() C

||I fl”)_q()(_q\g(xo 2t)) = =< Ct p(xo) /0 s o) ||f||1_p(->(g\§(x0,5))d3 (6-3)

in view of (5.5).
To estimate
||Ia(‘)f2||Lq(-)(Q\E(x0,2t)) = H/; |z _.V|a(z)_nf(.V)dy )
B(xo.0) 190 (2\B(xg.20))

we observe that forz € 2 \E(xo, 2t)andy € E(xo, t) we have %|x0 —z|<l|z—y| < §|x0 — z|, so that

1“2 l190 (@\Fxg 209 < C/X 9 F @1y |10 =21 | a1fing 200

(X0,

From the log-condition for «(-) it follows that

c1lxo — Z|*®0 7" < |xo — 2|*@ " < ¢y |xg — 2[*0O,
Therefore,

(1 f2||Lq()(9\B(x0 ) = C/X ) Fo)ldy | 1% — z|*®0)=n ”L‘J(')(Q\E(xo,zr))‘ (6.4)

(X0,

The norm in the integral on the right-hand side is estimated by means of Lemma 3.4, which yields

__n
1O st @y < CE 700 / FO)ldy.
B(xp,t)
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It remains to make use of (4.4) and obtain

t
. - s 1
||Ia()f2||LCI('>(Q\§(x0,2t)) < Ct p(xo)/ sP ) 1 126 (2\Bixg 59 4S- (6.5)
0
From (6.3) and (6.5) we arrive at (6.1). O

Theorem 6.2. Let 2 C R" be an open bounded set, xo € 2 and p(-), «(-) € WL($2) satisfy assumptions (3.1) and (3.3), q(x)
given by (6.2) and the functions w1 (r) and w, (r) fulfill the condition

t dr
() / 0 = Can®), (6:6)
0

(- )
where C does not depend on t. Then the operators M*“) and I are bounded from ,M(X “1(2) to q ().

Proof. It sufﬁces to prove the boundedness of the operator I%®), since M*Of (x) < CI*O|f|(x).
Letf € M (.Q) We have

ta (Xo)

I =su I yay- 6.7
H2F DM;X(P)),H)Z @ [>0P (D) X 2\Bexo,0 f||Lq<>((2) (6.7)

We estimate IIXQ\;;(XO,I)I“‘ ‘fIILq<->(Q) in (6.7) by means of Theorem 6.1. This theorem is applicable since the integral (5.1)
with w = w; converges by (4.8). We obtain

__n . n_
() t P do) oy
e o)) = CSUp— - /0 P70 Ul By 7
te®o)  rt g (r
< Clfs sup 0
p()w]('Q) >0 wy(t) r

It remains to make use of the condition (6.6). O

Corollary 6.3. Let 2 C R" be an open bounded set and p(-), «(-) € WL(£2) satisfy assumptions (3.1) and (3.3), q(x) given

[ON%
by (6.2), xo € £2 and Then the operators M* and I**) are bounded from £{XO} (52) to CDC?XO}I (£2).

(xo) - q (x )’
. . . t P
7. Singular integral operators in the spaces Mixos (£2)

Theorems 7.1 and 7.2 proved below, in the case of the constant exponent p were proved in [29, Theorems 1.4.2 and 1.4.6]
(see also [30, p. 132,135]).

Theorem 7.1. Let §2 be an open bounded set, p € WL(£2) satisfy condition (3.1) and f € PO (2 \E(xo, t)) forevery t € (0, £).
If the integral

4 n
JR
/ F700 1 50 (@ Bisg. ) 47
0

converges, then

a2
ITF | (@\Bixg.yy < CE P00 / TP Ifllpo (2\Beg.r 97>
0
where C does not depend on f, xg and t € (0, £).
Proof. We split the function f in the form f; + f; as in (5.3) and have
”Tf”LP(')(Q\E(xO,Zt)) < ITh ”LP(')(Q\E(XOJ[')) + “TfZ”LP(‘)(Q\’E(XO’z[))-
Taking into account that f; € [’¥)(£2), by Theorem 3.3 we have

I Tf1 ”LP(')(Q\E(XOJ[')) < |IThH ”LP(')(Q) <ClA ”LP(')(Q) = C”f”LP(‘)(Q\E(xO,t))'

Then in view of (5.5)

t
Ty 1
ITf ”LD()(Q\B(xO 0 = ct p(xo) / 1o ||f||Lp(»)(g\§(x0,r))dr~ (7.1)
0
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To estimate [|Tf || p) (\x. 21> NOte that 5|xg — z| < |z —y| < 3|xo — 2| forz € 2 \ B(xo, 2t) and y € B(xo, t), s that

IA

C

1T Ml 120> (2\Bxg,26))

ﬁ lz —y|™"f (y)dy
B(xp,t)

1PO) (2\B(xg,2t))

IA

cﬁ FODIAYI 1% — 21 @150 20
B(xg,t)

Therefore, with the aid of the estimate (3.4) and inequality (4.4), we get

t
Ty 1
||Tf2||u7()(9\3(x0 2t)) = =< Ct p(xo) f P o) ”f”LP(-)(Q\E(xo,S))dS’
0
which together with (7.1) yields (7.1). O

Theorem 7.2. Let 2 C R" be an open bounded set, xo € §2,p € WL($2) satisfy condition (3.1) and a)l(t) and wy (t) fulfill
(
condition (5.8). Then the singular integral operator T is bounded from the space CM?XO} (£2) to the space Mp() w, (82).

Proof. Letf € M (£2). We follow the procedure already used in the proof of Theorems 5.2 and 6.2: in the norm

P()wl
n
t P o)
ITflle  poen = SUP ——=ITf Xo\Bixg.0 lv @) (7.2)
Mgl @ g wp(t) 00T

we estimate ||fog\§(x0.t) ll1p¢)(2) by means of Theorem 7.1 and obtain

t n
_n_q
ITflle poe, < Csup /rm>meme

Mixg) ~(2) >0 wa(t)
< Clflls v /mm— Wl s .
p(o) w1 () t>0 wz(t) p(o),wl )

Corollary 7.3. Let 2 C R" be an open bounded set, p € WL(Q) satisfy the assumption (3.1), % € 2and0 <X <n, A < pu <
),
n. Then the singular integral operator T is bounded from £ {X } (Q) to DOCI{;O}M(.Q)
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