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Abstract. In this work we consider the generalized Navier—Stokes equa-
tions with the presence of a damping term in the momentum equation.
The problem studied here derives from the set of equations which govern
isothermal flows of incompressible and homogeneous non-Newtonian flu-
ids. For the generalized Navier—Stokes problem with damping, we prove
the existence of weak solutions by using regularization techniques, the the-
ory of monotone operators and compactness arguments together with the
local decomposition of the pressure and the Lipschitz-truncation method.
The existence result proved here holds for any ¢ > I\Q,—fz and any o > 1,
where ¢ is the exponent of the diffusion term and o is the exponent which
characterizes the damping term.
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1. Introduction

In this work, we shall study the existence of weak solutions for the generalized
Navier—Stokes equations with damping:

divu=0 1in Qr, (1.1)

%—;‘ —div (|Vu|??Vu—u®u) +alul’?u=f-Vp inQr; (1.2)
supplemented with the following initial and boundary conditions:

u=uy in for t=0, (1.3)

u=0 onlIy. (1.4)
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Here Q7 is a general cylinder defined by
Qr =Qx(0,T), with Ip:=0Qx (0,7),

where Q ¢ RN, N > 2, is a bounded domain with a compact boundary 02,
and 0 < T < oo. In the scope of Mathematical Fluid Mechanics, u is the
velocity field, p stands for the pressure divided by the constant density, f is
the given forcing term and ¢ > 1 is the constant exponent which characterizes
the flow. The constant « is non-negative and ¢ > 1 is another constant.

The damping term a|u|”~2u, or sometimes called absorption term, has
no direct physical justification in Fluid Mechanics, although it might be con-
sidered has being part of the external body forces field (see [1-3]). There is also
a precise theory of the absorption of forced plane infinitesimal waves according
to the Navier—Stokes equations (see [23]). The consideration of damping terms
in the generalized Navier—Stokes equations it is also useful as a regularization
procedure to prove the existence of weak solutions (see [13,14]). At last, but not
in last, there is also the purely mathematical motivation which goes back to a
work about a stationary like problem (see [8]), where the authors where mainly
interested with the important question about compact supported solutions for
that problem. During the last years, many authors have worked on these kind
of modified Navier—Stokes type problems, establishing the existence of weak
solutions and proving many other properties has the uniqueness of weak solu-
tions, their regularity and studying its asymptotic behavior. In [18] we proved
the weak solutions of (1.1)—(1.4) extinct in a finite time for ¢ > 2, provided
1 < o < 2. This property is well known for the generalized Navier—Stokes
problem (1.1)—(1.4) with o = 0 in the case 1 < ¢ < 2. But for ¢ > 2 the
best one can gets are some decays of fractional and exponential order (see
e.g. [7]). In [4] we have studied the problem (1.1)—(1.4) in the particular case
of ¢ = 2. There, we have proved the existence of weak solutions, its unique-
ness and some asymptotic properties. We carried out an analogous study in [5]
for the Oberbeck—Boussinesq version of this problem, where besides the usual
coupling in the buoyancy force, we have considered an extra coupling in the
damping term by considering a temperature-depending function . In [10] the
authors have proved the existence of weak and strong solutions for the Cau-
chy problem (1.1)—(1.4) in R?® and with ¢ = 2. The damping term is being
considered in the context of many other physical systems which go from the
Shrodinger equations (see e.g. [11]) to the Euler equations (see e.g. [19]) and
passing by the wave equation (see e.g. [26]).

With respect to the existence of weak solutions for the original generalized
Navier—Stokes problem, i.e. (1.1)—(1.4) with o = 0, the problem was solved in
all its full possible (only the case 1 < ¢ < ]\Q,—f? remains an open problem)
extension recently in the work [12]. The first existence results to this problem
was achieved in [16] and [17] for ¢ > % Only more or less 40 years later it
was possible to improve the existence result for lower values of ¢. In [25], under
the same assumptions of [16] and [17], it was proved the existence of weak solu-

tions to the problem (1.1)—(1.4) with o = 0 for ¢ > max{%, Nty 3N Al W} .

A lit bit earlier to the work [25], it was proved in [24] the existence of a weak
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solution to the same problem for ¢ > 2%—1%. Finally in [12] the authors have
extended the result [24] to the case % < g < 2. It is an open problem to

prove the existence of weak solutions to the problem (1.1)—(1.4) with o = 0 if
1<q§%inthecaseofN>2.

The plan of this work is the following. In Sect. 1 we introduce the problem
we shall study here and review some results related with our work. Section 2
is devoted to introduce the notation we use throughout the work and to define
the notion of weak solution we shall consider. Here, we also shall state the
main result of this paper: Theorem 2.1. The proof of this result is carried out
from Sects. 3 to 11. In Sect. 12, we make some remarks about our work, in
special, its extensions and limitations.

2. Weak formulation

The notation used throughout this article is largely standard in Mathematical
Fluid Mechanics—see e.g. [17]. We distinguish tensors and vectors from sca-
lars by using boldface letters. For functions and function spaces we will use
this distinction as well. The symbol C' will denote a generic constant—gener-
ally a positive one, whose value will not be specified; it can change from one
inequality to another. The dependence of C' on other constants or parameters
will always be clear from the exposition. In this paper, the notations ) or w
stand always for a domain, i.e., a connected open subset of R, N > 1. Given
k € N, we denote by C*(Q) the space of all k-differentiable functions in Q.
By C§°(Q) or D(Q2), we denote the space of all infinity-differentiable functions
with compact support in Q. The space of distributions over D(2) is denoted
by D'(Q). If X is a generic Banach space, its dual space is denoted by X'.
Let 1 < ¢ < oo and Q C RY, with N > 1, be a domain. We will use the
classical Lebesgue spaces L?(€2), whose norm is denoted by || - ||ra(q). For any
nonnegative k, W*4(Q) denotes the Sobolev space of all functions u € L9I(£2)
such that the weak derivatives DPu exist, in the generalized sense, and are in
L9(Q) for any multi-index 3 such that 0 < |8| < k. In particular, W ((2)
stands for the space of Lipschitz functions. The norm in W*4(€2) is denoted
by || - ||Wk,q(Q). We define W’S’q(Q) as the closure of C3°(£2) in Wk4(Q). For
the dual space of Wi?(Q), we use the identity (W§4(Q)) = W54 (Q), up
to an isometric isomorphism. Given 7' > 0 and a Banach space X,L9(0,7; X)
and Wk’q((), T; X) denote the usual Bochner spaces used in evolutive problems,
with norms denoted by || - [|La(o,7;x) and || - [lw#.a0,7:x)- By Cw ([0, T]; X) we
denote the subspace of L>°(0,T; X) consisting of functions which are weakly
continuous from [0, 7] into X.

A very important property satisfied by the tensor S = |V u|?~2V u and
by the damping term |u|”~2u is expressed in the following statement (see
e.g. [6] for a proof): For all s € (1,00) and 6 > 0, there exists a constant C,
depending on s and N, such that for all £, n € RV, N > 1,

(€572 = [n]*~2n) - (€ =) > Cle =m0 (Je] + [n)* 27, (25)
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In order to define the notion of weak solutions we shall look for, let us
introduce the usual functional setting of Mathematical Fluid Mechanics:

V:={veCyrQ): :divy =0} (2.6)
H := closure of V in L?(Q); (2.7)
V, := closure of V in Wh4(Q). (2.8)

The weak solutions we are interested in are usually called in the sense of
Leray-Hopf.

Definition 2.1. Let N > 2 and 1 < ¢, 0 < oo. Assume that uy € H and
f € L1(Q7). A vector field u is a weak solution to the problem (1.1)—(1.4), if:
(1) uweL>(0,T;H) L0, T; V) N L7 (Qr);

(2) For every ¢ € C®(Qr), with dive = 0 and suppp CC 2 x [0,7T),

_/ u-(ptdxdt—k/ (|Vu|q*2Vu—u®u) : Vpdxdt

—|—a/ \u\”‘gu-godxdt:/ prdxdt—}—/uo-go(O)dx.
T T Q

Here, supp ¢ CC Q x [0,T) means that both the support of ¢, supp ¢, and its
closure Supp @ are contained in Q x [0,T).

Remark 2.1. Note that V, — L7(Q) for ¢ < ¢*, where ¢* is the Sobolev

conjugate of ¢, i.e. ¢* = NN—_qq if 1 < ¢ < N, or ¢* =00 if g > N. Therefore, in

this case, we look for weak solutions in the class L>(0,7; H) N L9(0,T; V).
Next, we introduce the main result of this work, where it is established the
existence of weak solutions to the problem (1.1)—(1.4) under the minor possi-
ble assumptions on ¢ and 0. We left open only the case of 1 < ¢ < %, for
N > 2, which will certainly require a different approach.

Theorem 2.1. Let Q be a bounded domain in RN, N > 2. Assume that

fe L (0,T;V)), (2.9)
uy € H. (2.10)
Then, if
> 2N (2.11)
1= N2 ’

there exists a weak solution to the problem (1.1)—(1.4), in the sense of Defini-
tion 2.1, for any o > 1. Moreover, any weak solution u € Cy ([0, T]; H).

In order to simplify the exposition, we shall assume throughout the rest of this
work the following simplified assumption of (2.9)

f=—divF, FecL’(Qr). (2.12)

The main ingredients of the proof of Theorem 2.1 are the results of the local
decomposition of the pressure established in [24] and the Lipschitz—truncation
method in the spirit of [12]. We could also have considered the L>°—truncation
method used in [24], but by this method we cannot achieve an existence result
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for so lower values of ¢ as we can with the Lipschitz—truncation method. The
proof of Theorem 2.1 will be the aim of the next sections.

3. The regularized problem

We start the proof of Theorem 2.1 by considering a regularization of the prob-
lem (1.1)—(1.4) which basically gets rid off the difficulties coming from the
convective term u® u. Let & € C*([0,00)) be a non-increasing function such
that 0 < ® < 1in [0,00),® = 1in [0,1],® =0 in [2,00) and 0 < —P’ < 2.
€ > 0, we set

D (s) := P(es), se€]0,00), (3.13)
and let us consider the following regularized problem:

divue =0 in Qr, (3.14)

du, . —2 ) .

57 —div (\Vu€|q Vue—u6®u€¢’€(|ue|))+oz|u€| u.=f—Vp. in Qr,

(3.15)
u. = ug inQ fort=0, (3.16)
u =20 on I'p. (3.17)

A vector function u. € L*°(0,7; H)NLI(0,T;V,) NL7(Qr) is a weak solution
to the problem (3.14)—(3.17), if

_/ u, - o dxdt +/ (|Vu6“1—2vu6 -—u ® u€<I>€(|u6|)) : Ve dxdt
Qr Qr

—I—a/ |u5|“*2u€~<pdxdt:/ F:chdxdt+/u0~cp(0)dx (3.18)
T T Q

for all ¢ € C>*(Qr), with dive = 0 and suppp CC Q x [0,T).

Proposition 3.1. Let the assumptions of Theorem 2.1 be fulfilled. Then, for each
€ > 0, there exists a weak solution u. € LI(0,T;V,) N Cy([0,T]; H) NL7(Qr)
to the problem (3.14)—(3.17). In addition, every weak solution satisfies to the
following energy equality:

1 1
5||u€(1:)|\§{+/ \Vu€|qudt+a/ |u6|"dxdt:§||u0\|%+/ F : Vu,dxdt

t Q1 t

(3.19)
for allt € (0,T).

Proof. The proof of Proposition 3.1 is adapted from the proof of [24, Theorem
3.1]. The difference here is the presence of an extra term which results from
the damping and the aspect of the diffusion term. We shall split this proof
into three steps.

First Step. Let T, € (0,T] be arbitrarily chosen and let us set

My, = {w € L*(0,T.; H) : |@]|r2(0,7.:0) < 1}-
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Observing that by the property (2.5), the diffusion term is monotonous as
well the damping term, we can use the theory of monotone operators (cf. [17,
Section 2.1], see also [9, Section 9]) to prove that for each @ € My, , there exists
a weak solution v € L>°(0,T,; H) N L9(0,T%; V4) N L7 (Qr,) to the following
system:

divo =0 in Qr,, (3.20)
%—divﬂVuP_QVU) +alv|"2v=Ff — Vp—div(w @ wd.(|=|)) in Qr.,
(3.21)
v =uy in Q fort=0, (3.22)
v=0 onI'r, . (3.23)

Since the diffusion and damping terms satisfy to the monotonicity property
(2.5), we can prove, by the application of Gronwall’s lemma, that the weak
solution to the problem (3.20)—(3.23) is unique (see e.g. [17, Section 2.1.3]).

Second Step. As a consequence of the previous step, we can define a mapping

K : My, — L%(0,T,; H) (3.24)

such that to each w e My, associates the unique weak solution veL>(0, T’; H)
NL0,T,; Vy) NL(Qr,). Testing formally (3.21) by the unique weak solu-
tion v := K(w), with @w € My, integrating over Q;, with 0 < t < T, using
Young’s inequality and, at last, the definition of ®.(|c|), we achieve to

[0l oran + o [ Voltxdt +Ca [ [oldxa

Qr, Qr,

< +2lwlizor, mH) 71 = ||l + CB/ |F|? dxds, 2 := Cjy.

Tx

(3.25)

Then setting T, := min{1/(y +2),T}, we can prove, from (3.25) and due
to the fact that @w € My, , that

K (@122 (00 1) < Tl +92) <1 (3.26)

for all w € My,. This proves that K maps My, into itself.
On the other hand, in order to prove the compactness of K, we obtain
from (3.25) that

1K (@)ago.r. vy < Cr (11 +72) (3.27)

for all w € Myp,. Owing to the assumptions (2.10) and (2.12), the right hand
side of (3.27) is finite. Then, for the distributive time derivative v’ := (K(w))’,
with w € Mr,, we can prove that

Idiv (Vo] "*Vo — @ @ wc(|@]) = F) Lo 0,7, vr) + 11017 Vllpe () <00
and consequently

v € LY(0, Tu; V) + L7 (Qr.). (3.28)
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In fact, by virtue of (3.25), it follows the uniform boundedness of |[Vv|?~2Vv in
L7 (Qr.) and of |v|° 20 in L7 (Q7, ). By assumption (2.12), F € L7 (Qr,). On
the other hand, using the definition of ®., we can prove that ||w ® w®.(|w|)

Hiq,(QT*) < C|\w||i2(07T*;H). By (3.27) and (3.28), and once the following com-
pact and continuous imbeddings V, —— H — V; hold for ¢ > ]\2,—52, we can

apply Aubin—Lions compactness lemma (cf. [21]) to prove that K(Mr,) is rel-
atively compact in L(0,T,; H). Then, since v € L*>(0, T.; H), by parabolic
interpolation it follows that K(M7,) is relatively compact in L2(0, T; H).

To prove the continuity of K, we consider a sequence w,, in My, such
that

Wy —w  in L2(0,T,;H) asm — oo.

By the relative compactness of K(Mz,) in L2(0, T,; H), there exists a subse-
quence w,y,, such that

K(wpm,) —v inL%0,T,;H), ask — oco. (3.29)

From the definition of K, the functions v,,, := K(w,,, ) satisfy to
7/ Uy, * Pt dxdt+/ |vak\q*2vak : Vi dxdt
Qr, Qr,
—|—oz/ [V |7 20, - o dxdt
Qr,

:/Q (F+wmk®wmk¢>€(\wmk|)):V(pdde—/Quowp(O)dx (3.30)

for all ¢ € C*(Qr,), with dive = 0 and suppy CC Q x [0,7%). Passing to
the limit in (3.30) by using the appropriated convergence results (see [24, p.
119] and [9, p. 236]) and the usual Minty trick (see e.g. [17, pp. 212-214]), we
can prove that v = K(w). The only difference here is that |v,,, |7 20, — 0
weakly in L’ (Qr,), as k — oo. Since vy, — v weakly in L7(Qr, ), as k — oo,
there exists a subsequence, still denoted by v, , such that v,,, — v a.e. in
Qr. . In addition, because vy, |7 20y, is uniformly bounded in L7 (Q7,), we
can apply Lesbesgue’s theorem of dominated convergence to prove that

|72V, — [v]” 20 strongly in L7 (Qr,) (3.31)

[V,

and, as a consequence, U = |v|?~2v. From (3.29), we conclude that K(w,,) —
K(w) in L?(0, T,; H) as m — oo, which proves the continuity of K.

Now, applying Schauder’s fixed point theorem, there exists a function
vr, € My, such that K(vr,) = vp, and which is a weak solution to the
problem (3.14)—(3.17) in the cylinder Qr,.

Third Step. Testing (3.15) by the weak solution vy, , integrating over Qr, , pro-
ceeding as we did for (3.25) and observing that due to the definition of ®. the
term resulting from convection is zero, we obtain

Jor. (7)1 < € (ol + IF|

q
Lq/(QT*)) . (3.32)
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Then we can implement a continuation argument as follows. Applying the local
existence result provided by Steps 1 and 2 above but with the initial condition
vr, (Ty), we get a weak solution vor, in the cylinder Qar, := Q X [T, 27T]. Tt is
an easy task to verify that vor, satisfies (3.32) too. Continuing in this manner
and after finitely many steps, we can construct a weak solution existing in the
full cylinder Q7.

Finally, the energy relation (3.19) follows by testing (3.15) by a weak
solution and integrating over Q; with 0 <t < T. 0

4. Existence of approximative solutions

Let uc € L0, T; Vo) NL*(0, T; H)NL7 (Q7) be a weak solution to the prob-
lem (3.14)—(3.17). From Proposition 3.1 (see (3.19)), we can prove that

- / IV, |7dxdt + / w[Tdxdt < O, (4.33)
Qr

T

where, by the assumptions (2.10) and (2.12), C' is a positive constant which
does not depend on ¢. From (4.33) we obtain

”ueH%w(O,T;H) + ||u6||iq(o7T;Vq) <C, (4-34)

[aellLe@r) < C. (4.35)
Using (4.34) and (4.35), it follows that

|HVu€|q72Vu5||Lq'(QT) <G, (4.36)

|Hu6\a_2u5||L0/(QT) <C. (4.37)

On the other hand, by using (4.34) and the Sobolev imbedding L%(0,T;V,) N
L*>(0,T;H) — Lq¥(QT) (see [17, p. 213]), we can prove that

Juell, gz g, < C (4.38)

As a consequence of (4.38) and of the definition of @, (see (3.13)),

[ue ®116q>6(|116|)”I_‘q’\;f\,2 (@r) <C. (4.39)
Note that the constants in (4.34)—(4.39) are distinct and do not depend on e.

From (4.34)—(4.39), there exists a sequence of positive numbers €, such that
€m — 0, as m — oo, and
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u.,, — u weakly in L9(0, T; V), as m — oo, (4.40)

u.,, — u weakly in L7(Qr), as m — oo, (4.41)

|Vue, [972Vu., — S weakly in L% (Qr), as m — oo, (4.42)

lue,. | ?u., — @ weakly in L7 (Qr), as m — oo, (4.43)

u.,, — u weakly in La~N (0,T;Vy), asm — oo, (4.44)

u., ®u. . (ju., |) — G weakly in LI=V (Qr), as m — oo.  (4.45)

Here we observe that using (4.43) and arguing as in the proof of Proposition 3.1

(see (3.31)), we can prove that
lue, |7 %u.,. — [ul”"2u strongly in L7 (Q7). (4.46)

As a consequence, we ca write 1 = |u|” 2u. Then, using the convergence
results (4.40)—(4.46), we can pass to the limit €,, — 0 in (3.18) with u. replaced
by ue,,, to obtain

- / u - @y dxdt + a/ [u|”2u - @ dxdt
T T
+/ (S—G—F): Vodxdt = / ug - p(0) dx (4.47)
T Q

for all ¢ € C>*(Qr), with dive = 0 and suppp CC Q x [0,T).

5. Convergence of the approximative convective term

In this section we shall prove that G = u ® u. We start by observing that,
from (3.18), it follows that

—/ U, - o dxdt + a/ lue,,
T T

+/ (|Vuem|q*2Vuem -u.,, ®u., P (u.,|) — F) :Vodxdt =0
T

g

“2u,, - pdxdt

(5.48)

for all ¢ € C5°(Qr) with divp = 0. Then, from (2.12), (4.36) and (4.39), we
have

Q., = |Vu,, q72vu€m -u., ®u., @, (Ju,,|)-FeL(Qr) (5.49)
for any r satisfying to
. Q(N + 2) /
1 < =~/ . 5.50
<r< mln{ 5N .q ( )

Using (4.37) and (5.49)—(5.50), we can obtain, from (5.48), that the distribu-
tive time derivatives

u. e L'(0,7; W (Q)) + L (Qr). (5.51)
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Due to the admissible range for r (see (5.50)), there always exists a v > 1 such
that the following compact and continuous imbeddings hold

Wy(Q) == L7(Q) = W (Q), (")) <v<d, (5.52)

where ¢* is the Sobolev conjugate of ¢ and »’ is the Holder conjugate of r.
Then, using Aubin-Lions compactness lemma (cf. Simon [21]), we obtain from
(4.40) together with (5.51) and (5.52), and passing to a subsequence, that

u.,, — u strongly in L"(0,7;L7(Q2)), as m — occ. (5.53)
Using parabolic interpolation, we obtain from (4.34) and (5.53) that
u,, —u strongly in L°(0,7;L7(Q)) Vs:1<s<oo, as m — 0.

: (5.54)

N+2

Now, observing that ¢ > =25 is equivalent to ¢* > ¢=3=, we can choose 7

N+2
such that q% < v < ¢* and, in view of (5.54),

N +2
N )

u., —u strongly in L°(Qr), s=g¢q

m

as m — oo.
In consequence

u., @u., P (Ju., |)—u®u strongly in L2 (Qr), asm—oo. (5.55)
Finally, from (4.45) and (5.55), we conclude that G = u ® u.

6. Weak continuity
We start this section by proving that
u e Cy([0,T]; H). (6.56)

We observe that, from (4.47), the distributive time derivative u; is uniquely
defined by

(s, ) = (div(S — G) —alu|”2u+F,p) Ve CF0,T;Y), (6.57)
where
N +2))
Y =V,NV.NL(Qr)NH, &:= (‘1(2;)> . (6.58)

Then we can prove that
u € LN (0 T;Y'). (6.59)

In fact, due to (4.42) and (4.43), immediately follows that div S € L% (O T;
V) and Ju|”?u € L7 (Qr), respectively. By assumption (2.12), F € L™~ (0,
T; V). ¥ (0,T; V.,) follows by (4.45) if k' = ¢+2 which
in fact is true by our choice of k (cf. (6.58)).

Next, let to € [0,T] be fixed and let ¢ be a sequence in [0, 7] such that

trp — to, ask — oo, andsuchthat u(ty)eH Vke
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Then we consider the continuous representant of u in C(0,7’;Y’), which exists
by virtue of (6.57) and (6.59). Finally by means of reflexivity in H and of the
continuous and dense imbedding of H into Y’, we can prove that

u(ty) — u(tg) weakly in H, as k — oo,
and whence (6.56).

Now, let us prove that for every ¢ € [0, 7]

u., (t) = u(t) weakly in H, asm — oo. (6.60)
Due to (4.34), there exists a subsequence ue,, (t) € H such that

u,, (t) = n weakly in H, asm — oo.
Arguing as we did for (6.57) and (6.59), the distributive time derivative u;mk €
L% (0,7;Y’) and is uniquely defined by

<u;m,€ p) = <div(|Vu€mk |q_2VuEmk —u, Qu, P, (‘ufmk )
—alue,,, |"*2u€mk +F,p) (6.61)

for all p € C§°(0, 7 Y). In particular, there holds u.,, € C(0,7;Y"). Next, we
introduce 7 in (6.61), we use integration by parts and we carry out the passage
to the limit in the resulting equation by using the convergence results (4.40)—
(4.45). Combining this equation with the one which results from inserting n
into (6.57) and integrating by parts, we obtain u(t) = n, which yields (6.60).
Finally, combining (6.56) and (6.60), we see that also u., satisfies to (6.56).

7. Auxiliary results for decomposing the pressure

Here we make a break in the proof of Theorem 2.1 to show that the results
of [12] concerned with the local decomposition of the pressure still hold in
the case of the momentum equation modified by the presence of the damping
term. For, let w’ be a fixed but arbitrary open bounded subset of € such that

Ww'ccQ and I € C? (7.62)

Given s such that 1 < s < oo, lets us consider the following auxiliary function
spaces related with the Helmholtz—Weyl decomposition (cf. [24, Section 2], see
also [15, Section III.1] and [20]):

AW ={aeL¥W):a=Af feWrw)}; (7.63)

B (w') := {b € B (W) : /bdx = 0}, B*(w') :={be L*W): Ab=0}.

(7.64)
Proposition 7.1. Let Q € L*' (wh),q € L*2 (wh), with 1 < 51, s3 < 00, and
u e Cy([0,T]; H) (7.65)
where here H is defined over w'. Suppose that

—/ u -y dxdt + Q:Vgodxdt+/ q-edxdt=0 (7.66)
w wh

! /
T wr
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for all ¢ € C&°(w/) with divy = 0 and where w = W' X (0,T) and W’ satisfies
to (7.62). Then there exist unique functions

p’ € L50(0,T; A% (W), (7.67)

7" € Cu([0,T); B* (W), (7.68)
where sg can be taken such that

1 < sp < min{sy,s2}, (7.69)

such that
—/ u~<ptdxdt+/ Q: V<pdxdt+/ q - pdxdt
_p, Odiv

:/ podivgodxdt—/ D
whn w

/ at
T

? dxdt + / u(0) - ¢(0)dt (7.70)

for all ¢ € C>®(wh), with suppy CC w' x [0,T). In addition, the following
estimates hold

19”150 (wr) < C1 (1QLer wry + llallLez wh)) (7.71)

15" Lo (0,755 (wry) < Ca ([ullLee 0,75.20)) + I1QILo1 () + lallLo wr))-
(7.72)

where Cy and Cy are positive constants depending only on s; (i =0,1,2), N
and Wh.

Proof. Let ¢ € CP(w') with divey = 0 and let n € C5°(0,T). Inserting ¢ = ¢n
into (7.66) and using Fubini’s theorem, we obtain

T T T
—/ an' dt = On dt—|—/ ~n dt,
0 0 0

where for t € [0,T]

a(t) = //u(t)~1/;dx, B(t) = //Q(t):Vzpdx, () = //q(t)-z/de.

Since Q € L*! (wh.) and q € L*?(w/), we have 3 € L**(0,T) and v € L*2(0,T).
In consequence, a € W50 (w).) for any sg such that 1 < sy < min{sy, s2}.
By Sobolev’s imbedding theorem, « is represented by a continuous function,
which we still denote by «. Using integration by parts, we can represent

a(t) = a(0) —l—/o B(s)ds +/0 ~v(s)ds Vte(0,T). (7.73)

Let t € (0,T) be arbitrarily chosen. Using Fubini’s theorem, the identity (7.73)
reads

/w, [(u(t) —u(0)) - ¥ +at) - ¢+ Q(t) : W} dx =0,

where

Q(t) 12/0 Q(s)ds, q(t) ::/0 q(s) ds.
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Now, by the results of M.E. Bogovskii (cf. [15, Theorem IIL.3.1]) and of
K.I. Piletskas (cf. [15, Theorem IIL.5.2]), there exists a unique function

5(t) € L) with / (1) dx = 0
such that

[ [0 = u@)- v +a0 v+ Q) ol ax= [ podviix @

w’

for all ¢ € Wé’s‘/J (w'). In addition,

5" ®lleor) < € (Ila®) = u()

Lo (w’)) .
(7.75)

Lo ) + QM) leo ) + 1G]

On the other hand, by the application of Helmholtz-Weyl decomposition of
L% (w') (cf. [20, Theorem 1.4]), there exist 5°(t) € A% (w') and p"(t) € B (w')
such that

B = ") +5"(t) in o (7.76)

and where A" (w’) and B"(w’) are defined in (7.63)~(7.63). Moreover, the sum
Aso (W) + B®0(w') is direct. Now, from (7.74) and, as a consequence of the
assumption (7.65), we can infer that

p € Cu([0, Tl L (W)). (7.77)
From (7.76) and (7.77) it follows that

P° € Cu([0,T]; A% (W)). (7.78)

" e Cu([0,T); B* (w')). (7.79)

As a consequence of (7.75), (7.76), we can derive (7.72). Moreover, inserting
1 =Ve¢in (7.74), for ¢ € CF(w'), using (7.76), integrating by parts the result-
ing equation and observing that, in view of (7.79), Ap" = 0, and, in view of
(7.65), divu = 0, we obtain

/w/ (ﬁ(t) Vo +Q(t) : v2¢) dx = /w P (t) A dx (7.80)

for all ¢ € C5°(w’). Now, using (7.80) and proceeding as in [24, pp. 115-116],
we can prove that p° € W50 (0, T; A% (w’)) and
0

op
Lso(w’T) S C (HQHLSI(W/T) + HQHLsz(w'T)) 5 Where po = W (781)

[19°]

and the constant C' depends only on s; (i = 1,2,3), N and w/.. Whence (7.71)
holds. Finally, the identity (7.70) follows by integrating (7.74) over (0,7T),
replacing there ¢ by %—f and using (7.76), (7.78), (7.79) and the definition of
p° given in (7.81). The uniqueness of p° and p" follow from (7.71) and (7.72),
respectively. O
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8. Decomposition of the pressure

Let us continue with the proof of Theorem 2.1. Using the results of the pre-
vious section, we shall decompose the pressure into two different components.
For, let w’ be a domain in the conditions of the previous section (see (7.62)).
Clearly, in view of (5.48) and with the notation introduced in (5.49), we can
write

-/
(8.82)

for all ¢ € C§°(w/,) with divp = 0 and where wh, := W' x (0,T). The results
(8.82) and (6.56) allow us to apply Proposition 7.1 with Q = Q. ,q =
alu., [ ?u,,,,s1 =1, =0’ and

s9 = 1o := min{r,o’}. (8.83)

U, - @ dxdt + a/

/
wr

|uem|072uem - pdxdt +/ Q. :Vodxdt=0
wrp

/
T

Observe that by (5.50), r < 2 and consequently rg < 2. Therefore we can say
that exist unique functions

e, €L™(0,T;A™ (), (8.84)
e € Cu([0,T]; B (W), (8.85)
such that

—/ U, - @ dxdt + oz/ lu, |7 %u,,, - @dxdt —|—/ Q.,, : Vpdxdt
wr Wi Wi

- / 0 divep dxdt — / ﬁ?ma‘g(p dxdt + / w - p(0)dt  (8.86)

for all ¢ € C®(w/.), with suppy CC ' x [0,T). In addition, by the same
result, the following estimates hold

122, oy < €1 (1Qem ey + e e ) (8.87)
152, I (0,7sL70 (1)) < Ca (Huem||L°°(0,T;H) + Qe lur (g + (e, ||La'(w/T)>a
(8.88)

where Cy and Cy are positive constants depending only on ¢,0’, N and w/..
Then, from (8.84) and (8.85) and by means of reflexivity, we get, passing to a
subsequence if needed, that

pe —p” inL7(0,T;A™ ('), asm — oo, (8.89)
pro—p" i LNTH0,T;B™(W), asm — oo (8.90)

Now we pass to the limit m — oo in (8.86) by using the convergence results
(4.40), (4.42), (4.43) and (4.45), together with the identities 1 = |u|”?u
and G = u® u, and also the convergence results (8.89) and (8.90). Then we
compare this limit equation with that one resulting from applying (8.86) to
the limit equation (4.47), considered for all ¢ € C§°(w}), with dive = 0,
and with the aforementioned identities. This procedure yields the existence of
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unique functions p° and p" satisfying to (8.84)—(8.88). Then, since p° and p"
are uniquely defined, we see that

BO _ pO and éh :ﬁh-

Proceeding as in [24, p. 126], letting a be such that 1 < a < co, using the well-
known local regularity theory, the compact imbedding W3¢ (w) — W24 (w)
and Lebesgue’s theorem of dominated convergence, we can prove that

Pl —p" strongly in  L%(0,7;W*%(w)), as m — oo, (8.91)

where w is a fixed but arbitrary open bounded subset of €2 such that

wCCw CCQ, with dw Lipschitz. (8.92)

Let us set now
Ve, = U, + Vi, (8.93)
v i=u+ Vi (8.94)

Then, combining (8.86) with this same equation when we pass it to the limit
m — oo, and using the definition of the distributive time derivative, we obtain

(Vem - V)/ =div (|Vu€m|q72vu€m - S) -« (|u€n1|072u67n - |u|‘772u)
—div(u,,, ®uc, @, (Juc, |)—u® U)—V(pgm _po) in D' (w7)
(8.95)

Proceeding as for (5.51), attending to (8.89) and observing that ro < r, we can
prove that

(Ve — V) € L7(0,T; W70 (")) + L7 (wh).

Now we shall decompose the pressure term (p —p") in (8.95) into three new
functions. For that, we need to invoke the following results, whose proofs follow
immediately from [24, Lemmas 2.3 and 2.4].

Lemma 8.1. Let 1 < s < oo and k € IN.

, ’
(1) Then for every v* € (ng’s (w)) there exists a unique v € WE*(U) such
that

/D“vD“@dXz(V*,g&) VeelCiw), o=k
(2) In addition, if exists H € L®(w) such that
(0", ) = / HDpdx Vg€ CPW), |ol =k

then
(|ID*v

Ls(w) < C”H Ls(w)»

where C is a positive constant depending on s and on the Calderdn—
Zigmund inequality’s constant.
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By a direct application of the first part of Lemma 8.1, attending to (4.42),
(4.43) and (4.45), and to the definitions of A9 (w') and AT (w'), there exist

unique functions

pl € L7(0,T; A7 (W), (8.96)
p? € LIV (0,T; AT (W), (8.97)
PP el (0,T; Wi (W), (8.98)
such that
/ pr A dxdt = / (IVu,|" *Vu,, —S): V¢ dxdt, (8.99)

T T

u., |) —u®u): Vi¢dxdt, (8.100)

/ pfm A dxdt = —/ (u.,, ®u., o (
wh w!

T T

/ P2 Apdxdt = a/ (Jue,.|” ?u.,, — [u|”"?u) - Vo dxdt (8.101)

T wp

for all ¢ € C3°(wh). In addition, by (8.99)—(8.101) and a direct application of
the second part of Lemma 8.1, the following estimates hold:

||p§m||Lq'<w'T> < Ci|Vue, " *Vue, = SllLe ) (8.102)
< .

||pem|| P (wy) = Cofue, ® uc, @, (Ju,,[) —u® u”LqL}"‘(W%)» (8.103)

||Vpem o ) < Cslllue, |7 e, — ul"?ulpr (8.104)

where C1,Cy and C3 are positive constants depending on ¢/, qN 2 and o/,
respectively, and on the Calderén—Zigmund inequality’s constant (Cg depends
also on «). Next, testing (8.95) by V¢, with ¢ € C5°(wr), integrating over
wr and using (3.14) and (7.68) together with (7.63), and also the identities
(8.99)—(8.101), we obtain
pY —p’=pl +p? 4+ .
Inserting this into (8.95), it follows that
(Ve,, —v) = div (|Vu., |? *Vu,, —S) —a(Ju.,|” *u., — [u]” ?u)
—div (u.,, ® u, @, ( ) —u®u) in D'(wr).
—Vpim — fom - fom (8.105)

Ue,,

9. Definition of the irregularity regions
Let us consider the following slight modification of the functions (8.93)—(8.94)
We, = (Ve,, = V)Xowr = (U, + VB! — (W+ V")) xwp,  (9.106)

where x,,, denotes the characteristic function of the set wp := w x (0,7") and
w satisfies to (8.92). Having in mind the extension of (8.105) to RV*1 here
we shall consider that
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Q! =S-|Vu., | *Vu,.,|+p! L (9.107)
Q} =u.,, ®u.,®, (|u,| —ueu+p’ I (9.108)
ac, = o (|u.,,|”?u., —|u[”?u) + Vp? | (9.109)

are extended from wy to RN*! by zero. Now, since ¢ < ¢*, we can use (5.54),
with s = v = ¢, together with (8.91), with a = ¢, to prove that

w,, — 0 strongly in LY(RN*1),  as m — oo. (9.110)
Moreover, using (4.34) and again (8.91) with @ = ¢, we obtain

[Vwe, lLa@y+1) < C. (9.111)
On the other hand, due to (4.42) and (8.102), we have
HQimHLQ’(]RN+1) <C. (9.112)

Moreover, (5.55) together with (8.103), and (4.46) together with (8.104), jus-
tify, respectively, that
2

€m

(RN, as m — oo, (9.113)

— 0

qc,, — 0 strongly in L7 (RN+1),  as m — . (9.114)

In order to define the irregularity regions of the admissible function that
we shall test in (8.105), let us set

fer =M (IWe,, 1), (9.115)
G = MY (IVw,, |) + (M*(QL 1) (9.116)
he, == (M7(IQ2 )7, (9.117)
e, = (M*(lqe, )7, (9.118)

where M* := M; o M. Here M; and My denote the Hardy-Littlewood
maximal operators, which are defined, for some function f € LP(RN*+!) with
1 < p < oo, respectively by
1 t+r
My(f)(x,t) ;== sup |f(x, )| ds,

0<r<oo 21 Ji_p

1
Mx f X,t ‘= sup 7/ fy,S dya
(Nect)i= s g [ 159
where Bg(x) denotes the ball of RV centered at x and with radius R > 0 and
Ly (w) is the N-dimensional Lesbesgue measure of w. Then due to the bound-
edness of the operator M* from LP(RN*1) into LP(RN*1) for any p > 1 (see
g. [22, p. 5]), we obtain

[ fem lLagn+1y < Cllwe,, [|Le@y+1y, (9.119)
e ||L‘?(RN+1) < 01||VWem||Lq(RN+1) +Co)QL, H ey (9:120)
IM*(1Q2, DI, 32 m+y S ClQZ, Il 2 g1y (9.121)
[M*(l9e,, DllLer mvery < Cllde,, [ILe mvey- (9.122)
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Next, let j., be anyone of the functions inside the norms on the left-hand
sides of (9.119)—(9.122) and let s be the respective Lebesgue exponent. Using
(9.111)—(9.114), (9.119)—(9.122) and arguing as in [12, p. 31], we obtain for
jeN
||jem||i8(]RN+1) > 2 ln(2) inf Ly ({(Xv t) eRNTL: |j€m| > T})
227 §T<22J+1

As a consequence, there exists A, ; € {2? , 22”1) such that

Ly {66t € RN fje, | > Ay} < C279N e, o rveny. (9.123)
Let us consider the following subsets of RV !

Frnj = {(x,1) : [fe,| > Amjts (9.124
G = {(x1) t |ge,u| > Ams}, (9.125

)
)
H g = {(%,8) 5 he, | > g} = {000 : MP(1Q2, | > 07} (9.126)
)

Ly = {0%,8) 5 i, | > Mg} = {60 s M (Ja,,

>Nt a7

lem

Then, using (9.123) in each case separately, we obtain
Lyy1(Fmj) < C279 AL | fe, lLagmn+1), (9.128)
Ly i1(Gmy) < C277A 0 ge,, a1, (9.129)
—iy—(g—1)gTF2 .
Lavy1(Hi ) < C27N 0T )0 (1Q2 )|, e ey (9130)
Ln1(Img) < C270 VM (Jae, ) o v - (9.131)

Now, since A\, ; € {22j,22j+1} , we observe that (9.110), (9.119) and (9.128)
on the one hand, (9.113), (9.121) and (9.130) on the other, and yet (9.114),
(9.122) and (9.131) on another one, imply, respectively,

limsup Ly 41(Frm,;)=0, limsup Lyyi(Hpm,;)=0, limsupLyi1(Im,;)=0.

m—0Q0 m— 00 m— 00

(9.132)

Moreover, since M* is subadditive (see e.g. [22]), we get from the definitions
of G s Hyj and I, j in (9.125)—(9.127), using (9.129)~(9.131) and (9.116)-
(9.118), that

Gm,j U Hm,j U Imyj DO, (9133)
where
O = {(X7 t) € RN M* (IVwe,.|)
+pm M (1QE2]) + M (lac,. )] > 4Am. i},

€m

P = Ao 4 (9.134)
and, with the notations of (9.107)—(9.108),
2. Q! +q@? . (9.135)

€m €m €m
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Setting

Em,j = (FmJ’ U vaj U HmJ' U Im,j) n wr, (9136)
we can readily see that due to (9.128)—(9.131), (9.119)—(9.122) and to (9.110)-
(9.114),

limsup Ly41(Epm, ;) < limsup C277 )9 (9.137)

m,j "
m—0o0 m—00

Moreover, due to (9.133), we have
(O UZ/I)ﬂwT C EmJ C wr, (9138)
where here U is the set F,, ; defined in (9.124).

10. Construction of a Lipschitz truncation

We are now in conditions to define the truncation we shall consider here. Let
us consider the following family of cubes

Comd (Xny ) = {(y,s) € RN* i dy, (st (y,8)) <7a},  (10.139)

* Pm,j

where 7, > 0,n € N and d,,, ; is the metric defined by

dp,, s ((%nstn); (y, 8)) = max{lyxnl, p;lblsm}. (10.140)

By [22, Theorem VI.1.1})), there exists a Whitney covering of E,, ; formed by
the family of cubes (10.139)—(10.140) such that

Pm,j _

| Ci™ (Xpytn) = B j-
2Tn

nelN

Moreover, by [22, Section VI.1.3], there exists a partition of unity ,,n € IN,
associated to the Whitney covering (10.139)-(10.140) such that

Z Y =1 1in CL™ (Xp,tn).
kelN

We are now in conditions to define the Lipschitz truncation. Following [12,
Section 3] and [22, Chapter VI|, we define the Lipschitz truncation of w,
subordinated to the Whitney covering (10.139)—(10.140) by

We,, in wr\ En,;

Ty o) =35 e,
n=1 )

The idea of this truncation, is to regularize the function w,, by cutting off
the regions FE,, ; of irregularity and then to extend this restricted function by
the Whitney covering (10.139)—(10.140) to the whole domain again.

Now, let £ € C3°(wr) be a fixed cut-off function such that 0 < { <1 in
wr and let us consider the following admissible test function for (8.105)

Gm,j =T j(We,,). (10.142)

in B (10.141)

P
Cr»,T’J (xn 7tn)
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In order to establish the main properties of the Lipschitz truncation (10.141)
we are interested in, let

ng :=suppé&, £ is the cut-off function of (10.142). (10.143)

Note that wfp is strictly contained in wp, because 0 < £ < 1 in wp. Let also

Cg’i ; (w%) be the space of all Lipschitz continuous functions with respect to

the metric (10.140). From the definition of w, , (see (9.106)), using (4.34) and
(6.56) together with (8.91), with a = ¢, and (8.88), we can prove that
we,, € L®(0,T;L*(w)) NLI(0,T; WH9(w)).
Then, owing to (9.132)—(9.138), we can apply directly [12, Theorem 3.9,
(i)—(iil)] to obtain:
T j(We,) € COL (w5, (10.144)
3

with the norm depending on N, w%, [We, L1 (2, )0 [We, L1 @17, Where wy, CC
LT)T CC wr;

VT, (we,,)

Ll(Em,,-)); (10.145)

1T (We gty < C (14 08 Y 2 W 01 (8 ) (10.146)

] g Wi

—1 ¢—N-3

S
W

[T i)'+ (T (Wer) = Weu D gt

2
< Cpy i Lair(Emy) (A,,w- 0 5w, ||L1(Em,j)) . (10.147)
In (10.145)—(10.147) the constants C' are distinct and depend only on N, and
o = o (W, wr) >0 due to (10.143). (10.148)

Moreover, according to [12, Lemma 3.5] (see also [22, Section VIL.3]),
Lo(wr) Vs:l1<s<oo, (10.149)

1T0s (W) lpeguny < Cllwe,

where C' depends only on N.

11. Convergence of the approximative extra stress tensor

Proceeding as for (8.105), observing that now the functions are zero outside
wr and using the notations (9.135) and (9.106)—(9.109), we obtain

w, =-divQ!?—q., inD'(wr) (11.150)

€m

Here the distributive time derivative w; is such that

€

where rq is defined by (8.83). In fact, due to (4.42), (5.55), (8.102) and (8.103)
on one hand, and due to (4.46) and (8.104) on the other, we can prove that

w. e L0, T; W™ (w)) + L7 (wr), (11.151)

12 cL(wr) and q., € L7 (wr). (11.152)

€m
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As a consequence of (11.152);,div Ql? € L™ (0,7; W17 (w)). Now, observ-
ing that, by virtue of (10.144)—(10.146) and of the definition of £, our admis-
sible test function, defined in (10.142), ¢, ; € L70(0, T} Wé’TO (w)) N L7 (wr).
Then, from (11.150) and (11.151), we infer that

T
/<w;m(t),¢m,j(t)>dt= Qif:qum’jdxdt—/ de,, - Om,j dxdt.
0

wT wr

(11.153)

On the other hand, owing to (9.132)—(9.138) and, in addition, to (11.152)—
(11.153), we can apply [12, Theorem 3.9, (iv)] to prove that for every ¢ €
C§° (wr)

T
/O (We (), dm,;(t)) dt

1

= 5/ (|Tm,j (We,)|> — 2w, -de(wem)) & dxdt

+/ (Tonj(We, )+ (Ton i (We,,) — We,, ) Edxdt.  (11.154)
E

m,j

Note that the proof of (11.154) is done in [12, p. 23] for q.,, = 0 in (11.153).
But taking into account (11.151), the proof of [12, Theorem 3.9, (iv)] can be
repeated almost word by word in our case.

Now, gathering (11.153) and (11.154), and expanding the notations
(9.135) and (9.106)—(9.109), we obtain

/ (lvuem 7V, — S) V(T (We,,,)) € dxdt

= +/ (S - |Vu,,,

+/ (ue,, ®ue, @, (
wr

172Vu,,,) « T, j(We,,) ® VEdxdt

u., |)—u®u): V(T (w,)E) dxdt
+a/ (|u|”_2u — \u6m|‘7_2u6m) T (We,, ) § dxdt
wr
+ / Pl T j(we, ) VEdxdt
wr

+ / pL div(Ton j(we,,)) € dxdt

+

/ P2 div(Ty, ;(we,,) €) dxdt
- / Vpd T j(we,,) Edxdt

1
b [ (2 T (v, = [Ty, ) €
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/ Wem (We,, — T j(We,,)) Edxdt

Em J

=h+ S+ I3+ I+ J5+ Jg+ Jr+ Js + Jo. (11.155)
We claim that, for a fixed j,

/ <|Vu61n

To prove this, we will carry out the passage to the limit m — oo in all absolute
values |J;|,i=1,...,9.
e limsup,, . (|/1]+|Js]) =0. Due to (4.42) and (8.102), S-{Vu,,, |9 2Vu,,,
and Pim are uniformly bounded in L (wr). Then, using Holder’s inequal-
ity and (10.149) together with (9.106), led us to

12V, —8) : V(T (W) Edxdt| <C27 7. (11.156)

lim sup

m—00

|J1| + |Ja| < C1 [T j(We,,) |L‘1(wT)
< G (|ue,, = wlwoor) + IV, = 5" lLown)-

The assertion follows by the application of (5.54) with s = v = ¢ and
(8.91) with a = ¢, and observing that always g < ¢* for any ¢ > 1.
e limsup,, .. (|J2] +|Js|) = 0. In fact, by Holder’s inequality,

|Ja| +[J6| < [lue,, ®ue, @, (Ju,,|)
0 s o) IV (T (e, ) e
+IpZ,,

L1 (o) ||V (T 5 (We,, ) )HLoo(w;)'

Then, using Holder’s inequality again and due to (5.55) and (8.103), we
get limsup,,, , . (|J2] + |Js|) = 0 if both second multiplying terms on the
right-hand side of the above inequality are finite. Indeed, by the applica-
tion of (10.145) and (10.146) together with (9.106), we get

IV (7, m.i(We,,) )HLoo(wET)
< ||VTm,j(Wem)”Loc(w§) + CHTm7j(W€7n)||LOC(w§,)
||V5m, B V||L1(E»m,j) Hve’ﬂl - VHL (ENL,J)

) 5N+3 +Cy [ 1+ Nio
m,j

3 £
m, W Pm,j W

<Ci | Am,j+

From (4.40) and (8.91), the last with a = ¢, v,,, — v is uniformly bounded
in L'(E,, ;). On the other hand, for a fixed j € IN, the sequence A, ; lies

. J J+1
in the interval [22 ,22 ) and, as a consequence, the sequence p,, ; =

m

)\27’;1 is uniformly bounded from above, which, in turn, by (10.148) and
(10.140), implies

inf & e > 0.

meN Pm,j W

Analogously, we prove that also ||div (75, ;(we,,) &) || Leo(w5,) 18 finite.
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e limsup,, .. (|Js3] + |J7]) = 0. By Holder’s inequality and (8.104)

o—2 |0’72

5] + 17| < (alllue,,
HIVE, et wm) [ Tons (W, e o)
<, Wl o [ T (W)

u., —|u uHLl(wT)

U_QU-Em - |u|a_2

e s
Arguing as we did in the previous case, we can show that, for each j €
N, 7., ;(we,, ) is uniformly bounded in L (w%) Then, by the application
of (4.46), it follows that limsup,,_, . (|J3| + [J7]) = 0.

o limsup,, .. (|J5|+|Jo|) < C277. By the definition of the Lipschitz trun-
cation (see (10.141)) together with the fact that divw, , = 0 (see (9.106)),
we can write

Js = / plm div7,, ;(we,, ) dxdt.
w% NE,, i

Next we use Holder’s inequality, (4.42) and (8.102) together with (10.145).
Then, arguing as in the cases for |J1| + |J4| and |J2| + | Js|, we have

limsup |J5| < Cy limsup | VT, ;(we,,) Li(wSNEm,)
. 1
< Crlimsup Ly 41 (B ) 2 (VT 5 (We,, )l e 6,

m—00

: Vem = VLt (2,
< Colimsup |Lyt1(Em ;) Am.,j + . N+3( =
m—0o0 pm7j6pm j1“"§"

Q=

< O limsup (£N+1(Em,j)%>‘mvj) .

m—0o0

Next, due to (9.137), we get limsup,,, . |J5] < c27 i,

For Jy, we have by using (10.147) together with the definition of p,, ; (see
(9.134)) and arguing as we did above for |.J5],

2
Ve — Vi .
lim sup | Jo| < C'lim sup )\Z,??LN—&-I(EmJ) Am,j + Iven I\Ui‘:s(Em’J)
m— 00 m— 00 ’ Pm,j o CUE
m,gHr

< Climsup (Af’n_jﬁNH(Em,j))

m—00

< (277,

Then observing that ¢ > 1, it follows that limsup,,_, . |Jo| < C27 . Through-
out the above bullets, we have proven the claim (11.156) is true. On the other
hand, arguing as we did for |J5|, we can prove also that, for a fixed j,

lim sup < Cc27 3. (11.157)

m—00

/E (IVu,,, |97*Vu,,, —S) : VT, j(w,,) £ dxdt
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In consequence, from the definition of 7y, ; (see (10.141)), (11.156) and
(11.157), we prove that

/ (|Vu61n
WT\Em,j

Using the definition of w. (see (9.106)) and the strong convergence property
of p (see (8.91)), it can be derived from (11.158) that

<0275, (11.158)

lim sup

m—00

172V, —S) : Vw,, £dxdt

lim sup < c27 .

m—00

/ (|Vue,, [ ?Vu,,, —8S) : V(u,, —u)dxdt
wr\Em

(11.159)

Now, by (11.159) and (9.132), for each j € IN we can find a number m; € IN
such that

/ . (|Vu6mj|q_2Vu€mj — s) :V(ue,, —u)dxdt| < c27 4,
(11.160)
Lns1(F, ) <0279, (11.161)
Lys1(Hp, ;) <C277, (11.162)
Lni1(Im, ) <C279. (11.163)

Setting &; := EXwr\ By ;o where X\ B, denotes the characteristic function

of the set wy \ B, j, it can be proved (cf. [12, pp. 36-37]), using (9.129),
(11.161)—(11.163) and the fact that A, ; > 1, that

& — ¢ aein wr asj— oo. (11.164)

From (11.164), (4.40) and (4.42), we have, by appealing to Lebesgue’s theorem
of dominated convergence, that

Vu§; — Vu¢ strongly in Li(wr), as j— oo, (11.165)

S¢& — S¢ strongly in LY (wr), asj— oo. (11.166)

Then, from (11.160) and (11.165)—(11.166), and appealing once more to (4.40),
(4.42) and Lebesgue’s theorem of dominated convergence, we obtain

4lim/ |Vu€m,|q§jdxdt=/ S : Vu( dxdt. (11.167)
I Jwr ! wr

Finally, taking into account (4.40), (4.42), (11.164) and (11.167), we can apply
the local Minty trick (cf. [24, Lemma A.2]) to establish that S¢ = |[Vu|9=2Vu¢
a.e. in wr. Due to the arbitrariness of £,S = |[Vu|9~2Vu a.e. in wy and the
proof of Theorem 2.1 is concluded. O
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12. Remarks

In Theorem 2.1 we have proved the existence of weak solutions, in the sense
of Definition 2.1, to the problem (1.1)—(1.4) for any

> 2N d >1

—_— an o .

17 N12

It is left open only the case of 1 < ¢ < 13—% for N > 3. But, in this case and

with the methods at our present disposal, it seems to be very difficult to prove
a similar existence result, such as for the generalized Navier—Stokes problem
((1.1)—(1.4) with a = 0). The main reason, is because the compact imbedding
Whe(Q) —<— L%(Q), which holds only for ¢ > ]\2,—%, is fundamental in many
steps of our proof.

The result established in Theorem 2.1 is still valid, if we consider a diffu-
sion term with a g-structure satisfying to general growth and coercivity con-
ditions. Indeed, the proof still holds, with minor changes, if we assume the
tensor |Vu|?~2Vu of the diffusion term in (1.2) is replaced by a general tensor
T = T(x,t,D) (D is the symmetric part of Vu) satisfying to:

o |T(x,t,A)| < Ci|A|97t + f; for all A in ]Mgm,

for any function f; in LY (Qr) with f1 > 0;

o T(x,t,A): A>CyA|7— f5 for all A in ]1\/[@“m for a.a. (x,t) in Q7 and

for any function fy in LY(Qr) with fo > 0;
where C; and C5 denote positive constants and ]Mi\}/,m is the vector space of all
symmetric N X N matrices, which is equipped with the scalar product A : B
and norm |A| = VA : A. It is also possible to consider a general damping
term with a o-structure, satisfying to analogous general growth and coercivity
conditions, that Theorem 2.1 holds as well. In fact, instead of |u|?~2u, we may
also have considered a general damping vector field q = q(x,t,u) satisfying
to:

e |q(x,t,u)] < Ciul”~! + gy for all u in RY, for a.a. (x,t) in Q7 and for

any function g; in L7 (Qr) with g, > 0;

e q(x,t,u)-u> Clul” — g for all uin RY, for a.a. (x,t) in Q7 and for

any function gs in L'(Q7) with go > 0;

for a.a. (x,t) in Qr and

where C'; and Cs denote positive constants.

It is possible to consider unbounded domains with no restriction on the
size and shape of 2. In this case, proceeding as in [24, Section 3], we can prove
the regularized problem (3.14)—(3.17) has a unique weak solution for such €.
As a consequence, the original problem has a solution for these domains as
well.

The uniqueness of weak solutions is, as is well known, an open problem
for the generalized Navier—Stokes problem (without damping) for values of
g < 2. By adapting [17, Théoréme 2.5.2], we can prove the weak solution to
the problem (1.1)-(1.4) is unique under more restrictive conditions that we
have needed to prove the existence. In fact, assuming that ¢ > %, replac-
ing the diffusion term div (|Vu|?"2Vu) in (1.2) by div (|Vu|?2Vu) + Au
and having in mind the damping term satisfies to (2.5), it is possible to prove
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the uniqueness of weak solution to this modified problem (1.1)—(1.4) (see [18,
Theorem 2]).

A completely different issue, is the important question about the qualita-
tive properties of the weak solutions to the problem (1.1)—(1.4). In this scope
we are mainly interested in the extinction in a finite time, once that the confine-
ment of the weak solutions in a space domain is a much more delicate matter
and remains an open problem, with the exceptions of the stationary Stokes
and Navier—Stokes problems (cf. [1-4,18]). Proceeding as in [18, Theorem 3],
letting u be a weak solution to the problem (1.1)—(1.4) in the sense of Defini-
tion 2.1 and assuming that (2.10) and one of the following conditions hold:
(1) g<2;o0r
(2) 1<o<2;
then we can prove the following assertions are true for each ¢ = 1,2, with
minor changes in the proofs:

e Iff =0 ae. in Qr, then there exists t’(ki) > 0 such that u(x,t) = 0 a.e.
in Q and for all ¢t > tz‘i);

e Let f # 0 and assume that exist positive constants €(1y, €(2) and (positive)
times tfl), th) such that for almost all ¢t € [0,77]:

AN N

. q
- £ <g<?2
) 1 N q_Q<’

)l ) < €y (1

- L
tw ),
q—1
b0y =5

or

O
l .
||f(t)||Lq’(Q) < €2) <1 - ) if 1<o0<2,

+#f

2/ +
g — (@= DN +0) - No]
YT fe-a

Then, for each i = 1,2, there exists a positive constant e?i) such that
u=0a.e. in Q and for all ¢t > tfi), provided 0 < ¢(;) < E(()i)'

Note that the subscripts (;) are used above in the sense to relate each result
to the different condition (7) written before.
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