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Resumo

Este trabalho analisa mais de perto as ideias desenvolvidas por [7] e [13], a ideia de repre-
sentacdes de quivers com tor¢do, colocadas num contexto mais geral. Estas ferramentes
sao Uteis para o estudo de algebra homologica de certos objectos, entre eles temos os fi-
brados de Higgs e fibrados parabdlicos. Sobre esta ultimo, estas ferramentas sao utlizadas
para estudar a sua teoria de deformagéo, que é o estudo do espaco vetorial Ext(&,, &) para
um fibrado parabdlico &,. As ferramentas aqui desenvolvidas ajudam a dar uma descricao
limpa deste objeto.

Palavras-chave: representagdes de quivers com torcao, fibrados vetoriais parabdlicos,

teoria de deformagao.
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Abstract

This work takes a closer look at the ideas developed by [7] and [13], that of twisted quiver
representations, put in a more general setting. These tools are useful to study homological
algebra of certain objects, among which we have Higgs bundles and parabolic bundles. In
the latter case, we use those tools to study their deformation theory, which is the study of
the vector space Ext(&., &) for a parabolic bundle &,. The tools developed help give a clean
description of this object.

Keywords: twisted quiver representations, parabolic vector bundle, deformation theory.
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Chapter 1

Introduction

Parabolic bundles arose as one of two ways to generalize the Narasimhan-Seshadri theorem
([14], [12]), the other being Higgs bundles ([9], [16]). The moduli space M = M(D,d, «, k)
of parabolic bundles with divisor D, parabolic degree d, weights « and type of flag £ has the
structure of a smooth quasiprojective variety, and is an object of active study. The tangent
space to M at a stable point £ is identified with the space of infinitesimal deformations, that
is, Ext!(€, ). The study of this space is interesting even in the unstable case, as is done in
[2].

In [7], twisted quiver representations are defined and some of its properties are explored,
and then some geometric objects are studied under that context, unifying some aspects of
seperate theories: quiver representations and Higgs bundles for example. This project was
taken further by Mozgovoy in [13], defining categories of representations of diagrams. This
author developed some machinery to work with them, and one of the applications was finding
a long exact sequence in the category of quasiparabolic bundles with fixed length filtration,
involving Hom and Ext! groups, hence in particular, encoding the deformation theory of such
a quasiparabolic bundle.

Another possible generalization of Gothen and King’s work appears in [1], which imposes
relations, in the form of taking quotients over ideals of the algebra associated to the twisted
representation.

This thesis is mostly based in the work of Mozgovoy in [13]. We will layout the structure of
the thesis in the next few paragraphs, but the goal is to understand what are representations
of diagrams, and how those tools work, by applying them to parabolic bundles. Thanks to

this, we found a way to describe the Ext groups of parabolic bundles as an extension of two
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other, simpler, Ext groups.

In chapter 2, we define some objects which will be used on the remainder of the thesis,
such as quivers, sheaves, and Grothendieck categories. We review some important ideas
and properties of these objects, which we will use to build examples to study with. We also

prove an equivalence of categories
[C,T] = A-Mod

where C is a category with finitely many objects, 7 a tensor category with coproducts, and
A = (A, u,n) an appropriate monoid in 7, which is a slight generalization of the well-known
equivalence of categories

[C, R-Mod] = RC-Mod,

with a similar construction and proof.
Chapter 3 is extensively based on the work of Mozgovoy in [13], in which we cover his
idea of representations of diagrams. We restate most of the content, and give different

proofs of a few key results, for example:

Theorem 1.1. Let ® be an abelian, finite quiver diagram with coproducts, and quiver Q. For

each X € Rep,(®), the sequence

0= P oula:Xea) > P oi(X) B X =0
ac€Qq 1€Q0

is exact.

In [13], this was done using the Freyd-Mitchell embedding theorem, and here we give an
alternative proof, without using an embedding. With this result, one gets a construction of
homological long exact sequences for appropriate representation diagrams. Using the tools
of chapter 2, we build a few examples and apply some of the results to them. In particular,
we embed quasiparabolic bundles in an abelian category R = Rep,(®), which gives us a
way to calculate Ext(E, F).

In chapter 4, we review the definition of the (abelian) categories of parabolic O x-modules
and parabolic sheaves as done by Yokogawa in [19], where the group Ext(F., G.), is defined,
and we show that parabolic bundles are a full subcategory of the category of parabolic
sheaves. We also compare the Ext groups of parabolic sheaves with the Ext groups of the

category R in which quasiparabolic bundles are embedded: we find they are isomorphic.
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We also find that the Ext group of parabolic bundles is itself an extension of two other Ext
groups: the Ext group of coherent sheaves and the Ext group of quiver representations over
complex vector spaces. This means that the study of the deformation theory of a parabolic
bundle can be done through the deformation theory of the underlying vector bundle, and

does not depend on the values of the weights.






Chapter 2

Preliminaries

In this chapter, we introduce a few fundamental concepts, some of which are the tools we
will use in the next chapter, and some of which we will use to give illustrative examples.

In what follows, all rings have unit, and unless noted, are commutative. We denote the
category of all small categories by Cat. Whenever we speak of a category, it will be assumed
small unless noted otherwise. For two categories C, D, we denote the category of functors
from C — D, with morphisms the natural transformations between them, by [C, D].

Two morphisms f, g are said to be composable if and only if go f exists (that is, dom(g) =

cod(f)).

2.1 Some sheaf theory

Let X be a topological space. We can form the category Op(X), whose objects are the
open subsets of X, and the morphisms are the inclusions; in other words, it is the poset of

open subsets.

Definition 2.1. Let C be a category. The category of C-presheaves or C-valued presheaves
over X is the functor category PSh¢(X) = [Op(X)°P,C]. Unless there is any ambiguity, we
omit the category C.

Let F be a presheaf. We say F is a sheaf if, for all open subsets U and all open covers

{Ui}ier of U, then the functor F| 7 has a limit and

lim Fls = F(U)
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6 2.1. SOME SHEAF THEORY

where 7 is the full subcategory of Op(X)°P consisting of the objects U; and U; N U; for each
i,7 € 1.
The full subcategory of PSh(X) whose objects are sheaves is denoted by Sh(X), with

subscript C in case of ambiguity.

This general definition may be daunting, but when C has products, it is equivalent to
saying that
FU) = [[Fw) = [ Fwinyy)

il ijel

is an equalizer. The morphisms are the ones induced by the inclusions
UnU; CU,CU

for k € {3, j}.

Concretely, a set-valued sheaf is a presheaf such that for every open set U, every open
cover {U;}icr of U and every family {f;}ic; such that f; € 7(U;) and filv,nu; = filu,nu, for
all i, j € I, there exists a unique f € F(U) such that f|y, = fi. An easy way to see this is to

consider an arbitrary commutative diagram

«— [[FU) = [ Fuinyy)

el 1,7€1
and then use the equalizer property.

For nice enough categories C, there exists a functor PSh¢(X) — Sh¢(X) left adjoint to
the inclusion functor, a process called sheafification. For F a C-presheaf, we may also call
its sheafification 75" the sheaf associated to F. In particular, Set, Ab, CRing all have this
property. For more details, one can check [10].

Another helpful observation, if C has (co)limits of shape 7, then Sh(C') also has pointwise
(co)limits of shape 7. In particular, products of sheaves are sheaves. It is easy to see this

using the equalizer diagram above.

Definition 2.2. Let X, Y be topological spaces, f: X — Y continuous. If F is a sheaf on X,

we define a presheaf f,F onY as
Vi F(F7HV))

which can easily verified to be a sheaf. This is the direct image sheaf on Y.
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Let X be a topological space, Ox be a ring-valued sheaf, or sheaf of rings, over X.
We call the pair (X,Ox) a ringed space. If (Y,Oy) is another ringed space, a ringed
space morphism (X,0x) — (Y, Oy) is a pair (f, f7) where f: X — Y is continuous and

f*: Oy — f.Ox is a sheaf morphism.

Definition 2.3. Let (X, Ox) be a ringed space, and F be a sheaf of abelian groups over X.
We say F = (F,u) is a Ox-module if u: Ox x F — F is a morphism such that for each U
open, uy: Ox(U)xF(U) — F(U) is a morphism making (F(U), uy) into an Ox (U)-module.

Definition 2.4. Let 7 be an Ox-module. We say F is locally free if there exists an open

covering {U; }ier of X such that F|y, is a free Ox|y,-module for each i € I.

The above definition is useful, since for a scheme X, we have a bijective correspondence
between vector bundles and locally free sheaves of finite rank, check [8] for more details.
There is a problem, however; the category of locally free sheaves is not abelian, but one
may consider the category of coherent Ox-modules, which we will not define here. Check
[10, p. 206] for the general definition, where 7 is the full subcategory of free Ox-modules
of finite rank, or [8] for the case when X is a scheme. It is (as seen in the aforementioned
references) an abelian category, contains all locally free sheaves of finite rank, and has
enough “finiteness” conditions to be easy to work with, particularly sheaf cohomology.

Let £ be a vector bundle over a complex scheme X, and £ be the locally free sheaf
corresponding to E. We can recover the fiber of E at a point x € X from £ using the

following:

E(r) =&, QOx » Cyp = Ex/mu&s

where C, is the skyscraper sheaf with value C in open neighbourhoods of x, and m, is the
unique maximal ideal of Ox .. This can be verified locally or check [15].
Commonly, one may study sheaves with some extra structure. One particular case is

that of Higgs sheaves, on a smooth complex projective curve X.

Definition 2.5. Let X be a smooth complex projective curve, and write K x for the canonical
line bundle, as a locally free sheaf. A Higgs sheaf is a pair (£, ¢) where £ is a coherent
sheaf and ¢: £ — £ ® Kx is a morphism.

One may also define morphisms between Higgs sheaves which preserve its structure,

and call it the category of Higgs sheaves.
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Higgs bundles correspond to Higgs sheaves (€, ¢) where £ is locally free, that is, a vector

bundle. Check [3] for more details about this subject.

2.2 Quick introduction to representations over a category

Let C, D be categories. A representation of C in D, or a D-representation of C is nothing
more than a functor F': C — D. Although deceivingly simple and redundant as it may appeatr,

in certain contexts it gives the correct mindset for a problem.

Example 2.6. Let G be a group, regarded as a one object category whose morphisms are
isomophisms, and consider the category C-Vecty of finite dimensional vector spaces over
C. Alinear representation of G may be regarded as a functor p: G — C-Vectyy; to see why,

the single object x € G selects a vector space V = p,, and we have a function
P 1 HOM(x, %) — Hom(V, V)

given by p. Hom(x, x) with the composition operation is (isomorphic to) the group G, and this
function factors uniquely through the inclusion Aut(V') € Hom(V, V). This unique function
is a standard representation G — Aut(V/); functoriality guarantees that p; = id and pg, =

pg © pn, SO We have a group morphism.

For a richer supply of examples, but mostly for how important it is, we introduce the

following notion:

Definition 2.7. A quiver or digraph is a quadruple Q@ = (V, A, s,t) such that s,¢: A — V.
We say that

e V is a set of vertices or objects;
e Ais a set of arrows;

e st are functions which specify the source and target, respectively, of an arrow.

We can associate to each quiver @Q = (V, A, s,t) a category FQ, the free category gen-
erated by ). As one can describe the free monoid generated by a set, the construction of
FQ follows a similar train of thought: Let M A be the free monoid generated by the set A.

The category FQ is defined as follows:

e Ob(FQ) =V is the set of objects;
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o Mor(FQ) =V U{ai...ap € MA | s(ar) = t(ags1) for k < n} is the set of morphisms;
e dom(a; ...ay) = s(a,), dom(i) = i;

e cod(ay ...ap) = t(ay), cod(i) = i;

e id is the inclusion Ob(FQ) C Mor(FQ).

We also say two morphisms f, g are composable if dom(g) = cod(f), and define their
composition to be go f, given by concatenation. By virtue of the composable condition, go f
is also a morphism. One can easily check that this data satisfies the conditions for being a
category. For an appropriate notion of morphism between quivers, it can be shown that given
such a morphism ¢, there is a corresponding functor F¢. The data of this correspondence
can be packed into a functor F: Quiv — Cat, left adjoint to the forgetful functor (see [11, p.
49-50]).

Representations of the form F@Q — C for a quiver Q and a category C are what we call
quiver representations. For each diagram one can draw down there is a list of examples.

We will exhibit a few examples after defining the composition algebra next.

In the case that 7 is a tensor category (that is, an abelian category which is also sym-
metric monoidal, whose tensor product is additive in both arguments (see [5] for details on
these objects, but note that our definition of tensor category conflicts with theirs)), we have
a way to “algebrize” a category of representations. Before we jump into that, we have to

introduce a few notions:

Definition 2.8. Let M = (M, ®,I) be a monoidal category. A monoid in M is a triple
(M, p,€), where M € M, p: M @ M — M and e: I — M. This data is subject to the

following condition: the diagrams

(Mo M)e M —2—s Mo (M M) M®M
Jpe [ AN
MeoM Lo M+ MoM ToM — M - Ml

must commute, where a: (—® —)® — = —® (—® —) is the associatorand \x: I® X — X,
px: X ®I — X are the left and right unitors, respectively. These diagrams are, respectively,

the associativity and identity diagrams.

Furthermore, if M is symmetrical, a commutative monoid is a monoid that also makes
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the following diagram commute

MoM — s MoM

N

where v4 p: A® B — B ® A is the braiding.
For two monoids (M, i1, €) and (N, n, '), a monoid morphism is a morphism f: M — N

making the following diagrams commute:

MoM™® NeN

I
| I /X
M—L N M—LN

The monoids with the morphisms above give rise to the category Mon, of monoid objects
in M with monoid morphisms. The commutative monoid objects of a symmetrical monoidal

category form CMon , with the same morphisms. For more details, check [4].
Example 2.9. We list a few examples:

e In (Set, x, x), the category of monoid objects is just the category of monoids with
monoid morphisms;

e Foraring R, in (R-Mod, ®, R) the category of monoid objects is the category R-Alg
of R-algebras, with R-algebra morphisms. In the case R = Z we get the category of
noncommutative rings. We get similar results if we consider the category of commuta-
tive monoids.

e The category Z-Mod is symmetric monoidal, and its category of commutative monoids
is the category of rings.

e For a category C, a monoid object in the monoidal category (|C, (], o,id¢) is a monad.

e Let M be a monoidal category, C be any category. Then the functor category [C, M] is
also (pointwise) monoidal. lts category of monoids is equivalent to the functor category
[C,Mon ], and likewise for commutative monoids if M is symmetrical.

e A consequence of two of the above examples: If M = Shpp(X) is the category of
abelian group valued sheaves over X, then CMon,, is the category of ring valued

sheaves.

Definition 2.10. Let M be a monoidal category, and let R = (R, i1, ¢) be a monoid in M. A

left module over R or left R-module is a tuple M = (M, n) where M € M and a morphism



CHAPTER 2. PRELIMINARIES 11

n: R® M — M. This morphism makes the following diagrams commute:

(ROER)QM —*— R®(R® M) R M
e®1
l#@l i1®n / ln
RoM 13 M < ReoM TeM — M

For two R-modules M = (M,n) and M’ = (M’,n'), a R-module morphism is a morphism

f: M — M’ making the following diagram commute:

RoM -2 Re M

bl

M—T

This forms a category of R-Mod , of R-module objects in M with R-module morphisms.
Example 2.11. We give two common examples:

e Since a ring R is a commutative monoid object in Ab, the category R-Mod is the
category of R-module objects.
e Let Ox be a sheaf of rings over X. Then Ox-Mod is the category of Ox-module

objects.

Theorem 2.12. Let C be a small category with a finite set of objects, and let 7 = (7, ®, I)

be a tensor category with coproducts, whose tensor product preserves them. Then we have
[C,T] = A-Mod

for A = (A, u,€) an appropriate monoid in 7. This is what we call the category or convo-
lution monoid of C over 7. In the case 7 = R-Mod, replace “monoid” by “R-algebra”, and

write A = RC in this case.

This result is a slight generalization of the equivalence of categories
[C, R-Mod] = RC-Mod,

and has essentially the same proof, where RC is the free R-module generated by the mor-

phisms in C, and the product is induced by composition in C.

PRrRoOOF. We will imitate the idea for the case 7 = R-Mod as closely as we can. The first

step is to define the monoid:

A= P 1y

feMorC
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and write 1y: I — A for the inclusions. If f = id. for some object c € C, write +. instead.
Define u: A® A — A to be the unique morphism making the following diagram commute
for all morphisms f, g:
ol 2% Aea

|
ll‘g,f 1

" o4

where we let 11, ; be the isomorphism I®1 = I (the left/right unitor) for all f, g, and ny s = tgof
if f,g are composable, zero otherwise.

Since C has a finite number of objects, let

GZZLC:I%A

ceC
One can easily check that (A, i, €) is @ monoid, just verify the associativity diagram com-
mutes for the maps , ¢, and the result follows by the use of universal properties. The
commutativity of the identity diagram follows by a similar idea.

Let 7,G: C — T be functors. Define

M:@fc

ceC
with inclusions i.: F¢ — M and let n: A ® M — M be the unique morphism making the
following diagram commute

Lf®ic
IQFc —— AR M

[r7e
Fd—" , y
where n¢.q = Ffo\if f: ¢ — d and the zero morphism otherwise. Checking that (A, n) is
an A-module is not unlike showing A is a monoid. We can also define the A-module (M’ )
given by G.
For a natural transformation ¢: 7 — G, we define ¢*: M — M’ to be the unique mor-

phism such that the following diagram

chM

|#a e
Gd —*s M’

commutes, where ¢, = ¢ if ¢ = d and the zero morphism otherwise. Verifying ¢* is a

module morphism is similar to showing that (M, n) is a module: we check the commutativity
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of the diagrams at the “generators” (I, Fe, Ge), then using universal properties to extend to
M.

The above construction should make it clear to what are the steps to reverse it; let M be
an A-module. If A were an R-algebra, we would decompose M into modules e. M, where
{ec}ccc is a complete set of idempotents of M. We can also do this is general, by considering

the of the following chain of morphisms:
M2 S TeM < AoM 2 M

We suggestively write e.M for the (co)image of the above triple composite. It is not dificult

to show that

M’E@ecM

ceC

which suggests defining Fc = e.M for each c € C, just like it is done in the case C = R-Mod.

Similarly, for each morphism f, and objects c, d, define 7 . 4 to be the composite

ToFe ™ Ao M D M5 Fa.

Showing 7.4 behaves as we expect amounts to checking that the “restriction” of the action
nby f: ¢ — d to Fe, at Fd, is 0 unless ¢ = ¢ and d = d’, in which case we define
Ff = ngeao At This is an immediate calculation, just like in C = R-Mod. It is also
straightforward to check that F is a functor, and that 7., as defined also makes
commute.

Finally, let ¢: (M,n) — (M',n’) be a module morphism. Let F, G be the functors associ-
ated to (M, n) and (M', 7)), respectively. As we did to define Ff for f: ¢ — d, we consider

7:c ¢ /ﬂ-&
Fe—=> M — M —= gd

and let ¢ , be this composite, which is zero possibly except when ¢ = d, and we recover a

natural transformation ¢*: 7 — G with ¢} = ¢ O

c,c*

Some comments: we can drop the requirement that C is finite, losing the unit in the
process, so we get “semigroup” objects instead. In the particular case 7 = R-Mod, we get
R-algebras without unit.

There is a “dual” construction, appropriate for locally finite posets, which recovers the

incidence algebra. In this case, we must also require that each morphism f in C has a finite
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number of factorizations. We will not go through the details, but in the case C finite, this
construction and the dual one are the same, check [17] for more details.
In the case C = FQ for a quiver Q, T = R-Mod, we say A is the path R-algebra of the

representation.

Example 2.13. Let 7: C — T be a representation satisfying the hypothesis of the previous

result, let A be the composition monoid constructed above.

e If C = Gisagroup, 7 = C-Mod, we have A = C|G]. In fact, we can replace C by any
ring R.

e If C = P is a finite poset, 7 = R-Mod, then due to a remark above, A is commonly

known as the incidence algebra. Usually, we have R = Z.

e Let Q be the quiver
° D x

and 7 = R-Mod. Then A = R|x] is the ring of polynomials with coefficients in R.

e Let Q be the quiver

and 7 = R-Mod. Then A = R{x1,x9,...,x,) is the free R-algebra on {z1,z2,...,z,},

or the ring of polynomials in n noncommuting variables with coefficients in R.

2.3 Grothendieck categories

Definition 2.14. Let 7 be a category. If

e 7 is nonempty,

e for each pair i, 5 € J of objects, there exists an object k € 7 with arrows f: i — k and
g:J—k,

e and for each pair of parallel arrows f, g: i — j there exists an object k£ with an arrow
h:j — ksuchthat hf = hg,

then we say that 7 is a filtered category, and a colimit of a functor 7: 7 — C for some

category C is called a filtered colimit.
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Definition 2.15. Let C be an abelian category.

e We say C has exact filtered colimits if for all filtered categories 7 and functors F, G: J —
C such thatforeach j € J
0— Fj — Gj

is exact, then

0 — colim FF — colim G

is also exact, whenever both colimits exist.

e We say g € C is a generator if, given f: ¢ — d we have f¢ = 0 for all ¢: g — ¢, then

f=0.

e We say C is a Grothendieck category if it has all coproducts, exact filtered colimits

and has a generator.

Note that in the definition of exact filtered colimits, we only required left exactness, since

all colimits are necessarily right exact (they are left adjoints).
Example 2.16. Many important categories are Grothendieck:

e R-Mod for each ring R, and in particular, Ab;

e Ox-Mod for each ringed space (X, Ox);

e Lex(C°, Ab), category of left-exact functors with natural transformations, for each
abelian category C. We have a fully faithful and exact embedding of C into the above

category, not unlike Yoneda’s embedding ([6]).
Lemma 2.17. If a direct summand is a generator, then the direct sum is a generator.

PROOF. Let {G\}rex be a collection of objects in C, and suppose that there exists i € K
such that G; is a generator. Let f: X — Y be a map such that for all g: &, G, = X we
have fg = 0. Let ¢;: G; — X be any morphism, and for k # i, let ¢.: G, — X be the
zero morphism; then there exists a unique morphism ¢: @, G, — X factoring ¢, through
the inclusions. In particular, ¢.; = ¢;, so f¢; = 0. This implies f = 0, hence the sum is a

generator. O

Let C be a Grothendieck category. C has several nice properties which make it very

interesting to study. Among those:
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C has an injective cogenerator, and in particular, enough injectives;

C has all limits;

C is a full subcategory of R-Mod, where R = Hom(G, G), for G a generator of C;

If a functor F': C — D preserves (co)limits, then it is a (left) right adjoint;

If a functor F: C°° — Set preserves limits, then it is representable, that is, F

Hom(—, C) for some C € C.

Check [10] for more details on Grothendieck categories.

~



Chapter 3

Representations of diagrams

For a category Z, a diagram over Z is a functor ®: Z — Cat. Given a morphism a in Z, we

will normally write o* or a, for ®,, depending on context.

3.1 Getting our feet wet

Definition 3.1. Let 7 be a category, let ® be a diagram over Z, and, for each arrow p: i — j,
write p. = ®, whenever confusion won't arise. We define the category Rep, () as follows.

An object X is determined by the following data:

e For each objecti € 7, an object X; € &;;

e Foreacharrow p: i — jinZ, an arrow X,: p, X; = X;
This data is subject to the following condition: for p, ¢ composable morphisms, we have
Xgop = Xgq 0 q:Xp (3.1)
This condition is motivated by requiring the following diagram to be commutative:
¢+ Xp Xq
P Xj —— Q*Xj — X

(qop)*Xi Xk

qup

17
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A morphism f: X — Y is, foreachi € Z, an arrow f;: X; — Y;, and we require these arrows

to be such that the following diagram

XP
P Xy —— Xj
lp*fi J/Xj
YP
pY; —— Y
is commutative.

The goal is to take a (nonabelian) category of interest in which we would like to do ho-

mological algebra, and embed it in a full subcategory of Rep, () for an adequate diagram &.

We consider a whole class of simple examples. Let ®: Z — Cat be a diagram such that
o, =Cforalli € Z and p, = id¢ for all p: i — j; the constant diagram to C. Then Rep, (®) is
equivalent to the functor category [Z, C], which is just the category of Z-representations over
C, as defined in the previous chapter.

We can quickly check this: for each ¢« € Z, we have an object X; € C, and for each

p: i — j, amorphism X,: X; — X,. These morphisms satisfy
Xgop = Xgop Xy, = X,0X,

for each pair of composable morphisms p,q, hence X: Z — C is a functor. A morphism
f: X — Y in Rep,(®) satisfies

X, 2,

lfi lfj

i — Y,
which is just a natural transformation, and all natural transformations give morphisms in
Rep.(®).
Example 3.2. Linear representations of a group, R-module representations of a poset and

quiver representations are all special cases of the above, from the previous chapter.

Example 3.3. We have another class of examples; suppose that 7 is a discrete category, a
category with no non-identity arrows. Then Rep, (®) = [[,.; ®:.

To quickly check this, we have for each i € Z an object ®;, and for each morphism
p: 1 — i, necessarily an identity, we have a morphism X,,: X; — X;, an identity as well.

For X,Y € Rep,(®), a morphism is just a map f;: X; — Y; for each i € Z, so the
condition is automatically satisfied.
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Now we consider nontrivial examples: let M be a monoidal category, and consider a

family {M,}, of objects in M indexed by the morphisms of 7 satisfying
Mqu - Mq & Mp

We define the diagram @ to be constant on objects, equal to M, and for each arrow p: i — 7,
we define p, = M, ® —. We recover the categories of twisted representations, as defined in
[7], letting M = R-Mod for a ring R or M = Ox-Mod for a sheaf of rings O over a space X.
Furthermore, we observe that if Z = FQ for a quiver @, the family {1, }, is determined by

the objects on the arrows of (). We give a particular case:

Example 3.4. Higgs sheaves over a curve can be described in the following way: Let X be
a complex projective curve, let Kx be the canonical line bundle as a locally free O x-module.

We define @ to be the quiver

° D a
and define ® to be a diagram over FQ such that &, = Coh X and a, = — ® Kx. An object
in Rep,. (®)°P is then an object £ € Coh X and a morphism ¢: E — E ® Kx. Later we will

be allowed to conclude that this category is abelian, because Coh X is abelian and a. is left

exact.

Example 3.5. A final and more involved example which we will study more in-depth in the
next chapter: quasiparabolic bundles. Given a smooth complex projective curve X, with
reduced divisor D = p; + ... + p,, @ quasiparabolic sheaf (£, E,) on X over D is given by

the following data:

e A coherent Ox-module &;

e For each point p € D, a positive integer m,, and a filtration
EpRCy=Ep02Ep12...2 Ep,mp = Ep,mpﬂ =0
We say m,, is the length of the parabolic structure at p.

We get a quasiparabolic bundle when we have £ locally free. Given quasiparabolic bundles
(€,E.),(F, Fy), amorphism ¢: E — F is defined only when the filtrations are of the same
length at every point p € D, and such a morphism satisfies ¢(£, ;) C F,; for all p, j. This

can be restated by saying that the morphism must preserve filtrations.
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Write QPar,,, (X, D) for this category of quasiparabolic sheaves of length m. Suppose for
simplicity that D = p. We proceed to show how to embed this category in Rep,(®) for an
appropriate ®: let @) be the quiver

a

0O—>1—...—5m

and define &, = Coh(X), ®;, = Vect® for k£ > 0, a. to be the functor opposite to Hom(—, C,,),
and b, = id for arrows b # a. This gives us a diagram ®: F(Q — Cat, and the correspond-
ing category Rep, (®). Concretely, this is the category with objects a coherent sheaf £ and

vector spaces Vi, ..., V,,, with a chain of linear maps
Hom(E,C,) = (&) Vi ...« V),

Note that the direction of the linear maps is the opposite of the quiver's arrows; this is
because the “original” morphisms live in Vect®®.

Let £ be a quasiparabolic sheaf of length m. Then we have a filtration
EFyD...0FE,11=0

where Ey = &,. So foreachi > 0, let V; = (Ey/Epn+1-:)*. We justify this in a series of steps:
We started with

Ey+ ...+ FEn
where the maps are inclusions, so by defining E* = Ey/E}, we get
EY « ..« E™ 2 K
where the morphisms are the projections induced by the inclusions above. Next, we dualize:
(B%)" oo (B™)" 2 (Bo)”
note that this diagram is in Vect®®. Finally, reversing the indices (V;, = (E™+1=%)*) we get
Vinte1 = Vi — ... = Vo = (Ep)" =2 Hom(&,C,)

which is a chain of linear maps, as above (that is, a diagram in Vect). Removing V,,,+1 = 0,
we have a chain of length m.
The morphisms (€, V,) — (F,W,) in Rep,(®) are precisely those which make the rect-

angles




CHAPTER 3. REPRESENTATIONS OF DIAGRAMS 21

commute. If the objects are (the image of) a parabolic sheaf, all parabolic sheaf morphisms
arise in this way, by preservation of filtrations. This exhibits the parabolic sheaves as a full

subcategory of Rep, (), which is abelian.

For general D = p; + ... + pi, We can use the following quiver

1 2 ma
i
0 ——:
Y

that is, a tree rooted at 0 with k£ branches, each with the length of its filtration, and ¢, the

opposite functor of Hom(—, C,, ).

What is not clear right now is why we had to go to such length to define ® as we did,
which made the embedding difficult to construct and understand. The reason is simple:
We require a, to be right-exact, so thaat we can guarantee that Rep, (®) is abelian. In what
follows, we will explore what conditions we need on a diagram ® to get more good properties

on Rep,(®).

3.2 Grothendieck construction and the dual version

Let ® be a diagram over Z, and consider the large category Cat, ¢« of colax-pointed cate-

gories:

e Objects are given by pairs (C, ¢) where C is a non-empty category and c is an object of
C;

e Morphisms are given by pairs (F, f): (C,c) — (D, d) where F': C — D is a functor and
f:d— Fcis a morphism.

e For (F, f), (G, g) composable arrows, composition is given by

(G g)o(F,f) =(GoF,Gfog)
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Write U : Cat, ox — Cat for the forgetful functor. The Grothendieck construction for ¢ is

the pullback IT: [ ® — Z of U along @, given by the following pullback diagram:

f(I) — cat*7c|x

oo

T —2 Cat

In other words, | ® has objects (i, c) where i € Z and ¢ € ®; and morphisms

(p, f): (i,¢) = (4,d)

where p: i — j and f: d — p*c, where p* = ®,,. So, the Grothendieck construction IT of ¢ is

the functor projecting to the first coordinate.

Example 3.6. Suppose 7 is a set (discrete category) and & be a diagram over Z. Then
f P = Ziel P;.
Note that the category > _,.; ®; whose objects are pairs (i, c) for ¢ € ®;, with morphisms

given by (i, f): (i,¢) — (i,d) where f: c — din ®;.

Example 3.7. Let Sh: Top — Cat be the functor sending each topological space to its
category of sheaves of rings Sh(X) and each continuous map f: X — Y to the direct

image functor f,: Sh(X) — Sh(Y"). The category [ Sh in the pullback

fSh E— Cat*ydx

| |

Top _Sh . cat

is the category of ringed spaces, with ringed space morphisms between them: The objects
are pairs (X,Oyx) for X topological space and Ox a sheaf of rings over X, and a mor-
phism (f, f#): (X,0x) — (Y,Oy) is a continuous map f: X — Y and a sheaf morphism
f#: Oy = £.Ox.

Dually, we can get another construction by replacing Cat, cx by Cat, x, the category
of lax-pointed categories, with the same objects and similar morphisms; for a morphism
(F,f): (C,e) — (D,d) we require f: Fc — d instead, and (G,g) o (F,f) = (Go F,go
Gf) for (F, f), (G, g) composable arrows. The following definition and result will clarify the

relationship between both constructions.
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Definition 3.8. For a diagram ® over Z, we define the opposite diagram ®°°: 7 — Cat such
that ®;* is the opposite category of ®; and @;°: ®° — &2° the opposite functor for p: i — j
inZ.

Proposition 3.9. Let ® be a diagram over Z, and consider the pullbacks

f(I) — Cat*’|x fq)op E— Cat*,clx
[ | [ |
7 2% cat 7 —*" . cat

Then [ ® and [ ®°P are isomorphic categories.

PROOF. We only need to find functors [ ® — Cat, ¢x and [ ®°° — Cat, . The universal
properties of the pullbacks guarantee there are unique morphisms from one category to the
other, implying we have an isomorphism.

First, for p: i — j in Z, write p, = ®,, p* = ®,°, and for f: ¢ — d in some category C,
write f°P: d — ¢ for the same morphism in C°°. Note that pf = p*.

Let G: | @ — Cat, ¢ be such that

G(i,c) = (®°,c) and G(p, f) = (p*, f*P)

7

To check this is well defined, note that if f: p.c — d is a morphism in ®;, then f°P: d — p*c

is a morphism in 2. We can define the other functor in almost exactly the same way. [

In this next proposition, we will show how to use the Grothendieck construction for a

diagram @ to give an easier definition of Rep, (®):

Proposition 3.10. Let ® be a diagram over Z, consider its Grothendieck construction II
with lax-pointed categories. The category Rep,(®) is equivalent to the full subcategory of

sections of II of the functor category [Z, [ ®].

PROOF. Let X: Z — [ ® be a section of II. For p: i — j in Z, we can write, if we abuse
notation, X; = (¢, X;) and X, = (p, X,,), it becomes clear that X is a representation, since
X; € ®; and X,,: p.X; — Xj, and the condition (3.1] is satisfied. That any representation
gives a section of IT is immediate as well.

What remains is to check that the morphisms correspond to natural transformations. For

X, Y sections, consider a natural transformation f: X — Y between them. Fori € Z, we
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may (continue to abuse notation and) write f; = (id;, f;). For a morphism p: i — j, we have

the following commutative diagram:
XP
X; —% X;
lfz‘ fi
5 |
Vi)
Here, the abuse of notation becomes deceiving, because of the composition of morphisms:
remember that Y, o fi = Y, o p.fi (on the LHS, abuse of notation, on the RHS, actual

composition) and X, : p..X; — X;. So diagram above translates to

Xp
peXi — X
lp*fi lfj
YP
pYi —— Y]
which is just the diagram expressing the representation morphism condition. Equivalently, it

is clear that a representation morphism gives a natural transformation between sections. [

Example 3.11. For & a diagram over a discrete category, as in Example we verify
Rep.(®) = [];c; ®:; a way to define [], ®; in terms of >, ®; is exactly the category of

functors 7 — ). ®; which are sections of the “projection” > . ®; — 7.

Next, we consider the dual concept: given such a diagram &, we can define the category
Rep*(®):

Definition 3.12. For a category Z, let ®: Z — Cat be a diagram, and write p* = ®,. The
objects of Rep*(®) are given by data

e For each object i € Z, an object X’ € ®;;

e For each morphism p: i — j in Z, a morphism X?: X7 — p*X*
This data is subject to the following condition: for p, ¢ composable morphisms, we have
X9P = p* X9 0 XP

A morphism f: X — Y is determined by the following data: for each i € Z, an arrow
ft: X' = Y and for each morphism p: i — j, the diagram

Xt A prxd

bl
yi X2, gryi

commutes.
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Much like Rep,(®), one can quickly check that Rep*(®) is equivalent to the category
of sections of II, where II is the Grothendieck construction for ® using the colax-pointed

categories.
Proposition 3.13. Let ® be a diagram. We have
Rep*(2°P) = Rep, (©)°°

PROOF. Consider the pullbacks

f(I) — Cat*7|x f‘I)OD E— Cat*,clx
s [
7 —2%  cat 7 % ., cat

We have seen, in Proposition 3.8, that [ ® and [ ®°P are isomorphic, hence the categories
[I, [ ®] and [I, [ ®°P] are isomorphic; if X is a section of IL,, write X °P for the corresponding
section of IT*, and the same backwards.
Let f: X — Y be a natural transformation between sections of II.. We have, for a
morphism p: i — j
P+ X BRI X
lp*ﬁ lf;‘
pY; —2 ;.
So define foP: YoP — XO°P such that (f°P)! = (f;)°°. We get a diagram similar to the
one above, but with the arrows flipped and indices raised, so f°P: Y°°P — X°P is a natural
transformation. The reverse direction is equivalent, and hence the categories Rep™*(®)°P

and Rep, (®°P) are isomorphic. O

For every result we prove about Rep, (®), there is a corresponding result for Rep*(®),
and this result allows us to take the liberty to prove just one of the cases, since the dual one

will implicitly follow.

Definition 3.14. Let ®, ¥ be diagrams over Z and Z°P respectively. We say ®, ¥ are a pair
of adjoint diagrams if for all i € Z we have ®; = ¥, and for each p: ¢ — j inZ, p, = ¢, and

p* = ¥, are a pair of adjoint functors.

Proposition 3.15. Let ®, U be a pair of adjoint diagrams. Then

Rep, (¥) = Rep (V)
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PROOF. For p: i — j, let ¢*: Homg, (p«(—), —) — Homy, (—,p*(—)) be the adjunction’s
natural isomorphism.
Define a functor 7: Rep,(®) — Rep*(¥) as follows: for f: X — Y a morphism in

Rep,.(®) and p: i — j a morphism in Z we have

o FOXP = ey (%) Xi = X,
o F(f) = fi

So F(X) is an object in Rep, (®), and we must check that 7 ( f) is a morphism. This amounts

to proving that the following rectangle

. hx, . * XP .
X P Xt L pr X

lp*fi lp*p*fi lp*fj
h

Yi i p*p*Y'L’ prY? p*Yj
is a commutative diagram, where hy = %p*z(id). By applying p* to the diagram expressing
that f is a representation morphism shows that the right square commutes, and since ¢? is
a natural transformation, the left square commutes.
In a similar fashion, one can define a functor G: Rep*(¥) — Rep,(®) such that for a

morphism f: X — Y in Rep*(¥) and a morphism p: i — j we have

e G(X); = X5
o G(X), = (¢ ) (XP);
e Gfi=f"

That F, G are actually functors can be checked easily.
It is clear, by inspection, that GF and FG are exactly the identities of Rep,(®) and

Rep*(V), respectively. Hence the categories are isomorphic. O

3.3 Properties of Rep,(®) and Rep*(d)

This section is devoted to listing the several properties of Rep,(®) under some suitable

conditions on ®. First we define some abbreviations:

Definition 3.16. Let ® be a diagram over Z. We say that
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e & is a finite diagram if Z has finitely many objects.
e & is a quiver diagram if Z is generated by a quiver @), and is a finite quiver diagram if
Q is finite.

® is an abelian diagram if for all i € Z, ®; is an abelian category, and for all morphisms

p, ®, is additive;

¢ has (co)products if for all i € Z, ®; has coproducts and for each morphism p, @,

preserves them;

P is a (left, right) exact diagram if @ is abelian and for each morphism p, ®, is (left,

right) exact;

® has exact filtered colimits/cofiltered limits if ¢ is abelian, has coproducts/products

and for each i € Z, ®; has exact filtered colimits/cofiltered limits;

® has (injective, projective) (co)generators if for each i € Z, &, has (injective, pro-
jective) (co)generators;

e ®is a (co-)Grothendieck diagram if ® has exact filtered colimits (cofiltered limits) and
(co)generators;

e ® has enough injectives/projectives if for each i € Z, ®; has enough injectives/projectives.
This will come in handy when stating hypothesis for the next few results.

Definition 3.17. Let ® be a diagram over Z. For each i € Z, define a functor p;: Rep,(®) —
®; such that p;(X) = X; and p;(f) = f; for all f: X — Y. Equivalently, we can define

functors p’: Rep*(®) — @, for each i € 7.

The next result is trivial in the sense that, for each i € Z, we can embed @, into Rep, (),

but will come in handy.

Proposition 3.18. Let ® be a diagram. p; has a right adjoint; dually, p’ has a left adjoint.

These adjoints are fully faithful.
PRoOOF. Define ;: ®; — Rep, (®) to be such that, for each M € ®;:

o 7(M)y: put(M); — 7(M)y is the zero morphism for a # id, and the identity if p = id.

Given f: M — N in ®;, we define 7(f); = 0 for i # j, and 7(f); = f. This trivially satisfies

the conditions for being a representation morphism.
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We define ¢: Hom(X;, M) — Hom(X,7(M)) such that for f: X; — M, define ¢(f); = f
and ¢(f); = 0 otherwise, which is clearly a natural isomorphism. Full faithfulness is the

observation that p;(7;(M)) = M and then applying the adjunction isomorphism. O

Proposition 3.19. Let ® be an abelian, right exact diagram over Z. Then Rep, (®) is abelian.
Furthermore, X — Y — Z is exact in Rep,(®) iff foralli € Z, X; — Y; — Z; is exact. In

particular, p; is an exact functor for each i € 7.

PROOF. Let R = Rep, (®). First, we begin to show that for each pair X, Y € R, Homz (X,Y)

has the structure of an abelian group, by showing it is a subgroup of
[ [ Home, (X;, V7).
iel
The zero morphism 0: X — Y satisfies Y}, o p,0; = 0; o X, for all p: i — j, so it belongs

in Homz (X,Y). For f,¢g: X — Y, we can verify that f — g is in Homz (X, Y), since p, is in

particular additive for all p: i — j:

Yaoo*(fi _gi) = Yaop*fi _Y;)Op*gi = inXp—gz'OXp = (fz _gi)oXp

Thus Homy (X, Y) is an abelian group.
For X, X, objects, we define X; & X, such that (X; & X3); = X1, ® Xp,; foreachi € T

and

(X1@X2)p: p«(X1: B Xoi) = X1, B Xoj
to be the unique morphism making the following diagram commute

p*Xl,i — p*Xl,i @p*XQ,i — p*X2,i

for each p: ¢ — j, remarking that p.(X1; ® X2;) = p. X1, ® p. X2, by right exactness. This
implies, in particular, that the inclusions ,: X — X; & X, are representation morphisms,
and likewise for the projections.

For k = 1,2, consider morphisms g,: X — Z. Then for each i € Z, there exist unique
hi: X1, ® Xo; — Z; which factor g, ; through the inclusions ¢y, ;: X, — X1,; ® Xo,. To

check h is a representation morphism, for each k£ we have a maps p. X, — Z;, given by
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9k,j © Xip = Zp © P«gr,i» SINCE g is a representation morphism. Factoring g, we get

hj Olf,j©O Xk,p = h] o (Xl D X2)p O Pxlki

= Zp o pshi o patp;

where the first equality is consequence of ¢, being a representation morphism. The given
maps p. Xy, — Z; factor uniquely through p..; for & = 1,2, implying h; o (X1 ® X»), =
Zy o p«h;. This is enough to show that X @ Y is a biproduct.

Next, consider a morphism f: X — Y. Then for each i € I let k;: K; — X, and

¢i: Y; — C;. be the kernel and cokernel of f;, respectively. Given p: i — j, we have the

diagram
Pk P« fi PxCi
Ky —— p Xy —— Y —— p*Ci
i Kp J/Xp \LYP i CP
v k; i ¢j M
K; X; Y; Cj

where K, C, are the unique morphisms making the diagram commute by the universal prop-
erty of kernel and cokernel, respectively: note that right exactness of p, guarantees that p.c;
is the cokernel of p.f;. As a consequence, K,C are representations, and k: K — X,
c:'Y — C are representation morphisms. To check they are the kernel, cokernel respec-
tively, consider maps g: Z — X and h: Y — W such that fg and hf are zero morphisms.

Then for each i € Z, there exist unique g;: Z; — K; and h;: C; — W; such that
kigi=g; and hic; = h;.
so for each a: i — j, we have
kjogjo Zy = Xpopikiop.gi = kjo Kpopig

Waop*ﬁiop*ci:}AzjocjoYp:iAljonop*ci

and since k;, p.c; are a monomorphism and an epimorphism respectively, we conclude that
g and h are representation morphisms. Everything up until now also allows us to observe
that for each i € Z, p; is an exact functor.

Finally, let f: X — Y be a morphism. Now it must be shown that the morphism f

X — coker(ker f) ER ker(coker f) — Y
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is an isomorphism, that is to say, we must have f; an isomorphism for each i € Z. So we

apply p; to the diagram above, getting (the indices go inside because p; is exact)
X; — coker(ker f;) f—> ker(coker f;) — Y;

and because ®; is abelian, we have just verified f; is an isomorphism.
it X Ly % Zisexactin R, then X; L5 v; % 7, for each i € T by exactness of p;.
Conversely, suppose that we have morphisms f: X — Y and g: Y — Z such that for

eachic 7, X; L v, % 7, is exact. Then for eachi € T

pi(Kerg) =Kerg; = Im f; = p;(Im f)

now consider a: i — j. The maps Kerg; — Y; and Im f; — Y; are the same for all i € Z, so

the maps (Ker g),, and (Im f),, coincide. Hence Ker g = Im f, proving exactness in R. O
For convenience, we state the dual result:

Corollary 3.20. Let ¥ be a left exact diagram over Z. Then Rep* () is abelian, moreover

X Y — Zisexactiff X! - Y — Ztis exact.

With stronger conditions on ®, we can extract even more information about Rep, (®).
The main goal is finding conditions that guarantee enough projectives. Before getting to that
point, we have the following result, whose proof is omitted since it uses almost the same

argument as for binary (co)products.

Proposition 3.21. Let ® be a diagram with (co)products. Then Rep,. (®) has all (co)products,

and for each i € Z, p; preserves them.

The next proposition is arguably one of the most important; under good enough condi-

tions, it allows us to transport properties from ® to Rep, (®) more easily. [13].

Proposition 3.22. Let ® be a diagram with coproducts. For each i € Z, define a functor,
o;: ®; — Rep,(®) such thatforeach j €Z,¢q: j - kinZ, M € ®;and f: M — N in ®; we

have

b Ui(M)j = @ ‘P*M;
p:1—)
o 0;(M)g: guoi(M); — 0;(M);, the (inclusion) morphism induced by the inclusions:

¢0i(M); = GB gsps M — @ ro M = o;(M)g

p:i—j r:i—k
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e 0i(f)j= @ p-f-

p:i—g
We have ¢; left adjoint to p;. Moreover, if ® is left exact, and has exact coproducts, then o;

is left exact.

PROOF. Write R = Rep,(®), and ¢,: p.M — o;(M); for the inclusion morphism, with p: i —

j. Foreach X € R, and M € ®,, we want to define isomorphisms
¢m,x : Homg (0;:(M), X) — Home, (M, X;)
Y x : Homg, (M, X;) — Homg (0;(M), X)

Omitting indices, for f: 0;(M) — X we define ¢(f) to be the composite

M @D pM = oy (M) D X,

p:i—i

and for g: M — X; define ¢(g); to be the unique morphism such that
¥(g)jop=Xpopy
forallp: i — j. Soforg: M — X;
P(¥(9)) =¢(g)ictia=g

and since the following diagram commutes for all p: i — j

Pxlid

p*oi(M)i

M
lp
S —
oi(M);

P+«

for f: 0;(M) — X, we get

V(D(f))j 0 tp = Xpopud(f) = Xp o pufi o putia = fj 0 0i(M)i 0 putig = fj o tp

foreach p: i — j, hence we conclude that ¢ (¢(f)); = f;, S0 ¥¢ and ¢y are identities, hence
¢ and 1) are isomorphisms.
Naturality boils down to the fact that ¢;(g)itig,, = tid, 9 for a morphism g: M — N in ®;,

given by definition of o;(g). We have

fiod(h)og= fiohiotlgy og= fiohioai(g)iotd, = ¢(fohoai(g))

forf: X —Y,9: M — Nandh: o;(N) — X.
Left exactness is a simple consequence, all we need to show is preservation of kernels.

Since coproducts and p, are assumed left exact for all p: i — j, this is guaranteed. O
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A quick sidenote: The hypothesis can be slightly weakened, while keeping essentially
the same proof. Let x = max; ;(card Homz(i,j)). We only need ®; to have coproducts of
size < k, and for p, to preserve them. This still allows for ¢; to be well-defined for each i € Z,
and the adjointness follows. Similarly requiring left exactness of products and p, of size < «
is also enough to have o; exact. This can be sharpened even further, if we look at each o;
individually.

We will sometimes use the above fact to our advantage, particularly when Z has finite
hom-sets, and & is an right exact diagram. We may conclude that the adjoints already exist
in this setting, and if we take ® to be exact, we have o; exact. As a more concrete example,
let 7 be generated by an acyclic quiver, and choose ®; to be categories of finite dimensional
vector spaces, with right exact functors between them.

Since this result is so useful, we state the dual result, which can be weakened as we

remarked.

Corollary 3.23. Let ¥ be a diagram with products. For each i € Z, define a functor, o?: ¥; —
Rep*(¥) such that foreach j € Z, M € ¥,
Ui<M)j = H p*M
pri—]
and for ¢: j — k, define
o'(M)?: o' (M) — ¢* o' (M)*
to be the morphism induced by the projections
[I 7M =o' (M) = (gp)"M = ¢"p*M
r:i—k
For f: M — N in ¥, let
o'y =11 «'f

a:i1—j
We have o' right adjoint to p’. Moreover, o' is right exact if ¥ is right exact and has exact

products.
From this set of adjunctions, there is a lot we can say about Rep, (®):

Corollary 3.24. Let ® be a diagram with coproducts, and leti € Z. If M € ®, is projective,

then so is o;(M).
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PROOF. Let R = Rep,(®). We have an isomorphism
Homz (0;(M), X) = Home, (M, X;)

Since the functor Home, (M, p;(—)) is exact, being the composition of two exact functors, we

conclude o;(M) is projective. O

With no conditions of ®, and almost the same proof, if M € ®; is injective, then so is

Corollary 3.25. Let ® be a Grothendieck diagram. Then Rep,. () and Rep*(®) are Grothendieck

categories.
This result follows immediately by the following two lemmas:

Lemma 3.26. Suppose ® has exact filtered colimits. Then filtered colimits in Rep, (®) and

Rep*(®) are exact.
PROOF. Let 7 be a filtered category, and suppose that for X, Y: 7 — Rep,(®) we have
0—X; =Y
exact for each j € 7 Then for all i € I, we have
0= piXj = piY;

exact in ®;. Since this category has exact filtered colimits,

0 — colim p; X — colim p;Y
and since p’ preserves colimits,

0 — p;colim X — p;colimY
is exact for all i € I, hence we conclude

0 — colim X — colimY

is exact, showing that Rep, (®) also has exact filtered colimits. The proof is the same for

Rep*(®). O
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Lemma 3.27. Let ® be a diagram with coproducts and generators. For each i € Z, let

G, € ®; be a generator. Then

are generators in R, = Rep, (®) and R* = Rep*(®), respectively.

PROOF. We begin by fixing f: X — Y in. Suppose that, for all ¢: G — X we have f¢ = 0.

Now fix i € Z, and let ¢g: G; — X; be any morphism. Since
HomR* (O’Z(Gz), X) = Homq% (GZ, XZ),

let g be the corresponding morphism in R,.. We have f§ = 0 by hypothesis, and so f;§; = 0.
Writing .G; — 0;(G;), for the inclusion reveals that f;g;c = fig = 0. Since G; is a generator,
this implies f; = 0. This is true for all i € Z, hence f = 0.

The proof for R* is similar but easier, because p'(7%(G;)) = G;. O

Corollary 3.28. Some applications of this result to “trivial” cases, which are known without

resorting to these methods:

e Let C be a Grothendieck category. Then [Z,C] is a Grothendieck category for any Z.
Proof: [Z,C] is equivalent to Rep, (®) for ® the constant diagram to C. It is a diagram
of Grothendieck categories, and the identity functor preserves colimits.

e Products of Grothendieck categories are Grothendieck. Proof: Let Z be a set/discrete
category, and {®; };cz be a family of Grothendieck categories. We have [[, ®; equiva-

lent to Rep, (®), and identity functors preserve colimits.

Corollary 3.29. Let ® be a diagram with coproducts and projective generators. If P, € ®; is
a projective generator for each i € 7, then
i€T
is a projective generator.
PROOF. Let P, P be as above. Then by the previous lemma, P is a generator. By a previous

corollary, o;(P;) is projective for each i € Z. P is therefore a coproduct of projectives, hence

it must be projective itself. O
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The next few results give us short exact sequences which we will use to prove and make

use of the existence of enough projectives:

Proposition 3.30. Let & be a diagram, either finite or with coproducts. For each X €
Rep.. (), we have an epimorphism
v @O’Z(Xz) — X
i€

where, for each j € Z, ~; is induced by morphisms X,,: p.X; — X for each p: i — j.

PROOF. For each j € Z, the identity X; — X is one of the maps inducing v;, hence it is a

right factor of the identity, implying it is an epimorphism. O

Theorem 3.31. Let ® be a diagram, either finite or with coproducts, and enough projectives.

Then R = Rep, (®) has enough projectives.

PROOF. Let X € R. Then for each i € Z, there exist P; projective and an epimorphism
n;: Py — X;. Since o; is right exact, o;(n;) is an epimorphism, and hence
i: P — P aoi(Xi)
i€
where P is the generator constructed in (3.27). Using the previous proposition, we have
~vij: P — X epimorphism with P projective. O

One can give an explicit expression for the kernel of ~, if ® is given by a finite quiver.
This result, which is one of the central results of this work, relies crucially on the following

lemma:

Lemma 3.32. Let C be an abelian category with coproducts (in particular we have colimits),
{Z,}nen a set of objects and a set of morphisms f,,: Z,, — Z, for n > 0, satisfying ¢, f,, =

frtitn, f2T1 =0, and let foo: Zoo — Zoo their filtered colimit. Then id — f.. is invertible.

PROOF. The trick to this proof is to note that, for a noncommutative ring R and = € R we
have

Q-—2)l4z4+2>4+..)=Q+z+22+..)(1—-2)=1

whenever there is an appropriate notion of “1 + = + 22 + 23 + ...”. For instance, this is
true when z is nilpotent, since the sum is finite. In this case, we have R = Hom(Z,, Z,),

T = fso, and must find another way around the infinite sum.
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Let t<y: Z, — Z be the induced inclusion. Define

n
gn =Y fi: Zn— Zn
7=0

and note that t,g, = gni1tn, since 21 = 0 and i, f, = fari1tn, SO We may write g, for
the colimit of the g,, with the morphisms ,,. calculating directly, we note that (id — f,,)g, =
gn(id — fr,) = id. The maps (id — fo)goo, Ioolid — foo), id: Zoo — Z are induced by
(id — fu)gn, gn(id — f), id: Z, — Z, respectively, and these three are all equal, either
by the above remark or by calculating explicitly. Hence id — f., is an isomorphism, as we

wanted. O

A classical example: let C € C. If Z, = C foralln € N, and f,: C — C is the identity
for n > 0, this is the left-shift operator. The above lemma says that (identity + left-shift) is an

invertible operator.

Theorem 3.33. Let @ be an abelian, finite quiver diagram with coproducts and quiver ). For

each X € Rep, (), the sequence

0= P oula:Xea) > P oi(Xi) B X =0
a€Q1 1€Qo

is exact, where ~; is induced by X,,: p, X; — X for each p: i — j, as defined above, and for

each j € @, 3; is induced by maps
(Id, _Q*Xa) : Q*a*Xsa — Q*a*Xsa @ Q*Xta-

This result has a proof in [13], using embeddings of abelian categories in categories of

modules over a ring. Here, we give an alternative proof, independent of such embeddings.

PROOF. Fix j € Qq. For this proof, it is useful to define, for each k£ > 0

n
Zv= P pXoomp Zn=Zn, Zn=2,0X,,
cod p=j k=1
lp)=k

Zto =P Zn, Zw=17Z, 0 X,
n>0

where [(p) is the length of the path p = p,)...p1. It is not difficult to check that if we
let 1,: Zn — ZnH be the inclusions, then Z. is the filtered colimit of the Z,, with those

inclusions, and likewise for Z/ and Z/, with similar inclusions ¢/,.
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We must check exactness of
Bj Y
0= Zso— Z>0— X; =0

at Z-o and Z>; we already know exactness at X; by (3.30).

We define f/,: Z, — Z, to be 0 for n = 0 and for n > 0, the map induced by
4+ Xa: (qa)«Xsa — ¢« X1q, for each path ¢ of length < n — 1 and each arrow a, such that
a,q are composable. To apply the previous lemma, we need to show that Lnﬁ;m = ;-m_HLn,
and, forn > 0, 6}”?1 = 0. The first relation follows by a look at the definition of ﬁ;n To
prove the second, note that for p: i — j of length & > 0, one can prove by induction that,
at p. Xy, B, is induced by X,, and ;" is induced by zero. Hence 37" is induced by zero
maps at all p. X; with p of length < n, and is therefore zero. The previous lemma guarantees
that id — j; ., is invertible, where j;  is the colimit of 5, with .,,, and we note that 5; can
be equivalently defined to be (id — 5; )¢/, where .': Z, — Z. is the inclusion. This makes
it clear that ; is a monomorphism.

We're left with showing that ker v; = im ;. We will make an attempt to simplify the
problem: since ~; can be seen as a map Z.o ® Zy — Zo, by decomposing the morphism
into maps v;: Z>o — Zp and id: Zo — Zo, the kernel is determined as the pullback of this
pair. Let 7]\/: Zo — Z>p be induced by id: Z-¢ — Z-( and —fy}: Z<o — Zy. This is the
kernel map, and the problem then becomes finding an isomorphism Z., — Z~( such that
Bj =] ¢.

We define, for n > 1, ¢/,: Z}, — Z, to be 7, 0 3, o i, where

in: 2L = 2y Fni Tn— 2

are the inclusion and projection, respectively. The proof that ¢, = 0, and «/,¢;, = ¢;, 11,
resembles the analogous one for 37, since the definitions are nearly equivalent. By letting
¢l be the colimit, the previous lemma says that ¢ = id — ¢/ is invertible.

It is not difficult to confirm that ¢ = 7'3;, so to check that 3; = J\/qb, we only need to

check that mo3; = mov; ¢. We have
T ¢ = =7 0 (id — ¢') = ¢ — 7.
These are maps Z., — Zj, so we're aiming to understand their behaviour at each Z,,, n > 1.

° 73. is induced by X, at p, X; for each p: i — j, for p of length n > 1;
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e ¢ is induced by the zero map at 7, and for paths p of length n > 1 and arrows a with

a, p composable, it is induced by p, X,;

e Combining the two previous ones, ’y}qﬁ is induced by the zero map at Z;, and by X, o

P« Xa = Xpoq fOr p of length > 1 and arrow a with a, p composable.

This means that v;¢ — / is induced by zero maps Z,, — Zo for n > 1, and induced by maps
—X, at Z;. p; is induced by maps (pa)«Xs, — (pa)«Xsq @ p« Xy, for each path p and arrow
a with a, p composable, and the only nonzero ones remaining after projecting to Z, are the

ones given by — X, for each arrow a. This proves 3; = 7}&;5. O

We remark that if we assume that the quiver above is acyclic, then we don’t need arbitrary
coproducts, nor the previous lemma; finite coproducts suffice, and the objects Z,, are zero

for n greater than the maximum length for a path. For reference, we state the dual result:

Proposition 3.34. Let & be an abelian, finite quiver diagram with products and quiver Q.

For each X € Rep*(®), the sequence

0-X 5 Palx) % P oralaXea) =0
1€Qo a€Q

is exact, where for each j € @, ~; is defined to be the map induced by the X? for each

p: 41— jinZ, and 3; is induced by maps
(id, —¢"X*): ¢"a*" X** @ ¢" X** — ¢ a* X

Before we construct the long exact sequences, we will need the following result, given in
[13]:

Lemma 3.35. Let A, B be abelian categories such that either A has enough projectives or
B has enough injectives, and L: A — B, R: B — A be a pair of adjoint functors, with L
exact if we have enough projectives, R exact if we have enough injectives. Then we have

the following isomorphism

Exty(L(-), —) = Extii(—, R(-))
foralln > 0.
PROOF. Let X € A, Y € B. If A has enough projectives, let

P*—=X—=0
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be a projective resolution of X. Since L is exact, we have
L(P*) = L(X)—0

exact. Applying functors Hom(—, R(Y)), Hom(—,Y') to each of the sequences above, we

get
0 — Hom(X, R(Y')) — Hom(P*, R(Y))
0 — Hom(L(X),Y) — Hom(L(P*),Y)
and for each n € N, we have
Exty (X, R(Y)) 2 Hom 4(P", R(Y)) = Homg(L(P"),Y) = Ext}(L(X),Y)

If we have enough injectives in B instead, then we assume R is exact, and the proof is
dual: use an injective resolution of Y and consider functors Hom(L(X), —) and Hom(X, —)

instead. [

Theorem 3.36. Let & be an exact finite quiver diagram with enough projectives, exact co-
products and quiver @, and let R = Rep,(®). Then we have the following long exact se-

quence

0 — Homg (X,Y) — € Home, (X;,Y;) — @5 Homa,, (0. Xea, Yia)

1€Qo a€Q1
— Extx(X,Y) — P Exty, (X3, Y:) - @D Exty, (0. Xea, Via)
1€Qo a€Q

— Exth(X,Y) — ...
foreach XY € R.

PROOF. By the previous theorem, given X € R, we have the following short exact sequence

0— @ Ota(0xXsq) = @ 0i(X;) - X — 0.
a€@Q 1€Q0

ForY € R, the functor Hom(—,Y") is left exact, so we get

0— HomR(X, Y) — Homp (@ UZ‘(XZ'),Y) — Homg (@ Usa(a*Xsa)7Y> .

1€Q0 acQ1

There are isomorphisms

Homz (@ Ui(Xi),Y) = @ Home, (X, Y;)

1€Qo 1€Q0
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HomR @ Uta(a*Xsa);Y = @ Homéi(a*XsmY'ta>
a€Q1 ac@

and together with the fact that o; is an exact functor for each i € @y and R has enough

projectives, we can use the previous lemma, and conclude that the long exact sequence we

get from the right derived functors of Hom(—, Y) is isomorphic to the one above. O

The next result gives the same sequence under different conditions, which allows us to
exploit the adjunction Hom(a.(—),—) = Hom(—, a*(—)) whenever we have a pair of adjoint

diagrams.

Theorem 3.37. Let ®, ¥ be an adjoint pair of exact, finite quiver diagrams, with quivers Q,
Q°P respectively. Suppose that we also have either exact products and enough injectives, or
exact coproducts and enough projectives. Then, for each X, Y € R = Rep,(P) = Rep*(¥),

we have we following long exact sequence

0 — Homg (X,Y) — € Home, (X;,Y;) — @5 Home,, (04 Xea, Yia)

1€Qo a€Q1
— Extp(X,Y) — € Exty, (X, Y:) = @D Ext, (0. Xea, Yia)
i€Qo acQ1

— Ext5(X,Y) — ...

PROOF. Since ®, ¥ is an adjoint pair of diagrams, we have the adjunction Hom(a. X, Yia) =
Hom(X,, a*Yy,) for each arrow a. Then we can apply either the previous theorem or its dual,

and use the adjunction to adjust the sequence if necessary. O

Now, we test out these results on a few examples:

Example 3.38. Let @ be a finite quiver, and ® be a diagram such that ®; = Vect for all
i € Qoand &, = id for all « € Q. Here we have Vect a Grothendieck category with
enough projectives, which has exact coproducts, and the identity functor is clearly exact and
coproduct preserving, so we can apply Theorems 3.33 and 3.36.

Write m; ; = #Homzq (i, ) for each i, j € Q. Fixing V' € Rep,(®) = [FQ, Vect] = R,

we have the following short exact sequence for each j € Qg

0= P Vi - P V" = V; —0.
acQ1 1€Qo
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Fixing W € R, this gives the following exact sequence,

0 — Homg (V, W) — @5 Hom(V;, W;) = €5 Hom(Via, Wia) — Extr(V, W) — 0,
1€Qo acQ1
since every short exact sequence of vector spaces splits, that is, Ext(M, N) = 0 for any
vector spaces M, N.

We take a look at a particular case: let @ be the quiver
0—=1—...>n.

In this case, m; ; < 1 since this is a poset, and the short exact sequence simplifies to

J—1 J
0—>@Vi—>@%—>Vj—>0.
i=0 i=0

Although these simplifications of the short exact sequence are not necessary to determine
the long exact sequence, nor help with simplifying it, we're able to reason about it more

easily, as we will see in the next chapter.

Example 3.39. Let ) be a finite quiver, ®; = R-Mod for a ring R, and let {M,}.cq, be a
family of projective R-modules. Define a,. = M, ®g —. This functor has a right adjoint, which
we will write «* = Hom(M,, —), and this is also exact. R-Mod is a Grothendieck category,
with exact products and a. is an exact, coproduct preserving functor, meaning we are under

the conditions of Theorem 3.35. For N, P € Rep, (®), we have the long exact sequence

0 — Homg(N, P) — €P Homg(N;, P;) — @D Homg(Ma @ Nea, Pra)

1€Qo ac@Qn
— Extx (N, P) - P Exti(N;, P) = @D Extp(Ma ®& Nea, Pia)
1€Qo acQn

— Ext4 (N, P) — ...

which corresponds to Theorem 4.1 in [7] (one can replace R-Mod by Ox-Mod with small

changes).
Example 3.40. Let X be a smooth complex projective curve, divisor D = p, and let (€, E,), (F, Fy)
be quasiparabolic bundles of length n, and a quiver @ given by

051 —>...95n

and &, = QCoh(X) = Q, ®; = Vect® for j > 0, ®, the opposite functor of Hom(—, C,),

and ¢, = id for arrows b # a, similar to what was given in the final example of the first
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section. @, is an exact functor, since C, is an injective object. Also, both QCoh(X') and Vect
are Grothendieck categories, and the latter also has exact products and enough injectives,
meaning we are under the conditions of Theorem 3.36. For j = 0, we have the following
exact sequence:

0—-0—-¢&—=E—0

and the remaining short exact sequences for j > 0 are given by

Jj—1 J
O—>@Vi—>@%—>vj—>0
i=0 i=0

for Vi = (Eo/E,.1-k)*. Note that this sequence lives in Vect®®. If we also write W, =

(Fy/Fpy1-1)*, and write £ = (£,V4), F = (F,W,), the long exact sequence is given by

n n—1
0 — Homg (€, F) — Homg(€, F) & €) Hom(E;, ;) — €D Hom(E;, F11)
=1 =0

— Exth (€, F) — Ext5(E,F) — 0 — Exth (€, F) — Exth(E,F) =0 — ...
In particular, we note that for m > 1

Exth (€, F) = Ext3(E, F).
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Parabolic Sheaves

We begin this section by defining the tools used in [19] to define parabolic sheaves. Although
the theory of the next section applies to any scheme X and any effective Cartier divisor D,
we will restrict ourselves to the case that X is a complex projective curve and D is reduced,
that is, a finite set of points in X. With the tools developed in the last chapter, we give simple

proofs of some parabolic sheaf properties.

4.1 Parabolic Ox-modules

Definition 4.1. Let Ox-Mod be the category of Ox-modules, and consider R as a category:
objects are real numbers, morphisms induced by the usual order, and if « < 5 we denote
the morphism by 2. An R-filtered O x-module is a presheaf R°° — O x-Mod. For such a

presheaf &, we write

o &, for & (),
o i for £,(i*P)

for real numbers a < .
Given two R-filtered Ox-modules &, and F,, a morphism f.: & — F, of filtered Ox-
modules is a presheaf morphism, and we write f.(a) = fq.

Write O x-FilMod for the presheaf category above.

To give the next definition, we need two extra pieces: Firsly, let £, be a filtered Ox-

module. We have a bifunctor
Ox-FilMod x R°° — Ox-FilMod

43
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sending (&, ) to the filtered Ox-module £[a]., defined to be

E[Cy}g = EOH-B

ig” [a] = Z-g-hé’,a-w

If we have a morphism f.: & — F., we have a morphism f[a].: £la]. — Fla]. such

that fla]g = fa45- Moreover, if o < 3, then we have a morphism
i g18], — Elal.

such that (z'[go‘”@])7 = ig‘ﬂ’ﬁ”. Finally, we define fio"m: E[Bl« — Fla]« to be the diagonal of

the following commutative square

o)
Bl —— Ela
(07

181, |

I
flal,
F1Bls :

—_—
7:[04,/3]
F

Secondly, given an Ox-module F, and an R-filtered Ox-module &,, we can define an

R-filtered O x-module &, ® F as follows:

(E®@F)a=Ea®F
ighy =i¢” widz
Definition 4.2. A parabolic O x-module w.r.t D is a pair &, = (&, je) where

o &, is an R-filtered O x-module,

o jo: & ®Ox(—D) — &[], is an isomorphism,

such that

il o je = ide ® 1

where .p: Ox(—D) — Ox is the induced map.
For (&, je) and (F., jF) parabolic Ox-modules, a morphism f,.: &, — F. is parabolic iff
the diagram

£ ©0x(—D) ™% F ¢ 0x(-D)

i |-

M. S FI1.

is commutative. We denote this category by Par(X, D).
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As seen in [19, p.129], the category above is Grothendieck and an abelian subcategory
of [R°P, Ox-Mod] (this last category is also Grothendieck by Corollary (3.28).

Definition 4.3. Let £, be a parabolic Ox-module. &, is a parabolic sheaf if there exist
n > 1 and a sequence ay, . .., an+1 € [0,1] with ap = 0 and a,, 41 = 1 such that ig* is an
isomorphism for each k£ < n and each z with o, < = < ay1, and &, is a coherent sheaf for

all a € R.

Whenever we have a parabolic sheaf &, with sequence «y, . . ., ay,, We say the sequence
is a system of weights whenever i“*++1 is not an isomorphism for all £ < n. The following

result is useful:

Proposition 4.4. Let A be the full subcategory of Par(X, D) of parabolic sheaves. Then A

is an abelian subcategory.

PRrRooOF. By [18], we only need to check that 0 € A and A is closed under products, kernels
and cokernels.

The first one is obvious, for any sequence ay, . .., a,11 € [0,1], iy “*** is the zero mor-
phism on the zero O x-module, which is an isomorphism for all z.

Let &, F« be parabolic sheaves, with sequences

& E F F
ao,...am+1, ao,...an+1€ [0,1]

for some m,n > 1, with af = o = 0,05, = o, =1, and let

S={af,af |0<i<m+1,0<j<n+1},

M = #S — 2 and j be the unique increasing sequence {0,...,M + 1} — S.

Consider £, @ F.. Foreach 0 < k < M + 1, fr < =z < Bry1, We have igg’}“ =
ie?F 1 @ %71 One may check that both morphisms on the right are isomorphisms, and
since products of coherent sheaves are coherent, &, & F, is a parabolic sheaf.

Now suppose we have a parabolic morphism f.: &, — F.. Since Ker f and Coker f
are defined pointwise just like @, checking both are parabolic sheaves is done in almost the

same way. n

Note that parabolic sheaves aren’t preserved under arbitrary coproducts, even if we drop
the coherent sheaf condition: consider the parabolic sheaf £ defined on [0, 1] such that
EN = Ox forn < a~! and 0 otherwise. There is no finite sequence in [0, 1] satisfying the

above property.
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4.2 Embedding

In [12], parabolic bundles are defined for reduced divisors D = p; + ... + p,,: a parabolic
bundle is a pair (E,«) where E a vector bundle and for each p € D we have a positive

integer n,, and a filtration of inclusions
Ep=FEpo2 Ep1 2...2 Ep,np 2 Ep,np+1 =0

and for each p an increasing sequence a..(p) in [0, 1] with ag(p) = 0 and a,,,+1(p) = 1. We
say « is a system of weights, a definition for which the above is analogous.
For two parabolic bundles E. = (E,«a), F. = (F,(), a parabolic bundle morphism

f+ E« — Fy is a vector bundle morphism f: E — F such that for each p € D we have

aj(p) > B(p) implies f(Ep ;) C Fpy i1

for all j, k. This condition can be more easily visualized, in blue, in the following diagram:

] a9 a3 a4

ap =0 Qumm—(P—P @ Qe P Qe Qe @@ (15 = |

Figure 4.1: Map between filtrations

The lines in red suggest how this condition is equivalent to preservation of filtrations,
by looking at this picture as if it were a commutative diagram, where the top and bottom

horizontal lines are left-directed inclusions. We will make this precise in the following result:

Theorem 4.5. Let C be the category of parabolic bundles on X with divisor D, as defined
above. Then C is equivalent to the full subcategory of the category of parabolic sheaves on
X over D whose objects &, are such that & is locally free and z’?’ﬁ is @ monomorphism for

al a < B.
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PROOF. Let (E,«) be a parabolic bundle in the sense of [12], denote by £ the locally free
sheaf associated to the vector bundle E, and for each p € D, j € {0,...,n, + 1}, write
E} = Ep/Ep;.

For z € [0, 1], define

peED

&, = Ker (5 - P E{;P(z)>

where we define, for each p € D

Jp(x) =min{j € {0,...,n, + 1} |z < a;(p) }

Now, define S = {aj(p) [ pe Dand0 < j <n,+1},andlet N = #5-2. Leta: {0,..., N+
1} — S be the unique increasing function. In particular, 490 = 0 and ay41 = 1. For k < N,

Naya)

we define i, %41 15 pe the unigue morphism making the diagram commute:

(Gr+1)

0*>€dk+1*>5*>@]5{,"’ — 0
I ‘/ peD
0 Ea, £ @ EF 0

peD

where the middle vertical morphism is the identity, and the right vertical morphism is induced

by either EZ"("’“) = Ef,"’(a’““) or a projection E,J;”(a’“+1) — E{;P(a’“).

For x < ayqq, let z?” be the identity. Then extend &, to R by tensoring with Ox (—D),

defining &; = &,—,, ® O(—nD), where n = |z, and likewise define z‘g’b foralla <b.

First, note that we can identify each vector space E{; with a skyscraper sheaf supported
at p, which is coherent, and finite coproducts of coherent sheaves are coherent. Since £ is
locally free, it is also coherent. From this, we conclude that &, is coherent for all = € [0, 1],
since it is the kernel of a coherent sheaf morphism. We may take the sequence &, which by

definition satisfies the required property. Hence &, is a coherent parabolic sheaf.

For (E, «), (F, B) parabolic bundles in the sense of [12], write &, F. respectively for the
corresponding coherent parabolic sheaves as defined above. Let f: (E,a) — (F,() be a

parabolic bundle morphism. For z € [0,1], we define f,: & — F, to be unique morphism
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making the diagram commute

0 Ex £ @ EFY —— 0
! pED
| lf l
e ko ()
0 F F @ Y —— 0
peD

where the vertical right one is induced by f(E, j.)) € Fp, k) We need to make sure this
inclusion does occur: let &’ be the largest such that o,y (p) > B (p). Then z < a;(p) <
Brr+1(p), we have a chain of inclusions f(E,, j) C Fp, 11, and k(z) = k' + 1 by definition.
Now given a map f.: & — F., we want to reconstruct f. Let f: E — F be the vec-
tor bundle morphism corresponding to fy, and consider the unique morphism making the

diagram commute, given by the cokernel:

0 Ex

E
peD
lf; lf i

0 Fa F @ Fir@ 0.

Note that Coker(&, — &) = D,cp E]Z”(””), since it is the kernel of an epimorphism, so the
dashed morphism must be the same as the one induced by the inclusions f(E), j.)) <
F, k(2)» Which implies f(E, ;) € F, 11 Whenever a;(p) > Bi(p). To see this, suppose without
losing generality that k is the largest satisfying the hypothesis, and take « = a;(p). Then we
have j,(x) = j, kp(z) = k + 1, as wanted to see.

Wrapping things up, this proves we have a fully faithful embedding from the parabolic
bundles in the sense of Mehta and Seshadri into the category of coherent parabolic sheaves.

To show equivalence, let £, be a coherent parabolic sheaf such that & is locally free,
andfor0 < a < g8 <1, ig’ﬂ is @ monomorphism. To construct (E, «), let E be the vector
bundle associated to &, and for each p € D, define a;(p) = ay,. Write B/ = Coker(ig’o‘j), SO

that we have the following exact sequence
0 &, 2 E—E =0

and since looking at stalks is an exact functor, we may define E,, ; to be the vector space at

the stalk at p of &,,, where Ej} plays the role of E,/E, ;, as was done in the other direction.
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It is easy to see that we have E, ;.1 C E,; for j < n, so we have a filtration. After re-
moving unnecessary weights, we get a parabolic bundle, and a bunch of calculations which
were suggested throughout shows that &, = &, where &, is the coherent parabolic sheaf

associated to the object we just defined. O

In [13], Theorem 5.1, the author embeds quasiparabolic bundles over X wrtto D = p
of length n into an abelian category R,, as was done in the end of the first section of the
previous chapter. As suggested in the above reference, we will show that the Ext groups
of parabolic bundles can be calculated in R,,. In particular, we conclude that the Ext group
does not depend on the values of weights themselves, but on their ordering. The next result

will make this precise.

Proposition 4.6. Suppose D = p. Let (E,«), (F,3) be parabolic bundles in the sense of
[12], write &, F. respectively for the corresponding coherent parabolic sheaves, and write
E, F denote the objects associated to the quasiparabolic bundles from E, Fin R = Rep,. (®)
for an appropriate ®. We have Extp (&, F) = Extr (E, F).

PROOF. Letv: {0,...,N+1} — [0, 1] be the unique increasing map with values in the image

of a and 3, and define the quiver
Q=031...5 N+1).

Define ®: FQ — Cat as was done in the first section of last chapter, and define Ej, = E.;,),
Fy, = F,). Then E, F' € R are given by

o By=¢&, B =V;
° F():.F,FIZWZ
and for all p: i — j, Ep and Fp are induced by the inclusions. For X = F, F', given an arrow
kok41

k — k + 1, we denote these inclusions by "™, which are epimorphisms in Vect°P.

Let G be an extension of F' by E. For each i € @, we have

0 E), e F 0

e k1 K k1 e k1
'E el 'F

0 — Epy1 —— Gep1 —— Frpp —— 0

By the short 5-lemma, i'gk“ is also an epimorphism, hence there exists a parabolic bundle

(G,~) inducing G, and the morphisms £ — G and G — F are also given by parabolic
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bundle morphisms. Embedding (G,~) in P as G., together with those two morphisms, we

get a short exact sequence of parabolic sheaves
0= & — Gy — Fu— 0,

so we have determined an extension of F, by &..
Conversely, suppose we start out with the above exact sequence of parabolic sheaves.

The previous proposition guarantees that
0—=& —Go— Fo—0

is exact and extensions of locally free sheaves are locally free. Also, we have, for each k,

0 gak gak fak 0
li?kﬂ lié’kﬂ lil]c__,k+l
0 — &ak+1 — Gaks1 — Faky1 —— 0

so again by the short 5-lemma, z’é’k“ is @ monomorphism. Proving that i;;**** is an iso-

morphism for each € (ax,axy1) also follows by the short 5-lemma. Hence G, is a
parabolic sheaf, so there exists a parabolic bundle (G, ~) and parabolic bundle morphisms
(E,a) = (G,7), (G,v) — (F, (), and we get corresponding morphisms in Rep, (®), hence
we have determined an extension of F' by E.

To make sure these transitions do in fact preserve/reflect the monomorphisms and epi-
morphisms present, note that a parabolic bundle morphism is a (mono,epi)morphism if and
only if the underlying vector bundle morphism is. It is also not difficult to see that the
parabolic sheaf determined by the extension in Rep,. (®) determines an object isomorphic to

the original. O

Two of the long exact sequences at the end of the previous chapter allow us to prove
the following result, not found in the literature, giving some insight on how to work with the

machinery of diagram representations.

Proposition 4.7. Let (E, «), (F, 5) be parabolic bundles over X with respect to D = p, write
~ for the join of the sequences « and 3, and choose n so that the length of ~ is n + 1.
Let R = Rep,(®) be the category embedding quasiparabolic bundles of length n, as done
previously, where ®: F@Q — Cat, with @ = (0 — 1 — ... — n). We have the following short

exact sequence

0 — Exto(Vi, W,) — Extr (E, F) — Extconx (€, F) — 0
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where Q = [Q, Vect], E, F the quasiparabolic structure from the parabolic bundles (E, o),
(F, ), £, F are the locally free sheaves associated to E, F' respectively, Vi, = (Eo/Epnt1-k)*
and W, = (FO/Fn+17k)*-

PROOF. Consider the diagram
Vo< Vi ...V,

induced by the filtration of F, which is the object V, we are considering, and similarly for W.,.

The projections of the short exact sequences to each &, for E are given by
0—-0—F i E—0
in QCoh(X) for k = 0, and
k—1 50 k 40
0PV, HPV, S Vi —0
7=0 j=0
for k > 0, in Vect®. For V,, the short exact sequences are given by

0—>V0E>V0—>0—>0

for £k = 0, and

Lk g1 k-l

0 Vi 5PV v =0
j=0 j=0
for k > 0, both in Vect.
From Examples 3.40 and 3.38, we get the two following exact sequences, now with some
named arrows:
0 — Homg (E, F) — Homaconx (E, F) & @ Hom(E', F¥) LN 5 Hom(E"*!, FY)
=1 =1
Iy Extr(E, F) — Extaconx (E, F) — 0

n+1 n
0 — Homg(E, F) — @) Hom(E", F') &5 D Hom(E™*!, F') T Extg(E, F) — 0
i=1 i=1
We note that Im(dp) = Im(d;). To see why, from the adjunctions and left exactness of

Hom(—, F'), we have
Im(do) = Coim(Homg (5, F')) = Goker(Homg (1°, F)),

and Im(d;) = Coker(Homg(~+!, F)). The short exact sequences for the vertices k > 0in R
and Q coincide, and in particular y{ = ~9. In the vertex k = 0, ¢, is the identity in both cases,

so the cokernel is 0.
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Hence we have Ker f = Ker «, and since 7 is an epimorphism, there exists a unique ¢

with Ker ¢ = 0 making the following diagram commute

T Hom(Ei*!, Fi u Exto(E, F
N Q

=1
\ ¢

Extacon(x)(E; F)

and satisfying Im ¢ = Im f. This gives us the desired exact sequence
0 — Exto(E, F) % Extg(E, F) — Extacon(x)(E, F) = 0,

concluding the proof. O
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