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Abstract— This letter presents a theoretical analysis for
estimating the coverage probability and the average link capacity
of an interfered peer-to-peer millimeter-wave communication
when the destination lies at the boundary of a three-dimensional
cell. The proposed model provides closed-form expressions for the
statistics of the desired and undesired signal powers, by account-
ing for the impact of directional antenna gains, path-loss atten-
uation, mid-scale fading, interference, and noise.

Index Terms— Millimeter-wave, peer-to-peer, link capacity, cell
boundary, 3D analysis.

I. INTRODUCTION

F IFTH-GENERATION (5G) cellular networks are
expected to represent a cornerstone for the evolution of

radiomobile networks, not only in terms of system capacity,
through the exploitation of the millimeter-wave (mmWave)
bands, but also in terms of available functionalities, through
the introduction of device-to-device communications [1]. This
novel functionality, combined with the ultra-densification
strategy adopted for the 5G base stations, depicts a challenging
context characterized by the coexistence, within a unique
cell, of many concurrent, and hence reciprocally interfering,
peer-to-peer (P2P) links. In this situation, the usual uplink
model, in which the destination lies at the center of a cell,
is no more sufficient to exhaustively characterize the result of
a P2P communication, since the destination may also lie at
the boundary of the cell. This asymmetric scenario has been
previously analyzed by modeling the cell as a two-dimensional
disk, in order to evaluate the statistic of the interference
power [2], and the coverage probability [3]. However, in the
specific 5G case, the involved nodes might also lie overground
or underground relative to one another, as a consequence
of the short communication distances. Besides, from a
massive multiple input multiple output (MIMO) perspective,
the availability of antenna systems with azimuth and zenith
beam steering capabilities allows the exploitation of the entire
three-dimensional (3D) domain, and, in turn, the increase
of the link capacity. This makes desirable the development
of 3D mmWave network models [4], [5], within which the
possible boundary location of the destination has not been
even considered.
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To deal with this issue, this letter analyzes an interfered P2P
mmWave communication by comparing the cases of centered
and boundary located destination. The analysis, which is
validated by numerical simulations, adopts an experimentally
assessed 3D mmWave channel model including path-loss
attenuation and shadowing. Closed-form expressions for the
statistics of the desired and undesired signal powers are
derived, with the final aim of identifying the link capac-
ity variation introduced by the asymmetric position of the
destination.

The letter is organized as follows. Section II introduces the
scenario. Section III presents the analysis. Section IV discusses
the results. Section V summarizes the conclusions.

Notation. Throughout the letter the following notation is
used: R>0 denotes the set of positive reals, δij denotes the
Kronecker delta (δij = 1 if i= j, δij = 0 otherwise), 1X(x)
denotes the indicator function (1X(x)=1 if x∈X, 1X(x)=0
otherwise), (·)+ denotes the positive part, δ(·) denotes the
Dirac delta function, erf(·) denotes the error function, EX [ · ]
denotes the expectation over a random variable (rv) X .

II. SYSTEM MODEL

Consider a 3D ball B(O, ρ) of center O and radius
ρ, in which L P2P communications, that is, L sources
Sl (l = 1, . . . , L) and their destinations, are simultaneously
active. The L value is the realization of a Poisson-distributed
rv L having probability density function (pdf) [6]:

fL(L) =
λL

L!
exp(−λ), L = 0, 1, . . . (1)

where λ is the average number of active sources. Denote by
S1 a target source, by D its destination, and by Sl�=1 one of
the other sources, perceived by D as interferers. The position
of Sl with respect to D is described by the random vector
Rl = (Rl,Θl,Φl), where the rvs Rl, Θl, and Φl represent
the distance and the zenith/azimuth angles, respectively. The
L sources are uniformly distributed inside B(O, ρ), and a
parameter s is used to identify two positions for D: the center
O (case s=1, Fig. 1(a)), and the boundary of B(O, ρ) (case
s=2, Fig. 1(b)). For these positions, the pdf of Rl with respect
to D can be written in spherical coordinates as [6]:

fRl
(rl; s)=

3r2l sin θl

4πρ3
1Zs(rl), s=1, 2; l=1, . . . , L (2)

where the point of observation identifies the domain:

Zs =

�
[0, ρ]×[0, π]×[0, 2π) s=1

[0,−2ρ sin θl cosφl]×[0, π]×[π/2, 3π/2] s=2
(3)
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Fig. 1. Target destination D located at (a) the center and (b) the boundary
of a 3D ball (S1: target source, Sl�=1: generic interfering source).

This spatial statistic is combined with the mmWave channel
model experimentally assessed in [4], which includes shad-
owing and relies on the floating-intercept path-loss model.
Small-scale fading is neglected for its lower significance in
mmWave communications [7]. Accordingly, the rv describing
the power received by D from Sl is expressed as [4]:

Pl =
PTGTl

GRl

αRβ
l

Ψl, l=1, . . . , L (4)

where PT is the transmission power, GTl
is the transmitting

antenna gain of Sl towards D, GRl
is the receiving antenna

gain of D towards Sl, α is the floating intercept, β is the
path-loss exponent, and Ψl is a log-normal rv with pdf [7]:

fΨl
(ψl)=

1√
2πσ̃ψl

exp
�
− log2 ψl

2σ̃2

�
1R>0(ψl), (5)

in which σ̃ is the shadowing standard deviation.
In a P2P scenario, all nodes reasonably employ the same

directional antenna pattern, which, adopting the flat-top model,
can be described by its main lobe beamwidth Ω, its maximum
gain G, and its backlobe gain g. To support the target link, S1

and D steer towards each other their main beams, but in the
presence of a zero-mean σ̂2-variance Gaussian beamsteering
error [7]. The direction of an interferer Sl�=1 and the direction
from which this interferer is received by D are instead both
random. Thus, for N∈{T,R}, GNl

in (4) is a rv with pdf [7]:

fGNl
(gNl

)=Kl(Ω)δ(gNl
− G) + [1 −Kl(Ω)]δ(gNl

− g), (6)

where:

Kl(Ω) =

�
erf

�
Ω/(2

√
2σ̂)

�
l = 1

Ω/(4π) l �= 1
(7)

Beside the interference incoming from S2, . . . ,SL, the target
link is subject to a noise power N . Its performance is
estimated considering an adaptive system modeled through the
Shannon bound, and, alternatively, a practical one using a fixed
quadrature phase-shift keying (QPSK) modulation. For these
systems, the capacity as a function of the signal to interference
plus noise ratio (SINR) ξ may be expressed as [8]:

Mm(ξ)=

�
log2(1+ξ) m=1 (Shannon)
2 [1− exp(ς1−ς2ξς3)]+ m=2 (QPSK)

(8)

where ς1∼=0.0102, ς2∼=0.6746, ς3∼=0.9308.
The above introduced scenario is analyzed in the next

section to identify the impact of the destination’s location on
the average capacity of the S1 − D P2P link.

III. ANALYSIS

The analysis is carried out in three steps. The first step aims
to derive the distance distribution for the two positions of D.
This task is accomplished through the following lemma.

Lemma 1 (Distance distribution): Let Rl be distributed
according to (2)-(3). Then, for s = 1, 2 and l = 1, . . . , L,
the cumulative distribution function (cdf) of Rl is given by:

FRl
(rl; s) =

�
2�

n=1

as
nr

n+2
l

	
1(0,sρ](rl) + 1(sρ,+∞)(rl), (9)

where:

as
n =

1 − (n− 1)s
sρ3

�
3
8ρ

�n−1

, n = 1, 2. (10)

Proof: For s = 1, the pdf of Rl can be directly evaluated
considering Z1 in (3), thus obtaining:

fRl
(rl; 1)=

3r2l
4πρ3


 π

0

sin θldθl


 2π

0

dφl =3a1
1r

2
l 1(0,ρ](rl). (11)

For s = 2, define first the function:

hk(x, y) =
π

2
+ (−1)k arccos

�
x

2ρ sin y

�
, k=1, 2 (12)

which, according to Z2 in (3), allows one to express φl as a
function of rl and θl, and then θl as a function of rl, with the
aim of expressing the corresponding pdf of Rl as:

fRl
(rl; 2)=

3r2l
4πρ3


 h2(rl,π/2)

h1(rl,π/2)

�
 h2(rl,θl)

h1(rl,θl)

dφl

	
sin θldθl. (13)

By solving this integral and manipulating, one obtains:

fRl
(rl; 2) =

�
2�

n=1

(n+2)a2
nr

n+1
l

�
1(0,2ρ](rl). (14)

The integration of (11) and (14) on rl, and the representation
of the results in compact form finally provides (9). �

Purpose of the second step is to model the impact of
path-loss attenuation and shadowing by deriving the cdf of
the rv:

Ql =
PTΨl

αRβ
l

, l=1, . . . , L (15)

To this aim, the following lemma is formulated.
Lemma 2 (Cdf and pdf of Ql): Let Ψl be distributed

according to (5) and Rl according to (9)-(10). Let � = α/PT

and χs = 1/[�(sρ)β]. Then, for s = 1, 2 and l = 1, . . . , L,
the cdf and pdf of Ql in (15) are given, respectively, by:

FQl
(ql; s) =

�
2�

n=0

ãs
nV

s
n (ql)

�
1R>0(ql), (16a)

fQl
(ql; s) =

�
2�

n=0

ãs
n

W s
n(ql) − bnV

s
n (ql)

ql

�
1R>0(ql), (16b)

where, for n = 0, 1, 2, the following definitions hold:

V s
n (x) =

1
xbn



1 − erf

�
bn√
2

+
1√
2σ̃

log
�χs

x

���
, (17a)
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W s
n(x) =

√
2√

πσ̃xbn
exp

�
−1

2

�
bn+

1
σ̃

log
�χs

x

��2
�
, (17b)

ãs
n =

1
2



δn,0− 1−δn,0

�
n+2

β

exp
�
(10−n)σ̃2

(3−n)β2

�
as

n

�
, (17c)

bn =
n(4 − n)σ̃

β
. (17d)

Proof: Define the rv Tl = 1/(�Rβ
l ), which, by (9), has cdf:

FTl
(tl; s) = Pr {Tl ≤ tl} = 1 − FRl

�
(�tl)−

1
β

�

=

�
1 −

2�
n=1

as
n(�tl)−

n+2
β

�
1[χs,+∞)(tl). (18)

Using (5) and (18), the cdf of Ql = TlΨl may be then obtained
from the product distribution by solving the integral [6]:

FQl
(ql; s) =


 +∞

0

FTl

�
ql
ψl

; s
�
fΨl

(ψl)dψl, (19)

which, after some manipulations, leads to (16)-(17). �
The third step provides the average capacity of the S1 − D

link from the coverage probability and the cdf of the interfer-
ence. This latter quantity is estimated by adopting the strongest
interferer approximation [3], in order to realistically consider
the different signals subject to individual channel realizations.
Accordingly, we can formulate the following proposition.

Proposition 1 (Average link capacity): Let L be distributed
according to (1), GNl

according to (6)-(7) for N∈{T,R}, and
Ql according to (16)-(17). Then, for s,m= 1, 2, the average
link capacity may be estimated by:

Cm(ξ; s) ∼= Mm(ξ)
g2

EL

⎧⎪⎨
⎪⎩

+∞

ξN

�
2�

n=0

gncn1
Gn

fQl

�
p1

Gng2−n
; s

��

·
�

2�
n=0

cnl�=1FQl

�
p1 − ξN
G2g2−nξ

; s
��L−1

dp1

⎫⎬
⎭ , (20)

where:

cnl = (1 + δn,1)Kn
l (Ω) [1 −Kl(Ω)]2−n

, n = 0, 1, 2. (21)

Proof: Define first the rv Gl =GTl
GRl

, whose pdf can be
calculated from the product distribution as:

FGl
(gl)=

G

g

fGRl

�
gl

gTl

�
fGTl

(gTl
)

gTl

dgTl
=

2�
n=0

cnl δ

�
gl− Gn

gn−2

�
,

(22)

by using (6) and exploiting the scaling and translation prop-
erties of the Dirac delta function. From this latter pdf one
can evaluate the cdf of Pl =GlQl in (4). Applying again the
product distribution, one directly obtains:

FPl
(pl; s) =


 G2

g2
FQl

�
pl

ql
; s

�
fGl

(gl)dgl

=
2�

n=0

cnl FQl

�
pl

Gng2−n
; s

�
. (23)

TABLE I

ADOPTED PARAMETERS [4], [7]

The rv U , describing the interference plus noise power, may
be then estimated adopting the strongest interferer approxi-
mation [3], according to which U ∼= max(P2, . . . , PL) + N .
Hence, recalling the rules for the maximum and the trans-
lation of rvs, the conditional cdf of U given L can be
expressed as:

FU|L(u|L; s) ∼= FL−1
Pl �=1

(u −N ; s). (24)

For l = 1, the pdf of the desired signal power P1 can be
immediately obtained from (23) as:

fP1(p1; s)=
dFP1

dp1
=

2�
n=0

cn1
Gng2−n

fQl

�
p1

Gng2−n
; s

�
. (25)

Since the coverage probability η(ξ|L; s) is the complementary
cdf of the SINR Ξ=P1/U given L, one obtains:

η(ξ|L; s) = 1 − FΞ|L(ξ|L; s)

=

 +∞

0

FU|L

�
p1

ξ

����L; s
�
fP1(p1; s)dp1, (26)

by applying the ratio distribution. The average link capacity
may be now estimated by removing the conditioning of (26)
with respect to L and then multiplying the result by Mm(ξ)
in (8) to account for the modulation. This yields:

Cm(ξ; s) = Mm(ξ)EL[η(ξ|L; s)], (27)

which, by substituting (23)-(26), finally provides (20). �
As desired, the obtained estimation of the average link

capacity includes the destination’s location, being (20) depen-
dent on the parameter s. Besides, interestingly, the calculation
of Cm(ξ; s) requires just one numerical integration, since the
statistics of U and P1 are derived in analytical form. The
insights inferable from this analysis together with its validation
are presented in the next section.

IV. RESULTS

The results are derived using the parameters in Table I,
which refers to the 28 GHz channel in line-of-sight (LOS)
and non-LOS (NLOS) conditions [4]. The noise power N
is evaluated considering the thermal noise power spectral
density of -174 dBm/Hz for a receiver having a bandwidth
of 1 GHz and a noise figure of 10 dB. The theoretical
curves are represented by lines and validated by independent
Monte Carlo simulations, which are instead represented by
markers.

The first set of results shows the coverage probability as
a function of the required SINR at the center and at the
boundary of B(O, ρ) in LOS/NLOS conditions for L=10 and
L=100 (Fig. 2). As expected, for a given location and a given
propagation environment, the increase of the number of active

3



Fig. 2. Coverage probability as a function of the required SINR at the center
(s=1) and at the boundary (s=2) of the cell in LOS and NLOS conditions
for L=10 and L=100 active sources (t: theory, s: Monte Carlo simulation).

Fig. 3. Average link capacity as a function of the required SINR in NLOS
conditions for λ=10 and λ=102 average active sources when D is placed
at different distances d from O: (a) Shannon bound, (b) QPSK modulation
(t: theory, s: Monte Carlo simulation).

pairs reduces the coverage probability because of the larger
interference suffered by the target link. Besides, for fixed L
and s values, the LOS scenario is preferable to the NLOS

one, since, in the first case, S1 is received by D with a higher
power. Concerning the impact of the destination’s location,
it is interesting to observe that, for a given L value and
a given propagation environment, η(ξ|L; 1) is always larger
or equal to η(ξ|L; 2). This occurs because, according to (3),
the statistical location of Sl with respect to D ranges from 0
to ρ for s= 1 and from 0 to 2ρ for s= 2. Thus, when D is
located at the boundary of the cell, not only its interferers are
statistically farther, but also, and more importantly, its target
source.

The above considerations are deepened by Fig. 3, which
reports the average link capacity as a function of the required
SINR for different values of the distance d between D and
O. The figure focuses on the NLOS case for λ = 10 and
λ= 100 using the Shannon bound (Fig. 3(a)) and the QPSK
modulation (Fig. 3(b)). When the m and λ values are given,
the curves corresponding to s= 1 and s= 2 may be seen as
the bounds of a region identifying the range of variation of
Cm(ξ; s) with respect to the position of D. The wider this
region, the stronger the impact of the destination’s location
on the link performance, which in fact results significant for
not too dense scenarios (λ = 10). Conversely, the shrinking
of this region for λ = 100 shows that, in dense networks,
the interference effects tend to prevail over those due to the
location of D. The additional simulations carried out for
the intermediate positions puts finally into evidence that the
Cm(ξ; s) gap from d= 0 to d= ρ/4 is lower than that from
d= 3ρ/4 to d= ρ, thus revealing a faster capacity reduction
as the destination becomes closer to the boundary of the
cell.

V. CONCLUSION

A 3D analysis of the average link capacity achievable by
an interfered P2P mmWave communication with a boundary
located destination has been presented. The theoretical results,
validated by independent Monte Carlo simulations, have
revealed that the NLOS scenario is in general more sensitive
to the destination’s position, whose influence remains relevant
until the network does not become too dense.
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