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Abstract

OPEN ACCESS

We suggest a practical method for obtaining the particular solution of non-homogeneous
higher order linear differential equations with constant coefficients. The proposed method

can be applied directly and simply to such problems. We revealed that is valid for the
different type of problem by using sample solutions. This simple analytical solution that we
have introduced will help to create a fast numerical algorithm for computers and thus
simplify the numerical solutions of higher order physical problems.

1. Introduction

Differential equations are vital argument for technical and
fundamental sciences. Ordinary differential equations with
constant coefficients provide practical utility owing to their
mathematical controllable to explain natural phenomena in
many areas of science and engineering [1,2]. For example, they
are widely used to explain the event of electromagnetic, sound
and water wave. Such waves are formulated by homogeneous
or non-homogeneous differential equations with higher order
linear constant coefficients depend upon source of the
phenomena [3,4,5,6,7,8,9,10].

We focused on the solutions of the special equation type of non-
homogeneous differential equations with high order linear
constant coefficients. Solution of the differential equations with
this special structure are very intractable to obtain its particular
solution, since it requires to cope with several consecutive
integral, multi-variable undefined linear equations system and
integration of such unknown coefficients in the form of
derivative functions [1,2,11,12].

In this work, without solving integral and multivariable linear
equation system, a short formula and practices solution
technique can be applied to handled problem directly is
expressed. The considered differential equation is described by

(D? + a®"y = kysinax + k,cosax, (1)

2
where n € Z*,a, k;, k, €R,D? = % The general solution of a
b's

linear differential equation as follows:
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Y =Yn*Yp, (2)

wherey, represents the solution of the homogeneous equation
and y, represents also a particular solution for the non-
homogeneous differential equations. The solution of discussed
problem of homogeneous equation is easy and obtained by the
solution of the auxiliary equation. (D* + a®)"y, = 0 is obtained by
the following:

n-1 (3)

Yy = X (Cjcosax + Cjpsinax) .
j=0

The solution to the homogeneous equation can be found as
easily seen. Particular solutions of such equations are written in
generally as follows:

_ 1 (4)
= Fpy Q™)

where F(D) is real coefficient polynomial of D.In order to
acquire the particular solution of the proposed differential
equation, we need the following four lemmas. Four lemmas
have been proven below.

n i .
Lemma 1.1.If F(D) = Zr:oajD]’ a; €R and F(D)y = elax 2 = -
1,F(ia) *# 0, particular solution is
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e (5)

Proof.

Lety = €™ . Then,
Dy = iael™

D2y = (ia Yo"

D3y = (ia)3e@

D'y = (ia)"el®,
Hence

agy = a e’

a,Dy = a,(ia)e'™
a,D% = a,(ia)%e'™

a,D = a,(ia)’e'™

anD"y = ay (ia )" e,
If these equations are added to the side-by-side,

agy +a.Dy + a,D*y +a;D3y + ...+ apnD"y = a,e'™ +a,(ia)e™ +
a,(ia)’e'™ + az(ia)ei®™ + ...+ a, (ia )" e

we get

If we denote

and
elax Yy
F(D) F(a)
and also
- e
yp F(D)

we get the particular solution as below,

eiax

Yo = Faa)

n . .
Lemma 1.2.1f, F(D) = Z,.:Oajp’, a €R and FD)y = e, i =
-1, F(-ia) # 0, particular solution is

iax (6)
_ e
YP = F(—i)

Proof.
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Lety = e Therefore,
Dy = -iae ™™
D% = ( -ia)’eiox

D3 = (-ia)deix

D'y = (-ia)'e’™,
Hence

agy = age”'™

a,Dy = a,( -ia)e™
a,D% = a,( - ia)%e" ™

a;,D% = a,( - ia)’e

anDy = ay (- ia)"e ™,
Here, if these equations are adjoined to each other,

) L Lo
ay +a;Dy +a,D*y + ...+ apD"y =ae™™ + a,(- ia)e™™+

a,( -ia)’e ™ + . +a, (-ia)e @

We get

( aij)y = (Zaj( —ia)j)eiax
=0 j=0

If we denote

F(D)y = F(-ia)e ™

and
egllx _y
F(D) F(-ia)
and also
_ e*iax
yP F(D)

We get the particular solution as below,

e*iax

Y = F i

n .
Lemma  1.3.If F(D) = ijoajp’, @ €R and F(D)=
(D -ia) (D +ia) Fy(D), F,ia) #0 and F(D)y =€, i*= -1,
particular solution is
X eax @)

Y2 = Y1 (2ia) FyGa)

Proof.
Let F(D)y = €™,

Then, (D -ia) (D +ia) Fi(D)y =™ and (D -ia)y =
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eiax

(I)T)rf'l(D) . From Lemma 1.1.

iy = e"”‘ _ 1 plax
(D -ia)y = ) P = (Giay FiGa) ( (D-iay )
1 eiax Ie—iw eiaxdx
yp = AN . s N1 =
(2ia) F,(ia) (D -ia)

1 ( el x )
(2ia) Fyia) \ (D -ia) !

eiax jefiu eiaxxdx

Yy - 1 -
P 7 (2iaY F,(ia) (D -ia)
iax X>
1 € o )
(2ia) Fy(ia) \ (D -ia)
jax X2
yy = 1 GRS )
P ia)Ftia)\ (D -ia)?
iax —iax piax Xr_2
) 1 € f )
Y» = Qia) FGa) D -ia)

1
(2ia ) Fy(ia)

iax X1
€T - )
(D -ia)

r-1

- 1 iaxf -iax yiax _ X’ -
» = ZiaY FGa) (e ee (r—1)!dx)
1 iaxj X1
(2ia) F;(ia) (e T -D! dx)

- 1 iaxf -iax piax _ XL
Yp (2ia)’F1(ia)(e ee (r—1)!d")’

we obtain the particular solution as below,

1 (e=X) @)

M= i)y EGa) \© T

n ;
Lemma  14.1If F(D)=Z,.:0ajD’, @ €R and F(D)=

(D -ia) (D +ia) F,(D), F{(-ia) # 0 and F(D)y = e, i2= -1,
particular solution is

_X eriax ©
PP T (“2iaY Fy(- i)
Proof.

Let F(D)y = e Therefore,
(D -ia) (D +ia) F,(D)y = e
eriax

(D +ia)'y = —(D T D)

From Lemma 1.2.
(D +ia)y = e-iax

(-2ia) F,(-ia)
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Yp = 1 e-iax )
P (-2iaYF(-ia)\ (D +ia)
y, = 1 (e-iaxeiaxe-iaxdx ) -
P (=2iaYF(-ia)\ (D +ia) -1
1 ( e-iaxx )
(-2ia) Fy(-ia)\ (D +ia) -1
y, = 1 (e-iaxeiaxe-iaxxdx ) -
P (-2ia) Fy(-ia) (D +ia) -2
i X
1 e-lax sy )
(-2ia) Fi(-ia) \ (D +ia) -2
i X =2
b - 1 €laX—(r_2)! )
Po(-2iaYF(-ia)\ (D +ia)?
i ol iy X =2
- 1 elaxeaxelax(r_—z)!dx)=
P (-2iaY Fi(-ia) (D +ia)
iy X =1
1 e-iax CEE
(- 2ia) F,(-ia) (D +ia) )

we obtain the particular solution as below,

- 1 fiaxJ‘ iax p-iax _ XL -
Yp (—Zia)’Fl(—ia)(e ee (r—1)!d")

X" e—iax
r! (-2ia) Fi(-ia)’

2. A Simple Approach to the Particular Solution,
Yo

Particular solution of considered differential equations which is
linear, constant coefficient, non-homogeneous and higher order
differential equation is written as

__ 1 ; (0
N (kysin(ax) + kycos(ax))

Using lemmas 1.1.,1.2,1.3.,,1.4. the Euler Identity by writing
instead of sinax cosax in (10), it becomes the following:

elax _ p-iax elax 4 p-iax 1

Yp =k (Dz %laz)n +ky (DZ +2a2)n
eiax eiax _efiax e—iax
R ) R — —2l 4 2
(D? + az)n (DZ + az)n (DZ + az)n 24 az)n

o I O | =
20 2\ (D% +ad)" 2i a)"

=(&+ﬁ) 1 ( elax )+(_ﬁ+&)7 7(&
2i 2/ D-ia)*\ (D +ia)" 20 2/ '\ (D -ia)
(B (e ) (g R e )
2i 2 )n'\ (ia +ia)" 2/n “ia -ia)"
(&&)x_( el™x )+(-k2i+ﬁ)x L)

i 2)nt\ Qi) 2 /n 2ia)"

“gram (2 ) (5 ) (2 )

The particular solution is obtained in two ways depending on
being even or odd of n. If n isevenand n =2m(m € Z*)
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Yy = _xm ((ﬁ o kz) ( el ) + ( ki, kz) (7 (12)7)) (D*+1)%y = 0(m?+1)° = 0y 5 345 = 1y = COSX, Y, = XCOSX, Y3 =
22ma?mzm ! \\ 20" L 2 B X2C08X, Y, = X3C0SX, Vs = X*cosx
- P ((ﬁ . kz) (ﬂ) . ( _k, kz' X )) Mg7g010 = ~ LYg = COSX,Y; = XCOSX, Yg = X2COSX, Yo% = X°COSX,
(-1D)m22ma2mom ) \ i 2 t ' 10 = X*cosx
_ x2m ( elax _ g-iax elax 4 g 10
(- 1)m22ma2m2m! kl 2i " k2 2 Y =y
i=1
Therefore, particular solution (10) for even values of n is

obtained below:

13
Yp = DGl (kysinax + kycosax) . (13)

( _ 1)m22ma2m2m|

Using these result, we obtain the following general solution of
(1) for even values of n as follows:
% (14)

=(-1) (klsmax + kycosax ) +

Zx’ Cjcosax + Cj,,sinax) .
j=0

If nisodd and n =2m +1(m € Z*), hence, particular solution

(10)is

Now, let's try to solve the non-homogeneous equation using the
classical methods and then the formula we recommend.

(1) By using the method of consecutive integration

Y 033 P—

As can be seen, the solution of y, with this method will be found
by integrating ten times in succession. It is clear that integrating
in this way is not quick and easy.

(2) By using the method of variation of parameters
10
Letusy, = izlLiyi' L; functions are defined as:

10 10 10 10
i =0 e L L= o, ' PARE

=

_ xem+1 ( kq ) plax (15) 1 e lax
= 2 =G \ : PR - Eh—
Yp 22 Zm T (om + 1)1 ( i +ky 2(i)>m*1 * ke 12{(:{3}208*)1
i (kl A VR e coinky % ti t ith the derivati
S ST —— g tl——ra = ar equation system, wi e derivative
2miatmt@2m DI 2™ 2™ -1 functlong(oTi) (1 <i <10) using this derivative functions and
_ x2m+1 (ﬁ e g e lwfollovyéng enﬁégrjtlon L,; yields
22 @m I om + I\ & 232" C2(i)2"20 20072 ()2
- x#m1 (_ o e "_I T )(1<i<10).
22 Ig?ml(2m + 1) 1(i )" f1% +k2 asgik Lﬁiﬁ T
= (-1)" x2m+1 ( _ g, % 4+t ! ellt @alﬁxr}?t) be said that these two processes will be quick and
22m+lgam+l(gm + 1)1 i 2 2 easy. ’
Therefore, particular solution (10) for odd values of n is (3) By using the method of undetermined coefficients

obtained below:

x2m+1 (16)
25 g2 (2m + 1) |

kosinax) .

yp=(-1)" ( - kycosax +

Using these result, we obtain the following general solution of
(1) for odd values of n as follows:

. (17)
X

W( - kicosax + kysinax) +

X (Cjcosax + Cj.psinax) .
j=0
3. Examples
Example 1
Consider such a differential equation (D? + 1)°y = 2sinx - 3cosx.

Solution of this equation: firstly, we solve the homogen
equation,
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9 9
Letusy, = (Zi:OAin )cosx + (Zi:OBin )sinx. In this equation,
replaces y,D 5y, ..., Doy and its derivatives. With the
identification of the two sides, A;, B;(1 <i <10) coefficients are
determined. It can also not be said that these two processes will
be quick and easy.

(4) Finally, finding the particular
recommended method in eq.17

solution by using

Since n =5, the method recommended for the odd value in
equation (17) is used. Therefore,

XTl

= ( - kycosax + kysinax )
T

Yp =
(-1)

Fora =1,k; =2,k, = - 3,n =5 yields

2"a"n!

Vp = TIAIOXS( 2cosx - 3sinx).

Proof:

Y =Yp

(D +1)% = (DY +5D% +10D% + 10D* + 5D% + 1)y

=D oy +5D gy +10D gy +10D 4y + 5D 5y +y
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y= 1 x5( - 2cosx - 3sinx) 453600cosx - 302 400sinx - 362 880x cosx
3840 1 - 544320xsinx - 226 800x2C0sx + 28 800x3c0sX + 4050x4C0SX
D,y = T140)(3(20)(3111)( - 60sinx - 30xcosx - 40C0osX + 21834527 - 120x5cosx - 3x8cosx + 151 200x2sinx + 43 200x3sinx
) - - 2700x%*sinx - 180x5sinx + 2x%sinx
2x%cosx + 3x%sinx )
Dgy = ( -
wa - ( B ] ) ) 3628 800sinx - 5443 200cosx + 9676 800x cosx
=5 )X (240C°§'X +360sinx +720x cosx - 480x sinx - 240xCcosx ) +14515 200xsinx + 12 700 800x2cosx - 3386 880x3c0sX
- 60x3cosx + 2x*cosx - 360x2sinx +40x3sinx + 3x*sinx 1 )xz ~ 1058 400x*c0osx + 80 640x5cosx + 7560x5cosx
Dgy = 21834527 - 8467 200x%sinx - 160x7cosx - 5080 320x3sinx - 3x3cosx
1 1440sinx - 2160cosx + 3600x cosx + 5400xsinx + 3600x%cosx +705 600x4sinx + 120 960x°sinx - 5040x%sinx
3840 - 600x3cosx - 90x*cosx + 2x3cosx - 2400x2sinx ~240x7sinx + 2x3sinx
-900x3sinx + 60x*sinx + 3x5si
Xx3sinx sinx + 3x%sinx Dy -
sty _ ( _ 10886 400cosx - 7257 600sinx - 72 576 000x cosx
_ T 2 3
13 440sinx - 20 160cosx + 16 800xcosx + 25 200x sinx 108 864 000x sinx - 244 944 000x“cosx + 145 152 000x°cosx
— 5 — 6
38140 ) +10 OSOXZCOSX _ 1120X3C08X _ 120X4COSX + ZXSCOSX 1 +95 256 000X4COSX 15240960x°cosx — 3175 200x°cosx
-t 2ei 7 3ei
_ 6720XZSinX _ 1680x3sinx + 80x431nx + 3XSSinX 21834527 +163296 000x=sinx + 172 800x'cosx + 217 728 000x°sinx
D +12150x%cosx - 63504 000x*sinx - 200x°cosx
Y = _ 5ciny — 2y10, 6ci
60 480sinx - 90 720cosx + 50 400x cosx + 75 600x sinx 22 86174%0)‘ s ?;X eosxr 21;? 800x e
ﬁ +21600x%cosx - 1800x3cosx - 150x%cosx + 2x3cosx +259.200xsinx - 8100xsinx = 300xsinx + 2xsinx
- 14400x%sinx - 2700x3sinx + 100x*sinx + 3x°sinx D oy = -
D 5D 10D 10D 5D 95i 3 718502 400cosx - 479 001 600sinx - 1596 672 000x cosx
+ + + + +y = -
a0 T8V 4 A Ty TY T ST SCoSX - 2395 008 000x sinx - 2694 384 000x%cosX + 958 003 200x°cosX
Example 2 . +419 126 400x*cosx - 47 900 160x>cosx — 7484 400x5cosx
W +1796 256 000x2sinx + 316 800xcosx + 1437 004 800x3sinx
Consider such a differential equation +17820x3cosx - 279 417 600x%sinx - 240x°CoSX
- 5¢i _ 10 603
(D? +1)1% = 2sinx - 3cosx. 71850 2.40x sinx - 3x .cosx + 4989.600x smx.
+475200x"sinx - 11 880x3sinx - 360x%sinx + 2x!%sinx
Since n = 10, the method recommended for the even value in D
equation (14) is used. Therefore, a4y =
10897286 400cosx - 7264 857 600sinx - 14 529 715 200x cosx
Yp = i‘n (kqsinax + kycosax ) - 21794572 800xsinx - 16 345929 600x%cosx + 4151 347 200x3c0Sx
(-1)*2"a"n! +1362 160 800x*cosx — 121 080 960x°cosx - 15 135 120x5cosx
1 . .
Fora =1,k = 2,k, = - 3,n = 10 gives STe3igZy +10897 286 400x2sinx + 524 160x’cosx + 6227 020 800x3sinx
+ 24 570x8cosx - 908 107 200x*sinx - 280x°cosx
e = (- 3715897305 ) ¥'° (2sinx - 3cosx) - 181621 440x5sinx - 3x'%cosx + 10 090 080X sinx
+ 786 240x7sinx - 16 380x3sinx - 420x%sinx + 2x'%sinx
Proof:
16Y =
©*+ 1)V D* +10D' + 45D + 120D + 210D + 252D y (X_
8 6 4 2
=Dy + 10DX:8)%1+0£5D+)(}62);09 12(?534; E%’foﬁxluy +282D 4y 87178291 200cosx - 58 118 860 800sinx - 83 026 944 000;
-12454041 inx -7 4 2 +13837824
+210D gy +120D gy +45D 4y +10D 5y +y 540416 000xsinx - 70053 984 000x“cosx + 138378240
+ 3632 428 800x*cosx - 264 176 640x3cosx - 27 518 400x°
y=- W14527X10(23mx - 3cosx) m ) +46 702 656 000x2sinx + 806 400x”cosx + 20 756 736 000X
+32400x8cosx - 2421 619 200x*sinx - 320x°cosx
Dy=-—1 Xs( 180sinx - 270cosx +40x cosx ) - 396 264 960x%sinx - 3x'%osx + 18 345 600x°sinx
* 2%35%7" \ + 60xsinx + 3x?cosx - 2x*sinx +1209 600xsinx - 21 600x3sinx - 480x%sinx + 2x sir
Dy = - . D gy =
1 10080sinx - 15120cosx + 5760x cosx 476 367091 200cosx - 317 578 060 800sinx - 352 864 512 00(
6 .
Ji8giga, X +8640xsinx + 1620x*cosx - 80x°cosx - 529296 768 000x sinx - 238 183 545 600x*cosx + 384943104
- 3x“cosx - 1080x’sinx - 120x’sinx + 2x*sinx +8420 630 400x“cosx - 518 192 640x°cosx - 46 267 200x5
_ 1 20i 7
Dy = STT589T200 +158789 030 400x2sinx + 1175 040x7cosx + 57 741 465 600;
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+41 310x8cosx - 5613 753 600x*sinx - 360x°cosx
- 777288 960x°sinx - 3x'%cosx + 30 844 800x5sinx
+1762 560x"sinx - 27 540x3sinx - 540x°sinx + 2x%in
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D,y = -
o 2011327 718 400cosx — 1340885 145 600sinx - 1218 986 496 000x cosx
- 1828479 744 000x sinx - 685 679 904 000x%cosx + 93 768 192 000x3cosx
+17581 536 000x*cosx - 937 681 920x>cosx - 73 256 400x5cosx
Wl“sﬁ +457119 936 000x%sinx + 1641 600x”cosx + 140 652 288 000x3sinx

+51300x8cosx - 11 721 024 000x*sinx - 400x°cosx
- 1406 522 880x3sinx - 3x'°cosx + 48 837 600x5sinx
+ 2462 400x7sinx - 34 200x3sinx - 600x%sinx + 2x'%inx

D 20y +10D, 18y +45D 14y + 120D, 44y + 2‘10DX12y +252D 40y +
210D gy 120D gy +45D 4y + 10D 5y +y = 2sinx - 3cosxX .

4. Concluding remarks

When using the classical analytical methods known in the
literature for solving the high order linear differential equations,
the resulting systems of integral and multivariable linear
equations make the numerical calculations of the related
physical problems difficult and complex algorithms. However,
the method we propose above and proved its validity will
remove these difficulties altogether. This simple analytical
solution we have presented will help to create a rapid numerical
algorithm for computers and thus simplify the numerical
solution of high order physical problems.
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