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Abstract

Peridynamics (PD) is a non local continuum mechanics theory developed by Silling in 2000.
The inception of peridynamics can be dated back to the works of Piola according to dell’Isola
et al. [1]. Classical continuum theory (CCM) was there to study the materials response
to deformation and loading conditions deformation response of materials and structures
subjected to external loading conditions without taking into effect the atomistic structure.
Classical continuum theory can be applied to various challenging problems but its governing
equation have a limitation that it cannot be applied on any discontinuity such as a crack,
as the partial derivatives with respect to space are not defined at a crack. To overcome this
limitation , a new non local continuum approach i.e Peridynamics (PD) was developed.It
was introduced as it governing equations donot contain any partial derivative with respect
to space so it can be applied at cracks also. We can also think of Peridynamics as the
continuum version of molecular dynamics. This behaviour of peridynamics makes it handy
for multi-scale analysis of materials. Peridynamics finds it usefulness in other fields also
such as moisture, thermal, fracture, aerospace etc., so that multiscale analysis can be done

The analysis of structure due to progressive failure is challenge. These challenges can
be overcome by techniques such as using both nonlocal and classical (local) theories. But
Peridynamic theory is computationally costly compared to the finite element method. While
analyzing structures with compelxity , utilize structural idealizations is to be done to make
computations feasible. Peridynamics has been catching the eyes of the researchers as its
formulation include integral equations , unlike the partial differential equations in classical
continuum theory. This method is still in early stages, a lot of research work is to be done
to make it feasible for a large no. of problems.
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Chapter 1
INTRODUCTION

Peridynamic is a non local continuum theory of solid mechanics based on integral equations
originally proposed to address elasticity problems involving discontinuities. The govern-
ing equations of peridynamics are integro-differential equations and do not contain spatial
derivatives which make this new theory very attractive for problems including discontinuities
such as cracks.

1.1 Why going away from classical theory ?

In classical theory, a material point is influenced by the other material points which are in
infinitesimally small neighbour, so it is a local theory which means stress at the material
point depends only on the strain of material points in the infinitesimally small neighbour.For
macroscale it can be true but not as the length scale approaches atomistic scale because of the
involvement of longrange forces.Even for macroscale also, microstructure can have influence
on the macrostructure.Even now there are no full proof theory to predict crack initiation
and its path due to the mathematical formulation which assumes body as continous as the
deformation occurs. So the formulations doesnot apply as soon as the discontinuity appears
in the body.Classical theory involves partial differential equations with respect to space
and these spatial derivatives are not defined at the discontinuities.So the main limitation
of classical theory is that it is not applicable due to its governing equations which involve
partial derivatives with respect to space when there is discontinuity such as a crack.
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Figure 1.1: Comparision between local and nonlocal theory

The stress at crack tips tends to be infinite in classical theory which lead to the concept of
Linear Elastic Fracture Mechanics (LEFM) which assumes pre-existing cracks in the material
where crack initiation and crack path are treated separately using external parameters such
as critical energy release rate. The critical energy release rate is not part of the governing
equations of the classical theory. Further the calculation of energy release rate is challenging
as the quantity depends on geometry, loading conditons and numerical methods.in addition
to this separate criteria for crack propagation is needed.

The classical theory solutions are independent of crack size but the experiments showed
that materials with small cracks have more fracture resistance. Also classical theory predicts
there is no dispersion which is not true as the experiments shows otherwise for the propa-
gation of elastic plane waves with shorter wavelengths in elastic solids. Hence no internal
length parameter is there to distinguish different length scales.
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Figure 1.2: Comparison of phase velocity for wave propagation

However classical theory is not capable to distinguish different length scales but it can
capture failure processes by using Finite Element Method (FEM).In fracture mechanics main
worry is the introduction of pre-existing cracks not the new cracks.When addressing the pre-
existing crack growth , FEM using traditional elements have the limitation of remeshing
after each incremental growth of a crack.

Hence the presence of infinite stress at crack tip, need for external parameters, inability to
distinguish crack size and crack initiation, and requirement for remeshing makes impossible
to solve probems with multiple interacting cracks propagating in unusual manner using
traditional FEM elements.



1.2 Basic Definitions

1.2.1 Equation of Motion

The peridynamic equation of motion of any particle X in reference configuration at time ¢
is given as

0%u

pw:/Rf<u(X/,t)—u(X,t),X/—X> AV +b (X, 1) (1.1)

where Vx. is a neighborhood of X | u is the displacement vector field, b is prescribed body
force density field, p is the mass density in reference configuration and f is a pairwise force
function whose value is the force vector (per unit volume squared) that the particle X’ exerts
on particle X.

Horizon of x

Figure 1.3: Particle interaction in a horizon

1.2.2 Relative Position

The relative position of the two particles in the reference state is & which is equal to

E=X"-X (1.2)



1.2.3 Relative Displacement

The relative displacement of the two particles is 7 which is equal to

n=u(X"t)—u(X,t) (1.3)

Figure 1.4: Particle interaction in a horizon

The relative position of the particles in the deformed state p which is equal to n + € .

1.2.4 Conservation laws

The linear and angular momentum law is to be followed by the force function f that is

Mm+&*Ff(n,&=0 (1.5)



for all £,m. The above expressions implies that the relative position is parallel to the force
between the two particles. The general form of the bond force for the basic theory can be
written as

§+n
f(n,§) = [ (&t 1.6
n.6) = (e (P (1.6
where the scalar bond force is represented as f and also
p=In+¢. (1.7)

1.2.5 Bond stretch

Like in classical theory , where there is a strain, here it is a scalar bond stretch 'sj which is

defined as

$+mnl—|n|
== — (1.8)
€]
For a brittle material to be microelastic, it should have
f(37t7£) = X(Lf) CSp (19)

where x is a history dependent damage function taking values of either 0 or 1 and ¢ repre-
senting spring constant

X(,E) =1 if s (', &) < s, forall 0 <t <t (1.10)

= (0 otherwise (1.11)

where s, is the critical bond stretch for failure which means if the bond stretch is has
exceeding critical bond stretch, the bond is assumed broken. The value of spring constant

¢ is found by equating the energy density within the horizon in the peridynamic theory to
strain energy under isotropic extension from continuum mechanics for the same deformation.

Thus

18K
c= ——
mo4

where ¢ is the horizon. The critical stretch for bond failure , s, is related to the energy

release rate G as
106G\ 2 5G 1\ 2
_ (== N 1.1
% (71’0(55) (9K5) (1.13)

10

(1.12)



This is obtained by equating work done to break all bonds in a unit area to energy release
rate Silling and Askari (2005) described that introduction of failure at interaction level leads
to local damage at a point given by

1-— fVX(X,t,f)dVX
fvdVX

(1.14)

where R represents spherical volume with radius equal to horizon of § and the centre of
sphere is at X. So we can get the definition of the local damage at a point as ratio of
amount of broken interactions to total amount of interactions .

1.3 Horizon size

Horizon of a material point refers to the region in which it has its influence on the other
material points i.e it can have interactions with other material points in that region only. It
is a length-scale parameter from which peridynamics gets its non-local behaviour.The type
of the problem and its nature defines the selection of the horizon size. If the problem is
not having any non-local behaviour,horizon should converge to zero In which case, classical
continuum theory and peridynamics are equivalent of each other.We use the numerical tech-
niques to solve the problems in peridynamics.Using a very small value of horizon size , the
computational time gets very large. So that size of horizon should be chosen which doesn’t
show any significant non-local character which we can get by doing some convergence study.
In problems which have non-local and non-classical behaviour horizon is used as a length
scale parameter which we can adjust according to the required physical behaviour that can
be correctly represented.In a beam where crack is to appear or loading is applied , we cannot
choose uniform size of horizon all over the beam, the region in which it is assumed for the
crack to appear and the loading, we can have a smaller horizon of each material point.For
the problems in which the cross section area of the material is changing, we can use small
horizon size to accurately detect the behaviour of material at the change of cross section.

1.4 Advantages and Limitations

e Advantages

— Offers potentially great generality in fracture modeling.

x Cracks nucleate and grow spontaneously.
% Cracks follow from the basic field equations.

11



— Any material model from local theory can be used.
— Compatible with molecular scale long-range forces.

— Length scale can be exploited for multiscale modeling.
e Limitations

— Slow due to many interactions.

— Need smarter integration methods.

— surface effects: correction methods are available but none totally satisfactory.
— boundary conditions are different from the local theory.

— Particle discretization has known limitations.

12



Chapter 2
LITERATURE REVIEW

The nonlocal peridynamic theory has been proven to be a promising method for modelling
the material failure and damage analysis in solid mechanics .The modelling of complex
fracture problems such as crack branching and spontaneous crack nucleation and , curving
and arrest can be done easily using the integro differential equations of peridynamics. Ning
et al. [2] studied the damage due to impact in a three point bending beam with offset notch
using the peridynamic approach which is widely used for the mixed I-II crack propagation in
brittle materials . The predictions from the peridynamic analysis agree well with available
experimental observations. The numerical results show that the dynamic fracture behaviour
of the beam under the impact load such as crack initiation, curving and branching rely on the
location of offset notch and the impact speed of the drop hammer. It has been observed that
in modal response of an aluminium plate with clamped free boundary conditions, the natural
frequencies from peridynamics agree better with the experimental results than the frequencies
from finite elements for all modes except mode I [3]. Differences between peridynamics and
experiment results ranged (in magnitude )from 0.13 to 10.38% and between pridynamic and
finite-elements from 0.23% to 9.72%. The non local peridynamic theory is applied to study
the structural vibration and impact damage using 2D bond based peridynamics and the the
numerical results indicate that the peridynamic solutions for beams vibration problems are
almost identical to the results based on Euler-Bernoulli beam theory. It is also found that
the feature of softer material near the boundary in peridynamics has a notable effect on the
solution of beam vibration [4]. Gardy et al. [5] developed a new state based peridynamic
model which is used to represent the bending of an Euler-Bernoulli beam. This model is
found to give accurate deformation results for simple beam tests. The perfect plasticity and
simple brittle damage models successfully reproduce the impact of non-linear behaviours on
deformation of rectangular cantilever and the framework is laid to allow application of the
same models to I-beams. This novel model simplifies treatment of bending in beams and

13



is extensible to bending in plates. Silling et al. [6] used PD theory for damage prediction
considering Kalthoff-Winkler experiment [7], in which a plate having two parallel notches
is hit by impactor and peridynamic simulations successfully captured angle of crack growth
that is observed in the experiments. This technique does not reqiure the specification of
kinetic laws for crack growth and because it does not require the tracking of individual
cracks, it models fracture mechanics problems of arbitrary complexity with potentially great
generality. Silling and Askari [8] showed the convergence of peridynamics using a plate with a
centre crack. Gardy et al. [9], using the peridynamic state based beam model, determined the
bending of a Kirchoff-Love plate. This model is non ordinary and is derived from the concept
of a rotational spring between bonds. This simple extension of beam model reproduces plate
bending with a poisson ratio of 0.33, which can be combined with a 2D linear peridynamic
solid model to simulate mixed in-plane and transverse loading. Peridynamic theory can be
applied to fracture problems in contrast to the approach of fracture mechanics. By using
peridynamics, the crack path for inclined crack under dynamic loading were investigated.
The peridynamics solution for this problem represents the main features of dynamic crack
propagation such as crack bifurcation. The problem is solved for various angles and different
stress values. The results are compared with molecular dynamic solutions that seem to show
reasonable agreement in branching position and time [10]. High velocity impact and shock
or blast responses are a critical design characteristic determing sizing of composite parts and
ultimately weight savings .Peridynamis can be used to accurately predict nonlinear transient
deformations and damage behaviour of compositess under shock or blast type of loadings due
to explosions .Peridynamics provide the ability to predict residual strength and durability for
improving structural designs of composites under such loadings[11]. Yile et al. [12] studied
the delamination and the effect of fiber waviness using PD. It is shown that the simulations
correctly perdicted the damage initiation and progression in the double cantilever beam
(DCB) made up of laminated composite with wavy fibers. Jifeng et al. [13] et al. studied
delmination and matrix damage process in composite laminates due to low velocity impact,
and the simulations showed that damage area correlates very well with the experimental
data. The peridynamic formulation for a unidirectional fiber-reinforced composite lamina
based on homogenization and mapping between elastic and fracture parameters of the micro-
scale peridynamic bonds and the macro-scale parameters of the composite is developed
by Wenke et al. [14]. The model is then used to analyze the splitting mode (mode II)
fracture in dynamic loading of a 0° lamina. Appropriate scaling factors are used in the
model in order to have the elastic strain energy, for a fixed nonlocal interaction distance
(the peridynamic horizon). Yozo et al. [15] developed a systematic analytical treatment
of peristatic and peridynamic problems for a 1D infinite rod. It is found from the study
that some peridynamic materials can have negative group velocities in certain regions of
wavenumber. This indicates that peridynamics can also be used for modeling certain types

14



of dispersive media with anomalous dispersion. Sarego et al.[16] developed a 2D linearized
ordinary state-based peridynamic model. The convergence behavior of peridynamic solutions
in terms of the size of the nonlocal region by comparison with the classical (local) mechanics
model is also studied. The degree to which the peridynamic surface effect influences the
recovery of elastic properties is examined, and stress/strain recovery values are found to have
a definite influence on the results. The technique used here can provide the basis for applying
2D peridynamic models to the study of fatigue failure and quasi-static fracture problems.
The PD model developed by Le et al. [17] for plane stress and plane strain was studied and
validated using a two dimensional rectangular plate with a round hole in the middle under
constant tensile stress. The model is found to show the m -convergence and § - convergence
behaviors. The problem of cracks propagation in thin orthotropic flat plates under bending
loads was studied by Tastan et al. [18] using peridynamics. The formulation followed here is
based on the main ideas of bond based Peridynamics. Several numerical examples show that
the results obtained with the new approach are in good agreement with those obtained with
more classical computational methods. Moreover the numerically computed crack patterns
seem to follow in a reasonable way the orthotropic properties of the models . Michael et
al.[19] developed a plate model as a two-dimensional approximation of the three-dimensional
bond-based theory of peridynamics via an asymptotic analysis. The resulting plate theory
is demonstrated using a specially designed peridynamics code to simulate the fracture of a
brittle plate with a central crack under tensile loading.

15



Chapter 3

APPLICATION TO EULER
BERNOULLI BEAM

Every object in the world has a 3-Dimensional geometrical shape and it is usually possible to
model structures in a 3-Dimensional fashion although this approach can be computationally
expensive. In order to reduce computational time, the 3-Dimensional geometry can be sim-
plified as a beam, plate or shell type of structure depending on the geometry and loading.
This simplification should also be accurately reflected in the formulation which is used for
the analysis. In this study, we want to develop Euler-Bernoulli beam formulation within
ordinary-state based peridynamic framework. The equation of motion can be obtained by
utilizing Euler-Lagrange equations. The accuracy of the formulation is validated by consid-
ering various benchmark problems subjected to different loading and displacement /rotation
boundary conditions.

3.1 Formulation

To represent an Euler Bernoulli Beam, we descretize the beam into single row of material
points. The descretization is meshless and the shape of the horizon is a line . Each ma-
terial point is having only one degree of freedom that is transverse displacement along z-axis.

Consider two material points k& and j with coordinates z; and x; and their transverse

displacements as u; and u;, with volume of horizon around each material point as V; and
V; respectively. After deformation, let x5 andr; are their curvatures.

16
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Figure 3.1: Kinematics of Euler Bernoulli Beam

x, —material point coordinate
V. —incremental volume

p —mass density

uy, —displacement

3.1.1 Equation of Motion

The strain energy density function in terms of micro-potentials for material point & is

=1
Wi, = 5 Z 5(0%1' + ;) V; (3.1)

j=1

where the micropotential can be defined as the energy required to break the bond between
two material points per unit volume square.
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The micropotentials are also the functions of the transverse degree of freedom of the
material points.

The PD equation of motion at material point x; is found out using principal of virtual
work which is

t1
5/ (T — U)dt =0
to

where T and U are the total kinetic and total potential energies of the system

Total kinetic energy of the system is due to bending and transverse shear deformation total
potential energy is obtained by the summation of micropotentials

(3.2)

1 o0
=5 szuz U Vi (3.3)
j=1
U= Z WiVi — Z(bi % (3.4)
i=1 i—1
Using equation (3.1)
= [1o L > '
U= Z (5 Z 9 (vij + i) )V;> - Z(bz ;) V; (3.5)
=1 j=1 i=1
Lagrangian L =T — U
..
L: -..§pkuk-ukvl€...
1,1
B 5 Z{§[akj<ulk — Uk, Ugk — Ug, - )
j=1
+ aj(uy — uj,up — )V V- (3.6)

N |
o § Z{E[Oélk(ulz — Ui, Ugi — Uy - - )
i=1

+ g (uge — g, Uge — u® ViV -
+ (bk uk)Vk
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or

L

1 o
Y Z{Oékj(u1k — Uk, Ugk — U, "~ )Vij} T
j=1

1 [e.e]
= 5 D e = g — g, YV VA (37)
j=1
+ (b - i) Vi

Here uy;, uy;,.. are the neighbourhood material points of j within the horizon.
Similarly us,, us, .. are the neighbourhood material points of k& within the horizon.
Putting the value of lagrangian L from equation (3.7) in lagrangian equation

> 1 > aaij : 8(UJ - 8azk a(Uk - ul) _ —
PrtVi + (Z 2 (Z O(u; — ul)‘/;> g, Z (Z O(up — uy) ) o b | Vi =0

Pl = Z (Z 0 uaojﬁulC > Z (Z 0 uakaiku ) by (3:9)

80&]“

zla( )

Using dimensional analysis, we come to know that the term > -° V; represents

the force term.
Let this term be the force density the material point =, exerts on xj. So the equation (3.9)
can be written as

o0

prtix = Y (Fky — L) Vi + by (3.10)

j=1

19



where the tilde sign shows the force densities due to bending deformations

. > , 033 anVi
fy = 1 Oay; Vi = i (2 Zz:l Ak ) g (3.11)
2V = 0(uj — uy) Vi O(uj —w)
1 oW,
= 3.12
Vj O(u; — uy) (3.12)

Using classical continuum mechanics, the strain energy density for material points k can be
represented as

1
Wy = §cm§ (3.13)

where kj, is curvature of material point £ and a is peridynamic constant
The curvature for material point &£ can be defined as

dzu’“_u’“ (3.14)

where ¥ represents all material points inside the horizon of material point k and d is also a
peridynamic constant

Putting the value of kj in eq.(3.13),we get

2
1 2w —
= — d2 —Z ; ]-

Putting value of Wy in equation (3.12) we get

& — U Vie  adk
(Z v ) K i (3.17)

ik jk
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Simlarly the value of fjk is found and those values are put in eq. 3.10 to get equation of
motion as

00 1 00 - 00 I .
puie = ad’ 3 o (Z L MVN) Vi + by (3.18)
j=1 >k j

k=1 i*k =1 Wy

3.1.2 Validation with classical theory

The validity of the equation is to be checked and to check so we limit the horizon nsize to
zero to get classical continuum theory i.e 6 — 0

Using Taylor series expansion the transverse displacements is expressed in terms of their
main material point displacements and ignoring higher order terms

ik

Wi = Ug + EppUp wSgN( Tk, — x1) + 5 Uk (3.19)
Putting value from eq. (3.19) in eq. (3.18), we get
pkuk:adQZT Z Wk ,z2 2 ,:cx‘/lk_z Wity : P) ],xxv;j ‘/]—Fbk
j=1 >3k \ k=1 i*k =1 ij
(3.20)
. = 1 — Uk zz > Uk, za 7oou‘:m: = Uk, zx ~
P, = ad® > (Z SV D T Ve = Yy S =y Vn) Vi + by
j=1 $ji ik=1 ik=1 ii=1 =1
(3.21)

The summation sign includes all the material points in the horizon of main material point
on the left and right of the material point.
If similar expansion is done for material point j we have

&,
Uj zx = Uk,zx + 5jkuk,mx<99n($j - ZL’k) + %uk,xmmx (322)

21



Putting value from eq. (3.22) to eq. (3.21)

2 2
—00 —00 37 o Eik
.o d2 1 gjkuk,xl‘x - JQ uk,x:c:r;atv' Sjkuk,m:z - JQ uk,xa:mcv_ V.
PrUE = @ =B 5 it 5 i | Vi
i=1 >k \i—1 =1
2 2
[ele] — o0 fk o0 Ek
1 =&k lUk,zae — 5 Uk =&k zaw — 5 Uk -
J JTTT JLTLTX J JTTT JTTTL
tad® > o D 5 Vi + ) T Vi | V; + by
j=1 ik \ii=1 ii=1

(3.23)

Doing some algebraic calculations,we have the final equation of motion for peridynamics as

pitiy = —ad® ) (Z “’“4\/) Vi + by (3.24)

j=1 \i=1

where i/ is replaced by
The infinitesimal volumes V; andV; can be expressed as

Vi = AA&y (3.25)
V, = AAE,, (3.26)

A&y, tends to d€ and A&, tends to — d¢’
Converting summations of eq.(3.24) into integrals, we have

1 d
pil = —ad? A / / %dﬁ”dé +b (3.27)
—5J-6
. Nitu -
pii + A2ad262@ =b (3.28)

Also in classical continuum mechanics the EOM for Euler Bernoulli beam is

. EId om
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m
where p is the transverse load and — is the change in acting on a material volume.

x
Comparing eq. (3.28) and eq. (3.29) we get

om

We can calculate peridynamic material parameter d, by comparing the curvature of material
point in peridynamics with curvature in classical theory under a simple loading condition
with constant curvature v i.e

0%u
=y = — 3.32
V= (3.32)
Integrating above equation, we get
2
Uy = % +ax+0b (3.33)

At x =6 and z = —J , y=0.Satisfying these conditions we have

=22 Y (3.34)

At XIO, U = —%

o g2 02

Putting the value of u; and uy in eq. 3.14 we get

v
U 6 ”
K = d—/ Adé (3.36)
2J-s
K = dvAd (3.37)
Equating above value with v we get
i= (3.38)
=5 .



Putting the value of d in eq. (3.30)

ETA?8?
0= =55 (3.39)
El
Putting the value of @ in (3.13) we get
1EI

which is same as the strain energy density function in the classical theory.

This shows that we can recover classical theory by reducing horizon size in peridynamics
to zero.
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Chapter 4

APPLICATION TO TIMOSHENKO
BEAM

Progressive failure analysis of structures is still a major challenge. There exist various predic-
tive techniques to tackle this challenge by using both classical (local) and nonlocal theories.
Peridynamic (PD) theory (nonlocal) is very suitable for this challenge, but computationally
costly with respect to the finite element method. When analyzing complex structures, it is
necessary to utilize structural idealizations to make the computations feasible. Therefore,
this study presents the PD equations of motions for structural idealizations such as beams
while accounting for transverse shear deformation. Also, their PD dispersion relations are
to be presented and compared with those of classical theory .

4.1 Formulation

For a Timoshenko Beam also, we descretize the beam into single row of material points. The
descretization is meshless and the shape of the horizon is a line . Each material point is
having only one degree of freedom that is transverse displacement along z-axis.But alongwith
the transverse displacement we have the shear deformation also.

Consider two material points k and j with coordinates x; and x; and their transverse
displacements as u; and u;, shear deformation as ¢, and ¢;, out of plane rotations asf
and 6; with volume of horizon around each material point as V;, and Vj respectively.After
deformation, let kj andrk; are their curvatures.
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Original
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Deformed . 1|| " delormution
Clrllﬁﬂutalm]lﬁ — =
B — Mormal o Averign
beam axis deformation

Figure 4.1: Kinematics of Timoshenko Beam

Uy, ¥ are transverse shear angles
ug, ujare out of plane deflections
Ok, 0;are out of plane rotations

U — U
;=2 L 8;sign (x; — xy) (4.1)
&
U; — U
Eik

Assuming vy; as the average tansverse shear deformation due to the interaction between
material points j and k

Uy = — Opsign (v; — o) (4.2)

uj—uk_Qj—i—Qk

Vi = sign(x; — xy,) (4.3)
&k 2
Let sy; is curvature between material points j and k
0; — 06
Ky = 22— (4.4)
&k
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Similarly for material point j

-y 6, + 6
D = Uk — Uy <_ it k) sign(x; — xy)
&k

4.1.1 Equations of Motion

The PD equation of motion at material point xj is found out using principal of virtual work

which is

t1
5/ (T — U)dt = 0
0

where T" and U are the total kinetic and total potential energies of the system

(4.8)

Total kinetic energy of the system is due to bending and transverse shear deformation
total potential energy is obtained by the summation of micropotentials

Let au;(kk;) and éyj(0;) are micropotentials between material points arising from

bending and transverse shear deformation respectively.

T3t (1)

>~ [1&1 i ]

U = Z [5 Z 5 Oék] Iikj Oéjk(li]k)] V bktgk

k=1 7j=1 ]

> [1& L ]

+ Z 5 Z 5 Oék] ﬁkj + Oé]k(ﬁjk)]v bkuk
k=1 j=1

Euler Lagrange equations can be expressed as

doL 0L
dt oy, Oup
4oL 9L _
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where
L=T-U

1 ., 1 1.2
e o2V - =0,V
+2puk k+2pAk kT

Mz

1 1 . N |
5 {5 [ (Frg) + ar(rn) Vi| Vieo -
; ]

R

1 1., R |
5 {i[akj(ﬁkj)JrOéjk(ﬁjk)]Vj Vie-
1 -

.
Il

W

1 1 . 5 |
5 {5 [k (kig) + (k)] Vi | Vi - -

J

Mz L

1
2 2

N | _
[—[akj (91y) + g (0,0)]V; | Vi
1 .

.
Il

+5k9ka + Ekuka

1 ., 1 1.2
e UV 4+ 00V
+2puk k+2pAk kT

M T

=3 |3 now) + sl | Vi

'Flﬁgi

B[@kj (V) + djk(ﬂjk)]‘/}} Vi

1

J
+I~7k0k‘/k: + i)kuka

Putting this L in the Lagrange equation, we get

80ék] 19]63) 819k] a@]k(ﬁ]k) (979%; ~
. —) —
”“’“V’“*Z{ { D0 w00 Oug | 0| kT Ve=0

Let
1 9an;(Ur;) _ i
ISR !
L 945k(03k) _ 5
fjk‘ aﬂjk !

(4.13)
(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)



Then we have

. > 891 R
puix Vi + Z [fgkszg D +§gkf]k } Vi—br=0 (4.20)
j=1
Also
> 1 86&@'(%[@]‘) 8/<ij a&jk(lﬁijk) al{jk
Aek ; {2 { T e T I
80% 19]”) 819@ 8&jk(19jk) 819]k ~
Vil Vi —b V=0 4.21
+Z{ { D0r, 00, 00y a0, | 7 TRk (4.21)
Let

1 6&kj(/£kj) ~
i Sl VA 4.22
§jk alikj ka ( )

1 8&jk(n]k) ~
- f 4.23
£yk a/?jk fjk ( )

Then we have
Ok ~ 0K
,OAek"i‘Z £jk |:ka il fjk ]k} i
. 00

—}-Z =&k {fk; kj f]k } _bk 0 (4.24)

where fi;, fir fij, [k, are peridynamic interaction forces between material points j and k
arising from bending and transverse shear deformation .
For linear behaviour, the interaction forces can also be defined as

Fei = co(brg)  fir = cp(sn) (4.25)
Fri = cs(iy) fiv = ca(W0)

The peridynamic parameter associated with bending and transverse shear deformation are
Cs, Cp
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Putting these values of peridynamic forces and corresponding shear angles and curvatures
in EOM we have

> L 0.+ 6 .
pll'k = Cs Z (UJ il - + ksign(l‘j — Ik)) V; + bk (426)

j=1 &k 2
I . (gj—ek 1 Uj — Uk 93—|—9k . 7
20, — 4z _ o . 4.9
p—0r = E o Vi + 205 E ( & 5 sign(z; —xg) | Vi + bk (4.27)

4.1.2 Validation with classical theory

Using Taylor series expansion we can express out of plane rotation and transverse shear
deformation at material point j as

1

wj = up + up€psign(x; — ) + §ukm§fk (4.28)
) 1
0; = 0k + Ok o &insign(z; — ) + §0k7xx£]2k (4.29)

Putting these values in the EOM gives

. = (e uk,xkaZgn(x - xk) + luk,xacéQk — Ug
i =,y (A o)
J

J=1

(O + O uEpsi = Tp) + 20k 0nl3 0 .
_CSZ ( b+ Onalisign(; 2xk> 3000l ksign(afj - ﬂck)) Vi + by,
j=1
> Uk, zzSj . Oro&ix(1 — 0 Oz . A
= ¢, le <O + kajk — (kazgn(xj —xy) + it fjk; ) + k2 532 sign(x; — xk))> Vi + by
= Uk,mf‘k Qk,xf'k »
:CSZ( > 2 )Vj+bk
j=1
,OUk = Cs Z(uk,xz - ek,w)gjk‘/; + Bk
j=1
(4.30)
Similarly
I. e > 1 ) =
pzek = Cp Z Hk,m;gjk‘/j -+ Cq Z Uk,x - ek - Zek,mméjk ‘/J + bk (431>
j=1 j=1
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Let V; = AAEj, where A&jis representing the spacing between two consecutive material

points and replace summation by integration as A¢;; approaches zero. Now we have

5
Pl = cs/ (U gy — 0 ) EAdE +b
0

2
o4

Pl = cs(U gy — 0 4)A 5

Also

1 é
piézcb/ emgAd§+cs/ (ux—e—lemg) EAdE + b
A 0 ’ 0 7 4

52 52 62 0 .01 -

I. A 52 Ad? ~
pZQ = T (Cb — ng) 97133 + TCS(U@ - 0) + b

The above PD equations have same form as classical Timoschenko Beam equations

pii = kG (U ge + 0,) + b
I - ET ~
—0 = —0,, +kG(u, —0)b
p3t = 0w+ kG(us —0)
Comparing coefficients we get the peridynamic material parameters as

2kG
= A52 Cb:(?zalz"i‘

kG
A

I
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Chapter 5

APPLICATION TO MICROPOLAR
BEAM

In micropolar continuum, it is assumed that there is a microstructre which can rotate inde-
pendently from the surroundings. This means every particle contains six degrees of freedom
, three translational motions which are assigned to macro element and three rotational ones
which are assigned to the microstructure. In this method , in addition to force, particles ap-
ply moments to each other that is if a particle rotates, the other particles will apply moment
to that particle to resist deformation.

At each particle of a micropolar continuum, it is assumed that there is a microstructure
which can rotate independently from the surrounding medium.
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e Stress equilibrium

Figure 5.1: Microrotation

OMgy

ox

00,
ox
Oo,
0z

Omy
dy

33

+7-xz_

O0Tys
Tye _ 0

dy

OTx»
=0

ox
Toe = 0

(5.1)
(5.2)

(5.3)



O.Z

Az amzy
z m e

g, +

d o+ 57 A
TZX
Tyt oz Az
+
T —Ax
z XZ ax
do,
o, Az X o, + o Ax
omxy
m,
xy ) A
y o Ax My, + x X
Ty ————————
m,,

0,

Figure 5.2: Stresses acting on a planar micropolar solid.

The shear stresses are not symmetric. The shear stresses are divided into antisymmetric
and symmetric parts

sz+sz
s:— 5-4
r= 2 (5.4)
Tez — Tz
Tz T 5.5
Ta = (5.5)

TZX=TS — Ta

Xz TXz=T1S + Ta

TZX
Figure 5.3: Split of the shear stresses into symmetric and antisymmetric parts.

The antisymmetric part is responsible for microrotation and symmetric part for usual
shear deformation.

34



5.1 1D Micropolar PD Beam Theory

5.1.1 Geometry

o) —/\‘:\%Actual deformation
y \

Average deformation
Normal to beam axis

Figure 5.4: Kinematics of an Micropolar Beam .

5.1.2 General Equation of motion

7m@wfﬁymm—mmm%&@o
Titat) = [ le) = mfe)ds
z+0
3 O+ N e
+ % /x: (Mg[x] — M[2'])dx + Ly (x,t)
Iﬁ@ﬂz/j@%ﬂ—MMMm

z+d
‘/(mm+mwwmwm@
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5.1.3 1D kinematic states

Relative transverse displacement u|x] = u(x;) — u(zy)
Relative macro-rotation 0[z] = 0(x;) — 0(zy)
Relative micro-rotation ¢[z] = ¢(z;) — ¢(zy)
Average macro-rotation 0[z] = $(0(x;) + 0(zy))
Average micro-rotation ¢[z] = S(o(x5) + d(ax))

5.1.4 Constitutive relations

It is found out using the energy balance equations.

x; — x1) = AU+ 1)70g + Uyug) (x5 — T1)
x; — ) = (ABkg) (x5 — 1)

) = (Elkg)(z; — 1)
M(z; — x1) = AT+ 1) Yup + Wy00) (T — T1)°

where V44, K¢, Ko,704 are the non local strains which are given by:

Yoo = i:((uj — ug) + 565+ 66) (s — 24))a; — T)LE
Top = é(%«m +0u) — 3(0; + 60))(a — 1)’ LE

o = _f;wj ~ 0u)(a; — 2 LB

ko = —jz:(ej 0 (x; — ) LE
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5.1.5 Equation of motion

Putting the corresponding values in the equations (33), (34), (35), we get EOM as

N N
i, t) = 2V (LE) (GG 1) Y 5005+ 61) ()

=1 =1
N N] 1
Z WEr) =1 505+ o)) (5.9)
j=1 j=1
N
1p6(x,,t ZZEIfjk LE)*Y (0; — 0)(x; — )
=1 7=1
1 N N
- 5(V(LE) S G+ > (g — uk) (En)
=1 =1
N 1 le
+ﬁ;§(9 +0) (k) ;5 05 + &) (Ee)) (5.10)
. N N
Jo(x,t) =2VLEBY &k > (5 — b))
1= Jj=1
S
VLE) Y (&w)*(D_ 5(6;
=1 j=1
N
+9k 53]“2_'_2 _Uk fjk
=1
.
=1 Jj=1

e By neglecting the microrotation and putting micropolar constant 7 as zero , we get
the EOM for Timoshenko beam by adjusting the constants as

. > (u; —u 0,4+ 6 .
pliy, = Cq E ( ijk k_ 2 5 ksgn(:vj — azk)> Vi + by (5.12)
i=1
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[e.o]

1 Uj —u 0;+0 =
Cbz V + CS;( jfjk; ksgn(a:j—xk)— ] 5 ’“)gij/j+bk (5.13)

e Further neglecting the shear deformation and adjusting the constants, we get EOM for
Euler Bernoulli beam as

. =1 U, U Oouij—’w ~
=t o (St Sy h
j=1 >k '

k=1 =1 K]
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Chapter 6
PROBLEM STATEMENT

6.1 Problem

e A simply supported beam

Length of beam(L) = 1m

Area of cross section(A)= 0.01 x 0.01m?

Young’s modulus(E)= 200GPa

Point load at centre(P) = 50N

e Horizon size(d) = 2x length of an elemnt

39



L

Figure 6.1: SSB with load of 50 kNN

A
Y

6.1.1 Solution

e Discretize the beam into single row of N no. of material points.

e Distance between material points is LE = 1/N

e Two fictitious volumes are created on left hand and right hand of the beam with length
equal to horizon size .

b/2 b/2
Ax

Figure 6.2: Discretization of a Beam

e If there are odd no. of elements, then loading is applied to middle material point with

body force b = ﬁ
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e If there are even no. of elements, then loading is applied to two middle material points

with body force b = m on each of the two material point.

e .Boundary condition is applied by extending the deformed shape of the beam in the
fictitious volumes as shown

Figure 6.3: Negative Mirror image of Displacements

e Similarly it is done for other support also.The displacements of the material points in
the fictitious volume are specified as

U1 = —Ug
Ug = —U3
Ugg = —Ugs
U0 = —Ug7

e Equation (3.18) is written in matrix form as

[K{U} = {B} (6.1)

where {U}, [K] and {B} represents the displacement matrix,stiffness matrix and body
force matrix respectively.

e Lets displacement matrix be expressed as
{U} = [R{U} (6.2)

where[R] represents matrix used to transform displacement matrix into reduced dis-
placement matrix i.e {U}.

The reduced displacement matrix contain displacements of material points which are
in the beam only.
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e Imposing boundary conditions, we have

0 -1 0
-1 0 0
1 0 0
0O 1 0
R =
0O 0 1
0 0 -1
- ... .0 -1 0 1 Nw(v—29)
]
Uy
U=
Ug7
L Y98 | (n_25)x1

e Putting stiffness , transformation,reduced displacement and body force matrix in the
following equation we will get the unknown displacements

[RI"[K|[R{U} = [R]"{B} (6.3)
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Chapter 7
RESULTS AND DISCUSSIONS

7.1 Euler Bernoulli Beam

7.1.1 Simply Supported Beam

%107

NE= 50
NE= 100
NE= 200
NE= 400
NE= 800
analytical

Transverse displacement (m)

0 01 02 03 04 05 06 07 08 09 1
Location (m)
Figure 7.1: Plot with varying no. of elements and constant horizon of 2*LE (EB Beam)
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Analytical solution

PxX

D on = ————
eflection SrErl

(3L —4X?*) X < L/2

This is the plot between transverse displacements of the material points and their
coordinates .

The maximum deflection is at centre of the beam and is equal to 6.25 mm analytically.
As the no. of elements are increasing from NE=50 to NE=800, the graph is converging.
After NE=100, it seems graphs overlaps a little to each other for NE=200,400,800.

For NE=800, the graph is totally compatible with the analytical solution.
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m—— h= | E

-1r h= 4 LE i
g s = 10 LE
S 21 analytical ]
-
g -3f .
o
0
©
o 41 y
o
(D)
>
c Or ]
©
|_
6F 4
_7 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Location (m)
Figure 7.2: Plot with varying horizon length and constant no. of elements equal to 500
(EB Beam)

This is the plot beyween transverse displacements of the material points and their
coordinates .

The maximum deflection is at centre of the beam and is equal to 6.25 mm analytically.

As the horizon size is increasing from h=LE to h=10 LE, the graph is diverging

After h=2LE, graph discourages itself to overlap from h=4 LE, 6 LE, 8 LE.

For h=2 LE the graph is totally compatible with the analytical solution.
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7.1.2 Cantilever Beam

e Length of beam(L) = Im

Area of cross section(A)= 0.01 x 0.01m?

e Young’s modulus(E)= 200GPa

Point load at free end(P) = 50N

e Horizon size(d) = 2x length of an elemnt

v

L

Figure 7.3: Cantilever Beam with load 50 kN

A

46



-0.01

-0.02
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0.1 NE=800
011 F analytical

1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Location (m)

Figure 7.4: Plot with varying no. of elements and constant horizon of 2*LE (EB Beam)

Analytical solution

Px(L—X)?

DE jon =
flection Y,

(7.1)

This is the plot between transverse displacements of the material points and their
coordinates .

The maximum deflection is at free end of the beam and is equal to 100 mm analytically.
As the no. of elements are increasing from NE=50 to NE=800, the graph is converging.
But the correct overlapping of analytical solution is with the graph with NE= 100.

For NE=50 , the displacements in peridynamics are coming greater than the analytical
solutions.
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Figure 7.5: Plot with varying horizon size and constant no. of elements equal to 500

(EB Beam)

-0.02

-0.04

-0.06

-0.08

Transverse displacement (m)

-0.1

_0.12 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Location (m)

e This is the plot beyween transverse displacements of the material points and their
coordinates .

e The maximum deflection is at the free end of the beam and is equal to 100 mm
analytically.

e As the horizon size is increasing from h=LE to h=10 LE, the graph is diverging
e After h=2LE, graph discourages itself to overlap from h=4 LE, 6 LE, 8 LE.

e For h= LE the graph is totally compatible with the analytical solution.
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7.1.3 Clamped Clamped Beam
e Length of beam(L) = 1m

Area of cross section(A)= 0.01 x 0.01m?

e Young’s modulus(E)= 200GPa

Point load at centre(P) = 50N

e Horizon size(d) = 2x length of an elemnt

L

A
v

Figure 7.6: CCB with load 50 kN
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Figure 7.7: Plot with varying no. of elements and constant horizon of 2*LE (EB Beam)

-0.2

-0.4

-0.6

-0.8
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-l1.4

Transverse displacement (m)

-1.6

-1.8

102

N

T

T T T T T T T T

NE=50

NE=100
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NE=400 T
NE=800
analytical 7

1 1 1 1 1 1 1 1

0.1

Analytical solution

02 03 04 05 06 07 08 09 1
Location (m)

PxX

Deflectwn = m

(BL—4X) X <L/2

This is the plot between transverse displacements of the material points and their

coordinates .

The maximum deflection is at centre of the beam and is equal to 1.6 mm analytically.

As the no. of elements are increasing from NE=50 to NE=800, the graph is converging.

After NE=100, it seems graphs overlaps a little to each other for NE=200,400,800.

For NE=800, the graph is totally compatible with the analytical solution.
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Figure 7.8: Plot with varying horizon length and constant no. of elements equal to 500
(EB Beam)

This is the plot beyween transverse displacements of the material points and their
coordinates .

The maximum deflection is at centre of the beam and is equal to 1.6 mm analytically.

As the horizon size is increasing from h=LE to h=10 LE, the graph is diverging

After h=2LE, graph discourages itself to overlap from h=4 LE, 6 LE, 8 LE.

For h= LE the graph is totally compatible with the analytical solution.
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7.2 Timoshenko Beam

7.2.1 Simply Supported Beam
e Length of beam = 1m

e Area of cross section = 0.1 x 0.1m?2
e Young’s modulus = 200GPa

e Point load at centre = 500kN

L

Figure 7.9: SSB with load 500 kN

A

v

e Analytical solution

. B *X 2 2
Deflection = 48*E*I(3L 4X%) X < L/2

— P 2 2
Rotation = m([z —4X ) X < L/2
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Figure 7.10: Plot between transverse dis-
placement and length of beam (Timo
shenko Beam)

. . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1
Location (m)

Figure 7.11: Plot between rotation and
length of beam (Timoshenko Beam)

e These are the plots between transverse displacement,and rotation of material points
and their coordinates.

e The maximum displacement is at centre and is equal to 6.25 mm .The maximum
rotation is at supports and is equal to 1.5x107% and is equal to zero at mid point of
the beam analytically.

e For the transverse displacement, as the no. of elements are increasing from NE=50 to
NE=800, graph is converging.

e For the rotation the graph is somewhat not uniform , the graph for NE=800 overlaps
with analytical one at starting, then from X=0.2m to X=0.7m , NE=200 overlaps with
analytical one, then in the end NE=400 overlaps with analytical one.

e For transverse displacement, from NE=100, the begins to overlap each other and it
fully complies with the analytical solution.
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7.2.2 Cantilever Beam

e Length of beam = 1m

e Area of cross section = 0.1 x 0.1m?

e Young’s modulus = 200GPa

e Point load at centre = 500kN

A

L >

Figure 7.12: Cantilever Beam with load 500 kN

e Analytical solution

, Px(L—X)?

D = — >
eflection Tr Bl
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Rotation = m
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Figure 7.13: Plot between transverse dis-
placement and length of beam (Timo
shenko Beam)
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Figure 7.14: Plot between rotation and
length of beam (Timoshenko Beam)

Location (m)

These are the plots between transverse displacement,and rotation of material points
and their coordinates.

The maximum displacement is at free end and is equal to 100 mm .The maximum
rotation is at free end and is equal to 0.15 rad.

For the transverse displacement, as the no. of elements are increasing from NE=50 to
NE=800, graph is converging

For the rotation also , as the no. of elements are increasing from NE=50 to NE=800,
graph is converging

For transverse displacement, from NE=100, the graph begins to overlap each other
and it fully complies with the analytical solution, only for NE=50 graph seems to be
having less displacement values

For rotation also, from NE=100, the graph begins to overlap each other and it fully
complies with the analytical solution, only for NE=50 graph seems to be having less
rotation values
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7.2.3 Clamped Clamped Beam
e Length of beam = 1m

e Area of cross section = 0.1 x 0.1m?

e Young’s modulus = 200GPa

e Point load at centre = 500kN

A

L >
Figure 7.15: CCB with load 500 kN

e Analytical solution
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Figure 7.16: Plot between transverse dis-
placement and length of beam (Timo
shenko Beam)
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Figure 7.17: Plot between rotation and
length of beam (Timoshenko Beam)

e These are the plots between transverse displacement,and rotation of material points
and their coordinates.

e The maximum displacement is at centre and is equal to 1.6 mm .The maximum rotation
is at a distance of 0.25 m from each supports and is equal to 4.5x1073 and is equal to
zero at each support and middle of the beam.

e For the transverse displacement, upto a distance of 0.5 m, all graphs seems to be
overlapping but after 0.5 m , the graph with NE=50 begins to diverge.For NE =50,
the maximum value of deflection comes as X=0.55 m.

e For the rotation all the graphs seems to be ovelapping but showing a greater value of
maximum rotation . Upto X=0.2 m , from X=0.4 m to 0.7m and near the support,
the graph with NE=800 fully complies with tha analytical solution.
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Chapter 8

SCOPE OF PRESENT WORK

— PRODUCTION SOFTWARE
% Unify Peridigm/Sierra/EMU
x Address usability and interface issues
* Material model library

— SOLVERS AND NUMERICAL METHODS

* SPH, kernel methods connection
x Next gen platforms

*x Eulerian and ALE capability
— MATERIAL/DAMAGE MODELING

* Ductile failure

x continuum damage mechanics

*x Quasistatic material failure

« Digital Image correlation (DIC)
* Nonlocal deformation measures

— MULTISCALE

* Scalable multiscale methods
x Coarse graining
* Atomistic-to-continuum coupling

* General tool for material failure
MATH AND THEORY

o8



*

*

x

Quantify uncertainty specially in fracture
Contact algorithms
Material stability

— MULTIPHYSICS

*

*

Math and numeric for multiphysics
Geological applications
Fluid-structure interaction
Diffusion, chemical reactions
Electromagnetic fields

Electronics and MEMS reliability

Friction
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