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Introduction

Historically, the study of modules over finite dimensional algebras has started with the study
of the finite dimensional modules over these algebras. This is sufficient when dealing with
a finite dimensional algebra of finite representation type, where there are only finitely many
indecomposable modules of finite length (up to isomorphism). Any module is the direct sum
of modules of finite length and, moreover, this decomposition is unique (up to isomorphisms)
by means of the famous Krull-Remak-Schmidt-Azumaya Theorem. When dealing with algebras
of infinite representation type, it has been proven by Auslander in [8], that indecomposable
modules of infinite length occur in this case. The first example is the Kronecker algebra, ie. the

path algebra of the quiver:
! P

This is a tame hereditary algebra of infinite representation type and its module category has

been extensively investigated. We can describe the finite length modules in the following picture:

/”.\/’.\. . . .ﬂ.x‘.j.\“.

p t q

Figure 1: Auslander-Reiten quiver of the category of finite length modules over the Kronecker algebra.

Here p and q denote, respectively, the preinjective and the preprojective component, where
the indecomposable projective (resp. injective) modules belong to. In the middle, t denotes a
sincere, stable and separating family of tubes, which are connected and uniserial length categories
themselves, consisting of reqular modules. Examples of infinite dimensional modules occurring
in this category are the Priifer modules, the adic modules and the generic module G. The first
two kind of modules somehow resemble the Priifer and the adic abelian groups and the generic
G is defined as the unique indecomposable infinite dimensional module with finite length over
its endomorphism ring.

The study of pure-injective modules over a finite dimensional algebra is crucial for the problem
of describing infinite dimensional modules. Indeed, the infinite dimensional modules of this type
are the first that have been widely studied in literature, see for instance [22, 52, [70]. Pure-

injective modules have a wide range of nice properties coming from different point of views: first



of all, they have a cogenerating property, indeed any module can be (purely) embedded in a
pure-injective module, furthermore, they give rise to the Ziegler spectrum, a topological space
which is relevant for studying of the representation theory of a ring from a model-theoretic
perspective.

The classification of pure-injective modules over a tubular algebra is the main motivation for
the present work. The category of modules over a tubular algebra has been widely studied
in literature. In 1984, Ringel gave a detailed description of the structure of the Auslander-
Reiten quiver of the category of finite dimensional modules over a tubular algebra A (see [56]).
Afterwards, the infinite dimensional A-modules has been studied by different authors, see eg.
[2, BT, 32, 53], B5].

Tubular algebras belong to a wider class of algebras of infinite representation type, called con-
cealed canonical algebras. The category of modules over a concealed canonical algebra, as stated
by Lenzing and de La Pena in [47], is characterized by the presence of a family of standard tubes
in its Auslander-Reiten quiver, which is stable, sincere and separating.

In the specific case of tubular algebras, there is a countable number of tubular families t,,,
w € Q>0 U{oo}, and the indecomposable A-modules can belong either to a tubular family or to
the, so called, preprojective or preinjective component, respectively denoted by pg and quo.
For any rational number w € Q>, there is a trisection of the finite dimensional indecomposable
A-modules, (puw, tw, qw), where p,, consists of the preprojective component pg together with all
the tubular families t,, for & < w, and q,, consists of the preinjective component q. together

with all the tubular families tg, for 3 > w. If w is irrational, then we only have a bisection

(Pw; 9w ), With p,, and q,, as above.

Qoo Po

Pw Quw

Figure 2: Trisection of mod-A for w rational (left) and bisection of mod-A for w irrational (right).

Consider the torsion class By, = °pw, cogenerated by p,, and the torsionfree class C,, = qu°,
generated by q,,. We define a new class M, as the intersection of B,, and C, and, following
[53], modules in M,, are said of slope w.

If w is rational, all the finite dimensional modules in t,, belong to M,, and if w is irrational we
only have infinite dimensional modules in M,,,.

The problem of classifying pure-injective modules over a tubular algebra has been of particular
interest during the last years. Starting from an article by Ringel in 2005, see [54], this subject
has been approached from the point of view of tilting theory by Angeleri Hiigel and Kussin, in
[3], and by Harland and Prest in [32], from a model-theoretic perspective.

In [3], the authors have outlined a partial classification of the pure-injective modules in Mod-A,

which is satisfactory for modules of rational slope. For the irrational slope case, say w, it is



known that there exists a unique cotilting module of slope w, denoted by W,,, and the pure-
injective modules of this slope belong to Prod(W,,), ie. they are direct summands of product

of copies of Wy,.

In this thesis, we approach this problem from the point of view of tilting/cotilting theory, more
precisely we consider the torsion pair (Q,,Cy), for w irrational, where C,, = q,,°, and we look
at the category A,, which is the heart of a t-structure arising from this torsion pair. t-structures
are the analogous of torsion pairs in a triangulated setting. This concept has been introduced
in 1982 by Beilinson, Bernstein and Deligne, in [I3]. The heart of a t-structure is an abelian
subcategory of the initial triangulated category. In the setting of the derived category of a
module category, Happel, Reiten and Smalg, in [30], have developed a theory connecting tilting
theory and t-structures. Starting from a torsion pair generated by a tilting module over a ring
R, they defined a t-structure in D°(Mod-R) whose heart is an abelian category closely related
to Mod-R. This theory has had several developments in the last years. Colpi, Gregorio and
Mantese, in [I7], proved that the heart of a t-structure arising from a torsion pair in Mod-A
is a Grothendieck category if and only if the torsion pair is cogenerated by a cotilting module,
hereafter called cotilting torsion pair. Afterwards, this result has been generalized by Coupek

and Stovicek, in [20], for a general Grothendieck category G.

The heart A, considered above, is a locally coherent Grothendieck category and its injective
objects correspond to the pure-injective modules of slope w over the tubular algebra A. This
is true since the torsion pair (Q,,Cy) is actually a cotilting torsion pair and the cotilting
module cogenerating it becomes an injective cogenerator for A,,. This moves our problem from
classifying pure-injectives in Mod-A to classifying injectives in the category A,,.

In a Grothendieck category G, the direct sum of the injective envelopes of all the simple objects
in G forms an injective cogenerator for G, therefore it is immediate to see that in order to classify
the indecomposable injective objects in a Grothendieck category G one should first focus on the
simple objects in G. In this sense, we will use a theorem that relates the simple objects in the
heart of a t-structure coming from a torsion pair to some peculiar objects in the original category.
Indeed, it has been proven in [1] that the simple objects in the heart A of a t-structure arising
from a torsion pair (Q,C) in a Grothendieck category are precisely the objects S € A of the

form S = Y[1] with Y torsionfree, almost torsion, or S = @ with @ torsion, almost torsionfree.

Torsionfree, almost torsion objects in G are torsionfree objects whose proper quotients are tor-
sion, and torsion, almost torsionfree objects are defined dually. Somehow, one can think about

torsionfree almost torsion objects as objects very close to the "border” of the torsion pair.

As a first application of the latter characterization of simples in the heart, we focus our attention
to the category of modules over the Kronecker algebra, mentioned at the beginning. In [5],
Angeleri Hiigel and Sanchez have provided, for this category, a complete classification of all
the cotilting torsion pairs, which are parametrized by subsets P of a noncommutative curve
of genus zero X. Moreover, this classification actually resembles the classification of cotilting
torsion pairs in the category of modules over a commutative noetherian ring (cf. [4]). For each
heart arising from a cotilting torsion pair in the category of modules over the Kronecker algebra,

we will describe its atom spectrum. This spectrum has been first introduced by Kanda in [35]



for a general abelian category and it is a generalization of the prime spectrum for commutative
rings. Accordingly, it has a structure of topological space and, for a Grothendieck category
g, it is strongly related to the spectrum of the indecomposable injective objects. Indeed, as
proven in [35], there is an injective map between the atom spectrum and the spectrum of
the indecomposable injectives in G. This correspondence becomes a bijection if G is a locally
noetherian category.

The result we will achieve is the following:

Theorem (Theorem . Let G = Mod-A, with A the Kronecker algebra. Consider P C X
and let Cp be the infinite dimensional cotilting module, together with its corresponding cotilting
torsion pair (Qp,Cp) (as in Table . Consider the heart Ap of the t-structure arising from
the cotilting torsion pair (Qp,Cp). We have the following:

o If PCX, then:

ASpec(Ap) = G[1] U {S, | Si simple regular in U Uy} U
TeP
U {Sz[1] | Sz simple regular in U Uy}
zeP

o If P=X, then:

ASpec(Ax) = G[1] U {S, | S, simple regular A-module}.

For all the hearts arising from cotilting torsion pairs in the module category over the Kronecker
algebra, there is a bijection between their atom spectrum and the set of indecomposable in-
jectives. This is expected for the case P = &, in which the cotilting module cogenerating the
torsion pair is the so called Reiten-Ringel tilting module, ie. W = G& P, x S5°, where G is the
generic module and Sg° are Priifer modules. Contrary to this, the result is somehow surprising
for all the other cases; indeed, for the cotilting module W, the associated heart is equivalent to
the category of quasi-coherent sheaves over a noncommutative regular projective curve X and
therefore it is a locally noetherian Grothendieck category. In all the other cases, the associated
heart is not locally noetherian but it turns out to be a, so called, Gabriel category, ie. a category
with Gabriel dimension, and it has been proven in [65] that the bijection between the atom
spectrum and the spectrum of indecomposable injectives holds for these categories too.

Going back to the problem of classifying pure-injective modules over a tubular algebra A, we
proceed by setting our approach in a more geometrical environment. The category of modules
over a tubular algebra A is strictly related to the category of quasi-coherent sheaves over a
tubular curve X, denoted by QcohX.

In [47], Lenzing and de la Pefia have proved that there is a derived equivalence between the
category QcohX, where X is a noncommutative regular projective curve of genus zero over a
field k, and the category Mod-A, where A is a concealed canonical algebra. Indeed, starting
from a tilting sheaf 7' in QcohX, the algebra A is isomorphic to End(7"), and moreover every

concealed canonical algebra arises in this way. In particular, this holds for tubular algebras, and
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the curves X such that the corresponding algebra is tubular are called tubular curves.
Noncommutative curves of genus zero over a field k are a generalization of the weighted projective
lines introduced by Geigle and Lenzing in 1987 (see [26]). The category of quasi-coherent
sheaves over these kind of curves has been widely studied from different point of views, see eg.
[2, [42] [39], [48] for some general theory, [40, [44] for the specific case of tubular curves, [41] for a
K-theoretical perspective and [67] for the Calabi-Yau properties.

As the derived equivalence mentioned above may suggest, the category of coherent sheaves over
a tubular curve X, cohX, has a similar description to the category of modules over a tubular
algebra A, indeed, also in this case classes of sheaves can be distinguished by a notion of slope,
which is a rational number or infinity. Passing to the infinite dimensional world, the category
of quasi-coherent sheaves over X is the direct limit closure of the category of coherent sheaves
over X, denoted by cohX. In [2], the authors have extended the notion of slope of a sheaf to the
non-coherent ones, which, in this case, can be an element of the real numbers or infinity.

The advantages of working in this geometrical framework are numerous. First of all, in cohX the
slope is defined as the ratio of degree and rank, which are two linear forms over the Grothendieck
group of cohX, and this cleary makes computations easier. Moreover, the category of modules
over a tubular algebra A is not hereditary, but cohX it is a hereditary category and this simplifies
the theory from the homological point of view. Last but not least, all the indecomposable sheaves
in cohX fall into tubular families t,,, w € Q N {oo}, therefore we do not have the preprojective
and the preinjective components as in Mod-A, simplifying the context of the work.
Furthermore, it follows by a criterion of Jensen and Lenzing (see [51, Theorem 5.4]) that starting
with a pure-injective modules over a tubular algebra A, we obtain a pure-injective sheaf in
QcohX. This means that describing pure-injectives in Mod-A is the same as describing pure-
injectives in QcohX.

In QcohX the slope of a sheaf is defined as in Mod-A, ie. a sheaf has slope w € RU {oo} if it
belongs to the class M., = B, N Cy,, where B,, = °py and C,, = q,,°, as before. If w is rational,
then the tubular family t,, falls entirely into the class M,, and if w is irrational M,, consists
only of (quasi-coherent) non-coherent sheaves.

As we did for the category of modules over a tubular algebra, we can consider the torsion pair
(Qu,Cy) in QcohX. The heart of the t-structure arising from this torsion pair is well known
for the rational slope case, indeed it is actually equivalent to the category QcohX’, where X' is
another tubular curve (if X is a curve over an algebraically closed field &, then X’ = X). Dealing
with an irrational number w is a totally different story, indeed the heart A,, in this case is a
locally coherent Grothendieck category and not much more is known.

The purpose of the last part of this thesis is to construct a quasi-coherent sheaf over a tubular
curve X of a prescribed irrational slope w such that it becomes simple in the heart A,. In
order to do this, a complex procedure that entwines the properties of continued fractions and
universal extensions has been outlined by the author, together with Jan Stovicek. In more
details, the continued fraction expansion of the irrational number w is a way to approximate the
number itself via an increasing sequence of rational numbers converging to w. Along with this,

the universal extensions provide a functorial way to produce extensions of two fixed coherent
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sheaves in such a way the slope of the middle sheaf in the short exact sequence is one of the
rational numbers in the continued fraction expansion of w. This procedure provides the following

result:

Proposition (Proposition . Let w = [ng;n1,na,...] be a positive irrational number to-
gether with its continued fraction form. Let L be the structure sheaf and S, be simple sheaf
i a tube of maximal rank. Set P_o = L and P_1 = S,. Then, there exists a sequence of
monomorphism:

Po‘—>P2‘—>P4‘—>...‘—>P22“—>P2i+2‘—>... (1)

where Py;, fori >0, is obtained as the universal extension of Pa;_o with respect to Po;_1, iterated
ng; times. Moreover, the direct union P = li_H)ngi s a quasi-coherent non-coherent sheaf of slope

w.

The last statement of the Proposition is a consequence of a result of Reiten and Ringel (see [53]).
The crucial part in proving that the slope of this non-coherent sheaf P is precisely w comes from
the fact that the slope of the Py;’s in the sequence increases according to the continued fraction

approximation of w.

Cu Cull]
Qu
ta<w ta>w ta<w[1]
®
Rt
Ay

Figure 3: Heart of the t-structure arising from the torsion pair (Qu,Cy).

As mentioned above, for an irrational number w we can associate a torsion pair (Qy,, Cy,) whose
related heart A, is a locally coherent Grothendieck category and, inside this heart, we prove

the following:

Proposition (Proposition . The non-coherent sheaf P = ligpgi defined as in Proposition
becomes a simple object in the category A, .

Summary of content

Chapter 1 is a brief overview of the basic notions we are going to use throughout the thesis.
First, we give the definition and properties of a Grothendieck category. Passing through the
notion of a torsion pair we consider a triangulated category and define t-structures. Afterwards,
we focus our attention on purity in Grothendieck categories, defining pure-injective objects and

specializing this definition for the case of a module category. The last part of the chapter is
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devoted to localizations, together with their link to the theory of torsion pairs, and the properties
of Gabriel categories.

In Chapter 2 we move to tilting theory. The definition of tilting and cotilting objects in a
Grothendieck category is given. Focusing more on the latter ones, we will describe the properties
of the heart of a t-structure when it is obtained from a torsion pair cogenerated by a cotilting
object. At the end of the chapter, we describe the simples in this heart as torsionfree, almost
torsion and, dually, torsion, almost torsionfree, objects in the original Grothendieck category.
Chapter 3 is dedicated to the description of the category of modules over a concealed canonical
algebra. First of all, the category is described in terms of separating tubular families and from
the point of view of the morphisms between modules. Subsequently, we specialize the description
of the category of modules over a tubular algebra A, describing the multitude of torsion pairs
in this category, the tilting and cotilting A-modules and classifying partially the pure-injective
modules in it.

The fourth Chapter is completely dedicated to the description of the atom spectrum of an abelian
category, as defined in [35]. We give the definition as set of equivalence classes of monoform
objects and outline some properties. Afterwards, we focus on the topological properties of this
spectrum and on the partial order that arises in it from its topological structure.

Chapter 5 is completely about the Kronecker algebra. The main goal of this chapter is to
describe the atom spectrum of the different hearts arising from the cotilting torsion pairs in the
category of modules over the Kronecker algebra. Doing so, we give a complete description of
the simple objects of these hearts and, consequently, a clear classification of the indecomposable
injective objects in these hearts.

In Chapter 6 we give an axiomatic description of the category of quasi-coherent sheaves over a
noncommutative curve, specializing in the case of a curve of genus zero, ie. tubular curve. We
describe the link between this category and the category of modules over a concealed canonical
algebra.

Chapter 7 is devoted to the illustration of the main tools we will use for the construction of the
sheaf of irrational slope, that is our candidate for becoming simple in the corresponding heart.
Indeed, first we give the definition of a continued fraction and exhibit its properties. Afterwards,
we focus on universal and co-universal extensions, following [47].

In Chapter 8 is the main core of the thesis. We fix an irrational number w and construct a
quasi-coherent sheaf that becomes simple in the heart A, of the t-structure arising from the
torsion pair cogenerated by the only cotilting module of slope w. Afterwards, we prove that all
the simple objects in the heart A,, come from quasi-coherent sheaves precisely of slope w in the

original category.
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Chapter 1

Preliminaries

This chapter is devoted to describing the general theory on which we develop the rest of the
thesis. First, we define Grothendieck categories and we describe their most relevant properties,
focusing on locally coherent and locally noetherian Grothendieck categories. Afterwards, we
outline the theory of torsion pairs in a Grothendieck category G and we introduce t-structures
in triangulated categories. After a quick summary of approximation theory and purity in
Grothendieck categories, we focus on localizations, introducing quotient categories and cate-

gories with Gabriel dimension.

1.1 Grothendieck categories
Let C be an abelian category. Let us introduce three axioms defined by Grothendieck in [29]:

(AB3) For every set {A; | i € I} of objects in C, the coproduct P,.; A; exists in C.
(AB4) C satisfies (AB3) and the coproduct of a family of monomorphisms is a monomorphism
(ie. the coproduct functor is exact).

(AB5) C satisfies (AB3) and filtered colimits of exact sequences are exact.
and their duals:

(AB3*) For every set {A; | i € I} of objects in C, the product [[,.; A; exists in C.

(AB4*) C satisfies (AB3*) and the product of a family of epimorphisms is a epimorphism (ie. the
product functor is exact).

(AB5*) C satisfies (AB3*) and filtered limits of exact sequences are exact.

We have the following lemma:

Lemma 1.1.1. [61, Corollary IV.8.8] C is (AB3) (resp. (AB3*)) if and only if C is cocomplete
(resp. complete).

Definition 1.1.2. An object G in C is a generator in C if the functor Hom¢ (G, —) is faithful
(equivalently, if Hom¢ (G, C') # 0 for any nonzero C' € C)

we have that:

15



Proposition 1.1.3. [61, Proposition IV.6.2] Let C be an (AB3) abelian category. If G is a
generator of C, then for any object C € C there is an epimorphism GY) — C, for some index
set I.

Definition 1.1.4. An abelian category is called Grothendieck category if it has a generator and
satisfies (AB5).

Proposition 1.1.5. [61, Proposition V.1.1] If C is a cocomplete abelian category, then the

following are equivalent:

(1) C is (ABb)
(2) Given X € C,Y C X and a directed system {A; | i € I}, with A; C X, we have:

<ZAZ> ny = Z(AZ ﬂY)
I I

(3) Given a morphism ¢: X — X' in C and a directed system {B; | i € I}, with B; C X', we

have:
- (Z Bf) => ¢\ (B)
I I
From now on, G will denote a Grothendieck category.

Proposition 1.1.6. [61, Proposition IV.6.6] Let X € G. The class of all subobjects of X and

the class of all quotient objects of X are actually sets.

Proof. Let G be a generator of G. For any monomorphism : B — X, consider the set (8) =
{f € Hom(G, X): f factor through $}. Since Hom(G, X) is a set, it is sufficient to show that
if B: B — X and f': B’ — X represent different subobjects, then (8) # (8’). Consider the
pullback diagram:

BNB B

v| s

B’TX

B and 3’ are monomorphism, and so are v and 7/. Moreover, since 3 and 3’ represent different
subobjects, 7 and 7/ cannot be both isomorphisms, say ~ is not. In this case v is not an
epimorphism, hence Coker~y # 0. Call v: B — Coker 7, since the functor Hom(G, —) is faithful,
Hom(G, v) # 0. Therefore there exists « € Hom(G, B) such that va # 0. Hence Sa doesn’t
factor through v = f’9" and this means that Sa € (8) \ (8'), therefore (3) # (5). O

Definition 1.1.7. An object X € G is called finitely generated if, whenever there are subobjects

X, @ € I, such that:
X=) X

i€l

there exist an index %p such that X = X;,.

16



Lemma 1.1.8. [61, Lemma V.3.1] Let 0 — X' — X — X" — 0 be a short exact sequence in
G. Then:

(1) If X is finitely generated, then so is X".
(2) If X' and X" are finitely generated, then so is X .

Proposition 1.1.9. [61], Proposition V.3.2] An object X € G is finitely generated if and only if

the functor Home (X, —) commutes with directed colimits.

We denote the subcategory of finitely generated object of G by fg(G). The category G is locally
finitely generated if every object X € C is a directed union

x=Jx

iel

of finitely generated subobjects X; C X. Clearly, the category of modules over a ring R is locally
finitely generated.

Lemma 1.1.10. [61, Lemma V.83.3] Let G be a locally finitely generated Grothendieck category.
If f: Y — X is an epimorphism with X € {fg(G), then there exists a finitely generated subobject
Y' CY such that f(Y') = X.

Definition 1.1.11. An object X € G is finitely presented if it is finitely generated if every
epimorphism f: Y — X, where Y € fg(G), is such that Ker(f) € fg(g).

Proposition 1.1.12. [61, Proposition V.3.4] Suppose G is locally finitely generated. An object
X € G is finitely presented if and only if the functor Homg(X, —) commutes with direct limits.

We denote the subcategory of finitely presented object of G by fp(G). This subcategory is closed
under extension and if 0 - X’ — X — X” — 0 is a short exact sequence in G with X € fp(G),
then X" € fp(@G) if and only if X’ € fp(G), see [33]. The category G is locally finitely presented
if every object X € G is a direct limit

of finitely presented objects X;. Clearly, in a locally finitely presented category every finitely
generated object has an epimorphism from a finitely presented object.

Definition 1.1.13. An object X € G is coherent if it is finitely presented and every finitely
generated subobject Y C X is finitely presented.

This definition is equivalent to: an object X € G is coherent if every epimorphism f: X — Z,
with Z € fp(G), is such that Ker(f) € fp(G). Clearly, every finitely generated subobject of a
coherent object is again coherent. We denote the subcategory of coherent objects as coh(G).
This subcategory is exact and closed under extension (see [33, Proposition 1.5]).

Summarizing, we have this chain of subcategories:
G 2 fg(G) 2 fp(G) 2 coh(9)

17



and these inclusions become equalities under some condition. First of all, the category G is

called locally coherent if every object X € G is a direct limit
X = ligXi
of coherent objects X;. We have:

Theorem 1.1.14. [33, Theorem 1.6] Let G be a locally finitely presented Grothendieck category.

The following conditions are equivalent:
(1) G is locally coherent.
(2) (G) = coh(G).
(3) tp(G) is an exact subcategory of G.
(4) tp(G) is an abelian category.

Example 1.1.15. Let R be a ring and consider mod-R = fp(Mod-R), the category of finitely
presented right R-modules. Then, by [33, Proposition 2.1] the category of functors from
mod-R to the category Ab of abelian groups, denoted by (mod-R, Ab), is a locally coherent
Grothendieck category.

Definition 1.1.16. An object X € G is called noetherian if for any ascending chain, Xy C
X1 C Xy C ..., of subobjects of X, there exists ¢ € Z>q such that X; = X;41 =....

The subcategory of G consisting of all the noetherian objects of G is denoted by noeth(G).

Proposition 1.1.17. [61, Proposition 4.1] An object X € G is noetherian if and only if every
subobject of X is finitely generated.

Moreover, from [61], Propostion 4.2], we have that noeth(G) is an abelian category. A noetherian
object is clearly finitely generated, therefore fg(G) O noeth(G).

The category G is called locally noetherian if it has a family of noetherian generators, in this case
every object is the directed colimit of noetherian subobject and fg(G) = noeth(G). Therefore,

for a locally noetherian category we have the following chain of subcategories:
G D noeth(G) 2 fp(G) 2 coh(G).

Furthermore:

Proposition 1.1.18. Let G be a locally noetherian Grothendieck category, then:
noeth(G) = fg(G) = fp(G) = coh(G).

Proof. We need to prove that noeth(G) C fp(G) C coh(G). Let X € noeth(G), let f: Y — X
be an epimorphism with Y € fg(G) = noeth(G). Complete to the short exact sequence 0 —
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K —Y % X — 0. Since Y is noetherian and K is a subobject of Y, by Proposition
K € fg(G). Therefore X € fp(G).

Now, if X € fp(G), consider a finitely generated, ie. noetherian, subobject ¥ C X. Let
g: Z — Y be an epimorphism with Z € fg(G) = noeth(G). Complete to the short exact
sequence 0 » K - Z %Y 0. Z e noeth(G), therefore, by Proposition K € noeth(G),
hence K € fp(G). This implies Y € fp(G) and therefore X € coh(G). O

Clearly, from Proposition [1.1.18] and Theorem [1.1.14] we infer that if G is locally noetherian,

then G is locally coherent and we have a chain of implications for G:

loc. noetherian = loc. coherent = loc. finitely presented = loc. finitely generated

1.2 Torsion pairs

Let G be a Grothendieck category. Let M be a class of objects in G and let X € G. We say
that:

o X is generated by M, if X is a quotient object of coproducts of objects in M.
e X is cogenerated by M, if X is a subobject of products of objects in M.

Moreover, we denote by:

Gen M: the class of all objects in G generated by M.
Cogen M: the class of all objects in G cogenerated by M.
Add M (add M): the class of objects in G isomorphic to a direct summand of a (finite)

direct sum of objects in M.

Prod M: the class of objects in G isomorphic to a direct summand of a direct product of
objects in M.

If M={M} for M € G, we write Gen M, Cogen M, Add M and Prod M. All these classes are
full subcategories of G.

Furthermore, we say that:

e M is generating for G if G = Gen M.
e M is cogenerating for G if G = Cogen M.

Definition 1.2.1. A torsion pair is a pair T = (T, F), where T and F are two full subcategories
of G, such that:

(1) Homg(7,F) =0.
(2) For any X € G, there is a short exact sequence:

0—T—X—F—0
where T'€ 7 and F € F.
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T is called the torsion class and F is called the torsionfree class.

We say that a torsion pair T is:

e split: if every short exact sequence 0 - T — X — F — 0, with T'€ T and F € F, splits.
e hereditary: if the torsion class T is closed under subobjects.

e of finite type: if the torsionfree class F is closed under direct limits.

Given a class of objects M C G, set:

M° = KerHomg(M, —) = {B € G | Homg(M, B) =0 for all M € M}
M+t =KerExt{(M, —) = {B € G | Ext;(M, B) = 0 for all M € M}
M*>0 = (\Ker Ext§(M, —) = {B € G | Ext;(M, B) = 0 for all M € M,i > 0}
i>0
The classes °M, * M and +>0M are defined dually. If M = {M} for M € M, we write M°,
ML, MA>0 oM, LM and >0 M.

Remark 1.2.2. Fixed a torsion pair T = (7, F), it follows from the definition that F = 7° and
T = °F. In particular, 7 is closed under extensions, quotient objects and all colimits that exist

in G and, dually, F is closed under extensions, subobjects and limits.

Let M be a class of objects in G and T = (7, F) a torsion pair in G. We have that:

e T is generated by M if F = M® and T = °(M°).
e T is cogenerated by M if T =°M and F = (°M)°.

If G is a locally noetherian Grothendieck category, denote by Gy = fp(G). We have the following:

Theorem 1.2.3. [21, §4.4/[20, Lemma 3.11] Let G be a locally noetherian Grothendieck category.

There is a bijective correspondence between as follows:

{torsion pairs of finite type in G} «+—— {torsion pairs in Gy}
(T, F) (T N Go, FNGo)
(limy o, limy Fo) 1 (70, Fo)

Moreover, (hg To, hgl}—o) coincides with the torsion pair (Gen Ty, To°) generated by To.

1.3 t-structures

In a triangulated setting, the notion of torsion pair translates to the notion of t-structure. Here
we present some relevant properties.

Consider a triangulated category D, with shift functor [1].

Definition 1.3.1. A pair of full subcategories of D, (D=, D2%) is called a t-structure if it
satisfies the properties below. We use the following notation: D<" = D<Y[—n| and D" =
DZO[—n].
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(1) Homp (D=0, D=') =0,
(2) D=Y C D=t and D20 D D!
(3) For every object X € D, there is a triangle:

A— X — B — A[l]

with A € D=0 and B € D=1,

D=0 is called the aisle and D=0 is called the coaisle of the t-structure.

For a t-structure (D=, D=Y), the full subcategory defined as:
A=D"nD=0

is called the heart of the t-structure.

Proposition 1.3.2. [13, Proposition 1.5.3] The inclusion of D=" inside D, for any n, admits
a right adjoint T<,, and the inclusion of D=" inside D, for any n, admits a left adjoint T>,.

Moreover, for any X € D, there is a triangle:
TS()X — X — 7‘21X — TS()X[l]

which is the unique triangle, up to isomorphism, such that the first term is in D=0 and the third

is in D=1,
Let us state some properties of the heart in the following

Proposition 1.3.3. (1) The heart A of a t-structure (D=", D=°) is an abelian category, closed
under extension in D (ie. given X,Z € A and a triangle X —Y — Z — X[1] in D, then
YeA)

(2) A sequence 0 — X — Y — Z — 0 is exact in A if and only if there is a triangle
X—=Y—>Z—X[1] inD with X,Y,Z € A.
(3) For X,Y € A, there is an isomorphism ExtY(X,Y) = Homp (X, Y[1]) which is functorial

i both variables.

Proof. (1) Part of [13, Théoreme 1.3.6].
(2) It follows from [I3| Proposition 1.2.2].
(3) We define a map
e: ExtY4(X,Y) — Homp(X,Y][1]),

in the following way: let [¢] € ExtL(X,Y), with £&: 0 - Y — E — X — 0, for some
E € A. By (2), the abelian structure on the heart of the t-structure comes from the

triangulated structure of D, therefore we have a triangle:
Y —E— X -5 Y[
and we define £([¢]) := a. This map is well defined, indeed: if ¢: 0 —-Y - E' - X =0
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is such that £ € [¢], we have the commutative diagram:

0 Y E X 0
.
0 Y £’ X 0
and hence:
Y 1) X —= Y[1]
I .
Y E' X - v

where the last square commutes. This implies o = o’
Let now o € Homp(X,Y[1]). Let M(«) be the mapping cone of «, then we have the

following sequence:
Y — M(a)[-1] — X -5 Y[1] — M(a)
Since, by (1), A is closed under extensions in D, we have M (a)[—1] € A. We define a map
¢': Homp(X,Y[1]) — Ext4(X,Y)
which sends o € Homp (X, Y[1]) to the short exact sequence in \A:
0—Y > Ma[-1]—X—0
which comes from the triangle in A
Y — M(a)[-1] — X 5 Y1)

¢ is a right and left inverse of e. Hence Ext!(X,Y) = Homp(X, Y[1]). O

Example 1.3.4. Let B be an abelian category, consider D = D(B) the derived category of 5.
The pair (D=, D=°) defined as:

D0 = (X €D | H(X) =0 fori> 0}
D20 ={X €D | H(X)=0fori<0}

is a t-structure, called the standard t-structure. The heart of this t-structure is

A=DND20={X cD|H(X)=0fori#0} =G

1.3.1 The t-structure induced by a torsion pair

In [30], the authors have defined a way to construct t-structures in the derived category of an

abelian category B starting from a torsion pair in B. We describe this construction in the setting
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of Grothendieck categories.

In the following, we fix a Grothendieck category G and a torsion pair T = (Q,C) on it.
Definition 1.3.5. The t-structure induced by the torsion pair T is the pair (D=0, D2Y), of
subcategories of D(G), defined by:

D=0 = (X e D"G) | H'(X) € Q, H(X) = 0 for i > 0}
D ={X eD"G) | H Y(X)eC,H(X)=0fori< —1}

The pair (D=, D=9) as in the definition above is indeed a t-structure, by [30, Proposition 2.1],

whose heart is the following category:
A=D"ND20 = (X € D"G) | H'(X) € Q, H 1 (X) € C,H (X) =0 for i # —1,0}
In the sequel, we will denote by
A=G(9,C)

the heart of the t-structure induced by the torsion pair (Q,C) on the category G.
We know, by Proposition that A is an abelian category, whose exact structure is given by
the triangles of D°(G) and for any two objects X, Z € A there are functorial isomorphisms

Exty (X, Z) = Hompy( 4y (X, Z[i]), for i =0, 1.

Proposition 1.3.6. [30, Corollary 1.2.2(b), Proposition 1.3.2] Let A = G(Q,C). The pair
(C[1], Q) is a torsion pair in A.

Moreover, we have:

(i) Q is cogenerating for G if and only if Q is generating for A.
(ii) C is generating for G if and only if C[1] is cogenerating for A.

Moreover, we have the following:
Theorem 1.3.7. [63, Theorem 3.12] Let A = G(Q,C) such that either Q is cogenerating or C
s generating for G. Then, there is an equivalence of triangulated categories:

F:DY(G) — D°(A)

that extends the identity functor on A, ie. F|4 = idy4.

Theorem 1.3.8. [63, Theorem 5.2] Let A = G(Q,C) such that either Q is cogenerating for G.
Then, A is hereditary, ie. Exti\(f, —) =0, if and only if the torsion pair (Q,C) is split and
pdim4 @ <1, for any Q € Q.

In the following, we collect some useful facts to compute Hom and Ext groups in the heart A.

Lemma 1.3.9. Let A= G(Q,C). The following statements hold true for C,Y € C and Q € Q.
(1) Homa(Q,C1]) = Extg(Q,C),
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(ii

(iii

If either Q is cogenerating or C is generating for G, Exth(Q, C[1]) = Exté(Q, )
Hom 4(Y'[1], C[1]) = Homg (Y, C),

Extl (Y[1], C[1]) = Ext§(Y, C),

Ext(Y[1],Q) = Homg(Y, Q).

(iv
(v

Proof. The statements follow from the isomorphism in Proposition [1.3.3|3) and the fact that

for any object X,Y € G there is an isomorphism

~— — ~— ~—

Homp (g (X [i], Y [j]) 2 Ext (X, Y). O

A natural question that arises in this framework is the following: under which condition on the
torsion pair (Q,C) the heart A = G(Q,C) is a Grothendieck category? This problem has been
widely treated in literature, see for example [17, [50] and [20].

Being an (AB3) category, G has coproducts, therefore, also its derived category, D(G), has co-
products. From [50, Proposition 3.2]|, we have that the heart A is an (AB3) category. Moreover,
the coaisle of the t-structure (D=, DZ%) defined above is closed under taking coproducts in
DY(G). This means, via [50, Proposition 3.3], that the heart A is an (AB4) category. We have
the following:

Theorem 1.3.10. [50, Corollary 4.10] Let A = G(Q,C). Suppose that either C is generating
or Q is cogenerating for G. Then A is a Grothendieck category if and only if (Q,C) is of finite
type in G.

For the purposes of the present work, we underline the behavior of colimits in the heart. Indeed,
in A = G(Q,C), direct limits are defined via the so called Milnor colimit of a sequence in D*(G),
we refer to [50), Section 3] for the detailes.

What is relevant is the fact that, under the assumption that C is closed under direct limits in
G, colimits of sequences in Q or C[1] in the heart behave as colimits of sequences in Q or C in
G. Indeed:

Proposition 1.3.11. [50, Proposition 4.2] Let (Q,C) be a torsion pair of finite type and consider
A=G(Q,C). The following assertions hold:

(1) If (Ci)ier is a direct system in C then there is an isomorphism in A:
(g C)[1] = limy,(C,[1]).
(2) If (Qi)ier is a direct system in Q then there is an isomorphism in A:
lim Q; = lim | Q;.
Whenever G is a locally coherent category, it is possible to say more about the heart A = G(Q,C).

Theorem 1.3.12. [59, Theorem 5.2] Let G be a locally coherent Grothendieck category and let

(Q,C) be a torsion pair in G. The following are equivalent:
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(1) A=G(9Q,C) is a locally coherent Grothendieck category.
(2) (Q,C) is of finite type and (QN1Ip(G),C NIp(G)) is a torsion pair in fp(G).

If, in addition, G is locally noetherian, these assertion are equivalent to:

(3) (Q,C) is of finite type.

1.4 Approximations
Let G be a Grothendieck category. Consider a full subcategory S of G and let M € G.

Definition 1.4.1. A morphism f: M — X with X € § is a S-preenvelope of M if the map
Homg(f, F): Homg(X, E) — Homg(M, E)

is surjective for any E € S, in other words, if any map M — FE factors through f for any F € S.
An S-preenvelope f: M — X of M is called special if f is injective and Coker(f) € +S.

An S-preenvelope f: M — X of M is an S-envelope if whenever gf = f for g € Endg(X) we
have that ¢ is an automorphism.

S is a preenveloping class (resp. special preenveloping, enveloping) if every object in G has an
S-preenvelope (resp. a special S-preenvelope, an S-envelope).

Dually, a morphism f: X — M with X € S is a S-precover of M if the map
Homg(F, f): Homg(F, X) — Homg(E, M)

is surjective for any E € S, in other words, if any map £ — M factors through f for any E € S.
An S-precover f: X — M of M is called special if f is surjective and Ker(f) € S*.

An S-precover f: M — X of M is an S-cover if whenever fg = f for g € Endg(X) we have
that ¢g is an automorphism.

S is a precovering class (resp. special precovering, covering) if every object in G has an S-precover

(resp. a special S-precover, an S-cover).
We have the following:
Theorem 1.4.2. [2], Theorems 1.2 and 3.2] Let S be a full subcategory of G.

(1) If S is closed under direct limits and is precovering, then it is covering.
(2) If S is closed under coproducts and direct limits and S = ligSo for a class So C S, then

1t 1S covering.

1.5 Purity

In this section we describe the notion of purity and pure-injectivity for an object in a Grothendieck
category. The concept of purity has been introduced by Priifer in 1923, in the context of abelian
groups, then developed by Cohn in 1959, for modules over a ring.
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Here, G is a locally finitely presented Grothendieck category with products. We define the

pure-exact sequences in the sense of Crawley-Boevey (see [21], §3])

Definition 1.5.1. A short exact sequence 0 — X i> Y % Z - 0in G is called pure-exact if,
for any A € fp(C), the sequence

0 — Homg(A, X) — Homg(A,Y) — Homg(A,Z) — 0

is exact. In this case, f is called a pure monomorphism and g is a pure epimorphism.

Accordingly, for an object Y € G, a subobject X C Y is a pure subobject if the embedding

X < Y is a pure monomorphism.

Definition 1.5.2. An object E € G is pure-injective if it is injective with respect to pure
monomorphisms, ie. if ©: X — Y is a pure monomorphism and f: X — FE is a morphism, then

there is a morphism g: Y — FE such that gt = f.
There are many equivalent definitions of pure-injectivity for an object.
Theorem 1.5.3. [51, Theorem 5.4] Let E € G. The following are equivalent:

(i) E is pure-injective.
(ii) Ewvery pure-exact sequence 0 — E — Y — Z — 0 splits.
(iii) For any index set I, the summation map X: EWU) — E. whose components are identity
maps on E, factors through the canonical embedding EY) — E!, yielding an extension of

the summation map X: B! — E.
If G = Mod-R for a ring R, then a further equivalent is:
(iv) The functor (E ®g —) 1is an injective object in the functor category (R-mod, Ab).

In the context of a general Grothendieck category, the definition of a pure-injective object
using pure-exact sequences does not apply, since the existence of finitely presented objects is not
ensured. Hence, in this case, we say that an object F in a Grothendieck category is pure-injective
if it satisfies condition (iii) of Theorem [L.5.3]

1.6 Localizations

1.6.1 Quotient categories

Definition 1.6.1. A full subcategory X of G is called a Serre subcategory of G if, for any short
exact sequence 0 - X - Y - Z —-0in G, we have Y € X if and only if X € X and Z € X.

Given a Serre subcategory X’ of G we can construct the so called quotient category G/X in the

following way.

(1) The objects of G/X coincide with the objects of G.
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(2) Let X,Y € G. Define the set of morphisms in G/X as:

Homg,x(X,Y): = lim Homg (X', Y/Y")
(X7,Y7)

where the abelian groups Homg(X’,Y/Y”) define an inductive system for X’ and Y’ run-
ning through all the subobjects of X and Y such that X/ X' Y’ € X (see [25] 1I1.1]).
(3) For X,Y,Z € G, there is a composition law:

Homg/x(X,Y) x Homg/X(Y, Z)— Homg/X(X, Z).

For the detailed definition of this composition law, we refer to [25, III.1].

In this situation, it is possible to define a canonical functor Q: G — G/X by Q(X) = X, for
each object X € G, and the canonical map Homg(X,Y') = Homg/x(X,Y), for any X,Y € G.

Lemma 1.6.2. [25, Lemmes III.1.1, 1.2, 1.5, 1.4] The quotient category G/X is an additive
category and Q is an additive functor. Moreover, the following hold for a morphism f: X —Y
mg:

(1) The morphism Q(f) is the zero morphism (resp. a monomorphism or an epimorphism) if
and only if Im f € X (resp. Ker f € X or Coker f € X ).

(2) Q(f) has a kernel and a cokernel and Q(Ker f) = Ker Q(f) and Q(Coker f) = Coker Q(f).

(3) Q(f) is an isomorphism if and only if Ker(f) and Coker(f) belong to X.

Proposition 1.6.3. [25, Proposition I11.1.1] For a Serre subcategory X of G, the quotient
category G/ X is an abelian category. Moreover, the quotient functor Q: G — G/X is an exact

functor.
The quotient category is a universal construction in the following sense.

Proposition 1.6.4. [25, Corollaire II1.1.2] Let X be a Serre subcategory of G and let F': G — B
an ezxact functor from G to an abelian category B. If F(X) = 0 for any object X € X, then there

is a unique functor H: G/X — B making the following diagram commute:

G—2ig/x

/s
7
Flo 7
¢

B

where Q: G — G/X is the canonical quotient functor.

Definition 1.6.5. A Serre subcategory X of G is called localizing subcategory if the quotient
functor Q: G — G/X has a right adjoint S: G/X — G. In this case the functor L = So Q is

called localization functor.

Being a right adjoint functor, S is left exact and, by [25, Proposition I11.2.3(a)], there is a
natural equivalence QS = 1g,y, where 1g,y is the identity functor on G /X. For a localizing
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subcategory X', we say that an object X € G is X'-closed if X = L(X). Notice that, in [25], this
is an a posteriori characterization of the closed objects, indeed, they are defined, in the setting

of Serre subcategories, as the objects satisfying the following equivalent conditions.
Lemma 1.6.6. [25, Lemme II1.2.1] Let X € G. The following are equivalent:

(1) For any morphism f: M — N such that Ker f and Coker f belong to X, the morphism
Homg(f, X) is an isomorphism.

(2) No nonzero subobject of X belong to X. Moreover, any short exact sequence 0 — X —
M —=Y — 0 withY € X splits.

(3) For any objectY € G, the morphism Homg (Y, X) — Homg,x(QY, QX) is an isomorphism

of abelian groups.
This notion is useful to describe injective envelopes of objects in the quotient category.

Proposition 1.6.7. [25, Proposition I11.3.6] Let X be a Serre subcategory of G. Let E = E(X)
be the injective envelope of an object X € G such that no nonzero subobjects of X belong to X.
Then E is X-closed and QF is an injective envelope of QX.

Localizing subcategories can be characterized in the setting of Grothendieck categories via the

following.

Proposition 1.6.8. [25, Corollaire II1.3.1, Proposition II1.4.8] Let X be a Serre subcategory of

G. The following are equivalent:

(1) X is a localizing subcategory of G.

(2) Every object X € G has a mazximal subobject in X.

(3) Let (X, fi)ier be an inductive system in G such that X; € X, for any i € I. Then

@Xi €eX.

Theorem 1.6.9. [25, Lemme I11.2.}, Corollaire I11.5.2, Proposition I11.4.9] Let X be a localizing
subcategory of G. Then X and G/X are Grothendieck categories. More precisely, every injective
object in G/X is isomorphic to a QE, for an injective object E € G such that no nonzero
subobjects of E belong to X. If (U;)icr is a family of generators in G, then (QU;)icr is a family

of generators in G/X. Moreover, the canonical functor Q commutes with colimits.
Corollary 1.6.10. [25, Corollaire I11.4.1] If G is locally noetherian and X be a localizing sub-
category of G, then X and G/X are locally noetherian Grothendieck categories. Moreover, the

section functor S commutes with colimits.

1.6.2 Gabriel categories

Consider T = (T, F) a hereditary torsion pair in G. By Remark we know that 7 is closed
under extensions, quotient objects and arbitrary direct sums. Moreover, being T hereditary, T
is closed under subobject. This means that 7T is a localizing subcategory of G. Hence, we have
the so called localization sequence:

inc Q
T g G/T
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where inc is the inclusion functor, T is the left-exact torsion radical (see [61, §VI.3]), the
Grothendieck category G/T is the localization of G at 7 and Q and S are the quotient functor
and the section functor, respectively, of the localization.

For a set X of objects in G, we denote by (X'),, . the smallest hereditary torsion class containing

X. The Gabriel filtration of G is a transfinite chain of hereditary torsion classes of G
{0}=G1CGCG C---CG,C...

defined as follows:

e G_1={0}
e suppose that « is an ordinal for which G, has already been defined. Let Qn: G — G /G,
be the quotient functor. We define G, 1 as:

gaJrl = <ga U {X € g | QOL(X) is Simple in g/ga}>htor

e if )\ is a limit ordinal, then:

Gr = <U ga>htor
a<
Let « be an ordinal. An object X in G is said to be a-torsion if and only if X € G, (it is called
a-torsionfree if and only if it belongs to the torsionfree class G,°). The torsion class G, induces

the localization sequence:

mnc Qo

Ga g G/Ga

Ta Sa

Definition 1.6.11. Let T = (7,F) be a hereditary torsion pair on G. An object X of G is
called T-cocritical if X € F and every proper quotient of X is in 7.

If we consider the hereditary torsion pair T, = (Ga, Go°) given by a hereditary torsion class in

the Gabriel filtration of G, we say that an object X is a-cocritical instead of T,-cocritical.

Lemma 1.6.12. Let T = (T,F) be a hereditary torsion pair and let Q: G — G/T be the quotient
functor. The following are equivalent for X € G:

(i) X is T-cocritical
(ii) Q(X) is simple in G/T and X € F

Proof. (i) = (ii): Let Y be a nonzero subobject of Q(X) € G/T. Then, applying the sec-
tion functor S: G/7T — G, we have S(Y) C SQ(X). Moreover, SQ(X) C E(X), indeed: by
Proposition [1.6.7] the injective envelope E(X) is T-closed, hence SQ(X) C SQ(E(X)) = E(X).
X is essential in E(X), therefore we have that S(Y) # 0 if and only if S(Y) N X # 0, then, since
X is T-cocritical, X/(S(Y) N X) € T. Applying the functor Q to the short exact sequence:

0=-SY)NX->X—=>X/(SY)NX)—=0
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we obtain that Q(X) 2 Q(S(Y)NX) C QS(Y) =Y C Q(X). Therefore Y = Q(X).

(ii) = (i): Let Y be a nonzero subobject of X, then Y € F and Q(Y') is nonzero. Since Q
is an exact functor and Q(X) is simple, Q(Y) = Q(X). Hence, applying Q to the sequence
0—=-Y—=X—=X/Y =0, weget Q(X/Y)=0 hence X/Y € T. O

Notice that, given the class G, in the Gabriel filtration, we can define G, 1, using Lemma [1.6.12
as
Ga+1 = (Ga U{X € G| X is a-cocritical}), .-

Remark 1.6.13. [68, Remark 2.12] A Grothendieck category G has a generator G. Moreover, G

has just a set of subobjects and, equivalently, a set of quotient objects. One can show that:
Ga+1 = (Ga U{X € G| X is a quotient of G, Qn(X) is simple in G/Ga})1ior

As a consequence, we obtain that there is a cardinal k such that G, = G, for all o > k, just
take k = sup{a | there is H C G such that Q,(G/H) is simple}.

Consider the union G = U o Ga of all the localizing subcategories in the Gabriel filtration (this

makes sense by Remark [1.6.13)).

Definition 1.6.14. For an object X € G, we say that X has Gabriel dimension if there is a
minimal ordinal § such that X € Gs, and we write Gdim(X) = §. If G = G, we say that G is

a Gabriel category with Gabriel dimension Gdim(G) = k, where & is the smallest ordinal such
that G, = G.

Proposition 1.6.15. Every locally noetherian Grothendieck category is a Gabriel category.

Proof. Let G be a locally noetherian Grothendieck category and consider its Gabriel filtration:
{0} =G CGiC--CGnC...

By Remark [1.6.13| this filtration stabilizes, ie. there is a cardinal x such that G, = G, for all
a > k. Let NV be the set of all the noetherian generators of G. We prove that N' C G,. Indeed:
suppose that there is N € A/ such that N ¢ G,. Consider the set:

I={XCN|N/X ¢G.}

which is not empty since 0 € Z. Since N is noetherian, Z has a maximal element X. Therefore,
for any object Y such that X C Y C N, we have N/Y € G,.. Moreover, N/X is r-torsionfree,
indeed: if it is not, it has a nonzero s-torsion part T.(N/X) such that (N/X)/T.(N/X) is
k-torsionfree, but all the proper quotients of N/X are s-torsion, by the maximality of X. This
means that N/X is k-cocritical, since it is s-torsionfree and any proper quotient of N/X is in
G.. Hence, Q.(N/X) is simple in G/G, and then N/X € G.y1 = G,.. Contradiction. N' C G,
therefore G, = G. O
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Chapter 2
Introduction to tilting theory

In this chapter we will define tilting and cotilting objects in a Grothendieck category and we
describe their basic properties. Afterwards, we will see that cotilting objects play a crucial role
to see whether the heart of a t-structure induced by a torsion pair is a Grothendieck category or
not. Finally, we will give some criteria to describe simple objects and their injective envelopes
in the heart.

2.1 Tilting and cotilting objects

Let G be a Grothendieck category.
Definition 2.1.1. An object T € G is called tilting if:
T+ = GenT.
In this case, the pair (GenT,T°) is a torsion pair in G, which is called tilting torsion pair. The
class GenT is called tilting class and it is cogenerating for G.

Recall that the projective dimension, pdim X, of an object X € G is the smallest integer number
n > —1 such that EX‘ch(X7 —) = 0. The injective dimension of an object X € G, idim X, is
defined dually, ie. the smallest integer number n > —1 such that Eth+1(—, X)=0.

In [I6l Proposition 2.1, Remark 2.2], it is proven that the equality T L = GenT is equivalent to

the following three conditions:

(T1) pdimT < 1, fe. Ext(T,—) = 0.
(T2) Ext(T, 7)) =0, for all cardinals a.
(T3) for an object X € G, if Homg(T, X) = 0 = Ext§(T, X), then X = 0.

If G = Mod-A for some ring A, we call T" a tilting module and condition (T3) can be rephrased

as follows:

(T3’) There is a short exact sequence:
0—A—1Ty—T1, —0
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where Ty, Th € AddT.

Two tilting objects T' and T are said to be equivalent if they induce the same tilting class
GenT = GenT’ or, equivalently, AddT = Add T".

The dual definition is as follows.

Definition 2.1.2. An object C € G is called cotilting if:
LC = Cogen C.

In this case, the pair (°C, Cogen C) is a torsion pair in G, which is called cotilting torsion pair.

The class Cogen C' is called cotilting class and it is generating for G.

Two cotilting objects C' and C’ are said to be equivalent if they induce the same cotilting class

Cogen C' = Cogen C' or, equivalently, Prod T = Prod T".

Example 2.1.3 (Left noetherian ring). For a left noetherian ring A with a fixed duality D
(eg. D = Homy(—,Q/Z) or D = Homy(—, k) if A is a finite dimensional k-algebra) there is
a complete classification of all tilting and cotilting modules via resolving subcategories. Recall
that a subcategory & C mod-A is called resolving if it contains A and it is closed under direct
summands, extensions and kernel of epimorphisms. Tilting and cotilting modules are related as

follows.

Theorem 2.1.4. [J, [12] If A is a left noetherian ring, there is a bijection between:

resolving subcat. equivalence classes of equivalence classes of
of mod-A with modules y <— tilting modules — cotilting modules

of proj. dim. <1 in Mod-A in A-Mod
S = +(Gen(T)) N mod-A 1T D(T)
S St . sT

where S* is a tilting torsion class and ST = {X € A-Mod | Tor}(S,X) = 0 for any S € S} is

a cotilting torsionfree class.

A homological description of the cotilting objects in a Grothendieck category G has been provided
in [20]. This description is dual to the one for the tilting case, given above. First of all, we note

that the injective dimension of a cotilting object is at most one.

Proposition 2.1.5. [20, Proposition 2.7] Let F be a torsionfree class in G and suppose that F
is generating for G. Then idim C < 1 for any C € F*.

If C € G is a cotilting object, then, by [20, Corollary A.3], C7 is also a cotilting object such that
Cogen C! = Cogen C. In particular, for every C’ € Prod C, idim C’ < 1 and there is an injective
resolution:

0—C —Ey— E, —0

Moreover, there is a dual resolution for the injective objects in terms of objects in Prod C. This

is a generalization of [I5 Proposition 1.8] in the setting of Grothendieck categories.
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Lemma 2.1.6. [20, Lemma 2.8] Let C € G such that *C = CogenC. Assume that K €

Cogen C. Then there is a short exact sequence
0—K-—Cl —L—0

where I is a set and L € CogenC'.

Proposition 2.1.7. [20, Proposition 2.9] Let C be a cotilting object in G. Given an injective

object W € G (an injective cogenerator, in particular), there is a short exact sequence
0—Ci —Cy— W —0

with Cy,C1 € Prod C.
We can now state the homological characterization of cotilting objects in G.

Theorem 2.1.8. [20, Theorem 2.10] An object C' € G is cotilting if and only if it satisfies the

following three conditions.

(C1) idimC < 1, de. Extg(—,C) = 0.
(C2) Exté(C’a, C) =0, for all cardinals a.

(C3) For every injective cogenerator W € G, there is a short exact sequence:
0—C —Co— W —0

where Cy,C7 € Prod C.

Proof. For the convenience of the reader, we repeat the proof.
If C is cotilting then we use Propositions and
Conversely, suppose that C satisfies (C1)-(C3). By (C2) we have that Prod C C +C and, by
(C1), +C is closed under subobjects. Therefore Cogen C' C +C. We need to prove the reverse
inclusion.
We know that Cogen C is a torsionfree class of a torsion pair in G. Let A € +C and consider
the short exact sequence:

0—T —A—F—0

coming from the torsion pair (°C, Cogen C'). Consider now an injective cogenerator W € G and

the short exact sequence from (C3):
0—C; —Co— W —0
Applying Homg (T, —) to this sequence, we obtain:
Homg (T, Co) — Homg(T, W) — Ext§(T, C4)
where Homg(T,Cy) = 0, and since *C = +Prod C is closed under subobjects, T € +Prod C,
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hence Extg(T,Cy) = 0. This implies Homg (T, W) = 0 and, since W is a cogenerator, T = 0.
This means that A = F € Cogen C, hence +C = Cogen C.

We have the generating property of Cogen C left to prove. Let X € G be any object and let W
be an injective cogenerator. Consider the monomorphism ¢: X < W, for a set I. Clearly, also

W' is an injective cogenerator and we can apply (C3), obtaining the exact sequence:
0—C, — Cy Wl —0
with Cy,Cy € Prod C. Take the pullback of 7 along ¢:

) P ¢
o
WI

0 ) Cy—=

Then, since P C C implies P € Cogen C, we have that X is an epimorphic image of an object
in Cogen C. O

2.2 Cotilting objects and Grothendieck hearts

In the context of module theory, Bazzoni proved, in [I0], that all cotilting modules are pure-
injective. For a general Grothendieck category, this result has been generalized by Coupek and
Stovicek, in [20]. As seen in Definition an object is pure-injective if it is injective with

respect to pure monomorphisms. A further characterization is the following;:

Theorem 2.2.1. [20, Proposition 3.4] Let G be a Grothendieck category and let E € G. The

following are equivalent:

(1) E is pure-injective in G.
(2) There is a generator G € G such that Homg(G, E) is a pure-injective right Endg(G)-
module.

(3) Homg(G, E) is a pure-injective Endg(G)-module for any generator G € G.
Using this characterization, Coupek and Stovicek proved the following:

Theorem 2.2.2. [2(}, Theorem 3.9]. If C is a cotilting object in a Grothendieck category G,
then C' is pure-injective and the cotilting torsion pair (°C,Cogen C) is of finite type in G.

This Theorem, together with Theorem [1.2.3] shows that if C' is a cotilting object in a locally
noetherian Grothendieck category G, then we can define, in Gy = fp(G), a torsion pair (°C'N
Go, Cogen CNGp) such that the torsionfree class is generating for Go. In [20], Coupek and Stovicek
use approximation theory to prove that this assignment is, de facto, a bijective correspondence.

This is a result of Buan and Krause, in [I4], and the proof needs also a Theorem from [21].
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Theorem 2.2.3. [Tj, Theorem 1.13] Let G be a locally noetherian Grothendieck category and
let Go = fp(G). There is a bijective correspondence:

torsion pairs in Gy with }
generating torsionfree class

(Q,C)¢ (2N Go,CNGo)
(ling Qo, lim Co) 1(Q0,Co)

{cotilting torsion pairs in G} +— {

Let now G be a Grothendieck category and (Q,C) a torsion pair in G. Let us consider the heart
A =G(Q,C), as in Section A classical property of Grothendieck categories is the existence
of an injective cogenerator. When G is a module category, Colpi, Gregorio and Mantese, in [17],
proved that the heart 4 has an injective cogenerator if and only if there is a cotilting module
W € G such that C = CogenW. And this injective cogenerator in A is given by W/[1]. This

result has been generalized in [20] for an arbitrary Grothendieck category.

Proposition 2.2.4. [20, Proposition 4.4] Let G be a Grothendieck category, let (Q,C) be a
torsion pair in G with C generating for G, and A = G(Q,C). Then the following hold for an
object W € G.

(1) W] is injective in A if and only if W € CNC*.
(ii) W[1] is an injective cogenerator of A if and only if W is a cotilting object in G with
C = Cogen W.

Proof. We repeat the proof for the convenience of the reader.

(i) Since C is generating for G, by Proposition C[1] is cogenerating in .A. Therefore, if
W1] is injective in A, then it is a summand of an object in C[1]. In particular, W € C
and, by Lemma (iii), W ect.

Conversely, if W € CNC' in G, then the injective dimension of W in G is at most one by

Proposition Moreover, using Lemma ii) and (iii), we have:
Extl(C[1],W[1]) =0 and Ext4(Q,WI1]) = Ext3(Q,W) =0

therefore W[1] is injective in A since every object in A is an extension of an object in C[1]
by an object in Q.

(ii) Suppose W is a cotilting object in G such that C = Cogen W. By [20], Corollary 2.12],
product of copies of W in G coincides with the corresponding product in D*(G) = D*(A),
hence we have Prod W[1] C A and, in particular, arbitrary product of copies of W1] exist
in A and agree with the ones in G. By (i), Prod W[1] consists of injective objects and each
object in C[1] is a subobject in A of a product of copies of W[1] by Lemmata and
Since C[1] is cogenerating in A, W[1] is an injective cogenerator in .A.

Conversely, let W[1] be an injective cogenerator in .A. We have seen above that W € CNC+
in G and idim(W) < 1. Since C is torsionfree in G, we have Cogen W C C C LW in G.

Suppose that A € LT in G and consider the short exact sequence 0 -7 — A = F — 0
arising from the torsion pair (Q,C). Then T' € +W, indeed: idim W < 1, hence, since
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LW is closed under subobjects, Exté(T, W) = 0. But, since W][1] is assumed to be a
cogenerator in A, we have that 0 = Ext§(T, W) = Hom4(T, W[1]) implies T = 0, hence
A= F c(C. Hence *W =C.

Finally, we know that Cogen W is a torsionfree class in G in the torsion pair (°W, Cogen W).
Suppose that A € C and consider an exact sequence 0 -+ X — A — Y — 0 arising from
the torsion pair (°W, Cogen W). Then X € C and Hom 4(X[1], W[1]) = Homg(X, W) =0,
but since W[1] is assumed to be a cogenerator in A, we have that X = 0 and hence
A € C € Cogen W. Therefore Cogen W = C. O

Now, with the same philosophy of generalizing the result in [I7] concerning the relation between

cotilting objects and hearts which are Grothendieck categories, we state the following:

Theorem 2.2.5. [2(), Theorem 4.5] Let G be a Grothendieck category, let (Q,C) be a torsion
pair in G such that C is generating for G and let A= G(Q,C). The following are equivalent:

(i) A is a Grothendieck category.
(ii) A has an injective cogenerator.
(iii) C = Cogen W = +C for a cotilting object W € G.

Proof. Also in this case, we repeat the proof.

(i) = (ii): It is well known, for instance see [61], Corollary X.4.3].

(ii) = (iii): Follows directly from Proposition [2.2.4]ii).

(iii) = (i): Proposition [2.2.4]tells us that the category of injective objects in A is equivalent to
Prod W. Furthermore, via the dual argument in [9l Proposition IV.1.2], if two abelian categories
with enough injective objects B and B’ have equivalent corresponding subcategories of injective
objects, then B = B'.

We want to construct a Grothendieck category A’ whose full subcategory of injective objects
is equivalent to Prod W. To this end, let G € G be a generator. Let R = Endg(G) and
W' = Homg(G, W) € Mod-R. By Proposition and Theorem W' is a pure-injective
R-module. Moreover, it follows from [61, §X.4] that the functor Homg(G, —) induces an equiv-
alence:

Prod W = Prod W'.

Consider now the category B = (R-mod, Ab) of all additive functors from R-mod to the category
of all abelian groups Ab. B is a locally coherent Grothendieck category and the functor:

T: Mod-R — B
M (M QR _)’R—mod

is fully faithful, preserves products and sends pure-injective modules to injective objects of B
(see [34, Theorem B.16]). In particular, set W = T(W') € B, we have an equivalence

Prod W = Prod W”
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Since W” is an injective object in B, we have a hereditary torsion pair (77, F’) in B, with
T = °W" and F' = Cogen W”. Prod W” is, by definition, the subclass of F’ consisting of
injective objects in B. Let us consider the quotient category A’ = B/T’. This is a Grothendieck
category whose category of injective objects is equivalent to Prod W (see [25, Proposition 111.4.9
and Corollaire I11.3.2]). Then A = A" and we have the claim. O

Recall that a pure-injective object E € G is called X-pure-injective if EX) is pure-injective
for every set I. In the setting of a module category over a ring, if the cotilting module is -
pure-injective, then the heart of t-structure arising from the associated cotilting torsion pair is
a locally noetherian Grothendieck category. This fact has been proved by Colpi, Mantese and
Tonolo in [I8]. Afterwards, this result has been generalized, in [43], in the wider setting of hearts
of cosilting t-structures on compactly generated triangulated categories, of which the case of the

derived category of a Grothendieck category is an example. We have, therefore:

Proposition 2.2.6. [/3, Proposition 5.6] Let A = G(Q,C) for a torsion pair (Q,C) such that
C = Cogen W, with W a cotilting object. Then A is a locally noetherian Grothendieck category
if and only if W is X-pure-injective.

In the particular case when G = Mod-A, with A a connected artin algebra, and (Q, C) is a torsion
pair in G with some specific properties, the heart A = G(Q,C) has the following geometric

interpretation:

Proposition 2.2.7. [3, Proposition 2.5] Suppose that the following conditions hold:

(i
(ii) the torsion pair (Q,C) splits,

) there is a X-pure-injective cotilting A-module W such that C = Cogen W,
)
(iii) A € C and D(pA) € Q,
)
)

(iv) 9Nt =0
(v) pdim M <1, for any M € C.

Then the heart A = G(Q,C) is equivalent to the category QcohX of quasi-coherent sheaves over
a noncommutative curve of genus zero X, and the category fp(A) of finitely presented objects in

A corresponds to the category cohX of coherent sheaves.

2.3 Simple objects in the heart

Let us consider a Grothendieck category G and a torsion pair (Q,C) in it. Notice that the
definitions and properties that we are going to present can be rephrased in the more general

setting of abelian categories.
Definition 2.3.1. An object Y is said to be torsionfree, almost torsion if it satisfies:

(i) Y € C and all proper quotients of Y are in Q, and
(ii) for any short exact sequence 0 =Y — B — C — 0 with B € C, then C € C.

Dually, we say that Y is torsion, almost torsionfree if it satisfies the dual properties:
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(i’) Y € Q and all proper subobjects of Y are in C, and
(ii’) for any short exact sequence 0 - B - C — Y — 0 with C' € Q, then B € Q.

Remark 2.3.2. Observe that condition (i) in Definition can be rephrased as follows
(I) Y € C and every nonzero morphism f: Y — B, with B € C, is a monomorphism in G.

Proof. Suppose that (i) holds for an object Y, then if f is not a monomorphism, Ker f # 0 and
Im f is a proper quotient of Y, therefore Im f € Q. But then Homg(Im f, B) # 0, contradiction.
Suppose now that (I) holds for Y and consider a proper quotient @ of Y. Let 0 —» Q" — Q —
Q" — 0 be the sequence for @) arising from the torsion pair (Q,C). The composite Y — Q — Q"
is a monomorphism by (1), since Q" € C. Therefore the epimorphism ¥ — @ is a monomorphism

and hence an isomorphism, contradicting the fact that @) is a proper quotient of Y. O
Dually, condition (i’) has an equivalent characterization as:

(I’) Y € Q and every nonzero morphism ¢g: B — Y, with B € Q, is an epimorphism in G.
We have the following:

Lemma 2.3.3. [1, Lemma 3.2] Let X, X' € G be both torsionfree, almost torsion, or both
torsion, almost torsionfree. If Homg(X, X') #£ 0, then X = X',

Proof. Every morphism 0 # f : X — X’ is a monomorphism by condition (I) for X, hence
Coker f € C by condition (ii). By condition (i) for X’ it follows Coker f = 0.

The torsion, almost torsionfree case is proven dually. O

Remark 2.3.4. If G is locally finitely generated and (Q,C) is of finite type (e.g. when it is a

cotilting torsion pair), then all torsion, almost torsionfree objects are finitely generated.

Proof. Let X € Q be an almost torsionfree object which is not finitely generated, then we
can write X = lingi, where X; are finitely generated subobjects of X. Since X is almost
torsion free, all the X;’s are in C and C is closed under direct limits, therefore X € C. This is a

contradiction. O

Let A = G(Q,C) be the heart of the t-structure induced by the torsion pair (Q,C). The following

formulae are useful to compute kernels and cokernels of morphisms in the heart.
Lemma 2.3.5. [1, Lemma 3.4/

(1) Let f : X = Y be a morphism in A = G(Q,C), and let Z be the cone of f in D(G).

Consider the canonical triangle, given by the truncation functors:
K=1<17 — 7 — 1502 — K|1]
where T<_1Z € D=7 and 17502 € D=°. Then:
Kera(f) = K[—1] Cokera(f) = m>0Z.

38



(2) Let h: Y — X be a morphism in G with Y, X € C. Then:

e h[l]: Y[1] — X[1] is a monomorphism in A if and only if Ker h = 0 and Coker h € C.
o h[1]: Y[1] = X|[1] is an epimorphism in A if and only if Coker h € Q.

(3) Let h: Y — X be a morphism in G with Y, X € Q. Then:

e h:Y — X is a monomorphism in A if and only if Kerh € C.
e h:Y — X is an epimorphism in A if and only if Coker h =0 and Kerh € Q.

Proof. Recall that the cone of h has homologies Ker i in degree —1, Coker h in degree 0, and

zero elsewhere.

(1) See [28, pp. 281].

(2) We know from (1) that Ker 4(h[1]) = 0 if and only if the cone of h[1] belongs to D=". This
means Kerh = 0 and Coker i € C. Similarly, Coker 4(h[1]) = 0 if and only if the cone of
h[1] belongs to D=~!, which means that Coker h € Q.

(3) We use the fact that the cone of h belongs to D=° if and only if Ker h € C, and it belongs
to D=1 if and only if Coker h = 0 and Kerh € Q. O

Now, we can state the main characterization Theorem for simple objects in the heart.

Theorem 2.3.6. [1, Theorem 3.5] (cf. [69, Lemma 2.2]) The simple objects in A are precisely
the objects S of the form S = Y[1] with Y torsionfree, almost torsion, or S = Q with Q torsion,

almost torsionfree.

Proof. From the torsion pair (C[1],Q) in A, we have a canonical exact sequence 0 — Y[1] —
S—Q —0withY € C and Q € Q. From this we see that a simple object S is either of the
form S = Y[1] or S = Q. Let us show that an object of the form S = Y[1] with Y € C is simple
if and only if Y is torsionfree, almost torsion. The other case is proven dually.

First, assume that S = Y'[1] is simple and Y € C. Consider a proper subobject U of Y. Then the
map h : U — Y gives rise to an epimorphism h[l] : U[1] — Y[1] = S, hence Y/U = Cokerh € Q
by Lemma[2.3.5(2). So, (i) in Definition is verified. To prove (ii), we consider a short exact
sequence 0 — Y % B C — 0 with B € C. Here h[l] : S — BJ[1] is a monomorphism, and
C = Coker h € C again by Lemma [2.3.5/2).

Conversely, we show that (i) and (ii) imply that S is simple. To this end, we claim that every
morphism 0 # f: S — A in A is a monomorphism. Since S = Y[1] € C[1], f factors through
the torsion part of A with respect to the torsion pair (C[1], Q). Hence, we can assume, without
loss of generality, that A = C[1] for some C € C. Then f = g[1] with g: Y — C, and by
assumption ¢ is a monomorphism with cokernel in C. But then it follows from Lemma (2)
that Ker4(f) = 0, and the claim is proven. O

Suppose that G is a locally noetherian Grothendieck category. If there is a torsion pair of finite
type in G such that the torsion class is cogenerating for G, then we can prove a more convenient

criterion for the simplicity of an object in the heart. Indeed:

Proposition 2.3.7. Let G be a locally noetherian Grothendieck category and let Gy = fp(G).
Consider a torsion pair (Qo,Co) in Gy such that:
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(i) Co is generating for Gy,
(i) Q= hg Qyq is cogenerating for G.

Then, a nonzero object S € C = liﬂCo becomes simple in the heart A if and only if for any
non-split short exact sequence 0 - S — E — Q — 0 in G with Q € Qy, we have E € Q.

Proof. First of all, notice that the pair (Q,C) = (hg Qo,ligco) is, by Theorem a tor-
sion pair of finite type in G. Furthermore, by Theorem the heart 4 = G(Q,C) is a
Grothendieck category.

Suppose first that for any non-split short exact sequence 0 — S — E — @ — 0 in G with
Q € Qp, we have E € Q. Let g: Y — SJ[1] be a nonzero morphism in the heart A. By
Proposition [[.3.6] Q is cogenerating for G if and only if Q is generating for .4, and moreover,
by Proposition (2), we have that Q = h_n>n Qp = ligA Qy, therefore Qg is generating in A.

For this reason there exists an epimorphism 7w = (m;);:
[To: = v - s
i

where @); € Qq, for any i, and since the composition is nonzero, there is at least a nonzero
component in 7 yielding a nonzero morphism a: Q; — S[1], with a = gmj, where j: Q; —
[1Q;, for a certain j.

For this reason, we can suppose, without loss of generality, that Y € Qy. Using Lemma (i),
from the morphism ¢g: ¥ — S[1] in A we obtain a non-split short exact sequence in G, 0 — S —
E —Y — 0, where E € Q by hypothesis. Therefore we get a triangle in D?(G):

S —E—Y %59

from which we obtain a short exact sequence in the heart 0 —» E — Y % § [1] — 0, proving that
g is an epimorphism. Hence S[1] is simple in A.

Conversely, suppose that S[1] is simple in A. Consider a non-split short exact sequence 0 —
S — E—Q—0in G, with Q € Qp. This gives rise to a triangle in D*(G):

S —E— Q- 91

where the map ¢ is surjective in the heart since S[1] is simple. Let Z be the cone of g, Z = E[1].

Consider the canonical triangle given by the truncation functors:
Tg_lz — 4 — TZOZ — K[l]

By Lemma [2.3.5(1), Coker g = 7>0Z. Since g surjective, 7>0Z = 0. Therefore Z = 7<_;Z. This
means that Z € D=7t = D=[1], so E € D=, hence H'(E) = E € Q. O

Assume now that G = A-Mod and A = G(Q,C) is a Grothendieck category, for a torsion theory
(Q,C). We know, from Theorem that this happens if and only if C = Cogen(W) for a

cotilting module W. In this case, W[1] is an injective cogenerator of A and every A-module

40



has a special C-cover and a special C-envelope. In the following we prove that the injective

envelopes of the objects in the heart come from these special C-covers and special C-envelopes.

Proposition 2.3.8. [1, Proposition 4.1]

(1) LetY €C, and let 0 - Y LB =0bea special C+-envelope. Then Y[1] it B[1] is
an injective envelope of Y[1] in A.
(2) Let Q € Q, and let 0 — B ENYoIEN Q — 0 be a special C-cover. Then @ — B[1] is an

injective envelope of Q in A.

Proof. (1) Since Y and C are in C, we have B € C N Ct = Prod W, so B[1] is injective.

Moreover, it follows from Lemma [2.3.5 that there is an exact sequence 0 — Y[1]

JE}]

B[1] — C[1] — 0 in A. Finally, f[1] is left minimal in A since so is f in A-Mod.
(2) Since C is closed under submodules, B € CNC+ = Prod W, so B[1] is injective. Moreover,

it follows from Lemma

in A.

2.3.5

that there is an exact sequence 0 — @ LN B[] k! C[1] =0

It remains to check that h is left minimal. Consider an endomorphism S[1] € End 4(B[1])

with B[1]oh = h. Then there is 7[1] € End 4(C[1]) yielding a commutative diagram whose

rows are given by distinguished triangles:

Q— B on - opy
pm ym
Q@ — B on - ony

and therefore, a commutative diagram with distinguished triangles:

—f

B c—%Q—" B
bl
B—Lic %0 "B
Since ¢ is right minimal, v is an isomorphism. Hence 8 and ([1] are isomorphisms. O
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Chapter 3
Concealed-canonical algebras

In this chapter we define concealed-canonical algebras and we illustrate their module categories
in terms of their Auslander-Reiten quiver. Mainly following [3] and [53], we describe the torsion
pairs in Mod-A and some other relevant subclasses. Subsequently, we specialize on tubular alge-
bras, ie. concealed-canonical algebras of tubular representation type, where classes of modules
can be distinguished by a notion of slope, which is a real number or infinity. We will describe
tilting and cotilting modules over tubular algebras and its pure-injective modules.

Let us fix a finite dimensional connected artin algebra A over a field k, for simplicity we consider
k algebraically closed. We denote by Mod-A (mod-A) the category of (finitely presented) right

A-modules.

3.1 The setup

Given a class X of indecomposable A-modules of finite length, we say that an indecomposable A-
module of finite length M is a proper predecessor of X provided it does not belong to X and there
is a sequence of indecomposable A-modules (M;)?_, with My = M and Homy (M;_1, M;) # 0,
for all 1 < ¢ < n, such that M, belongs to X. Dually, we say that M is a proper successor of
X if it does not belong to X' and there is a sequence of indecomposables (M;)!"_, with M,, = M
and Homp (M;_1, M;) # 0, for all 1 <i < n, such that My belongs to X.

Definition 3.1.1. A tubular family t is a class consisting of all the indecomposable A-modules
belonging to a set of tubes, ie. connected uniserial length categories, in the Auslander-Reiten
quiver of A.

We say that a tubular family t in mod-A is:

e sincere, if every simple module occurs as the composition factor of at least one module
from t.

e stable, if t does not contain indecomposable projective or injective modules.

e separating, if it is standard, ie. there are no indecomposable modules M of finite length
which are both proper predecessors of t and proper successors of t, and any map from a

proper predecessor of t to a proper successor of t factors through any of the tubes in t.
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Let us denote by p the class of indecomposable finite length A-modules which are proper pre-
decessors of t, called the preprojective component, and by q the class of indecomposable finite
length A-modules which are proper successors of t, called the preinjective component. Then, the
separating condition can be rephrased as: any indecomposable module of finite length belongs
either to p, t or q and we say that t separates p from q, yielding the canonical trisection of

mod-A, (p,t,q), as in the following picture:

UL </

t

Figure 3.1: Auslander-Reiten quiver of mod-A.

Moreover:

HOIHA(C], p) = Hom/\(q7t) = HOI’HA(t, p) =0
and any map from p to q factors through a module in t.

Definition 3.1.2. A concealed canonical algebra A is a finite dimensional algebra with a sincere,

stable and separating tubular family t

Tame hereditary algebras and canonical algebras are examples of concealed canonical algebras.

Remark 3.1.3. Every concealed canonical algebra is obtained as the endomorphism ring of a
tilting module T' over a canonical algebra A’, we refer to [53, Sections 2.2 and 2.3] for the
detailed definition of a canonical algebra and the description of the concealed canonical algebra
as End(7T")°P

From now on, we fix A to be a concealed canonical algebra. All the results we are going to present
are proven for canonical algebras, but they can be extended to concealed canonical algebras as
shown in [53, Chapter 9].

We denote by 7 and 7~ the Auslander-Reiten translations in mod-A and by D the classical
duality Homg(—, k). We have the following:

Proposition 3.1.4. [{7, (S6) and (S8)(i)] Let A be a concealed-canonical algebra. The follow-
ings hold:

(1) DExt} (M, X) = Homy(X,7M), for M € add(pUt) and X € mod-A.

(i") DExti(X,N) = Homy(r~N, X), for N € add(t Uq) and X € mod-A.

(ii)) gl.dimA < 2.

(i) 7: add(pUt) — add(pUt) and 7~ : add(t Uq) — add(t U q) have unique structures as
functors making the isomorphisms in (i) and (i’) functorial. Furthermore, restricting T

and 7~ to add(t) we obtain an autoequivalence:
7: add(t) «— add(t): 7~
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(i) and (") are called Auslander-Reiten formulae.

Remark 3.1.5. Consider a tubular family t which is sincere, stable and separating, then all the
indecomposable projective modules belong to p and all the indecomposable injective modules

belong to q. This implies that:

(1) If X € pUt, then pdim X < 1.
(2) If X € qUt, then idim X < 1.

The standard tubes, in the tubular family t, are denoted by U,, for x € X an index set. By [47,
(S8)(ii)], the tubular family decomposes as:

t=]]the

zeX

and add(t) is an abelian exact subcategory of mod-A. The simple objects and the composition
factors in add(t) are called simple reqular modules and regular composition factors, respectively.
The set of all simple regular modules in U, is called the clique of U,. The order of the clique is
called the rank of U,. Moreover, from [47, (S8)(iii)], we have that all the tubes except finitely

many are homogeneous, ie. of rank 1.

Priifer and adic A-modules

Every simple regular module S, € U, determines a ray, ie. an infinite sequence:
Sx — S%g — S%g — Sﬂc,4 — ...

where S ,, denotes the unique indecomposable module in U, of regular length n with socle S,
the corresponding direct limit is the Priifer module S2° = hgsm

Dually, we define the coray ending at S, as the infinite sequence:
T S;r,—4 - Sac,—3 — S, ,—2 Sz

where S; _, denotes the unique indecomposable module in U, of regular length n with top S,
the corresponding inverse limit is the adic module S;*° = @Sx,—n- The Priifer and the adic

modules are indecomposable, infinite dimensional and pure-injective.

3.2 Torsion pairs in Mod-A

Following [53] Section 3.1], we mainly consider three torsion pairs in Mod-A.

e The torsion pair (Q,C) = (Gen(q),q°), generated by q. This torsion pair is split by [53]
Proposition 1.5]. Moreover, as shown in [53, Chapter 10], there is an infinite dimensional
cotilting module W associated to this torsion pair, whose cotilting class is C = Cogen W,
and:

W=Gapsy

zeX
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where G is the so called generic module, that we will introduce later.

e The torsion pair (D,R) = (°t,(°t)°), cogenerated by t. This is a split torsion pair, as
shown in [53, Corollary 5.3]. The modules in D are called divisible modules and the ones
in R are called reduced modules. Furthermore, the infinite dimensional module W is a
tilting module whose tilting class is D = Gen W, see [53, Chapter 10].

e The torsion pair (Gen(t),F), with F = t°, generated by t. The modules in Gen(t) are
called torsion modules and the ones in F are called torsionfree modules. This is not a
split torsion pair and clearly F C C, indeed: if X € F = t° and there is a nonzero
morphism @ — X with @ € q C Gen(t), we have Y € add(t) and a nonzero map ¥ — X,

contradiction.
We have the following:

Theorem 3.2.1 (Basic splitting result). [53, Theorem 5.2, Corollary 5.4] For the classes C and
D defined above, it holds Ext}\(C,D) = 0. Moreover, for any X € C, pdim X < 1, and for any
Y €D, idimY < 1.

The following is an infinite dimensional version of the Auslander-Reiten formulae defined in
Proposition [3.1.4]

Lemma 3.2.2. [62] Let M, X € Mod-A. Assume that M s finitely generated without non-zero

projective summands. Then:

(i) If pdim M < 1, then Homp (X, 7M) = D Ext} (M, X).
(ii) Ifidim7M <1, then D Homp (M, X) = Ext} (X, 7M).

Using this Lemma we can easily see that D = °t =t and C = q° = *q.

Consider now the class of torsion modules in C, defined as
T =CnNGen(t)

ie. A-modules in C generated by t. It is clear that any Priifer module S3° belongs to 7.

Proposition 3.2.3. [53, Section 3.4] Every module in T is the direct union of modules in add(t)
and T = lim t.

Proof. If M = hgl]\fZ with M; € add(t), then clearly M € Gen(t). Moreover, for any Y € q, by
Proposition Homy (Y, M) = ligHomA(Y, M;) = 0. Therefore M € C.

Conversely, assume that M € C is generated by t. There is an epimorphism g: @,.; X; — M,
where X; € add(t). Then M = ligﬂm(gi), where g;: X; — M is the i-th component of g.
But Im(g;) € add(t U q), for any i, since they are factor modules of X; € add(t). And also
Im(g;) € C, for any i, since they are submodules of M and C is a torsionfree class, hence closed

under submodules. This implies that Im(g;) € add(t). O

Since add(t) is an exact abelian subcategory of mod-A, we have that 7 is an exact abelian
subcategory of Mod-A. In particular, 7 is closed under kernels, images, cokernels and direct

sums.
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3.2.1 Theclassw=CND

Let us consider now the class w defined as:
w=CND

It is immediate to see that all the Priifer modules belong to w. Indeed: clearly S3° € C, for all
z € X. Moreover, S2° is the injective envelope of any S, ,, in the category T, see [55]. Because
of this, Ext} (X, S°) = 0 for any X € add(t), hence S € D. Furthermore, still from [55], we
have that the Priifer modules are all the indecomposable injectives in the category T and every

object in T has an injective envelope. Denote by
wo = T ND

the full subcategory of all the injective objects in 7. Thus, wyg is the full subcategory of all direct
sums of Priifer modules.

The class w plays a relevant role from the point of view of approximation theory.

Theorem 3.2.4. [53, Theorem 4.1] For any X € C, there is a short exact sequence:
0—X MM 0

with M € w and M’ € wy, such that f is an w-envelope of X .
IfXeF, then MeF. If X €T, then M eT.

We denote by G the generic module. This is the unique indecomposable infinite dimensional
module which has finite length over its endomorphism ring. In the notation of [53], G is the
unique infinite dimensional module in F N D, ie. it is the only torsionfree divisible module (cf.
[55, Theorem 5.3 and p.408]). Moreover, G is the only (up to isomorphism) indecomposable
module in w whose endomorphism ring is a skew field (see [53] Theorem 6.1]). By [53], Corollary
6.2], there exists an embedding from the module G in a direct sum of Priifer modules.

Modules in w are described by the following:

Theorem 3.2.5. [53, Theorem 6.4] Any module in w is a direct sum of Prifer modules and of

copies of the generic module.

Notice that, via this characterization, we have that FNw = Add(G). Moreover, all the indecom-
posables in w have a local endomorphism ring. As a consequence, it follows from the Theorem
of Krull-Remak-Schmidt-Azumaya that the direct sum decomposition in the Theorem above is

unique up to isomorphisms.
Corollary 3.2.6. [53, Corollaries 6.5, 6.6 and 6.7] The following hold:

(1) The modules in C are precisely the modules cogenerated by T and precisely the modules
which can be embedded in wy.

(2) If X € F, then in the w-envelope of X, we have M = G, for a cardinal . If X is also
of finite length, then M = G", for an integer n > 0.
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(3) The generic module G is of finite length as an Endp(G)-module.
Furthermore, w is a covering class for divisible modules:

Theorem 3.2.7. [53, Theorem 7.1, Corollary 7.2] For any Y € D, there is a short exact
sequence:

0—M —M-LYy —0

with M € w and M’ is a direct sum of copies of the generic module, such that g is an w-cover of
X. If X € Q, then M € wy. If X is also of finite length, then M' = G", for an integer n > 0.

As a direct consequence of this Theorem and the Basic splitting result, we have the following

description of C and D as (see [53, Proposition 7.3]):
C='w and D=wt

and from this it follows:

Lemma 3.2.8. [53, Lemma 8.4] The classes C,D and w are closed under products.

In addition, we have:

Proposition 3.2.9. [53, Corollary 8.1] Any Prifer module is generated by G and D = Gen(G).

Proof. Following [53, Chapter 8]. Let S; be a simple regular module. S2° € C, hence pdim S° =
1, and let p: P — S2° be a projective cover. Take the w-envelope of P, P — M. By the
enveloping property, we can factor p through M and obtain a surjective map M — S2°. But
since P € F, by Theorem [3.2.4 M € F Nw = Add(G).

For the second statement, clearly Gen(G) C D. Indeed: G € D and D is a torsion class, hence
closed under direct sums and factor modules. Conversely, the w-cover of a module in D is
surjective, by Theorem therefore D C Gen(w), but any module in w is a direct sum of
Priifers and copies of G, thus generated by G. O

Let us consider again the module
W=Gaopsy.
zeX
As we have mentioned above, it is an infinite dimensional cotilting module whose associated
cotilting torsion pair is (Q,C) and it is also an infinite dimensional tilting module whose associ-
ated tilting torsion pair is (D, R). Let Wy be the torsion part of W, ie. Wo = @, x 55°. We
have:

Proposition 3.2.10. [53, Proposition 10.1]
w = Add(W) = Prod(W) = Prod(Wj).

Remark 3.2.11. According to the decomposition of t as [] cx U, we can describe 7 = ligt as
the coproduct of categories denoted 7T (x) for any z € X, ie. T (z) = lim#f;. Recall that there
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are finitely many simple regular modules in U, and, for almost all x € X, there is only one
simple regular module. This implies that there are finitely many Priifer modules in 7 (z) and,
for almost all x € X, there is only one Priifer module in 7 (x). Let wg(x) be the full subcategory
of all the direct sums of copies of the Priifer modules in 7 (z). Therefore, we can divide wp in

further subclasses wy(x), for x € X. As shown in the following picture:

wo

Figure 3.2: Subclasses of Mod-A.
wo is separating in the following sense:

Homp (wg, R) = Homy (wp, Add(G)) = Homp (Q, R) =
= Homy (Q, Add(G)) = Homp (Q,wp) =0

and any map h: X — Y, with X € R or X € Add(G) and Y € Q, factors through wy: indeed,
take an w-cover of Y

0—M —M-—Y —0

with M € wy and M’ € Add(G). Apply Homy (X, —) to obtain:
0 — Homy (X, M) — Homy (X, M) — Homu(X,Y) — Ext} (X, M)

but Ext} (X, M’) = 0 because (D, R) is a split torsion pair. Therefore Homy (X, M) — Homy (X,Y)

is a surjection and the map h factors through M € wy.

3.3 Tubular algebras

A concealed canonical algebra A can be of domestic, tubular or wild representation type. This
is determined via a numerical invariant called genus, as shown in [47, Theorem 7.1].

In the domestic case, A is tame concealed, ie. A = Endp/(T'), where T is a preprojective or
preinjective tilting module over a finite dimensional tame hereditary algebra A’.

From now on, A is a tubular algebra, ie. a concealed canonical algebra of tubular representation
type.

The structure of mod-A is well known, see for example [47, [56]. According to [56, Theorem
5.2(4)], there is a preprojective component, called pg, and a preinjective component, called q.
Denote by Iy the ideal which is maximal with respect to the property that it annihilates all
the modules in pg and by I, the ideal which is maximal with respect to the property that it

49



annihilates all the modules in q... Then, we obtain two factor algebras
AO = A/IO and Aoo = A/Ioo,

which are both tame concealed.

Denote by tg the Auslander-Reiten components of mod-A which contains regular Ag-modules
and by ts the Auslander-Reiten component of mod-A which contains regular A.-modules. Both
to and t, are sincere and separating tubular families, but they are not stable, indeed tg contains
indecomposable projective A-modules and t., contains indecomposable injective A-modules.
Denote now by qgp the indecomposable A-modules which do not belong to pg or tg, then tg
separates po from qg. Furthermore, denote by pso the indecomposable A-modules which do not
belong to s Or toy, then to, separates peo from qoo. Furthermore, the indecomposable modules
in gqp N po fall into a countable number of sincere stable separating tubular families indexed by
the positive rational numbers, denoted by t,, @ € Q<.

All the tubular families t,, for o € @20 = Q>oU{o0}, are such that, for o, 5 € @20 with a < 3,
t, generates tg and tg cogenerates t,.

Fix a number w € ]IARZO = R>o U {00}, set:

Pw = Po U U ta and qQuw = U tBquo
a<w w< B

If we @207 then we obtain a trisection (pw,tw,qw), in which t,, is a sincere tubular family
that separates p,, and qu, stable if w ¢ {0,00}. If w is irrational, then all the indecomposable
modules fall into two distinct classes p,, and q,, and we have a bisection (pPy, Quw)-

The category mod-A can be depicted as follows:

Po Qoo

to {ta | @ € Qs0} too

Figure 3.3: Auslander-Reiten quiver of mod-A, for a tubular algebra A.

3.3.1 Torsion pairs in tubular algebras
For w € @20, we consider the following torsion pairs in Mod-A.

e The torsion pair (Q.,Cy), generated by qu, where Q, = Gen(q,) and C,, = q,,°. If
w € @20, this torsion pair is split. Using the Auslander-Reiten formulas, we have C,, =
qw® = 1qu. (See [53 Section 13.1]).

In this case, the heart A, arising from this torsion pair, is equivalent to the cate-

gory QcohX,, of quasi-coherent sheaves over a non-commutative curve of genus zero X,
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parametrizing the family t,,. We will describe this category in Chapter [6]

Figure 3.4: Torsion pair (Q.,,C,,) for w rational (left) and w irrational (right)

e The torsion pair (By, Py ), cogenerated by py,, where B,, = °py, and P, = B,,°. Moreover,
via the separating condition, we have By, = °(U,<, ta). Using the Auslander-Reiten

formulas, we have By, = °pw = pw . (See [53, Section 13.3]).

Figure 3.5: Torsion pair (By, Py,) for w rational (left) and w irrational (right)

e The torsion pair (Gen(ty), Fy), generated by t,,, where F,, = t,,°. Moreover, via the sep-
arating condition, we can state that Fo, = (U, <, 1) = (tw U dw)°. Using the Auslander-

Reiten formulas, we have F,, = t,° = “t,,. (See [3, Section 6.2]).

Figure 3.6: Torsion pair (Gen(t,,), F,,) for w rational (left) and w irrational (right)

e The torsion pair (D, Ry ), cogenerated by t,, where D,, = °t,, and R, = D,°. If
w € Q>0, this torsion pair is split. Moreover, since, for any o < w, t, is cogenerated by
ty, we have Dy, = °(U < ta) = °(Pw Uty). Using the Auslander-Reiten formulas, we
have Dy, = %ty = tyt. (S_ee [3, Section 6.2]).

For o € Qs¢, we have the trisection (pa,ta,ds), where t, is a sincere stable and separating
tubular family, therefore we can rephrase in the setting of tubular algebras many results we have

seen for general concealed canonical algebras. In particular, there is a subcategory
Wa = Co ND,,
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Figure 3.7: Torsion pair (D,,, R.) for w rational (left) and w irrational (right)

for which every property described in Section holds. Especially, w, contains a generic
module G, and Priifer modules S77,. Following [53, Section 13.2], there are also generic modules
Go and G. According to Proposition for a € Qs9, we have that D, = °t, = Gen(G,).

Lemma 3.3.1. [53, Lemma 13.2] Let o, € @20. If o < B, then to generates Gg. If, in
addition, o # 0, then G, generates tg.

We have the following properties for the classes defined above:
Lemma 3.3.2. [3, Lemma 6.53/[53, Lemma 13.4] Let w € Rsy.
(i) Forv <w, Cy CCy and B, 2 By,.

(ii) We have:

Co= () G= () F and By= () Bi= () Da

w<vERS( w<’y€@>o w>vERS ’LU>O[€Q>0

(iil)) Qu = @qw and, if w ¢ Q, Cy = ligpw.
(iv) Py C Cyw and Qy C By. If w € Qsg, then Py, C Fyy C Cy and Qy C Dy C By
(v) (Cw)® C By and

Bu= [] @)= ] Q=[] Q=

w>v€ﬂ,§ w>v€ﬂ,§ w>a€@
={M € Mod-A | M € Gen(t,) for any o € Q,0 < a < w}
={M € Mod-A | M € Gen(G,) for any a € Q,0 < o < w}.

Consider now, for any w € I@Zo, the class:
My =Cyy N By

Definition 3.3.3. We say that a A-module M has slope w if M € M,,.
Clearly, if a € @20, the modules in t,, and in w, have slope «.

Proposition 3.3.4. [53, Proposition 13.5] The subcategories Cyy, By and M,, are closed under

products and direct limits.

Theorem 3.3.5. [53, Theorem 13.1] Any indecomposable A-module which does not belong to
Po 0T deo has a slope. For 0 < w < w' < 0o, we have Homp (M, My,) = 0.
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Proof. We repeat the proof in [53].

My C Cy and, from (V), My C By € Q. Therefore Homp (M, My,) = 0, because
(Quw,Cy) is a torsion pair.

Let now M be an indecomposable A-module which does not belong to pg or qo,. Because of
this, Homp (qeo, M) = 0. Let w be the infimum of all o € @20 such that Homy(qq., M) = 0.
Since qu = Uysq 9o We have Homa (qu, M) = 0, therefore M € q,,° = Cy.

Now we need to prove that M € B,. First of all, if w = 0, this follows immediately from
the fact that M is indecomposable and is not in pg. Let then w > 0. Let « be a rational
number such that 0 < o < w. Assume M ¢ Q,. Since (Q,,Cy) is a split torsion pair and M
is indecomposable, we infer that M € C,. Therefore Homy(qq, M) = 0 and this implies, by
definition of w, that w < «. This is a contradiction. Consequently, M € Q,, for any rational

number « with 0 < a < w. Hence, via W(v), M e B, = ﬂw>ae@ Qo O

We have many examples of modules of rational slope but, if w is irrational, not many modules of
slope w are known. For w irrational, M,, does not contain any nonzero module of finite length.
In [53], Reiten and Ringel have provided two useful theorems to construct infinite dimensional

modules of irrational slope.

Theorem 3.3.6 (First construction). [53, Section 13.4] Let a1 > g > ... be a decreasing

sequence of rational numbers converging to w € Rsg. Choose modules M; € add(ty,), for i > 1.
Then [, M;/ @, M; € M,,.

Theorem 3.3.7 (Second construction). [53, Section 13.4] Let a; < aa < ... be an increasing
sequence of rational numbers converging to w € Rsqg. Choose modules M; € add(t,,) such that
M; C M;yq for anyi > 1, then M = hﬂMl € My,.

3.3.2 Tilting and cotilting A-modules

First of all, let us consider the torsion pairs (By, Py) and (Qu, Cy). Following [3, Section 6.1],
the class add(py,) is a resolving class, ie. closed under direct summands, extensions and kernel
of epimorphisms, therefore, by Theorem [2.1.4] B, is a tilting class. Hence there is a tilting
module Ly, such that B,, = Gen(L,,) and P,, = L,,°. This tilting module is infinite dimensional,
otherwise Ly, € B, N 1B, Nmod-A = B, Nadd(p,) = °pw N add(p,), which is not possible.
Furthermore, the class q,, is the dual of a resolving class pg C A-mod. It follows that C,, = (pm)—r
is a cotilting class given by a large cotilting module W,, such that C,, = Cogen(W,,) and
Qu = "Wy

If w € Qs0, we have the trisection (pu, ty, Q) and we are in the same setting as in [53, Chapter
10]. Here, the cotilting module W,,, that cogenerates the class C,, also generates the class

D,, = °t,, and there is an explicit description for it:

W, =Gy @S,
zeX

oo

where Gy, is the generic module in w,, and the 577, are the Priifer module of slope w, parametrized

by the set X, as seen in Section 3.1
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For an irrational number w, we have the following:

Theorem 3.3.8. [3, Theorem 6.4] Let w € R~ \ Qo, then:

(1)
(2)
(3)

L., is the only tilting module of slope w, up to equivalence.
W, is the only cotilting module of slope w, up to equivalence.

The following are equivalent:

(i) M € M.
(ii) M is a pure submodule of a product of copies of Wy,.

(iii) M is a pure epimorphic image of a direct sum of copies of Ly,.

Proof. By definition the modules L,, and W, have slope w. Indeed:

(1)

(2)

Ly € BuNt(By) CByNCy and Wy, € CyNCy CCopN By,

Let T be a tilting module of slope w. By Lemma [3, Lemma 5.4], the resolving subcategory
of mod-A corresponding to 7 is S = +(T+)Nmod-A = add(p,,). This implies, by Theorem
that T is equivalent to Ly,.

Let C be a cotilting module of slope w. Then +B, C +C, since C € B,, and +C =
Cogen(C) C Cy, since Cy is a torsionfree class and C' € C,. Since p, C 1B, and
LC is closed under direct limits, we have lim p,, C 1C. Lemma (iii) tells us that
hglpw = Cy, hence C, = 1C. So C'is equivalent to W,.

By [11, Proposition 4.3(2)], we have that the class M,, is definable, hence closed under
direct sums, direct products, pure submodules and pure epimorphic images. This proves
“(ii) implies (i)” and “(iii) implies (i)”.

Let us prove “(i) implies (ii)”: Consider a module M € M,,. From the complete cotorsion

pair (Cw,CwL) we get a special C,,-envelope of M:
0—M-—Cy—C; —0

where C € C,t and C; € Cy,. Since M € Cw, also Cy € Cy,. Since, by Theorem the
modules in Cy, have projective dimension at most 1, the class C,," is closed under quotient
modules, therefore C; € Cp. This means that Cp, Cy € Cyp N Cop™ = Prod(W ).
Moreover, the sequence defined above is pure-exact, indeed: let X € mod-A, we can assume
w.l.o.g. that X is indecomposable with Homp (X, C) # 0, hence X € py. Then, since
M € By, = pw™, we have Ext} (X, M) = 0, therefore the sequence

0 — Homy (X, M) — Homp (X, Cy) — Homy (X,C1) — 0

is exact, proving the purity of the approximation sequence. Hence, M is a pure submodule
of some module in Prod(W,,).

The implication from (i) to (iii) is proven dually. O
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3.3.3 Pure-injective A-modules

A first characterization of pure-injective modules arising from tubular components in the Auslander-
Reiten quiver of Artin algebras has been given by Ringel in [54]. The Theorem stated in [54]

2.2] can be reinterpreted in the context of tubular algebras via the following.

Theorem 3.3.9. [5], 2.2] Let w € Q>g. A A-module M is pure-injective and belongs to M., if
and only if there is a decomposition M = M'&M" where M’ € Prod(t,,) and M" € Add(W,,) =
Prod(Wy,).

Let us recall that a A-module M is called superdecomposable if it has no indecomposable direct
summands. In [32], the authors proved that, if the field k is countable, then pure-injective

modules of irrational slope can be superdecomposable. We have:

Theorem 3.3.10. [32, Corollary 7.4] Let w be a positive irrational number. If the field k is

countable, then there is a superdecomposable pure-injective A-module of slope w.

The proof of this Theorem uses methods from logic and model theory of modules.
In the case of a cotilting module, which is pure-injective by Theorem the superdecompos-
able part of the module is not relevant in the computation of the cotilting class. Indeed, we

have the following:

Theorem 3.3.11. [64, Theorem 3.7] Let W be a cotilting A-module. Then Prod(W) contains
a family of indecomposable module (M;);cr such that W is a direct summand in a direct limit of
modules in Prod{M; | i € I} and *W = ",c; = M;.

Finally, for the irrational slope case, we have the following characterization of pure-injective

A-modules, given by Angeleri Hiigel and Kussin in [3].

Theorem 3.3.12. [3, Corollary 6.6] Let w € Ry \ Qso. Then the cotilting module W, is
pure-injective, not X-pure-injective and the class Prod(Wy,) is the class of all pure-injective

A-modules of slope w.

Proof. W, is pure-injective by Theorem and Prod(W,,) is the class of all pure-injective
A-modules of slope w by Theorem [3.3.§|(3).

Assume that W, is X-pure-injective. Then every product of copies of W,, and any pure
submodule of such product is Y-pure-injective. This implies, using Theorem m(S), that
M, = Prod(W,,). Hence L,, € M,, C Cw', and since C, consists of modules of projective
dimension at most one, Gen(L,,) C Cw™, and C,- = B, by Lemma M(v) Since Q,, C By,
by Lemma [3.3.2(iv), we have that (Q., By) is a split torsion pair satisfying the assumption of
Proposition 2.:2.7] So, the heart A,, of the t-structure arising from the previous torsion pair
is equivalent to the category QcohY of quasi-coherent sheaves over a noncommutative curve
of genus zero Y, this category will be described completely in Chapter [fl This is a locally
noetherian Grothendieck category whose category of coherent objects is denoted by cohY and
Ho denotes the subcategory of finite length objects in cohY. As we will see in Proposition

there is a family of connected uniserial Hom-orthogonal length categories U,, y € Y, such that
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all Uy, have finite T-period and Ho = [ [,y
injective envelope E(S) has only finitely many non-isomorphic composition factors. Moreover,
S is of the form S = Y[1], for Y € p,, or S = Q, for Q € qy.

In the first case, Y € pgq, for some o < w, and there is @ < f < w such that E(S) has

U,. Therefore, if S is a simple object in Hy, then its

all composition factors in pg[l] and therefore Hom 4, (t[1], £(S)) = 0. On the other hand,
Y is cogenerated by tg, so there is a nonzero morphism ¥ — B for some indecomposable
module B € tg. This morphism yield a nonzero map S — B[1] and therefore a nonzero map
B[1] — E(S), by the injectivity of E(S). This is a contradiction.

This shows that the simples in H are all of the form S = @, for some ) € qq, so they belong
to the torsionfree class in the torsion pair (Cy[1], Q) in A,. But then the noetherian tilting

object V' = A[1] € Cy[1] cannot have a simple quotient, another contradiction. O

For the sake of completeness, we summarize in the following Theorem the list of all indecom-

posable pure-injective A-modules.

Theorem 3.3.13. [3, Theorem 6.7] The following is a complete list of the indecomposable pure-

injective A-modules:

(i

the finite dimensional indecomposable A-modules,

(ii) the Priifer modules, the adic modules and the generic module of slope w € Qx>,

(iv) the Prifer modules, the adic modules and the generic module over Ay and A,

(v

)
)
(ili) the indecomposable modules in Prod(W,,), with w € R>g \ Q>o,
)
)

a finite number of Priifer A-modules of slope 0 and a finite number of adic module of slope

oo (we refer to [3] for more details about these modules).

The modules in (iii) are the ones we aim to characterize in greater detail. In the next Chapter

we introduce a tool that could provide a better understanding of these modules.
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Chapter 4
The Atom Spectrum

In this chapter we introduce the notion of atom spectrum for a Grothendieck category. This is
a generalization of the prime spectrum for a commutative ring and, in the same fashion, it is
endowed with a topological space structure. The notion of atom spectrum has been introduced
by Kanda in [35] in the more general setting of abelian categories, and properties have been

developed by Vamos and Virili in [65].

4.1 Definition and properties

Definition 4.1.1. Let G be an Grothendieck category and let X be an object of G. X is said to
be monoform if, given any subobject H of X and a morphism ¢ € Homg(H, X), ¢ is non-zero

if and only if it is a non-zero monomorphism.
Lemma 4.1.2. [65, Lemma 2.10] Let X € G. The following conditions are equivalent:

(i) X is monoform.
(ii) for any non-zero subobject H C X, the unique object isomorphic to both a subobject of X
and to a subobject of X/H is the zero object.
(iii) X s uniform and, for any non-zero subobject H C X, the unique object isomorphic to
both a subobject of H and to a subobject of X/H s the zero object.

In [35], the author uses (ii) of the Lemma above as a definition of monoform object. Let us

collect some useful facts.
Proposition 4.1.3. Let X € G. Then:

(i) If X is a simple object, then it is monoform.
(ii) If X is monoform, then any nonzero Y C X is monoform.

(i) If X is monoform, then it is uniform.

Proof. (i) This is clear, since any simple object has only trivial subobjects.
(ii) [35, Proposition 2.2] Let X be monoform and Y C X, then, if Y is not monoform, there is
a proper subobject H C'Y such that Y and Y/H have a common nonzero subobject H'.
But H' is also a subobject of X and X/H and this is a contradiction.
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(iii) [35 Proposition 2.6] Let X be monoform and suppose it is not uniform, then there exist
two proper subobjects H and H' of X such that H N H' = 0, therefore we have:

XDOH~H®H'/H C X/H

and this cannot happen since X is monoform.

O
Theorem 4.1.4. [35, Theorem 2.9] Let X be a noetherian object in G. There is a filtration:
0=XoCX;C---CX,=X
such that X;/X;_1 is a monoform object, for any i =1,...,n. In particular, X1i s a monoform

subobject if X.

We say that two monoform objects in G are atom-equivalent if they have a common non-zero

subobject.

Lemma 4.1.5. [35, Lemma 5.8][65, Lemma 2.13] Two monoform objects X and X' are atom-
equivalent if and only if E(X) = E(X').

Proof. Assume X and X’ have a common non-zero subobject Y. Then, since X and X’ are
uniform, we have E(X) = E(Y) & E(X').

Conversely, assume F(X) = E(X'). Then X and X’ are, up to isomorphism, both non-zero
subobjects of F(X). Since X is uniform, F(X) is uniform. Therefore X and X’ have X N X’ as

a common non-zero subobject. O

We denote by X the class of all monoform objects atom-equivalent to the monoform object X,

these equivalence classes are called atoms.

Definition 4.1.6. The atom spectrum of an abelian category G, denoted by ASpec(G), is the

class of all atoms in G.

In the case of a Grothendieck category G, it can be shown that given a monoform object X,
the class of all monoform objects equivalent to X has a maximum X, in the sense that any
monoform object equivalent to X is isomorphic to a subobject of X, which is characterized in

the following proposition.

Proposition 4.1.7. [65, Proposition 2.12] Let G be a Grothendieck category, let X be an object
of G. Consider the torsion pair Tx = (Tx,Fx) cogenerated by E = E(X). The followings are

equivalent:

(i) X is monoform.
(ii) Qx(X) is the unique simple object in G/Tx, up to isomorphisms (where Qx: G — G/Tx
denotes the quotient functor relative to Tx ).
(iii) there exists a hereditary torsion pair T = (T,F) such that X € F and Q(X) is simple in
G/T.
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Moreover, if the above conditions are verified, a monoform object Y is equivalent to X if and
only if Y is isomorphic to a subobject of SxQx (X) (where Sx: G/T, — G denotes the section

functor relative to Tx ).
Remark 4.1.8. Notice that condition (iii) says precisely that an object X is monoform if and
only if there exists a hereditary torsion pair T such that X is T-cocritical.

The atom spectrum of an abelian category may not be a set. On the other hand, we have that
ASpec(G) is a set, whenever G is a Grothendieck category. This is a consequence of the following

lemma.

Lemma 4.1.9. [65, Lemma 2.13] Let G be a Grothendieck category. There is a well-defined
injective map of sets:
ASpec(G) — Spec(G)

X— E(X)
Proof. This is clear by Lemma [4.1.5 0

Theorem 4.1.10. [35, Theorem 5.9] Let G be a locally noetherian Grothendieck category. The
map:
ASpec(G) —— Spec(9)

X— E(X)
1s a well-defined bijection of sets.

Proof. By Lemma we have injectivity. Since G is locally noetherian, an indecomposable
injective I has a noetherian subobject I’. By Theorem there is a monoform subobject H
of I’ such that E(H) = I. This proves surjectivity. O

This result has been generalized for Gabriel categories in [65].

Example 4.1.11. Let A be the Kronecker algebra. The category A-Mod is a locally noetherian
Grothendieck category. Therefore ASpec(A-Mod) = Spec(A) and the only two indecomposable
injective modules are the injective envelopes of the two simple A-modules, S; and S5, which are
monoform. So we have ASpec(A-Mod) = {57, S2}.

The generic module G, for example, is not monoform, indeed we have a short exact sequence
0— 51 -G — @S — 0 (see [63, Theorem 6.1]) and S; is a submodule of any Priifer module.

4.2 Topology and partial order on the atom spectrum

Definition 4.2.1. Let M be an object of G. Define two subsets of the atom spectrum:
ASupp M = {a € ASpec(G) | « = H for a monoform subquotient H of M}
called the atom support of M, and
AAss M = {a € ASpec(G) | o = H for a monoform subobject H of M}
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called the set of associated atoms of M.
It is clear that the atom support of a simple object S is the set containing only the atom S.

Proposition 4.2.2. [35, Propositions 3.3 and 3.5] Let 0 — L — M — N — 0 be a short exact

sequence in G. Then:

(1) ASupp M = ASupp L U ASupp N
(2) AAssL C AAss M C AAssLUAAssN.

The atom spectrum of a Grothendieck category G has a structure of topological space in terms

of atom support.

Definition 4.2.3. Let ® be a subset of ASpec(G). We say that ® is open if for any atom a € P,
there exists a monoform object H € G such that H = o and ASupp H C &.

The family of all open subsets of ASpec(G) satisfies the axioms of topology.

Proposition 4.2.4. [36, Proposition 3.2] The family {ASupp M | M € G} is the set of all open
subsets of ASpecG. If G is locally noetherian, then the family {ASupp M | M noetherian in G}
is an open basis of ASpec(G).

In [36, Proposition 3.5], the author proved that the atom spectrum of an abelian category is a
To-space (or Kolmogorov space), ie. a space in which, for any distinct points z1 and z9 in it,
there exists an open subset containing exactly one of them. The atom spectrum is a discrete

space if the category satisfies some properties.
Proposition 4.2.5. [36, Proposition 3.7] Let G be a locally noetherian Grothendieck category:

(1) For an atom a € ASpec(G), the subset {a} is open if and only if there exists a simple
object S in G such that S = o.

(2) For any noetherian object M in G, the subset ASupp M of ASpec(G) with the induced
topology is discrete if and only if M has finite length.

(3) ASpec(G) is a discrete topological space if and only if any noetherian object in G has finite
length.

Proof. (1) Any nonzero object in G has a simple subquotient. Indeed: let M € G, there exists
a nonzero noetherian subobject L of M and L is finitely generated. Since L has a maximal
subobject, it also has a simple quotient object which is a subquotient of M. Thus, if {a}
is open, by definition, there exists a monoform object H in G such that ASupp H C {a}.
There exists a simple subquotient S of H, hence S € ASupp H C {a} implies S = a.
Conversely, for a simple object S in G, ASuppS = {S} and this is an open subset of
ASpec(G).

(2) Suppose that ASupp M is discrete. Then by (1), since the singletons are open, any element
of ASupp M is represented by a simple object in A. By [35, Remark 3.6], AAss M is

nonempty, therefore any quotient object of M has a simple subobject. Hence, for any
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filtration we can find a refinement and so a composition series for M. Therefore M has
finite length.
Conversely, assume that M has finite length. Because of this, any subquotient of M has
a simple subobject and so any element of ASupp M can be represented by a simple object
in G. Hence, ASupp M with the induced topology is discrete.

(3) Assume that ASpec(G) is discrete. Then by (2), any noetherian object in G has finite
length.
Conversely, assume that any noetherian object has finite length. Since any object in G has
a noetherian subobject, for any a € ASpec(G), there exists a noetherian monoform object
H such that H = a. By assumption, H has finite length, hence there exists a simple
subobject S of H and so S = a. By (1), the topological space ASpec(G) is discrete. [

Let X be a Ty-space. We can define an order on X in this way: for any x,y € X, we have
z < y if and only if z € {y}, where {y} is the topological closure of {y} in X. This is called
specialization order and it is a partial order. Conversely, a partially ordered set P can be seen
as a topological space as follows: a subset ® of P is open if and only if for any p,q € P such
that p < ¢, p € ® implies ¢ € ®. These correspondences defined above are mutually inverse.

ASpec(G) becomes a partially ordered set defining a specialization order < on it. We have the

following:

Proposition 4.2.6. [36, Proposition 4.2] Let G be a Grothendieck category and o, f € ASpec(G).

Then the following are equivalent:

(1) a < B, ie. ac {B}.

(2) If @ is an open subset of ASpec(G) such that o € ®, then 3 € ®. In other words, 3 belongs
to the intersection of all the open subsets containing .

(3) For any object M in G such that o« € ASupp M, we have 3 € ASupp M.

(4) For any monoform object H in G such that H = «, we have 3 € ASupp H.

Proof. (1) = (2): Let ® be an open subset of ASpec(G) such that o € ®. If 5 ¢ ®, then
{B} € X\ ®, and since X \ @ is closed, we have {3} C X \ ®, and so a ¢ ®. Contradiction.
(2) = (3) = (4) = (1) follows from the definition of the topology on ASpec(G) and Proposition

124 O
Moreover we have:

Proposition 4.2.7. [36, Proposition 4.4] Let X be a Ty-space with the specialization order <.
Let x € X and ® a subset of X containing x.

(1) x is maximal in ® if and only if {x} is the intersection of some family of open subsets of
.

(2) x is minimal in @ if and only if {x} is a closed subset of .

Proof. (1) Suppose that x is maximal in ®. Let {®)}rea be the family of all open subsets of
® containing z. It is clear that {z} C () cp ®a. Let now y € () o4 1. We need to show
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that y = x, or equivalently, since x is maximal, x < y. Let ¥ an open set such that x € U,
then z € N ®y C ® and ¥ N @, is open. Therefore y € ®, = N @, for a certain p € A
and then y € ¥ and we have the claim.
Conversely, suppose that {x} = [ cp ®a, where {®)}xea is a family of open subsets of ®.
Let x < y, then by Proposition 1y is contained in all the open subsets of X containing
x, in particular y € (ycp ®a. Therefore y = 2.
Suppose that z is minimal in ®. Let y € {z}, then y < x, but since x is minimal, y = z.
This means that {z} = {z}, ie. is closed.
Suppose that {z} is closed. Let y < z, ie. y € {x}. Since {z} is closed, {z} = {z} implies
y € {z}, hence y = x.

O
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Chapter 5
The case of the Kronecker Algebra

Let us now consider the Kronecker algebra A, ie. the path algebra of the quiver:
e —e

This is a tame hereditary algebra and the Auslander-Reiten quiver of mod-A is:

.ﬂ'\q.ﬂ'\\j. . . ./’.\.ﬂ.\.

p t q

Figure 5.1: Auslander-Reiten quiver of mod-A.

As in Chapter [3] p is the preprojective component, q is the preinjective component and t is a
sincere stable and separating family of regular homogeneous tubes, t = |J,cxU;. We denote
by S2° and S, the Priifer and the adic module, respectively, corresponding to the simple
regular S,. Further, we denote by G the generic module, ie. the unique (up to isomorphism)
indecomposable module which has infinite length over A, but finite length over its endomorphism

ring. Recall, from [53], 55], that Endg G is a division ring.

5.1 Cotilting torsion pairs in Mod-A

We want to describe the torsion pairs in the category of modules over A which are cogenerated
by infinite dimensional cotilting modules. As we have mentioned in Theorem [2.2.3] cotilting
modules in Mod-A have been completely classified in [14], we recall the result in this specific

setting:

Theorem 5.1.1. [T], Theorem 1.5, Corollary 3.10] Let C' be a cotilting module over the Kro-

necker algebra A. Then C' is equivalent to one of the following:

e a finitely generated preprojective cotilting module of the form P,11 & Ppy2, for n >0,
e a finitely generated preinjective cotilting module of the form Qni1 ® Qnia, forn >0,
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e a cotilting module of the form:

Cp=Gea ][] S;ed@sr, forPCX
reP x¢ P

Moreover, there is a correspondence between:

{ equivalence classes} { torsion pairs in mod-A }
of cotilting modules with generating torsionfree class

associating to any cotilting module C, the torsionfree class C = ~C Nmod-A and to any torsion
pair (Q,C) in mod-A, a cotilting module C' such that Prod C' = lim F N (lim F)*.

We summarize all the torsion pairs in mod-A with generating torsionfree class in the following
table:

cotilting module torsion pair in mod-A
Poi1® Poya,(n>0) (add({P; |i >n}Utuq),add(P & --- & P,))
Qn+1® Qnia, (n >0) (add(Q1 & -+ & Qn),add(pUt U{Q; [ i > n}))

G Tep S & @,ep 52, (P CX) (add(U,cpUs Ua), add(pU U,z pUs)

Every cotilting module C' gives rise to a cotilting torsion pair, (°C, Cogen C'), where Cogen C' =
li_H;(LC Nmod-A), by [I4, Lemma 1.1].
Using Theorems and we have the following table:

subset of X infinite dimensional torsion pair of finite type in Mod-A
cotilting A-module with generating torsionfree class

P=g Co =GP P,cx 5T (Genq,q°)

®7£ng CP:G@HmEPS{;OO@®x¢PS§O (Gen(UJ;GPuxUq)’(UzEPuqu)o)

P=X Cx =G @ [[ex 5. (Gent, t°)

Table 5.1: Infinite dimensional cotilting A-modules and their cotilting torsion pairs.

5.2 Hearts arising from cotilting torsion pairs

To shorten the notation, we denote by B the category Mod-A, where A is the Kronecker algebra.
Let us analyze more specifically the cotilting torsion pairs described above, giving also a de-
scription of the different hearts arising from them. Notice that all the hearts we are going to

describe are locally coherent categories.

o If P = o, the cotilting module Cy is the so called Reiten-Ringel tilting module W:

64



W=Godpsy

zeX

and it cogenerates the torsion pair (Q,C) = (°W, Cogen W), which is generated by q. The
heart A = B(Q,C) is equivalent to the locally noetherian Grothendieck category QcohX
of quasi-coherent sheaves over a non-commutative curve of genus zero X (see [3, Section
3.1]). We will describe this category in Chapter @

A = QcohX

Figure 5.2: Auslander-Reiten quiver of the heart A = B(Q,C), for P = @.

o If & # P C X, the cotilting module is

Cp=Ga [[S;~oP sy

zeP x¢P

and it cogenerates the torsion pair (Qp,Cp) = (°Cp, Cogen Cp), which is generated by the
set (J,cp Uz Uq. This cotilting module is not ¥X-pure-injective, therefore, by Proposition
the heart Ap = B(Qp,Cp) is not locally noetherian.

Qp Cpll]

a /el

x¢ P Uy UxEP Uz z¢ P Uy 1]
Ap

Figure 5.3: Auslander-Reiten quiver of the heart Ap = B(Qp,Cp), for P C X.

e If P =X, the cotilting module is

Cx=Ga ]S>

zeX

and it cogenerates the torsion pair (Gent, F) = (°Cx, Cogen Cx ), which is generated by t.
The cotilting module C is not >-pure-injective, therefore, also in this case, via Proposition
the heart Ax = B(Gent, F) is not a locally noetherian category.

Remark 5.2.1. Notice that there are inclusions F C Cp C C and Q@ C Qp C Gent.
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Gent  F[1]

/p- a /vl

Figure 5.4: Auslander-Reiten quiver of the heart Ax = B(Gent, F), for P = X.

Ax

Theorem 5.2.2. [1, Example 6.2] Let P C X. The complete list of simple objects in the heart
Ap = B(Qp,Cp) is:

o {5y | Sy simple reqular in U,cpUs}t U{S:[1] | Sz simple regular in J,¢pUs}, whenever
P+X.
o {S; | Sz simple reqular} U{G[1]}, whenever P = X.

Moreover, for P C X, we have that:
e The short exact sequence
0— S, — S, 1] — S,;*[1] — 0

is a minimal injective coresolution in Ap for a simple reqular module Sy € \J,cpUs.

e The short exact sequence
0 — Sz[1] — S°[1] — S°[1] — 0

is a minimal injective coresolution in Ap for a simple regular module S, € Um¢ pUs.
o If P =X, then the object G[1] is simple injective in Ax.

Proof. To prove the claim, according to Theorem [2.3.6] we show that:

1) If P # @, then X € Qp is almost torsionfree if and only if X is simple regular in (J . p Us.

2) If P #X, then X € Cp is almost torsion if and only if X is simple regular in Ux¢ pUs.

3)
)

4

(
(
(3) If P = @, there are no torsion, almost torsionfree modules.

(4) If P =X, then X € Cp is almost torsion if and only if X = G.

First of all, observe that the indecomposable modules in Cp are the modules in pU Um€ p U, and
the indecomposable modules in Qp are the modules in (J,p Uz UQq.

(1): Let S; be simple regular in (J,pUz. Then S, € Qp is torsion, almost torsionfree:

(i) All proper subobjects of S, are preprojective, hence in Cp.
(ii) Let 0 - A — B — S; — 0 be an exact sequence with B € Qp. Consider the canonical
exact sequence 0 — A’ —+ A — A — 0 with A’ € Qp and A € Cp, and assume that A # 0.
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In the push-out diagram

0 AL .p_9.g 0
0 A lp 9. g 0

the map « is surjective and thus B’ € Qp. Notice that B’ cannot have nonzero direct
summands in q, because they would be submodules of Ker g’ = A € Cp. So we conclude
that B’ € C N Gent is a direct sum of regular and Priifer modules belonging to the tubes
Uyep Uz, cf. [B3, 3.4 and 3.5]. But then also Kerg’ = A € Cp must be of this form, a
contradiction. This proves that A € Qp.

Conversely, if X € Qp is almost torsionfree, then X ¢ Cp = (U,cpUs)°, so there is a
simple regular module S, € |J,cp U, with a non-zero map f: S, — X. But then S, = X
by Lemma [2.3.3

(2): We now turn to the case P # X, which is somehow dual to case (1), and pick a simple
regular module S, € Uzg pU. First of all, observe that the generic module G € t° C Cp is
not almost torsion, since the exact sequence 0 — S7*° — G — S2° — 0 from [14], 2.4] yields a

proper quotient of G in Cp. Then S, € Cp is torsionfree, almost torsion:

(i) All proper quotients of S, are in add q.

(ii) Let 0 - S; — B — C — 0 be an exact sequence with B € Cp. Consider the canonical
exact sequence 0 — C' — C — C — 0 with C’ € Qp and C € Cp and assume C’ # 0. In
the pullback diagram:

0— S, LB 20— 0
L]
/ g
0 S B C 0
« is injective and then B’ € Cp. Moreover, B’ € Gent indeed, consider the following
diagram:
0 (B') — B —/— B’ 0
0 S~ B o0

where the upper row is the canonical short exact sequence coming from the torsion pair
(Gent, F). Suppose that B’ # 0. The composition 7f' = 0, because S, € Gent and
B’ € F. From this we obtain that Kerg’ = Im f’ C Kerm, therefore there is a nonzero
map from C’ to B’. This is a contradiction, since C’ € Qp C Gent and B’ € F. Hence
B’ =0 and B’ € Gent.

So we have that B’ € Cp N Gent is a direct sum of regular and Priifer modules belonging
to the tubes Umgp U, and therefore also C' = B’/S, € Qp must be of this form. This is
a contradiction. This proves that C' € Cp.
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For the converse implication, it suffices to prove tha,t for any almost torsion module X € Cp,
there is a simple regular module S, € Umgp U, with Homp (Sz, X) # 0. Indeed, this would
imply X 2 S, by Lemma [2.3.3
So, let us assume that such S, does not exist. Then X € t°, and by [53, 6.6] there is a short
exact sequence

0sXxha® oz 0

where G(® € Cp and thus, by property (ii), also Z belong to Cp. Moreover, X ¢ p, because
every P € p is the first term of a short exact sequence 0 - P — P’ — S, — 0 with P’ e p C Cp
and a simple regular module S; € |J,cpU, C Qp. Furthermore, X is indecomposable, since if it
is not it would have a proper quotient in Cp. Moreover X € °p, because if there is a nonzero map
X — P, with P € p, then X has a direct summand in p, but X is indecomposable, so X € p,
contradiction. It follows that X € °t. In fact, any 0 # h : X — S, with S, simple regular would
have to be a proper epimorphism with S, € Qp. But then Ext}(Z,S) = D Homp(S,, Z) = 0,
and h would factor through f, contradicting the fact that Homp (G, S;) = 0. So we conclude
that X belongs to t°N°t = Add G (see Section . But then X = G, which is impossible as
we have observed above.

(3): Assume P = @. Then Qp = Addq, and every Q € q is the end-term of a short exact
sequence 0 — S, — Q" — Q — 0, where Q' € q and S, ¢ q is simple regular, so @ is not almost
torsionfree. Moreover, all simple regular modules are torsionfree, almost torsion by (2).

(4): It remains to check the case P = X. Then the torsion pair is (Gent, F), where F = t° and

G is torsionfree, almost torsion. Indeed, G € F, and

(i) If g : G — B is a proper epimorphism, and 0 — B’ — B — B — 0 is the canonical exact
sequence with B’ € Gent and 0 # B € F, then B € FN°t = Add G (see Section .
So G % B — B is a morphism over a simple artinian ring Q, which is Morita equivalent
to Enda(G) (see [23] and [5, 1.7 and 1.8] for the details). Thus, G % B — B a split
monomorphism, which is a contradiction. Hence B € Gent.

(ii)) If 0 —» G 1y B 5 ¢ = 0 s an exact sequence with B € F, applying Homjy (S, —), with

Sz a simple regular module, we obtain an exact sequence:
Homp (S;, B) — Homy (S,, C) — Ext}h (S, G) = D Homy (G, S,)
where the first and third term are zero, showing that C' € F.

Conversely, if X € F is almost torsion, then X is cogenerated by G, hence Homy (X, G) # 0,
and X = G by Lemma[2.3.3]

Finally, to prove that the injective coresolutions have the stated form, we apply Proposition
first to the special Cp-cover 0 = S — S = S, = 00of S; € Umepuw and then to the
special CPL—envelope 0285, =>5°—=>5°—=00f5; € ngéP Uy. O

Remark 5.2.3. Recall from [63, Theorem 5.2] that Ap is hereditary only if (Qp,Cp) is a split
torsion pair. But if P is infinite and S, is a simple regular in the tube U,, then by [58|
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Proposition 5] there is a non-split exact sequence 0 — @,cp Sz — [[,ep Sz — G — 0 with
@D.cp S € Qp and G € t° C Cp.

5.3 Atom spectrum of the hearts

After the description of the simple objects in the different hearts arising from the torsion pairs
in Mod-A, we compute the atom spectrum of these hearts.

As a notation for the whole section, we denote by P the complement of P inside X and, again,
B = Mod-A. We distinguish tho cases: first, when P C X (which includes the case P = @) and

second, when P = X.

5.3.1 Case PCX

We focus on the torsion pair Tp = (Qp,Cp) generated by the set UxE pUz Uq and cogenerated
by the cotilting module C'p defined in Table

By Lemma [1.1.9] there is an injection between ASpec(Ap) and Spec(Ap) which, by Proposition
2.2.4] is equal to the set of the indecomposable objects in Prod(Cp[l]). If P = @, then, by
Theorem this injection is actually a bijection.

By Theorem the simple objects in Ap are:

{S; | Sy simple regular in U Uy} U{S[1] | S; simple regular in U U}
zep zeP
and these are monoform by Proposition (i), clearly not atom-equivalent.
Again by Theorem the injective envelope of Sy, for x € P is S;*°[1], and the injective
envelope of S;[1], for z € P is S°[1].
This is not the complete list of monoform objects in Ap. Recall that, as in Remark we
can decompose the subcategory T = ligt as a coproduct of categories T (z) = @Ux. We have:

Proposition 5.3.1. G[1] is a monoform object in Ap = B(Qp,Cp).

Proof. By [3, Corollary 5.8], in Ap there is a hereditary torsion pair Tp = (75, Fp), where:

Tp = H T(z)[1] and Fp = CogenCpll].

z€P

Clearly G[1] € Fp. Let Z be a proper quotient of G[1]. Hence Z € Cp[1], since Cp[1] is a torsion
class in the heart, meaning that Z = C[1] for some C' € Cp. Therefore, by Lemma the
proper epimorphism h[l]: G[1] — C[1] in Ap comes from a morphism in Mod—A, h: G — C,
with Cokerh € Qp and Kerh # 0. The latter comes from the fact that the exact sequence
0 — Kerh — G 5 Imh — 0 is in Cp, therefore 0 — Kerh[1] — G[1] "% Tm h[1] — 0 is in Cp[1]
and h[l] is a proper epimorphism, so Ker h[1] # 0.
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In B we have the sequence:

0 Kerh Cokerh —— 0

G h C
Imh

Since G € D = °t, which is a torsion class, and C' € Cp, which is a torsionfree class, we have

that Imh € Cp N'D, ie. Imh € w but its Priifer summands come only from wy(z), with x € P

(see Theorem and Remark [3.2.11)). So we have:

Imh =G &P s,
zeP

for some cardinals «, 3,. Moreover,

Kerh = ﬂKerwG N ﬂ ﬂKerwr,
(0%

Z‘Ep Bz

where 7 and ., are the corestrictions of the map h to the different copies of G and S° (for
x € P) respectively. Now, if G is a direct summand of Im h, ¢ is an isomorphism, Ker 7g = 0
and Ker h = 0, but this is a contradiction, since Ker h # 0.

Therefore, Im h has no nonzero direct summands from Add(G), hence:

Imh = @Sf(’gz) € H T (z) C Gent.

z€P z€EP

From the short exact sequence 0 — Imh — C — Coker h — 0 we have that C € Gent N Cp,
therefore C' € [[,cp 7 (z) and so C[1] = Z € Tp.

Therefore, we have seen that any proper quotient of G[1] is in 75, which means that G[1] is
T p-cocritical and so monoform by Proposition O

Remark 5.3.2. Notice that G[1] is not atom-equivalent to any simple object in Ap, since, if it
is atom-equivalent to one of them then, by Lemma their injective envelopes should be

isomorphic, and this is a contradiction.

We can now describe the atom spectrum of Ap, as follows:

ASpec(Ap) = G[1]U {S; | S, simple regular A-module in U Uy} U
zeP

U {Sz[1] | Sz simple regular A-module in U U}
zeP

This shows that the injection between ASpec(Ap) and Spec(Ap) is actually a bijection also
when @ # P C X, and the description of the atom spectrum is complete.

The partial order in ASpec(Ap) is the following: the singletons {S,[1]} and {S,} are open
by Proposition [4.2.5(1), and, by Proposition 1), the corresponding atoms are maximal.

Moreover, G[1] < S.[1], for any simple regular in J ¢ 5 Uz, indeed: let H be a monoform object
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in Ap such that H = G[1], then H and G[1] have a common nonzero subobject Y. For a simple
regular module, we have the short exact sequence in Ap: 0 — S;*°[1] — G[1] — S°[1] — 0.
Let Z be a pullback in the following diagram:

0 TJ 1’\ Y\/{Z —0
0 —— S-[1] G[1] S®[] —— 0

where the last vertical arrow is a monomorphism by [61, Proposition IV.5.1]. We have: Y/Z «
Y < H and since S2°[1] is uniserial and Y/Z C S°[1], S,[1] C Y/Z. This means that S,[1] €
ASuppY C ASupp H (see Proposition (1)) By Proposition we reach the conclusion.
When P # @, let us suppose that G[1] < S, for S, € U,ep t, then, by Proposition MB),
we have that S, € ASuppGJl], therefore S, is atom equivalent to a subobject of a proper
quotient object of G[1], but in Proposition we have seen that any proper quotient of G[1]
belongs to the hereditary torsion class [[,.p 7 (z)[1], and so S, has to be in there too. This is

a contradiction.

5.3.2 Case P=X

Consider now the torsion pair generated by t, Tx = (Gent, F), in B, which is cogenerated by
the cotilting module Cx defined in Table

Also here we have an injective map between ASpec(Ax) and Spec(Ax), which corresponds, by
Proposition to the set of indecomposable objects in Prod(Cx[1]). From Theorem [5.2.2]
we know that the simple objects in Ax are G[1] and S, for any simple regular A-module in t,
and these are, by Proposition M(l), all monoform objects, clearly not atom-equivalent. Their
injective envelopes are, respectively, G[1] and S *°[1], for any = € X. Therefore we can conclude

that the atom spectrum is:

ASpec(Ax) = G[1] U {S, | S, simple regular A-module}.

Therefore, also in this case, ASpec(Ax) and Spec(Ax) are in bijection.
Notice that any singleton {a}, for @ € ASpec(Ax), is open by Proposition [4.2.5(1). Therefore,
the topology on ASpec(Ax) is discrete.

5.4 Gabriel dimension of the hearts

In this Section, we aim to prove that Ap = B(Qp,Cp) and Ax = B(Gent,t°) are Gabriel
categories.

If P =g, then Az = B(Q,C) = QcohX. This is a locally noetherian Grothendieck category,
as we will see in Chapter [6] hence by Proposition Ag is a Gabriel category and we
will compute its Gabriel dimension. In the remaining two cases, ie. when P # &, we do not

have the locally noetherianness for the hearts Ap but the bijection between ASpec(Ap) and
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Spec(Ap) still holds. As mentioned in Chapter 4, Theorem has been generalized for
Gabriel categories in [65], therefore it is reasonable to think that also Ap, for P # &, is a
Gabriel category. We will compute directly its Gabriel dimension.

Recall that, as seen in Definition [1.6.1] a class of objects S of an abelian category A is a Serre
subcategory if it is closed under subobjects, quotient objects and extensions. S is a localizing
subcategory of A if it is a Serre subcategory and it is closed under arbitrary direct sums, ie. it
is a hereditary torsion class.

In order to compute the Gabriel dimension of the hearts, we distinguish three cases: P = &,
@#PCXand P=X.

5.4.1 Case A= B(Q,C)

As we have seen in Section A is equivalent to QcohX and therefore a locally noetherian
Grothendieck category. By Proposition [1.6.15] A is a Gabriel category.

We build the Gabriel filtration step by step. Recall that, for a class of objects X in A, we denote
by (X)y., the smallest hereditary torsion class containing X'.

Set G_1 = {0}. We have, by definition:

Go = ({X € A| X is simple in A}),,
therefore, using Theorem [5.2.2
Go = ({S:[1] | Sy simple regular A-module});, .

Following [3, Section 5.2], Gy = T[1], where T = limt (see Proposition , and the corre-
sponding torsionfree class is Gy° = %n(q U pll]).
The next step is:

g1 = (Go U{X € A| Qo(X) is simple in A/Go})pgr

where Qg: A — A/Gp is the quotient functor. By Lemma we have that the objects in
A which become simple objects in A/Gy are precisely the 0-cocritical objects, ie. the cocritical
objects with respect to the torsion pair T¢ = (Go, Go°). By Proposition [5.3.1 G[1] is monoform,
hence it is 0-cocritical via Remark [1.1.8] We claim the following:

Lemma 5.4.1. If X is a 0-cocritical object in A, then Qo(X) = Qo(G[1]).

Proof. 1If X € Ais a 0-cocritical object, then, Qo(X) is simple in .A/Gy and moreover, by Remark
418 X is monoform in A.
Since we have a complete description of ASpec(.A), we have that either X € S;[1] or X € G[1]:

the first is not possible, because, if it is true, then X and S, [1] have a common nonzero subobject,
but Sz[1] is simple, then S,[1] € X, which is a contradiction since Hom 4(S;[1], X) = 0 (recall
that Sy[1] € Go and X € Go°). Then X € G[l], ie. there is an object Y € A such that
X DY C G[1]. This means that, in the quotient category A/Gop, Qo(X) 2 Qo(Y) C Qo(G[1)).
But Qo(X) is simple in .A/Gy and, by Lemma [1.6.12] Qo(G[1]) is simple too, therefore Qq(X) =

Qo(G[1]). O
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So we have G = (Go U G[1]) 40,
Theorem 5.4.2. If A=G(Q,C), then Gdim A = 1.

Proof. Consider the algebra A as a A-module. Since A € p (A is the direct sum of the projective
A-modules), A € F = t°. By Theorem we have the w-envelope of A, which is injective
since AeC: 00— A— M — M — 0, where M € w and M’ € wy, ie. M’ is a direct sum of
Priifer modules.
Since A € F, also M € F which means that M € F Nw = Add(G). So we have a short exact
sequence entirely lying in C:

0=A—=GY 5 M—=0

that gives rise to a short exact sequence in A, entirely lying in C[1]:
0— All] = G[1] = M[1] — 0.

Now, since G(®)[1] € G; and G is closed under subobjects, we have A[1] € G;. For the same
reason, the family {Z | Z C (A[1])",n € N} is contained in G; and this, by [17, Lemma 3.4], is
a family of generators for A, therefore G; = A. This means that the Gabriel filtration stops at
G1, therefore Gdim A = 1. O

5.4.2 Case .AP = B(QP,CP)

Let us move to the category Ap, for @ # P C X. Set G_1 = {0} and, by definition, we have:
Go = ({X € Ap | X is simple in Ap})po;
thus, by Theorem [5.2.2

Go = ({Sz | Sy simple regular in U Uy} U{S[1] | S; simple regular in U Uz P itor-
z€P zeP

It is clear that all the modules in the ray of S, for z € P, are in Gy, therefore the Priifer modules
S, for x € P, are in Gy. The same argument can be applied to the ray of S,[1], for x € P,
therefore S°[1] € Gy, for x € P.

The next torsion class in the Gabriel filtration is:
G1 = (GoU{X € Ap | Qu(X) is simple in Ap/Go}1or

where Qo: Ap — Ap/Gy is the quotient functor. By Lemma|l.6.12] the simple objects in .A/Gy
are precisely the cocritical objects with respect to the torsion pair T9 = (Go,Go°), ie. the 0-
cocritical objects. Consider the torsion pair (7p, Fp) defined in the proof of Proposition [5.3.1]

where:

Tp = HT(w)[l] and Fp = Cogen Cp[l].
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It is clear that Tp C Gp, hence G[1] is O-cocritical. Moreover, with the same argument as in
Lemma we can prove that if X € Ap is a O-cocritical object, then Qo(X) = Qo(G[1]).

In conclusion we have:

g1 = <g0 U G[1]>htor'
Theorem 5.4.3. If Ap = G(Qp,Cp), then Gdim Ap = 1.

Proof. We consider, as in Theorem the A-module A. Consider, as before, the w-envelope
of A: 0 = A - M — M — 0 and, since A € F, this short exact sequence is actually:
0—A—G® 5 M —0, with M’ € wy. Consider the canonical sequence given by the torsion
pair (Qp,Cp) for M', 0 — t(M') — M’ — M'/t(M') — 0, where t is the torsion radical, and
denote with Y the pullback of the maps G(®) — M’ and t(M’) — M’. We obtain the following

commutative diagram:

0 0
0 A Y- tH(M') ———0
0 A G M 0
M Jt(M') == M'/t(M")
0 0

where t(M') € Qp, M'/t(M') € Cp and Y € Cp since G(* € Cp. Moreover, since M’ € wy,
we can write M’ as a direct sum of copies of Priifer modules, therefore ¢(M’) is a direct sum of

Priifer modules lying in [[,.p 7 (). So, the upper row becomes

O—>A—>Y—>@S§°('BI)—>O
zcP

and gives rise to a short exact sequence in Ap:

0— P st — A1) - Y[1] =0
zeP

with @, cp 5o0(B2) e Gy. From the short exact sequence 0 — Y — G — M'/t(M') — 0,

which is entirely in Cp, we obtain a short exact sequence in Ap:
0— Y[1] = G[) = M'/t(M")[1] = 0

showing that Y'[1] € G;. Therefore, by the extension closure property of Gi, A[l] € G;. From
[17, Lemma 3.4] we know that the heart Ap has a set of generators {Z | Z C (A[1])",n € N},
which is, therefore, entirely in G; and so G; = Ap, showing that Gdim Ap = 1. O
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5.4.3 Case Ax = B(Gent, F)

Let now P = X. By Theorem the simple objects in Ax are G[1] and S, for z € X.
Therefore, setting G_; = {0}, we obtain:

Go = ({Sz | Sy simple regular} U {G[1]}) o,

It is clear that all the objects in the ray of .S;, for any x € X, are in Gy, and hence all the Priifer
objects Sg° € Gy, for any x € X.
As in the previous section, we can show that the object A[l] is in Gy. Take the w-envelope of
the regular module A € F:

0—=A— G M=o

The first two terms of this short exact sequence are in F and M € wg C Gent, therefore, there

is a short exact sequence in the heart Ax:
0— M — All] » G9[1] — 0.

Since M is a direct sum of Priifer objects, M € Gy, hence A[1] € Gy. This means that the set
{Z| Z C (A[1]))",n € N} of generators of the heart given by [17, Lemma 3.4] is entirely in Gy
showing that Gy = Ax and Gdim Ax = 0.

We summarize all the results obtained in Sections and in the following Theorem.

Theorem 5.4.4. Let G = Mod-A, with A the Kronecker algebra. Consider P C X and let Cp
be the infinite dimensional cotilting module, together with its corresponding cotilting torsion pair

(Qp,Cp), as in Table . Let Ap = G(Qp,Cp). We have the following:

o I[f PCX, then GdAimAp =1 and

ASpec(Ap) = G[1]U{S, | S, simple reqular U Uy} U{Sz[1] | Sz simple regular U Uy}
zeP zeP

o [f P=X, then Gdim Ax = 0 and

ASpec(Ax) = G[1] U {S, | S. simple regular A-module}.
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Chapter 6

Weighted noncommutative regular

projective curves

In this chapter we describe the category of quasi-coherent sheaves over a noncommutative curve
X. First, we consider only the category of coherent (ie. finitely generated) sheaves over X and
we give an axiomatic description of it. Here, classes of sheaves can be distinguished by a notion
of slope, which is a rational number or infinity. We define the slope of a sheaf E as the ratio of
two integer numbers, degree and rank of E, which are linear forms on the Grothendieck group of
the category. Afterwards, we specialize on tubular curves, which are weighted noncommutative
curves with orbifold Euler characteristic equal to 0. The category QcohX of quasi-coherent
sheaves over a tubular curve X is derived equivalent to the category of modules over a tubular
algebra, seen in Chapter |3] We will describe QcohX at the very end of the chapter, where we
focus on the torsion pairs in it and on the sheaves of irrational slope.

Throughout the whole chapter, we fix an algebraically closed field k.

6.1 Coherent sheaves over a noncommutative curve

Axioms 6.1.1. A noncommutative curve X is given by the category of coherent sheaves over
X itself, we call it H = cohX. It formally behaves like a category of coherent sheaves over a

regular projective curve over k (see [42]):

(NC1) H is small, connected, abelian and every object in H is noetherian,
(NC2) H is a k-category with finite-dimensional Hom- and Ext-spaces,
(NC3) There is an autoequivalence 7 on #H, called the Auslander-Reiten translation, such that
the Serre duality
Ext},(X,Y) = D Homy (Y, 7X)

holds, where D = Homy(—, k) is the vector space duality. (In particular A is then heredi-

tary),
(NC4) H contains an object of infinite length.

Assume H satisfies (NC1) to (NC4). We denote by Hy the class of the indecomposable sheaves
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of finite length, called the torsion sheaves, and by H the class of the indecomposable sheaves
without simple subsheaves, called the vector bundles (or torsionfree sheaves), denoted also by

vect X. The pair (add Hp,add H ) is, indeed, a torsion pair.

Proposition 6.1.2. [/, Proposition 1.1] Each indecomposable coherent sheaf in H either be-

longs to Hg or to Hy. Moreover, we have

Ho =[] s,

rzeX
where each U, 1s a connected uniserial length category.
Assume that H satisfies also the following condition:
(NC5) X consists of infinitely many points.

Then we call X a weighted noncommutative regular projective curve over k. It is shown in [42]

that, in this case, X satisfies also the following condition:

(NC6) For any = € X there is an integer number p(x) > 1, called weight, that denotes, up to
isomorphisms, the number of simple objects in U, and we have p(z) = 1 for all z € X up

to finitely many.

Let {x1,...,z;} be finite set of the points in the curve X such that p(z;) > 1 for any 1 <i < ¢.
The weight type of the curve X is a vector (pi,...,p:), where p; = p(x;), for 1 <1 < t.
For x € X, the connected uniserial length categories U, appearing in Proposition [6.1.2] are

called tubes. We can classify the tubes with respect to the weight of the corresponding point .

e For p(z) = 1: U, is said of rank 1 and it is called homogeneous. There is only one simple
object S, in U, and it satisfies Ext%{(SI, Sz) # 0 (equivalently 75, = S;).

e For p(z) > 1: U, is said of rank p(x) and it is called exceptional. The set of all p(x)
simple objects in U, is given by the Auslander-Reiten orbit, {S;, 7S, ..., ?®~18,} with
S, = 7S, and Ext}, (S, S;) = 0.

More generally, a coherent sheaf ' € H is called exzceptional if FE is indecomposable and
Ext},(E, E) = 0. Tt follows, from an argument by Happel and Ringel, that in this case End(E)
is a skew field. It is easy to see that the exceptional sheaves in U, are only the indecomposable
of length smaller than p(x) — 1, which makes sense only if p(x) > 1. This means that there are
only finitely many exceptional sheaves of finite length.

If p(x) = 1 for all z € X, then X is called a non-weighted noncommutative regular projective
curve over k. Notice that a non-weighted curve is a particular case of a weighted curve. Indeed,
this definition can be rephrased in the following way: X is a non-weighted noncommutative

regular projective curve if the category H = cohX satisfies (NC1) to (NC5) and additionally
(NC6) Extj,(S,S) # 0 (equivalently 7.5 = S) for any simple object S € H.

The condition (NC6’) implies the fact that p(z) =1 for all z € X.

Let us consider another condition:
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(g-0) H admits a tilting object.

It has been shown in [47] that this condition implies the existence of a tilting object Teqy € Hoy,
called canonical, whose endomorphism algebra is a canonical algebra, in the sense of [57].
If H satisfies (NC1) to (NC4) and (g-0), then X is called a noncommutative curve of genus zero

(or exceptional curve). In this case the condition (NC5) is automatically satisfied (see [39]).

The Grothendieck Group

For an object X € H, denote by [X] the isomorphism class of X in H. We define Ky(H),
the Grothendieck group of H, as the free abelian group generated by the set {[X] | X € H},
modulo the additivity relation on short exact sequences, ie. for any short exact sequence in H,
0—-X—Y —Z—0, we have [Y] = [X] + [Z].

As mentioned above, for X of genus zero, H admits a tilting object whose endomorphism ring is
a canonical algebra, therefore the Grothendieck group Ko(H) is a finitely generated free abelian
group (see [41l, [47]).

Ky(H) is equipped with the Euler form, which is a bilinear form over k, defined on isoclasses of
objects X, Y € H by:

([X],[Y]) = dimg Homy(X,Y) — dimy Ext},(X,Y).

To ease the notation we write (X,Y’), without the brackets. It is easy to see from the Serre
duality that (X,Y) = —(Y,7X) and since 7 is an autoequivalence, we have (X,Y) = (17X, 7Y).

Rank and line bundles

Since H is a Serre subcategory of H, we consider the quotient category H/Ho and let 7: H —
H/Ho be the quotient functor, which is an exact functor. In [49, Proposition 3.4}, it is proven
that H/Ho is equivalent to the category mod—Fk(H) of finite dimensional modules over the
function field k(H) of X, which is a skew field.

For a coherent sheaf F', we define the rank of F' by the following formula:
rk(F) := dimyq) (7F).

The rank is additive on short exact sequences, meaning that for any short exact sequence
0—>F—F— G — 0, we have:

tk(F) = 1k(E) + 1k(G).

Therefore, it induces a linear form rk: Ko(H) — Z on the Grothendieck group of H.

The finite length objects are precisely the objects of rank zero, ie. rk(Hg) = 0, and every object
in H has positive rank. Moreover, by [45, §10.2(H 5), Remark 10.2(ii)], the rank is 7-invariant.
We call line bundles the vector bundles of rank one. A line bundle L is called special if for each

x € X there is (up to isomorphism) precisely one simple sheaf S, with Ext%{(Sz, L) #0.
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Remark 6.1.3. Notice that, since S, is in a tube of rank p(z) and it is such that S, = ~ rp(®) g
using Serre duality, we can say that a line bundle is special if, for any = € X, there is precisely
one 0 < j < p(x) — 1 such that Homy (L, 77S,) # 0. Moreover, it is clear that, for the j as
above, 0 # Homy (L, 77 S,) = Homy (L, 77t"(*) ) for any n € Z.

If X is a noncommutative curve of genus zero, then every line bundle is an exceptional sheaf (see
[39, Chapter 8]). Furthermore:

Proposition 6.1.4. [/9, Lemma 1.3, Proposition 1.6] Every non-zero morphism from a line
bundle L to a vector bundle is a monomorphism, and Endy (L) = k. Every vector bundle has a

line bundle filtration.

From now on, we always consider a noncommutative regular projective curve H = cohX together

with a fixed special line bundle L, which is considered as the structure sheaf.

Remark 6.1.5. Without loss of generality, we can suppose that, for the structure sheaf L and
for any x € X, Homy(L,7/S,) # 0 if and only if j = 0 mod p(z). Clearly, Homy(L, S;) can
be regarded as a left End(S;)-module and a right End(L)-module. If the field k is algebraically

closed, then:
dimgpq(p) Homyy (L, Sz) =1 and  dimgpqcs,) Homy (L, Sz) =

For the details, we refer to [39, [40].

The average Euler form

Let X be a weighted noncommutative regular projective curve and let (p1,...,p;) be the weight
type of X. Denote by p the least common multiple of py,...,p:. We define the average Fuler

form as

I
—

p—1
(B, F) =) (r"E,F) =) dimHom(r'E, F) — dimExt!(r'E, F).
: =

<
Il
o

Remark 6.1.6. Consider a simple sheaf S, in a tube U, of rank p(z). Then, for a coherent sheaf

FE € H and since 7 is an autoequivalence, we have:

|
—
|

(B,S.) =) (T"E,S.) =Y (B, 7778,).

<.
Il
o
I
o

Recall that the 7-orbit of S, is periodic with period p(z) and that p is a positive integer multiple

of p(x). Therefore, we can rewrite the last sum as:

(E,Sz) =) (B,7778:) =) (B,75).

I
—
|

I
—

.
[l
o

<.
Il
o

Clearly, this result holds also for (F, F')), with F' € H,.
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Numerical invariants and representation type

An important numerical invariant for the weighted curve X is the so called orbifold (or virtual)

genus of X, which is defined as (when k is an algebraically closed field):

gorb(X):l—i-g(i(l—;)—Z).

i=1

See [42, Corollary 13.16]. The orbifold genus of X is strictly related to another important
invariant, called the orbifold Euler characteristic, x. ,(X), defined via the average Euler form,
which is used to determine the representation type of the category H = cohX, we refer to [42,
Chapter 13] for the precise definition. Following [42, Chapter 13], this classification holds:

o X/ ,(X) >0 (equivalently: gors(X) < 1): X is domestic.

e X/ ,(X) =0 and X is non-weighted: X is elliptic.

e X/ ,(X) =0 and X is weighted (equivalently: g,+(X) = 1): X is tubular.
o x),»(X) <0 (equivalently: go(X) > 1): X is wild.

Degree and slope

Let X be a noncommutative regular projective curve and let (pi,...,p;) be the weight type of

X, when weighted. Denote by p = Le.m.{p;}'_;.
Definition 6.1.7. For an object F' € H, we define the degree function deg : Ko(H) — Z as:
deg(F) = (L, F)) — rk(F){(L, L)

Clearly, deg(L) = 0 and deg is positive and 7-invariant on sheaves in H,.

Remark 6.1.8 (Degree of simple sheaves). If S, is a simple sheaf in U, then p = lL.e.m.{p;}!_; is
an integer multiple of p(z). Set p = mp(zx) for m € Z~y. We have:

I
|
—_

deg(Sx) = <<L7 Sx» - I‘k(Sx)«L,L» = <<L7 Sx» = : <La7—ij> =

7=0
p—1
= dimy, Hom(L, 77 S,) — dimy Ext*(L, 77 S,) = (Hom(Ho, Hy) = 0)
7=0
p—1 ‘ p(z)-1 '
= » dimy Hom(L,7/S;) =m Z dimy Hom(L,77S;) = (Remarks and [6.1.5))
j=0 j=0
=m.
Therefore: -
p
deg(S;) = —.
8(Se) = 05

Definition 6.1.9. Let F' be a non-zero coherent sheaf in . The slope of F, denoted by u(F),
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is defined as the ratio:
_ deg(F)

u(F) k(F)

The slope of a sheaf is an element in @ = QU {oo} and the sheaves of slope oo are the ones in

Ho (ie. of rank 0). Moreover, F is called semistable (resp. stable) if for every non-zero proper
subsheaf F’ C F we have pu(F') < p(F) (vesp. u(F') < p(F)).

Proposition 6.1.10. Let 0 - E — F — G — 0 be a short exact sequence in H, then:
(1) W(E) < p(F) if and only if p(F) < w(G),
(2) if W(E) < pu(G) then p(E) < u(F) < p(G).

These properties hold too if we replace "<” with 7<”.

Proof. 1t is clear using the definition of slope and the fact that degree and rank are additive on

short exact sequences. O

Using the notion of (semi)stability for a sheaf, we can classify vector bundles in H (we refer to
[26, Proposition 5.5, [42], [39, Proposition 8.1.6], [49])

Theorem 6.1.11. Let H = cohX be a weighted noncommutative reqular projective curve over
k.

(1) If x),,(X) > 0 (domestic type), then every indecomposable vector bundle is stable and
exceptional. Moreover, H admits a tilting bundle.

(2) If x.,,(X) = 0 (elliptic or tubular type), then every indecomposable coherent sheaf is
semistable. If X is tubular (ie. p > 1), then H admits a tilting bundle. If X is elliptic
(ie. p = 1), then every indecomposable coherent sheaf E is non-exceptional and satisfies
TE=FE.

(3) If x\,,(X) < 0 (wild type), then every Auslander-Reiten component in H is of type ZA.
(H may or may not admit a tilting bundle).

Tubular curves

In this section, H will denote the category of coherent sheaves over a noncommutative regular
projective curve of tubular type X over an algebraically closed field k. We can completely
describe the shape of this category using again the notion of semistability. Notice that the next
result gives a similar description of the category of coherent sheaves over an elliptic curve, due
to Atiyah (see [7]).

Denote by t, the class of all indecomposable semistable sheaves in H of slope a € @ In

particular, to, coincides with Hy. We have:

Theorem 6.1.12. Let X be a noncommutative regular projective curve of tubular type. Then
the following holds:
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(i) For each a € @, the category add t,, is an exact abelian subcategory of H, closed under
extensions, under the Auslander-Reiten translation T and it is equivalent to the category

Ho, ie. every F € add t, is of finite length in t, and there is a decomposition:

to = H uoz,x

zeX

where Uy o s a connected uniserial category with p(z) simple objects. Moreover, the simple
objects in add t,, are the stable sheaves and if F is stable, Endy(F) = k.

(ii) Let F € addt, and F’ € addt,,, for a,a’ € Q. Ifa < o, then Homy (F', F) = 0.

(iii) We have:

H=add | \/ tq
acQ
meaning that H is the additive closure of all the tubular families t, and Homy(ts,tg) =0
for a > p.

Proof. (i) See [26], Proposition 5.2(i)(ii)], [26, Theorem 5.6(ii)(iii)] and [48, Theorem 4.4].
(ii) See [26], Proposition 5.2(iii)].
(iii) See [44, Theorem 2.2].

7

« Qa

Figure 6.1: Tubular families in cohX.

Let (p1,...,p:) be the weight type of X and let p = L.c.m.{p;}. Since X is tubular, the orbifold

genus of this curve is g, = 1. Hence:

1+§<§<1—;>—2>:1.

By direct computation, it is possible to see that this happens if and only if the weight type
of X is (2,2,2,2), (3,3,3), (2,4,4) or (2,3,6). As one can notice, any weight type is completely
determined by the integer p, which can be 2,3,4 or 6, and every divisor of p appears in the

weight type.

Remark 6.1.13. As we have seen, for each o € @, to = Hg. Therefore, an indecomposable sheaf
in U, 4 is T-periodic with period p(z). This allows us to extend the result in Remark in
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such a way that, for any E, F € H:

—_
—_

(BE,F)=> (rE,F) =) (E,7F).
j=0 j=0

<
<

Proposition 6.1.14. If X is of tubular type, the degree function deg: Ko(H) — 7Z is T-invariant
on H.

Proof. Let F' € H be an indecomposable in a tube U, ,, therefore F' is 7-periodic with period
p(z). We have:
deg(TF) = (L,7F)) — rk(F){(L, L))

but:

—_
—_

(L,7F)=> (r'L,7F) Z_: 77U FY = (L, F)

7=0 7=0

since p is a multiple of the 7-orbit of F'. Hence:
deg(7F) = (L, 7F)) —rk(F){(L, L)) = (L, F)) — rk(F){(L, L)) = deg(F). 0

Proposition 6.1.15. If X is of tubular type, any special line bundle L € H belongs to a tube of

mazimal rank in its tubular family, ie. in the tube of rank p = l.c.m.{p;}.

Proof. Suppose L € t,, is not in a tube of maximal rank, so in a tube of rank p < p. This means
that L is 7-periodic with period p, ie. L = 7PL. By Remark for any x € X, there exists
precisely one j with 0 < j < p(x) — 1 such that Homgy (L, 77S;) # 0. This happens in particular
for x € X such that the rank of the tube U, is maximal, ie. p(x) = p, and, in this case, let j be
exactly the integer such that Homy (L, 77S,) # 0. Applying 7, we get:

0 # Homy (L, 77 S,) = Homy (7L, 7971S,) = ... = Homy (7 L, 717 S,)

but Homy (7PL, 797PS,) = Homy (L, 7/PS,) = 0, since S, is 7-periodic with period p which is

strictly larger than p. This leads to a contradiction. O

Proposition 6.1.16 (Riemann-Roch formula). [{2, Theorem 13.8] For any E, F' € H, we have:
(B, F)) = rk(E) deg(F) — deg(E) rk(F).
Remark 6.1.17. Using the Riemann-Roch formula, it is easy to see that, for any E, F' € H:
—(E, F) = (F, E).

Notice that, if tk(E) # 0 # rk(F), we have that (E, F) = rk(E)rk(F)(u(F) — p(E)). From
this, it follows directly that:

Proposition 6.1.18. [2, Lemma 7.2] If E,F € H are indecomposable coherent sheaves such
that w(E) < u(F), then there exists j with 0 < j < p — 1 such that Homy (E, 7/ F) # 0.
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Proof. If E,F are indecomposables such that p(F) < wp(F), then, by definition of slope,
rk(E) deg(F') — deg(E) rk(F') > 0. Hence, using the Riemann-Roch formula:

p—1
(B, F) = dim; Homy(E, 7/ F) — dim Ext}, (E, 7 F) > 0
j=0
which means:
p—1 p—1
> dimy Homy (B, 77 F) >~ dimy, Ext}, (B, 7 F) > 0
j=0 j=0
hence:
p—1
Z dimy, Homy (E, 77 F) > 0
§=0
therefore, there is at least one j such that Homy (E, 7/ F) # 0 O

Corollary 6.1.19. Let E, F € H be non-exceptional indecomposable coherent sheaves such that
w(E) < u(F), then Homy(E, F) # 0.

Bounded derived category of H

Since H is hereditary, the bounded derived category DP(H) is the repetitive category:

DP(H) = add (\/ H[n]> = add \V  taln]

nez (n,a)EZX@

ie, D’(H) is the additive closure of copies of # and [n] denotes the shift functor. For all X,Y € H

and all m,n € Z, we have:
Hompe 4y (X [n], Y[m]) = Exty; " (X,Y)

We define the Grothendieck group Ko(D?(H)) of D*(H), in a similar fashion to Ko(H), as the
abelian group generated by the isomorphism classes of complexes in D°(H) together with the
relations [X] + [Z] = [Y] for any distinguished triangle X — Y — Z — X[1] in D*(H). There
is a canonical isomorphism between Ko(#) and Ko(D’(#H)) which maps a class [X] € Ko(H) to
the class [X] € Ko(D°(H)) and assigns to the class [O] € Ko(Db(H)), for C = (Cp)nez € D*(H),
the element ) _,(—=1)"[Cy] € Ko(H).

We can extend the definition of the Euler form in Ko(#) to stalk complexes in D°(H). Indeed,
let X,Y € H, using the bilinearity of the Euler form, we have:

([X[n]], [Y[m]]) = (-1)"[X], (=1)"[¥]) = (=1)"""([X], [Y]).
We can also extend the definition of degree and rank to stalk complexes in D°(H). Indeed, for
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X € M, using linearity:

deg([X[n]]) = deg([(=1)"X]) = (—1)" deg([X])
rk([X[n]]) = rk([(=1)"X]) = (=1)" rk([X])

Interval categories

The interval category H{a), for a € Q, is the full subcategory of DY(H) defined by:

Hio)=add [ \/ tzV \/ t,[1]

B>« Y<a

This is the heart of the t-structure arising from the split torsion pair (7, Fs) in H given by:

T:\/tg and F, :\/t.y
B>a v<a
From [39, Theorem 8.1.6], we have that H(a) = cohX and clearly H{(a)o = to[1] and D(H) =
D(H(a)) (if the field k is not algebraically closed, H () = cohXy, for some tubular curve X).
There is a rank function defined in Ky(H(«)), namely rky: Ko(H(a)) — Z such that, for
F € H{a), tko(F) = rdeg(F) — drk(F'), where d,r € Z are coprime and o = d/r, see [39,
Proposition 8.1.6]. It is easy to see that:

0, if and only if F' € t,[1]
rko (F) =
n >0, if and only if F' € H ()4

This rank function induces a normalized rank function in H, rky: Ko(H) — Z.

Moreover, a sequence 0 — E' — E — E” — 0 with objects in H N H{«) is exact in H if and
only if it is exact in H (), indeed both condition are equivalent to E' — E — E” — E'[1] being
a triangle in D*(H).

6.2 Quasi-coherent sheaves over a noncommutative curve

Let us consider a noncommutative regular projective curve X, so a category H = cohX satisfying
(NC1) to (NC6).

From [42, Lemma 3.5], H can be seen as a noncommutative noetherian projective scheme in
the sense of Artin-Zhang (see [6]) and it satisfies Serre’s Theorem. This means that there is a
positively H-graded noetherian ring R (where H is an ordered abelian group of rank one) such

that:
mod? (R)

He ————
modZ (R)

ie. H is the quotient category of the category of finitely generated H-graded R-modules modulo

the Serre subcategory of those modules which are finite-dimensional over k.
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With this description we define H= QcohX, the category of quasi-coherent sheaves over X, as

the quotient category:
Mod? (R)
Mod¥ (R)’

1

H

where Mod# (R) denotes the localizing subcategory of Mod (R) of all the H-graded torsion,
ie. locally finite dimensional, modules. The category His a hereditary and locally noetherian
Grothendieck category, every object of H is a direct limit oi objects in H, ii H = lig?-[. The
category H is the full subcategory of coherent objects in H, ie. H = fp(H), by Proposition
INNE

Moreover, we remark that H can also be recovered from H as the category of left-exact (covari-
ant) k-linear functors from H°P to Mod—k (see [25, Théoreme 1]).

Let 7 be the Auslander-Reiten translation on H and let 7= be its (quasi-)inverse. It follows
from [38] Theorem 4.4] that in H there is a generalized Serre duality in the following sense. For

all E € H and all X € H there are isomorphisms:
DExth(E, X) = Homy(X,7E) and  Exty(X, E) = DHomg(r~ E, X),

where D = Homy(—, k) denotes the vector space duality.

Tilting bundles and concealed-canonical algebras

Let X be a noncommutative curve of genus zero and consider H = cohX and H = QcohX. Fix
a tilting bundle T' € H.
The endomorphism ring A = End(T) is a concealed-canonical algebra and every concealed-
canonical algebra arises in this way (see [47]).
As an object in 7_-2, T is a noetherian tilting object and it is a compact generator of D = Db(’l—-[)).
The right derived functor of Homy (7, —) induces an equivalence of derived categories (see [20,
Theorem 3.2]):

RHomp (T, —): D°(cohX) «— D’(mod-A): — @§T

And therefore an equivalence of derived categories:
RHomp(T, —): D°(QcohX) «— D°(Mod-A): — Q5T (6.1)

Moreover, the tilting torsion pair (7,F) = (T+,7°) in H induces a torsion pair (F[1],7) in
mod-A, which is actually the torsion pair (Q,C) defined in Section This torsion pair is split
by [26, Corollary 3.10]. Therefore, it is possible to identify Mod-A with the full subcategory
Add(T U F[1]) of D*(H).

Priifer and adic sheaves
Let S; be a simple sheaf in a tube U,. The ray starting at .S, is the infinite sequence:
Sx — Sx’Q — Sx,3 — 51,4 — ...
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where S, denotes the unique indecomposable coherent sheaf in U, of length n with socle S,
the corresponding direct limit is the Priifer sheaf S;°. Dually, we define the coray ending at S,
as the infinite sequence:

e SJ:,—4 - Sx,—?) — S, —2 = Sy

where S; _, denotes the unique indecomposable coherent sheaf in U/, of length n with top Sg,
the corresponding inverse limit is the adic sheaf S, °°.

From Theorem we know that there is an equivalence between Hy and t,, for o € @,
therefore we can define the Priifer and adic sheaves arising from rays and corays in t,. Indeed,

let Sz« be a simple object in t,. The ray starting at S; . is the infinite sequence:
Sea = Sea2 = Spa3 = Spad = ...

where S o, denotes the unique indecomposable coherent sheaf in t,, of length n with socle S; 4,
the corresponding direct limit is the Priifer sheaf S77%,. Dually we define the coray ending at
Sz, and the adic sheaf S, 57

The sheaf of rational functions

Definition 6.2.1. A quasi-coherent sheaf G is called generic (in the sense of [44]) if it is non-
coherent and Homgz (T, G) and EXt,l;Z(T, G) have finite End(G)-length, where T is the tilting

module that gives the equivalence [6.1

The sheaf K of rational functions is the injective envelope of the structure sheaf L of H. This is
another indecomposable quasi-coherent, non-coherent sheaf. It is torsionfree, ie. Homg(?—[o, K) =
0, by [40, Lemma 14], and it is a generic sheaf in the sense of [44]. Moreover, its endomorphism
ring is the function field, Endg(K) = Endy /g, (L) = k(H).

Injective sheaves

A complete classification of injective sheaves has been done in [2]. Indeed we have the following:

Proposition 6.2.2. [2, Proposition 3.6] The indecomposable injective sheaves in H are (up to
isomorphism) the sheaf of rational functions KC (or generic sheaf) and the Priifer sheaves S2°,

for any simple S, € Hp.

It is clear that the Priifer sheaves are the injective envelopes of the torsion sheaves in the
corresponding uniserial category in Hy and the generic sheaf KC is the injective envelope of the

vector bundles.

Bounded derived category of H

H = QcohX is a hereditary category, therefore, also in this case, the derived category Db(’}—-[)) is

the repetitive category:

DY(H) = add (\/ ﬁm) .

nezZ
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Every object in Db(”;'_-z) can be written as @,.; Xi[i], for a finite subset I C Z and X; € H for
all i. Moreover, for any coherent sheaf E, F' € H and any n,m € Z:

Homp, 37, (E[n], Flm]) = Ext%_"(E, F)

Torsion pairs and slope of a quasi-coherent sheaf

Consider a noncommutative curve of genus zero X. Using the equivalence
RHomp(T, —): D°(QcohX) «— D°(Mod-A): — QLT

between QcohX and Mod-A, given by a tilting sheaf T' € H, it is possible to transfer many
properties that hold for concealed-canonical algebras to the category of quasi-coherent sheaves
over X.

Let w € R = RU {o0}. We define:

pw:Uta QU):Ut,By

a<w w<p

where a, 8 € @ Notice that, if w is rational, we have a trisection in ‘H, (P, tw, qw), such that

Hom’;’{(qu tw) = Homﬁ(tw, pw) = Homﬁ(qu pw) =0.

If w is irrational, we have a bisection in H, (Pw,quw), such that Homz (qw, pw) = 0.
We define two classes:

Cw = qwo and B, = Opw

Remark 6.2.3. It is immediate to see that C, is closed under direct limits, indeed: for any

direct system (F;);cs in Cy and for any Q € qu, Homﬁ(Q,ligEi) = @Homﬁ(Q,Ei) =0, by

Proposition [1.1.12] Therefore @Ez € qu° = Cy.
Lemma 6.2.4. [2, Lemma 7.3][53, Proposition 1.5] For every w € R the pair (Qu,Cuw), where
Quw = Gen(qy), is a torsion pair of finite type, which is split in case w € @

Proof. For the convenience of the reader, we repeat the proof.

It follows from [53 Lemma 1.4] that Gen(qy,) is closed under extension, indeed in the locally
noetherian setting the same proof works replacing ”finite length” by ”finitely presented”. Then,
by [63, Lemma 1.3], Gen(qy) = °(qw°) = °Cy, therefore the pair (Gen(qy,),Cy) is a torsion pair,
which is of finite type by Remark [6.2.3]

Let now w € @ Consider a short exact sequence : 0 — X — Y — Z — 0, with X € Gen(qy)
and Z € C,. We can assume that X is a subobject if Y and that Z = Y/X. If Z is finitely
presented, then, by Serre duality, we have Ext;—_z(Z, X) = DHomg(X,7Z) and hence it is zero
by the property of the torsion pair. Hence 7 splits.

If Z € Cy, not finitely presented, let us consider the set of subobjects U of Y such that UNX =0
and Y/(U + X) € Cy. As shown in [53, Proposition 1.5], there is a maximal object U in this set

and Y = X ® U and so 7 splits. O
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Remark 6.2.5. The torsion pair (add q,add(t, U py)) in H has a generating torsionfree class
for H by [45], Proposition 10.7], therefore, since Hisa locally noetherian Grothendieck category,
we can use Theorem to prove that (Q,,Cy) is a cotilting torsion pair and C,, = Cogen W,
for a cotilting sheaf W,,.

The following is similar to Lemma for concealed canonical algebras:
Lemma 6.2.6. [2, §7] Let w € R.

(i) Forv <w, Cy CCy and B, 2 By,.
(i) Co= (] CoandBy= () B

w<veR Rov<w

(iﬁ) Qu = hgﬂchv and, if w ¢ Q, Cy = h%rnpw-
(iv) Bu= [] Qo

Rav<w
) |J Co=Cx=H and [ Cw=0.
weR weR
(vi) ﬂ Cw =0 and U Co = Coo = H.
weR weR
(vii) () Bw=Boo =°"Hy and H | ] By =H.
weR weR

Definition 6.2.7. Define the class M,, as:
My = By NCy.

A quasi-coherent sheaf F € H has slope w if B € M,,.

Clearly the slope of a quasi-coherent sheaf is an element of R=RU {oo}. For coherent sheaves
this definition agrees with the definition of slope as the quotient of degree and rank and if w is

irrational we have only non-coherent sheaves in M,,.

Theorem 6.2.8. [2, Theorem 7.6] [53, Theorem 13.1] Every indecomposable sheaf has a well-
defined slope w € R. Moreover, if w < w', we have Homz; (M, My) = 0.

Proof. Also here, we repeat the proof.

Let X € H be indecomposable. Then 0 # X € UperCw \ Nye Cw, by Lemma (v)
Consider w € R to be infimum of all a € @ such that X € Cq. Since qu = [Jysy das We have
Homg3; (qu, X) = 0, which means X € C,.

By, = ﬂ %%

a<w

and Gen(qq) C °t,. Hence, if X ¢ B, then there is a rational § < w with X ¢ Gen(qg).
But (Gen(qg),Cp) is a split torsion pair, and since X is indecomposable, we get X € Cg. Since

Now, observe that:

B < w, this is a contradiction to the minimality of w.

For the second part of the statement, we refer to Theorem Indeed, notice that M,, C C,
and My C B, C Qu, by Lemma (iv), and since (Q,,Cy) is a torsion pair we have
Homz; (M, My) = 0. O
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We can define, as in Section the class w,, for any w € @ as:
Wy = Cy N Dy,
where D,, is the class of divisible sheaves with respect to t,:

D =ty = tyt.

It is clear that Priifer sheafes of slope w belong to w,. Moreover, for any w € @ there is an
infinite dimensional module of slope w, G,, which is generic in the sense of Definition (see
[44, Theorem 4.4]). We have also an analogue of Theorem indeed any sheaf in w,, is a

direct sum of Priifer sheaves of slope w and of copies of the generic sheaf G,,.

Moreover, we can prove the left-approximation property of the class w,,, as in Theorem [3.2.4

For every F' € C,,, we obtain short exact sequences:
0—F-Lx 5 x —o0

where X € w,, and X’ is a direct sum of Priifer sheaves in w,,. In particular, if F is torsionfree
with respect to the tubular family t,,, ie. F € F,, = t,,°, then also X € F,,.

Notice that if w = oo, then we can identify wy, with the class of all the injective sheaves in
QcohX.

The class of all Priifer sheaves in w,, is separating in the following sense:

Proposition 6.2.9. Let Fy, Fy € H be indecomposable coherent sheaves of slopes u(Fy) = wy
and pw(Fy) = wy and suppose w1 < wy. For any w € Q such that w1 < w < wa, any map

f: F1 — Iy factors through a direct sum of Prifer sheaves of slope w.

Proof. Consider the torsion pair (Qy,Cy) as in Lemma with heart A,, = QcohX,,. Clearly
Fy € Cy, and Fy € Q,, and Homy(Fy, Fy) = Extly (Fi[1], F2), by Lemma [1.3.9(v).

We have the following diagram in the heart A,,:

0 F E Fi[1] 0

0—— Fy —— G 1] —— @, e (525, [1]) B) —— 0

for some cardinal numbers «, 3,. Here, the upper short exact sequence comes from the map
f: F1 — F5 via the isomorphism above and the lower one is the w,,-left-approximation of Fs. It
is clear that Fy, € F,,, hence also the middle term of the approximation is in F,,, therefore it is

a coproduct of copies of the generic sheaf of slope w.

In A, = QcohX,,, Gy [1] is an injective sheaf and since we are in a locally noetherian category
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G,(f )[1] is injective too. We can complete the diagram as follows:

A 0

0 Fy
0—— Fy —— G 1] —— @, e (525, [1]) B) —— 0

¢ - -

Which translates in D?(A,,) as a diagram of triangles

f1]

P E 1 1)

J |

Fy —— GG (1] —— @,ex (S35, [1) %) —— Ry[1]

T,Ww

Therefore f[1] factors through the direct sum of the shifts of Priifer sheaves, which means,

shifting back to ﬁ, that we have a factorization:

6.2.1 Sheaves of irrational slope

If w is rational, we have seen plenty of examples of sheaves of slope w, such as the Priifer sheaves,
the adics and the generic G,.
If w is not rational, we provide a tool to construct a quasi-coherent sheaf of slope w. This is a

modification of the Second Construction in [53, Section 13.4].

Theorem 6.2.10 (Construction). Let a1 < ag < ... be a sequence of rational numbers con-
verging to w and choose coherent sheaves E; € add(t,,) such that E; C E;yq for all i > 1,
then:

E = hglEl € My,

Proof. 1t is clear that all sheaves F; belong to C, and since C, is closed under direct limits,
we have that E € C,. Now, for any rational number o < w we can fix an i such that o < «;.
Therefore, any E; € add(qq) for all j > i. This means that £ € Gen(q,) for all rationals
a < w. It is obvious that Gen(qy) C B,, so E € ﬂa<w7ae@ B, implies £ € B,,. Therefore
E e ByNCy = My, O

Remark 6.2.11. As seen in Lemma [6.2.4] we have, for w irrational, a torsion pair (Q,,,Cy) of
finite type, whose corresponding heart A,, = 7—-2(Qw, Cuw) is, by Theorem|1.3.12} a locally coherent

Grothendieck category. Very few things are known about this category.
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Since the torsionfree class C,, NH is generating for H, by Theorem (Quw, Cy) is cogenerated
by a cotilting sheaf W, which becomes an injective cogenerator of A,, by Proposition M(u)
The explicit description of this cotilting sheaf is unknown and, therefore, the study of injective
objects in A,, would be useful for this purpose. To this end, we focus on the description of the

simple objects in A,, and we will develop this topic in Chapter
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Chapter 7

Continued fractions and universal

extensions

In this chapter we introduce continued fractions and universal extensions. We will need these
tools in Chapter [8] to describe the simples in the heart A,, of the t-structure arising from the
torsion pair (Gen(qy),Cy), where w € R\ Q.

7.1 General facts on continued fractions

A continued fraction is an expression of the form

where ng is an arbitrary integer number and ni,ne, ... are positive integers. The terms n; can
be finitely or infinitely many. We use the following notation for a continued fraction with a finite

(resp. infinite) number of terms:

1 1
[no; n1,m2,. .., ngl = no + — 1 [no; n1,m2,...] =no + U
ni + _;,_% ny + no+...
For a finite continued fraction [ng;ni,ng,...,ny|, we say that its order is d + 1. Every finite

continued fraction represents a finite number of rational operations on its elements. Therefore,

it can be represented as an ordinary number in Q.

Example 7.1.1. Let us consider the following finite continued fraction o = [-2;1,3,5]. Ex-

panding it, we obtain:

1 1 16 26

[-21,3,5| =2+ ——5 =2+ —— =2+ - =——.

1+ g 1+ 15 21 21
Definition 7.1.2. Given an infinite continued fraction oo = [ng; ny, ne, .. .|, we define, for k € N,
the k-th convergent of the continued fraction as the finite continued fraction oy, = [ng;ni, ..., ngl.
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Clearly this definition works also if the continued fraction « is finite of order n and provided that
k < n. We call even-convergent a k-convergent with k£ an even number and, similarly, we define
the odd-convergent. An arbitrary k-convergent of a continued fraction is a continued fraction

itself, therefore it can be expressed as a rational number:

Ozk:@E@
gk

where p; and g are coprime. This will be more clear using the recursion in Proposition [7.1.5

Example 7.1.3. Consider the continued fraction as in Example The convergents are:
ag=[-2]=-2, 01 =[-2;1] = -1, e = [-2;1,3] = =5/4 and a4 = a = —26/21.

Remark 7.1.4. Consider the finite continued fraction [no;ni,...,ng4—1,1]. Expanding it, it is
clearly visible that this is the same as the continued fraction [ng;ni,...,nq—1 + 1]. For this
reason, from now on we can suppose, without loss of generality, that the last term of all the

finite continued fractions is different from 1.

The following result is a fundamental tool in the theory of continued fractions.

Proposition 7.1.5 (Recursion for convergents). [37, Theorem 1] Let a = [ng;ny,na,...] be a

continued fraction. Consider

pP—2 = Oap—l = 17
g—2=1,¢1=0.

For arbitrary k > 0, the convergents of a satisfy the following equalities:

Dk = NgPr—1 + Dk—2,

qk = Nkqk—1 + qr—2-
Moreover, we have the following properties for a continued fraction oo = [ng;ni,no,...|:

Proposition 7.1.6. [37, Theorem 2, Corollary, Theorem 3, Corollary]

(1) For allk >0:
QkPr—1 — Prar—1 = (—1)".

(2) For allk > 1:

Q-1 G Q—1Gk
(3) For allk >1:
QkPr—2 — PeQr—2 = (—1)Fny.

(4) For all k > 2:
P2 pe _ (=1 'ny

dk—2 Gk qk—24k
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Remark 7.1.7. By Proposition [7.1.6(2), we have that:

B 1
qk—19k

Pk—1 Pk
k-1 Gk

and this is the smallest nonzero distance between py_1/qr—1 and any rational number whose
denominator is less or equal gx. Indeed: let a/b # pi_1/qr—1 be such that b < g, we have:

1 1
> >

T @b T ek

Pk—1b — agr—1
qr—1b

Pr—1 @

-1 b

Theorem 7.1.8. [37, Theorem 14] To every a € R corresponds a unique continued fraction,
whose value is . If a is rational, the continued fraction is finite. If « is irrational, the continued

fraction is infinite.
Using these properties one can prove the following.

Proposition 7.1.9. [37, Theorem 4] Consider a continued fraction o = [ng;n1,ne,...]. Even-
convergents form an increasing sequence of rational numbers. Odd-convergents form a decreas-
ing sequence of rational numbers. Moreover, every odd-convergent is greater than any even-

convergent.

In particular, every even-convergent is smaller than o and every odd-convergent is greater than

« and we can state the following.

Proposition 7.1.10. [37, Theorem 8] Consider an infinite continued fraction o = [ng;ni,na, . ...
Let ay; = pr/qx be a k-convergent, for k > 0. Then py/qx is greater than any even-convergent

of ag and it is smaller than any odd-convergent of .

Lemma 7.1.11. Let a/b and c¢/d be two rational numbers such that b # d or b # —d. If
a/b < c/d, then:

a—c a a—+c c c—a
< -< < =<
b—d~ b~ b+d ~d~ d-b
The same holds if we replace 7<” by "<” or "=".
Proof. Straightforward. O
Remark 7.1.12. Fix now a = [ng;n1, ne,...], for any k > 0 we can define a sequence:

Pk Pk + Pet+1 Pk + 2Pkt Pk + TPkl _ Pht2
G Qe+ Q1 G 2041 G F G Qra2

whose elements are called intermediate convergents, which is increasing if k is even and decreasing
if £ is odd.

7.2 Universal and co-universal extensions

In this section we are going to introduce the notion of universal extension, which has been

described mainly in [47, Ch.3]. In [39], Kussin has developed this concept in the setting of
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noncommutative curves. In literature, universal extensions are also called tubular mutations,
tubular shifts or twist functors (cf. for instance [48] [60, [66]).

Let X be a noncommutative curve of tubular type and consider H = cohX. Consider a tube
Uy o, of rank p(z), in a fixed tubular family t, in H. Let S, be a sheaf in the mouth of U, 4,
hence this is a simple object in U, ., considered as a connected uniserial category. Let S, be
the additive closure of the Auslander-Reiten orbit of Sy, ie. S, = add({77S; | 1 < j < p(x)}),

which is a semisimple abelian category.

Lemma 7.2.1. Fvery k-linear functor F': S, — mod—k is representable by the following object
mn Sy:

—~

p(z) ' 4
7 = F(17S;) @ 7785,
1

where the tensor product is taken over End(S;) = k (see Theorem[6.1.19(i)).

<.
Il

Proof. Let F be contravariant (the covariant case is dual), an object S € S, is of the form
S = @p x)( 798,)™i, for some m; € Zxo, then:

p() p(@)
F(S)=F [ Es.)™ GBF 778:)™) = @D F(7S.)™
j=1 j=1

therefore it is enough to check how F works for a single 7°S,., with 1 < < p(z).
We claim F(7%S,) = Hom(7%S,, Z). Now:

p(x) ' ‘ p@)
7 = F(17S,) @ 78, = @(T]Sx)dj,
i=1 i=1

where d; = dimpyq(s,) F(775,), hence:

p(x) p(x)
Hom(7'S,, Z) = Hom | 7'S,, @(Tjsz)dj = @Hom(TiSI, (198,)%) =
) et
= Hom(7'S,, (1°S,)%) = End(7%S,)% = End(S,)% = F(r'S,). O
Let us apply this argument to the functor F = Ext!( ‘ S, for £ € H. We get a natural
equivalence of functors ng: Hom(—, E; ‘ s = Ext! (— } s » Where:

B, = PExty(r75, E)® 175, € S,

Via Yoneda lemma, we know that:
Hom('HOP,Ab) (HOIH'H(—, Eﬂv) |S:(: ) EXt%—L(_v E) Lg}) = EXt%—L (Eﬂvv E)?
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hence the natural equivalence ng corresponds to an exact sequence:
ng: 0 —FE —Tg F—FE, —0

such that the Yoneda composition Hom(U, E,) — Ext!(U, E) sending f to ng - f is an isomor-
phism for each U € S,. We call Ts, E an Sy-universal extension of E (here, S, is taken as a

representative of the Auslander-Reiten orbit which S, is built from).

Via the identification Ext'(—, E)| 5. = Hom(—, E,)| 5.» the assignment E — E, extends into a
functor for which amap u: F — E’, in H, is sent to a map u,: E, — E. satisfying u-ng = ngr-us.

Dually, consider the functor F = Ext!(E, —)‘ s for E € H. Applying the argument, we get a

natural equivalence of functors n: Hom(“E, —)|, = Ext!(E, -] 5.+ Where:

S
p(z) . '
R = @Ext%_[(E,Tij) @718, €8,.
j=1

By the Yoneda lemma, we have:

Hom gop ap) (Homy (“E, —)| 5, Exty (B, -)| g ) = Exty(E, “E),

s,
hence the natural equivalence ¥ corresponds to an exact sequence:
n¥:0—"F —T§E—E—0

such that the Yoneda composition Hom(*E, U) — Ext!(E,U) sending f to f - n¥ is an isomor-
phism for each U € S,. We call ngE an Sy-co-universal extension of E (here, as above, S, is

taken as a representative of the Auslander-Reiten orbit which S, is built from).

In a similar fashion, via the identification Extl(E,—)‘S =~ Hom("FE, —)‘S ,

E — ®E extends into a functor for which a map u: £ — E’, in H, is sent to a map “u: °E — “E’

the assignment
satisfying n - u = %u - n.

Similarly we define the universal morphisms with respect to S, considering the functors Hom(—, E) ‘ s

and Hom(F, —)‘ s.- We get natural equivalences:
VE: Hom(—,E)‘S = Hom(—,mE)‘S and ~%: Hom(E, —)‘S >~ Hom(E”, —)‘S
where:
p(z) ' '
+E = P Homy (775, E) @ 7S, € S,
j=1
and:
p(z) 4 '
E* = @HomH(E,TJSI) QTS €8,
j=1
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These natural equivalences, by means of the Yoneda lemma, give rise to two morphisms:
vg: . — E and ~E. B — E*.

which are, respectively, Sy-universal and S,-co-universal morphisms of E.
Let us describe some properties of the universal construction we have outlined above. First of
all, let us fix a tube U, o of rank p(x) in a tubular family t, in #. Let S, be the additive closure

of the Auslander-Reiten orbit of a simple object S, in U, 4, ie.
Sy = add({r79, | 1 <j < p(z)})
Let E,G € H and consider:
np 00— E 5Ty B2 E, 50 and €0 65156756 0

where ng is the S,-universal extension of E and nG is the S,-co-universal extension of G.
Let us consider the trisection of H, defined in Section given by (pa,ta,qa), where:

pa:Utﬁ Qa:Ut'ya
B<a a<y
such that
Hom'H(qaatOé) = HOI’II'H(ta, pa) = HomH(Qm pa) =0.

It is clear that add(ps) = t,° and add(qs) = °ts, where the Hom-orthogonal is taken inside H.
Denote by p, the subclass of add(p,) consisting of coherent sheaves whose S,-co-universal
morphism is surjective. Dually, denote by A, the subclass of add(q,) consisting of coherent
sheaves whose S;-universal morphism is injective.

We have the following:
Proposition 7.2.2. [/7, (510)(i)] For E,G,ng,n% as above, the following properties hold:

(i) If E € add(pq), then Ts, E € po and Bg is the Sy-co-universal morphism for Ts, E.
(i) If G € add(qa), then Tg G € Ao and a% is the Sy-universal morphism for T35 G.

Proof. (i) Let E € add(ps) and consider the long exact sequence of functors on Sy:

0 =Hom(~, E)|g — Hom(~,Ts, E)|g —¥ Hom(—, E,)|g 5

Se

— 0

xtl(—
. N Eth(_,TSwE)‘Sx E t(_;ﬁE) Eth(_vEl‘)‘Sx

5 Ext! (-, B)|
By definition of S -universal extension, the map 7g is an isomorphism. This means that
Ts,E € S,° and that Ext!(—, Bg) is an isomorphism. By Serre duality, also Hom(3g, —) is
an isomorphism. This proves that the map 8g: T, E — E, is a Sy-co-universal morphism.
Since E' € add(pa), then it is obvious that there are no nonzero morphisms from U, q,

with y # z, to Ts, E, hence T, E € p,.
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(i”) We proceed dually. Let G € add(q,) and consider the long exact sequence of functors on
Sy

a%o— ¢
0 :Hom(G, —)‘SI — Hom(Tgw;G, _)|Sz — HOm(‘”G, —)‘SI 77_>

Ext!(a%,-)
—

G
L}Extl(G7 —)’S — Eth(T§IG, _)‘S Eth(mG7 _)‘S —0

By definition of S,-co-universal extension, the map n is an isomorphism. This means that
T35 G € °S; and that Ext!(a®, —) is an isomorphism. By Serre duality, also Hom(—, a®)
is an isomorphism. This proves that the map a%: *G — 1§, is a Sy-universal morphism.
Since G € add(qq), then it is obvious that there are no nonzero morphisms from 75 G to

Uy, with y # x, hence Tg G € A,. O

The assignments £ — T, F and G — T§ G turn out to be functors, indeed:

Proposition 7.2.3. [39, 0.4.2(2)] [{7, (S10)(ii)] For E,G,ng,n" as above, the following prop-

erties hold:
(i) Ife: 0 - E — E' — C — 0 is such that E' € add(ps) and C = E,, then there is a
commutative diagram.:

e: 0 c 0

T

e 0——E-—C"BTs EPE LB 40

() Ife: 0 > K - G — G — 0 is such that G’ € add(qq) and K = *G, then there is a

commutative diagram:

n<: 0—>‘UG—>T§ ¢ a—o

.

e: 0 K G’ 0

(ii) For any morphism u: E — F in add(p,), there exists a unique morphism T, u: Ts, E —

Ts, F' yielding a commutative diagram:

0O——F——Ts F—— E,——0

0O—F ——1Tg F—— F, ——0
1 or any morphism w: ' — G 1 add(qq), there exists a unique morphism w: —
ii’) F hi F — G in add h ' ' hism T§ w: T§ F
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T G yielding a commutative diagram:

0——%F ——T5 F——F ——0

0—"GC—T5 G—G——0
Therefore, the assignments £ — Ts, E and G — T§ G are functors, respectively:

Ts,: add(pa) — pa  and T3 : add(qa) — Aa-

Proof. (i) Since ng is an Sy-universal extension and C € S, the isomorphism Hom(C, E;) =
Ext!(C, E) implies that there is a map f € Hom(C, E,) such that ¢ = ng - f. Therefore

we obtain a pullback diagram:

e: 0 c 0

b

e 0——E-—"BTs E PP LB 40

where Ker f € S, since E,,C € S, and §; is an abelian category. Moreover, by Snake
lemma, Ker f is a subobject of E' € add(p,), therefore Ker f € add(ps). Hence f is a
monomorphism.
Since C' and FE, are of the same length, f is an isomorphism.

(i") The proof is dual. Since n% is an S,-co-universal extension and K € S, the isomorphism
Hom(*G, K) = Ext! (G, K) implies that there is a map f € Hom(*G, K) such that e = f-nC.

Therefore we obtain a pushout diagram:

nG:O—WGLGT* G—)G—m

]

e: 0 K G’ 0

where Coker f € S, since *G, K € S, and S, is an abelian category. Moreover, by Snake
lemma, Coker f is a quotient object of G’ € add(q,), therefore Coker f € add(q,). Hence
f is an epimorphism.

Since K and *G are of the same length, f is an isomorphism.

(ii) Let u: E — F be a nonzero morphism in add(p,). Since u-ng = ng - u,, we have the
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following commutative diagram:
ng: 0 —F ——Tg F——FE, ——0

P

U-Ng =N -Ug: 0 F X E, 0

np: 0 ——F ——Tg FF—— F, —— 0

We define Tg, u: Ts, E — Tg, F as the composition of the vertical arrows in the middle.
The uniqueness of Tg, u follows from the commutativity of the left rectangle and from the
fact that E, € S,.

(ii’) Let w: F' — G be a nonzero morphism in add(qe). Since n% - w = *w - n’, we have the

following commutative diagram:

" 0——*F ——T§ F——F——0

P

2w -nf 0 G X F 0

| |

n%:0—— G ——Th G——G——0

We define T§ w: T F' — T§ G as the composition of the vertical arrows in the middle.
The uniqueness of T§ w follows from the commutativity of the right rectangle and from
the fact that G € S,.

O

Proposition 7.2.4. [/7, (510)(iii,iv)] For E,G,ng,n® as above, the following properties hold:

(i) The functor Ts,: add(pa) — pa is an equivalence, it is exact on short exact sequences

with terms from add(pa) and induces an isomorphism:
Exty,(E, F) = Ext},(Ts, E, Ts, F).

(i") The functor T§ : add(qa) — Ao s an equivalence, it is exact on short ervact sequences

with terms from add(qq) and induces an isomorphism:
Exty, (F, G) = Exty, (TS F, 7% G).

Proof. (i) Let E € pq, consider the surjective S;-co-universal morphism v*: E — E*. Denote
the kernel of ¥¥ by Ty E, which is clearly an object in add(ps). The assignment £ — Ty E
extends to a functor T : po — add(pa), which is by Proposition (1) a left inverse to
Ts

"
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To see that it is also a right inverse, start with E € p, and consider the sequence
E . — vE T
n":0—->Tg BE— E— E*—0

which gives us a long exact sequence:

E
0 — Hom(—, E)|; - Ext!(—, Ty E)|, —

Ext!(— P
s Ext!(—, B[ TS Bt (-, B — 0
Since v is a co-universal morphism, Hom(’yE ,—) is an isomorphism. Therefore, by Serre

duality, Extl(—,’yE ) is an isomorphism, proving that 7% is an S,-universal extension.

Let 0 - E' -+ E — E"” — 0 be a short exact sequence in add(p,), consider the following

diagram:
0 0 0
ng: 0 Jo: N N N 0
u TSZU Ug
e 0 E—"TsE s E,— 0
v Ts,v Vg
i 0 —— B 2251 pr P g

0 0 0
whose rows and the left column are exact. The right column is exact since the functor
sending £ — FE, is exact because Extl(U7 —), with U € §&,, is exact on short exact
sequences with terms in add(py). This implies that also the middle column is exact.

Since Ts, and T 5, are mutually inverse equivalences, it is clear that, for E, F € add(pa),
Ext}, (E, F) = Ext},(Ts, E, Ts, F).

We proceed dually. Let G € A\, consider the injective S -universal morphism vg: .G — G.
Denote the cokernel of yg by T *G, which is clearly an object in add(q,). The assignment
G +— T4 *G extends to a functor Tg*: po — add(pa), which is by Proposition 7.2.2(1) a

left inverse to Tgx.

To see that it is also a right inverse, start with G € add(q,) and consider the sequence
nG: 0= .G 2% G — Tg*G — 0
which gives us a long exact sequence:

0 — Hom(,G, —)| e, Ext'(Tg*G,—)|g —

Eth(’YGv_)
5

— Ext!(G, _)‘S:c Ext'(,G, =) — 0

5.
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Since 7 is a universal morphism, Hom(—, ) is an isomorphism. Therefore, by Serre

duality, Ext! (7a, —) is an isomorphism too, proving that 7¢ is an S;-co-universal extension.

Let 0 » G' - G — G"” — 0 be a short exact sequence in add(q,), consider the following

diagram:
0 0 0
, el ¢’
00— e S e 0
Ty Ts_z*“ u
G G
0G0 G e G ——0
) Tg;v v
7 EG”

0 0 0

whose rows and the right column are exact. The left column is exact since the functor
sending G — G is exact because Ext!(—,U), with U € S,, is exact on short exact

sequences with terms in add(qe). This implies that also the middle column is exact.

Since T and T * are mutually inverse equivalences, it is clear that, for F, G € add(qa),

Exty,(F,G) = Exty, (T% F, T G). O

105



106



Chapter 8
Sheaves of irrational slope

Let X be a noncommutative curve of tubular type. As mentioned in Remark very few
things are known about the category A, = ﬁ(gw,cw), when w is an irrational number. By
Theorem Ay is a locally coherent Grothendieck category and in this chapter we give a
first characterization of the simple objects in it.

First, we fix a positive irrational number w and we use the methods described in Chapter [7] to
construct a quasi-coherent sheaf over X of slope w via a sequence of indecomposable coherent
sheaves of smaller slope. Second, we prove that the sheaf obtained in this way actually becomes
a simple object in the heart A,, of the t-structure arising from the torsion pair (Gen qu, qu°).
Subsequently, we prove that any simple object in the heart A, of the t-structure arising from

the torsion pair (Gen(qy),Cy), where w € R \ @, comes from a quasi-coherent sheaf of slope w.

8.1 Construction of a sheaf of irrational slope

Let X be a noncommutative curve of tubular type over an algebraically closed field k, as described
in Chapter [6] and let H = cohX. Consider the weight type (p1,...,p:) of X and denote by

p = lem{p; hi<i<t = max{p; }1<i<t.

Definition of the process

Setting. Consider a positive irrational number w together with its continued fraction form
[no;n1,ne,...]. Let L be the structure sheaf in H, which is, by Proposition an endo-
simple object. Recall that L is in a tube of maximal rank, ie. of rank p, as seen in Proposition
[6.1.15 and:

deg(L) =0 and 1k(L)=1. (8.1)

Let S, € Ho be a simple sheaf in a tube of maximal rank p. This is a stable sheaf and therefore
endo-simple, by Theorem [6.1.12[(i). Recall that we have (see Remark [6.1.8]):

deg(S;) ===1 and rk(S;)=0. (8.2)

hsTl o]
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Since L € ‘H,, we can apply the S -universal extension functor T, to L. Set:
Py = TgfL

where Tng =1Tg, Té?;lL, for k > 1. This is well defined, since every Tng € Ho®, for 1 < k < nyg,

by Proposition [7.2.2(1).
Py is an indecomposable and endo-simple coherent sheaf, since L is such and Tg, is an equiva-

lence. We have the following:

Lemma 8.1.1. Let w, L and S; be as in Setting. Then, for any 0 < n < ng, we have:
deg(Tg L) =n and 1k(Tg L)=1.

Proof. We proceed by induction on n. If n = 0, then the Lemma holds for (8.1)).
Suppose that the Lemma holds for a certain n. We obtain T’ g:lL as the S;-universal extension

of T L, therefore there is a short exact sequence:

D
0—T§L—TL — @Ext' (778, T8, L) ® 7S, — 0
j=1

Recall that degree and rank are additive on short exact sequence, by definition, and 7-invariant,
by Proposition [6.1.14] and [45, §10.2(H 5), Remark 10.2(ii)]. So, we get:

p
deg(nglL) =deg(T§ L) + Z dim Ext' (77 S,, T¢ L) deg(77 S;) =
j=1

P
=deg(T4 L)+ [ > dimExt'(r7S,, T4 L) | deg(S),
j=1

P
rk(T3H L) = rk(T§, L) + > dimExt!(r7S,, T4 L) rk(77S,) =
j=1

P
=1k(T§. L) + | Y dimExt'(r7S,,T¢ L) | tk(S,),
j=1

Recall that, by definition of average FEuler form, we have:

P
(Se, T4 LY = > dim Hom(77S,, 7§ L) — dim Ext' (775, T§ L).
j=1

Using Riemann-Roch formula (see Proposition [6.1.16)), we obtain:

D
> " dimHom(r/S,, T§ L) — dim Ext' (7S, T§ L) = deg(S,) tk(T4 L) — rk(S,) deg(T¥, L)
j=1

By Proposition (i), Hom(Tij,ngL) = 0, for any 1 < j < p. Therefore, by 1' and
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inductive hypothesis, we get:
p .
> dimExt'(775,, T§ L) = deg(S,) rk(T§, L) — rk(S,) deg(T§ L) = 1
j=1

Therefore, using again (8.2)) and the inductive hypothesis:

P
deg(TGH' L) = deg(T§.L) + | Y _ dim Ext'(79,,T§ L) | deg(S5,) =
j=1

= deg(Tg L) + deg(S;) =n+1,

Mm

rk(TgH L) = rk(T§, L) + dim Ext'(775,, T4 L) | tk(S,) =

I
—

— .

=rk(Tg L) +1k(S;) = 1. O

In particular, if n = ng in Lemma we obtain:

deg(Po) = deg(Tp" L) =mno and rk(FP) =rk(Tp’ L) =1. (8.3)
Moreover: deg(Py)
egiro

w(Po) k() no (8.4)

Definition 8.1.2. Let w, L and S, be as in Setting. Define P_o = L and P_; = 5.
For i € Z>, define the w-convergent sheaves with respect to L and S;, as the coherent sheaves

P;, obtained by the following recursion:

ng Pi—2, ifiiseven

p={ "
" T Py, ifiis odd
5 Piog, ifiis odd.

Moreover, for 1 < k < n;—1, we call Tﬁi_lPi_g and Tj*gf_ll%_g the k-th intermediate w-convergent
sheaves after P;_o with respect to L and S,.

It is clear that Py, as it is defined above, is the 0-th w-convergent sheaf with respect to L and
Si.

Remark 8.1.3. Notice that, since Tp, and T}, are equivalences, all the (intermediate) w-convergent
sheaves are indecomposable and endo-simple since L and S, are such. Moreover, since L and
S, are exceptional sheaves and, by Proposition T'p, and T, preserve extension groups, all

the (intermediate) w-convergent sheaves are exceptional.

Proposition 8.1.4. Let w, L and S, be as in Setting. Let P; be the w-convergent sheaves with
respect to L and Sy as in Definition [8.1.9

For all even i > 0 and for all 0 < n < n;, we have:
deg(Tp,_, P;—2) = ndeg(Pi_1) + deg(P;_2)

109



tk(Tp,_ Pi—2) = nrk(P;_1) + 1k(P;_2). (8.5)
For all odd i > 0 and for all 0 < n < n;, we have:

deg(TP Pi—2) = ndeg(P;—1) + deg(Pi—2)
I"k(Tpi_IPz‘—z) =nrk(P,_1) + rk(P;_2). (8.6)

Moreover, for all ¢ > 0:
(Pi, Pi1)) = (-1)". (8.7)

Proof. We prove by induction on ¢ > 0. For the inductive step of the proof, we consider
two cases: first, for ¢ odd, we prove the formulas in , and then for 7 even, we prove the
formulas in (8.5)). Both cases are proven using induction on n.

Base case 7 = 0. This case follows from Lemma Indeed, for all 0 < n < ng, we have:

deg(Tg L) =n = ndeg(S;) + deg(L)
tk(Tg L) =1 =1k(S;) + rk(L)

and, by the Riemann-Roch formula:
(Py, P_1) = (Po, Sy)) = rk(Pp) deg(Sz) — deg(Py) rk(S,) = 1.

Therefore holds for i = 0.

Inductive step. Fix a positive integer number 7. Suppose that holds for ¢ — 1.

Suppose first that 7 is even. We prove the identities by induction on n.

If n =0, then clearly holds.

Suppose holds for a certain n > 0, then we obtain Tg:i P;_o as the P;_j-universal extension

of Tp | Pi—s. Therefore, we have the following short exact sequence:

D
0—Th Pro— TPy — @Ext' (7P 1, TE Pig)®7/Pi1 —0
j=1

Degree and rank are 7-invariant and additive on short exact sequences, so:
ﬁ . .
deg(Tp ! Pi_g) = deg(Tp, , Pia) + Y dimExt!'(r/Pi_y, T Pi5)deg(r/Pi_y) =
j=1

P
= deg(T},_, Pi—2) Z dimExt' (77 P,_1, Tp_ Pis) | deg(Pi—1),

D
rk(Tpt Pg) = vk(Tp,_ Piog) + > dimExt!(r/ Py, TP Pio)rk(7/ P 1) =
7j=1
D
=rk(Tp_| Z dim Ext! (79 Pi_1, T Pi—s) | tk(Pi1).

110



By definition of average Euler form and using the Riemann-Roch formula (see Proposition

6.1.16[), we get:
ﬁ .
ZdlmHom TP TP Pios) — dimExt! (77 Py, Tp_ Pis) =
=1

= deg(P 1) tK(T},_, Pi-a) — tk(P, 1) deg(T};_, Pi-a).

By Proposition (i), Hom (77 P;_, Tp  Pi—2) =0, for any integer j. Moreover, by inductive
hypothesis, the identities in lj hold for T | P—2 and, since |i holds for ¢ — 1, which is an
odd number, we obtain:

> dimExt' (7P, Tf,_ Piog) = deg(Pi1) tk(Tp,_ Pi_s) — tk(Pi_1) deg(Tp, P _p) =

j=1
= deg(Pi—1)(n1k(Pi—1) + rk(Pi—2)) — rk(Pi—1)(n deg(Fi—1) + deg(Pi—2)) =
= deg(P;—1) rk(P;—2) — tk(P;—1) deg(P;—2) =

—(P—1, Pa)) = —(-1)" 1 =1.

Hence, using again the inductive hypothesis for n, we get:

P
deg(TpH Pi_s) = deg(Th,_ Pizs) ZdlmExt (T7Pi_1, T Pis) | deg(P1) =

= deg(Tp,_,P;—2) + deg(Pifl) =
= ndeg(P;_1) +deg(P;_2) +deg(P;—1) =
= (n+1)deg(P;—1) + deg(Pi—2),

D
k(TR P o) = vk(Tp, | Pis) ZdlmExt (T7"P_1,Th_ Pis) | tk(Pioy) =

= k(TP Pi2) +rk(Piy) =
=nrk(P;—1) +rk(P;—2) + rk(Pi_1) =
= (n+1)rk(Pi—1) + rk(Pi—2).

Proving that 1) holds for Tgﬂ P;_5. In particular, if n = n;, we have:

deg(F;) = deg(Tp | Pi—2) = n; deg(Fi—1) + deg(Fi—2)
I‘k(PZ) = I‘k(T;il]Di_2> =n; I‘k(Pi_l) + rk(Pi_Q).

Suppose now that i is odd. The proof is dual to the even case and we prove the identities in
by induction on n.

If n = 0, then it is clear that holds.
. . n+1 .
Suppose holds for a certain n > 0, then we obtain T}Fl P;_5 as the P;_i-co-universal
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extension of T' ]’5::1]31;2. Therefore, we have the following short exact sequence:

n . . n+1 n
0— @Extl(Tf;FlR_g,TJR_l) ® TJPi_l — T;)ijl ,PL‘_Q — T]’;Flpi_g —0
j=1

Degree and rank are 7-invariant and additive on short exact sequences, so:

deg(TH" Pi_s) = deg(T} Pi—2) ZdlmExt (Th  Piea, 7 Pi_y) deg(r7 Piy) =
7=1

—deg(TP L P;_ 2 lmEXt TP 1B 2,TPZ 1) deg(P,-_l),

H Mm

k(T Pioo) = tk(Th  Pi_s) —|—Zd1mExt (TH  Pio, 7/ Pi1) tk(T/ Piy) =
j=1

D
= k(T P dim Ext! (T}, Pi,g,TjPi,l rk(P;_1).
Pz—l P

By definition of average Euler form and using the Riemann-Roch formula (see Proposition

6.1.16)), we get:

> dimHom(Tp, | Pig, 7/ Piy) — dimExt! (T, | P o, 7 Piy) =
j=1
= deg(T}, , Pi—2) tk(P;—1) — tk(T},_ Pi—2) deg(Pi—1).

By Proposition (i’), Hom(T}ZlPZ-,Q, 77 P;_1) = 0, for any integer j. Moreover, by inductive
hypothesis, the identities in hold for T;,;_IR_Q and, since |i holds for ¢« — 1, which is an

even number, we obtain:

p
> dimExt!(Th | Pig, 7 Pi1) = deg(T}, | Pio2) tk(Pio1) — rk(T}, | Pi—p) deg(Pi1) =
j=1
= (ndeg(P;—1) + deg(Pi—2)) rk(Pi—1) — (nrk(P;i-1) + rk(Fi—2)) deg(Pi—1) =
= deg(P;—2) rk(P;—1) — rk(P;_2) deg(P;—1) =

= (P2, Pi_1) = (Pio1, P2) = (-1) ' = 1.

Hence, using again the inductive hypothesis for n, we get:

Piy) =deg(Th \Pio)+ [ > dimExt'(Th P, 7/ Piy) | deg(Pio1)
j=1
= deg(TjSZlPi_z) + deg(P;—1) =
= ndeg(Pi—1) + deg(Pi—2) + deg(Pi—1) =

n+1

deg(Tﬁ,i1
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= (n+ 1) deg(P;—1) + deg(P;-2),

k(T Pioo) = tk(T  Pi- dim Ext (Tf,  Pi—2, 7 Pi1) | tk(Pi_y) =

H Mw

=1k(T},  Pi2) + l"k(]ji—l) =
=nrk(P;—1) +rk(P;—2) + rk(Pi—1) =
= (n+1)rk(P—1) + rk(Pi—2).

Proving that holds for n + 1. In particular, for n = n;, we have:

deg(P;) = deg(Tp,", P;—a) = nideg(P;—1) + deg(P;—2),
rk(P;) = 1k(Th, ' Pi—2) = nitk(P;—1) + 1k(P;—2).

Moreover, in both cases, (8.7) holds, indeed:

(P, Pio1)) = rk(F;) deg(Pi—1) — deg(P;) k(Fi—1) =
= (nirk(Pi—1) + 1k(Pi—2)) deg(Pi—1) — (ni deg(Pi—1) + deg(Pi—2)) rk(Fi—1) =
= rk(P;—2) deg(P;—1) — deg(Pi—2) rk(Pi—1) =
= —(Pi-1, P2)) = (-1)(=1)""" = (-1)"

This concludes the proof. ]

From now on, to ease the notation, we set for k& > —2:

deg(Py)

8.1.1 Relation with the continued fractions

The recursion described in Proposition is a two-term recursion and it is closely related to
the recursion for the convergents of a continued fraction defined in Proposition [7.1.5

Let us set, for any integer k > —2:
deg(Px) = pr and rk(P) = qx.

Via this identification, we can translate the recursions ) and (8.6)) in Proposition to the

language of continued fractions, indeed:

and  deg(P_1) = deg(S,) = 1 = p_y

deg(P-2) = deg(L) =0
1 and rk(P_1) =1k(S;) =0=¢_

rk(P_9) = rk(L)

and for any k£ > 0:

deg(Py) = ny deg(Py—1) + deg(Pr—2) = niPr—1 + Pr—2 = Dk
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tk(Py) = ngprk(Pr—1) +rk(Pr—2) = nxqr—1 + qr—2 = Gk

Hence, the slope of the k-th w-convergent sheaf Py is:

iy = deg(Py) _px _
rk(Py) qr '

where wy, is the k-th convergent of the continued fraction [ng;ni,ng,...| representing the real
number w, fixed at the beginning.

Using this correspondence, we can translate many properties of the continued fractions to the
w-convergent sheaves setting. For example, it is immediate to see that in Proposition
corresponds to Proposition [7.1.6{1), indeed:

(Py, Pr—1)) = tk(Py) deg(Pe—1) — deg(Py) tk(Pe1) = qrpr—1 — prqi—1 = (—1)*.

Remark 8.1.5. It follows from Proposition that the slopes of the even w-convergent sheaves

form an increasing sequence in Q>, ie.

o < pro < e < g < g < ...

(with k even), that converges to w.

Dually, the slopes of the odd w-convergent sheaves form a decreasing sequence in Q>, ie.

B1 > p3 > > g > 42 >

(with k& odd), that converges to w.
Moreover, p < w for k even, p, > w for k£ odd and this implies that p; < pj, for any ¢ even
and j odd.

As seen in Remark the distance between two consecutive convergents, pr_1/qx—1 and pg/qk,
of w is minimal in the sense that the interval (px_1/qx—1, pr/qx) (or the interval (pg/qk, Pk—1/qk—1))
does not contain any rational number whose denominator is less or equal than ¢i. This translates

in the language of w-convergent sheaves as:

Lemma 8.1.6. Let F' € H such that tk(F) < rk(Py) for a certain k > —1, then, if k is odd, we
have w(F) < pk—1 or u(F) > pk and, if k is even, we have pu(F) < pi or w(F) > pg—1.

Proof. By Remark|[7.1.7] we know that |_1 — | is smaller than the distance between p1;_1 and
any other rational with denominator less or equal than rk(Py). So |ux—1 — p(F)| > |pr—1 — pl,
which means that, if k is odd, pu(F') cannot be in the interval (ug—1, pg) therefore p(F) < pg—1
or u(F) > ux and, if k is even, u(F') cannot be in the interval (ug, ux—1) therefore pu(F) < ug
or u(F) > pig—1. O

Remark 8.1.7. Notice that, for any ¢ > 0, the k-th intermediate w-convergent sheaves after
P;_5, as in Definition [8.1.2] are related to the intermediate convergents of the continued fraction

representing w. Indeed, setting deg(Py) = pr and rk(Py) = ¢x as above, we get by Proposition
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(we show it for i even, but it clearly holds also for i odd):

deg(Tp,_ Pis) _ kdeg(Pi—1) +deg(P;—2)  kpi—1+pi2
rk(Tﬁi_IPz‘fz) krk(Pi—q1) 4+ rk(Pi—2) kqi—1 + qi—2”

(T, Pi2) =

These are the intermediate convergent of w as in Remark Hence, we obtain, for 0 < k <
n;, a sequence of slopes of k-th intermediate w-convergent sheaves after P;_5. This sequence is

increasing for i even:
p(Pig) < w(Tp,_ Piz) < -+ < p(Th_ Pig) < -+ < w(Tp! Piog) = p(Py)
and it is decreasing for ¢ odd:

* e %
w(Pi—2) > p(Tp,_ Pim2) > -+ > p(Tp,_ Pi2) > - > u(Tp, ' Fi2) = p(F).

i—17 '

Notation: From now on, we denote by P»; the even w-convergent sheaves and by Ps;+1 the odd

w-convergent sheaves, for ¢ € Zx.

Proposition 8.1.8. Let w, L and S, be as in Setting. Let Py;, for i € Z>o, be the even

w-convergent sheaves with respect to L and S,. There exists a sequence of monomorphism:
Po‘—>P2‘—>P4‘—>...‘—>P22“—>P2i+2‘—>... (*)
such that the direct union P = lignPgi 18 a quasi-coherent non-coherent sheaf of slope w.

Proof. Fix i € Z>¢. For any 0 < k < ng;12, Tﬁ;ﬂ Py;). Therefore, from the

iterated P»;41-universal extensions, we obtain a sequence of monomorphisms:

L' p.— k
P2'L - TP21'+1 (TP2i+1

2 n2ir1—1 Mn2i+1 _
Py — Tp2i+1P2i — TP2i+1P2i — ... TPQ;‘_1 Py — TPQZ+1 Py = P2i+2

whose composition Po; — Ps;19 is a monomorphism. By the generality of the argument we

obtain a sequence of monomorphisms:

PO;)P2<—>P4‘—>...<—>PQZ“—)P2¢+2<—>...

By Remark p2i < paite, for any i € Zsg. Therefore, by Theorem P = lingi is a
quasi-coherent non-coherent sheaf of slope w. O
8.1.2 Properties of the quotients

Let w be a positive irrational number and consider its continued fraction form [ng;ni,na,...|.
For i € Z>o, let P; be the w-convergent sheaves with respect to the structure sheaf L and a
simple sheaf S, in a tube of maximal rank.

For any integer ¢ > 0, let us denote by (Q2;+1 the cokernel of the map Pa; — P;q0 in (ED

Proposition 8.1.9. For any i € Z>g, 1(Q2i+1) = H2i+1-
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Proof. For any @ € Z>o, we have a short exact sequence
0— Py — Paiya —> Q2iy1 — 0

Degree and rank are additive on short exact sequences, hence, using Proposition we infer
that:

1(Q2iq1) = deg(Q2i+1) _ deg(Piy2) — deg(Py;) _
rk(Q2i+1) rk(Pyiy2) — rk(Pyi)
_ naiyodeg(Poip1) + deg(Pyi) — deg(Pai)  deg(Pais1)
T s tk(Paisy) - tk(Poy) — tk(Par) | tk(Porrg) LA

Lemma 8.1.10. For any integer i,5 > 0 with j > i, we have:

7j—1
Pa;/Pai = @D Qa1

k=i

Proof. Fix an integer ¢ > 0. We prove it by induction on j > 1.
If j =i+ 1 then P2i+2/P2i = Q2i+1.

Suppose that for j > i, we have:

j—1
Py;/Pai = @D Qaps1.
k=1
Consider the following diagram:
0 0
0 Py; Pyj Dl Qors1 ——0
0 Py; Psjio K 0
Q2j+1 =———= Q2511
0 0

where the bottom equality comes from the Snake lemma. For every odd ¢ such that 2i < ¢ < 27,

M(Qe) = pe > p2j1 = u(Q2j+1), by Remark Therefore, using Theorem [6.1.12{(ii), we

have:

j—1 j—1 Jj—1
Ext' <Q2j+1, @Q%H) = D Hom (@ Q2k+1,TQ2j+1) =D <@ Hom(Q2k+la7'Q2j+l)> =0.
e k=i k=i
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Proving that the right column in the diagram splits, hence:

Jj—1 J
K 2 Q11 ® P Qarir = P Qari1- O
k=i k=i

Proposition 8.1.11. For any integer i > 0:

P/Py; = @QQIH—L

k>i

Proof. By Lemma [8.1.10], we get a sequence of short exact sequences:

0 Py; P9 Q2i+1 0
0 Py; Py Q2i41 D Q2i43 ————0
0 Py; Py ¢ Q2i+1 D Q2i43 D Q2i45 ——0

and since direct limits are exact in 7_-[), we get the short exact sequence:

0—>P21'—>P—>®Q2k+1—>0. O
k>i

8.2 On simples in A,

As in Section [6.2] for every irrational number w, we define:

[e)

Cow =qu’ = U ts and  Gen(qy) = Qu = “Cy.
w<p

By Lemma (Quw,Cyw) is a torsion pair of finite type and, by Theorem the heart
Ay = 7—-£)(Qw, Cw) is a locally coherent Grothendieck category, whose injective cogenerator comes
from a cotilting sheaf W, such that C,, = Cogen W, (as seen in Remark. In this Section
we want to describe the behavior of simple objects in A,,.

Consider w a positive irrational number, L the structure sheaf in H and Sz a simple sheaf in
a tube of maximal rank. Let P; be the w-convergent sheaf with respect to L and S, as in
Definition R.1.2

We have seen in Proposition that the direct limit P = li_n)JPQi of the sequence (ED is a

quasi-coherent sheaf of slope w. It is clear that P € C,, so P[1] € A,, is in Cy[1] and moreover,
by Proposition [1.3.11] P[1] = (hﬂ Py)[1] = ligAw(Pgi[l]). We have the following.

Proposition 8.2.1. P[1] is a simple object in Ay, .
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Proof. Using Proposition [2.3.7], we need to prove that for any non-split short exact sequence
0—-P—FE—Q—0,with Q € q, we have E € Gen(qy).

Consider a non-split short exact sequence 0 - P - E — @ — 0, with Q € q,. From the
isomorphism Ext;—{»(Q, P) =2 Homy, (Q, P[1]), we get a nonzero map g: @@ — P[1] in A,,. Since
Q is coherent, from Proposition we get HomAw(Q,liﬂPgi[l]) = liﬂHomAw(Q,Pgi[l]).
Therefore there exists a nonzero map g;: @ — P»;[1], for a certain 4, such that g factors through
9i-

Notice that, in the construction described in Section the sequence of the ranks of the P;’s
is strictly increasing. Therefore, since @ is fixed, we can choose, without loss of generality, ¢ in
such a way that rk(Q) < rk(Pa;_1).

From the map g; we get a non-split short exact sequence in H:
0— Py —FE —Q—0

where Py; and Q are coherent, therefore E’ is coherent. Since Py; € Cy, and @ € qu, we have

p2; < u(Q), therefore by Proposition [6.1.10] p2; < u(E’) < u(Q).
By the additivity of the rank function and from the fact that rk(Q) < rk(Py;—1), we have:

I“k(E/) = I'k(PQi) + I"k(Q) < rk(Pzi) + rk(PQi_l) < Nn2i4+1 I“k(Pzi) + rk(PQi_]_) = rk(P2i+1).

Where the last equality comes from Proposition [8.1.4f By Lemma with & = 2¢ + 1,
we can conclude that pu(E’) < po; or u(E') > pgi41. The first case is not possible, hence
pu(E") > pois1 > w, which implies E' € Gen(qy).

From the short exact sequences in 7_-[), 0Py +FE —-Q—=0and0 P —-E—Q—0, we
get the following diagram in Db(ﬁ):

Py E' Q —25 Py1]
P E Q—2 P[]

where the map E' — E comes from the triangulated structure of Db(ﬁ). So, in H we obtain

the diagram:

0——Py——FE ——Q——0
N S S

By the Snake lemma, we get a short exact sequence:

0—F —FE—Q—0
where Q = P/P»; € Add q,, by Proposition Therefore E € Gen(qy). O
Recall that, as we have seen in Theorem the simple objects in the heart of a t-structure
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induced by a torsion pair can come either from a torsionfree almost torsion object or from a

torsion almost torsionfree object in the original category. In the following we prove that sheaves

becoming simple in A, can only be torsionfree almost torsion and, moreover, they are all of

slope w. We first prove a lemma.

Lemma 8.2.2. Let S € Ay, be a simple object, then:

(i)
(i)

If S=Y[1] for Y € Cy, then Y ¢ py.
If S =Q for Q € Qu, then Q ¢ qu.

Proof. (i) Suppose Y € p,, is coherent and let P; be an w-convergent sheaf, as in Definition

of slope p; = p;/q; with an even i such that u(Y) < p;. This is possible since
wu(Y) is fixed and we have an infinite strictly increasing sequence of even convergents of w,
converging to w. Then, by Proposition wY) < pp <w < pi—.
Using Proposition [6.1.18] we obtain a map ¢g: ¥ — PF;, which is a monomorphism by
Remark I). Let C = Coker g and by the short exact sequence 0 — Y 5P C—=0
we infer that rk(C) < rk P; = ¢;. Therefore, by Lemma we have two possibilities:
w(C) < p; or u(C) > pi—1. But the first one is not possible, indeed: if p(C) < p;, then
there is a nonzero map from P; € t,; to a sheaf of smaller slope, which contradicts Theorem
6.1.12((ii). Furthermore, if ;i(C) = p;, then Y has slope p; too, since add(t,;) is an abelian
subcategory of H (see Theorem [6.1.12](i)), contradicting the fact that u(Y) < u;. Hence,
from p(C) > pi—1, we infer that C' € qy.
Therefore, the short exact sequence 0 — Y 4 P, — C — 0 induces a short exact sequence
in Ay:

0-—c—yy™pn-—o

where C' and P;[1] are nonzero. But, since Y[1] = S is simple in A, this is a contradiction.
The proof is dual. Suppose that @ is coherent, ie. @ € q,. Let P; be an w-convergent
sheaf, as in Definition of slope u; = p;/q; with an odd i such that p; < u(Q). This
is possible since p(Q) is fixed and we have an infinite strictly decreasing sequence of odd
convergents of w, converging to w. Then, using Proposition pim1 < w < p; < p(Q).
Consider the nonzero map ¢: P, — @, which exists by Proposition [6.1.18] By Remark
2.3.2(I"), g is an epimorphism. Set K = Ker g and by the short exact sequence 0 — K —
P; % Q — 0 we infer that rk(K) < rk P; = ¢;. Using Lemma we have that either
w(K) < pi—q or u(K) > p;. But the latter is not possible, indeed: if u(K) > u;, then there
is a nonzero map from K to P; which is a sheaf of slope smaller than u(K), contradicting
Theorem [6.1.12(ii). Furthermore, if j4(K) = p;, then by the abelianity of add(t,,) as a
subcategory of H (see Theorem [6.1.12fi)), we have ;(Q) = ;. This contradicts the fact
that p; < p(Q). Hence, from u(K) < p;—1, we infer that K € py,.

Therefore, the short exact sequence 0 -+ K — P; EN @ — 0 induces a short exact sequence
in A:

0—P-LQ—K[1]—0

where both P; and K[1] are nonzero. But, since Q = S is simple in A, this is a contra-
diction. ]
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Theorem 8.2.3. If S € A, is a simple object, then S = Y[1] for a quasi-coherent sheaf
Y e M.

Proof. First of all, let us prove that S comes from a torsionfree almost torsion sheaf in H. 1f
not, then S comes from a sheaf Q € H which is torsion almost torsion free. By Remark
every torsion almost torsionfree object in H is coherent, but this contradicts Lemma (ii).
So S =Y[1] for aY € Cy, torsionfree almost torsion.

Let us prove now that Y € B,,. Consider a nonzero map f: Y — E with E € p,,. Then, since
Y € C, and by Remark (I), f is a monomorphism. Y is, then, a subsheaf of a coherent
sheaf and therefore coherent, contradicting Lemma i). SoY € °py = By. O
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