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LIMITS IN DAGGER CATEGORIES

CHRIS HEUNEN AND MARTTI KARVONEN

ABSTRACT. We develop a notion of limit for dagger categories, that we show is suitable
in the following ways: it subsumes special cases known from the literature; dagger limits
are unique up to unitary isomorphism; a wide class of dagger limits can be built from a
small selection of them; dagger limits of a fixed shape can be phrased as dagger adjoints
to a diagonal functor; dagger limits can be built from ordinary limits in the presence of
polar decomposition; dagger limits commute with dagger colimits in many cases.

1. Introduction

Dagger categories are categories with a functorial correspondence hom(A, B) ~ hom(B, A).
They occur naturally in many settings, such as:

e Much of algebra is based on structure-preserving functions, but sometimes many-
valued homomorphisms are the right tool. More generally, relations are useful in
e.g. algebraic topology and are fruitful to study abstractly [23]. Categories of re-
lations can be axiomatised as certain dagger categories [25] and embed all exact
categories [4]. There is a large amount of literature on categories of relations [6, 9].

e There are many important involutive structures in algebra. For example, a group, or
more generally, an inverse semigroup [22|, may be regarded as a one-object dagger
category that satisfies extra properties. So-called inverse categories [7] are used in
computer science to model reversible computations [18].

e Just like monoids can be defined in a monoidal category, dagger categories provide
the right infrastructure to study various internal involutive structures [8]. Especially
in quantum physics, categorifications of involutive algebraic objects [10] are used to
model time-reversal [3, 26].

However, all of the above examples assume extra structure or properties on top of the
ability to reverse morphisms. We wish to study dagger categories in their own right.
Such a study is worthwhile because there is more to dagger category theory than formal
category theory applied to categories with an extra structure (the dagger), for several
reasons:
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e Dagger categories are self-dual in a strong sense. Consequently dagger categories
behave differently than categories on a fundamental level. Categories are intuitively
built from objects e and morphisms e — e. Dagger categories are built from e
and e < e. The result is a theory that is essentially directionless. For example, a
dagger category has J-shaped limits if and only if it has J°P-shaped colimits (see
also Section 9 below). Similarly, any dagger-preserving adjunction between dagger
categories is ambidextrous [17].

e Objects in a dagger category do not behave the same when they are merely isomor-
phic, but only when the isomorphism respects the dagger. A case in point is the
dagger category of Hilbert spaces and continuous linear functions. Two objects are
isomorphic when there is a linear homeomorphism with respect to the two topologies
induced by the inner products. The inner product itself need not be respected by
the isomorphism, unless it is unitary. The working philosophy for dagger categories
is the ‘way of the dagger’: all structure in sight should cooperate with the dagger.

e There is no known way to translate categorical notions to their dagger categorical
counterparts. There is a forgetful functor from the 2-category of dagger categories
with dagger-preserving functors and natural transformations, to the 2-category of
categories, but this forgetful functor has no 2-adjoints. More seriously, we do want
to consider non-dagger categories, for example when considering equalizers.

This article studies limits in dagger categories. This goal brings to the forefront the
above two features of self-duality and unitarity. If [4: L — D(A) is a limit for a diagram
D:J — C, then I',: D(A) = L is a colimit for t o D: J% — C, so L has two universal
properties; it stands to reason that they should be compatible with each other. Moreover,
a dagger limit should be unique not just up to mere isomorphism but up to unitary
isomorphism.

After Section 2 sets the scene, we define in Section 3 the notion of dagger limit that
subsumes all known examples. Section 4 shows how dagger limits are unique up to
unitary isomorphism. Section 5 deals with completeness. If a dagger category has ‘too
many’ dagger limits, it degenerates (showcasing how dagger category theory can be quite
different than ordinary category theory). A more useful notion of ‘dagger completeness’
is defined, and shown to be equivalent to having dagger equalizers, dagger products, and
dagger intersections. Section 6 formulates dagger limits in terms of an adjoint to a diagonal
functor, and Section 7 attempts a dagger version of an adjoint functor theorem. Section 8
makes precise the idea that polar decomposition turns ordinary limits into dagger limits.
Finally, Section 9 proves that dagger limits commute with dagger colimits in a wide range
of situations.

To end this introduction, let us discuss earlier attempts at defining dagger limits [29].
That work defines a notion of a dagger limit for diagrams D: J — C where J has finitely
many objects and C is a dagger category enriched in commutative monoids. We dispense
with both requirements. Proposition 5.13 shows that when these requirements are satisfied
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the two notions agree for a wide class of diagrams. However, they do not always agree,
as discussed in Example 5.14.

2. Dagger categories

Before going into limits in dagger categories, this section sets the scene by discussing
dagger categories themselves. Dagger categories can behave rather differently than or-
dinary categories, see e.g. [28, 9.7]. We start by establishing terminology and setting
conventions.

2.1. DEFINITION. A dagger is a contravariant involutive identity-on-objects functor. FEx-
plicitly a dagger is a functor t: C? — C satisfying A' = A on objects and fIT = f on
morphisms. A dagger category is a category equipped with a dagger.

2.2. ExAMPLE. Examples of dagger categories abound. We first give some concrete
examples, and will later add more abstract constructions.

e Any monoid M equipped with an involutive homomorphism f: M° — M may be
regarded as a one-object dagger category with 7 = f(x). For example: the complex
numbers with conjugation, either under addition or multiplication. Or: the algebra
of (complex) n-by-n matrices with conjugate transpose.

e The category Hilb of (complex) Hilbert spaces and bounded linear maps is a dagger
category, taking the dagger of f: A — B to be its adjoint, ¢.e. unique morphism
satisfying (f(a) | b) = {a | fT(b)) for all @ € A and b € B. The full subcategory of
finite-dimensional Hilbert spaces FHilb is a dagger category too.

e The category DStoch has finite sets as objects. A morphism A — B is a matrix
f: Ax B — [0,1] that is doubly stochastic, i.e. satisfies > _, f(a,b) = 1 for all
be Band ), pf(a,b) =1 for all @ € A. This becomes a dagger category with

fT(ba CL) = f(a> b)

e In the category Rel with sets as objects and relations R C A x B as morphisms
A — B, composition is given by So R = {(a,c¢) | 3b € B: (a,b) € R, (b,c) € S}.
This becomes a dagger category with BT = {(b,a) | (a,b) € R}. The full subcategory
FinRel of finite sets is also a dagger category.

e If C is a category with pullbacks, the category Span(C) of spans is defined as
follows. Objects are the same as those of C. A morphism A — B in Span(C)
is a span A < S — B of morphisms in C, where two spans A < S — B and
A + 8" — B are identified when there is an isomorphism S ~ S’ making both
triangles commute. Composition is given by pullback. The category Span(C) has
a dagger, given by (A + S — B)' = (B + S — A).
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e Any groupoid has a canonical dagger with fT = f=!. Of course, a given groupoid
might have other daggers as well. For example, the core of Hilb inherits a dagger
from Hilb that is different from the canonical one it has as a groupoid.

In a dagger category, one can define dagger versions of various ordinary notions in
category theory. A lot of the terminology for the dagger counterparts of ordinary notions
comes from the dagger category Hilb.

2.3. DEFINITION. A morphism f: A — B in a dagger category is:
e unitary (or a dagger isomorphism) if f1f =idy and ffT =idp;
e an isometry (or a dagger monomorphism) if f1f =idu;
e a coisometry (or a dagger epimorphism) if ff1 = idp;
e ¢ partial isometry if f = ff1f;
Moreover, an endomorphism A — A is
e self-adjoint if f = f1;
e a projection (or a dagger idempotent) if and f = fT = ff;
e positive if f = g'g for some g: A — B.

A dagger subobject is a subobject that can be represented by a dagger monomorphism. A
dagger category is unitary when objects that are isomorphic are also unitarily isomorphic.

A morphism f is dagger monic iff fT is dagger epic. The other concepts introduced
above are self-adjoint, i.e. a morphism f is unitary/a partial isometry /self-adjoint /a pro-
jection /positive iff fT is. Notice that dagger monomorphisms are split monomorphisms,
and dagger epimorphisms are split epimorphisms. A morphism is dagger monic (epic) if
and only if it is both a partial isometry and monic (epic). In diagrams, we will depict
partial isometries as —+—, dagger monomorphisms as —+—, dagger epimorphisms as
—+», and dagger isomorphisms as —+», If f is a partial isometry, then both fTf and
ffT are projections.

The definition of a dagger subobject might seem odd: two monomorphisms m : M —
A and n: N — A are considered to represent the same subobject when there is an
isomorphism f: M — N such that m = nf, whereas one might expect that dagger
monics m and n represent the same dagger subobject if f can be chosen to be unitary.
Hence there seems to be a possibility that two dagger monics representing the same
subobject might nevertheless represent different dagger subobjects. However, this can
not happen: if m,n are dagger monic and f is an isomorphism satisfying m = nf, then
f is in fact unitary. This is because m = nf implies n'm = nfnf = f and mf=! =n
implies f~! = min so that f~' = fT.
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2.4. EXAMPLE. An inverse category is a dagger category in which every morphism is a
partial isometry, and positive morphisms commute [21]: ffTf = f and fTfglg = gTgfTf
for all morphisms f: A — B and g: A — C. A prototypical inverse category is PInj, the
category of sets and partial injections, which is a subcategory of Rel.

2.5. REMARK. Partial isometries need not be closed under composition [15, 5.4]. The
same holds for self-adjoint morphisms and positive morphisms. However, given partial
isometries p: A — B and q: B — C, their composition gp is a partial isometry whenever
the projections ¢'q and pp’ commute. Similarly, a morphism f factors through a partial
isometry p with the same codomain if and only if pp' f = f.

2.6. DEFINITION. A dagger functor is a functor F': C — D between dagger categories
satisfying F(fT) = F(f)'. Denote the category of small dagger categories and dagger
functors by DagCat.

There is no need to go further and define ‘dagger natural transformations’ if o: F' =
(G is a natural transformation between dagger functors, then taking daggers componen-
twise defines a natural transformation of: G = F. This no longer holds for natural
transformations between arbitrary functors into a dagger category, though, see Defini-
tion 2.11.

2.7. EXAMPLE. If C and D are dagger categories, then the category DagCat(C, D)
of dagger functors C — D and natural transformation is again a dagger category. In
particular, taking C to be a group G and D = Hilb, this shows that the category of
unitary representations of G' and intertwiners is a dagger category.

2.8. EXAMPLE. Dagger categories also form the objects of a dagger category as fol-
lows [14, 3.1.8]: morphisms C — D are functors F': C® — D that have a left adjoint,
where two such functors are identified when they are naturally isomorphic. The identity
on C is its dagger : C® — C; its left adjoint is t°P: C°® — C. The composition of
F:C® - Dand G:D® — Eis GofoF: C®? — E; its left adjoint is F' o 7 o G,
where F/ 4 F and G’ 4 G. The dagger of F': C°® — D is given by the right adjoint of
F°P: C — D,

Example 2.7 in fact makes DagCat into a dagger 2-category. Formally, this means
a category enriched in DagCat, Concretely, a dagger 2-category is a 2-category where
the 2-cells have a dagger that cooperates with vertical and horizontal composition, in the
sense that the equations

() =0o
(troo) =clorf
(o x7)' = (a") % (1)

hold, where o denotes vertical composition and * denotes horizontal composition. Dagger
2-functors are 2-functors that preserve this dagger. Strictly speaking, this defines strict
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dagger 2-categories. Defining dagger bicategories is straightforward but not necessary for
our purposes.

The forgetful 2-functor DagCat — Cat has no 2-adjoints, but the forgetful 1-functor
has both 1-adjoints. As final examples of dagger categories, we recall the definitions of
free and cofree dagger categories [14, 3.1.17,3.1.19], which will be used in Examples 3.3
and 3.6 below.

2.9. PROPOSITION. The forgetful functor DagCat — Cat has a left adjoint ZigZag(—).
The objects of Zigzag (C) are the same as in C, and a morphism A — B is an alternating
sequence of morphisms A — Cy < --- — C, < B from C, subject to the identifications
(ALCd Cs,Db B) = (AL Di B)and (AL CL D, Do B) = (AL
C 5o B); composition is given by jurtaposition. The category Zigzag(C) has a dagger
(f17 . --vfn)T = (fna . --;fl)'

2.10. PROPOSITION. The forgetful functor DagCat — Cat has a right adjoint (—)<,
which sends a category C to the full subcategory of C°? x C with objects of the form
(A, A), and sends a functor F' to the restriction of F°? x F. The dagger on Cs is given

by (f.9)" = (9. f)-

2.11. DEFINITION. Consider a natural transformation o: F = G where F,G are arbi-
trary functors with codomain a dagger category C. Taking daggers componentwise gener-
ally does not yield a natural transformation G = F. When it does, we call o adjointable.
For small J, we denote the dagger category of functors J — D and adjointable natural
transformations by [J, Cl;.

A natural transformation o: F' = G is adjointable if and only if ¢ defines a natural
transformation fo FF = o G

2.12. LEMMA. If G is a dagger functor and o: F = G is a natural transformation that
s pointwise dagger monic, then I is a dagger functor as well.

PROOF. As o is pointwise dagger monic and natural, the following diagram commutes for
any f:

F
FA U) FB

o} }UT

GA GB
G(f)
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Taking the dagger of this diagram, and replacing f with fT, respectively, results in two
commuting diagrams:

F(f) F(f7)
FB FA FB FA
o % W‘L of o { W‘L of
GB n GA GB n GA
G(f) G(f7)
Because G is a dagger functor, the bottom arrows in both diagrams are equal. Therefore
top arrows are equal too, making I’ a dagger functor. [

3. Dagger limits

Before we define dagger limits formally, let us look at few examples to motivate the
definition. If 1 is the terminal category, then a functor D: 1 — Hilb is given by a choice
of an object H. Now, a limit of D is is given by a an object H' and an isomorphism
f: H — H. However, for a limit of D to qualify as the dagger limit of D, one would
expect the isomorphism f to be unitary. However, for some diagrams it seems as if one
needs to make choices: a limit of 2 x —: C &= C: — /2 is given by an isomorphism to one
(and hence to both) copies of C. For a dagger limit of the same diagram, we can require
one of the isomorphisms to be unitary but not both — which copy of C one should prefer?

We will discuss more instructive examples below, but already it seems like dagger
limits have something to do with “normalization”, and one can conceivably choose to
normalize at different locations. To keep track of these choices, we build them in the
definition below, which is the basic object of study in this chapter. The rest of this
section illustrates it.

3.1. DEFINITION. Let C be a dagger category and J a category. A class Q2 of objects of
J is weakly initial if for every object B of J there is a morphism f: A — B with A € §,
i.e. if every object of J can be reached from Q). Let D: J — C be a diagram and let 2 C J
be weakly initial. A dagger limit of (D, ) is a limit L of D whose cone l4: L — D(A)
satisfies the following two properties:

normalization [4 is a partial isometry for every A € §;

independence the projections on L induced by these partial isometries commute, 1i.e.
ialblp = 1Liplhla for all A, B € Q.

A dagger limit of D is a dagger limit of (D,<), for some weakly initial Q. If L is a dagger
limit of (D,Q), we will also write L = dlim® D. For a fized J and Q, if (D,Q) has a
dagger limit in C for every D, we will say that C has all(J,Q)-shaped limits.

Note that if L is a dagger limit of (D,Q) and W C 2 is weakly initial, L is also a
dagger limit of (D, ¥). Moreover, if L is a dagger limit of (D, V) and (D, 2) also has a
dagger limit, Theorem 4.1 will imply that L is also a dagger limit of (D, 2).
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3.2. EXAMPLE. Definition 3.1 subsumes various concrete dagger limits from the litera-

ture:

A terminal object is a limit of the unique functor ) — C. As the empty category has
no objects, being a dagger limit of () — C says nothing more than being terminal.
In a dagger category, any terminal object is automatically a zero object.

A dagger product of objects A and B in a dagger category with a zero object is
traditionally defined [26] to be a product A x B with projections py: A x B — A
and pg: A X B — B satisfying pApi1 = idy, pojB = idp, pAij =0, and poL =0.
This is precisely a dagger limit of (D, (), where J is the discrete category on two
objects that D sends to A and B, and €2 necessarily consists of both objects of J;
see also Example 4.2 below.

A dagger equalizer of morphisms f,g: A — B in a dagger category is traditionally
defined [29] to be an equalizer e: E — A that is dagger monic. This is precisely a
dagger limit, where J = e == e which D sends to f and g, and €2 consists of only
the first object, which gets sent to A.

This example justifies why Definition 3.1 cannot require €2 to be all of J in gen-
eral, otherwise there would be many pairs f, g that have a dagger equalizer in the
traditional sense but not in the sense of Definition 3.1.

A dagger kernel of a morphism f: A — B in a dagger category with a zero object
is traditionally defined [16] to be a kernel k: K — A that is dagger monic. As a
special case of a dagger equalizer it is a dagger limit.

A dagger intersection of dagger monomorphisms f;: A; — B in a dagger category is
traditionally defined [29] to be a (wide) pullback P such that each leg p;: P — A;
of the cone is dagger monic. This is precisely a dagger limit, where {2 consists of
all the objects of J getting mapped to A;. Since pullback of monics are monic, each
p; is not only a partial isometry but also a monomorphism, and hence a dagger
monomorphism.

If p: A — A is a projection, a dagger splitting of p is a dagger monic i: I — A
such that p = ii" [27]. A dagger splitting of p can be seen as the dagger limit of
the diagram generated by p. More precisely, we can take 2 = {A}, by definition ¢
is a partial isometry, and if [: L — A is another limit, then m = 'l is the unique
map satisfying [ = ¢m. Conversely, suppose that [: L — A is a dagger limit. Then
[ is a partial isometry, and so the cone [ factors through itself via both (Tl and id;;
but since mediating maps are unique these must be equal, and so [ is dagger monic.
Similarly, because p is idempotent, p gives a cone, which factors through /. This
implies IlTp = p. Taking daggers we see that p = pllf = lI since pl = [. We say that
C has dagger splittings of projections if every projection has a dagger splitting.
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3.3. EXAMPLE. Let J be a dagger category, and D: J — C a dagger functor. Any leg
la: L — D(A) of a cone is a partial isometry if and only if any other leg lg: L — D(B)
in the same connected component is. To see this, fix a morphism f: A — B in J, and
assume that [4 is a partial isometry.

Ipllls = D(A)IALLD(f) D(f)la as L is a cone
D(f)lAlT D(fTf)la as D is a dagger functor
= D(f)lallyla as L is a cone
=D(f)la as [, is a partial isometry

as L is a cone

I
w

Similarly li‘l A= l;l p for any objects A and B in the same connected component of J.
These two facts imply that whenever D is a dagger functor, the choice of the parame-
ter €2 doesn’t matter when speaking about dagger limits, as the resulting equations are
equivalent. Hence whenever D is a dagger functor we omit €2, and call a dagger limit
of D a dagger-shaped limit. In particular, whenever every dagger functor J — C has a
dagger limit, we will say that C has J-shaped limits. If C has J-shaped limits for every
small dagger category J, we will say that C has dagger-shaped limits. If we wish to say
something about dagger limits of functors J — C that don’t necessarily preserve the
dagger, we will make it clear by not omitting 2.

e Any discrete category has a unique dagger, which is always preserved by maps into
dagger categories. Thus dagger products can be seen as dagger-shaped limits.

e Any dagger splitting of a projection is a dagger-shaped limit, as in Example 3.2.

e We say that a dagger category has dagger split infima of projections if, whenever
P is a family of projections on a single object A, it has an infimum admitting a
dagger splitting, 7.e. a dagger subobject K » A such that the induced projection
is the infimum of P. Limits of projections can be defined as dagger-shaped limits:
consider the monoid freely generated by a set of idempotents; the dagger on the
monoid fixes those idempotents, and reverses words in them. However, we prefer to
think of them instead in terms of the partial order on projections. It is not hard to
show that the dagger intersection of a family of dagger monics m;: A; — A coincides
with the dagger limit of the projections mimjz A— A — A

e We say that a dagger category has dagger stabilizers when it has all ZigZag(E)-
shaped limits, where E is the equalizer shape and ZigZag(FE) is the free dagger
category on E from Proposition 2.9. Concretely, a dagger functor with domain
ZigZag(E) is uniquely determined by where it sends FE, i.e. by a choice of a parallel
morphisms f,g: A = B in the target category C. A cone for such a functor
consists of an object X with maps ps: X — A and pp satisfying fpa = gpa = ps
and fipg = ¢'pp = pa. A dagger stabilizer of f and g is then a terminal such cone



10 CHRIS HEUNEN AND MARTTI KARVONEN

that also satisfies normalization and independence. Hence the dagger stabilizer of
f and g is not in general a dagger equalizer. For example, the (dagger) kernel of
a linear map f: A — B in FHilb can be computed as the equalizer of f and 0,
whereas the dagger stabilizer of f and 0 is always 0.

Recall that a dagger category is connected if every hom-set is inhabited.

3.4. PROPOSITION. The dagger categories Rel, FinRel, PInj, and Span(FinSet) have
J-shaped limits for any small connected dagger category J.

PrOOF. Let D: J — Rel be a dagger functor; we will construct a dagger limit. Write G
for the (undirected multi-)graph with vertices V' = [[,.; D(A) and edges £ = [[ ;.5 D(f)-
Call a vertex a € D(A) CV a D-endpoint if D(f)a = for some f: A — B in J. Set

L={X eP(V)]| X is a path component of G with no D-endpoints},

and define [4: L — D(A) by l4(X) = XND(A). We will prove that this is a dagger limit
of D, starting with normalization and independence. First we show that [4(X) # 0 for
any A € Jand X € L. Pick an element b € X, say b € D(B), and choose some f: B — A.
Since z is not a D-endpoint, D(f)x is nonempty and contained in X NA = [4(X). Because
path components of a graph are disjoint, lzlA(X) = X for all X. Hence ZQZA = idy, for all
A, establishing normalization and independence.

Next we verify that [4 forms a cone. Path components are closed under taking neigh-
bours, so D(f)la(X) € Dp(X). To see the other inclusion, let b € D(B)(X) = X N B.
Again b isn’t a D-endpoint, so D(f)7(b) = D(f7)(b) € La(X) is nonempty. Any element
of D(f)T(b) is related to b by D(f). Hence b € D(f)la(X), so D(f)l4 = Ip as desired.

Finally, we verify that the cone [4 is limiting. Let R4: Y — D(A) be any cone. If
r € D(A) is a D-endpoint, say D(f)z = ), then

v ¢ D(f)D(f)D(A) = D(f1f)D(A) 2 D(f1f)Ra(y) = Ra(y).

Hence no R4(y) contains D-endpoints. Moreover, if D(f)Ra(y) = Rp(y) for all f, then
the set [],c5(Ra(y)) € V is closed under taking neighbours in G. As it contains no
D-endpoints, it is a union of a set of connected components of G without D-endpoints.
Mapping y to this set of connected components, i.e. to a subset of L, defines the unique
relation R: Y — L satisfying R4 =140 R for all A € J.

The same construction works for FinRel: one merely needs to check that L is finite
whenever each D(A) is. In fact L is finite if at least one D(A) is, since I,l4 = id, implies
that the function L — P(D(A)) corresponding to l4 is injective.

Now consider a dagger functor D: J — PInj and set

L= {(a)acs € [[ D(A) | D(f)s = s for every f: A B},
AeJd

la((z4)ae3) = T 2.
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It is easy to verify that this forms a dagger limit.

Dagger limits of a dagger functor D: J — Span(FinSet) resemble the case of PInj
more than (Fin)Rel. Think of (the isomorphism class of ) a span A < e — B of finite sets
as a matrix R: A x B — N with natural number entries, so that a morphism f: A — B
in J maps to D(f): D(A) x D(B) — N. Set

L={(za)acs € [[ D(A) | D(f)(wa,2) = 8.4, for every f: A— B},
AeJ

ZA((xA)AGJu Z) = 5z,rA-

It is easy to see [4 forms a cone. To see that it is limiting, let R4: Y — D(A) be any
cone, and pick y € Y. Consider 4 € R4 such that R4(y,x4) = n # 0. We will show that
if BeJand f: A— B, then D(f)(xa,2) = 0,,, for some unique zp, so that x4 extends
to a unique family (z4)acy € L. Consider an arbitrary f: A — B. Now D(fTf)Rs = Ra,
so there has to be some x5 € B with D(f)(xa,z5) > 0. If there were several such x5 or if
D(f)(xa, ) > 1,then D(fTf)Ra(y,x4) > n, which is a contradiction. Hence x4 extends
uniquely to a family (x4)aey € L. Moreover, if Rg = D(f)Ra, then Rp(y,zp) = n as
well. Hence we can define R: Y — L by setting R(y, (z4)acy) = Ra(y,xz4). Now R
satisfies [gR = Rp for each B and it is clearly unique as such. N

Note that this theorem fails for Span(Set), since idempotents do not always split.
For instance, the idempotent 1 <~ N — 1 does not admit a splitting. We leave open the
question of characterizing exactly which categories of spans or relations admit connected
dagger-shaped limits.

The following example illustrates the name ‘independence axiom’ in Definition 3.1.

3.5. EXAMPLE. When working in FHilb, consider C? as the sum of two non-orthogonal
lines, e.g. the ones spanned by |0) and |+). Projections to these two lines will give rise
to two maps pi,po: C* — C making (C?, p;,ps) into a categorical product. Moreover,
p1 and py are partial isometries so that the normalization axiom is satisfied. However,
the independence axiom fails, and indeed, (C?,py,ps) fails to be a dagger product. In
other words, the limit structure (C2,py,p,) and the colimit structure (C2,p!, p}) are not
compatible.

3.6. EXAMPLE. Sometimes in ordinary category theory an object is both a limit and a
colimit “in a compatible way” to a pair of related diagrams in C. Usually this is formulated
in terms of a canonical morphism from the colimit to the limit being an isomorphism, but
in some cases one can instead formulate them as dagger limits in C<, the cofree dagger
category from proposition 2.10. Moreover, if C has zero morphisms', then dagger limits
in C< give rise to such “ambilimits ” in C.

e If C has zero morphisms, then a biproduct in C is the same thing as a dagger
product in Cs.

IThis is so that one can give every cone a trivial cocone structure and vice versa.
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e Idempotents in C split if and only if (dagger) projections in C< have dagger split-
tings.

e A more interesting example comes from domain theory, where there is an important
limit-colimit coincidence. Regard the partially ordered set (N, <) of natural numbers
as a category w, and let D: w — DCPQO be a chain of embeddings, 7.e. each map in
w is mapped to an embedding by D. Then the embeddings define unique projections,
resulting in a chain of projections D*: w°®» — DCPO. A fundamental fact in domain
theory [1, 3.3.2] is that the colimit of D coincides with the limit of D*. One can
go through the construction and show that this “ambilimit” can equivalently be
described as the dagger limit of (D, D*,w), where(D*, D): w°® — DCPOx.

This viewpoint is developed in more detail in [20, Chapter 5].

3.7. EXAMPLE. In an inverse category the normalization and independence axioms of
Definition 3.1 are automatically satisfied, and hence dagger limits are simply limits.

3.8. EXAMPLE. Fix J and a weakly initial Q. If C has (J,2)-shaped limits, so does
[D,C]. Let D: J — [D,C] be a diagram. For each X € D, there is a dagger limit
L(X) = dlim® D(=)(X) with cone I3 : L(X) — D(A)(X). For f: X — Y in D, there is
a cone D(A)(f)olX: L(X) — D(A)(Y), and hence a unique map L(f): L(X) — L(Y)
satisfying 1% o L(f) = D(A)(f) ol%. The resulting functor L: D — C is a limit of D,
with cone I : L(X) — D(A)(X). This limit is in fact a dagger limit (D, 2), because the
normalization and independence axioms hold for each component %, and the dagger in
[D, C] is computed componentwise.

We end this section by recording how dagger functors interact with dagger limits. Any
dagger functor preserves dagger limits as soon as it preserves limits. The same holds for
reflection and creation of (dagger) limits when the functor is faithful.

3.9. LEMMA. Let F: C — D be a dagger functor. If F' preserves limits of type J, then
it preserves (J,Q)-shaped dagger limits. If F' reflects (creates) limits of type J, then it
reflects (creates) (J,Q)-shaped dagger limits.

ProOOF. All dagger functors preserve partial isometries and commutativity of projections,
and faithful dagger functors also reflect these. [

4. Uniqueness up to unitary isomorphism

4.1. THEOREM. Let D: J — C be a diagram and 2 C J be weakly initial. Let L be a
dagger limit of (D,Q) and let M be a limit of D. The canonical isomorphism of cones
L — M s unitary iff M is a dagger limit of (D,Y). In particular, the dagger limit of
(D, Q) is defined up to unitary isomorphism.
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4.2. EXAMPLE. Let J be a discrete category of arbitrary cardinality. As J has only one
weakly initial class (the one consisting of all objects), the dagger limit of any diagram
D:J — C is unique up to unitary isomorphism. These are exactly the dagger products.
However, note that Definition 3.1 does not require enrichment in commutative monoids
nor the equation

idaep = Ula+ 5 (1)

(and thus works for infinite J as well). Moreover, it doesn’t require C to have a zero
object or zero morphisms in order to be defined up to unitary iso. On the other hand,
if C has zero morphisms, it is not hard to show directly that a dagger product in the
sense of Definition 3.1 satisfies the traditional equations involving zero. Moreover, if C is
enriched in commutative monoids, equation (1) also follows. These facts are proven for
more general J in Propositions 5.12 and 5.13.

In fact, from Definition 3.1 one can glean a definition of (ordinary) biproduct of A
and B that is unique up to isomorphism in an ordinary category C, but doesn’t require
the existence of zero morphisms, and so generalizes the usual definition. For example, in
Set the biproduct () & ) exists and is the empty set. Slightly more interestingly, if C has
all binary biproducts (in the traditional sense) and D is any non-empty category, then
C U D has binary biproducts of pairs of objects from C (in the generalized sense), but
doesn’t have zero morphisms. Of course, if a category has all binary biproducts in this
generalized sense, one can show that it also has zero morphisms, so this definition is more
general only in categories with some but not all biproducts. For more details, see [19].

4.3. EXAMPLE. Let J be the indiscrete category on n objects. When considering functors
J — C that don’t preserve the dagger on J, the parameter €2 matters. For example, take
n = 2 and consider the diagram D: J — Hilb defined by D(1) = D(2) = C where
D(1 — 2) multiplies by 2 but D(2 — 1) divides by 2. Now € cannot be all of {1,2},
because no limiting cone can consist of partial isometries. If 2 = {1}, there is a dagger
limit L = C with [; = 1 and [y = 2. If Q = {2}, there is a dagger limit L = C with [; = %
and [ = 1. These two dagger limits are clearly not unitarily isomorphic.

The same can happen with chains, where the preorder of integers is regarded as a
category J. Consider the diagram D: J — Hilb defined by D(n) = C, and D(n — n+1)
is multiplication by —1". Now {2 can either consist of even numbers or the odd numbers.
Hence D has two dagger limits and they are not unitarily isomorphic.

One might hope to get rid of this dependence on 2 by strengthening the definition
to select exactly one of a diagram’s several dagger limits. However, this is impossible
in general. Write J(X) for the indiscrete category on a nonempty set X C R\ {0} of
objects. Define D(X): J(X) — FHilb by mapping the unique arrow = — y to the
morphism C — C that multiplies by g A choice of a dagger limit for each D(X) amounts
to a choice function on R\ {0}. Thus there is no way to strengthen Definition 3.1 to make
dagger limits unique in a way that doesn’t depend on a choice of a weakly initial class.

4.4. EXAMPLE. In the domain theory part of Example 3.6, in fact 2 = J. Hence the
bilimit is unique up to unique unitary isomorphism in DCPO<. In DCPO, this means
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that any isomorphism of the limit half of such bilimits, is also an isomorphism of the
colimit half.

4.5. ExampLE. Consider dagger equalizers of f,g: A — B in the sense of Definition 3.1.
Any weakly initial class must contain A, and thus the dagger equalizer is unique up
to unitary iso if it exists. Moreover, it is readily seen to coincide with the traditional
definition. Forif e: E — A is the dagger equalizer in the above sense, then e is monic and
a partial isometry, and thus dagger monic, so that e is a dagger equalizer in the traditional
sense.

4.6. THEOREM. Let l4: L — D(A) and ma: M — D(A) be limits of the same diagram
D:J — C where C is a dagger category, and let f: L — M be the unique isomorphism
of limits. Then the following conditions are equivalent:

(i) [ is unitary;
(ii) f is also a morphism of colimits;

(i11) the following diagram commutes for any A and B in J:

A
D(A) L
ml, JZB
M D(B)
mpg

PROOF. (i) = (i) By definition f~! is the unique map M — L that is compatible with
the limit structure, whereas f' is the unique map M — L that is compatible with the
colimit structure. As f is unitary, these coincide, whence f~! is simultaneously a map of
limits and colimits. Therefore so too is f.

(71) = (di7) By (ii), both of the triangles in the following diagram commute.

Uy
D(A) L
M M D(B)

(iii) = (i) To prove that f: L — M is unitary, it suffices to establish f o fT = idy,.
By the two universal properties of M, we may further reduce to pre- and postcomposing



LIMITS IN DAGGER CATEGORIES 15

with structure maps to and from the diagram D. The following diagram commutes.

;
M f L f M
m I I N l mp
D(A) — M oy D(B)
A
Hence f is unitary. [

The previous theorem highlights why one would want limits in dagger categories to
be defined up to unitary isomorphism: if (L, {la}acy) is a limit of D, then (L, {I,} 4cs)
is a colimit of { o D, and being defined up to unitary iso ensures that the limit and the
colimit structures are compatible with each other.

We now set out to prove Theorem 4.1. The following lemma will be crucial.

4.7. LEMMA. Let l4: L — D(A) and ma: M — E(A) be dagger limits of (D,Q) and
(E,Q), respectively, where D, E:J = C. Let o: D — FE be an adjointable natural
transformation. The following diagram commutes for every A and B in J.

I, Iy
D(A) L D(B)
UAJ oB
B(A) ——— M —— B(B)
" (2)

PROOF. First we show that it is enough to check that (2) commutes whenever A, B € ().
So assume that it does and let X, Y € J be arbitrary. By weak initiality of {2 we can find
maps f: A— X and g: B — Y for some A, B € Q). Now we prove the claim for X and
Y assuming the claim for A and B by showing that the diagram

mi

T
Kf m

)= F
)

)2 B(x
% "
D(A (A) M
D(B (B) . my
ST e
- (V) —— E(Y

D(X

)

E
L D )

g
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commutes. The parallelogram on the bottom (top) commutes because o is natural (and
adjointable). The triangles on the left of these parallelograms commute because L is a
cone and the triangles on the right commute because M is. Finally, the remaining shape
is just diagram (2) with A, B € Q.

For the rest of the proof, write l4 5 = Iglly: D(A) — L — D(B) and similarly
map = mBmL. Note that ZEA =lap and ij,A = mu, p. Moreover, [y p and my p are
partial isometries whenever A, B € €2 by Remark 2.5. Our goal is to show that

mapoa = 0oplap (3)

for all A and B in J.
Let f: L — M be the unique map making this square commute for all A in J:

L L D(A)
fi JGA
e B(A)

If A€, then my is a partial isometry, so the following diagram commutes:

T
D(A) Wl DA) — A B
lA X‘M/WL\A/’ ma
frma
D(A) —5—— B(A) ———— M

mly

This shows that c4la 4 = ma a04ls s. Repeating the argument with o replaced by of
gives aLm A4 =la AaLm 4.4. Combining the first equation with the dagger of the second
shows that for every A € )

M A0 = 04laa. (4)
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Next, we check that the following diagram commutes:

D(A) E(A) M ! E(B)
b D] Tae— (i)
iy M\ Tma E(B) tmp
o m \/n;\ o
/
A o ?A> [ "
L 7 M (vi) E(A)
B (v) TMma ma
D(B) - E(B) : M
mpg

Region (i) commutes since m4 is a partial isometry and region (ii) since mp is. Region

(iii) is equation (4). Regions (iv) and (v) commute by definition of f. Finally, the

commutativity of projections mmy4 and mEmB shows that region (vi) commutes.
Commutativity of the outermost rectangle says that

MA,BOA = MABMB AOBlA B (5)

for every A, B € ().
Exchanging M and L and replacing o with o' in the above diagram now gives [4, BO’L =

laBlpB, Aagm 4.8, and applying the dagger on both sides shows

oalpa =mpaoplaplpa (6)
for every A, B € Q). Exchanging A and B gives

oplap =mapoalpalap (7)

for every A, B € ). Finally, combine these equations:

MABOA = MABMB ACBlAR by (5)
=mapmp,aoplaplp alap since l4 p is a partial isometry
=mapoalpalap by (6)
= oplap by (7)

This completes the proof. n
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4.8. COROLLARY. In the situation of Lemma 4.7, the unique morphism f: L — M sat-
1sfying

L ----- Ji - M
lAl ma
D(A) —— E(A)
also makes the following diagram commute.
L f M
A £ )
D(A) ——— E(A)

In other words, the map of limits L — M induced by o coincides with the map of colimits
L — M induced by o0: 1o D — To E.

PROOF. To show that f makes diagram (8) commute, it suffices to postcompose with an
arbitrary mp and show that the following diagram commutes.

D(A) — 7 Ay — Ay
JLJ mp
lB opB
L D(B) E(B)
\ y /B/

The bottom part commutes by definition of f, and the top rectangle by Lemma 4.7. m
We can now prove Theorem 4.1.

PROOF OF THEOREM 4.1. If the map of cones L. — M is unitary, it is straightforward
to verify that M is a dagger limit of (D,€). For the converse, by Theorem 4.6 it suffices
to prove that the diagram

D(A) W
mLJ JlB
M ——— D(B)

commutes for any A and B in J. This follows from Lemma 4.7 by choosing ¢ = idp,
which is clearly adjointable. [



LIMITS IN DAGGER CATEGORIES 19

Note that the preceding proof only used Lemma 4.7 in the special case of ¢ = id. This
special case is not sufficient for the sequel and indeed the general versions of Lemma 4.7
and of Corollary 4.8 are used later on, e.g. in Sections 6 and 9.

5. Completeness

Perhaps the most obvious definitions of dagger completeness would be “every small di-
agram has a dagger limit for some/all possible weakly initial €2”. However, here dagger
category theory deviates from ordinary category theory. Such a definition would be too
strong to allow interesting models, as the following theorems show.

5.1. THEOREM. If a dagger category has dagger equalizers, dagger pullbacks and finite
dagger products, then it must be indiscrete.

5.2. THEOREM. If a dagger category has dagger equalizers and infinite dagger products,
then it must be indiscrete.

In proving these degeneration theorems, it is useful to isolate some lemmas that derive
key properties implied by having dagger equalizers, dagger pullbacks and finite dagger
products.

5.3. LEMMA. The dagger pullback of a morphism f: A — B along idg ezists if and only
if fis a partial isometry. In particular, if a dagger category has all dagger pullbacks, then
every morphism is a partial isometry.

PROOF. If f is a partial isometry, then A is a dagger pullback of f along idg, with cone id 4
and f. For the converse, let P be a dagger pullback of f along idg, with cone ps: P — A
and pg: P — B. Since A is also a pullback, there exists a unique isomorphism g: A — P
making the diagram

B
lid
B

commute. Since g is an isomorphism, this implies that py = g~!. Because p, is a partial
isometry, both p4 and g are therefore unitary. Now f = pgg means that f factors as the
composite of a unitary morphism and a partial isometry and hence is a partial isometry
itself. ]
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It follows from the previous lemma that in a dagger category with dagger pullbacks,
every subobject is a dagger subobject since every monomorphism is dagger monic.
Recall that a monoid (M, +,0) is cancellative when = + z = y + z implies y = z.

5.4. LEMMA. If a dagger category has finite dagger products, then it is uniquely enriched
i commutative monoids and admits a matrix calculus. If it furthermore has dagger
equalizers, then addition is cancellative.

PRrROOF. Dagger products are in particular biproducts, and it is well known that biproducts
make a category uniquely semiadditive; see e.g. [24, 18.4], [29, 2.4], or [13, 1.1]. For the
claim that dagger equalizers make addition cancellative, we refer to [29, 2.6]. [

We can now prove the theorems stated in the beginning of this section.

PROOF OF THEOREM 5.1. Let f: A — B; we will prove that f = 04 5. By Lemma 5.3,
the tuple (id, f): A — A @ B is a partial isometry. Expanding this fact using the matrix
calculus results in the equations id + fTf =id and f = f + f. Applying cancellativity of
addition to the latter equation now gives f = 0. [

PrROOF OF THEOREM 5.2. Let f: A — B; we will prove that f = 04 5. Observe
that in Lemma 5.4, infinite dagger products induce the ability to add infinitely many
parallel morphisms in the same way as binary dagger products enable binary addition:
if f;: A — B is an I-indexed family of morphisms and C has |[|-ary dagger products,
the sum Y f; can be defined as the composite AL (D, fi)As: A — @, A — @, B — B,
where Ay: A — @, A is the diagonal map. This implies that the category is enriched in
Y-monoids [11]. Hence the following variant of the Eilenberg swindle makes sense.

O+(f+f+-)=f+[+
=f+(+f+)

It now follows from cancellativity (of binary addition) that f = 0. n

Note that both theorems rest on an interplay between various dagger limits. Indeed,
none of the dagger limits in question are problematic on their own: Hilb has dagger
equalizers and finite dagger products, Rel has arbitrary dagger products, and PInj has
dagger pullbacks.

Given Theorems 5.1 and 5.2, dagger completeness is not an interesting concept. How-
ever, below we define a (finite) completeness condition for dagger categories, and show
that it is equivalent to the existence of dagger products, dagger equalizers, and dagger
intersections.

5.5. DEFINITION. A class ) of objects of a category J is called a basis when every object
B allows a unique A € Q making J(A, B) non-empty. The category J is called based
when there exists a basis, and finitely based when there exists a finite basis. We say a
dagger category C has (finitely) based dagger limits, or that it is (finitely) based dagger
complete if for every category J with a (finite) basis 0, and any diagram D: J — C the
dagger limit of (D,<) exists.
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5.6. EXAMPLE. The shape e =% o, giving rise to equalizers, is finitely based. Any (finite)
discrete category, the shape giving rise to (finite) products, is (finitely) based. Any
indiscrete category is also finitely based. A category is (finitely) based if and only if it is
the (finite) disjoint union of categories, each having a weakly initial object. In particular,
any dagger category is based and is finitely based iff it has finitely many connected
components.

Since both dagger equalizers and arbitrary dagger products exist in a based dagger
complete category, all such categories are indiscrete by Theorem 5.2 and hence the notion
is uninteresting. However, being finitely (based) complete need not trivialize the category
as seen below in Corollary 5.9.

5.7. EXAMPLE. Finitely based diagrams need not be finite. For example, given any
family f;: A — B of parallel arrows, their joint dagger equalizer is the dagger limit of a
finitely based diagram. Similarly, a dagger intersection is the dagger limit of a diagram
of dagger monomorphisms m;: A; — B, i.e. a wide (dagger) pullback. Whenever there
are at least two monomorphisms, this diagram is not a based category. However, we
may also obtain the dagger intersection as the dagger limit of the diagram consisting of
themaps mimjz B — B, i.e. as the limit of the induced projections on B. Then we may
always take €2 to be a singleton. Hence being finitely based dagger complete is a stronger
requirement than being finitely complete.

5.8. THEOREM. A dagger category is finitely based dagger complete if and only if it has
dagger equalizers, dagger intersections and finite dagger products.

PROOF. One direction is obvious, because the shapes of dagger equalizers, dagger inter-
sections, and finite dagger products are all finitely based. For the converse, assume that a
dagger category C has dagger equalizers, dagger intersections and finite dagger products.
Let J have a finite basis €2. For a given diagram D:J — C, we will construct a dagger
limit of (D, Q). Fix A € Q. For every parallel pair f,g: A — B of morphisms in J,
pick a dagger equalizer ef,: Ef, — D(A) of D(f) and D(g). Pick a dagger intersection
ma: La — D(A) of all e . Pick a dagger product L of Ly for all A € €2, and write
pa: L — L4 for the product cone. Given a morphism f: A — B in J with A € ), define
l4 as the composite D(f)mapa: L — Lo — D(A) — D(B). Since € is a basis, the choice
of A is forced on us. By construction [, is independent of the choice of f: A — B. It is
easy to see that [4: L — D(A) is a limiting cone, so it remains to check the normalization
and independence axioms for ). Given A € (),

Lallyla = mapaplymiymapa
T

= MAPAPADA since my 1s an isometry
= MaPa since p4 is a partial isometry
= l4.

Moreover, since ps: L — D(A) forms a product, lLlAleng =07 = ZLZBZLZA ifABeQ m
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5.9. COROLLARY. The categories FHilb and Hilb are finitely based dagger complete.

PROOF. Both categories have dagger equalizers and dagger products. To see that dagger
intersections exist, note that a dagger monic corresponds to an inclusion of a closed
subspace, and hence the intersection can be computed as the set-theoretic intersection
of the corresponding closed subspaces, which is still closed. The result now follows from
Theorem 5.8. [

The following theorem characterizes dagger categories having dagger-shaped limits
similarly.

5.10. THEOREM. Let k be a cardinal number. A dagger category has dagger-shaped limits
of shapes with at most k many connected components if and only if it has dagger split
infima of projections, dagger stabilizers, and dagger products of at most k many objects.

PROOF. One implication is trivial. For the other, we first reduce to the case of a single
connected component. Given D:J — C, with connected components J;, assume that
we can use dagger limits of projections and dagger stabilizers to build a dagger limit L;
of each restriction D;. Then we can define the dagger limit of D by taking the dagger
product of all the L;. For L is a limit of D, as each L; is a limit of D;. Moreover,
since L; — D;(A) is a partial isometry, L, — D;(A) — L; is the identity. Therefore
each L — L; — D(A) is a partial isometry. If A and B are in the same connected
component of J, then lzl A= ZEZB. If A and B are in different connected components,
then Iply = Opa pp. Hence the independence equations are satisfied, and L indeed is the
dagger limit of D.

Now focus on the case when J is connected. Pick any object A of J. For every
f,9: A — B, take the dagger stabilizer E;, — D(A) of D(f) and D(g), and let ps, be
the induced projection D(A) — Ef, — D(A) on D(A). Let P be the set of all such
projections, and let I: L. — D(A) be the limit. For each B in J, choose a morphism
f: A— B, and define lg: L — D(B) as D(f) ol. By construction, [z is independent of
the choice of f. We claim that this makes L into a dagger limit of D. First, to see it is
a cone, take an arbitrary g: B — C. Then D(g)lg = D(g9)D(f)la = D(gf)la = lc, as
desired. Because L — D(A) is a partial isometry, so is each L — D(B), as in Example 3.3.
Moreover, li‘l A= l;l g when A, B € J. Finally, to show that L is indeed a limit, take
an arbitrary cone mp: M — D(B). As it is a cone, it is uniquely determined by m4.
But m 4 must factor through each stabilizer, so m,4 is also a cone for P. The universal
property of L ensures that m, factors through [ 4. [

5.11. COROLLARY. The dagger category Rel has all dagger-shaped limits, and the dagger
categories FinRel and Span(FinSet) have all dagger-shaped limits with finitely many
connected components.

PROOF. Observe that Rel has all (small) dagger products, and that similarly FinRel and
Span(FinSet) have finite dagger products. Combine Proposition 3.4 and Theorem 5.10. m
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We end this section by comparing our notion of finite dagger completeness to that
of [29]. Thus we must restrict to categories enriched in commutative monoids. This
simplifies things, as in the following lemma.

5.12. PROPOSITION. Let ) be a basis for J and D: J — C a diagram in a category with
zero morphisms. A limit la: L — D(A) of D is a dagger limit of (D,<Q) if and only if:

e [ is a partial isometry whenever A € Q; and
° ZBZZ = 04,5 whenever A, B € ) and A # B.

PROOF. Any limit satisfying the above conditions also satisfies normalization. For inde-
pendence, the second condition gives lLlAlng =0z = lngZQZA.

Conversely, given a dagger limit [4: L — D(A) of (D,), we wish to show that
l BZL = 04, p whenever A, B € Q) are distinct. Fix distinct A, B € € and define a natural
transformation o: D = D by

{idD(C) if J(A,C) # 0
oc =

Op(cy,p(c) otherwise.

By construction o is adjointable. Hence Lemma 4.7 guarantees lBlT = lBlLid = ZBZQO’A =
oplpll, = 0lgll, = 0. »

5.13. PROPOSITION. Let €2 be a finite basis for J and D: J — C a diagram in a dagger
category C enriched in commutative monoids. A limit la: L — D(A) is a dagger limit of

(D, Q) if and only if id, = 3 4eq lhla.

PROOF. Assume first that L is a dagger limit of (D, ). Since C is enriched in commuta-
tive monoids, the composition C(A, B) ® C(B,C) — C(A, C) is bilinear by definition of
tensor product of commutative monoids, and so the unit morphisms of addition are zero
morphisms. Therefore [ Blf4 = 0 by Proposition 5.12 when A, B € Q) are distinct. Hence

pY la=1plls+15 > lala=1z+0=1z
AeQ B#AeQ

for every B € §, which implies id;, = )" ,.q lLlA.

For the converse, assume that L is a limit of D satisfying id, = > ,.q lLl 2. Fix
A € Q and define 0: D = D as in the proof of Proposition 5.12. Now ¢ induces a unique
morphism f: L — L making the following square commute for any C' in J:

o
zcl Jzo
D(0) D(0)
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Now f = idrf = (Xpealble)f = Xpealblsf = Xpeqlhosly = Uila +0 = 114 Tt
follows that
Ipllily =0 (9)

for distinct A, B € Q, so that Iy = laidy, =143 4eq lhla = lallla + 0 = 1all}l4 and each
l4 is a partial isometry. Finally (9) implies [ Blf4 = 04 p for distinct A, B, making L into
a dagger limit of (D, ) by Proposition 5.12. n

Thus whenever J has a finite basis and C is appropriately enriched, Definition 5.5 co-
incides with the notion of completeness in [29]. But our notion is not more general: when
the diagram does not admit a finite basis, the two notions are different. For instance,
FHilb does not have all dagger pullbacks, because not all morphisms are partial isomor-
phisms. But for every diagram A — C < B there exists a pullback A < L — B with
id;, = lLl A+ leBl . Conversely, the following example below exhibits a dagger pullback in
Rel that does not satisfy such a summation.

5.14. ExAMPLE. Consider the objects A = {1,2} and B = {1} in Rel, and morphisms
R=AxA: A— Aand S= BxA: B— A. Then the object A with the cone morphisms
lp=idy: A= Aand lp = A x B: A — B form a pullback of R and S. Now both [4
and [p are partial isometries, and ZZZAZLZB = ZLZBZZZA, so this is a dagger pullback. But
U+l = A x A+#idy.

6. Global dagger limits

If limits happen to exist for all diagrams of a fixed shape, it is well known that they
can also be formulated as an adjoint to the constant functor. This section explores this
phenomenon of global limits in the dagger setting.

More precisely, fix a shape J and a weakly initial 2. Assume that a dagger category
C has (J,Q)-shaped dagger limits. Then there is an induced right adjoint L to the
diagonal functor A: C — Cat(J,C). It restricts to a dagger functor L: J,Cly = C:
L(c") = L(o)! for any D,E: J — C and adjointable o: D = E. This follows from
Corollary 4.8, since L(o') is the map of limits induced by o': E — D, and L(0)' is the
map of colimits induced by ¢': + o E — t o D. Normalization and independence endow
the adjunction A - L with further properties.

Normalization Consider the counit e: AL — idgat(s,c)- By construction, for any dia-
gram D:J — C, each (ep)a is a partial isometry whenever A € Q. “The counit is
a partial isometry when restricted to €2”.

Independence Write d4 for the component of ep: AL(D) — D at A, and ey for the
component of e at A. For a fixed A € 2, define a natural transformation p4 : L—L
by setting (pa)p = dyda: L(D) — D(A) = L(D). To see that this forms a natural
transformation L = L, let o: D = E be adjointable and consider the following
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diagram.
T
L(D) d D(A) T L(D)
L(U)J aAJ lL(a)
L(E) —— E(A) ———— L(E)
€A

The left square commutes by definition of L(¢), and the right one by definition of
L(c")T = L(0), so that the rectangle expressing naturality of p4 commutes. Clearly,
paps = pppa Whenever A B € ().

These properties in fact characterize dagger categories C having all (J, Q)-shaped
limits.

6.1. THEOREM. A dagger category C has all (J,Q)-shaped limits if and only if the diag-
onal functor A: C — Cat(J, C) has a right adjoint L such that:

the counit is a partial isometry when restricted to €;

L restricts to a dagger functor L: [J, Cl;y — C;

the family p(A)p = d'yd, is natural L — L for any A € Q;

if A, B €, then paps = pppa-

PRrooOF. We already proved the implication from left to right above. The other implication
is straightforward: it is well-known that if L is the right adjoint to the diagonal then LD
is a limit of D for each D. Hence we only need to check normalization and independence
on 2. The counit being a partial isometry when restricted to €2 means that for each A € )
the structure map LD — DA of the limit is a partial isometry, giving us normalization.
The condition papp = pppa for A, B € () then amounts to independence. ]

We leave open the question whether the fourth condition of Theorem 6.1 is necessary
in general.
Further restricting the shape J yields a cleaner special cases of the previous theorem.

6.2. THEOREM. Let Q) be a basis for J. A dagger category C has all (J,Q2)-shaped limits
if and only if the diagonal functor A: C — Cat(J, C) has a right adjoint L such that:

e the counit is a partial isometry when restricted to €);

e L restricts to a dagger functor L: J,Cl; — C.
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PrROOF. The implication from left to right follows from the previous theorem. For the
other direction, the conditions imply that a diagram D has a limit given by d4: L(D) —
D(A), and furthermore d4 is a partial isometry if A € Q. It remains to verify that d',d,
commutes with dj;dz when A, B € Q. We may assume that Q has at least two distinct
objects. We will show that C has zero morphisms and alBalf4 = Op(a),p(B) wWhenever
A, B € Q are distinct.

Fix distinct A, B € 2 and X, € C. For objects X,Y of C, define Dxy:J — C by

X it J(A,C) #0,
Dxy(C)=4{Y #3(B,C)#0,
Xy otherwise,

and mapping morphisms to idy, idy or idx, as appropriate. Define Ox y as the composite
didg: X = Dxy(A) = L(Dxy) = Dxy(B) =Y. Let f: Y — Z be arbitrary. This
induces a natural transformation o: Dxy = Dx z such that o¢ isf if J(B,C) # 0 and
oc = id otherwise. It is clearly adjointable, so the following diagram commutes.

Dxy(A) = X LDyy Dxy(B) =Y
UA—idJ JLU:(LUT)T laB:f
Dxs(A) = X LDy x Dx(B)=Z

Hence f o Oxy = Oxz. Taking daggers shows that Oy xfT = 0zy for all X,V and
f:Y — Z. Thus C indeed has zero morphisms.

Finally, given an arbitrary D: J — D, we will show that d4 g = Op(a),p(p) for distinct
A, B. Define 0: D = D by

S Opey,pey if J(A,C) #0,
id otherwise.

As o is adjointable, the following diagram commutes.

A dg
D(A) LD D(B)
O-A:Ol JLU:<L<U)T)T JUBZId
D(A) =X = LD i D(B)

Thus dA,B = OD(A),D(B)- |
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Recall that a dagger adjunction is an adjunction between dagger categories where
both functors are dagger functors. There is no distinction between left and right dagger
adjoints.

6.3. THEOREM. Let J be a dagger category. A dagger category C has a dagger limit for
every dagger functor J — C if and only if the diagonal functor A: C — Dagcat(J,C)
has a dagger adjoint such that the counit is a partial isometry.

PRrOOF. The implication from left to right is straightforward once one remembers from
Example 3.3 that for any dagger limit (L, {l{4}4ecg) of a dagger-shaped diagram, every [,
is a partial isometry.

For the other direction, the dagger adjoint to the diagonal clearly gives a limit for
each dagger functor J — C. It remains to verify that they are all dagger limits. The
counit being a partial isometry implies the normalization condition, so it suffices to check
independence. If J is connected, this is trivial. If J is not connected, then, as in the
previous proof, C has zero morphisms and for any diagram D we have da g = Op(a),p(B)
whenever A and B are in different components of J. n

7. Dagger adjoint functors

When dealing with dagger limits and dagger functors preserving them, the obvious ques-
tion arises when there exists a dagger adjoint. That is, is there a dagger version of the
adjoint functor theorem?

Simply replacing limits with dagger limits in any standard proof of the adjoint functor
theorem [24] doesn’t quite get there. If C has all dagger products and dagger equalizers, it
must be indiscrete by Theorem 5.2. Hence any continuous functor C — D satisfying the
solution set condition vacuously has an adjoint. A more interesting dagger adjoint functor
theorem must therefore work with a finitely based complete category C and solution sets
of a finite character.

There is a further obstacle. Ordinarily, the adjoint functor theorem shows that its
assumptions imply a universal arrow 7n4: A — GF(A) for each object A, so that the
desired adjoint is given by A +— F(A). This will not do for dagger categories, as the
resulting functor F' need not preserve the dagger. This is essentially because universal
arrows need not be defined up to unitary isomorphism. For an example, consider the
identity functor G: FHilb — FHilb, and define n4: A — A to be multiplication by
1+ dim A. Then each 74 is an universal arrow for GG, defining an adjoint F': FHilb —
FHilb that sends f: A — B to f(1+dim B)/(1+ dim A), which is not a dagger functor.
Of course, this example evaporates by choosing the ‘correct” universal arrows. But there
are more involved examples of dagger functors admitting adjoints but no dagger adjoints.

The moral is that a dagger adjoint to G: C — D requires more than G-universal
arrows A — GF(A) for each object. The universal arrows must fit together, in the sense
that they form an adjointable natural transformation. Unfortunately, we do not know
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of conditions on solution sets guaranteeing this. As a first step towards a dagger adjoint
functor theorem proper we provide the following theorem.

7.1. THEOREM. Suppose a dagger category C has, and a dagger functor G: C — D
preserves, dagger intersections and dagger equalizers. Then G has a dagger adjoint if and
only if there is a dagger functor H: D — C and a natural transformation 7: idp — GH
such that each component of T is weakly G-universal.

PROOF. One implication is trivial. For the other, define F'(A) to be a dagger intersection
of all dagger monomorphisms m: M — H(A) for which 74 factorizes through G(m). As
G preserves dagger intersections, 74 factorizes via GF(A) — GH(A), say 74 = G(04)na.
It suffices to prove that (i) 74 is G-universal, so that A — FA extends uniquely to a
functor, and then that (ii) F'is a dagger functor.

First of all, n4 is weakly G-universal since 74 is so: given f: A — G(X), pick h
such that f = G(h)74 = G(hoa)na. Moreover, if h and h' satisfied G(h)na = G(R')na,
consider the equalizer e: E — F(A) of h and h’. By assumption, 14 factors through G(e)
and hence 74 factors through G(oae€), so that o4e is already in the dagger intersection
defining F'(A). In other words, e is unitary, and hence h = h’. Thus 14 is G-universal,
and we can extend A — F(A) to a functor by defining F(f) as the unique map making
the following square commute.

na

A GFA
/| |GF(f)
B . GFB

Next we show that F'is a dagger functor. By Lemma 2.12 it suffices to show that o
is a natural transformation F* — H. By naturality of 7, the top part of

G(oa)
GFA GHA
A |G
G
A / B —" __ arp () GHB
% /F’f

GFA

commutes, whereas the bottom part commutes by naturality of n. As 14 is G-universal,
we conclude that the square

FA—"2 . ga
()| |5
FB HB

OB
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commutes, making o: F' = H natural. ]

8. Polar decomposition

Polar decomposition, as standardly understood, provides a way to factor any bounded
linear map between Hilbert spaces into a partial isometry and a positive morphism [12,
Chapter 16]. As dagger limits are defined in terms of partial isometries, one might hope
that polar decomposition connects dagger limits and ordinary limits. This section explores
this connection. We start by defining polar decomposition abstractly, and prove that this
modified property holds in the category of Hilbert spaces. Recall that a bimorphism in a
category is a morphism that is both monic and epic.

8.1. DEFINITION. Let f: A — B be a morphism in a dagger category. A polar decom-
position of f consists of two factorizations of f as f = pi = jp,

where p is a partial isometry and i and j are self-adjoint bimorphisms. A category admits
polar decomposition when every morphism has a polar decomposition.

Note that if f is monic then so is p: indeed, if pg = ph then fg = jpg = jph = fh,
whence g = h. Hence if f is monic then p is dagger monic since it is both monic and a
partial isometry.

Unlike usual expositions of polar decomposition, we require ¢ and j to be bimorphisms.
On the other hand, we don’t require them to be positive since mere self-adjointness suffices
for our purposes — most notably Theorems 8.7 and 8.10. However, for other purposes this
definition might need to be modified and hence it should be only seen as a starting point
for an abstract notion of polar decomposition.

We begin by proving that Hilb admits polar decomposition in the above sense. Given
that our notion of polar decomposition is slightly different from the usual one (merely, a
single factorization as f = pi with p a partial isometry and ¢ positive), there is some work
to do. First, recall that if f is a bounded linear map, i.e. a morphism of Hilb, then |f|
is the (unique) positive square root of fTf.

8.2. LEMMA. For any morphism f in Hilb we have }fw f=rlfl-

PRrROOF. First we show that it suffices to prove the claim for non-expansive f, i.e. we may
assume that ||f|| < 1. Assuming the claim holds for non-expansive maps, take f with
|fll > 1. Define g := f/||fll. Now |g| = |f|/||f|l since positive square roots are unique
and both sides square to fTf/ | f||>. Hence ‘gT‘ g = ¢g|g| amounts to saying that

AL NP = LA 1P
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so that multiplying by ||f||> gives the result for f. Hence we may assume that f is
non-expansive.

By (the proof of) [2, Theorem 23.2], the square root of a positive non-expansive opera-
tor p is the strong limit of the sequence (p,,)nen, Where py = 0 and p, 41 = p,— (p—p2) /2.
Applying this result to fTf we see that | f| is the strong limit of the sequence (g, )nen Where
go = 0 and go41 := g — (f1f — ¢2)/2. Similarly, | f?| is the strong limit of the sequence
(T )nen defined by 79 = 0 and 7,41 := 1, — (ffT —12)/2. Since precomposing (and post-
composing) with a non-expansive map is continuous (in the strong operator topology), to
prove that } fw f = f1f] it suffices to prove that r,f = fq,, which we do by induction.
For n = 0, both sides evaluate to 0. Assuming the claim holds for n we see that it holds
for n 4+ 1, since

o f = (= (FfT=12)/2)f
= fagn — (ffTf — f¢*)/2 by the induction hypothesis

= f(gn — (fo - QZ)/Q) = fQn+1
completing the proof. n

8.3. THEOREM. The category Hilb admits polar decomposition.

PRrOOF. We modify the standard construction of a polar decomposition [12, Problem 134]
to satisfy Definition 8.1: the standard construction gives a factorization of f: H — K
into f = p|f|, where p is a partial isometry satisfying kerp = ker f. This in fact fixes
p uniquely: H decomposes into a direct sum H = ker f @ ker f+ and since (i) ker f =
ker | f| = kerp and (i) ker | f|" = im|f] (see e.g. [5, Lemma 2.1]), H in fact decomposes
as H = m@ ker p. The action of p on its kernel is clear and on its orthocomplement it
has to be given by continuous extension of |f| z — fz for p|f| = f to hold. Now, let r be
the projection onto kerp = ker |f|, and set ¢ := |f| +r. On ker |f]| i acts as the identity
and on its orthocompletent it acts as |f|. Hence i is positive. By construction, keri = 0
so that ¢ is monic. Being self-adjoint it is also epic. Moreover, since ker p = ker |f| the
factorization f = pi follows from f = p|f].

Similarly fT factors as fT = ¢ } fT‘ where ¢ is defined similarly, and this factorization
can be modified to obtain fT = ¢j, where j is a self-adjoint (in fact positive) bimorphism.
Taking daggers, we have f = jq.

Hence it remains to show that ¢' = p. Since the dagger in Hilb is given by adjoints
of bounded linear maps, this boils down to showing that

(pz, y) =(x, qy) (10)

holds for all x € H and y € K. We can now use our orthogonal decompositions H =
m @ kerp and K = im|ft| @ ker ¢ and consider separately the cases where x and y
are in each of the summands. If z € kerp then the left hand side of (10) equals zero.
But then z is ortohogonal to im f = im f = im ¢ so the right hand side is zero as well.
Similarly, both sides equal zero when y € ker q. Thus we’re left to consider the case when
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x € im|f| and y € im|ff|, and by continuity we may further assume z € im|f| and
yeim}f”. Pick z € H and w € K with |f|z = z and }fT‘w:y. Now pxr =p|f|z= fz
and qy = ¢ ‘fT‘ w = fTw, so (10) boils down to whether

(fz, [f1lw) = (fl2, flw)

Now the left hand side equals (| fT| fz, w) and the right hand side equals (f |f|z, w) so
they are equal by Lemma 8.2, completing the proof. [

In Hilb, we can not guarantee that ¢ and j are isomorphisms in general. A good
example is when f: (*(N) — (*(N) is defined on the n-th basis elemente, by f(e,) =
en/(n + 1). Then the factorization above gives id as the partial isometry and f as the
positive bimorphism. However, f does not have an inverse in Hilb — indeed, the “inverse”
defined by e, — (n + 1)e, is not bounded.

Other dagger categories admitting polar decomposition include inverse categories, such
as PInj, and any groupoid, in which every morphism itself is already a partial isometry.

Let us remark here that polar decomposition is quite unlike an orthogonal factorization
system. First, the composition of partial isometries need not be a partial isometry, and the
composition of self-adjoint bimorphisms need not be self-adjoint. Second, an isomorphism
need not be a partial isometry nor self-adjoint. Third, p, ¢, and j are not required to be
unique to f. Fourth, the factorization f = pi respects the dagger: even though one may
also factor fT = ¢j and hence f = jTq, we are additionally requiring that p = q.

Recall that a dagger category is unitary whenever two objects being isomorphic implies
that they are also unitarily isomorphic.

8.4. PROPOSITION. Dagger categories that have polar decomposition are unitary.

PROOF. Factor an isomorphism f: A — B as f = pi = jp with p a partial isometry and
1, 7 self-adjoint bimorphisms. Now pi = f implies that p has a right inverse and jp = f
that it has a left inverse. Hence p must be an isomorphism. Also being a partial isometry,
p: A — B is therefore unitary. [

The theme of the rest of this section will be that dagger limits may be viewed as the
partial isometry part of a polar decomposition of ordinary limits.

8.5. EXAMPLE. The theme of the rest of this section will be that dagger limits may be
viewed as the partial isometry part of a polar decomposition of ordinary limits. Here are
some examples to warm up to this theme.

e Let e: £ — A be an equalizer of morphisms f,g: A — B in a dagger category. If
e = pi = jp is a polar decomposition, then p: A — B is a dagger equalizer of f and
g. Indeed, since i is a bimorphism we see that fp = gp, so that p factors through
e as p = ek for some k: A — A. Precomposing with ¢ we see that e = eki, whence
ki = id. Since 7 is a bimorphism and has a left inverse, it is an isomorphism and
k =i7!. Hence p = ei~! is an equalizer and hence monic, and by definition p is a
partial isometry and hence dagger monic.
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e A cone over a family of dagger monomorphisms f;: A; — B consists formally of a

map [;: A — A; for each 7 and of a map f: A — B. However, the whole cone is
determined by the map f: this is because f;l; = f implies [; = fl-T fili = fl-T f by dagger
monicness of f;. A map f: A — B defines a cone in this manner iff f; fiT f=f for
each i. Now, if f defines a limiting cone and f = pi = jp is a polar decomposition,
then p: A — B is a dagger intersection of { f;}: since i is a bimorphism we see that
p defines a cone for f; and hence factors through f. As in the equalizer case, this
implies that ¢ is an isomorphism whence p = fi~! is a pullback of monics and hence
monic. Since p is a partial isometry by definition it is also dagger monic.

Let a projection e = ef = €2: A — A be split by f: B — A and g: A — B, so
e = fgand gf = idg. If f = pi = jp is a polar decomposition, then p: B — A
is a dagger splitting of e: indeed f is the equalizer of id and e and hence so is p
by the above, so that p is monic and hence dagger monic. It remains to check that
e =pp'. Now ep = p so that pp" = epp' as well. Applying the dagger to both sides
of this results in pp" = ppfe. On the other hand, e = ¢ = fge = pige = pp'pige =
pp' fge = pp'e* = pple. Hence e = pple = pp.

These examples are no accident, and the theorems proven below will bear out this
theme. Before studying polar decompositions of more general diagrams we need the

following lemma.

8.6. LEMMA. Let f: A — B be a morphism in a dagger category with polar decomposition
f =pi=jp, and let g: A — A be self-adjoint. If g commutes with f1f, then it also
commutes with p'p.

PROOF. Observe that fTf = plpii.

It follows that

p'pgp'pii = plpgfif =p'pfifag=ffg=gf f = gp'pii.

Because i is a bimorphism, pipgp’p = gp'p. Since g is self-adjoint, the left hand side

of this equation is self-adjoint. Therefore also the right-hand side is self-adjoint. Thus
p'pg = gp'p. .
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The next theorem roughly shows that “polar decomposition turns based limits into
dagger limits”.

8.7. THEOREM. Let Q) be a basis of J. Assume that D: J — C has a limitls: L — D(A)
satisfying ZQZAZEZB = lnglzlA for all A, B € Q. If C admits polar decomposition, (D, ()
has a dagger limit.

PROOF. Pick a polar decomposition l4 = paig = japa for each A € Q. For B € J\ Q, set
pe = D(f)pa, where A is the unique object in Q with J(A, B) # 0. If f,g: A — B, then

D(f)paia = D(f)la = D(g9)la = D(g)paia

and hence D(f)pa = D(g)pa. So pp is independent of the choice of f: A — B, and
pa: L — D(A) forms a cone. By construction, each p, is a partial isometry whenever
A € €. Moreover, by assumption and Lemma 8.6, prA commutes with ZJTBZB when
A, B € Q. Then, by another application of the lemma pr A commutes with prB.

It remains to show that ps: L — D(A) forms a limiting cone. We will establish this
by proving that the unique map f: L — L of cones from p4 to l4 is an isomorphism.
Thus we need to find a map g: L — L from [4 to ps that is the inverse of f. That g is a
map of cones means that the triangle

P D(A)
gJL e

commutes for each A in J, or equivalently for each A € ). Postcomposing with the
bimorphisms j4 we see that this is equivalent to finding g: L — L such that

— D(A)

i

L D(A)
la

for each A € Q. Asla: L — D(A) is a limit cone, the existence of such a g follows as
soon as jala: L — D(A) with A € Q) generates a cone. But

Jala = japaia = laia

and [4i4: L — D(A) with A € Q obviously generates a cone. Thus we have found a cone
map ¢g: L — L from [4 to pa. It suffices to show that it is the inverse of f. On the one
hand fg = id; by the universal property of the cone l4. On the other hand, pagf = pa
for each A € ), and by postcomposing with j4 we see that g f is also a cone map from [
to l4, and thus equal to the identity. [
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In particular, if C admits polar decomposition and A; and As have a product (A; X
Ay, p1, po) satisfying p{plp;pg = pgpgplpl then the dagger product of A; and A, exists as
well. Using polar decomposition and splittings of projections, one can also construct the
dagger product of A and B from their biproduct, without any further conditions required
from the biproduct.

Recall that, in a category with a zero object (or more generally, zero morphisms),
a biproduct of A; and Ay consists of (A; @ Ay, p1, pa,i1,12) where (A; @ Ag,pr,p1) is a
product of A; and Ajy, (A1 @ As,iy,12) is their coproduct, and moreover

plil = idAl pg’ig = 1d2

pali = 0A1,A2 Dily = OAQ,Al

or more succinctly,

s idg, ifn==%
1 = =
Ptk = Ok 04,4, otherwise.

8.8. THEOREM. Let C be a dagger category that admits polar decomposition and has
dagger splittings of projections. If two objects Ay and Ay of C have a biproduct, they have
a dagger product as well.

PROOF. Given two objects A; and A,, take their biproduct (A; @ As, p1, pa, i1,12). Assume
first that we’'ve produced a cone ¢;: P — A; such that qanC = Op k- As (A & Ag, 1y, 02) is
a coproduct and (A; @ Ay, p1,p2) is a product we can find unique maps f: A; ® Ay — P
and g: P — A; & A, making the diagram

6n,k
k n
. K}i qn
(23 l ‘pn
AL D As 7 P 7 AL @ Ay

commute. By the universal properties of A; & A, this implies that ¢f =id. Now, f is a
map of cocones (A; @ Ag, i1,i2) — (P, qI, qg) We will prove that it is also a map of cones
(A1 ® As,p1,p2) = (P, q1,q2). Consider the diagram

f
A & Ay ; P
. Tk
(23 ‘ JQn
Ak : A& A Ay
(73 Pn

The bottom part commutes since both paths equal ¢, and the top part commutes by
definition of f. Hence the rectangle commutes, and since i; and 75 are jointly epic this
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shows that f is a map of cones. Now, g' is a map of cocones (A, Ag,pi,pg) — (P, qI, q2)
so the same argument shows that ¢' is also a map of cones. Taking the dagger again,
this means that ¢ is not only a map of cones (P, q,q2) — (A1 @ Ag, p1,p2) but also a
map of cocones (P, qI, q;) — (A @ Ag,iy1,12). These observations are true for any cone P
satisfying qnqzC = 0p k. As any such cone satisfies normalization and independence, it is
sufficient to find a cone P for which we can prove that fg = idp since then (P, ¢, go) will
also be a product. Finding such a P is what we’ll do in the remainder.

Factorize p; as p1 = pi = jp and iy as 4o = kr = rl. Set d; := p and dy := rT. We
claim that

dpd!, = 6, 1

Indeed, since p; and zg are epimorphisms the maps d; and ds are dagger epic. Moreover,
0 = poiy = jdld;l = 50l whence dldg = 0 and thus dng{ = 0. Hence (A; ® As,dy,ds) is a
cone satisfying (i), so as remarked at the end of the first half of the proof, we get maps

fi(AL® Ay pi,pa,in,in) S (AL @ Ay, dy, da, d}, db): g
that are maps of cones and cocones. Taking daggers, we have maps
' (AL @ Ay} i, plph) S (A1, Az, dy, do, df, d): f1

that are also compatible with the (co)cone structures. Moreover, since (A;®As, p1, P2, i1, i2)
and (A; @ As, ZI, i;,pi,pg) are biproducts, there is exactly one (co)cone map in both di-
rections, and these are isomorphisms. Since

(A @ Ag,pr,payin,ia) S (A @ A2JLZ’£7PLPE)3 99"

are (co)cone maps, these maps have to be inverses to each other. Hence h := fgg'f! is a
self-adjoint cone map (A; @ As, dy,ds) — (A1 & Ay, dy, dy) satisfying

W= (fag"f")(f9g"f") = f9g' 1 F)ag"f" = fag'fT = h
Thus h is a projection; let e: P — (A; @ As) split it and set ¢; := d;e. Now
Gnd), = dpee'd} = d,hd}, = dudy = 6,
so we have canonical maps

f: (A1 & A, p1,p2, i, ia) S (P, Q17Q27QLQE)3 g

and g o f = ida, g4, holds automatically, whereas whether f o g = idp is at stake. By
construction e is a map of cones and hence ef is a map of cocones. Hence the bottom
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path in region (i) of

g

(1)

f1 i
© (Al D AQ: d17 d2) (Al 2] A27 ZJ{? 7’;) (Al S A27p17p2)

xef l K (iii) /

P (A1 & Ay, dy, ds)

g9"

P

is a map of cones and thus equal to g, establishing commutativity of region (i). Similarly,
el f is a composite of two maps of cocones and hence equal to f, so that region (ii)
commutes. Region (iii) commutes by definition of 4 and the remaining triangles on the left
commute by definition of e. Hence the whole diagram commutes, showing that fog = idp,
as desired. ]

8.9. COROLLARY. A dagger category admitting polar decomposition has finitely based dag-
ger limits if and only if its underlying category has equalizers, intersections and either (i)

finite biproducts or (ii) finite products (Ay ... Api,...pn) satisfying pjpip}pj = }pjplpi.

PRrROOF. Case (i) follows from Example 8.5 and Theorems 5.8 and 8.8, whereas case (ii)
follows directly from Theorems 5.8 and 8.7. [

What made the previous results work for based diagrams is that we did not need
to worry about the path taken to an object. However, if A, B € ) are distinct and
admit maps f: A — C « B: g, the equation D(f)la = lc = D(g)lp need not imply
that D(f)pa = D(g)ps. Hence forgetting about the bimorphisms is not possible for
arbitrary diagrams, and to make it work one has to change the diagram so that joint
polar decomposition becomes available. The following theorem makes precise this idea
that “polar decomposition turns limits into dagger limits of isomorphic diagrams”. Recall
that a category is balanced if all bimorphisms in it are isomorphisms.

8.10. THEOREM. Consider a diagram D:J — C in a balanced dagger category C that
admits polar decomposition. Suppose that the diagram has a limit la: L — D(A) such
that 1141515 = U101, for all A and B in some weakly initial Q. There is a diagram E
naturally isomorphic to D such that (E,Q)) has a dagger limit.

PROOF. Pick a polar decomposition [4 = paia = japa for each A € J. As C is balanced,
each i4 and j4 is an isomorphism, so we can define a new diagram E: J — C by E(A) =
D(A) on objects, and by E(f) = jz'D(f)ja on morphisms f: A — B. By construction
ja: E(A) — D(A) forms a natural isomorphism E = D. Moreover, since l4 = japa, in
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fact L is a limit of E with a limiting cone p4: L — E(A) of partial isometries. It remains
to check independence. This is done as in the proof of Theorem 8.7. By assumption and
Lemma 8.6, prA commutes with lgl g when A, B € ). Then, by another application of
the lemma pi‘p A commutes with pgp B. [

9. Commutativity of limits and colimits

In this section we investigate to what extent dagger limits commute with dagger (co)limits.
To avoid multiply-indexed morphisms, in this section we do not name maps that are part
of an obvious limiting cone (or daggers thereof).

Let us start by looking at whether dagger limits commute with dagger limits. Assume
that C has all (J,Q)-shaped dagger limits and all (K, V)-shaped dagger limits. Then,
a bifunctor D: J x K — C induces functors J — C and K — C defined by j —
dlim} D(j, k) and k dlim?D(j, k). Since limits commute with limits, there exists a
canonical isomorphism dlimi-2 dlim} D(j, k) ~ dlim}/ dlimi-2 D(j, k) between the two limits
of D. In keeping with dagger category theory, we would like this canonical isomorphism
to be unitary. Moreover, we would like both sides to be dagger limits of (D, x ¥). We
now prove that this holds whenever J and K are based and C has zero morphisms. Later
we will relax this to arbitrary J and K under a technical condition on the bifunctor D,
that we conjecture is in fact not necessary.

9.1. THEOREM. Let 2 and ¥ be bases for J and K. Assume that C has zero morphisms,
all (J,Q)-shaped dagger limits, all (K, V)-shaped dagger limits, and let D: J x K — C
be a bifunctor. Then dlim) dlim? D(j, k) and dlim? dlim} D(j,k) are both dagger limits
of (D, x W) and hence unitarily isomorphic.

PROOF. By symmetry, it suffices to prove the claim for dlim;’ dlim§2 D(j, k). Since ordinary

limits commute with limits, dlim}’ dlim;-2 D(j, k) is a limit of D. Hence we need only check
normalization and independence for (j,k) € 2 x W. In the presence of zero morphisms,
we can use the simpler description from Proposition 5.12.

For normalization, we start by showing that, for fixed (j,k) € 2 x ¥, the morphism
pr. defined as the composition of canonical morphisms

dlim§ D(j, k) — dlimy dlim§’ D(j, k) — dlim§ D(j, k) — D(j, k) — dlim§’ D(j, k)
factors through the canonical morphism dlim;’ dlim§2 D(j, k) — dlim§2 D(j, k). This is

done by extending it to a cone on dlim? D(j, k) for the functor dlim§2 D(j,—): K — C.
For h in K, define pj,: dlim’ D(j, k) — dlim{ D(j, h) by

dlim$’ D(j, f)pr. if K(k, h) # 0,
Pn = .
0 otherwise.

To see that this defines a cone, it suffices to check that p, is independent of the choice
of f: k — h. By the universal property of dlim§2 D(j,h), we may postcompose with a
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projection to an arbitrary D(i, h) with ¢ € 2 and show that the resulting morphism does
not depend on the choice of f. This splits into two cases depending on whether i # j or
not. If ¢ # j, then the end result is always zero, since the following diagram commutes
for every f:

dlim{ D(j, f)

dlim§ D(j, k) dlim$ D(j, h)
] |

. 0 . .
D(Ju DG D(].Z)
1 D(i, h)

In case i = j, we will prove that the following diagram commutes:

dlim§ D(j, k) — dlim, dlim§’ D(j, k) — dlim{’ D(j, k) D(j, k)
dlim§’ D(j, f) J a J
|56, £) | i DG 1)

dlim§’ D(j, h)

D(j, h) «——— dlim§ D(j, h)

The top right square commutes because j € €2, and the rest of the diagram commutes
by definition of dlim§2 D(j, f). The path along the top is py followed by a projection
to D(j,h), whereas the other path is independent of the choice of f: k — h since
dlim} dlim§2 D(j, k) is a cone for dlim§2 D(j,—). Thus

pn: dlim$’ D(j, k) — dlim§ D(j, h)
forms a cone. Hence it factors through dlim,\f dlim?D(j, k). In particular, p; factors

through dlim; dlim§’ D(j, k) — dlim{ D(j, k). By Remark 2.5 this implies that the fol-
lowing diagram commutes:

dlim$’ D(j, k) — dlim} dlim$ D(j, k) — dlim§ D(j, k) —— D(j, k) dlim$’ D(j, k)

| T

dlimy! dlim§ D(j, k) —— dlim§ D(j, k) D(j, k) —— dlim§ D(j, k) — dlimy dlim{" D(j, k)
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As the path along the bottom is self-adjoint, so is the top path. So the projections
dlim§ D(j, k) — dlimy dlim§’ D(j, k) — dlim§ D(j, k)
and
dlim{ D(j,k) — D(j, k) — dlim§ D(j, k)

commute. Finally, Remark 2.5 guarantees that the composite dlim;’ dlim?D(j, k) —
dlim;»2 D(j, k) — D(j,k) is a partial isometry.

For independence, it suffices to show for (j, k), (i,h) € Q x ¥ that the composite
D(j, k) — dlim{ D(j, k) — dlimy dlim D(j, k) — dlim{ D(j, h) — D(i, h) is zero when
(7, k) # (i, h). If k # hthis follows from the fact that dlimi-2 D(j, k) — dlim} dlimi-2 D(j, k) —

dlim§-2 D(j,h) is zero. Hence we may assume that h = k and consider the case i # j. As
above, the projections

dlim§ D(j, k) — dlimy, dlim’ D(j, k) — dlim§ D(j, k)

and
dlim$ D(j, k) — D(j, k) — dlim§ D(j, k)

commute. Hence the following diagram commutes:

D(j, k) dlim§ D(j, k) —— dlimy dlim$’ D(j, k) —— dlim{ D(j, k)

| | |

dlim{ D(j, k) D(j, k) D(j, k) D(i, k)

| _— :

dlimy dlim§ D(j, k) —— dlim$ D(j, k)

This concludes the proof. [

Next, consider whether dagger limits commute with dagger colimits. If C has all
(J, Q)-shaped dagger limits and all (K, ¥)-shaped dagger colimits (i.e. (K°P, W)-shaped
dagger limits), it is natural to ask when the canonical morphism

7 ¢ deolimy, dlim§ D(j, k) — dlim dcolim, D(j, k)

is unitary. This canonical morphism 7 and morphisms «4 are defined by making the
following diagram commute for each k:

deolimy, dlim§’ D(j, k) dlim§ D(j, k) D(j, k)

S~ |
Tt | Ol J
T T~a !

-5 4

dlim’ dcolimy, D(j, k)

dcolim} D(j, k)
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A priori one might hope 7 to be unitary very generally. After all, (K, ¥)-shaped dagger
colimits are just (K°P, W)-shaped dagger limits, so one might expect that commutativity
of limits with colimits boils down to commutativity of limits with limits. To be slightly
more precise, given D: JxK — C, one would like to define D: IxK® — C by “applying
the dagger to the second variable” and then calculating as follows:

deolimy dlim§ D(j, k) = dlim}! dlim$’ D(j, k)
~ dlim$ dlim}’ D(j, k) = dlim{ dcolim} D(j, k)
This, however, is a trap: D is not guaranteed to be a bifunctor. Indeed, the formula

D(f,g) = D(f,id)D(g,id) defines a bifunctor J x K — C if and only if every morphism
(f,9): (4, k) — (i, h) in J x K makes the following diagram commute:

iy — 2P py
D(id,g)ﬂ JD(id,g)T
D(j, k) D) D(i, k)

9.2. DEFINITION. A bifunctor D: J x K — C into a dagger category C is adjointable
when D(—,g): D(—,k) = D(—,h) is an adjointable natural transformation for each
g: k — h in K. FEquivalently, D is adjointable when D(f,—) is an adjointable natu-
ral transformation for each morphism f in J.

Let us temporarily go back to considering whether dagger limits commute with dagger
limits. The extra condition of adjointability of D lets us prove that this is true for arbitrary
shapes J and K. We conjecture that the extra condition is in fact not needed.

9.3. THEOREM. Assume that C has all (J,Q)-shaped dagger limits, all (K, V)-shaped dag-
ger limits, and let D: J x K — C be an adjointable bifunctor. Then dlim, dlim;-2 D(j, k)

and dlim§2 dlimy D(j, k) are both dagger limits of (D, x W) and hence unitarily isomor-
phic.
PROOF. By symmetry, it suffices to prove the claim for dlim;’ dlim§2 D(j, k). Since ordinary

limits commute with limits, dlim dlim§2 D(j, k) is the limit of D. Hence we only need to
check normalization and independence for (j, k) € Q x ¥. Consider the following diagram
for some morphism f: k — h in K:

dlim§ D(j, f)

dlim§ D(j, k) dlim§ D(j, h)

l l
D(T k) D) D(i, h)

dlim§ D(j, k)

dlim® D(j, h)
dlim? D(j, f) ’
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The top square commutes by definition of dlim?D(j, f). Since D(—, f) is adjointable,
the bottom square commutes too by Corollary 4.8. Hence the whole diagram com-
mutes, and the family oy: dlim§2 D(j, k) — D(j, k) — dlim§2 D(j, k) is natural in k.
Since 0°: dlim§2 D(j,—) — dlim§2 D(j,—) is natural and pointwise self-adjoint, it is an ad-
jointable natural transformation. Lemma 4.7 now makes the following diagram commute
for each j € Q and h,k € U:

dlim§ D(j, k) D(j, k) —— dlim§ D(j, k) — dlimy; dlim§’ D(j, k)

J |

dlim dlim§ D(j, k) — dlim{ D(j, h) —— D(j, h) dlim§ D(j, h)

(%)
Choosing k = h shows that the projections dlim?D(j, k) — D(j,k) — dlimgzD(j, k)
and dlim§2 D(j,k) — dlim} dlim§2 D(j k) — dlimgzD(j, k) commute. Remark 2.5 then
guarantees that the composite dlim;’ dlim§2 D(j, k) — dlim§2 D(j, k) — D(j, k) is a partial
isometry for each (j, k) € Q x W, establishing normalization.

For independence, pick (j,k) and (i,h) in 2 x ¥. We will show that the diagram in
Figure 1 commutes. The fact that k,h € ¥ and dlim}’ dlim;»2 D(j, k) are normalized and
independent at W ensures the commutativity of regions (i), (iii), (viii). (xi), (xi),(xii) and
(xiv). Similarly, 7, j € Q implies the commutativity of region (iv). The remaining regions,
namely (ii), (v), (vi), (vil), (x) and (xiii), are all instances of diagram (). n

We return to considering whether dagger limits commute with dagger colimits. If D
is not adjointable, the colimit of limits need not be (unitarily) isomorphic to the limit of
colimits.

9.4. EXAMPLE. Dagger kernels need not commute with dagger cokernels in FHilb if the
bifunctor D is not adjointable. For a counterexample, let J and K both be the shape
f,g: A = B giving rise to equalizers. If D:J x K — FHilb maps each D(f, —) and
D(—, f) to zero, then fixing the rest of D corresponds to a choice of a commuting square
in FHilb. Let D be thus defined by the square:

0o —Y . ¢
ol Jid
C——C

Taking daggers of the horizontal arrows gives a square that does not commute, so D is
not adjointable. Now, on the one hand, first taking cokernels horizontally and then taking
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dlim dlim§ D(j, k)

(vii)

dlim$’ D(j, h)

N\

(viii)

dlim§’ D(j, h)

/

dhmk dhm D(j, k

\/

dlim§ D(j, k) D(j, k)

N

dlimy dlim$’ D(j, k)

N (i)
>

dhm D(j,k

D(i, k)

(i)

dlim§ D(j, k) dlim dlim§ D(j, k)

dlim} dhm D(j, k)

dlimy dlim$’ D(j, k)

/

dlimy dlim$’ D(j, k) — dlim$’ D(j, k) — dlimy, dlim§ D(j, k)

(xi) -

(ix) dlim$’ D(j, k)
7

dlim}? dlim? D(j, k) (x) dlimy dlim$’ D(j, k)
(xii)
dlim® D(j, ) D(j, h) dlim$’ D(j, h)
~
\ dlim}’ dlim? D(j, k)
(xiii) dlim§’ D(j, k)

N

~
/ Dj.h)
~

dlimy! dlim§ D(j, k) » dlim§ D(j, k) ——— D(j,k) ———— dlim§ D(j, k) — dlim}} dlim{ D(j, k)

dlim® D(j, h) — D(j,h) — dlim$’ D(j, h)

dlim§’ D(j, k)

)/ I

D(j, k dlimy dlim$’ D(j, k)

NUNOAYV ILLIYVIN ANV NAHNNHH STHHO
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kernels vertically gives C:

ker0 =C
lid
0 id
0 C coker ) = C
0 l l id J 0
C . C 0 cokeride =0

On the other hand, first taking kernels vertically and then taking cokernels horizontally
gives 0:

ker0 =10 Lﬁmridc =0 —Q—> coker 0 =0
OJ JO
0
0 C
ol Jid
C C
id

Thus dlim; dcolimy, D(j, k) = C is not isomorphic to dcolimy dlim; D(j, k) = 0, let alone
unitarily so.

However, D not being adjointable is the only obstruction to dagger limits commuting
with dagger colimits.

9.5. THEOREM. If C has all (J,2)-shaped dagger limits, all (K, V)-shaped dagger col-
imits, and D:J x K — C is an adjointable bifunctor, then the canonical morphism
7 deolimy, dlim$’ D(j, k) — dlim} dcolimy D(j, k) is unitary.

PROOF. Because D is adjointable, ﬁ(f, g) = D(f,id)D(g,id)" defines an adjointable
bifunctor D: J x K — C. It follows from Theorem 9.3 that

deolimy dlim$ D(j, k) = dlim}! dlim{ D(j, k)
~ dlim{ dlim} D(j, k) = dlim{ dcolim} D(j, k)

Thus there exists a unitary morphism u making the following diagram commute:

deolimy, dlim§’ D(j, k) dlim$ D(j, k)

" |

dlim dcolimy, D(j, k) dcolim} D(j, k) dcolim D(j, k)
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We will show that u satisfies the defining property of 7, and hence equals it. Postcompos-
ing with the morphisms dlim§2 dcolim}’ D(j, k) — deolim}’ D(j, k) — D(j, k), this follows
from commutativity of the following diagram:

dlim’ dcolimy D(j, k) dcolim} D(j, k)
u
deolimy, dlim$’ D(j, k) dlim§ D(j, k) D(j, k)
dlim§ D(j, k) D(j, k) dcolim} D(j, k)

dlim’ dcolimy D(j, k)

After all, the top part and bottom parts commute by definition of v and «j. The com-
mutativity of the middle rectangle is guaranteed by Lemma 4.7 once we show that the
limiting cone morphisms dlim;»2 D(j, k) — D(j, k) are the components of an adjointable
natural transformation dlim§2 D(j,—) = D(j,—). The naturality square commutes by
definition of dlim;»2 D(j, f):

dlim§ D(j, f)

dlim§ D(j, k) dlim§ D(j, h)

J |

D(j, k) DG /) D(j, h)

Adjointability follows from Corollary 4.8 since D(—, f) is adjointable:

dlim3’ D(j, f)
dlim$ D(j, k) — dlim$ D(j, h)

T 1

D(j, k) DG 7) D(j, h)

This concludes the proof. n
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