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1 Introduction and Main Result

Let {X(¢),t > 0} be a stationary process with almost surely (a.s.) continuous
sample paths and denote by Xi,...,X,,n € N mutually independent copies
of X. Of interest in this contribution is the rth order statistics process X..,
of X1,...,X,, ie., forany t >0

Throughout the paper, X,.,, is referred to as the rth order statistics process
generated by the process X. Order statistics play a central role in many sta-
tistical applications. Naturally, the order statistics processes are of particular
interest in statistical applications which involve the time-dynamics. If X;(t) is
the value of a certain object (say image) ¢ measured at time point ¢, and u is a
fixed threshold, then the set of points that the rth conjunction occurs before
some time point 7T is defined by

Crrw:={t€[0,T]: Xpn(t) > u}.

In applications it is of interest to calculate the probability that C, 7, is not
empty, which is given by

prr(u) =P (Crry#¢)=P ( sup X,.n(t) > u) ) (1.2)

t€[0,T]

Clearly, in an engineering context where X;’s model some random signals,
prr(u) relates to the probability that at least r signals overshoot the thresh-
old u at some point during the time interval [0, T]. Most prominent statistical
applications, concerned with the analysis of the surface roughness during all
machinery processes and functional magnetic resonance imaging (FMRI) data,
relate to the calculations of p, r(u). A methodology for the analysis of FMRI
is established in the seminal contribution [31]. Therein the authors derive ap-
proximations of p,, r(u) by calculating the expectation of Euler characteristic
of Cy, r,, for a fixed high threshold w.

For certain smooth Gaussian random fields approximations of p,, r(u) have
been discussed in [7,14,31], whereas results for some non-Gaussian random
fields are derived in [9]. Exact asymptotic expansion of p, r(u) for the class of
stationary Gaussian processes X was recently derived in [15]. Obviously, the
Gaussian random field cannot be used to model phenomena and data sets that
exhibit certain non-Gaussian characteristics such as skewness. It arises in many
applied-oriented fields including engineering, medical science, agriculture and
environmental studies; see, e.g., [1,8,33]. In recent years, new technologies such
as FMRI and positron emission tomography have been used to collect data
concerning the living human brain as well as astrophysics. As mentioned in
the literature, these images can be efficiently modeled by stationary random
fields.

Since the exact calculation of p,r(u) is not possible in general, in this
contribution we derive approximations of p, r(u) for u large.
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For the formulation of our main result we need to introduce Albin’s con-

ditions imposed on X as suggested in [2,3,6]. In what follows, let D be a
non-empty subset of R.
Condition A(D): (Gumbel MDA and conditional limit) Suppose that X (0)
has a continuous df with infinite right endpoint, and it is in the Gumbel max-
domain of attraction (MDA), i.e., for some positive scaling function w(-) we
have as u — oo

P <X(O) > u+ f)) =P(X(0) >u)e “(1+0(1)), VzxeR. (L3)

w(u
Let ¢ = g(u) satisfying lim,4oc ¢(u) = 0 be a strictly positive non-increasing
function. Assume that for any y € D there exists a random process {&,(t),t >
0}, such that for any grid of points 0 < ¢; < -+ < tg < oo we have the

convergence in distribution (denoted by —d>)

(w()(X(at) = ), .., w(@)(X(gta) = w)) | (w(@)(X(0) — v) > )

d
S (&) & (ta), w0 (1.4)
Condition B: (Short-lasting-exceedance) For all positive constants a, T
[T/(aq)]
lim limsup Z P (X (agk) > u|X(0) > u) =0, (1.5)
N—oo y—oo N

where ¢ is given as in condition A(D) and [z] denotes the integer part of x.
Condition C: Suppose that there exist positive constants g, p,b,C and d > 1
such that

P <X(qt) > u+ w(AU),X(o) < u(X(qt) > u) < CtINT? (1.6)
holds for all u large and all ¢ positive such that 0 < ¢ < A < A\g. Here w and
q are given as in condition A(D).

Here we have chosen a simpler condition C than that in [2,3]. It has been
shown in [6] that condition C above is sufficient for the validity of condition
C given in [2,3]; see also Proposition 2 in [4].

Note that the Albin’s conditions A(D),B,C given above are satisfied by
many well-known stationary processes such as x2, I" and F processes in
[2]. A concrete example is the Slepian process, see for other examples [6,10,
29,30]. However, showing the validity of these conditions requires in general
significant efforts.

Let fél),i < n be independent copies of the random process &y given in con-
dition A({0}). In order to derive the exact asymptotics of p, r(u) we introduce
the following constants

1 . (i)
. . < r << T
Ar = E?Ol P (Zlili 1211'127« §0 (ak) = 0) ; =N, (1 )
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which we refer to as the generalized Albin constants. The finiteness and pos-
itiveness of it will be established in Theorem 1.1 below. For notational sim-
plicity we set hereafter ¢, , = n!/(r!(n —r)!). Next, we state our principle
result.

Theorem 1.1 Let {X,.,(t),t > 0} be the rth order statistics process generated
by the stationary process X. If conditions A({0}), B and C hold for X, then
for any T >0, as u — oo,

BXO >u) )> w) (1+0o(1), (1.8

+e[0,7] q(u

P ( sup Xr:n(t) > U) = TATCr,n

where A, defined in (1.7) is finite and positive.

This paper is organized as follows: In Section 2 we discuss an application
of Theorem 1.1 concerning the skew-Gaussian processes and then derive the
Gumbel limit theorem for the minimum order statistics process generated by
a stationary Gaussian process X. All the proofs are presented in Section 3.
Section 4 gives an Appendix which establishes a version of Li and Shao’s
normal comparison lemma for the minimum and maximum order statistics of
Gaussian random vectors.

2 Skew-Gaussian Processes and Gumbel Limit Theorem

Throughout this section we assume that {X (¢),t > 0} is a centered stationary
Gaussian process with a.s. continuous sample paths and covariance function
p(+) such that, for some a € (0, 2]

p(t) <1, Vt>0 and p(t) =1—[t|* +o(t|"), t—0. (2.9)

It is known (see, e.g., [3,25,17]) that the process X satisfies the assumptions
of Theorem 1.1 with the process & in condition A({0}) given by

folt) =V2Z(t) —t* + B, >0, (2.10)

where E is a unit exponential random variable (rv) and {Z(¢),¢ > 0} is a
(independent of E) standard fractional Brownian motion (fBm) with Hurst
index a/2 € (0,1], i.e., Z is a centered Gaussian process with a.s. continuous
sample paths and covariance function
Cov(Z(s), Z(t)) = %(sa P s 1), st 0.

We note in passing that the findings of Theorem 1.1 for such X coincide with
those of Theorem 2.2 in [15]. Our setup here is however more general than
that of the aforementioned paper, as we demonstrate below. Let {X;(t),t >
0},i <m+1,m € N be independent copies of X. For any ¢ € (0, 1] define the
skew-Gaussian process ( as

() = 61X (O] + VI= P Xnna(t), X0 = (3 XF0)*, 20, (211)
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Theorem 2.2 Let {(.n(t),t > 0} be the rth order statistics process generated
by the skew-Gaussian process (. If the stationary Gaussian process X has
covariance function p(-) which satisfies (2.9), then for any T > 0, as u — oo,

P ( sup Crn(t) > u>
te[0,7]

_ 2r77‘m/2
= T-Av",ozcr,narmir

(T(m/2)) "

where .Zna is determined by (1.7) with §éi),i <n being n independent copies
of & given in (2.10), and I'(-) stands for the Fuler Gamma function.

rul

= (1+0(1), (2.12)

2
E+rmf2r67

Remarks. a) The special case of Theorem 2.2, for § = 1, coincides with that
obtained in Corollary 7.3 in [25]; see also [17,20].

b) The Pickands constant H, coincides with lea if n = 1. It is well-known
that H; = 1 and Hy = 1/4/7. For other values of o the recent contribution [16]
(see also the excellent monograph [32]) suggests an efficient algorithm to simu-

late Hq. For n > 1 both calculation and simulation of A, , are open problems.

In extreme value analysis (see, e.g., [12,21,17]) it is also of interest to find
some normalizing constants ar > 0,bp € R so that the linear normalization of

the supremum ar ( SUP4e 0,77 er(t)—bT> converges in distribution as ' — oo,
where X,., is the rth order statistics process generated by the stationary

Gaussian process X. The following theorem gives a Gumbel limit result for
X,.n generated by a weakly dependent stationary Gaussian process.

Theorem 2.3 Let {X,,.,(t),t > 0} be the minimum order statistics process
generated by the stationary Gaussian process X with covariance function p(-)
satisfying (2.9). If p(t)Int = o(1) holds as t — oo, then

lim sup
T—00 zcR

=0, (2.13)

t€[0,T]

P (aT< sup Xp.n(t) — bT) < IE> —exp (—e77)

where (set below D := (n/2)"/271/ajn,a(271')7”/2)

[2nT (£ —%)InInT+InD
ar =V2nInT, by = 4o 2 ) 2.14
r 4 n V2nlnT ( )

Remarks. a) It follows from the proof of Theorem 2.3 that a similar result still
holds for the maximum order statistics process X7.,, under the same condition
(since (4.35) holds for the maximum).

b) In several applications it is of interest to consider a random time interval 7~
instead of T’ see, e.g., [19,28]. As in [28] our result in (2.13) can be extended
for random intervals; we omit that result since it can be shown with similar
arguments as in the aforementioned paper.

¢) The deep contribution [26] shows that besides Gumbel limit theorems, of
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interest for applications is the growth of E ((SUPte[o,T] |Xnn(t)|)p) for given

p > 0. In view of Theorem 2.2 (with m = § = 1) and applying Lemma 4.5 in
[27] we obtain

. suPyeqo, 1) [ Xnin ()P
1 E = 1. 2.15
T <( V2/nInT ) (2.15)

3 Proofs

In this section, we present proofs of Theorems 1.1, 2.2 and 2.3. We shall rely
on the methodology developed in the seminal paper [3]. As mentioned therein,
checking the Albin’s conditions for stationary processes is usually a hard task.
In Section 3.1 we consider X to be a stationary process with a.s. continuous
sample paths. In Sections 3.2, 3.3 we concentrate on the special case where X
is a centered stationary Gaussian process with a.s. continuous sample paths
and covariance function p(-) satisfying (2.9).

3.1 Proof of Theorem 1.1

We begin with some preliminary lemmas that will be used in the proof of
Theorem 1.1. Unless otherwise specified, { X;.,,(t),t > 0} denotes the rth order
statistics process generated by the stationary process X.

The next lemma plays a key role throughout the proofs. Since its proof is
straightforward, we omit it. Recall that we defined ¢,.,, = n!/(rl(n — r)!).

Lemma 1 If X(0) has a continuous distribution function, then for any t > 0
P (Xpn(t) > u) = o (P (X() > u)) (1 +0(1), u—oo.  (3.16)

Lemma 2 If condition A(D) holds for X, then X,.,(0) has df in the Gumbel
MDA with scaling function w,(u) = rw(u). Further, for any grid of points
O<ti < ---<tg<oo and ally €D we have

(wr(u)(Xr;n(qtl) —u), ..., W (W) (X (qta) — u)) ’ (wr(u)(XT:n(O) —u) > ry)

d . i : 7
- (1211,127‘ ng(; )(tl)a ceey 1211‘1; Tgy(; )(td))a U — 00, (317)

where fg(,i),i < n are mutually independent copies of &, as in condition A(D).

Proof. First, by (1.3) and (3.16)

P (er(O) > u+ ) =P(X;n(0)>u)e " (1+0(1)), zeR

rw(u)
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meaning that X,.,(0) has df in the Gumbel MDA with w,(u) = rw(u).
Further, it follows from (1.4) that the convergence in distribution

() X2 1)) | (X210 > ) S (1000 7600 0) (319

holds as u — oo for all i < n,y € D, where X (t) = w,(u)(X;(t) — u). Let
further Y,*(t) = w,(u) (Xr;n(t) - u) and fix a grid of points 0 < t; < -+ <
tq < oo. Next, we show that (3.17) holds when r = n. Indeed, for any given
constants y1,...,y4 € R by (3.18)

P (y;(qtl) > 1y Y (gte) > yalYE(0) > ny)
_ P(minicicn XF(qt;) > y;,1 < j < dymim<icn X7(0) > ny)
P (miny<;<, X} (0) > ny)

i (2) i (4)
—P <1r§nilgn n&,” (t1) >y, -, nin. n&,” (ta) > yd) (3.19)

as u — oo. Similarly, the claim of (3.17) holds for all r < n if we show that,
for any given constants y1,...,yqs € R

P (Yr* (gt1) > y1,..., Y. (qtq) > ya|Y,5(0) > ry)
P (mini<;<» X (qt;) > y;,1 < j < d,minj<i<r X7(0) > ry)
P (minlgigr XZ* (0) > ry)
x (147 (u)), with li_>m Y, (u) =0. (3.20)

Next, we only present the proof for the case that r = n — 1 and d = 1; the
other cases follow by similar arguments. By (3.16)

P (Y,;"_l(O) > (n— l)y) =nP ( min  X7(0) > (n — 1)y> (1+0(1))

1<i<n—1
as u — 0o. Further

P (Y, 1(gt1) > 1, Y51 (0) > (n— 1)y)
=P (Y, 1(qt1) > y1 > Y, (qt1), Y, (0) > (n—1)y)
+P (Y (qt1) > y1, Y, 1(0) > (n — 1)y > Y;7(0))
+P (Yi_1(qt1) > y1 > Y, (gt1),Y,r_1(0) > (n — L)y > Y;5(0))
+P (Y, (gt1) > y1, Y5 (0) > (n — 1)y)
=: Iyy + Ioy + I3y + L4y

Since as u — oo

P (Xilat) < 1 X300 > (0= D) < F (X,0) >+ ) = o),
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we have

I, =nP (1 min X (gt1) > Y mm 1X (0) > (n— 1)y) o(1),

and similarly I, = I1,(1 4 o(1)). Using further the fact that
P (X7(gt1) <91, X5(0) < (n = Dy) = 1+ 0(1), u — oo,

we have
= P i Xi(qt X¥(qgty) <
z; (1<J‘H<lg,lj¢i jlat) > y1, Xi(gt) < g,
1,4’ <n

. o
i XG0) > (0= Dy XE(0) < (0= 1))

=nP (1 1Jn<1n X7 (qt1) > y1, er<11;1L 1Xj,(()) > (n— l)y)

xP (X5 (qt1) < y1, X;(0) < (n—1)y)

+co,nP <1<1;n<m_ X; (qt1) > v, 1S;}1§12_2X¢(0) > (n— 1)1/)

xP (Xy_1(at1) < y1, X;-1(0) > (n = Dy) P (X5 (qt1) > y1, X, (0) < (n — 1)y)
=nP (1<1]n<17r11 X7 (qt1) > y1, er<1rrll 1Xj,(()) > (n— l)y) (14 0(1)).

Since in view of (3.19), for k =0, 1,2, as u — o0,

P (min X an) > e, _min | X500 > (n- Dy ) =(POEO) > )00,

we conclude that Iy, = I3,0(1), and further that (3.20) holds for r = n — 1

and d = 1. This completes the proof. O
Lemma 3 If condition B is satisfied by X, then for any a,T positive
(T/(aq)]
i lim sup Z Xy (agk) > u| X, (0) > u) = 0. (3.21)
N—oo y—oo N

Proof. First, since for all integers £ > 1 and any u positive
P (Xn.n(agk) > u, X0 (0) > u)
P(Xpn.n(0) > w)

:(IP (X (agk) > u|X(0) > u) )"g P (X (agk) > u|X(0) > u)

P(Xpn.n(agk) > 6| X0 (0) > u) =

holds, condition B implies the claim for » = n. If r < n, then with similar
arguments as in (3.20) we have for large u

P (szn(aqk:) > u‘XT:n(O) > u) = (P (X(aqk) > u‘X(O) > u))r (1+7(u))

X(0) > u))r

holds for some K > 0, hence again condition B establishes the proof. O

< K(]P’ (X(aqk) >u
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Lemma 4 If condition C is satisfied by X with the parameters as therein,
then there exists some positive constant C* such that for all u large

P <er(qt) >u+ ﬁ,XT;n(O) < u’X,,m(qt) > u) < CFdnTh (3.22)

holds for any t positive satisfying 0 < tP < X < Ag.
Proof. By condition C, for sufficiently large u and C* = nC,r =n

P (Xm(qt) > u+ w(Au)’X"ﬁ"(O) < u’Xnm(qt) > u>

n P (Xnm(qt) >u4 2 Xi(qt) < u)

w(u)?

<
T = P (Xpn(qt) > u)

n P (Xl(qt) >u+ ﬁ, XI(O) < u, minlgjgmj# X](qt) > u)
<

(P (X(gt) > u))"

.
Il
_

n P (Xi(qt) >u+ 2+ X;(0) < u)

w(u)?

P(X(qt) > u)

i=1

I
MS

> P (Xi(qt) >u+ wE\U),Xi(O) < u‘Xi(qt) > u)

< CrtINh (3.23)

holds for all ¢ positive satisfying 0 < t* < A < Ag. If » < n, then with similar
arguments as in (3.20)

P (Xm(qt) >u+ w?u)’XT:n(O) < u>

A
— n X, 2 min X;(0) <
rnl (12’1% Xilat) > u+ w(u) 1<ir Xil0) < u) (L+ (1))

holds as u — co. Consequently, it follows from (3.23) that there exists some
positive constant C* such that

P (szn(qt) > u+ L,XML(O) < u| X, (qt) > u) oA
w(u)

holds for all t > 0 and 0 < t# < A < Ag establishing thus the proof. a

Proof of Theorem 1.1. The proof is based on an application of Theorem 1

in [3], see also Lemma A in [6]. It follows from Lemmas 2, 3 and 4 that the

conditions of Theorem 1 in [3] are satisfied, hence for any T' > 0

P sup Xon(t) > 0| =74, B O >0 g ooy o
te[0,T] CI(U)

where the limit in the right-hand side of (1.7) exists with A, € (0,00). Hence
the proof follows from (3.16). O
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3.2 Proof of Theorem 2.2

In the following, we focus on the special case where the process X is a centered
stationary Gaussian process with a.s. continuous sample paths and covariance
function p(-) satisfying (2.9). Before proceeding to the proof of Theorem 2.2,
we present four lemmas.

Lemma 5 If {¢(t),t > 0} is given as in (2.11), then

. 217m/2 L w2
P(C0)>u)=4 F(m/Q)u exp <2> (1+4+0(1))
and further the convergence in probability
X O)1](¢©0) > u) B oo (3.24)

holds as w — oo.
Proof. Since | X (0)|° /2 has Gamma(m/2,1) distribution, we have

21—m/2

BIX(0) > ) =

u™ 2 exp (—“22) (1+0(1)), u— oo.

Hence, Theorem 2.2 in [18] implies for any ¢ € (0, 1]
P(¢(0) > u) = 6™ P (| X (0)] > u) (1 +0(1), u— oc.

Clearly, (3.24) holds for ¢ = 1. Next, taking a constant ¢ such that 1 < ¢ <
1/v/1 =42 for § € (0,1), it follows from the proof of Lemma 2.3 in [18] that

lim P ((1 —ev/1—0%)u < §1X(0)] < c&u‘g(o) > u) —1,

U—» 00

implying thus (3.24). Hence the proof is complete. O

Lemma 6 Let {((¢t),t > 0} be given as in (2.11). If the covariance function
p(+) of the generic stationary Gaussian process X satisfies (2.9), then for any
grid of points 0 < t; < --- < tg < oo the joint convergence in distribution

(u(latt) =w),..u(Clgta) =) | €(O) > ) 5 (Go(tr), - Eolta)

holds as u — oo, where the process & is given by (2.10) and q = gq(u) =
w2/,

Proof. By Lemma 5, for any s € R

iy PEO) >ut3) -
umee P(C(0) > w) '

Consequently, we have the convergence in distribution

u(C(0) — u)’(C(O) —u>0 S E w0,



Extremes of order statistics of stationary processes 11

with FE a unit exponential rv. In view of Theorem 5.1 in [11], it suffices to
show that as u — oo

((¢ats) = ). u(Clata) = w)) | (€(0) = )
A (\/éZ(tl)—t‘f‘+x,...,\f22(td)fthrx), Uy = u+x/u

holds for all d > 1 and almost all x > 0 with Z a standard fBm with Hurst
index a/2. Define

X7 =p(qtj)Xi(0), Ai(t;) = Xilgt;) — X/, i<m+1, j<d

For any u > 0 and j < d, we have

(ul¢(ats) = u] = ) |(C(0) = us)

= (5“ D (X2(0) +2X7 A(ty) — (1= p2(at;) XF(0) + A3(1))) — | X (0)]

" 1yu@hﬁmw><1mw»m¢ﬂm0>kam—un
=:0A,++V1—062B,.

Let Z;,i < m + 1 be mutually independent copies of Z. In view of (2.9) for
s,t>0andi<m+1

lim u?Cov(A;(s), Ai(t)) = s* +t* — |s — t|* = 2Cov(Zi(s), Zi(t)), (3.25)

uU—r 00

which implies the following convergence of finite-dimensional distributions
{ud;(t),t > 0} A {(V2Zi(t),t >0}, u— o0, i<m+1.

By the independence of A;’s and X;’s, the Z;’s can be chosen to be inde-
pendent of ¢(0). Further, since (X;(0),...,Xm+1(0)) is a centered Gaussian
random vector with N (0, 1) independent components, we have the stochastic
representation (see [13])

(X1(0), ..., X (0), Xpni1(0)) £ R(OB,1\/1 — B2), (3.26)

where O = (O4,...,0,,) is a random vector uniformly distributed on the unit
sphere of R™. Here the rv I satisfies P(I = £1) = 1/2, the random radius
R > 0 a.s. is such that R? has chi-square distribution with m + 1 degrees
of freedom, and the rv B is supported in (0,1) a.s. such that B? has beta
distribution with parameters m/2,1/2. Moreover, O,I, R, B, Z;,i < m+ 1 are
mutually independent. Consequently, using the fact that /zo +2 = \/z¢ +
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(2y/Z0) " tz(1 + o(1)) as  — 0, together with (3.25) and (3.26), we obtain as
U — 00

S platy) X (0)[udi(ty)] — Yo, HA=e et x2 () 4y w4 ()

Au = X(0)]

X (14 0,(1)|(6(0) = )

S V2X(0)Zi(t ) — it Xf(o)tC,Jr S Z3(t)

== X (0)] (140, (1)) |(C(0) = us)

- o Ez L ZE(t)
(ﬁ;oizi(tj) —t o )

% (1+ op(l))’(R 5B +/1—02\/1— B2I) = uy)
(\/§Zm+1(tj) =B BQI )

1EN

U

B, 4 (140, (1)[(¢(0) = u)-

Since the following stochastic representation

zm:oizi(tj) (Zoz’)l/l Zy(t;)

holds, we have further by (3.24)

§A, + V1 —62B,
i R(6B + V1 —62V1 - B2]

4 (x/i(éZOiZi(tj) +v1- 522m+1(tj)) gt - )t;?‘
=1

+Z%Rzé(tj)> 1+ op(l)))(R(aB +/1—62y/1 - B2I) = u,)

4 V2Z(t;) - t3, u— oo
establishing the convergence for any fixed t; > 0. The joint convergence in

distribution for 0 < t; < -+- < tg < 0o can be shown with similar arguments
and is therefore omitted here. O

Lemma 7 Under the assumptions and the notation of Lemma 6, for any a,T
positive

[T/ (aq)]
lim sup E P (C aqj) > u‘C(O) > u) —0, N — oco.

Proof. It follows from (2.9) that for any € > 0 small enough

1
St S1—p(t) <27, Vte (0.e.
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Denote by X (qt)—p(qt) X (0) = (X1(at)—p(t) X1(0), .., Xom (at) —plat) X (0)),
and define

("(qt) = 01X (qt) — p(gt) X (0)[ + V1 = 6*(Xt1(qt) — p(gt) Xm+1(0)). (3.27)
4

Since X (qt) — p(qt)X(0) is independent of X (0), and X (qt) — p(qt)X(0)
1 — p2(qt)X (0), we have that (*(qt) is independent of ¢(0), and

¢*(gt) £ /1= p2(gt)C(0)

Moreover, by the triangle inequality

¢(at) = (51X (aD)] + V1= X1 (at)) = plat) (51X (0)] + V1= X 12(0))
= ((qt) — p(qt)¢(0) > u(l — p(qt))
provided that ¢(gt) > ¢(0) > u. Therefore
P (¢(gt) > ¢(0) > u)
P(¢(0) > u)

P (¢*(qt) > u(1 — p(qt)),((0) > u)
P (¢(0) > u)

= 2P (C(O) >u HZEZ;)

i (g(qt) > u‘C(O) > u) <2

<2

Furthermore, it follows from Chebyshev’s inequality and Lemma 5 that for
any p >m

21+ O gt € (0,¢,
P (C(qt) > “’C(O) > “) = {21P> (g(o) > u[) gt € (e,T)

Kpt=oP/2 gt € (0, ¢
< P ) s €l .
<{ K e o @29

is satisfied for some positive constant K, where A =1 — sup.,<p p(s) > 0,
and the second inequality is due to the fact that

1 2
P(C(O) > U) S C’um_l oy exp (_U2> S Cpum—l_p’ w>0

holds for some positive constants C' and Cp. Hence, if p = 2(2/a + m — 1),
then for ¢t > 1

P (C(qt) > u‘((O) > u) < Kp(1 + TOP=m+D/2) pax(t=op/2 g=alp=m+1)/2)
< Cpt™2, qt € (0,77
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Consequently,
[T/(aq)] oo
lim sup Z P C(aqg)>u‘((0)>u) SOPZ(a]) 250, N—oo
establishing the proof. O

Lemma 8 Under the assumptions and the notation of Lemma 6 there exist
positive constants C,p, A\g,ug and d > 1 such that

P (aqt) ut ) < u) < CHAPP (((0) > u)

for any positive t satisfying 0 < t*/% < X < Ao and all u > ug.
Proof. By (2.9) there exists € > 0 such that

and 1— p(t) <2t*

DN | =

p(t) =
for all t € (0, ¢]. Further, for any t positive satisfying 0 < t*/2 < X\ < g :=
min(1/8,¢*/2) and u > 1

Lt A
plqt) u? = 2u?
Next, for
X1/,(qt) = (Xa(gt) — p~H(gt) X1(0), - .., Xon(qt) — p~" (qt) X (0))

we have by the triangle inequality

X (qt)] < | Xy, (at)] + @ 1X(0)].

Further, letting
C*(qt) = 8| X1y (at)| + V1 =02 (X (at) — p~(qt) Xim41(0))
and by utilising similar arguments as for {* given in (3.27), we have that (**(gt)

is independent of ((gt) and ¢**(qt) 4 /1- p%(qt)/p(qt)¢(0). Therefore, for
any t positive satisfying 0 < t*/2 < X < \g and u > 1

P (cta) >+ 2.600) < ufctar) > u)

<P (60> 3w S0 0 < ulotan) > o)
<P (C**(qt) > % — <p(1]t) — 1) U‘C(qt) > u)

<P (C**(qt) > 2)1;) =P|¢(0) > \/%QJ
SP(C(O) > 8ti\/2>
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Consequently, by Chebyshev’s inequality for any positive constant p > 2/«
A
P (Gla) > wt 2.0 < u) < FEALOP) A TE (Clat) > )

holds for any ¢ positive satisfying 0 < t*/2 < A < X\ and u large. Thus the

proof is complete. O
Proof of Theorem 2.2 With Lemma 5-Lemma 8, we conclude that the claim
follows by an application of Theorem 1.1. O

3.3 Proof of Theorem 2.3

In view of [3,6] or [21], we need to verify two additional conditions (see Lem-
mas 9 and 10) for the order statistics processes generated by the stationary
Gaussian process X.

Lemma 9 Under the assumptions of Theorem 2.3, we have for any constants
a,T >0

[E/P(Xn:n(0)>u)]
limlimsup > P <X,m(aqj) > u‘XW(O) > u) —0. (3.29)
O umeo T )

Proof. Recalling that X (¢) — p(t)X(0) is independent of X (0),

P (X (1) > 0 X, (0) > 1) = B (Xp(t) > 1, X (0) > u[ X0 (0) > )
=27 (P (X () > X(0) > u[X(0) > u))"

< on (]P’ (X(t) — p()X(0) > u(1 — p(t)), X(0) > u‘X(O) > u))"

(1ol =10
= (1 ¢< 1+p<t>|>>

(L= lpOI T (e L= 1p(t)
<w(zpa) e () )

holds for some positive constant K and u large (the constant K below may be
different from line to line), here &(-) denotes the standard normal df.

Now we choose a function g = g(u) such that lim, o g(u) = 00, |p(g(u))| =
u=2. It follows from u=2Ing(u) = o(1) that g(u) < exp(e'u?) for some 0 <
€ <n/2(1—|p(T)])/(1+|p(T)|) and sufficiently large u. Now we split the sum
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in (3.29) at agj = g(u). The first term satisfies

l9(w)/(aq)]
Z P (Xn:n(aCIj) > U‘Xn:n(o) > u)
J=[T/(aq)]

<ot (1) e 1)

_ 1—|p(T
< Ku?/® "exp( uz—ﬂ )
2 1+ [p(T)]

—0, u—o0

since € < n/2(1 — [p(T)])/(1 + |p(T)|). For the remaining term we have

[E/]P(Xn:n(o)>u)]
P (X (40)) > u| X (0) > 1)
i=lg(u)/(aq)]

<K € af1—u? —n/2 nu? 1 —u=2
u ex —— &5
=P (X (0) > u) 1+u2 T

nu? (1 —u2
< Keexp (‘z<1+u—z ‘1>)

< Ke, u— 0.

Therefore, the claim follows by taking € | 0. O

In the following lemma we shall establish the asymptotic independence of
X over suitable separate intervals (see condition D’ in [3]). In the notation
used below .Zna is the constant appearing in (2.12), and

oy @O
T=T(u) = ./Tn,a u exp (=) (3.31)

Lemma 10 Under the assumptions of Theorem 2.3, if futher T = T(u) is
defined by (3.31) and a > 0,0 < X\ < 1 are given constants, then for any
0< s <~ <sp <ty < <tyinfagj:j € Z,0 < agj <T} with
t1 — sp > NI we have

lim
uU—r 00

ﬂ{Xnn Si <u} m{Xnn <u}

j=1

Proof. First, taking logarithms on both sides of (3.31) we obtain

2 n/2
lnTmL+<n2>lnu+ln<(2ﬁ) >,
2 o Ao

)
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which together with u? = (2/n)InT(1 + o(1)) implies that

1-2 2
g2 2T (2 B 1) ninT + 1n<;> M%“a +o(1)) (3.33)
s

n no

as T — oo. Further, define (hereafter I{-} denotes the indicator function)
Xij = X;(si){i <p}+ X;(tip){p<i<p+p}, 1<i<p+p,1<j<m,

and {Y;;,1<i<p,1<j<n} 4 {Xij,1 <i<p,1<j<n}, independent of
Yijp+1<i<p+p,1<j<n}L{Xyp+1<i<p+p,1<j<n}
Applying Lemma 12 with X,y = Xpn(8:)[{i < p} 4+ Xpn(tizp){p < i <
p+p'} (see the Appendix), using similar arguments as in Lemma 8.2.4 in [21]
we obtain that the left-hand side of (3.32) is bounded from above by

nu? ‘ (f_§7)‘ 2(n—1
Ky —2(n=1) T E e e =] /p ’ Mdh
0 (1 _ h2)n/2

q AT<t;j—s;<T

T nu?
< Ku—20—=1) () Z |p(agj)| e” T Fetaant | for large u,

1/ \rlagi<r

where K is some positive constant. The rest of the proof consists of the same
arguments as that of Lemma 12.3.1 in [21] by using (3.33) and the Berman’s
condition p(t)Int = o(1). Hence the proof is complete. O
Proof of Theorem 2.3 Since Theorem 2.2 and Lemmas 9 and 10 hold for
the nth order statistics process X,,.,, in view of Lemma B in [6] we have for
T = T(u) defined as in (3.31)

lim P ( sup  Xpn(t) <u+ :17) = exp (—671’) , ek

U—00 t€[0,T (u)] nu

Hence the proof follows by expressing « in terms of T" as in (3.33). O

4 Appendix

Let X = (X1,...,Xq) and Y = (Y1,...,Ys) be two Gaussian random vectors
with N(0,1) components and covariance matrices X1 = (O’Z(;)> and XV =
(O'i(?)), respectively. The most elaborated version of Berman’s inequality is due
to Li and Shao [22], where it is shown that for u = (u1, ..., uq) € R? (hereafter
the notation & < y for any x,y € R? means z; < y; for all i < d)

P(X <u)-P(Y < ' 2i > A”exp< uitu 2)>, (4.34)

1<i<j<d (1 +

1) vin( g9
i) — aresin(o;; )|

where p;; = max(|cr(1)| |a |) A;; = |arcsin(o i
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Our goal is to establish Li and Shao’s extension of comparison lemma
(Berman’s inequality) for the minimum and the maximum order statistics of
Gaussian random vectors. Let therefore X ; = (X;;,7 < d),j < n be n indepen-
dent copies of X. Denote the minimum and maximum order statistics vector
Xy = (Xz(n)yl < d)yXlzn = (X1(1)7Z < d) with Xl(n) = minj<n X'LjyX (1) =
max;<pn Xij,? < d. Similarly, for Y';, 7 < n independent copies of Y we define
the minimum and maximum order statistics vectors Y., and Y1.,, respec-
tively.

Lemma 11 For arbitrary w € R? and k = 1,n we have

P(Xjn < P(Yhn < u)| < — A ui +uj 4.35
(Xkin S u) =P (Y < u) Sor Z ij €XP *m . (4.35)
1<i<j<d

Proof. Note that —X and —Y have the same distributions as those of X

and Y, respectively. Using Theorem 2.1 in [23] with constants \;; = —u;,i <
d,j <n, we have

= ’P (U;'izl m?zl {_Yij < _uz}) -P (U?:1 m?:1 {_Xij < _uz})

2+ul
2 2 AZZeXP( (1+le))

1<1<l<d

I /\

Next, since |a™ — b"| < nla —b|,a,b € [0,1] and n € N, we have by (4.34)

P(X1p <u)—P(Yi, <u)| = ](IP’(X <u))" = (P(Y <u))"|

<o Y Awew(- “j“l )
T <ici<d + pit)
hence (4.35) for k = 1 follows and thus the proof is complete. O

Lemma 12 Let X,,., and Y .., be the minimum order statistics vectors de-
fined above. Then, for all u > 0

n an
P(Xpm <u)—P(Ypm <u)| < ——u 207D Al —
(Ko < 0) = P (¥ < 0| < a0 50 aglomn (-1,

1<i<li<d
where u = minj<;<p u; and

7 (1 B

- /U o g (4.36)
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Proof. We follow the idea of the proof of Theorem 2.1 in [23]. Let {Z] S
h

d,7 <n} be N(0,1) rvs with covariance matrix X" = (075 .11,) where
CTlhj,lk =K (Zthk) - };]I{j = k}a Zal S da ]7k S n, h € [071]3

with 7/} := hofll) +(1- h) ). Clearly, Zh ={Zz}5,i < d},j < n are inde-
pendent and identically Nd(O7 Eh) dlstrlbuted with ¥* = h X1 + (1 — h) X0,
Without loss of generality, we assume that X' and X° are positive definite.
Consequently, we have (see (3.4) and (3.19) in [23])

=P (Z}n > _u) - ]P)(Z(l)n > —’LL)

1
=n Z (1) - JZ?))A dh(@(fuh *ul;Ti}lL)

1<i<i<d
XP( s= lsizl{W > ué} mt Q{Z;Lf < ul?th < U’l})

where W = maxi <<, 2%, and @(—u;, —u; 7)) is the bivariate pdf of (Z[4, ZI})

which satisfies

Sj7

o(—ui —ul~7—.h) = o5 XP | — 2Tlu - +UI
iy s 14l 271'(1 _ (7—7;’;)2)1/2 2(1 - ( :;)2)

2
u .
) )1/2 p<_1+pql)’ u_lrgnilgnur

Next, let (Z;, Zl) be a bivariate standardized normal random vector with cor-
relation |7/| and set u = minj<;<,u; > 0. Slepian’s inequality in [25] and
Lemma 2.3 in [24] imply

I
()
3

—
—
|
—
&\‘:

P(Zh < —ui, 2t < —w) < P(Z < —ui 2 < —w)
(1 + |Tzl )
w2
Consequently, with A%, defined by (4.36) and x4 = max(z,0)
P(Xnm <u) =P (Yinp <u)
2 1 h\2(n—1)
n_ 2D (1) _ (0 ( nu ) / (1 + |71])
< U o, —o; exp | — dh
> (27r)n Z ( il il )+ P 1+Pll 0 (1_( ) )n/2

1<i<i<d

2
N om—1) N nu
< A’ —
< (%)n“ E (A7) + exp( 1 pu)’

1<i<i<d

p(u,uw|m]), t<n

where in the last step we used the equality 7/? = h(agll) - Ul(lo)) +o

/ A+ 1 / (L4 |ppe-n
o A= TS0 fye Ta—wr

This completes the proof. a

z(lo) , and thus



20

Krzysztof Debicki et al.

Acknowledgements We are grateful to the referees for their careful reading and numerous
suggestions which greatly improved the paper.

References

1. Al-Rawwash, M., Seif, M.: Measuring the surface roughness using the spatial statistics
application. J. Appl. Statist. Sci. 15(2, [2006 on cover]), 205-213 (2007)

2. Albin, J.M.P.: On extremal theory for non differentiable stationary processes. PhD
Thesis, University of Lund, Sweden (1987)

3. Albin, J.M.P.: On extremal theory for stationary processes. Ann. Probab. 18(1), 92-128
(1990)

4. Albin, J.M.P.: Extremes and crossings for differentiable stationary processes with ap-
plication to Gaussian processes in R™ and Hilbert space. Stochastic Process. Appl.
42(1), 119-147 (1992)

5. Albin, J.M.P.: On extremal theory for self-similar processes. Ann. Probab. 26(2), 743—
793 (1998)

6. Albin, J.M.P., Jaruskovd, D.: On a test statistic for linear trend. Extremes 6(3), 247258
(2003)

7. Alodat, M.: An approximation to cluster size distribution of two Gaussian random
fields conjunction with application to FMRI data. J. Statist. Plann. Inference 141(7),
2331-2347 (2011)

8. Alodat, M., Al-Rawwash, M.: Skew-Gaussian random field. J. Comput. Appl. Math.
232(2), 496-504 (2009)

9. Alodat, M., Al-Rawwash, M., Jebrini, M.: Duration distribution of the conjunction of
two independent F' processes. J. Appl. Probab. 47(1), 179-190 (2010)

10. Aue, A., Horvéth, L., Huskovd, M.: Extreme value theory for stochastic integrals of
Legendre polynomials. J. Multivariate Anal. 100(5), 1029-1043 (2009)

11. Berman, S.: Sojourns and extremes of stationary processes. Ann. Probab. 10(1), 1-46
(1982)

12. Berman, S.: Sojourns and extremes of stochastic processes. Wadsworth & Brooks/Cole
Advanced Books & Software, Pacific Grove, CA (1992)

13. Cambanis, S., Huang, S., Simons, G.: On the theory of elliptically contoured distribu-
tions. J. Multivariate Anal. 11(3), 368-385 (1981)

14. Cheng, D., Xiao, Y.: Geometry and excursion probability of multivariate Gaussian ran-
dom fields. Manuscript (2013)

15. Debicki, K., Hashorva, E., Ji, L., Tabi$, K.: On the probability of conjunctions of sta-
tionary Gaussian processes. Statist. Probab. Lett. 88, 141-148 (2014)

16. Dieker, A.B., Yakir, B.: On asymptotic constants in the theory of Gaussian processes.
Bernoulli 20, 1600-1619 (2014)

17. Falk, M., Hiisler, J., Reiss, R.D.: Laws of small numbers: Extremes and rare events. In:
DMV Seminar, vol. 23, p. 3rd edn. Birkh&duser, Basel (2010)

18. Farkas, Y., Hashorva, E.: Tail approximation for reinsurance portfolios of Gaussian-like
risks. Scand. Act. J. DOI 10.1080/034612588.2013.825639 (2014)

19. Freitas, A., Hisler, J., Temido, M.: Limit laws for maxima of a stationary random
sequence with random sample size. TEST 21(1), 116-131 (2012)

20. Hashorva, E., Ji, L.: Piterbarg theorems for chi-processes with trend. Extremes DOI
10.1007/s10687-014-0201-1 (2014)

21. Leadbetter, M., Lindgren, G., Rootzén, H.: Extremes and related properties of random
sequences and processes, vol. 11. Springer Verlag (1983)

22. Li, W., Shao, Q.M.: A normal comparison inequality and its applications. Probab.
Theory Related Fields 122(4), 494-508 (2002)

23. Lu, D., Wang, X.: Some new normal comparison inequalities related to Gordon’s in-
equality. Statist. Probab. Lett. 88, 133-140 (2014)

24. Pickands III, J.: Upcrossing probabilities for stationary Gaussian processes. Trans.

Amer. Math. Soc. 145, 51-73 (1969)



Extremes of order statistics of stationary processes 21

25.

26.

27.

28.

29.

30.

31.

32.

33.

Piterbarg, V.I.: Asymptotic methods in the theory of Gaussian processes and fields,
Translations of Mathematical Monographs, vol. 148. American Mathematical Society,
Providence, RI (1996)

Seleznjev, O.: Asymptotic behavior of mean uniform norms for sequences of Gaussian
processes and fields. Extremes 8(3), 161-169 (2006)

Tan, Z., Hashorva, E.: Exact asymptotics and limit theorems for supremum of stationary
Xx-processes over a random interval. Stochastic Process. Appl. 123(8), 2983-2998 (2013)
Tan, Z., Wu, C.: Limit laws for the maxima of stationary chi-processes under random
index. TEST in press (2014)

Turkman, K.F.: Discrete and continuous time series extremes of stationary processes.
Handbook of statistics Vol 30. Time Series Methods and Aplications. Eds. T.S. Rao,
S.S. Rao and C.R. Rao. Elsevier, 565-580 (2012)

Turkman, K.F., Turkman, M.A.A., Pereira, J.M.: Asymptotic models and inference for
extremes of spatio-temporal data. Extremes 13(4), 375-397 (2010)

Worsley, K., Friston, K.: A test for a conjunction. Statist. Probab. Lett. 47(2), 135-140
(2000)

Yakir, B.: Extremes in Random Fields: A Theory and its Applications, Higher Publica-
tion Press, Wiley, New York (2013).

Zareifard, H., Jafari Khaledi, M.: Non-Gaussian modeling of spatial data using scale
mixing of a unified skew Gaussian process. J. Multivariate Anal. 114, 16-28 (2013)



