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Abstract: In this paper we show that the conditional distribution of perturbed chi-square risks can be approximated
by certain distributions including the Gaussian ones. Our results are of interest for conditional extreme value models
and multivariate extremes as shown in three applications.
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1 Introduction

Let (X;1,Xi2),¢ > 1 be independent bivariate Gaussian random vectors with N(0,1) distributed marginals and

correlation coefficient p € (—1,1). We have the following stochastic representation

d )
(Xi1, Xi2) = (Xa1, pXin + V1 = p2W;), i >1, (1)

with W;, ¢ > 1 being independent N(0,1) random variables (rvs) which are further independent of X;1,7 > 1. For

fixed m > 2 we define a bivariate chi-square random vector ({1, (2) by
m m
Q=Y Xi, G=)Y Xb (2)
i=1 i=1
Apart from the case p = 0, the bivariate random vector ({1, () has dependent components. By a direct analytic

proof (see Appendix) it follows that, as v — oo, the conditional risk (defined almost surely)

* L CQ _pQU

ST 20/ (=)

can be approximated by a standard Gaussian rv W, in such a way that

‘(Cl =)

lim sup|P{¢; <z} —P{W <z}| =0. (3)

V—00 zER

Instead of conditioning on {¢; = v} one can also condition on the event {¢; > wv}. Again, the same Gaussian
approximation of (5 given that {¢; > v} can be obtained (see Theorem 2.1 below).

The motivation of analyzing the distributional properties of the conditional models stems both from theory- and
applied-oriented problems. Commonly in finance and risk management applications there are few observations of
risks being large. Therefore, a conditional model, which can be reasonably approximated by some known distribution
functions (dfs), is valuable for statistical models; see e.g., [5, 4, 14, 17, 20, 26, 27, 33, 6] for various results.
Conditional limit results are also crucial for the investigation of the asymptotic behaviour of maximum of random
processes and that of maxima of triangular arrays; see e.g., [1, 7, 8, 28, 21, 34, 2, 18] and references therein. Other
important applications of approximations of the conditional dfs of chi-square risks can be found in [24]. Consider
C10 and (2, to be realizations of some stationary chi-square process {((t),t > 0} at threshold dependent times

t1(v),t2(v). In this case we have threshold dependent correlation coefficient p, instead of constant p. In order to
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get results as those of Berman (see also [1]) we need to assume that p, tends to 1 at a certain speed. This case has
been considered in the context of maxima of chi-square triangular arrays in Theorem 2.1 in [24], which shows that
(2,0 — C1,0)|(¢1,» > v) can be approximated, as v — oo, by a Gaussian rv with df N(—X,4\), provided that

lim 2v(1 — p,) = A € (0, 00). (4)

V—00

Given the importance of approximation of conditional dfs both for constant p and for p(= p,) that changes with the
threshold v, in this paper we shall investigate approximations of multivariate conditional perturbed chi-square risks
(see Section 2 for the definition) using ideas and techniques from extreme value theory.

Our findings provide a concrete framework for the conditional extreme value model developed in [27, 11], and
therefore statistical inference can be performed by utilising the conditional extreme value methodology therein.
Since our approach is asymptotic in nature, distributional assumptions can be dropped. This makes the model
more appealing for applications. More precisely, we shall drop any distributional assumption on X;1,7 > 1. The
Gaussianity of the components W;,i > 1 in (1) seems to be crucial; however there are specific models (see Section
3) where this assumption is relaxed.

In this paper we present three applications: The first one establishes the so-called Berman’s sojourn limit theorem
and the tail asymptotics of supremum for a class of time-changed stationary chi-square processes. The second one
strengthens the convergence in distribution of maxima of chi-square triangular arrays (see [24] and [25]) to conver-
gence of the corresponding probability density functions (pdfs). We conclude Section 4 with the third application
concerning extremal behaviour of aggregated log-chi risks.

This contribution is organised as follows: We begin with the description of two main (dependent) perturbed chi-
square models for our multivariate framework and then derive conditional limit theorems for the models both with
fixed parameters and with parameters that depend on the threshold; see Section 2. Section 3 is devoted to discussions.
The aforementioned applications are displayed in Section 4. Proofs of all results are relegated to Section 5 followed

by a short Appendix.

2 Main Results

We first introduce the multidimensional perturbed chi-square random vectors. Let (Xji,..., Xj41)), 1 <@ < m be

(k + 1)-dimensional random vectors with stochastic representations
d )
(Xit, - Xieg1)) = (Xithil + Wity ooy peXin + Wik)a 1<i<m, (5)

where pj € R\ {0},1 < j <k, and W := {W;; }1<i<m,1<j<k is an m x k matrix of centered (non-standard) Gaussian

rvs. Define the (k + 1)-dimensional perturbed chi-square risk ¢ := (C1,...,Ck+1) by

Q= X7, G = X (6)
i=1

i=1
In the sequel we shall consider the following framework:
Assumption A: Random vector (Xi1,...,X,,1) and the Gaussian random matrix W are mutually independent.
Further, we assume that the rows of VW are independent and have the same df as the centered k-dimensional Gaussian

random vector W = (W7, ..., Wy). Suppose that (; has its support on [0, c0).

Note that we do not assume Xji,...,X,,1 to be independent or normally distributed. If they are independent
N(0,1) distributed and for any 1 <14 < m, W;; has variance 1 — ,0? € (0,1) for all 1 < j < k, then ¢ is the (classical)

chi-square risk.



In order to obtain an approximation for the conditional perturbed chi-square risk (Ca, ..., Cr+1)|(C1 > v) we need to
impose an asymptotic tail condition on ;. We shall assume that ¢; has df G in the GMDA with positive scaling
function w(-), i.e.,

lim 1-Gv+z/w())
v—00 1-— G(v)

=exp(—z), z€R (7)

We refer to [32, 13, 15] for more details on GMDA. Due to the restrictions imposed by our dependence structure,
not every possible scaling function w(-) can be considered. Thus we assume that

lim (vVow(v))~! = 2¢ € [0,00). (8)

V— 00

Next, we state our first result which shows convergence in distribution of the conditional perturbed chi-square risk.
In what follows, the standard notation 2 and & denote convergence in distribution and convergence in probability,

respectively, when the argument tends to infinity.

Theorem 2.1 Let ¢ := ((1,..., k1) be a perturbed chi-square risk given in (6). Assume that Assumption A is
satisfied, and let U = (Uy,...,Uy) have the same df as the centered Gaussian random vector W. Then

P{M} §331,...,M Sxk’gl :v} - P{U; <z,...,Us <2}, n—o o (9)
2p1/v 20K/
holds for any (x1,...,w1) on R¥. Further, if G satisfies (7) with some positive scaling function w(-) which satisfies
(8), then
w(v)(cl_U)7C27p%v7~"v<.k+lipiv ‘(Cl >U)g (Zvazv) g(E7plcE+U17"'7kaE+Uk)7 (10)
201V 20/

where E is a unit exponential rv independent of U and (&,,EU),U > 0 are defined on the same probability space as

<.

Remark 2.2 In view of Theorem 2.1, Proposition 4.1 in [10] implies that the random vector ¢ has asymptotically

independent components, i.e.,
lim P{C] > ’U|CZ' > U} =0 (11)
vV—> 00

for any pair (i,5) of different indices; see [25] for a similar result.

Our second result is concerned with the threshold dependent perturbed (k + 1)-dimensional chi-square risk ¢, :=
(G105 -+ Cht1,0); which is defined similarly as (6) with p;,,v > 0 instead of p; and Gaussian random matrices
W, v > 0 instead of W (note that ¢y, = (1). For p;,’s we shall impose the following conditions (compare with (4)):

lim 4vw(v)(1 —pj) = A €[0,00), 1<5<k. (12)

vV— 00

Since lim, o vw(v) = o0, then (12) implies that lim, o, p;» = 1. In the special case that G is a chi-square df, we
have w(v) = 1/2 and thus (12) reduces to (4).

Theorem 2.3 Let ¢, := (Clw,---,Cht1,0),0 > 0 be a family of threshold dependent perturbed chi-square risks with
correlation coefficients p;j, € R\ {0},1 < j < k,v > 0. Denote the first row of W, by W, and assume that
Assumption A holds for every v > 0. Suppose further that G satisfies (7) with some positive scaling function w(-).
1) Assume that condition (12) is satisfied and

W)W, S U, Jww)W, 5 0=(0,...,0) R (13)



holds for a random vector U € R¥. Then for any (z1,...,x;) € R*

’ {w(v)(<2’” —v) <21, W) (Crpre — V) < xk‘@ —v+ wfv)}
M\ "
— P 2U1—?+x§x1,...,2Uk_?+x§xk (14)

holds locally uniformly for x € R as v — oo.
it) If (14) holds locally uniformly for x € [0,00), then

d A A
(w(v)((l —v),w(v)(C2,0 — V), ., WV)(Crot1,0 — v)) ’(Cl > ) — <E,E +2U; — 717 R ;) ,  (15)
with E being a unit exponential mv independent of U.
An immediate consequence of the above result is the following interesting limit relationship.

Corollary 2.4 Under the assumptions and notation of ii) in Theorem 2.3 we have

lim sup
V7O (31,5 ) ERE

P{w(v)(sz —C) <21, w() (G — 1) < wk’@ > v}

A A
—IE”{2U1—21§$1,...,2Uk—;gxk}‘:o. (16)

The claim in (16) is of interest for statistical modeling; results in this direction are already available for some other

interesting models (see [14]).

Remarks 2.5 a) The relation between (14) and (15) is known from several works of Berman; see e.g., [7] where
additional conditions on the scaling function w(-) are imposed.

b) Assume ¢, = (Ciw,Cow),v > 0 to be a family of 2-dimensional threshold dependent chi-square risks with
Var(Winw) = 1—-p31, € (0,1),1 < i < m and thus w(zx) = 1/2. Then from (12) we have that (13) holds with
Ur = VA V2.

¢) The proof of (3) shows that under the assumptions of b), similar convergence as in (14) also holds for the

corresponding pdfs.

3 Discussions

As we can see from the proof of Theorem 2.1 (Eq. (33) therein) the symmetry property of Gaussian rvs plays a

crucial role. In this section, we are mainly concerned with two tractable models relaxing the Gaussian assumptions.

First, we consider a bivariate perturbed chi-square risk ({1,¢2) as in (6). We drop the Gaussian assumption on

Wi1,1 <i<min (5) and assume that (Xi1,...,X,,1) is a random vector with polar representation
(X117 e 7Xm1) = R(Ol, ey O,,n)7

where R > 0 is a rv with infinite upper endpoint, and (O, ...,O,,) is a random vector which is independent of R

and satisfies Y -, O? = 1 almost surely. Since

m m m
PLY XA 420y XaWa+ ) Wi
i=1 i=1 i=1

pIR* + 2Rp Z O:Wi + Z Wi
i=1 i—1

G



we obtain

MKQ =) 4 iOiWil + M 4 iOiWila v — 00.
2p1\/v p 2p1/v p

Assume further that O = (Oy,...,0,,) is uniformly distributed on the unit sphere of R™. Then (cf. [8, 19])

Emjoiwﬂ L0,

i=1

which is in general not Gaussian. W;1,1 < i < m are iid Gaussian rvs with variance 1 — pf.
Another tractable model is obtained from (6) by restricting the following conditions on the random matrix W.

Suppose that each column (W ,...,Wy,;),1 < j < k of the random matrix W has stochastic representation
Wijs oo, Wing) = RjO; = Rj (O, -+, Omj),

where R; and O; are independent for any 1 < j < k. Here O, ..., O} are independent copies of the random vector

O which is uniformly distributed on the unit sphere of R™. It follows that for any v in the support of (4
d m - m -
(C27 . -’C/c+1) )(gl =v) = (Z(mui + VA0 (ki + Vk)2>7 (18)
i=1 i=1
where ‘7j = R;01;,1 <j <k with uj,1 < j <k are such that Z;nzl u? = v; the proof of (18) is given in Appendix.
A direct implication of (18) is that

2 2 ~ ~
CNé(ﬁz—P%U Crt1 p’“v)‘(ﬁzv) A (V1,.-.,Vk)7 v — 0.

T\ oo T 2o

Consequently, (9) holds with U < (V4, ..., V).

Finally, we mention an extension of Theorem 2.3. It is possible therein to drop the assumptions that the rows of
the matrix W, have the same df. To this end, the condition (13) needs to be re-stated, requiring the convergence of

w(v)y/vW, to some random matrix U.

4 Applications

As mentioned in the Introduction, conditional limit results are important in various theoretical and applied mod-
els. In this section, we shall present three applications. The first one concerns the derivation of Berman’s sojourn
limit theorems and the tail asymptotic behaviour of the supremum for certain time-changed stationary chi-square
processes. In the second application we shall investigate the maxima of perturbed chi-square triangular arrays es-
tablishing both the convergence of the maxima and a density type convergence result. Finally, motivated by the

findings of [3], we shall derive the tail asymptotics of aggregated log-chi risks.

Berman’s sojourn limit theorem and extremes of time-changed chi-square processes:

Consider {X;(t),t > 0},1 < i < m to be m independent centered stationary Gaussian processes with covariance
functions r;(+),1 < i < m satisfying
ri(t) =1 —=Cilt|]* + o(|t|*), t—0, ri(t) <1, Vt>0, (19)

with o € (0,2] and C;,1 < i < m given positive constants. Define a time-changed stationary chi-square process
{¢(t),t > 0} by

m

C(t)=>_X7(©it), t>0,
i=1



where ® = (04,...,0,,) is a random vector with non-negative and bounded components being independent of the
processes X;, 1 < i < m. We remark that time-changed processes are used extensively; see e.g., [12] and references
therein. Next, let {Z;(¢),t > 0},1 < i < m be independent copies of a fractional Brownian motion {Z(t),t > 0}

with Hurst index «/2 € (0, 1], i.e., a centered Gaussian process with covariance function
Cov(Z(s),Z(t)) =t* +s* — |t —s|*, s,t>0.

We obtain below a conditional limit result which is crucial for the derivation of Berman’s sojourn limit theorems
and the tail asymptotic behaviour of the supremum for the time-changed stationary chi-square processes. Since
¢(0) has a chi-square df, it follows that its df G satisfies (7) with scaling function w(v) = 1/2. We have, for any
0 <t <ty < <tgand x > 0 (set A;(t;) = Xi(qw)t;) — ri(q(v)t;)Xi(0), Xi0(t5) := ri(g(v)t;)X;(0) and
q(v) =v=/*)

(w(v)(C(Q(U)tl) =), w(v)(C(g(v)ta) — v)) ‘(C(O) =v+z/w(v))

Ai(Oit1) Xs,0(O4t1) +%(Z X;4(0it1)) —C(O))+x,...,

[\D\n—l PN
w\»—*

Z (0:ta))® + 3 Ai(O3ta) X0 (O4ta) + %(Z +0(O:ta)) —C(O)) —i—m) (€(0) = v + 22).
i=1 i=1 i=1

y (19) it follows that
A;(O;t;) — 0 and 7;(q(v)O;t;) — 1 almost surely as v — 0o, V1 <i<m,1<j<d.

Consequently, the independence of A;(©;t;) and ¢(0) implies

(UJ(U)(C(Q(U)tl) =), w(v)(C(g(v)ta) — U)) (€(0) = v+z/w(v))

= <Op()+(1+0 ;Aze)tl 5; (0)0;t1))?)(X:(0)? + z, . . .,
m 1 m
Op(1) + ZIAZ (©ta) X3 (0) — 52(1 - (Ti(Q(v)eitd))2)Xi(0)+x> ‘(C(U) = v+ 2z).
Furthermore, since (X1(0),...,X,,(0)) is a standard Gaussian random vector, we have the stochastic representation
(X1(0),...,Xm(0)) = R(O1,...,0m),
where (O1,...,0,,) is a random vector uniformly distributed on the unit sphere of R™ being further independent

of R > 0 which is such that R? has a chi-square df with m degrees of freedom. Hence, in view of the independence

between the random variables (or vectors) we conclude that
(UI(U)(C(CJ(v)h) —0),. - w(v)(C(g(v)ta) - v)) ’(C(O) =v+z/wv))
4 ( ()+\/v+2xZA 6t10—70+2xzm: (v)0;t1)))0? + x,. ..,
i=1

()+\/v+2xZA (©4tq)0; —fv—|—2x f}— (ri(q(v)Oitq))*)OF + )(R2:v+2x)

=1 [

(i Z:(CY0.t,)0; — Z C;020%S + 1, Z Z:(CHOtg)0; — Z C;020%t + x)

=1 =1 i=1



as v — 00, where Z;,0;,1 < i < m,® are independent random elements. Consequently, Theorem 2.3 implies the

weak convergence of finite dimensional distributions

L ¢t - |(€) > v) % Z{0 fj 00— 3 C0M% + B, 130,

i=1

where E is a unit exponential rv which is further independent of all the other random elements. Note that if

C;=C € (0,00),1 <i<m and © has all components equal to 1, then

Z(t) L Z(CYt) - Ct* + B, t>0,

which agrees with the findings of [7].

Define the sojourn time of the process ¢ above a level v in the interval [0, ¢] by

Li(v) = /0 1(¢(s) > v)ds, t>0, (20)

where 1(-) is the indicator function. By checking the Assumptions in Theorem 3.1 in [7] (as it was done in Theorem
10.1 therein), we obtain the following Berman’s sojourn limit theorem for the time-changed stationary chi-square

processes.

Proposition 4.1 Let {((t),t > 0} be the time-changed stationary chi-square process with covariance functions
satisfying (19), and let Li(v) be defined as in (20). Then, for all t > 0 small enough

P {vl/*Ly(v) >y}

li dy=1B 21
Jm | vl/aE{L( TR (z) (21)
holds at all continuity points x > 0 of B(x {fo )>0)ds > x}

Our next result concerns the tail asymptotics of the supremum of () over a fixed interval [0,T]. See [22] and the

references therein for recent developments in this direction.

Proposition 4.2 Let {((t),t > 0} be the time-changed stationary chi-square process with covariance functions

satisfying (19). Then, for any T > 0

21 m/2T 1im v
P{tes[%%]((t) > v} = Ha[Ch.-.,Cm]F(T/Q)UO‘Jr? exp (—5) (1+0(1)), (22)

as v — 0o, where I'() denotes the Euler Gamma function and

1
H,|Cy,...,Cp] =lim —P {sup Z(ak) < 0} € (0, 00).

al0 a k>1

Maxima of perturbed chi-square triangular arrays: We write below H) for the bivariate Hiisler-Reiss max-
stable df defined as

Hy(z,y) = exp(—em@(?—&—y\;;:)—ey@(\?—kx\}/\y)), T,y € R,

with A € (0, 00) the dependence parameter, and ® the standard Gaussian df. This distribution appeared initially in
[9], and was later studied in [28]. It follows that the pdf hy of Hy can be written as

ha(z,y) = e "Hy(x,y) (1 Q + y—x) +e*y@(£ + Y —x)q)(ﬂ + z —y)>7 z,y € R, (23)

ﬁw(Qﬁ > T U2 T

with ¢ the pdf of ®.
Let (Xi(ln),Xi(;)),l < i < n,n > 1 be a bivariate Gaussian triangular array. Assume that, for any n > 1,



(Xz(f )7 Xl-(n)), 1 <4 < n are independent bivariate Gaussian random vectors with N(0,1) marginals and correlation

n € (—1,1)/{0}. The seminal contribution [28] shows that the componentwise maxima of (X -("), xm ,1<i<n
P 3l 72
is attracted by H) if the Hiisler-Reiss condition

lim 4lnn(l - p,) =X € [0,00) (24)

n—o0

holds. Let H,, denote the joint df of a bivariate chi-square random vector ( f") én)) as defined in (2), where in (1)
we put p, € (—1,1)/{0} instead of p. In [24] the result of [28] was extended to chi-square case proving that under
the condition (24) (set below t,(z) = anz + by,)

lim sup |(Hn(tn(2),tn(y)))" — Ha(z,9)| =0, (25)

n—oo z,yGR
with
an =2, b, =2Inn+ (m—2)In(lnn) — 2InT'(m/2). (26)

Later on, in Theorem 2.2 in [25] the same result for a perturbed chi-square vector was obtained, where the Gaussian
assumption on X;1,1 < i < m in (2) is removed. Instead therein both marginals H, ;,i=1,2of H, are assumed to
be in the GMDA, i.e.,

lim sup (Hn,j(tn(x»)n —exp(— exp(—m)) =0, j=12, (27)

n00 zeR
where
an = 1/w(b,) =2(1+0(1)), b, =G '(1-1/n), (28)
with G = Hy, 1 the df of C{”), and further the Hiisler-Reiss condition

lim 2bl(1 —p2)=X€[0,00) (29)

n—00 (@

holds. Under the conditions (28) and (29), we have by (15) and Remarks 2.5, b) that

P > tn(x)}P { ™y ()
P {Cf”) > bn}

— exp(—m)IP’{\&V—)\/2—|—E>y—ac}7 n — oo,

P {c" > ta(@), 68" > ty)} = >y —alg” > tn<x>} (1+0(1))

n

where V' is an N(0,1) rv independent of the unit exponential rv E. This together with (27) implies (25), and thus
the claim of Theorem 2.2 in [25] follows. The result stated in (14) can be utilised to extend the convergence of dfs

(25) to a convergence of the corresponding pdfs; see e.g., [15] for discussions on the convergence of densities.

Proposition 4.3 Let ( fn) Z(TL)),n > 1 be a family of bivariate chi-square random vectors defined as in (2) with
joint df Hy,(z,y), where in (1) we put p, € (—=1,1)/{0} instead of p. If (29) is satisfied with a,, and b, in (26) and

n(,y) is the pdf of (Hu(tu(w), ta(y))" with ty(x) = ant + by, then

lim hn(x7y) = h)\(ﬂf,y) (30)

n—oo

holds for any x,y € R.

Aggregation of log-chi risks: Let k > 2, and define ¢ := ((y,...,(x) to be a k-dimensional chi-square risk with

m degrees of freedom defined as in (6) where W;; in (5) has variance 1 — p? €(0,1)forany 1 <i<m,1<j<k-1.



Define further Iy,...,I; to be iid Bernoulli rvs with P{l; =1} = p = 1 —-P{I; = —1} and p € (0, 1], which are
independent of ¢. For any constants o; > 0, ; € R,1 < j <k, define a k-dimensional log-chi risk Z = (Z1,..., Zy)
by

Zj :exp(ajlj\/gj—l—,uj), ISJSIC

The introduction of log-chi risks is motivated by [3] where log-normal risks were considered, which are retrieved
when m = 1 and p = 1/2. As a generalization of the result therein, we obtain the asymptotics of the aggregated

log-chi risks.

Proposition 4.4 Let Zy,...,Z; be log-chi risks with m degrees of freedom as above. Let 6 := 01 > 09 > -+ > o >
0, fi = MaxX1<j<kio,=5 Hj, and Jy = {1 < j <k:0; =06,pu; = fi}. Then

22z = zm/m’iif/mmz (I = g™ exp (‘W) (L+olt), wreo (31)

Note in passing that the tail asymptotics of the maximum max;<;<; Z; can be further shown to be tail-equivalent

with the total risk Z Zj; see [16] for more examples on this topic.

5 Proofs

PrOOF OF THEOREM 2.1 For any v > 0 we have

U

(2 — piv Cor1 — pRv d S (e X+ Wip)? = pio S (peXin + Wig)? — pio
2p1\/7 ceey 2pk\/— 2p1\/17 ge ey 2pk\/17

g 2p1 Zz 1 XaWi + Zz 1 W121 2pi Zz 1 X Wi, + Zz 1 Wz2k
2p1/v ’ 2pry/v
Since further by the independence of (Xi1,...,X;n1) and the Gaussian random matrix W we have

(G1=v)

<Z XilWil, ey Z XﬂWik)
=1 =1

[l
/N

folwl,..., ZX )‘Clv) (32)
VoW, ..., VuWy), (33)

where (32) can be established by checking the characteristic functions of the rvs on both sides; see e.g., [23]. Thus,
the first claim follows immediately by the fact that Y- W2 /\/v 20 forany 1 <5<k

Next, the assumption that G of ¢; is in the GMDA implies lim,_, vw(v) = co and the convergence in distribution
d
w)(¢1 —v)|[(G >v) > E, v— oo

By the above we obtain (set v, := v + z/w(v))

P{Q—P%” < Crt1 — piv <z

I S <1:v+z/w<v>}

G — piv. + piz/w(v) Cot1 — prvs + piz/w(v)
= P Vs /v <zx,..., 2 Voo, /v <z
{ 2p1 VU2 / ' 2pk V Uz / ¥

(1 = Uz}

©) G2 — piv; Cot1 — Piv2

2 P <aq,... KL T PRz < — 0. b (1+0(1
{2,01\ﬁ + prcz <z 2pnoe + prez < |G = v, ¢ (1 +0(1))

- P{W; <z —picz,..., Wi <xp — prez}, v— o0,



where the convergence holds uniformly with respect to z € R, meaning that we can substitute z by z,,v > 0 satisfying

lim,_, 00 2, = z € R in the above. Consequently, in view of Lemma 4.2 in [19], we obtain
2 2
]P{CQ P _ Cht1 — PV <z

TR P C1>U}

[T G —piv Cht1 — PR

- [ P s S s
oo ) 9

_ /0 p{%’gxl,...,WSku_mz/w(v)}da(vﬂ/w(v))/a_c(v))

@ / P{W; <z —prcz,..., Wy < axp — prez}exp(—z)dz, v — o0
0

(= } 4G()/(1 - G(v))

= P{Ui+picE <a1,..., Uy + ppcE < a3}, (34)

establishing the proof. |

PROOF OF THEOREM 2.3 First note that (12) implies as v — oo
W) — p2,0) = 200(0)(1 — p) (1 +o(1)) = ;2 1<j<k.

Further, the scaling function w(-) is self-neglecting, i.e.,

U&I&W:L Vo € R.

Therefore, the claim of statement i) follows by the assumption (13) and the convergence in distribution

(w(v)(@,v = ) 00) Gt — pi,m) (G =) 5 @Ur,... 200,

which can be confirmed as in (33), with the aid of the assumption (13). The claim of statement ii) can be established
using similar arguments as in (34). This completes the proof. (]
PROOF OF PROPOSITION 4.3 Denote by h,(x,y) the pdf of H,(x,y) and write h,, ;,j = 1,2 for its marginal pdfs.
Further, write hy,(-|z) for pdf of C2(n)|§1n) = z. By Theorem 2.3 and Remarks 2.5 b) we have for any z,y € R

. n n VI y—=
HILH;OP{CS "< ta)lg ):tn(af)} —P{V SRRV
with V an N(0,1) rv. By symmetry
. n n \F)\ r—Yy
Tim P{¢" <@ = ta) } —P{v S v

Consequently, since limy,_, oo (Hp (tn (), tn(y)))™ = Hx(x,y)

ha(z,y) = ain(H (t (x),tn(y)))”*lhn tn(Y)|tn () hin 1 (En (7))
)" hi 1 (£ (2)) 2 (0 (y))

)
XP{"” tny>|<£")=tn<x> P{A” < @iy = )}

= (1 +0 H)\ l’ y x))annhn,l(tn(m))

ety VA VA z—y
+e *IP’{ ST f/\}]P{Vg 5 \F)‘H

Since G is a chi-square df we have lim,,_,oc naphp1(tn(z)) = exp(—x). Further, in the light of Remarks 2.5 ¢) we
obtain that

lim aph, (t, (y)[ta () = g(ylz),

n—oo
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with g(-|x) the pdf of VAV — A\/2 4 z, implying thus

: 7 _ —x 1 \/X y—x —y \/X y—x \/X =y .
Jim ho(z,y) = e "Hx(z,y) lﬁ¢(2 + s )+e ‘I’(T + oY )‘I’(7 oY )| = ha(z,y),
hence the proof is complete. O

PROOF OF PROPOSITION 4.4 The proof is based on Theorem 4.2 in [30]. Let Z = exp(61;+/Ci + f1). Since ¢ is a
chi-square df with m degrees of freedom, it follows that (e.g., [23])

}P’{Z > u} = 2m/2*11“(fn/2)&m*2 (Inu — ﬂ)m—2 exp (_W> (14+0(1)), uv— o

implying that Z has df in the GMDA with scaling function w(z) = (Inx)/(5%z). Since further lim, o, w(z) = 0, in
view of Theorem 4.2 in [30] we conclude the claim by checking Assumptions 2.3-2.5 therein. In our setup it suffices
to show them for £k = 2.  For the simplicity of presentation, we assume further that oy = 0o = 1, p = 1 and

p1 = pe = 0. For any a > 0 we have
P{w(u)Zs > a|Zy > u} = P {Zz > au/ lnu‘Zl > u}
=(nu 2
v=(lnw) P{{g > (Ina + f—lnﬁ)Q‘Cl > v}

= P{@_\//g%q}>ﬁ[(l—i—(lna—lnﬁ)/ﬁf—p%”(l>v}—>0

as u — 00, where the last convergence follows from Theorem 2.1 and the fact that p? < 1, hence Assumption 2.3

and Assumption 2.4 (by symmetry) in [30] hold. The Assumption 2.5 in [30] follows if we show that

P{min(Z1, Z2) > u/Inu} _ P {min(¢1, ¢2) > v*}
P{Z; > u} P{¢ > (Inw)?}

as u — oo, where v* = (Inu — Inlnu)? = (Inu)?(1 + o(1)). By the definition of ({1, ({2) we have the stochastic
representation ,
G+ 2 (1+P1)ZWi2+ (1—p1) Z w7,
i=1 i=m+1

where W;,1 <4 < 2m are iid N(0,1) rvs. Let X = (X311, X192, X201, X22, -+, Xin1, Xim2). The last formula follows by
the fact that the covariance matrix 3 of X can be written as ¥ = Adiag(Aq,--- 7)\2m)AT7 where A\{ = --- = \,, =
1—p1, Ay = = dam = 1+ p1, and A € R™*™ is some orthogonal matrix. Without loss of generality we may
assume that p; > 0. Let ¢:=2/(1+ p1) > 1. We have

P{min(¢1,¢2) >u} < P{G + ¢ > c(l1+p1)u}

21—mcm/2—1 cu
— 1 1 m/2 m/2—1 (_7 1 1
(14 1/ pn)" 2= e (=5 ) (1 0(1)
as u — 00; see e.g., [23]. Consequently,

P{min(Zy, Z2) > u/Inu} P{¢G + ¢ > (14 p1)v*}

li <1l =0
B P{Z: > u} =005 T PG > ot (Lt o(1))
and thus the proof is complete. O
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6 Appendix

In this section we first present the proof of (18) and then give a direct proof of (3).

For notational simplicity we consider only the case k = 2. We have, for any v in the support of (;

m

(Z(ﬂlXﬂ + Wir)?, Z p2Xi1 + Wiz) )|(C1 =)
=1

i=1

(P%U +2p ZXﬂWil + Z W3, p3v + 2ps ZXﬂWiQ + Z ng)

i=1 i=1 i=1 i=1

|EN

(Cz, C3) ’(§1 =)

(G =w).

The assumption that (Wyj,..., Wy,;) 4 R;0;,j = 1,2 implies for any v in the support of (;

> X2 + RY, p3v + 203 Ry 01 Z X2+ R2> (Z X2 = U)

i=1

(C27C3) ‘(Q =)

(p%v +2p1 R1013

= (P%’U + 201 R101Vv + RY, piv + 2p2 RO v/u + R%)

m

g (Z(pluz + Wll 2 ; p2u; + W22 )

i=1

for any w;,i < m such that Y. u?

n (17). Hence the claim of (18) follows.

= v, where in the first equality in distribution we used the same technique as

Next, we show the proof of (3). In view of [29] (see also [31]), we have the stochastic representation

(C1:G2) £ (Unm, Vin),

where (set N =m + 1)

N

N
2
Un = Z(Xil - XNI) v Vm = Z(Xz‘z - XN2) y XN1i=
=1

i=1

2
2

XNQ =

which follows from the facts that (U,,, Vi) is independent of (Xn1, Xn2), and (X1 VN, XNQ\/N) has the same df
as (X11, X12). From equation (3) in [31] we have the following expression for the pdf hy,, of (Un, Vi,):

(uv ex fL—’_’U m@ w. U 00
2m(D(m /2))? (p2)""? p(=5 ) oF (*2’(2,)3)2)’ Vv € (0,00), (35)

where p, 1= /1 —p? and oFi(;a;2) =Y., F%‘l(:;l) Z7 By (35) the pdf g, (z|v), z € R of the conditional rv

n!

)m/271

B (u,v) =

. G-=pv
Z, = W’(Cl =)

is given by (set z, := pr\/v + p*v where p:=1— p?)

R G 2o\ o (m g,
i) = et e 5 () o (555 )

Utilising the well-known asymptotic expansion

oFi(m; 2) = wz”‘*m“ exp(2v) (1+0(L/V3). =

12



we can further write as v — 0o

~ 2
gm(zlv) = Mm(mQ)/zeXp<m\f> eXp<p v)

D(m/2)(25)"2 " %

(1—m)/4 1/2
L'(m/2) [ p*vz, ox PPz, o
SR (%) Joo
2 2 = 1/2
2 p p P

2 p2v pr 1 22

[\

‘H
S
™

I
@
»

o

[\
}—‘S
3
D)
Y
A
<

Il
[(\&)
— S‘
3
S 8
@
4
o
|
8
[\
(4
v
@
4
o}

Il
3~ 9
3 3
S
D
>
o]
|
‘bz
8
no [\)
N———
—
_|_
o
=

)
<

S

S

Consequently, for any x € R

P w<x‘(-v _plg < 2T —P{W; <z}, v—o0
20/ T— 2o~ 1 RRVAErE e '

The uniform convergence (in z) of the last formula follows since both functions on the right and left hand sides are

continuous, bounded and increasing.
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