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Conventional transmission systems utilize either high voltage ac (HVAC), oper-

ating at 50 or 60 Hz, or high voltage dc (HVDC) to transfer bulk power. The HVAC

system is designed to operate at a high voltage level to reduce losses and increase bulk

power transfer. This method is limited, however, by the constraints of installed transmis-

sion overhead lines, such as voltage level and power transfer capability. In contrast, the

HVDC system can handle a large amount of power on the transmission line by utilizing

dc current instead of ac. While the HVDC system has no limitation in transmission line

length for power transfer, it does however, require a high initial cost for converter stations

and specialized protection systems. Additionally, the HVDC system is a point-to-point

connection, and thus not �exible for multi-terminal connection. The low frequency ac

(LFAC) transmission system, �rst introduced in 2000, is another solution for bulk power

transmission that inherits advantages from both high voltage ac and high voltage dc sys-

tems. The primary advantage of LFAC transmission is that by operating the system at a

frequency lower than 50 or 60 Hz, the transmission line reactance can be signi�cantly re-

duced, thus extending power capacity. Further advantages include multi-terminal connec-

vii



tions, distance protection using alternating-current based circuit breakers, and improving

power transfer capability close to that of an HVDC system. This dissertation investigates

the bene�ts of an LFAC system in terms of power transfer capability and voltage stability.

First, the steady-state performances of the transmission line under low frequency range

are investigated, including the skin e�ect to see any possible changes in transmission

line model. More importantly, the power transfer capability, and voltage pro�les during

no-load and full-load conditions are examined. Next, the system voltage stability under

low frequency operations is studied in detail to analyze how the low frequency operation

helps improve a power system stability. Furthermore, the system modeling, protection,

and hardware platform to test the low frequency ac transmission are studied deeply. A

new grid synchronization con�guration to interface a low frequency system with a 60 Hz

ac system is also proposed. Moreover, a fast and robust fault detection mechanism based

on the second-order generalized-integrator (SOGI) grid synchronization technique is to

develop and work properly in a low frequency system. Last but not least, a small-scaled

transmission and distribution system is built to verify the basic performances of a power

system at a low frequency operations.
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Chapter 1

Introduction

This chapter �rst presents the background and motivation for low frequency trans-

mission research. Next, the state-of-art of this topic is brie�y introduced, and the needs for

low frequency operation studies are addressed. The research objective is then presented

to provide the scope of the work on low frequency ac transmission for power systems.

1.1 Background and Motivation

Conventional transmission systems utilize either high voltage ac (HVAC), oper-

ating at 50 or 60 Hz, or high voltage dc (HVDC) to transfer bulk power e�ciently and

reliably. The HVAC system is designed to operate at a high voltage level to reduce losses

and increase bulk power transfer. This method is limited, however, by the constraints of

installed transmission overhead lines, such as voltage level and power transfer capability.

In contrast, the HVDC system can handle a large amount of power on the transmission

line by utilizing dc current instead of ac. The HVDC system has no limitation in trans-

mission line length for power transfer; however, it requires a high initial cost for converter

stations and specialized protection systems. This system is also a point-to-point con-

nection, and is therefore not �exible for a multi-terminal connection. Another solution

for bulk power transmission, �rst introduced in [1], that inherits advantages from both
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HVAC and HVDC systems is to use a low frequency ac (LFAC) transmission system. The

primary advantage of LFAC is that by operating the system at a frequency lower than

50 or 60 Hz, the transmission line reactance can be signi�cantly reduced, thus extend-

ing power capacity [1, 2]. This allows the LFAC system to inherit advantages of both

HVAC and HVDC systems, such as multi-terminal connections, distance protection using

alternating-current based circuit breakers, and improving power transfer capability close

to that of an HVDC system. An obvious application that can utilize an LFAC system

instead of an HVDC or HVAC system is wind power transmission, where the wind farms

are located less than 200 km from the collecting station. With existing technologies,

the wind farm is able to generate low frequency output power [3] and then sends it to

transmission lines. The system is then able to handle a large amount of electric power.

1.2 The State-of-Art of LFAC Transmission

The concept of using a low frequency ac (LFAC) transmission for power system

transmission was proposed by Funaki in early 2000 [1]. The original idea was operating a

power system with underground cables at a very low frequency, theoretically 0.1 Hz for

XLPE cables, to transfer more electric power. The LFAC transmission method, however,

did not draw interest until its superior bene�ts in wind power transmission were discov-

ered. The increase of wind power penetration requires transmission lines to be capable

of handling large amounts of power as more generation is injected into the grid. In an

on-shore or o�-shore wind farm where the transmission line length is less than 200 km,

for example, the LFAC system o�ers bene�ts over the HVAC and HVDC systems. In

practice, due to high capacitance in HVAC cables, both the real power transfer capability
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and the transmission distance are limited [4]. The HVDC system, in contrast, has no lim-

itation on transmission distance because dc currents are used to transfer power instead of

ac currents. This technology, however, has faced challenges on the dc circuit breaker and

space charge accumulation of power cables [5].

The advantages of an LFAC over a conventional 60 Hz system in terms of power

transfer capability are deeply investigated in [3]. Since the power transfer is proportional

to the reciprocal of transmission line reactance, as the operating frequency is reduced the

power is increased. In [3], the availability for an LFAC system to use existing devices

in the market - such as transformers, cables, switchgears, shunt reactors or protective ac

circuit breakers - is discussed and compared with the conventional system. The possibility

of generating electric power with a low frequency in the generator side has been studied as

well. These studies, however, do not provide enough information about transmission line

parameter variations or the voltages and reactive power characteristics at a low frequency.

The research on applications of LFAC transmission for wind power is more pro-

ductive and proli�c [4, 5]. A detailed report on the low frequency transmission for wind

farms was released by PSERC in 2012 [2]. Many alternative con�gurations for low fre-

quency transmission in wind farms are introduced with thorough considerations of optimal

voltage level, cost, and power transfer capability. A dissertation accompanying this low

frequency transmission project was also published in 2013 [6]. The time simulation con-

verter modeling for an LFAC system is introduced. The current and voltage waveforms

from a fractional frequency cyclo-converter are shown, but there is no transient study on

faults or protection in the LFAC system. Given the fact that a cyclo-converter has limi-

tations in dynamic control response, in voltage quality (due to high harmonic contents),
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and in frequency conversion (typically one-third of source frequency), further transient

studies in an LFAC system cannot be done with a power cycle-converter.

All previous studies on the LFAC transmission are based on assumptions that the

power system is capable of operating at a low frequency without any stability issues. The

LFAC system seems to be more stable, but no evidence has been shown. Furthermore,

due to the limitation of a cyclo-converter in fractional frequency, the power system perfor-

mances with a frequency under one-third of the grid frequency have not been examined.

Moreover, a cyclo-converter outputs voltages and currents containing many harmonic com-

ponents and thus it is not suitable for LFAC studies, especially fault or transient analysis.

The lack of previous studies is what originally motivated examination of the steady-state

performance, stability, transient analysis, and protections in LFAC transmission.

1.3 Research Objective

The goal of the work is to evaluate the superiority of a low frequency system and

utilize it for bulk power transmission instead of using the HVAC and HVDC systems.

We aim to investigate the transmission distance and operating frequency range that an

LFAC system can be used for speci�c applications. The �rst objective is thus to examine

the steady-state performance of the LFAC system under various operating frequencies.

Speci�cally, the impacts of skin e�ect on the transmission line parameters are investigated

to see if any line model corrections are needed. Additionally, power transfer capability and

the relationship between voltage to real and reactive power are also inspected to evaluate

the bene�ts of the LFAC system.

It is understandable that when the power system operates at a low frequency,
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the transmission line reactance is signi�cantly reduced and thus the voltage magnitude

at each bus is higher in comparison to that in the conventional 60 Hz. To the best

of our knowledge, however, no research has focused on the voltage stability when the

operating frequency is lowered. There has been no investigations of the proximity to

voltage instability or how close the system is to voltage instability mode. Is the power

system weaker or more stable when it operates at a low frequency in comparison to the

conventional 60 Hz system? How far can a low frequency drive a power system from

instability mode? The second objective in this work is thus to �nd the answers to these

questions. By utilizing the modal analysis method, the system voltage stability is deeply

examined and later on evidences that supports the LFAC's better performance are shown.

As part of our work, we also plan to model low frequency power systems, and a

switching model that includes a power converter for frequency conversion. In addition,

we examine the protection system for low frequency operations. Since an LFAC is still

an ac system, it can utilize the ac breakers, which are available in the market to clear

the fault. However, due to the low frequency operation or the longer time in an electrical

period, the response time of a protection system may last longer. The protection system

for an LFAC system thus requires further investigation, and based on this research the

operating frequency range can be determined. Our work also aims to build a hardware

test-bed for a low frequency transmission. This system is to demonstrate a low operating

frequency power system and to verify theoretical studies. A 100-mile transmission line

and an inverter are installed on this small-scaled test-bed to examine the bene�ts of an

LFAC system such as voltage pro�les at no-load and full-load conditions. The research

scope for this work is summarized in Fig. 1.1.
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This dissertation is organized as follows:

� Chapter 2 presents the steady-state performance of transmission line under various

frequencies with consideration of skin e�ect. We discover that in the operating

frequency range of 1 Hz to 60 Hz, the skin e�ect is negligible. A two-bus system is

then investigated to see the bene�ts of an LFAC system in terms of power transfer

capability and voltage pro�les along the transmission line. Furthermore, the real

and reactive power losses on overhead line and power cable are investigated carefully.

� Chapter 3 investigates advantages of an LFAC system over the 60 Hz system in terms

of voltage stability. The stability indexes, i.e. voltage magnitude and eigenvalue,

obtained from load �ow solution are calculated and compared. In this chapter,

we present an equivalent circuit for an LFAC system referring to 60 Hz for power

�ow solution, and then the proposed modi�ed stability indexes that work for low

frequency systems.

� Chapter 4 discusses our work on system modeling for LFAC transmission. The grid

synchronization that connects a low frequency system to a 60 Hz system is investi-

gated carefully. In addition, we propose a new con�guration for grid synchronization

in this chapter. The multi-frequency system, which is a combination of a 60 Hz and

a low frequency systems, is then modeled and simulated with power converters and

proportional-resonant (PR) control algorithm. We also propose a new and simple

PR control that is stable under the distorted frequency condition of the power grid.

� Chapter 5 examines the low frequency operation in terms of protection prospectives.

The system distance protection and fault events are analyzed carefully. A fast and

6



robust fault detection mechanism, which is based on the second-order generalized-

integrator grid synchronization technique, is developed to detect fault events in the

power system. Our proposed mechanism shows that it can detect the faults faster

than the cosine method, which is implemented in the conventional protection.

� Chapter 6 presents our implementation of LFAC transmission in a hardware plat-

form to verify theories in LFAC transmission. A test-bed with transmission and

distribution systems, which is a re�ection of a real world power system, is built and

tested with a variable frequency power source.

� Chapter 7 concludes our work on LFAC transmission for power systems.

LFAC 

Scopes

Steady

State

Study

Voltage 

Stability

System 

Modeling

System 

Protection

Hardware 

System

Figure 1.1: The general scope for LFAC research.
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Chapter 2

Steady-State Performance of LFAC Transmission

This chapter aims to examine the steady-state performance of the LFAC system

under various operating frequencies. Speci�cally, the impact of skin e�ect on the trans-

mission line parameters is investigated to see if any line model corrections are needed. The

relationship between voltage and real and reactive power is also studied and compared

between LFAC, HVDC, and the conventional 60 Hz systems. Additionally, the power

losses are investigated and then veri�ed by simulation models in PSCAD/EMTDC.

2.1 Steady-State Transmission Line Model

This section analyzes how operation at lower frequencies impacts steady-state

transmission line impedance parameters (resistance and reactance) and the skin e�ect

of conductors. It also shows that the standard exact long transmission line model is

applicable at lower frequencies.

2.1.1 Transmission Line Parameters and Skin E�ect

Because the ac current density is not uniformly distributed and changes with fre-

quency, the line resistance and reactance vary with frequencies. The frequency-dependent
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impedance of a transmission line is given in (2.1) by [7]

rac = rdc
ma

2

M0(ma)

M1(ma)
cos(θ0(ma)− θ1(ma) + 3π/4)

xac = rdc
ma

2

M0(ma)

M1(ma)
sin(θ0(ma)− θ1(ma) + 3π/4) (2.1)

where rdc is dc resistance, ma =
√

2µ0f/rdc, and (M0, θ0,M1, θ1) are the magnitudes and

phase angles of zero-order and �rst-order Bessel functions, respectively.

The variations in resistance and inductance per mile with frequency due to the skin

e�ect on a conductor wire with a circular cross section of 5 mm diameter [8] are presented

in Fig. 2.1. As the frequency is increased, the resistance increases while the inductance

decreases. It is apparent, however, that the variations of resistance and reactance between

0 and 60 Hz are very small, i.e. 0.25% in resistance and 0.12% in inductance. This

means the transmission line reactance and susceptance at a low frequency can be simply

approximated from 60 Hz data using the frequency ratio.
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Figure 2.1: Skin e�ect on transmission line impedance.
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Furthermore, as shown in Fig. 2.2, when the system operates between 1 and 10

Hz, the ac line impedance is close to the dc line resistance. At 1 Hz, the conductor ac

impedance is 0.22736 mΩ, nearly identical to the resistance of the HVDC 5 mm thick

conductor wire. The conductor ac impedance increases slightly to 0.22740 mΩ when the

operating frequency is 10 Hz. In other words, the ac impedance of overhead conductors

operating in low frequencies (between 1 and 10 Hz) is comparable to that of the HVDC.

Frequency (Hz)
1 2 3 4 5 6 7 8 9 10

Im
pe

da
nc

e 
x 

10
-4

 (
Ω

)

2.2736

2.2737

2.2738

2.2739

2.274
Z

LFAC

Z
HVDC

Figure 2.2: Impedance in the of interest frequency range.

2.1.2 Transmission Line Model Under Low Frequency

The transmission system under low frequency is investigated to see if any correction

is needed. The exact model of a transmission line is uniformly distributed along the line

length, as shown in Fig. 2.3 and can be described by di�erential equations.

The per-unit impedance and admittance are denoted as: z = R + jωL and y =

G+jωC. Assuming the transmission line operates with sinusoidal time-varying waveforms
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I(x + ∆x) R∆x L∆x I(x)

G∆x C∆x

Figure 2.3: Transmission line section in distributed model.

at steady-state, the voltage and current in each transmission section can be derived as

follows [9, 10]
∂V

∂x
= (R + jωL)I,

∂I

∂x
= (G+ jωC)V (2.2)

The wave equation for voltage is thus given by:

∂2V

∂x2
− [(RG− ω2LC)− jω(RC + LG)]V = 0 (2.3)

The general solution to (2.3) is the receiving-end voltage V = V +eγx + V −e−γx with

γ =
√
zy =

√
RG− ω2LC + jω(RC + LG). From the boundary conditions: V (0) =

VR, I(0) = IR, the voltage and current are expressed [10]

V (x) = (
eγx + e−γx

2
)VR + Zc(

eγx − e−γx
2

)IR (2.4)

I(x) =
1

Zc
(
eγx − e−γx

2
)VR + (

eγx + e−γx

2
)IR (2.5)

where Zc =
√
z/y =

√
(R + jωL)/(G+ jωC) is the characteristic impedance, which

is the ratio of voltage and current along the line in one direction. This characteristic

impedance is independent from line length but depends on the geometry and material of

the transmission line [9].
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The voltage and current in the distributed line that is xmiles far from the receiving-

end terminal can thus be given in matrix format in terms of the receiving-end voltage and

current [10] [
V (x)
I(x)

]
=

[
A(x) B(x)
C(x) D(x)

] [
VR
IR

]
(2.6)

where A(x) = D(x) = cosh(γx), B(x) = Zc sinh(γx), C(x) = (1/Zc) sinh(γx). The

ABCD parameters mathematically represent exact parameters of any transmission line.

The exact model in (2.6) with consideration of skin e�ect is complex due to the

Bessel function. An estimated model is instead proposed. In this model, the transmission

line parameters at a low frequency is obtained directly from the 60 Hz parameters. The

resistance in low frequency is same as that in 60 Hz, and reactance is obtained by mul-

tiplying the 60 Hz reactance with the frequency ratio. Fig. 2.4 shows the transmission

model parameter A(x) for 200 miles, 345 kV line from receiving-end to sending-end in two

di�erent models. It can be observed that in the range of interested frequency, the param-

eters in exact and estimated models (dashed-line) are nearly identical. The di�erences are

very small, i.e, on the order of 10−4. This means that the estimated model can be used

to represent the transmission line model at a low frequency operation. The parameters

for the estimated model can be simply derived from the conventional 60 Hz transmission

line model by scaling reactance with frequency and keeping the resistance constant.

Recall from (2.4) that the voltage along the transmission line is a combination of

incident voltage Vi = V +eγx and re�ected voltage Vr = V −e−γx. The incident voltage

represents the forward propagating wave that transfers power to the load while the re-

�ected voltage represents the backward wave that sends power back to the source. The

12



04080120160200

A
 (

pu
)

0.9994

0.9996

0.9998

1

A(x) with skin effect
A(x) without skin effect

Length (miles)
04080120160200

∆
A

×10-3

-1

-0.5

0

0.5

1

Figure 2.4: Parameters A(x) along transmission line.

real power transfer depends on both of these voltages and is thus given by [9]

P =
1

2
Re[(Vi + Vr)(Ii − Ir)∗]

=
1

2
Re[

1

Zc
|Vi|2(1 +

Vr
Vi

)(1− Vr
Vi

)∗]

=
1

2Zc
|Vi|2(1 + |Vr

Vi
|2) (2.7)

Fig. 2.5 shows incident and re�ected voltage magnitudes along a 200-mile trans-

mission line of a 345 kV system. It can be observed from the �gure that a bene�t of low

frequency operation is a higher value of incident voltage magnitude. This means more

power can be transferred at a low frequency, as dictated by (2.7). However, the re�ected

voltage magnitude, in terms of the corresponding incident magnitude, is also higher in

the low frequency system. For example, to deliver the same 270 MW in the transmission

line, the ratio between re�ected and incident voltages is 14.6% at 5 Hz but 8.8% and 7.7%
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Figure 2.5: Incident and re�ected voltage magnitudes along the transmission line.

if the system operates at 30 Hz and 60 Hz, respectively. This can be explained by the

larger ratio R/X between resistance and reactance at a low frequency. By selecting a low

resistance transmission overhead line, the re�ected voltage can be reduced, and therefore

less power is sent back to the source.

2.2 Steady-State Analyses of LFAC Transmission

The goal of this section is to demonstrate and quantify the steady-state perfor-

mance of an LFAC transmission line in terms of power transfer capacity, voltage pro�les,

and V -P and Q-V characteristic curves. A two-bus model, shown in Fig. 2.6, consisting

of two equivalent sources operating at 50 or 60 Hz equipped with an idealized and lossless

power converter at each end of the LFAC line is used to aid the performance analysis.
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2.2.1 Power Transfer Capability of the LFAC System

A two-bus system is used to demonstrate the power transfer capacity of an LFAC

transmission line. The LFAC transmission line model is distributed as discussed in Section

II and can be represented with an equivalent π-model [10] as presented in Fig. 2.6. The

current �owing from the sending-end to the receiving-end is given by [11]

ĪR =
V̄S − V̄R

Z̄
− Ȳ

2
V̄R =

VS∠δ◦ − VR
Z

− Ȳ

2
VR (2.8)

where Z̄ = R+ jωL and Ȳ = G+ jωC are transmission line parameters, and power angle

δ can be negative or positive depending on the power �ow direction in the system.

ĪS

R jX

ĪR

V̄RV̄S
Ȳ
2

Ȳ
2

Figure 2.6: A two-bus model for low frequency AC transmission.

The apparent power at the sending-end and receiving-end in the network are given

by:

S̄S = V̄S · Ī∗S =
Ȳ ∗

2
V 2
S +

V 2
S

Z̄∗
− VSVR

Z̄∗
ejδ

S̄R = V̄R · Ī∗R = − Ȳ
∗

2
V 2
R −

V 2
R

Z̄∗
+
VSVR
Z̄∗

e−jδ (2.9)

15



From (2.9), the apparent power can be expressed in the form

S̄S = C1 −Rae
jδ

S̄R = C2 +Rae
−jδ (2.10)

where C1 = Ȳ ∗

2
V 2
S +

V 2
S

Z̄∗
, C2 = − Ȳ ∗

2
V 2
R −

V 2
R

Z̄∗
, Ra = VSVR

|Z̄| .

It can be observed from (2.10) that the sending-end and receiving-end apparent

power loci are circles in the complex coordinate. The center of the sending-end circle

depends only on the sending-end voltage, and the center of the receiving-end circle depends

only on the receiving-end voltage. Both circles, however, share the same radius: Ra =

VSVR/|Z| [12]. If the power angle δ increases from zero, the real power proportionally

increases. From the geometry in Fig. 2.7, there is maximum value of real power transfer,

which is limited by the power angle. This angle can be derived from (2.9) and is δ =

180◦ − ∠Z. It is obvious that the maximum real power transfer depends on sending-end

voltage VS, receiving-end voltage VR, and transmission line impedance Z. Quantitatively,

the transmission line maximum real power transfer capability can be increased by reducing

impedance Z or increasing voltage level. If the system operates at a low frequency, the

line impedance is small, and as a result the system can handle more real power. This is

represented by a larger circle radius for the same plot at a lower frequency.

Fig. 2.7 shows the power circles for both ends of the transmission line for two

di�erent frequencies: 60 Hz and 10 Hz. The sending-end voltage is 345 kV or 1.0 pu, and

the receiving-end voltage is 0.9 pu. The system base is 100 MVA with |Z| = 125 Ω at 60

Hz and |Z| = 22 Ω at 10 Hz for the equivalent π-model of 200 miles transmission line.

The sending-end and receiving-end apparent power trace two circles and depend on the
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power angle δ [12]. In the 60 Hz system (dashed-line), the radius is Ra = 8.60 pu, which

is relatively small in comparison with that in the 10 Hz system, where Ra = 48.83 pu.

This means that at the same power angle, the LFAC system can handle approximately

six times more power transfer capacity compared to the 60 Hz system.
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Figure 2.7: Power circle diagram at di�erent frequencies.

The bene�ts of LFAC transmission become even clearer when further investigating

the real and reactive power transfer capability. For example, from (2.9), the receiving-end
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power can be expressed as:

S̄R = V̄R · ĪR∗ = VR(
VS∠-δ − VR

Z̄∗
− Ȳ ∗

2
VR) (2.11)

The real and reactive power at the receiving-end can be derived from the above equation

as follows:

PR = −GV
2
R

2
−R V 2

R

|Z̄|2 +
VSVR
|Z̄|2 (Xsin δ +Rcos δ)

QR = B
V 2
R

2
−X V 2

R

|Z̄|2 +
VSVR
|Z̄|2 (Xcos δ −Rsin δ) (2.12)
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Figure 2.8: Power capability at di�erent frequencies.

From (2.12), since the ac transmission line is dominated by the reactance, the real

power transfer can be signi�cantly improved by operating the system at a low frequency

and thus reducing reactance. Fig. 2.8 shows the real power transfer capability at di�erent

frequencies. It is obvious that the maximum real power is signi�cantly increased if the
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frequency is reduced to 5 Hz. The maximum power at 5 Hz is approximately 11 times

that of the 60 Hz system and is slightly less than the frequency ratio (60/5) due to the

e�ect of resistance at low frequencies.

2.2.2 Voltage Pro�le in LFAC Transmission

The voltage pro�le along the transmission line is studied by comparing the system

behavior under full-load and no-load conditions at di�erent operating frequencies. From

(2.8) and (2.11), assuming the sending-end voltage is VS = 1.0 pu and denoting a =

(|1 + Ȳ Z̄/2|), the receiving-end voltage VR∠−δ = VR,r − jVR,i.

a(V 2
R,r + V 2

R,i) = VR,r − (RPR +XQR)

VR,i = XPR −RQR (2.13)

then

aVR,r =
1

2
+

√
1

4
− a(RPR +XQR)− a2(XPR −RQR)2

VR,i = XPR −RQR (2.14)

The voltage magnitude at the receiving-end terminal is given by

a2V 2
R =

1

2
+

√
1

4
− a(RPR +XQR)− a2(XPR −RQR)2 − a(RPR +XQR) (2.15)

It is apparent from (2.15) that the receiving-end voltage is a function of transmis-

sion line reactance. If the line reactance X is high, the voltage at the receiving-end will be

low. Therefore, if the reactance X is lowered, the voltage can be increased. In particular,

the receiving-end voltage at a low frequency is higher than that at high frequency.
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Using the distributed transmission line model with parameters in (2.6), the voltage

and current pro�les along the line in case of no-load condition are presented in Fig. 2.9.

As expected, the 60 Hz system has the highest no-load voltage value of 1.083 pu (see

Fig. 2.9(a)) which necessitates the use of reactive power compensation devices. The

voltage in a 5 Hz system, on the other hand, is close to the surge impedance loading

(SIL) voltage curve. In other words, the Ferranti e�ect in the LFAC system is less than

that in the conventional 60 Hz system. It is of interest that, theoretically, no reactive

power compensation devices are required. The no-load currents in the interested range of

frequency are shown in Fig. 2.9(b). The no-load current at a low frequency is relatively

small compared to that at a high frequency. At 60 Hz, the no-load current is 0.42 pu and

decreases to 0.20 pu at 30 Hz. It further decreases to only 0.035 pu at 5 Hz. This means

that in the no-load condition, losses on the transmission line are lower if the power system

runs at a low frequency.

Fig. 2.10 shows the steady-state voltage at a full-load condition under di�erent

operating frequencies with the assumption that the systems transfer the same amount of

electric power. It can be observed that the voltage drop in a 60 Hz system is large, and

that the receiving-end voltage hits the lower limitation (i.e VR = 0.95 pu). The voltage

drop in the LFAC system is small compared to a traditional 60 Hz ac. The voltage at the

receiving-end is 0.978 pu when the transmitted frequency is 10 Hz, and it reaches 0.982

pu when the frequency is reduced to 5 Hz. The voltage drop on an HVDC transmission

line, which has same resistance as that of 60 Hz transmission line, is also plotted in Fig.

2.10 resulting in a receiving-end voltage of 0.9858 pu. If the AC system operates at very

low frequency, such as 1 Hz, the receiving-end voltage is 0.9852 pu and the voltage pro�le
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is similar to that of the HVDC system. The receiving-end voltage is further increased

to 0.9856 pu if the frequency is lowered to 0.5 Hz, which is almost equal to that of the

HVDC system.
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Figure 2.9: No-load voltages and currents at di�erent frequencies.
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Figure 2.10: Full-load voltages at di�erent frequencies.

In summary, analysis of the voltage pro�le for the LFAC transmission shows im-

provements when compared to the 60 Hz ac system. In the case of a no-load condition,

the voltage at 5 Hz is almost constant and close to the surge impedance load (SIL)

curve. In the case of the full-load condition, a voltage pro�le that is similar to an HVDC

system can be obtained. In the following section, a transmission system is modeled in

PSCAD/EMTDC to support the theoretical analysis.

2.2.3 Power Losses in LFAC Transmission

This section investigates the real and reactive power losses in both overhead line

and power cable systems at di�erent frequencies and at various amounts of power transfer.

A two-bus system, as shown in Fig. 2.11, is used for the theoretical analysis. Note that

this two-bus system is exactly same as that in Fig. 2.6, except that the receiving-end

source is replaced by a real load. The transmission line models are the nominal equivalent
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π-model for both overhead line and power cable. The analysis is then supported by the

simulation results of a transmission model in PSCAD/EMTDC.

ĪS

R

ĪL

jXL

V̄R ĪR

P + jQV̄S
Ȳ
2

Ȳ
2

Figure 2.11: An equivalent two-bus transmission system.

Power losses calculations

It is intuitive to see that as the operating frequency is lowered, the transmission

system reactance decreases signi�cantly. In other words, the two-bus transmission system

consumes less reactive power, and as a result the receiving-end voltage increases. The real

power loss is more complicated because the resistance is constant but the current �owing

through transmission line changes depending on the system operating conditions.

For the sake of clarity, some equations in section 2.2 are represented in this section.

Assuming the impedance and admittance per unit are given by z and y, the π-model

parameters for an l -length line are

Z ′ = Zc sinh(γl) =

√
z

y
sinh(γl) (2.16)

Y/2 = (1/Zc) tanh(γl/2) = (
√
y/z) tanh(γl/2) (2.17)
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where Zc =
√
z/y and γ =

√
zy are characteristic impedance and propagation constant,

respectively [10].

Assuming the sending-end terminal voltage is V̄S = VS∠0, the receiving-end termi-

nal voltage is V̄R = VR∠θ and supplies to load S = P +jQ. The load current is then given

by ĪR = (S/V̄R)∗ = (P − jQ)/VR∠−θ. Denoting jYC = Y/2, the sending-end voltage and

current are

V̄S = V̄R + V̄Z′ = V̄R + (ĪR + jYC V̄R)Z̄ ′ (2.18)

ĪS = jYC V̄S + ĪL = ĪR + jYC(V̄S + V̄R) (2.19)

Substituting the load current ĪR and Z ′ = R + jXL, the voltage at the sending-end is

expressed as

V̄S = V̄R + (
P − jQ
VR∠−θ

+ jYC V̄R)(R + jXL) (2.20)

VSVR∠−θ = V 2
R + (P − jQ+ jYCV

2
R)(R + jXL) (2.21)

Decomposing to the real and complex parts of (2.21),

VSVR cos θ = (1− YCXL)V 2
R + (PR +QXL) (2.22)

VSVR sin θ = (−YCR)V 2
R + (QR− PXL) (2.23)

Both sides of (2.22) and (2.23) are squared and then added. After some manipulations,

the receiving-end voltage is the solution of a quadratic polynomial equation

0 = [(YCR)2 + (1− YCXL)2]V 4
R + [−2YCQ(R2 +X2

L)...

+2(PR +QXL)]V 2
R + (R2 +X2

L)(P 2 +Q2)
(2.24)

It is not di�cult to �nd the analytical solution of (2.24). However, the solutions are not

in nice forms and thus not presented here. Instead, these solutions are put in MATLAB
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using symbolic function to further investigate the power losses which are the di�erences

between the sending-end power and the receiving-end power

S̄Loss = PLoss + jQLoss = V̄S Ī
∗
S − V̄RĪ∗R (2.25)

= V̄Z′ Ī
∗
R − jYC(V̄S + V̄ ∗R)(V̄R + V̄Z′) (2.26)

It is expected that the power losses depend on the load condition S = (P + jQ) and

the operating frequency via XL = 2πfL by substituting VR from (2.24). The following

sections visualize this relationship.

Overhead line transmission systems

In this section, a 345-kV overhead line is used to demonstrate the relationship

between voltage and power losses, the operating frequency, and load conditions. The line

parameters per mile are [10]: R = 0.02 Ω, L = 580.25238 µH, C = 0.006963 µF, and the

line length is 100 miles. These parameters are implemented into the above equations in

MATLAB codes to examine power losses. It is worthwhile mentioning that the resistance

is assumed constant, and the reactance is changed with frequency through the analysis.

The receiving-end voltage pro�le with load condition and frequency is shown in

Fig. 2.12. The load power is in range of 200 - 300 MW with 0.95 lagging of power factor.

The operating frequency range is from 1 Hz to 60 Hz. It is obvious that as the load

demand increases, the voltage decreases, as shown in the contour plot of voltage in per

unit in Fig. 2.12(a). Furthermore, the voltage as a function of frequency is plotted in Fig.

2.12(b) with three di�erent load condition scenarios. The voltage is signi�cantly reduced

as the operating frequency increases. For example, if the load is 300 MW, the voltage at

1 Hz is close to 0.99 pu and is dropped to 0.945 pu at 60 Hz.
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Figure 2.12: (a) The receiving-end voltage in per unit in contour plot with power transfer
and frequency, and (b) the receiving-end voltage in per unit versus frequency
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The power losses versus load condition and operating frequency on the transmission

line are presented in Fig. 2.13. For a �xed frequency, the real power loss is increased when

the load demand is high, Fig. 2.13(a). For example, the real power loss in a 10 Hz system,

as seen from the top �gure in Fig. 2.13(c), is doubled from 2.1 MW to 4.4 MW as the

receiving-end load is extended from 210 MW to 300 MW, respectively. It is interesting

to observe that this real power loss changes with load conditions. From the top of Fig.

2.13(c), if the load is 210 MW, the power loss actually decreases from 2.1 MW as the

operating frequency is increased. The real power loss is almost constant at 3.55 MW

within a wide range of frequency and 270 MW of load. If the receiving-end load is 300

MW, the real power loss is developed from 4.4 MW at 1 Hz to 4.5 MW at 60 Hz. It is

worthwhile noting that the real power loss does not vary much with frequency changes.

The reactive power loss, as expected, grows linearly with the frequency, as shown on the

bottom of Fig. 2.13(c). Interestingly the reactive power loss decreases as load demand is

increased at a speci�c operating frequency as shown in Fig. 2.13(b).

Power cable transmission systems

Similar to the overhead line transmission, a 345-kV power cable, which is designed

for LFAC operations [13], is used to investigate the power losses pro�le. The power cable

parameters per mile are: R = 0.0193 Ω, L = 72.946 µH, C = 0.1081 µF, and the line

length is 100 miles.

Because the power cable is capacitive, the receiving-end voltage can be higher

than the sending-end voltage as shown in Fig. 2.14. At light load conditions, the voltage

is expected to be higher compared to that at heavy load cases as in Fig. 2.14(a). The
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Figure 2.13: Overhead line power losses in contour plot: (a) real power, (b) reactive
power, and (c) at di�erent load conditions.
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voltage is signi�cantly increased when the operating frequency is from 1 Hz to 60 Hz. The

bene�ts of low frequency operation, as seen in Fig. 2.14(b), are reduced voltage rising

and less reactive power consuming as below.

The power losses in the power cable transmission system are presented in Fig.

2.15 for di�erent scenarios of load cases and operating frequencies. Since the resistance

is almost the same as in the overhead line system, the power losses are generally much

higher. The real power loss variations range between 2 MW and 16 MW as frequency

changes from 1 Hz to 60 Hz. The real power loss di�erences at various load conditions

tend to be small as the operating frequency is increased. The real power loss is not a

monotonic but a convex function of frequency. The minimum loss, in the case of 300 MW

load, is obtained at the operating frequency f = 7 Hz, as in Fig. 2.15(c). The reactive

power is extremely large in the power cable transmission system. This power is expected

to increase linearly with the operating frequency growth, Fig. 2.15(b). Thus, operating

a power cable transmission at a low frequency can signi�cantly reduce the reactive power

�ow in the system.

In summary, the LFAC system o�ers bene�ts over the conventional 60 Hz system

in terms of voltage and power losses on both overhead line and power cable transmission

systems. Due to the signi�cant impedance reduction, the voltage along the line is higher

in a low frequency system. More importantly, the results show that the low frequency

operating can greatly reduce the reactive power �ow in the transmission system. In

addition, a low frequency system can reduce the real power loss on the transmission line.
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Figure 2.14: (a) The receiving-end voltage in per unit in contour plot with power transfer
and frequency, and (b) the receiving-end voltage in per unit versus frequency
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Figure 2.15: Power cable power losses in contour plot: (a) real power, (b) reactive power,
and (c) at di�erent load conditions.
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Simulation results

In order to support theoretical analysis, the above two transmission systems are

modeled in PSCAD/EMTDC to examine losses. The 100-mile transmission line is modeled

with line parameters for the equivalent π-model as the previous section speci�es. The

transmission systems are simulated with three di�erent scenarios of real power at the

receiving-end, as shown in Fig. 2.13(c), with 0.95 lagging of power factor: PR = 210 MW,

PR = 270 MW, and PR = 300 MW.

Table 2.1: Reactive power QLoss in MVar (top) and real power losses PLoss in MW (bot-
tom) on the overhead line.

Frequency 60 Hz 30 Hz 10 Hz 5 Hz
PR = 210MW 55.1097 27.6333 9.2681 4.6461
PR = 270MW 37.1487 19.282 6.5988 3.3245
PR = 300MW 26.0062 14.2307 5.0015 2.5352

Frequency 60 Hz 30 Hz 10 Hz 5 Hz
PR = 210MW 2.113 2.111 2.127 2.132
PR = 270MW 3.644 3.58 3.56 3.556
PR = 300MW 4.605 4.474 4.421 4.408

The reactive and real power losses on the transmission system are presented in

Table. 2.1. The simulation results are really close and matching with those results in Fig.

2.13(c). The reactive power losses are signi�cantly reduced as the operating frequency is

lowered because these losses are almost linearly proportional to the frequency. In addition,

as the load demand is decreased, the reactive power loss is increased which is similar to the

curves on the bottom of Fig. 2.13(c). The real power loss values also match the analytical

results. The real power loss is increased when the load demand is grown. In the most

cases, the real power loss at a low frequency is smaller than that in the 60 Hz operation.
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However, the di�erence in real power loss between di�erent frequencies is relatively small

compared to that in reactive power loss. The results for the power cable transmission

system are also matched with the theoretical analysis, and presented in Table. 2.2 for

details.

Table 2.2: Reactive power QLoss in MVar (top) and real power losses PLoss in MW (bot-
tom) on the power cable.

Frequency 60 Hz 30 Hz 10 Hz 5 Hz
PR = 210MW 1251.203 616.9235 204.8115 102.3681
PR = 270MW 1246.084 614.3845 203.9675 101.9457
PR = 300MW 1243.334 613.017 203.512 101.7184

Frequency 60 Hz 30 Hz 10 Hz 5 Hz
PR = 210MW 15.806 4.394 1.92 1.878
PR = 270MW 15.948 5.209 3.111 3.153
PR = 300MW 16.147 5.749 3.839 3.924

Further investigations of the voltage pro�le along the transmission line and the

system performance with load change are presented in Fig. 2.16. The voltage magnitude

along the line at di�erent frequencies is shown in Fig. 2.16(a). It is clear that in an

overhead line, a low frequency system has less voltage drop and thus has a higher voltage

pro�le, as seen in the top �gure. In a power cable transmission, due to the capacitive

charging e�ect, the voltage magnitude of a 60 Hz system increases, i.e. 1.02 pu. In

a low frequency system, the capacitance is signi�cantly reduced and thus the voltage

still decreases. It is important to observe the low frequency system behavior with load

variations. Fig. 2.16(b) presents the receiving-end voltages of a 60 Hz and a 10 Hz systems

when the load demand is increased from PR = 240 MW to PR = 300 MW. Before the

load change, the voltage magnitude is 0.9624 pu and 0.9827 pu for the 60 Hz and 10 Hz
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systems, respectively. When the load demands 60 MW more, which makes total load in

the system equal to 300 MW, the voltage magnitude in the 60 Hz system is dropped to

0.9450 pu below the lower limit (i.e. 0.95 pu). The 10 Hz system is less sensitive, or more

stable, with load variation when the voltage magnitude is 0.9784 pu. In general, the low

frequency system is more robust compared to the conventional 60 Hz system in terms of

voltage stability, as analyzed in great detail in [14].

A further step to verify the conclusions of voltage pro�le in LFAC systems is to

develop for a 345-kV transmission system with tower con�gurations in PSCAD/EMTDC.

The tower type is 3-Conductor Flat with Chukar conductors. The operating conditions

are similar to those in the above scenarios. Fig. 2.17 presents the voltage pro�le along the

transmission line with three di�erent load conditions. This �gure once again con�rms the

bene�ts of low frequency transmission over the conventional 60 Hz system. The voltage

drop on the transmission line is smaller in an LFAC system and thus results in better

voltage pro�le along the line. In addition, when the load is increased, the conventional 60

Hz system cannot transfer much power without additional reactive compensation, because

the receiving-end voltage is less than the lower limit, i.e. 0.95 pu. The LFAC system, on

the other hand, is able to keep the voltage around 0.98 pu when the load increase to 270

MW and 300 MW.

34



Length (mile)
0 20 40 60 80 100

O
ve

rh
ea

d 
vo

lt.
 (

pu
)

0.94

0.955

0.97

0.985

1
f = 5 Hz
f = 10 Hz
f = 30 Hz
f = 60 Hz

Length (mile)
0 20 40 60 80 100

C
ab

le
 v

ol
t. 

(p
u)

0.98

0.995

1.01

1.025
f = 5 Hz
f = 10 Hz
f = 30 Hz
f = 60 Hz

(a)

Time (sec.)
9.5 10.5 11.5 12.5 13.5 14.5

R
ec

ei
vi

ng
-e

nd
 v

ol
ta

ge
 (

pu
)

0.94

0.955

0.97

0.985

1
V

R
 @ 60 Hz

V
R

 @ 10 Hz

(b)

Figure 2.16: (a) Voltage pro�le along the line, and (b) voltage with load variations.
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Figure 2.17: Voltage pro�le along the line at di�erent load conditions: a) 210MW, b)
270MW, and c) 300MW.
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Chapter 3

Voltage Stability of LFAC Transmission

This chapter presents the bene�ts of a low frequency ac system from the voltage

stability perspective. Since the stability indexes - which are bus voltage magnitude, eigen-

value, and self-sensitivity - are obtained directly from load �ow solution, an equivalent

circuit of low frequency system referring to a 60 Hz system is derived in terms of real

and reactive power. Conventional voltage stability curves, i.e. V − P and Q − V , are

then shown to demonstrate voltage improvements if operating at a low frequency. The

theoretical analysis is based on a two-bus power system. Further examinations in volt-

age stability index are then presented by using the modal analysis method. In addition,

a modi�ed stability index is proposed to estimate system stability accurately at a low

frequency operation. A �ve-bus and six-bus power system are then used to verify better

performances of LFAC transmission in terms of static voltage stability.

3.1 Power Flow Solution for Low Frequency AC Transmission

The purpose of this section is to discover the relation between parameters of a

transmission line that works at di�erent frequencies but transfers the same amount of

active and reactive power. Based on that relationship, the parameters of low frequency

transmission lines in a multi-frequency system can be converted with precision into those
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of the equivalent line operated at 60 Hz. Therefore, the power �ow solution of the system

after this conversion is unchanged, and the conventional load �ow methods for ac systems

are still applicable in multi-frequency power systems.

3.1.1 Equivalent Transmission Line Parameters between LFAC and HVAC

Systems

For the sake of simplicity, the analysis in this section starts with the consideration

of a short-length model of a transmission line [10]. The power system, shown in Fig.

3.1(a), is operating at a low frequency whereas the power system in Fig. 3.1(b) runs at

a conventional 60 Hz. Assuming the two systems are equal in terms of real and reactive

power transfer, the relation between transmission line parameters needs to be speci�ed.

Denoting VS, VR, Rs, Ls as the sending-end voltage, receiving-end voltage, resis-

tance, and inductance of the transmission line, respectively. The subscript “s” stands

for parameters at a low frequency ωs, while “e” stands for parameters at the conven-

tional ωe = 60 Hz. Real and reactive power of the line operating at these frequen-

cies are considered to be exactly analogous. The voltage magnitude ratios between the

sending-end and receiving-end in two cases are assumed to be equal to each other, i.e.

(VSe/VSs)
2 = (VRe/VRs)

2 = a, and the frequency ratio is de�ned as s = (ωs/ωe). The

power of the transmission line at the sending-end and receiving-end in these two cases are

For a low frequency system,

S̄Ss = V̄SsĪ
∗
s = VSs∠0

VSs∠0− VRs∠−δs
Rs − jωsLs

S̄Rs = V̄RsĪ
∗
s = VRs∠δs

VSs∠0− VRs∠−δs
Rs − jωsLs

(3.1)
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For a 60 Hz system,

S̄Se = V̄SeĪ
∗
e = VSe∠0

VSe∠0− VRe∠−δe
Re − jωeLe

S̄Re = V̄ReĪ
∗
e = VRe∠δe

VSe∠0− VRe∠−δe
Re − jωeLe

(3.2)

where δs and δe are the power angles at the receiving ends, which can be negative

or positive depending on the direction of power �ow. Since the power is preserved, i.e.

SSs = SSe and SRs = SRe, then

VSs
VSs − VRs∠−δs
Rs − jωsLs

= VSe
VSe − VRe∠−δe
Re − jωeLe

(3.3)

VRs∠δs
VSs − VRs∠−δs
Rs − jωsLs

= VRe∠δe
VSe − VRe∠−δe
Re − jωeLe

(3.4)

By equating the real parts and imaginary parts of these two equations, the following

result can be obtained: Re = aRs, Le = asLs, and δe = δs. The equivalent circuit for a low

frequency transmission line referring to a 60 Hz is represented clearly in Fig. 3.1(c). The

voltage source VSs and VRs are the same as those of the original low frequency line, and

a transformer which has turn ratio 1/
√
a represents voltage conversion. The resistor and

inductor are scaled by the voltage ratio and the product of voltage ratio and frequency

ratio, respectively. The following cases are investigated according to two di�erent values

of the voltage ratio a:

1. Case 1: a = 1, then Re = Rs and Le = sLs. According to this equation the

equivalent line can easily be obtained by keeping the resistance constant while scaling

the inductance by the frequency ratio s.
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2. Case 2: a = 1/s, then Re = Rs/s and Le = Ls. This means that the induc-

tance is constant while the resistance is scaled by the inverse of the frequency ratio.

This result is similar to the well-known relationship seen in the development of the

equivalent rotor circuit of an induction motor.

Rs
Is Ls

VRs(ωs)VSs(ωs)

(a)

Re
Ie Le

VRe(ωe)VSe(ωe)

(b)

1 :
√
a

aRs
I asLs √

a : 1

VRs(ωe)VSs(ωe)

(c)

Figure 3.1: Equivalent transmission line models operated at di�erent frequencies.
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The same technique can be applied to other transmission line models to �nd the

equivalent circuit in 60 Hz base of a low frequency power system. These are relationships

between the parameters: 1) resistors and phase angles at the sending-/receiving-ends are

equal and 2) capacitors and inductors are scaled by the frequency ratio [15, 16].

3.1.2 Power Flow Simulation in HVAC and Multi-Frequency Systems

This section focuses on the validation of the power �ow solution proposed in section

3.1.1 using a power system that operates at the conventional 60 Hz and at multi-frequency

conditions. The solutions are obtained by employing the Newton-Raphson numerical

method and by simulation in PSCAD/EMTDC.

Power �ow in a conventional HVAC system

Fig. 3.2 shows a 5-bus ac power system. The system structure as well as its

input power and transmission line data can be found in [17]. Fig. 3.2 also includes the

line power while the bus voltages and power solved by MATLAB and indicated from

PSCAD/EMTDC model are summarized in the �rst section of Table 3.1. The results

match with numerical data from load �ow in MATLAB. This data will be used as a

reference to evaluate the power �ow in the multi-frequency power system where there is

more than one operating frequency.

Validation of equivalent parameters of a transmission line at di�erent frequen-

cies

The system described above now includes a transmission line operated at a di�erent

frequency. Speci�cally, transmission line between bus 1 and bus 2 is operated at 10 Hz
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Figure 3.2: Line power of a 5-bus test system operated at 60 Hz.

instead of 60 Hz. This variation in frequency is achieved by employing two back-to-back

converters located at the sending-end and receiving-end terminals of the line, as shown in

Fig. 3.3.

The equivalent parameters in terms of power �ow of the line 1-2 at 60 Hz and

10Hz, elaborated in section 3.1.1, are now veri�ed. All the data about power at all buses

and transmission lines when the system is operated at multi-frequency case is the same

with those in the conventional case. The only di�erence is in the line between bus 1 and

bus 2, where its shunt capacitance and series inductance are scaled by the inverse of the

frequency ratio. Fig. 3.3 indicates the line power from PSCAD/EMTDC simulation while

the bus voltages and powers are given in the third column of Table 3.1. By comparison,

the values of the conventional and multi-frequency systems closely resemble. There is
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only 0.08 MW (0.06 %) increase in active power generated at the slack bus in the multi-

frequency case. This increase could be attributed to the losses of transformers, reactor,

and switching and conducting losses of back-to-back converters. These analogous results

con�rm the conclusion about equivalent transmission line parameters in conventional 60

Hz and multi-frequency operating conditions.
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Figure 3.3: Multi-frequency system with line power equal to that of the conventional
system.

In this section, the equivalent parameters in terms of power �ow of a transmission

line operated at di�erent frequencies are proved, facilitating the process of solving power

�ow problem in multi-frequency systems. A station model mainly constructed by back-

to-back converters as well as their control con�guration are also described. The converter

model and control blocks are built in PSCAD/EMTDC software, which can be e�ectively

utilized for design and analysis of any multi-frequency power systems. A power system
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Table 3.1: Voltages and Powers in a Conventional HVAC System and a Multi-Frequency
System in PSCAD/EMTDC.

Conventional HVAC Multi-Frequency

Bus Type U θ Pgen Qgen U θ Pgen Qgen

(pu) (deg) (MW ) (Mvar) (pu) (deg) (MW ) (Mvar)

1 slack 1.0600 0.00 131.12 90.83 1.0600 0.00 131.20 90.83

2 PV 1.0000 -2.06 20.02 -71.60 1.0000 -2.06 20.01 -71.61

3 PQ 0.9872 -4.64 -45.01 -15.00 0.9872 -4.64 -45.01 -15.00

4 PQ 0.9841 -4.96 -40.01 -5.00 0.9841 -4.96 -40.01 -5.00

5 PQ 0.9717 -5.76 -60.01 -9.99 0.9717 -5.77 -60.01 -9.99

is then modeled in PSCAD/EMTDC in both conventional 60 Hz and multi-frequency

operating conditions. The simulation result veri�es the proof of equivalent parameters

of a transmission line at various operating frequencies and reveals the advantages of

higher power carrying capacity when using the low frequency technology instead of the

conventional method.

3.2 The V − P and Q− V Characteristic Curves

This section demonstrates the superiority of LFAC in terms of steady-state volt-

age stability. Power system voltage stability can be interpreted from the V -P and Q-V

characteristic curves [11]. From (2.12), the real and reactive power is a function of voltage

and reactance:

PR = −GV
2
R

2
−R V 2

R

X2 +R2
+

VSVR
X2 +R2

(Xsin δ +Rcos δ)

QR = B
V 2
R

2
−X V 2

R

X2 +R2
+

VSVR
X2 +R2

(Xcos δ −Rsin δ) (3.5)
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The voltage versus power (V -P ) characteristic curves at di�erent frequencies are plotted

in Fig. 3.4 for a load power factor of 0.95 lagging. The real power is expressed in terms

of the maximum power transfer in a 60 Hz system [10]

Pmax =
VRVS
|B| −

|A|V 2
R

|B| cos(θB − θA) (3.6)

where (A, B) are parameters from ABCD model in (2.6) and (θA, θB) are their angles,

respectively.

From Fig. 3.4(a), it is observed that the operating frequency signi�cantly impacts

the V -P characteristics and that the voltage has better stability if the power system

operates at a frequency lower than 60 Hz. his result makes sense considering that the

voltage drop depends on the frequency, and active and reactive power as dictated by

(3.5). With the same load demand, the ac system at 5 Hz has a much smaller voltage

drop compared to that at 60 Hz, and thus the system can transfer power further or has

more power transfer capability with the same transmission line. It is also worth noticing

in Fig. 3.4(b) that as the system frequency is reduced by half, e.g. from 10 Hz to 5 Hz,

while the transmission line length is doubled, the two V-P curves are close together. The

maximum power transfer is 7.6 pu if the transmission line is 200 miles at 5 Hz and 9.2 pu

if the transmission line is 100 miles long operating at 10 Hz. This means electric power

can be carried further along the transmission line at a low operating frequency.

The system stability can also be estimated by observing the relationship between

reactive power and voltage. This relationship is described by a Q-V curve, as shown in

Fig. 3.5, and represents the reactive reserve margin, or Q-reserve margin, in the system.

The Q-reserve margin of an ac system is de�ned as the distance from the minimum point
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Figure 3.4: V-P characteristics at (a) di�erent frequencies and (b) di�erent line lengths.
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(where ∂V/∂Q = 0) to the zero-Q line. If a system has a large Q-reserve margin, then

it is more stable [11, 18]. It can be seen clearly from Fig. 3.5 that at a lower frequency,

the stability margin is higher and that the Q-reserve margin is inversely proportional to

the frequency. For example, at 60 Hz the system has a stability margin of 0.3 pu, which

increases to 2.5 pu when the frequency is lowered to 5 Hz, making the frequency more

than 8 times that of the 60 Hz system. In other words, the system is more stable if it

operates at a low frequency.
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Q
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Q-reserve
margin

Figure 3.5: Stability reserved margin at di�erent frequencies.

In summary, the LFAC transmission shows several bene�ts over the traditional

60 Hz system as illustrated in the analysis of power transfer capability, voltage drop,

and voltage stability. The fundamental reason for these improvements is the reduction

in transmission line reactance. A system operating at 5 Hz, for example, has a smaller

voltage drop along the line, increased power transfer capability, and increased system

stability margin.
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3.3 Modal Analysis Method for Stability Analysis

In this section, the voltage stability of a low operating frequency power system

is investigated with the modal analysis method. The traditional V -P and Q-V curve

analysis methods do not provide knowledge about system stability, such as when the

power system experiences, or comes close to experiencing, voltage instability, or where

weak-voltage points exist. The modal analysis method, which is a numerical approach,

can demonstrate power system voltage stability through the load �ow results of a power

system [19]. In addition, the modi�ed stability index from the modal analysis method is

proposed to estimate the system accurately under low frequency operations.

3.3.1 Modal Analysis Method for a Two-Bus System

For a two-bus system in Fig. 2.6, the sending-end voltage is assumed to stay

constant at 1.0 pu since it is directly connected to the source, and the receiving-end

voltage is changed with the load variations. By linearizing the system at its operating

point, the relationship between power and voltage at the receiving-end terminal is given

by 


∆PR

∆QR


 = [JAC ]




∆δR

∆VR


 =



∂PR
∂δR

∂PR
∂VR

∂QR
∂δR

∂QR
∂VR






∆δR

∆VR


 (3.7)

where the entries can be derived directly from (3.5)

∂PR
∂δR

=
VR

X2 +R2
(X cos δR −R sin δR),

∂PR
∂VR

=
(cos δR − 2VR)R +X sin δR

X2 +R2
−GVR

∂QR

∂δR
=

−VR
X2 +R2

(X sin δR +R cos δR),
∂QR

∂VR
=

(cos δR − 2VR)X −R sin δR
X2 +R2

+BVR

(3.8)
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From (3.7) since the reactive power variation mostly a�ects the voltage magnitude, their

relationship is determined by setting ∆PR = 0 then:

∆QR = [
∂QR

∂VR
− ∂QR

∂δR
(
∂PR
∂δR

)−1∂PR
∂VR

]∆V = JR∆VR (3.9)

Substitute all entries from (3.8) into (3.9) and after some manipulations

∆QR = [
1− 2VR cos δR

X cos δR −R sin δR
+BVR +GVR

X sin δR +R cos δR
X cos δR −R sin δR

]∆VR = λR∆VR (3.10)

where λR is the eigenvalue of the reduced Jacobian matrix, JR. In this example, it is easy

to see λR is equal to the entry of JR. For a power system transmission line, G is zero and

BVR is small and negligible in this case, then

λR ≈
1− 2VR cos δR

X cos δR −R sin δR
(3.11)

Since VR ≈ 1.0 and cos δR ≈ 1.0 then λR < 0, and the system is voltage stable with

power variations. The magnitude of λR represents for how sensitive a bus to reactive

power �uctuations or load changes. If λR is large, its corresponding bus voltage variation

is small or this bus is robust. If λR is very small, any change in load will result in large

�uctuation in the bus voltage or this bus is sensitive to load. In the worst case, if λR is

equal to zero, the bus voltage collapses with any reactive power variation. The index λR

is thus considered as a critical indicator for voltage stability in the power system. This

λR can help to predict how far from an instability operating point a power system is.

From (3.11), it is obvious that λR is a function of bus voltage, phase angle, and

impedance. Since our interests is in operating a power system at a low frequency, it is

important to observe how this eigenvalue changes with the frequency. Fig. 3.6 shows
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the relationship between λR and frequency f as a hyperbolic function. As frequency is

increased, the eigenvalue is signi�cantly reduced. For example, at 5 Hz the eigenvalue

λR = 100.2511 and drops to 51.1960 at 10 Hz and 8.6873 at 60 Hz. This means the

low frequency guarantees more voltage stable for power system in comparison with the

conventional 60 Hz. Note that the e�ects of shunt admittance, B and G, on eigenvalue in

(3.10) are small and also plotted as a dashed line in the �gure. At low frequencies, the

approximated value from (3.10) and the exact value from (3.11) are almost the same. At

60 Hz, there is a slight di�erence when the exact eigenvalue is reduced to λR = 7.2851.
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Figure 3.6: The eigenvalue trajectory with frequency variation.

For a large power system, the approach in the previous two-bus system can still

be applied to each bus. The real and reactive power at bus ith in a power system is given

from bus voltage and Y -bus matrix

Pi =
n∑

j=1

ViVjYij cos(δi − δj − θij)

Qi =
n∑

j=1

ViVjYij sin(δi − δj − θij) (3.12)
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When there is a load change, the system behavior can be studied by using linearized

equations at the steady-state operating point as follows
[
∆P
∆Q

]
=

[
JPδ JPV
JQδ JQV

] [
∆δ
∆V

]
(3.13)

where (∆P,∆Q) are increments in real and reactive power, and (∆δ,∆V ) are increments

in voltage angle and magnitude, respectively. The Jacobian matrix in the linearized

equation is same as the Jacobian matrix from the load �ow solved by Newton-Raphson

method [19].

The same approach used in the two-bus system is applied to a large power system.

Since the voltage magnitude depends mainly on reactive power, to investigate the system

stability, let ∆P be 0 then

∆Q = [JQV − JQδJ−1
Pδ JPV ]∆V

= JR∆V (3.14)

or the voltage increment can be expressed in terms of reactive power increment

∆V = J−1
R ∆Q = ξΛ−1η∆Q =

n∑

i

ξiηi
λi

∆Q (3.15)

where JR = ξΛη is decomposed into a diagonal eigenvalue matrix by right and left eigen-

vector matrices, and (ξi, ηi) are the ith column right and row left eigenvectors of JR.

The matrix JR is normally symmetrical and thus ξ−1 = η. The equation (3.15) can be

rewritten as

η∆V = Λ−1η∆Q

v = Λ−1q (3.16)
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where v and q is the vector of modal voltage and reactive power variations, respectively.

Because Λ−1 is a diagonal matrix, the voltage increment associated with ith mode

is given by

vi =
1

λi
qi (3.17)

From (3.17), by investigating corresponding eigenvalues, the voltage stability between

conventional 60 Hz and low frequency power systems can be estimated and compared.

The details will be illustrated through the following case studies since the modal analysis

method is a numerical one.

3.3.2 The Proposed Modi�ed Modal Analysis Method for an LFAC System

In previous sections, the eigenvalue is used to estimate the system voltage stability.

Recall from (3.9) and (3.14) that λi re�ects the e�ects of reactive power variation ∆Q on

each bus voltage. The eigenvalues are derived based on the assumption that real power has

no e�ect on bus voltage. This assumption, however, is no longer correct if the operating

frequency of a power system is low. From (3.13), the voltage variation is given by

∆V = J−1
R ∆Q− J−1

R (JQδJ
−1
Pδ )∆P (3.18)

where JR = [JQV − JQδJ−1
Pδ JPV ] as in the previous section.

In the case of the two-bus system, the above equation can be expressed in an

explicit form

∆V =
1

λQ
∆Q+

1

λP
∆P (3.19)
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where λQ = λ2, λP = λQ
(X cos δ2−R sin δ2)
(X sin δ2−R cos δ2)

.

In the conventional 60 Hz power system, the e�ects of real power on voltage vari-

ation is negligible because the ratio between two eigenvalues is large. However, as the

frequency is lowered, two eigenvalues are close to each other. For example, with the same

conditions of voltage and phase angle in the two-bus system, the ratio at 60 Hz is 7.7765

and at 10 Hz is 3.0328 and 5 Hz is 1.7799 as summarized in Table 3.2. This means real

power variation e�ects on voltage should be considered in an LFAC system.

Table 3.2: Receiving-end bus eigenvalues.

Freq. 60 Hz 30 Hz 10 Hz 5 Hz
λQ 7.2851 16.6107 50.9623 100.1342
λP 56.6521 98.0558 154.5595 178.2276

λP/λQ 7.7765 5.9032 3.0328 1.7799
λS 7.2256 16.3774 48.3992 87.2994

Both eigenvalues λP and λQ should be taken into account in order to accurately

estimate voltage stability in an LFAC system. The following proposed eigenvalue can be

used as a single criteria for a low frequency system. From (3.19), it can be rewritten as

∆V =
1

λQ
∆Q+

1

λP
∆P =

1

λS
∆S (3.20)

where λS = 1/
√

1/λ2
P + 1/λ2

Q and ∆S is power variation calculated from ∆P and ∆Q.

The eigenvalue λS can be used to estimate the system voltage stability. This value is close

to λQ in a high frequency system and distributed more evenly to λP and λQ when the

operating frequency is low as shown in the last row of Table 3.2 and visualized in Fig.

3.7. For a large system, this calculation can still be applied to obtain eigenvalue λS at

each bus.
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Figure 3.7: The modi�ed eigenvalue trajectory versus frequency.

3.4 Voltage Stability of System: A Case Study

In this section, the voltage stability of LFAC transmission is investigated in terms

of both the eigenvalues and the V -Q sensibility via modal analysis [11, 18]. A �ve-bus

power system and a six-bus power system are used to calculate these quantities in di�erent

cases of low frequencies.

3.4.1 A �ve-bus system operating at a speci�c frequency

Fig. 3.8 presents a �ve-bus power system used to study voltage stability. Only

voltages at Bus 3, Bus 4, and Bus 5 are investigated since Bus 1 and Bus 2 are connected

to generators. The detailed speci�cations of this system can be found in [17].

The power �ow for this system can be solved with the Newton-Raphson method.

First, the entire system is tested at a speci�c operating frequency. Then at each frequency,

the voltage magnitudes, eigenvalues from the Jacobian matrix, and self-sensitivity values
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at each bus are collected in Table. 3.3.
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Figure 3.8: A �ve-bus power system.

The data shows that the voltage of a lower frequency system is more stable than

the 60 Hz system. For example, the voltage magnitude at Bus 5 is 0.9717 pu for 60 Hz

and 0.9795 pu for 5 Hz. The higher voltage stability in the lower frequency power system

is due to smaller impedances, which cause smaller voltage drops on the transmission

lines. Since Bus 4 is connected to heavy load, it is expected to be the weakest bus in the

system. Indeed, the data shows that Bus 4 has the smallest eigenvalue of the three buses.

However, the eigenvalue is increased more than 12 times, i.e. from 7.4813 to 90.8637, if

the power system operates at 5 Hz. Additionally, the self-sensitivity value at each bus is

another indicator of voltage stability. This value indicates the strength of a bus voltage

when it is subjected to reactive power variations [18]. The V -Q self-sensitivity values
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are selected from the V -Q sensitivity, which is the inverse of the reduced Jacobian. A

small self-sensitivity value indicates a strong bus [11, 18]. Therefore, the power system is

more robust if it operates at a low frequency because the self-sensitivity values decrease

signi�cantly as the frequency is scaled down.

Table 3.3: Bus Data of Five-Bus System.

60 Hz 30 Hz 10 Hz 5 Hz
V3 0.9872 0.9907 0.9935 0.9937
V4 0.9841 0.9870 0.9897 0.9897
V5 0.9717 0.9756 0.9789 0.9795

λ3 72.2566 151.1695 454.8012 907.7094
λ4 7.4813 15.2164 45.8326 90.8637
λ5 13.7457 27.7789 83.6118 166.2663

V Q3 0.0632 0.0311 0.0103 0.0052
V Q4 0.0653 0.0322 0.0107 0.0054
V Q5 0.0912 0.0450 0.0149 0.0075

3.4.2 A six-bus system operating at a speci�c frequency

As shown in Fig. 3.9, a six-bus system representing the power transmission for a

wind farm is used to calculate stability conditions. The wind farm is 85 km from Bus 4,

and the maximum power the wind farm can produce is 140 MW. The system parameters

are detailed in [18].

The entire system is calculated at a �xed operating frequency to validate the

results. The wind farm power output is assumed to vary between 0 MW and 100 MW, at

which the weakest bus voltage V5 passes over the lower boundary. Table 3.4 indicates the

voltage magnitude at each bus when the wind farm does not generate any output power.

The power providing to the loads, therefore, comes from two generators: Gen 1 and Gen
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6. Since Bus 1 and Bus 6 are connected directly to the generators, the voltages at these

buses are considered to be constant at 1.0 pu for all studied cases. Bus 5 is connected to

the wind farm and is assumed to be the most sensitive bus. The V -Q self-sensitivities,

presented later on, will explain this assumption. It can be observed from Table 3.4 that

the voltage magnitudes at low frequencies are close to 1.0 pu and are much higher than

that in a high frequency. Bus 5 voltage V5 at 60 Hz is 0.9563 pu, which is slightly above

the lower boundary value, and it is 0.9717 pu at 30 Hz, 0.9833 pu at 10 Hz, and 0.9864

pu at 5 Hz, correspondingly. The same observations can be seen in voltages at the resting

buses V2, V3, and V4.
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Figure 3.9: A six-bus LFAC system for wind applications.

The eigenvalues, which represent the system voltage stability, are determined via

the Jacobian matrix and are shown in Table 3.5 in descending order. Because the voltages

at Bus 1 and Bus 6 are �xed, the reduced Jacobian matrix shows the four eigenvalues at

other buses. The eigenvalues are improved signi�cantly when the frequency is lowered.

For instance, the lowest eigenvalue in 60 Hz ac system 3.0512 is increased to 6.3103 (30
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Hz), 19.2789 (10 Hz), and 38.6460 (5 Hz). With higher eigenvalues, the system is more

voltage stable [18].

Table 3.4: Bus Voltage Magnitude.

Vmag 60 Hz 30 Hz 10 Hz 5 Hz
V1 1.0000 1.0000 1.0000 1.0000
V2 0.9850 0.9926 0.9973 0.9984
V3 0.9607 0.9782 0.9893 0.9920
V4 0.9625 0.9788 0.9896 0.9923
V5 0.9563 0.9717 0.9833 0.9864
V6 1.0000 1.0000 1.0000 1.0000

Table 3.5: Eigenvalues (top) and self-sensitivities (bottom)at buses.

λi 60 Hz 30 Hz 10 Hz 5 Hz
λ2 104.6664 212.0111 640.7134 1283.066
λ3 45.5025 92.8477 281.8955 565.4993
λ4 13.6468 28.2279 86.2896 173.1871
λ5 3.0512 6.3103 19.2789 38.6460

V Qi 60 Hz 30 Hz 10 Hz 5 Hz
V Q2 0.019318 0.009473 0.003126 0.001560
V Q3 0.044492 0.021303 0.006935 0.003451
V Q4 0.069012 0.033247 0.010856 0.005404
V Q5 0.299730 0.145362 0.047650 0.023783

The voltage at Bus 2 is the most stable since its self-sensitivity is smallest. This is

easy to understand because Bus 2 is connected directly to Bus 1 via a transformer. The

voltage at Bus 5, on the other hand, is the most sensitive to the reactive power since it has

the smallest value. The self-sensitivity at this bus is 0.30 for 60 Hz ac transmission. This

value is reduced to 0.145 in 30 Hz, 0.048 in 10 Hz, and 0.024 in 5 Hz systems. It is true
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that as the operating frequency is decreased, the self-sensitivity is reduced considerably.

In other words, the dependence of voltage on reactive power is less, and the system is

more stable at low frequencies.

The calculation results for Bus 5 at di�erent wind farm output power cases are

represented in Fig. 3.10. It is worthwhile to summarize some observations here. The

bus voltages increase when the power increases. In the conventional 60 Hz transmission

system, the voltage begins decreasing when the wind farm produces over 30 MW of power

output, and the voltage passes over the lower boundary when the wind farm produces

80 MW of output power. The voltage quickly decreases after it passes over the lower

boundary because the capability limit of the system has been reached. Therefore, a high

frequency system is less stable when wind power penetration is high. In the low frequency

system, the voltage V5 at Bus 5 builds up slowly but never reaches the upper boundary,

i.e 1.05 pu, when the power output is 100 MW, as shown in Fig. 3.10(a). This means

the low frequency system can handle more power without losing its stability. The same

conclusions for eigenvalues and self-sensitivity can be drawn from Fig. 3.10(b), 3.10(c).

In summary, this section has investigated the voltage stability of low frequency ac

(LFAC) transmission. At a low frequency, reactance is reduced and the system is more

capable of transferring power. More importantly, because of lower voltage drops along

the transmission line, the system exhibits a better voltage pro�le, and its stability has

been extended with less dependence on power variations. The LFAC theory has been

applied to two speci�c case study systems and has demonstrated great bene�ts to the

power system in terms of voltage stability.
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Figure 3.10: Bus 5 pro�les with di�erent frequencies: (a) voltage magnitudes, (b) eigen-
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Chapter 4

System Modeling for LFAC Transmission

As shown in previous chapters, the low frequency ac transmission o�ers many

advantages in terms of power transfer capability and voltage stability. Given the fact

that the power system is already operating at 60 Hz, for a low frequency transmission

to cooperate it needs to interface with the existing system. Fig. 4.1 shows the general

concepts of how to connect two di�erent frequency power systems using a power converter

system. This power converter system converts the voltage and current at a low frequency

into a voltage source at 60 Hz by the turn-on and turn-o� patterns of the switching

devices, i.e IGBTs. The converter output is now at 60 Hz and it can transfer power to

the grid naturally. The process is similar if the 60 Hz system wants to transfer power to

the low frequency system. To summarize, the power converter system needs to perform

the following tasks:

� Grid synchronization: detect the frequencies, voltage magnitudes, and phase angles

of both grid sides that the converter connects to in order to synchronize.

� Power conversion: convert power from 60 Hz to a low frequency or vice versa by

semi-conductor devices.

� Power �ow control: regulate the amount of power exchange between two grids and

the power �ow direction.
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60 Hz System LFAC System

Power Converter

Figure 4.1: Interface between an LFAC and a 60 Hz power system.

This chapter presents our work on modeling an entire power converter system,

Fig. 4.2. The grid synchronization is introduced �rst and followed by the proposed

algorithm to improve the grid parameters detection under harmonic conditions. The

power converter con�gurations and controllers are then discussed. Next, our work on

the proportional-resonant (PR) controller for converters is described in detail. The entire

system mathematical model and simulation results are presented. It is worthwhile to

mention that the entire model has been transfered to PSCAD/EMTDC by our Fortran

codes under block-set library and is available for graduate students to conduct research.
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Figure 4.2: The overall power converter system.
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4.1 Grid Synchronization for Power Converter Systems

In order to synchronize with the grid, a power converter needs information about

voltage magnitude, phase angle, and frequency. There are many methods have been

proposed in the literature for grid synchronization. These methods can be based on fre-

quency or time domain [20]. Our focus, however, is on second-order-generalized-integrator

frequency-locked loop (SOGI-FLL), a time domain based technique that quickly and accu-

rately detects the grid information. We also propose to use the transfer function approach

to derive many grid synchronization con�gurations that is not only able to identify the

grid parameter under normal conditions but high harmonic distortions as well. These

con�gurations are described in detail after the review section of a typical SOGI structure.

4.1.1 Review of SOGI Con�guration

The second-order generalized-integrator (SOGI) block diagram, shown in Fig. 4.3,

has functions to provide two perfect orthogonal output signals, v′ and qv′, from a sinusoidal

input voltage vin. By using two integrators, the SOGI behaves as an active �lter oscillating

at the central frequency ω′ [20, 21, 22].

+
- εv

ks +- X

∫

∫
X

ω′

vin v′

qv′

Figure 4.3: A typical SOGI structure.
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The SOGI operating principles can be thoroughly explained from analyzing its

transfer function and Bode plot [20]. Denoting GV ′(s) and GQV ′(s) as transfer functions

of outputs V ′(s) and QV ′(s) to input Vin(s) respectively, then [23]

GV ′(s) =
ksω

′s

s2 + ksω′s+ ω′2
, GQV ′(s) =

ksω
′2

s2 + ksω′s+ ω′2
(4.1)

where ω′ is the central frequency [24] and ks is a gain. At the central frequency s = (jω′),

the transfer functions become

GV ′(jω
′) =

ksω
′(jω′)

(jω′)2 + ksω′(jω′) + ω′2
= 1

GQV ′(jω
′) =

ksω
′2

(jω′)2 + ksω′(jω′) + ω′2
= -j (4.2)

The results from (4.2) explain for the sine and cosine signals in the SOGI if the

input is a sinusoidal waveform. If the input signal contains harmonics, the SOGI does not

work properly. Fig. 4.4 presents the output signals when the input is given by (4.10) on

page 73. The output signals are not sinusoidal and are also di�erent in magnitude. This

also results in errors of phase and frequency detections. The SOGI improper operation can

be accounted mainly for its �lter capability. The SOGI only acts as a second order low-pass

�lter to block high frequency signals, and thus it cannot remove harmonics completely.

The SOGI behaviors become worse when it is used for the three-phase system [25].

An intuitive method to improve �ltering performance is increasing the synchro-

nization system to a higher order. Two SOGIs can be cascaded to form a fourth-order

system that has better �ltering e�ects to the harmonics. However, the system becomes

more complex and requires much computation. After some manipulations the cascaded

SOGI system can be reduced to a third-order system with almost the same performances

[26]. In the following section, the third-order synchronization system is investigated.
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Figure 4.4: Voltage waveforms from a SOGI under distorted conditions.

4.1.2 The Third-Order Grid Synchronization Con�gurations

The third-order system has two functions: 1) generating two orthogonal output

signals and 2) satisfying (4.2) for synchronization. It is worthwhile to note that once

the transfer function GV ′(s) is formed, GQV ′(s) can be found by GQV ′(s) = GV ′(s)ω
′/s.

Therefore, the �rst step is to �nd GV ′(s). Assuming the transfer function starts with a

general formulation of a third-order system

GV ′(s) =
N(s)

D(s)
=

b0s
3 + b1s

2 + b2s+ b3

s3 + a1s2 + a2s+ a3

(4.3)

For the sake of simplicity, the denominator of (4.3) is �rst evaluated at the central

frequency, ω′. Denoting ki = (a2 − ω′2), kr = (a1 − a3/ω
′2), and j2 = −1, then at s = jω′

D(jω′) = (jω′)3 + a1(jω′)2 + a2(jω′) + a3 = (a3 − a1ω
′2) + jω′(a2 − ω′2)

= kr(−ω′2) + ki(jω
′) = kr(jω

′)2 + ki(jω
′)

= kr(s)
2 + ki(s) for (s = jω′) (4.4)
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From (4.4), the numerator of GV ′(s) can be simply selected as: N(s) = krs
2 + kis.

The transfer functions of the third-order synchronization system is thus given by

GV ′(s) =
krs

2 + kis

s3 + a1s2 + (ω′2 + ki)s+ (a1 − kr)ω′2

GQV ′(s) =
(krs+ ki)ω

′

s3 + a1s2 + (ω′2 + ki)s+ (a1 − kr)ω′2
(4.5)

Fig. 4.5 shows the Bode plots of two transfer functions in (4.5) with kr = 20, ki =

22214.41, a1 = 444.29. The system is stable at pole locations s1 = −402.42, s2,3 =

−20.94 ± j321.90 and able to synchronize at the central frequency. The output signals

are always orthogonal.

The transfer function in (4.5) can be simpli�ed for some interesting cases: 1)

kr = 0 and 2) ki = 0. These two cases can lead to con�guration derivations based on

SOGI structure in the literature [25, 26].

Case 1: kr = 0 and the output transfer functions GV ′(s) and GQV ′(s) are simpli�ed

as

GV ′(s) =
kis

s3 + a1s2 + (ω′2 + ki)s+ a1ω′2

GQV ′(s) =
kiω

′

s3 + a1s2 + (ω′2 + ki)s+ a1ω′2
(4.6)

Case 2: ki = 0 and the output transfer functions GV ′(s) and GQV ′(s) become

GV ′(s) =
krs

2

s3 + a1s2 + ω′2s+ (a1 − kr)ω′2

GQV ′(s) =
krω

′s

s3 + a1s2 + ω′2s+ (a1 − kr)ω′2
(4.7)
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It is obvious from Fig. 4.5 that two outputs in (4.6) and (4.7) have the same

magnitude and 90◦ di�erence in phase, and thus can synchronize with the grid under

harmonic conditions. However, the later one requires longer transient time response due

to the higher order of the numerator. The following section gives a detailed analysis of

the two systems.
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Figure 4.5: Bode plots of third-order synchronization system.

Grid synchronization based on third-order system

From the transfer function expressions in (4.5), (4.6) and (4.7), there are many con-

�gurations to construct systems based on state-space model. The most familiar systems

are the controllable canonical form (CCF) and the observable canonical form (OCF) [27].
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Fig. 4.6 shows an example of synchronization structure for (4.5) under the controllable

canonical form.

As mentioned in the previous section, the third-order synchronization system can

be constructed based on a typical SOGI con�guration. This con�guration is convenient

and bene�cial for the frequency controller. Denoting a1 = ksω
′, ki = kaksω

′, and kr =

kksω
′, a state-space model for the system is given by



ẋ1

ẋ2

ẋ3


 = −




0 −1 0
ω′2 ksω

′ (k − 1)ksω
′

ω′2 ka
1−k 0





x1

x2

x3


+




0
kksω

′
ka

1−k


Vin (4.8)

+
∫ ∫ ∫

kiω
′ +

vin x3 x2 x1 v′

−a1

−(ω′2 + ki)

−a1ω′2

krω
′

ki +
qv′

kr

Figure 4.6: A grid synchronization con�guration based on CCF.

The structure for (4.8) is shown in Fig. 4.7(a). In addition, the con�gurations for

(4.6) and (4.7) are investigated and presented in Fig. 4.7(b) and Fig. 4.7(c), respectively.

It is interesting to note that in case where kr = 0 and ki = 0, the con�gurations match

with structures in [25, 26]. The detailed analyses can be found in these references.
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Figure 4.7: Con�gurations based on SOGI: a) general case, b) kr = 0, and c) ki = 0.
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The frequency controller and DHOGI-FLL structure

The grid frequency can be identi�ed by the phase locked-loop (PLL) or frequency

locked-loop (FLL) controllers. Since the FLL method has better dynamic performance

[20] and the controller is simpler, this section only focuses on the FLL controller. Based

on the SOGI con�guration, the frequency can be estimated from the error signal εv and

the output qv′, see Fig. 4.7. The transfer functions of εv can be easily derived as

Gεv(s) =
(ks+ ka)(s

2 + ω′2)

s3 + ksω′s2 + (ω′2 + kaksω′)s+ ksω′3
(4.9)

The phases of εv and qv′ are the same if ω < ω′ and are inversed if ω > ω′, as

shown in Fig. 4.8. Therefore, the product of the two signals εv and qv′ can be used as an

input for the frequency locked-loop controller to estimate the frequency [28].
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Figure 4.8: Bode plots of εv and qv′ in a third-order synchronization system.
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The overall block diagram for the three-phase grid synchronization is presented in

Fig. 4.9. The construction of this con�guration is almost the same as in DSOGI-FLL

[20, 23, 24] but di�erent in the high-order generalized-integrator (HOGI) blocks, thus

performing better. The principles of HOGI con�guration is comprehensively discussed in

the previous section. The input voltage vabc is converted into stationary frame vα and

vβ, both of which contain harmonics by Clarke's transformation. These signals then pass

through two HOGI blocks in order to produce orthogonal outputs at the fundamental

frequency. The two orthogonal signal sets are used to determine the positive-sequence

component by the PSC block. The errors εfα and εfβ coming from the DHOGI are used

for the frequency identi�cation in the controller.

The positive-sequence block calculates the positive-sequence component from four

output signals of two HOGIs [28]. The instantaneous-sequence voltage on the stationary

αβ frame by Clarke's transformation is given by

v+
αβ = [Tαβ]v+

abc

= [Tαβ][T+]vabc

= [Tαβ][T+][Tαβ]−1vαβ

=
1

2

[
1 −e−j π2

e−j
π
2 1

]
vαβ

where [T+] is sequence transformation matrix [29] as T+ = 1
2




1 a a2

a2 1 a
a a2 1


 and [Tαβ] is

Clarke's transformation matrix [28] as Tαβ = 2
3

[
1 −1/2 −1/2

0
√

3/2 −
√

3/2

]
. The PSC block in

Fig. 4.9 presents the interpretation of (4.10) to achieve positive-sequence voltage compo-

nents. The positive component v+
α is a subtraction of two outputs (v′α and qv

′
β) while the
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signal v+
β is a summation of two outputs (qv′α and v′β).
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Figure 4.9: The overall block diagram of DHOGI-FLL system.

4.1.3 Simulation Results

The third-order �lter performance is tested under several distortion levels of the

grid voltage. The gains for the proposed system are set at ka = 50, k = 0.045 and ks =
√

2

for pole locations at s1 = −402.42, s2,3 = −20.94 ± j321.90. The third-order system is

implemented into two cases: the single-phase power grid with one HOGI con�guration

and the three-phase power grid using double HOGIs. The power system is assumed to
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operate at 50 Hz of frequency. In addition, the grid frequency is assumed to drop to 45

Hz at simulation time t = 2 second.

Single-phase grid with a HOGI

In this case study, the grid only experiences unbalanced phenomena. The measured

voltage is highly distorted by harmonics as shown in Fig. 4.10(a) and given by

vin(t) = 240
√

2 sin(ωt+ π/2) + 40 sin(3ωt) + 30 sin(5ωt) + 20 sin(7ωt)

+10 sin(9ωt) + 30 sin(11ωt) (4.10)

The fundamental voltage magnitude is 240
√

2 = 339 V and the third-order system

identi�es the magnitude correctly with negligible variations. The low frequency harmonic

components are removed, and thus two output signals are clean and are sinusoidal as

shown in Fig. 4.10(b). Fig. 4.11 presents the frequency waveform of the controller in the

new con�guration. It can be seen clearly that the system can detect and track the grid

frequency accurately when there is a frequency jump from 50 Hz to 45 Hz.

Three-phase grid with HOGIs

In this case, the three-phase voltages contain 5th, 7th, and 11th-order harmonics

as shown in Fig. 4.12(a) and given below

va(t) = 240
√

2 sin(ωt+ π/2) + 30 sin(5ωt) + 20 sin(7ωt) + 30 sin(11ωt) (4.11)

vb(t) = 226
√

2 sin(ωt− 5π/6) + 35 sin(5ωt− 2π/3) + 9 sin(7ωt− 2π/3)

+10 sin(11ωt− 2π/3)

vc(t) = 247
√

2 sin(ωt+ 5π/6) + 19 sin(5ωt+ 2π/3) + 15 sin(7ωt+ 2π/3)

+13 sin(11ωt+ 2π/3)
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Figure 4.10: a) Single-phase input and b) output waveforms.
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The positive-sequence voltage is simple to �nd with the Foeste's transformation

[20], and it matches with outputs from third-order �lter con�guration. The output wave-

forms are orthogonal and purely sinusoidal with a similar output as the previous single-

phase but with a smaller magnitude, see Fig. 4.12(b).

The performances of third-order grid synchronization systems are compared with

the double SOGI (DSOGI) method and the results are plotted in Fig. 4.13. It is obvious

that the proposed con�guration has better responses in terms of voltage magnitude and

frequency detection. In the conventional method, the voltage magnitude is �uctuated in

a range of 220 - 232 V and can result in improper operations of power converter. The

third-order system, on the other hand, detects the voltage value constantly as shown in

Fig. 4.13(a). It is worthwhile to note that the two output signals are purely sinusoidal

and orthogonal. The frequency identi�cation waveforms, Fig. 4.13(b), also conclude that

the third-order system has better performances. The two frequencies are close to each
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other, however, it can be observed that the result from the DSOGI still has an o�set to

the exact frequency value.
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Figure 4.12: a) Three-phase input voltages and b) output waveforms.
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Figure 4.13: a) Voltage magnitude and b) frequency detection.

In conclusion, the third-order HOGI has demonstrated its excellent performance

in grid synchronization compared to the conventional SOGI method under distorted grid

conditions. The outputs are orthogonal and purely sinusoidal waveforms. The voltage
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magnitude is thus estimated precisely. The grid frequency is also identi�ed accurately

because high-order harmonics are removed from the frequency controller. The third-

order HOGI con�guration can enhance better performances for a power converter under

a distorted and unbalanced grid.

4.1.4 Experimental Results

It is worthwhile to mention that the proposed con�guration employs three inte-

grators and that needs to be implemented in discrete-time. The selection process for the

digital method is analyzed in depth and discussed in [30], and out of scope in this section.

The real-time experimental setup is conducted to verify the theoretical analysis. In the

experiments, a three-phase voltage source with high frequency harmonics is programmed

to test the proposed method. The experimental system has been run on an RT-LAB

real-time platform, allowing the performance to be observed in a real-time environment.

The distorted and unbalanced voltages are generated to simulate the practical grid

conditions for the experiments as shown in Fig. 4.14(a). The total harmonic distortions

(THD) in each phase of the grid voltage are 10.80 %, 12.79 %, 8.13 %, respectively.

A third-order �lter based on the SOGI con�guration is constructed, and its perfor-

mances are the same as in the simulation section. The voltages in stationary frame, Fig.

4.14(b), are distorted and contain harmonics since the Clarke's transformation does not

behave as a �lter. The two output signals of the third-order synchronization system are

shown in Fig. 4.15. Fig. 4.15(a) represents the positive-sequence voltages from the third-

order con�guration. The voltages are clean and are sinusoidal waveforms with magnitude

matching the calculation.
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The dynamic response of the frequency controller is tested by a change from 50

Hz to 45 Hz as seen from Fig. 4.15(b). It is clear that the proposed method can track the

reference after a transient duration. Since the frequency controller is based on the third-

order system, it requires several grid cycles for the frequency to reach the steady-state.

(a) (b)

Figure 4.14: a) Distorted grid voltage waveforms (188 V/div), and b) input voltages after
Clarke's transformation.

(a) (b)

Figure 4.15: a) Positive-sequence outputs, and b) frequency response in the third-order
proposed DHOGI-FLL method.
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In summary, in this section a new con�guration based on SOGI has been developed

for grid synchronization under distorted conditions of distribution system. The approach

for deriving a third-order grid synchronization from transfer function can be extended

to any system. Several SOGI-based con�gurations have been constructed, and they are

able to eliminate high frequency harmonics. The introduced method still preserves all the

advantages of the conventional SOGI-FLL. The grid information is accurately detected

and quickly supported to the power converter for grid synchronization. The proposed

DHOGI-FLL structure performances have been tested under di�erent unbalanced and

low frequency harmonic voltage conditions. The simulation results verify signi�cant im-

provements in this method compared with the conventional DSOGI-FLL in the accuracy

of voltage magnitude and frequency detections. In addition, the experiments have been

conducted and validated theoretical analysis.

4.2 Power Converter Con�gurations

The power converter system interfaces with both 60 Hz grid and a low frequency

grid and is able to transform power from one frequency system to another one or vice

versa. Depending on the conversion method, the converter system can be classi�ed as

either direct frequency conversion system or indirect frequency conversion system.

4.2.1 Direct Frequency Conversion Systems

The direct frequency conversion system converts power from one ac system to

another without any dc conversion. The oldest and most familiar system of this type is

an asynchronous machine. The input voltages with frequency fs are connected to the
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machine stators, and the rotor circuits are opened to obtain desired output voltages with

frequency fr. The relationship between two frequencies is: fr = sfs, where s is the

slip. By changing the slip, the output voltages have the desired frequency [31, 32]. This

method, however, has a limited output frequency and too many losses. Another system

that has been developed early is the cyclo-converter. This converter directly converts the

input power to the desired output by utilizing the thyristors. However, this converter is

limited because its output frequency is only one-third of the input due to line switching,

the inductor �lter size is large, and the output voltages have high distortions [33, 34].

Esa
Lsa

Esa
Lsa

Esa
Lsa

Lga
Ega

Lga
Ega

Lga
Ega

An LFAC systemA 60 Hz system

Figure 4.16: A typical matrix converter.
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In recent research, the matrix converter, Fig. 4.16, has been focused thoroughly.

This converter transforms frequencies directly by using switching semiconductor devices,

i.e. IGBTs. It consists of bidirectional switches arranged in a matrix that allows any input

frequency to be converted into the desired output frequency. The bene�ts of this converter

is that it requires no bulky storage components such as capacitors [35, 36, 37, 38, 39].

4.2.2 Indirect Frequency Conversion Systems

The indirect conversion method converts frequencies in two stages. First, it recti�es

an ac system into a dc system, and then inverts the dc system into the desired ac. Fig.

4.17 presents a typical ac-dc-ac power conversion system. It consists of two identical

converters sharing the same dc-link capacitor. These two converters are cooperating to

regulate the amount of power transfered back and forth. This conversion system is widely

utilized due to its output quality and robustness [33, 38, 40]. This system is chosen for

our work of interfacing 60 Hz and low frequency systems, and its mathematical model is

presented as follows.

S1

S4

S3

S6

S5

S2

Lga
Ega

Lgb
Egb

Lgc
Egc

Cdc

T1

T4

T3

T6

T5

T2

Esa
Lsa

Esb
Lsb

Esc
Lsc

A low frequency systemA 60 Hz system

Figure 4.17: A typical back-to-back converter.
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Mathematical model of power converter

Due to the identity of two converters, the mathematical model of only one converter

is presented. The state variables and denoted symbols are clearly de�ned in Fig. 4.18.

vdc

Pin Pout

Cdc

T1

T4

T3

T6

T5

T2

va

vb

vc

Ea
Lsa

ia

Rsa

Eb
Lsb

ib

Rsb

Ec
Lsc

ic

Rsc

Figure 4.18: A PWM converter con�guration.

In the stationary frame, the relationship between converter output voltage and

current is given by

vabc = Rsiabc + Ls
d

dt
iabc + eabc (4.12)

The capacitor dynamic is described by the amount of output di�erent between Pin

and Pout [41, 42]

d

dt
(
1

2
CdcV

2
dc) = CdcVdc

d

dt
(Vdc) = Pin − Pout (4.13)

In the synchronous frame, rotating with angular speed ωe, the converter currents
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after Park's transformation are

[
Ide
Iqe

]
=

[
cos θ sin θ
− sin θ cos θ

]
2

3

[
1 −1/2 −1/2

0
√

3/2 −
√

3/2

]

ia
ib
ic


 (4.14)

Similarly for the converter output voltages vabc and the grid eabc, (4.12) is then

expressed bellow [42, 43, 44, 45]

Vdqe = RsIdqe + Ls
d

dt
Idqe + jωeLsIdqe + Edqe (4.15)

Note that in synchronous frame Ede = 0 and Eqe = E. The additional term jωeLsIdqe in

(4.15) appears due to the coordinator change. The real power is then given by

Pin = eabc · iabc = −(eaia + ebib + ecic) = −3

2
(EdeIde + EqeIqe) (4.16)

And the reactive power

Qin = eabc × iabc = −3

2
(EqeIde − EdeIqe) (4.17)

The capacitor model is then [41, 46]

CdcVdc
d

dt
(Vdc) = Pin − Pout = −3

2
(EdeIde + EqeIqe)− Pout (4.18)

In summary, from (4.15) and (4.18) the converter can be modeled by the following two

equations

Vdqe = RsIdqe + Ls
d

dt
Idqe + jωeLsIdqe + Edqe (4.19)

Vdc =

∫ ((−3/2)(EdeIde + EqeIqe)− Pout
CdcVdc

)
dt (4.20)
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4.3 Control Methods for a Power Converter

In order to operate stably, the power converter is driven by its controller system.

The controller system typically consists of two control-loops: one for current and one

for voltage of the dc-link capacitor. Conventionally, the proportional-integrator (PI) is

employed in the controllers because of its in�nite gain at dc (0 Hz) level. However, all the

measurement signals are needed to transform into the rotating frame in order to decouple

real and reactive power controlling. In recent research, the proportional-resonant (PR)

shows its bene�ts in tracking sinusoidal waveforms directly and is able to regulate real and

reactive power separately. This section reviews both control methods and then presents

our work on improving the PR controller under distorted conditions.

4.3.1 PI Controllers

Fig. 4.19 presents the overall control system of a converter. It has the inner

(current) loop and the outer (voltage) loop. The current controller directly controls the

pulse-width modulation (PWM) signals while the voltage controller stabilizes the dc-link

voltage. Both control loops utilize proportional (P) and integral (I) gains to track the

references. The construction for each controller is presented in detail below.

V ∗
dc

I∗dqe Pwm Idqe Vdc
Volt. Ctrl Curr. Ctrl Converter DC Cap.+- +-

Figure 4.19: The overall control system.
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Current controller

The converter output currents (ia, ib, ic) are measured and transformed into ide and iqe in

the synchronous frame. The reference currents i∗de and i
∗
qe come directly from the outputs

of voltage controller, determined by real and reactive power demands. Fig. 4.20 presents

the overall concept of the current loop using an PI [41, 46, 47]. The gain selection is based

on the pole cancellation method and is described in detail in the following section.

From (4.19), by denoting s = d/dt the converter output voltage and current rela-

tion is reconstructed in the dqe-synchronous frame as below

Vdqe = (Rs + sLs)Idqe + jωeLsIdqe + Edqe (4.21)

or

Idqe =
1

sLs +Rs

(Vdqe − jωeLsIdqe − Edqe) (4.22)

The current control calculates the reference voltage for the power converter with the

feed-forward terms jωeLsIdqe and Êdqe in order to have better dynamic performance.

V ∗dqe = (Kpi +
Kii

s
)(I∗dqe − Idqe) + (jωeLsIdqe + Êdqe) (4.23)

Equate output voltages Vdqe and V
∗
dqe from both (4.21) and (4.23),

(Rs + sLs)Idqe + jωeLsIdqe + Edqe = (Kpi +
Kii

s
)(I∗dqe − Idqe) + (jωeLsIdqe + Êdqe)

(4.24)

Manipulating the above equation with Edqe = Êdqe, the relation between reference and

measured currents is given by [41, 46]

Idqe
I∗dqe

=
Kpis+Kii

Lss2 + (Rs +Kpi)s+Kii

(4.25)
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By the pole-zero cancellation method with the current control bandwidth ωcc: Kpi =

Lsωcc, Kii = Rsωcc, the current loop simply becomes a �rst-order system

Idqe
I∗dqe

=
ωcc

s+ ωcc
(4.26)

I∗dqe V ∗
dqe Idqe

EdqeEdqe

Kpi +
Kii

s

1
sLs+Rs

jωLs jωLs

+- +
+

+
-+

-

PI controller Grid model

Figure 4.20: The current loop using PI controllers.

Voltage controller

The voltage controller keeps the dc-link voltage at a speci�c value and generates references

for the current loops from real and reactive power demands. Supposing that the real power

is regulated by Iqe and reactive power controlled by Ide, from the physical model in (4.18)

the current Iqe is given by

CdcVdc
d

dt
(Vdc) = Pin − Pout = −3

2
EqeIqe − Pout = −3

2
EIqe − Pout (4.27)

or

Iqe = −
( CdcVdc

(3/2)E

d

dt
(Vdc) +

Pout
(3/2)E

)
(4.28)
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Similar to the current controller the voltage controller, as in Fig. 4.21, with the feed-

forward term P̂out/(3/2E) is

I∗qe = −
(Kiv

s
(V ∗dc − Vdc)−KpvVdc +

P̂out
(3/2)E

)
(4.29)

In the steady-state, the measured current tracks the reference one Iqe = I∗qe and P̂out = Pout

Vdc
V ∗dc

=
Kiv

s2CdcVdc
(3/2)E

+Kpvs+Kiv

=
ω2
n

s2 + 2ζωns+ ω2
n

(4.30)

The voltage controller gains are then [46]

Kpv = 4ζωn
CdcV

∗
dc

3E
, Kiv = 2ω2

n

CdcV
∗
dc

3E
(4.31)

−+ kiv
∫

−+
+

+ -1

kpv

2
3E

-1
2
3E

V ∗
dc

I∗qe

Vdc

P̂out

Q̂out

I∗de

Figure 4.21: The voltage loop using an IP controller.
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4.3.2 PR Controllers

The proportional-resonant PR controller directly tracks the sinusoidal reference current

instead of transforming measured signals into the synchronous frame. The currents

(ia, ib, ic) after Clark's transformation are

[
Iα
Iβ

]
=

2

3

[
1 −1/2 −1/2

0
√

3/2 −
√

3/2

]

ia
ib
ic


 (4.32)

These currents (Iα, Iβ) are sinusoidal and fed to the PR controllers to track their ref-

erences. There is an equivalence between a PI controller and a PR controller which is

clari�ed below.

From (4.25), the opened- and closed-loop transfer functions of current loop are derived

Gsysc(s) =
Gsyso(s)

1 +Gsyso(s)
=
Idqe
I∗dqe

=
Kpis+Kii

Lss2 + (Rs +Kpi)s+Kii

=
ωcc

s+ ωcc
(4.33)

The transfer function in the stationary frame is a frequency shift of that in the synchronous

frame [48, 49, 50]

Iαβ(t) = e+jωetIdqe(t)←→Gαβ(s) = Gsysc(s− jωe) (4.34)

If the transfer function of a PI controller in the synchronous frame is Gdq(s) = Kpi+Kii/s,

the equivalent PR for both positive- and negative-sequences is given by [51]

GαβPR(s) =
1

2
[Gαβ+(s) +Gαβ−(s)]

=
1

2

[
Gdq+(s) +Gdq−(s) −jGdq+(s) + jGdq−(s)
jGdq+(s)− jGdq−(s) Gdq+(s) +Gdq−(s)

]

=

[
Kpi + Kiis

s2+ω2 0

0 Kpi + Kiis
s2+ω2

]
(4.35)
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where Gdq+(s) = Gdq(s − jω), Gdq−(s) = Gdq(s + jω). The PR controller has in�nite

gain at both positive and negative frequencies, s = ±jω. This simpli�es the PR current

loops for the converter as shown in Fig. 4.22. It is also worthwhile to mention that in

the PR loop, there is no need to compensate the feed-forward grid voltage, Eαβ, in order

to improve the controller dynamic performance [51, 52]. The voltage loop in this case is

exactly the same as that of the previous PI case.

I∗αβ V ∗
αβ Iαβ

Eαβ

Kpi +
Kiis
s2+ω2

1
sLs+Rs

+- +
-

PR controller Grid model

Figure 4.22: The current loop using a PR controller.

4.4 The Proposed PR Controller

As discussed earlier, a PR controller is superior to a PI controller due to its

simplicity and capability of operating with positive/negative sequences in power converter

applications. The PR behaves as a notch �lter and only resonates with the input signal at

its own frequency. In other words, the PR controller in the stationary frame has in�nite

gain at the resonant frequency or it is able to completely track a sinusoidal reference

signal without any steady-state errors [48, 53]. However, the major drawback of a PR

controller, which can be seen from (4.35), is that its performance relies directly on the
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resonant frequency. The integral part uses the frequency information to oscillate with the

reference signal. When the power grid has a small frequency variation, the PR controller

does not perform properly, and the output signal cannot align with its reference signal.

One solution to improve the PR controller performance under frequency deviations

has been proposed in [54]. Instead of transforming only the PI controller in the dq

synchronous frame into the PR controller in the αβ stationary frame, the entire closed-

loop transfer function is rotated to the stationary frame. It is interesting to discover

that the two additional cross-coupling terms, called XControl and XFeedback, appear

in the controller of the closed-loop system [54, 55]. Further investigation reveals that the

feed-forward branches jωL in the synchronous frame have major impacts on the system

sensitivity in the frequency domain. Several PR-based controllers are then proposed,

and they show signi�cant improvements compared with the conventional PR method in

terms of frequency stabilizing [45, 56, 57, 58, 59, 60]. One challenge, however, to the

previous research is that the proposed system is only active within the positive frequency

range, and it loses its tracking capability to the negative frequency reference. In addition,

the controllers in each loop are dependent and need to communicate to each other for

frequency robustness [61, 62, 63, 64, 65, 66].

In this section, the previous PR-based controllers are reviewed and then the pro-

posed method is introduced. The new controller is equivalent to the conventional PR

method and able to operate at both signs of frequency. More importantly, the proposed

method is robust and capable of tracking reference signal when the system frequency de-

viates from its nominal value. Another bene�t is dependency reductions between control

loops. There should be no current coupling terms between the α-frame and β-frame.
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4.4.1 The PR-based Controller Review

The previous PR-based methods rely on the equivalences of two closed-loop sys-

tems in stationary and rotating coordinators. Depending on the coupling terms, (XControl

and XFeedback, named as in [54]), the controller con�gurations are derived. There are

four types of PR controllers (PR, PRXF , PRXC, and PRX2), Fig. 4.23, and their

transfer functions are listed below

GPR(s) =
Kpi(s

2 + ω2
e) +Kiis

[sLs +Kpi +Rs](s2 + ω2
e) +Kiis

(4.36)

GPRXF (s) =
Kpi(s

2 + ω2
e) +Kiis

[Ls(s− jωe) +Kpi +Rs](s2 + ω2
e) +Kiis

(4.37)

GPRXC(s) =
Kpi(s− jωe) +Kii

[sLs +Rs +Kpi](s− jωe) +Kii

(4.38)

GPRX2(s) =
Kpi(s− jωe) +Kii

[Ls(s− jωe) +Rs +Kpi](s− jωe) +Kii

(4.39)

It is worthwhile to mention that the two PRXC and PRX2 controllers are only

able to work with positive-sequence since they particularly have in�nitive gain at s = jω.

The PR and PRXF controllers, on the other hand, have in�nitive gains at both signs

of frequency. The Bode plots of four con�gurations are shown in Fig. 4.24 in order to

understand these controllers under frequency deviations. As can be observed from these

�gures, the open-loop systems (top-blue) all have in�nite gains at the resonant frequency,

ωe. The magnitudes of closed-loop systems (bottom-red) are all zero at ωe. However,

there are sti� changes at ωe = 60Hz in the conventional PR and PRXC controllers.

These changes are smaller around the resonant frequency neighborhood in the PRXF

and PRX2 controllers due to the XFeedback terms. However, note again that two of

these con�gurations are only active with the positive frequency or positive-sequence.
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(b)
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Kii

s−jω
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-

PR controller Grid model

(c)

I∗αβ V ∗
αβ Iαβ

Eαβ
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1
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jωLs

+- +
+

+
-

PRX2 controller Grid model

(d)

Figure 4.23: The PR-based controllers: a) PR, b) PRXF , c) PRXC, and d) PRX2
con�gurations.
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Figure 4.24: Bode plots of opened-loop (top-blue) and closed-loop (bottom-red): a) PR,
b) PRXF , c) PRXC, and d) PRX2.

94



In order to more deeply understand the robustness of these con�gurations, the sen-

sitivity of each function with respect to frequency is derived. For example, the sensitivity

functions of (4.38) and (4.39) are below

∂GPRXC

∂s
=
−LsKpi(s− jωe)2 − 2LsKii(s− jωe)−Kii(jωeLs +Rs)

([sLs +Rs +Kpi](s− jωe) +Kii)
2 (4.40)

∂GPRX2

∂s
=
−LsKpi(s− jωe)2 − 2LsKii(s− jωe)−KiiRs

([Ls(s− jωe) +Rs +Kpi](s− jωe) +Kii)
2 (4.41)

The sensitivities of four con�gurations with respect to frequency are presented in

Fig. 4.25 in detail. At the resonant frequency ωe = 60Hz, the magnitudes of sensitivity

functions are smaller inXFeedback controllers (dashed-line) compared to PR and PRXC

ones. The GPRX2 has the least variation. This means the PRX2 controller is less sensitive

to frequency variations, and thus is preferred for the resonant control.
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Figure 4.25: Sensitivities versus frequency in the four controller con�gurations.
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4.4.2 The proposed controller for frequency stability

The proposed controller is not only robust to frequency variations but also is able

to operate with positive-/negative-sequence components. Assume that a con�guration,

which is able to operate with positive and negative frequencies at the same time as the

conventional PR, is obtained. This means the controller has in�nite gains at both signs of

resonant frequency with opened-loop, and has small gain variations around zero in closed-

loop form. Our �rst approach is to �nd this transfer function Go(s) = No(s)/Do(s), which

satis�es two necessary conditions: 1) having in�nite gains at s = ±jω, and 2) achieving

maximum/minimum at s = ±jω: ∂Gc(s = ±jω)/∂s = 0. The transfer function is given

Go(s) =
No(s)

Do(s)
=⇒ Gc(s) =

No(s)

No(s) +Do(s)(sLs +Rs)
(4.42)

The �rst condition means that at the resonant frequencies Do(±jω) equals 0, and

the second criteria implies that the derivative of Do(s) is zero at s = ±jω: D′o(±jω) = 0.

The control denominator thus has the form Do(s) = (s2 + ω2)k with k ≥ 2. This results

in a complex and high-order controller system, and is not applicable in practice.

It is worthwhile to recall the fact that the coupling term jωLs in the PRX2

controller has a major contribution to frequency stabilizing. If the controller is constructed

based on PRX2, it needs separate loops for positive- and negative-sequences as shown

in Fig. 4.26(a). The controller has an in�nite gain at both signs of frequency. More

importantly, the system is robust to frequency variations as in the Bode plot Fig. 4.26(b).

However, this control system is complicated to implement in converters. In each stage,

there are two di�erent controllers for Iα and Iβ, and this con�guration requires four

stationary controllers.
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Figure 4.26: a) The concept controller with two PRX2, and b) its Bode plot.

Given the fact that currents in the stationary frame are sine/cosine functions, and

at the steady-state they are equal in magnitude. The coupling terms for a current con-

troller in Fig. 4.26(a) thus can be replaced by their derivatives. The modi�ed controllers

in αβ frame are presented in Fig. 4.27. The measured current is fed back directly to its
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own control loop, and there is no need to split the current into positive- and negative-

sequence components. The Bode plot, Fig. 4.27(b), shows that the controller is able to

operate with both signs of frequency and is also stable to frequency variations. This con-

�guration is much simpler in comparison to that in Fig. 4.26(a) because it only requires

two controllers to regulate Iαβ.
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Figure 4.27: a) The proposed controller con�guration, and b) its closed-loop Bode plot.
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4.4.3 Simulation Results

The proposed controller con�guration is �rst veri�ed by simulation results. A

power converter is modeled, and the proposed con�guration is implemented in the control

system. The power converter is assumed �rst operating at the steady-state and injecting

a 50 A peak current into the grid. At simulation time t = 1(sec), the converter also needs

to add a negative sequence current with the peak value of 10 A. Moreover, the frequency

is increased from 60 Hz to 61 Hz or the frequency deviation is 1 Hz. The controller gains

are Kpi = 1, Kii = 80, and the grid side parameters are Ls = 2 mH, Rs = 0.1 Ω. The

reference current waveforms in the time-domain and αβ stationary frame are shown in Fig.

4.28. Before changes, the current waveforms are balanced, and the references I∗α and I∗β

are sinusoidal with 50 A in magnitude. After t = 1 second, due to the negative-sequence,

the reference signals are unbalanced. The stationary current references becomes di�erent

in magnitude with 60 A in I∗α and 40 A in I∗β.
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Figure 4.28: The control reference currents in time-domain (top) and αβ frame (bottom).
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The responses of the conventional PR and proposed methods are presented in Fig.

4.29. The performances in the two controllers are the same if the grid frequency is not var-

ied. Two controllers are able to track sinusoidal reference signals without any steady-state

errors. However, with 1 Hz variation at simulation time t = 1 seccond, the conventional

PR method cannot completely track the reference signals I∗α and I∗β as shown in Fig.

4.29(a). There are steady-state errors in this case or, in other word, the conventional PR

con�guration is sensitive to frequency variations. The proposed method, on the other

hand, is able to follow the control signals without any noticeable errors as shown in Fig.

4.29(b). It is also worthwhile to notice that the proposed controller responses quickly to

track the references. In other words, the introduced control con�guration performs better

under frequency variations.

In summary, the proposed controller based on the PR con�guration has improved

the control system capability of a power converter under frequency variation conditions.

The new controller has not only extended the frequency range of the previous work to the

negative value but also signi�cantly reduced the dependences between controllers in the

two stationary frames (α-frame and β-frame). The introduced controller is equivalent to

and preserves all advantages from the conventional PR method. The simulation results

have veri�ed signi�cant improvements from the proposed controller compared with the

conventional PR controller in terms of frequency variations. The new method shows no

noticeable steady-state error when tracking a reference under frequency deviations. The

constructions of the proposed controller are also much simpler. The simulation results of

a power system that includes a 60 Hz and a low frequency systems are presented in the

next section with all implementations of grid synchronization, converters, and its control.
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Figure 4.29: Current waveforms on the stationary frame in the: a) conventional PR
controller, and b) proposed PR controller.
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4.5 Simulation Results of a Multi-frequency Power Systems

This section presents the simulation results of a 60 Hz system interfacing with a

low frequency system. In order to save simulation time and for better presentation, the

low frequency is �xed at 30 Hz. The two systems, as in Fig. 4.1, exchange 100 MW at a

voltage level of 345 kV through a power converter. The grid synchronization and control

systems are implemented in the converter, and the results are presented as below.

Grid synchronization waveforms

The grid synchronization system detects the phase angle of voltage at sides that

the converter interfaces with. Fig. 4.30 accurately presents the angles of a 60 Hz system

(top) and a 30 Hz system (bottom). Note that the angle waveform has the same frequency

as the voltage waveform.
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Figure 4.30: Phase angles from the synchronization system: 60 Hz (top) and 30 Hz
(bottom).
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Power converter waveforms

The power converter output waveforms include the voltage on the DC-link capac-

itor and the currents in both sides. Fig. 4.31 shows the DC-link voltage waveform with

its transient. It can see that the capacitor voltage is stable at the reference voltage, 20

kV, after an overshoot and a short transient duration less than 0.05 seconds because the

voltage control loop is a second-order system as in (4.30). The current waveforms of phase

A in 60 Hz side and 30 Hz side are presented in Fig. 4.32 with their references. As can be

seen, the converter output currents track their reference ones by utilizing the proportional-

resonant controllers. The currents are sinusoidal waveforms with small ripples caused by

the switching of semi-conductor devices.
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Figure 4.32: Converter output currents in: a) 60 Hz side, and b) 30 Hz side.
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The transmission waveforms

Fig. 4.33 presents the voltage and current waveforms on both systems of trans-

mission level, 345 kV. The currents are clean and sinusoidal at desired frequencies.
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Figure 4.33: Voltages and currents on transmission level: a) 60 Hz system, and b) 30 Hz
system.
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Chapter 5

System Protection for LFAC Transmission

This chapter presents our investigations on a low frequency ac transmission sys-

tem in terms of protection perspectives. One obvious challenge that a low frequency

power transmission line faces is the high fault currents caused by the reduction of system

impedance at low frequency operations. It is also obvious that a low frequency system

has a longer wavelength compared to the conventional 60 Hz system, and it will take a

longer time for an LFAC transmission system to clear faults. Assuming that both a 60

Hz system and an LFAC at 10 Hz system are able to clear fault at the zero-crossing of

current, in a 60 Hz system the fault can stay up to 3 cycles before the mechanical circuit

breakers are opened. This means the power system can withstand a fault in a duration

t = 3/60 = 0.05 seconds. However, if a fault is allowed to stay up to 3 cycles in a 10 Hz

system as same as in the 60 Hz one, the duration that the power system experiences a

fault is t = 3/10 = 0.3 seconds. This amount of time is quite long and the equipment

on the power system is damaged by the dissipated heat, E = I2Rt. This challenge thus

requires for a fast and robust method to detect a fault once it happens to the transmission

system. This chapter �rst investigates the protection in a low frequency system to see the

bene�ts in terms of critical clearing time, distance protection, and relay loadability. Next,

a fault clearing mechanism for a power transmission line that operates at a low frequency

is developed based on the second-order generalized-integrator grid synchronization tech-
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nique. The protection system is designed in such a manner that it is capable of detecting

faults quickly and accurately.

5.1 System Protection Analysis for LFAC Transmission

This section investigates the critical clearing time and distance protection in a

power system under di�erent frequencies. Due to operation at a low frequency, the trans-

mission line reactance is reduced and thus creates a drawback in LFAC systems when

faults occur. The fault currents are expected to be much higher than in a 60 Hz system.

In addition, an LFAC system has a longer current wavelength and requires the protection

system perform quickly to clear faults. The analysis, however, shows that the critical

clearing time (in seconds) is longer for an LFAC system compared to conventional 60 Hz

systems. This means the fault can stay longer in an LFAC before the system loses its

stability. Moreover, this section also examines distance protection in LFAC systems and

discovers that an LFAC system has a larger separation between distance protection zone

characteristic impedance and load impedance in comparison to a 60 Hz system. This

result would allow for more certainty in setting the load encroachment blocking function

in modern relays.

5.1.1 Critical Fault Clearing Time

The critical clearing time is understood as the maximum time during which a

disturbance can be applied without the system losing its stability [11]. This section

provides an anlaysis of the critical clearing time for a power system at di�erent frequencies

when a fault occurs. The equal-area technique is utilized to �nd the critical clearing angle.

107



The analysis assumes Pmax = 1.0 pu maximum power and that a fault occurs when the

power is Pm, as shown in Fig. 5.1. From this �gure, the area A1 is given by [10, 67]

A1 =

∫ δcr

δ0

Pmdδ = Pm(δcr − δ0) (5.1)

Similarly, the area A2 is found from x = δcr, y1 = Pm and y2 = sin(x) curves in Fig. 5.1

A2 = Pmax(cos δcr − cos δmax)− Pm(δmax − δcr) (5.2)

From (5.1) and (5.2), the critical clearing angle δcr is given by

δcr = cos−1[(π − 2δ0) sin δ0 − cos δ0] (5.3)

The critical clearing time is calculated as [10, 67]

tcr =

√
4H(δcr − δ0)

ωsPm
(5.4)

where ωs is angular frequency and H is inertia.

A fault in the system with Pm = 0.8 pu and H = 5 (MJ/MVA) is used to illustrate

the critical clearing angle and time at di�erent frequencies. The results are summarized

in Table 5.1. As the frequency is reduced, the power capability is improved, and thus

the critical clearing angle is signi�cantly increased for a �xed value of Pm. For example,

the clearing angle at 60 Hz is δcr = 64.56◦ and is almost double at 10 Hz, δcr = 127.43◦.

At 5 Hz, this clearing angle is equal to δcr = 142.87◦. Because the critical clearing angle

is increased, the critical clearing time is also increased. At 60 Hz, the relay needs to

perform quickly to clear the fault in 115 ms. The critical clearing time is increased in

low frequency operations since it is 912 ms for 10 Hz and 1390 ms for 5 Hz. This means
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Figure 5.1: Critical clearing time calculation.

the LFAC system has more time to clear the fault before it loses its stability. However, it

is observed that the critical clearing time in cycles does not increase monotonically with

reduced frequency. This suggests a frequency between 5 Hz and 30 Hz would provide the

best trade-o� between clearing time in seconds and zero crossings.

Table 5.1: Critical clearing angle and clearing time.

Freq. 60 Hz 30 Hz 10 Hz 5 Hz
δ0(deg) 53.13◦ 23.58◦ 7.66◦ 3.82◦

δcr(deg) 64.56◦ 89.38◦ 127.43◦ 142.87◦

tcr(s) 0.1150 0.3903 0.9120 1.3896
Cycle(s) 6.90 11.71 9.12 6.95

5.1.2 Distance Protection

In order to examine the impact of low frequency transmission and reduced line

impedance on stepped-distance protection using three protection zones, a three-bus sys-

tem, as shown in Fig. 5.2, is used for the theoretical analysis. The transmission line
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length is 100 miles with parameters per mile at 60 Hz: r = 0.0103 Ω, xL = 0.2481 Ω,

and xC = 2.3574× 10−6 Ω. The relay at A considered in this analysis protects transmis-

sion line 1 from the sending-end S to the receiving-end R. In order to see the impact

of frequency on distance protection, the two short transmission lines are simpli�ed as:

Z1 = Z2 = 2R + j2X.

Z1 = 2R + j2X Z2 = 2R + j2X
A

V̄S

ĪS
Line 1

V̄R

ĪR
Line 2

V̄T

Figure 5.2: Single-line diagram of three-bus system used in protection studies.

Impact on load encroachment

Load encroachment can cause unintended operations in distance relays when heavy

loading causes the apparent impedance to enter a protection zone. This section therefore

investigates how the separation between apparent load impedance and line impedance in

the complex impedance plane changes at di�erent frequencies. Results show that this

separation is increased at lower frequencies, suggesting that load encroachment failures

are less likely to occur. In order to have a common quantity for comparison, the shortest

distance is �rst de�ned. The shortest distance is the line from the load to the closest point

in each zone circle. In distance relaying protection, there are three protective zones. Zone

1 is the underreaching zone where the relays cover 85% of the impedance of the protected

line. Zone 2 is the overreaching zone where the relays cover 120% of the impedance of the

protected line. And zone 3 is the remote backup protection zone where the relays cover

210% of the impedance of the protected line [11]. Fig. 5.3 shows the shortest distance to
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each zone from the load. This distance is the segment in the line from the load point to

the circle center. The shortest distances at di�erent frequencies are then compared to see

the bene�ts of low frequency operations in terms of distance protection.

Assuming the receiving-end terminal voltage is VR = 1.0 pu and supplies to load a

power S = P+jQ. The current is then given by IS = (S/VR)∗ = P−jQ. The sending-end

voltage is

Vs = VR + ISZ = 1 + (P − jQ)(2λR + j2λX) (5.5)

The impedance seen from the distance protection for relays is calculated as

Zs =
VS
IS

=
1 + (P − jQ)(2λR + j2λX)

(P − jQ)

= (2λR +
P

P 2 +Q2
) + j(2λX +

Q

P 2 +Q2
) (5.6)

where λ = 0.85, 1.20, 2.10 is the percentage of the protected line impedance corresponding

to zone 1, zone 2, and zone 3.

Denoting u = P/(P 2 + Q2) and v = Q/(P 2 + Q2), the shortest distance from the

load to a zone can be calculated as a function of reactance or frequency

DZk(X) =
√

(λR + u)2 + (λX + v)2 −
√

(λR)2 + (λX)2 (5.7)

To see the evolution of DZk(X) with reactance or frequency, let us examine its

derivative:

∂DZk(X)

∂X
=

λ(λX + v)√
(λR + u)2 + (λX + v)2

− λ2X√
(λR)2 + (λX)2

(5.8)
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Note that in the transmission system, u > v and R < X then D
′

Zk(X) is always

negative. This means DZk increases as the reactance or frequency is decreased. Fig. 5.4

shows the change in DZk as frequency decreases from 60 Hz to 5 Hz for three di�erent

protection zones. The zones are calculated as a �xed percentage for the line impedance

as 85%, 120%, and 210% for zone 1, zone 2, and zone 3, respectively. Only the mho

characteristic is considered in this analysis. It can be observed that the relationship

between DZk and frequency is almost linear, with zone 3 having the steepest slope. This

means that as frequency is reduced, the separation increases between the zone reach

characteristic and load impedance. The change in separation is observed to be largest for

the remote backup protection zone, i.e., zone 3. This result indicates that the setting of

the remote backup zones, i.e. zone 3, can be simpli�ed in LFAC systems when considering

load encroachment due to the increased margin in the complex impedance plane.

Impact on relay loadability

In stepped-distance protection, the maximum loadability is the maximum power

that a line can transfer until the load impedance encroaches upon the outermost circle,

i.e zone 3 circle. Fig. 5.5 represents the concept of maximum loadability for a speci�c

load. The maximum loadability of the relay is then calculated as

SRelay =
kV 2

LL

Z∗L,Relay
(5.9)

where kVLL is line-to-line voltage in kV and ZL,Relay is the load impedance measured by

the relay and given by [68]

ZL,Relay = Z3 cos β (5.10)
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where β is interior angle between load and line impedance curves and Z3 is the line

impedance value as shown in Fig. 5.5.

The maximum loadability (in per unit) for di�erent power factor angles in each

frequency is presented in Table 5.2. At lower frequencies, the loadability is improved

signi�cantly. The maximum power at θ = 30◦ in a 10 Hz system is 74.33 pu, which is

more than 8 times that in a 60 Hz system. Furthermore, as power factor angle is increased,

the necessary power to trip the line is reduced. For example, at 60 Hz the maximum power

is 16.55 pu for θ = 30◦ of power factor and reduced to 9.08 pu for θ = 75◦.
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Figure 5.5: Maximum relay loadability with mho characteristics.

In summary, this section investigates the impact of the reduced transmission line

impedance in an LFAC system in terms of protection prospective. Three notable bene�ts

are observed for LFAC operation, along with one drawback. First, the critical clearing time

in an LFAC system is larger, allowing relays more time to detect and clear faults. Another

bene�t is, for conventional stepped-distance protection schemes, an LFAC system has a
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Table 5.2: Relay Loadability Limits at Di�erent Frequencies (pu).

Power factor 60 Hz 30 Hz 10 Hz 5 Hz
0◦ 213.36 213.36 213.36 213.36
15◦ 29.67 52.31 106.48 143.70
30◦ 16.55 31.01 74.33 114.20
45◦ 12.04 23.16 60.24 100.43
60◦ 10.00 19.55 53.72 95.42
75◦ 9.08 17.97 51.64 97.20
90◦ 8.87 17.74 53.22 106.44

larger separation in the complex impedance plane between line and load impedance. This

allows for simpli�ed setting of features such as load encroachment blocking as the margin is

increased. Relay loadability is also increased. However, compared with to the conventional

60 Hz systems, an LFAC system has higher fault currents due to the signi�cant reduction

in transmission line reactance. One possible solution, to be investigated in a subsequent

analysis, is to utilize a superconducting fault current limiter (SCFCL). In the next section,

a fault detection method based on SOGI technique is presented in detail.

5.2 A Fast Fault Detection for LFAC Systems based on SOGI

Technique

This section presents a new method to detect short-circuit faults in an ac power

system based on the positive-/negative-sequence and phase angle of the currents. The new

method is based on the second-order generalized-integrator frequency-lock loop (SOGI-

FLL) technique and performs in the time domain. The proposed method is able to detect

the fault quickly and accurately. In addition, throughout the analysis it is observed that

the current phase angle waveforms are changed corresponding to di�erent events. The
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current phase angle waveform is thus recommended as a reference for post-event classi�-

cations. Various scenarios of faults, capacitor switching, and transformer energization are

simulated for the proposed method in strong and weak power systems. The results verify

that the new method is able to detect faults quickly and guarantees that the protection

system recovers properly after fault events occur. But before describing the new method

in detail, the literature review for power system protection methods, which are performed

in frequency domain, are presented �rst.

Strong power systems are characterized by low impedance and bene�t from better

power quality from reduced voltage variations and impact from harmonics. However,

due to the low impedance, the systems su�er from high fault currents. Subsequently,

there is a need to detect and clear faults quickly before the equipment is damaged. It

has been shown that there is an increasing trend toward decreasing system impedance,

resulting in increased short-circuit currents [69, 70, 71]. Another motivating factor is

the growing trend for distribution systems to interconnect more distributed generators

(DGs), resulting in higher short-circuit current [72]. Therefore, in systems with high

short-circuit current, it is bene�cial to detect and clear a fault before the �rst peak to

allow for circuit breaker operation at the �rst zero crossing. Furthermore, fast detection

limits damage to equipment and provides better coordination with current limiting devices

that require mechanical operation. However, detection is complicated by the fact that

switching transients such as capacitor switching and transformer energization will also

produce high currents due to the low impedance. In such cases, it is then important to

be able to quickly discriminate between faults and switching transients.

There are several existing methods allowing for fast detection in strong systems.
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The most common methods rely on rms, FFT, and least-squares estimation of fault cur-

rent. In general, more accurate algorithms require more time [73]. Other methods that

have been proposed that involve travelling wave, wavelets, pattern recognition, and PLL

[74, 75, 76, 77, 78, 79, 80, 81, 82, 83]. The authors in [74, 75] propose a fast detection al-

gorithm based on the phase-locked-loop (PLL) technique for coordination with FCL. The

method uses empirically determined thresholds on instantaneous current and error out-

put from the PLL to discriminate faults from switching transients. However, the method

may not be robust due to the use of instantaneous signals and di�culty in determining

threshold settings in practical systems. The magnitude of error is signi�cantly changed

with gain settings, and thus it is not accurate to use the limits on this instantaneous signal

for fault detections. The PLL is used in [75] for fault detection in direct-drive wind tur-

bines but is designed for a speci�c scenario. In [84], a second-order generalized-integrator

frequency-lock loop (SOGI-FLL) is demonstrated for fault detection in inverters, but it

does not consider aspects of security and discrimination from other transient events.

Our target is to propose an alternative for fast and robust fault detection based on

the second-order generalized-integrator frequency-lock loop (SOGI-FLL) technique that

is able to detect faults within 1/5 of a 60-Hz cycle. Furthermore, the output of the

SOGI-FLL further provides signals allowing for simple discrimination between faults and

switching transients. The objective of the proposed method is to provide a dependable and

secure detection as well as a classi�cation of short-circuit faults in strong power systems.

The proposed method is intended to provide an alternative to Fourier based methods.
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5.2.1 Fault Characteristics and Frequency-Lock Loop Method

This section starts by analyzing the fault current characteristics in terms of mag-

nitude and phase. A single-line to ground fault is used to demonstrate the theory. After

that, the operating principles of a frequency-locked loop is introduced to see how this

method can help to detect change in magnitude and phase once a fault occurs.

The Fault Analysis

A single line-to-ground fault at phase A is analyzed in this study to see how the

current magnitude and phase angle changes with frequency. Assuming the fault impedance

is purely resistive and represented by Rf . Before the fault occurs, the power system is

balanced and the currents are given by



Ia
Ib
Ic


 =




1
Zs+ZL

0 0

0 1
Zs+ZL

0

0 0 1
Zs+ZL






V ∠0◦

V ∠− 120◦

V ∠120◦


 (5.11)

When the fault occurs, the current at phase A is high due to signi�cant reduction of

impedance 

Ifa
Ifb
Ifc


 =




3V
Zeq1 +Zeq2 +Zeq0 +3Rf

0
0


 (5.12)

where Rf is the equivalent fault impedance and (Zeq
1 , Z

eq
2 , Z

eq
0 ) are the equivalent circuit

impedances looking at the fault point as explained in detail in [29].

During the fault, the three-phase currents are typically unbalanced. The currents

then need to be decomposed into the positive-, negative-, and zero-sequence components

in order to analyze power system status. The positive-sequence currents, for example, are
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given from the phasor transformation.


Ifa1

Ifb1
Ifc1


 =

1

3
Ifa




1 0 0
0 1 0
0 0 1






1∠0◦

1∠− 120◦

1∠120◦


 (5.13)

The current magnitude and phase angle versus operating frequencies for our studied

system are plotted in Fig. 5.6. Due to the impedance drop, the current magnitude

is signi�cantly increased. The same observation can be seen in the negative-sequence

component. It is worthwhile to notice that the phase angle has a jump when the fault

occurs. This motivates us to use the phase angle as an additional indicator to detect

faults.
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Figure 5.6: The current magnitude and phase angle at di�erent operating frequencies.

Frequency-Lock Loop Operating Principles and its Utilizations for Fault De-

tection

As mentioned in the previous section, when a fault occurs, the protection system

needs to response quickly in order to trip the circuit breaker. The fault events can be
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detected immediately by the frequency-lock loop technique in the time domain. The

second-order generalized-integrator frequency-lock loop (SOGI-FLL) technique was �rst

introduced in [23] to identify the grid voltage parameters to synchronize an inverter with

the power system. The introduction of this technique is presented in great detail in Section

4.1. In comparison to the phase-lock loop (PLL), this technique has no steady-state error

in the output signal and only utilizes one controller for frequency instead of two feedback

loops in the PLL, i.e, one for frequency and one for phase-angle detection [20]. However,

the bene�ts of this method have strayed from its initial application and this method is

proposed to be used for fault detection. The frequency-lock loop basically consists of a

second-order generalized-integrator (SOGI) and a frequency controller. The SOGI is able

to generate sine/cosine signals (v′ and qv′), which can be used to calculate the rms value,

from a single sinusoidal input vin, Fig. 5.7.

+
- εv

ks +- X

∫

∫
X

ω′

vin v′

qv′

Figure 5.7: A typical SOGI structure.

In a three-phase power system application, two SOGI or double SOGI (DSOGI)

blocks need to be employed in order to detect the voltage/current information. The

general block diagram is shown in Fig. 5.8. Each block provides the error signals, i.e

εfα and εfβ, to the frequency controller. These signals are similar to the output error in
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[74] and have magnitudes characterized for each events. The frequency-lock loop needs

only one controller, which is a �rst-order system, and its bandwidth can be adjusted

directly by setting gain Γ . Therefore this method has faster performance in terms of time

response compared to the phase-lock loop method implemented in [74]. One signi�cant

and important bene�t from the SOGI-FLL method is the ease with which the positive-

and negative-sequence components (PNSC) can be computed from outputs of each SOGI

block [20]. The mathematical foundation of this technique is described in detail in Section

4.1. The instantaneous positive-/negative-sequence components are

v+
αβ = [Tαβ]v+

abc = [Tαβ][T+]vabc

= [Tαβ][T+][Tαβ]−1vαβ =
1

2

[
1 −e−j π2

e−j
π
2 1

]
vαβ (5.14)

v−αβ = [Tαβ]v−abc = [Tαβ][T−]vabc

= [Tαβ][T−][Tαβ]−1vαβ =
1

2

[
1 e−j

π
2

−e−j π2 1

]
vαβ (5.15)

It can be seen from (5.14) and (5.15) that in order to calculate the sequence

components, a (90◦ - lagging) phase-shift is needed for α and β components. The bene�ts

of SOGI can solve these requirements directly because a SOGI is able to generate two

orthogonal waveforms, as seen in Fig. 4.5. The positive-/negative-sequence calculation,

therefore, is straightforward from the output signals of two SOGIs as presented in Fig. 5.8.

The calculation of zero-sequence is simple because it is the summation of three measured

signals. Since the SOGI behaves as an adaptive �lter to harmonics, the SOGI-FLL is

thus able to attenuate noises and detect the positive-sequence and negative-sequence

components quickly and accurately. Moreover, the phase jump during a fault can be

used as an additional indicator for fault detection. This means the protection system is a

121



combination of current limiters and the phase angle to identify faults.

[Tαβ]

SOGI

+−

+
+

SOGI

+
+

1/2

-Γ
∫

+
+

vabc

vα

v′α v+α

qv′α
v+βefα

v′β

qv′β

efβ

ω′

vβ

ωc

DSOGI

PNSCFLL

+
+

v−α

+−

v−β

Figure 5.8: The block diagram of SOGI-FLL for positive-/negative-sequence calculation.

Fig. 5.9 presents the overall block diagram of the proposed fast fault detection

method. The three-phase currents are measured and passed through the SOGI-FLL to

detect the fault event. The current signals are decomposed into positive-sequence and

negative-sequence components in order to compute magnitudes and phases. These quan-
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tities are then compared with the threshold in the limiters block to decide whether or not

the fault occurred. If there is a fault on the system, the current magnitudes exceed the

thresholds and the limiters block will send a tripping signal to the circuit breakers to shut

down the system.

CB

SOGI-FLLPos/NegLimiter

ZS

ĪS

vα

vβ

Mag

Ang

Figure 5.9: The overall block diagram of fast fault detection using SOGI-FLL.

5.2.2 Simulation Results

This section presents the simulation results to verify the e�ectiveness of the pro-

posed fault detection method. The testing system setup and parameters are similar to

the system in [74]. In addition, two di�erent cases of strong and weak power systems are

simulated to observe the performances of the proposed method. The single-line-to-ground

(SLG) fault is simulated since this is the most likely fault in the system. In each case,

three di�erent events are considered: SLG fault, capacitor switching, and transformer en-

ergizing. These events are assumed to happen at simulation time t = 0.3 seconds. First,

the results in a strong power system are presented as follows.
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Simulation Results in a Strong Power System

The three di�erent events occur in the power system are summarized in Fig. 5.10.

The system parameters and load conditions are exactly the same as in paper [74]. The

supply voltage is VLL = 12 kV, ZS = (12.2 + j207.24) mΩ, ZL = (10.77 + j2.42) Ω and

is able to deliver approximately 630 A of load currents.

VSa
Zsa ZLa

VSb
Zsb ZLb

VSc
Zsc ZLc

Rf

Figure 5.10: The power system with three di�erent events.

Single Line-to-Ground Faults

The fault happens in phase A at simulation time t = 0.3 seconds with the fault

resistance Rf = 0.5 Ω. As expected, the current in phase A increases signi�cantly due to

impedance drop. This results in large the magnitudes of positive- and negative-sequence

components as shown in Fig. 5.11(a). The current magnitudes are higher than six times

rated and above the threshold, i.e typically two or three times of the load current. It is

worthwhile to mention here that all the calculations are in the time domain.
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It is interesting to see from Fig. 5.11(b) how the current phase angle changes when

the fault event occurs. The phase angle starts experiencing distortions after 0.3 second.

The angle error �uctuates six times in three cycles of the grid. In other words, the angle

error oscillates with a frequency that is twice that of the power system frequency. This

information about the frequency of phase angle error can be used to di�erentiate events.

Capacitor Switching

The shunt capacitor is switched to the power system with capacitance C = 90.19 µF

at the simulation time t = 0.3 seconds. The current waveforms are shown in Fig. 5.12(a)

with high frequency oscillations when the capacitors are on. These current oscillations are

caused by the resonance between capacitor and inductor in the system. The instantaneous

current magnitudes can be very high, i.e 5.0 pu in this system, and then they die out

quickly after less than two cycles. The positive-sequence current magnitude also oscillates

up to 1.45 pu. However, this magnitude is not higher than 2.0 pu because the SOGI

behaves as a low-pass �lter that attenuates mostly high frequency current components

generated by capacitor switchings. A more detailed analysis of the capacitor switching

phenomenon can be found in [29]. Again, the phase angle waveform looks interesting in

case of capacitor switchings. Fig. 5.12(b) shows a close up the signal, which has a very

high resonant frequency in approximately two grid cycles.

Transformer Energizing

A three-phase 12/0.24-kV, 10.2 MVA, ∆− Y connection transformer is connected

to the system. The transformer model also includes the saturation properties and it

125



time (sec)
0.25 0.275 0.3 0.325 0.35 0.375 0.4

C
ur

re
nt

s 
(p

u)

-30

-20

-10

0

10

20

30
i
a
(t)

i
b
(t)

i
c
(t)

time (sec)
0.25 0.275 0.3 0.325 0.35 0.375 0.4C

ur
re

nt
 M

ag
ni

tu
de

 (
pu

)

0

2

4

6

8
I
Pos

I
Neg

(a)

time (sec)
0.25 0.275 0.3 0.325 0.35 0.375 0.4

P
ha

se
 A

ng
le

 (
ra

d)

-4

-2

0

2

4
θ

time (sec)
0.25 0.275 0.3 0.325 0.35 0.375 0.4

A
ng

le
 E

rr
or

 (
ra

d)

-1.5

-1

-0.5

0

0.5

1

1.5
e
θ

(b)

Figure 5.11: A single-phase to ground in a strong power system: (a) current magnitudes
and (b) phase angle waveforms.
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Figure 5.12: Capacitor switching in a strong power system: (a) current magnitudes and
(b) phase angle waveforms (zoomed in).
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starts energizing at simulation time t = 0.3 seconds. The transformer energizing can

be treated as large inductors connected to the system at the Point of common coupling

(PCC). Because the magnetizing impedances are extremely large, the system impedance

is not changed much and therefore the currents in this case are not expected to be as

high. As shown in Fig. 5.13(a), the current magnitude �uctuates but never reaches 1.5

pu in this case. This means the current does not pass over the current threshold for the

fault events. The current phase angle is also expected to have small oscillations as shown

in Fig. 5.13(b). It is worthwhile to note that the phase angle error in the transformer

energizing has the same frequency as the power system.

In summary, three di�erent events have been simulated and display di�erent prop-

erties. The fault event has the highest current magnitude while the capacitor switching

event has high frequency oscillation in the phase angle. Each event property is listed in

detail in Table. 5.3.

Table 5.3: Event properties under SOGI-FLL analysis.

Events Fault Cap. switching Xfmr energizing
Pos. mag.(pu) > 3 times < 2 < 2
Neg. mag.(pu) > 3 times < 0.5 < 0.5
Phase angle freq. = 2 times > 2 times = 1 time

Timing Diagram

The responses of the protection system when faults occur are shown in Fig. 5.14.

The current limits are set at three times that of the rated load currents. The fault occurs at

simulation time t = 0.3 seconds. The system is simulated for two di�erent fault detection
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Figure 5.13: Transformer energizing in a strong power system: (a) current magnitudes
and (b) phase angle waveforms.
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methods: the proposed method and the cosine �lter one. When the fault happens, the

proposed protection system detects a fault quickly and sends the tripping/clearing signals

to the circuit breaker. In the case of 60 Hz, the clearing time is sent at t = 0.30317

seconds or it takes 3.17 ms, i.e approximately 0.19 cycles of the 60 Hz system, for the

protection system to respond. The cosine �lter method triggers the clearing signal slower

at t = 0.3052 seconds, or this method takes 5.2 ms to detect the fault.
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Figure 5.14: The proposed and cosine �lter methods responses in a strong 60-Hz system.

Simulation Results in a Weak Power System

The new fast fault detection algorithm is also simulated in a weak system in order

to verify its e�ectiveness. The simulation setups are similar to that of the strong system

case except for the grid impedance ZS. As recalling from the previous section, the system

short-circuit capacity is nearly 700 MVA when ZS = (12.2 + j207.24) mΩ and increasing

ZS makes the system weaker. In the simulations, the impedance ZS is gradually increased
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from one time to ten times, in which the system short-circuit capacity is approximately

70 MVA. The results are shown in Fig. 5.15, Fig. 5.16, and Fig. 5.17 for faults, capacitor

switchings, and transformer energizings, respectively.

As in a weak grid, the impedances become larger and thus the fault current magni-

tudes are reduced. However, the positive-sequence current is still higher than the thresh-

old, and interestingly the phase angle error continues to oscillate at the double grid fre-

quency as shown in Fig. 5.15(a) and Fig. 5.15(b). In the case of capacitor switching, since

the grid reactances are increased, the resonance between capacitor banks and inductors

are less intensive as in Fig. 5.16(a). The current magnitude is no higher than 1.5 pu, and

the phase angle still contains a high frequency resonance as shown in Fig. 5.16(b). When

a transformer is energized, the current magnitude �uctuates less than in a strong system

as plot in Fig. 5.17(a). The phase angle, shown in Fig. 5.17(b), has its typical waveform

of transformer energizing events with the frequency is the same as the system frequency.

The time responses of the proposed method and the cosine �lter method with the

same current limit in a strong system case are shown in Fig. 5.18. Because it requires

more time for a smaller current to reach the threshold, the propsed method response is

predicted to be slower compared to that of a strong power system. In the case of 60 Hz,

the fault is detected in 5.625 ms, which approximately 0.34 grid cycles. The cosine �lter

method detects the fault slower at t = 0.3135 seconds. In other words, this method takes

13.5 ms to trigger the clearing signal. Fig. 5.19 shows the linear relation between the

algorithm time response in cycle versus the 60 Hz power system short-circuit capacity.

As the short-circuit capacity increases or the grid is more sti�, the protection system

response is faster. For example, the fault is detected in approximately 0.5 cycles and 0.19
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Figure 5.15: A single-phase to ground in a weak power system: (a) current magnitudes
and (b) phase angle waveforms.
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Figure 5.16: Capacitor switching in a weak power system: (a) current magnitudes and
(b) phase angle waveforms (zoomed in).
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cycles in 70-MVA and 700-MVA systems, respectively. In other words, the performance

of the proposed method in a strong system is better than that in a weak system.

The Proposed Method in LFAC Power Systems

The new protection method based on SOGI-FLL technique is implemented in an

LFAC system to verify it's superior performance. For example, Fig. 5.20 presents the

performance of the proposed and cosine �lter methods in a low frequency system, i.e.

the operating frequency is lowered to 10 Hz. The clearing signal in the proposed method

is enabled at t = 0.31255 seconds. In other words, it takes 12.55 ms, i.e nearly 0.13

cycles of the 10 Hz system, to clear the faults. The response time of the 10 Hz system

is still less than one cycle of 60 Hz grid (16.67 ms) and can be considered to be a fast

performance. The cosine �lter method, on the other hand, detects the fault after 26.6 ms

at t = 0.3266 seconds. In the case of a weak 10-Hz LFAC system, the fault is detected and

the tripping signal is sent after 17 ms or nearly one 60 Hz-cycle for the proposed method.

This response time is acceptable since the circuit breaker can typically be opened within

three 60 Hz-cycles [85]. The cosine �lter method takes 31.3 ms to detect the fault. The

excellent performance of the proposed method can be accounted for the quick adaption

of the SOGI-FLL method in the time domain.

Our next step is to test the protection method on practical data that comes from

both transmission and distribution levels. The results are positive with all fast and accu-

rate fault detections. The results of one transmission case and one distribution case are

presented below in more detail. Fig. 5.21 shows the currents in a single-phase fault, and

the results are similar to the previous analysis. It is interesting to see the performance
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Figure 5.17: Transformer energizing in a weak power system: (a) current magnitudes and
(b) phase angle waveforms.
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Figure 5.18: The proposed and cosine �lter methods responses in a weak 60-Hz system.
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of this method in a distribution system, where the currents are unbalanced and contain

harmonics. Fig. 5.22 presents distribution current data for the duration of 30 seconds. It

is worthwhile to mention that the two events (in red boxes) are not faults but energizing

events. The proposed method is able to detect faults accurately as shown in Fig. 5.22(b).

The proposed method and the cosine �lter method, which is implemented in

Schweitzer Engineering Laboratories (SEL) protection relays, are then compared and

analyzed in detail. The rms current of each phase is calculated and then compared with

a threshold to detect faults. Without a loss of generality, the current at each phase is

assumed to change from 100 A to 200 A, as seen in Fig. 5.23(a), and these changes are

detectable by both methods with a threshold of 150 A. It is interesting to see the pro-

posed method can detect faster than the cosine �lter as shown in Fig. 5.23(b), 5.24(a),

5.24(b). For example, the proposed SOGI method can trigger the protection signal in 3.5

ms, which is approximately one-�fth of grid cycle, and faster than the cosine �lter method

in phase a. This can be explained by the quick output update in the proposed method.

Assuming that the input signal is u(t) and the output is y(t) in both methods, then the

SOGI is considered as a second-order system in the digital implementation [86]

yn(SOGI) = a0un + a1un−1 + a2un−2 + b1yn−1 + b2yn−2 (5.16)

yn(Cosine) = a0un + a1un−1 + a2un−2 + · · ·+ aNun−N (5.17)

where ai, bi are coe�cients andN is the number of samples in cosine �lter, N = 8, 16, . . . , 128.

The proposed SOGI method only requires two previous values to update its output while

the cosine �lter method relies more on the previous (N − 1) values. This explains the

faster response of the SOGI method in tracking the rms current value changes during
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fault events. The ability of the SOGI method to calculate positive-, negative-, and zero-

sequence components is proved in Fig. 5.25(a). The three-phase currents are balanced

at the magnitude of 20 A and suddenly change with 100 A of positive-sequence, 50 A

of negative-sequence, and 25 A of zero-sequence. These magnitudes are identi�ed cor-

rectly as seen in Fig. 5.25(b). Since the proposed method can provide information about

sequence components, it can be utilized for fault location applications as well.

In summary, a new method for fault detection is proposed and veri�ed in this

chapter. The introduced method is based on the time domain analysis of the positive-

sequence, negative-sequence, and zero-sequence current components to detect the faults.

Whenever the magnitude of positive-/negative-sequence current reaches the preset thresh-

old, the circuit breaker tripping signal is activated. The protection system employing the

proposed algorithm thus performs quickly to clear the fault. In addition, throughout the

analysis, the phase angle waveforms can be used as a reference for post-event classi�ca-

tions. For example, in a fault condition, the phase angle oscillates with the frequency of

double power system frequency whereas, in a transformer energized case, the phase angle

oscillates at the same frequency as the grid. In a capacitor switching event, this frequency

is high due to the resonance between inductor and capacitor bank. The proposed method

is veri�ed under the various events of the strong and weak grid systems, and is veri�ed

with practical data. It is worth reiterating that the faults are detected quickly, i.e. in less

than half of a 60 Hz-cycle. Particularly in a strong power system, the introduced method

performance is superior to that of a weak system. In conclusion, the new method based

on the SOGI-FLL technique has demonstrated its excellent fault detection performance

and can be thus easily implemented in any ac protection system.
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Figure 5.20: Timing diagrams in: (a) a strong and (b) a weak 10-Hz LFAC power systems.
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Figure 5.21: Simulation results with transmission data: (a) currents and its sequences,
and (b) tripping signal and angle.
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Figure 5.22: Simulation results with distribution data: (a) currents and its sequences,
and (b) tripping signal and angle.
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Figure 5.23: (a) Fault current waveforms, and (b) fault detections in phase a.
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Figure 5.24: (a) Fault detections in phase b, and (b) fault detections in phase c.
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Figure 5.25: Sequence estimation: (a) the current waveforms, and (b) current magnitudes.
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Chapter 6

Hardware Testing for LFAC Transmission

This chapter presents our preliminary testing results for our hardware experiments

for low frequency transmission systems. We want to verify the bene�ts of low frequency

operation over the conventional 60 Hz by the voltage pro�le along the line. Our �nal

target is testing a multi-frequency power system operation, which consists of a 60 Hz and

a low frequency system, on our test-bed facility. The test-bed is a complete model of a

real world power system with the transmission level scaled at 208 V, and distribution level

with loads scaled at 41.6V. A power converter system is also developing to integrate a low

frequency system into the test-bed for further study and testing. The following sections

update our current work on this project.

6.1 Hardware Testing for Low Frequency AC Transmissions

The entire test-bed power system to verify theoretical analysis and simulation

results for low frequency operations is shown in Fig. 6.1. This test-bed is a re�ection of

a transmission system and a distribution system that are scaled down to 208 V and 41.6

V, respectively. This system has two types of transmission lines: one for a normal 60

Hz and one for a low frequency. Since we only do the experiments on the low frequency

transmission line, the detailed description of the setup system is presented as follows.
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Figure 6.1: One-line diagram of the small-scaled testbed power system.
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Figure 6.2: One-line diagram of the power system for LFAC operation testing.

The Hardware System for LFAC Operation Testing

Fig. 6.2 presents the one-line diagram of our hardware system. This system is

powered by a variable frequency voltage source VS. This source is isolated from the

remaining circuit by a 3-kVA, 208V/208V transformer connected in ∆-Ygnd. The other

terminal of this transformer is then connected to an LC circuit, which is a model of a

100-mile transmission line. The transmission line is subdivided into �ve 20-mile segments,

making it is easier to access voltage data along the line. Each line segment consists of a 2.5-

mH inductor with 0.1 Ω internal resistance and a 5-µF capacitor, as shown in Fig. 6.3(b).

The transmission line is then connected to a step-down 1.5-kVA, 208V/41.6V transformer.

This transformer supplies power to a resistive load. The total load is Rload = 0.7143Ω

which consists of two 2.5-Ω and three 5-Ω resistors connected in parallel.

In order to generate variable frequency, a Yaskawa G7 inverter is used as a power

source. Since this inverter is primary utilized for motor drive, the frequency range is 40

- 400 Hz. Thus, our experiments are conducted with a frequency range from 40 Hz to 80

Hz to verify the theories. The inverter output voltage is set at 170 V line-to-line to avoid

the over current issues. It is also important to mention that the inverter output contains
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harmonic components and that these harmonics are expected to have some e�ect on the

measurement, especially at light load conditions.

(a)

(b)

Figure 6.3: (a) The test-bed power grid, and (b) transmission line model.
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The test-bed system is powered and tested with two scenarios: at no-load (Rload =

∞) condition and at loaded (Rload = 0.7143Ω) condition. It is also worthwhile to mention

that because the loads are resistors, the e�ects of frequency changes are observed by

current waveforms. The currents are measured at the inverter output terminals, denoted

as A in Fig. 6.2. The current values at di�erent frequencies are collected in detail in

Table. 6.1, and visualized in Fig. 6.4. At loaded condition, the measured current values

are close to the theoretical values because the inductors can �lter harmonic currents. Fig.

6.5 presents the current waveforms that the source supplies to the power system for three

di�erent frequencies, i.e. 40 Hz, 60 Hz, and 80 Hz, respectively. The loaded currents are

given by

ILoad =
VS√

(R2
eq +X2

eq)
=

VS√
(R2

eq + (2πLeqf)2)
(6.1)

where Req and Leq are denoted as the equivalent resistance and inductance of the circuit.

As the operating frequency is lowered, the current magnitude is increased due to the sys-

tem impedance as shown in Fig. 6.4(a). At no-load condition, the inverter supplies power

to charge the capacitors. The charging current in a low frequency system is predictably

less than that in a 60 Hz system. This result agrees with the analysis in Fig. 2.9(b). Note

that at the no-load condition, there is a large di�erence in current between the measured

value and the theoretical value due to the harmonics as seen in Fig. 6.6.

Table 6.1: Current magnitude (A) at di�erent load conditions.

Freq. 40 Hz 50 Hz 60 Hz 70 Hz 80 Hz
I@Rload = 0.7143Ω 5.35 5.15 5.03 4.92 4.83
I@Rload =∞ 0.21 0.41 0.67 0.91 1.06
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Figure 6.4: Current magnitude at di�erent frequency at: (a) loaded condition, and (b)
no-load condition.
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(a)

(b)

(c)

Figure 6.5: The load current waveforms �owing into the system: a) 40 Hz, b) 60 Hz, and
c) 80 Hz.
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(a)

(b)

(c)

Figure 6.6: The no-load current waveforms �owing into the system: a) 40 Hz, b) 60 Hz,
and c) 80 Hz.
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The next step is to verify the voltage pro�le along the transmission line. The

voltage of each line segment is measured on the capacitor. The circuit in Fig. 6.2 is also

simulated in PSCAD/EMTDC to compare. The data is presented in Table. 6.2 and in

Fig. 6.7(a). The measured voltage values are close to the simulated ones. The voltage

along the line in a low frequency system is larger compared to that in a 60 Hz system,

which is matching with the analysis in Fig. 2.10. This is because less voltage drop on

the transmission line at low frequency. The sending-end and the receiving-end voltage

waveforms at di�erent frequencies are also presented in Fig. 6.8 and Fig. 6.9, respectively.

Table 6.2: RMS Voltage (V) along the line at di�erent frequencies.

Freq. V20 V40 V60 V80 V100
40 Hz 99.3 98.5 97.7 97.1 96.4
50 Hz 98.9 98.2 97.3 96.7 95.8
60 Hz 98.7 97.7 96.7 96.1 95.2
70 Hz 98.3 96.9 96.0 95.0 94.0
80 Hz 97.9 96.4 94.7 93.8 92.7

The experimental voltage data is also compared with the voltage from the dis-

tributed line model which is calculated from (2.4) as follows:

V (x) = cosh(γx)VR + Zc sinh(γx)IR

I(x) = (1/Zc) sinh(γx)VR + cosh(γx)IR

The voltage data is calculated from the above equations. For example, with ZC =

22.42∠-3◦ Ω and γ = 0.0021∠87◦ at 60 Hz, the voltage and current at the receiving-

end are: VR = 94.66∠-11.58◦ V and IR = 5.29∠-15.28◦ A. The voltage data at di�erent

frequencies are shown in Fig. 6.7(b) for detail. The results are similar to those in Fig.

6.7(a). The voltages from simulation and theoretical calculation are almost the same.

The results again are matched with the studies for low frequency operation in Chapter 2.
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Figure 6.7: Voltage magnitude along the transmission line: (a) Experiment and simulation
data, and (b) experimental, simulation, and theoretical data.
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(a)

(b)

(c)

Figure 6.8: Voltages at the sending-end terminal: a) 40 Hz, b) 60 Hz, and c) 80 Hz.
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(a)

(b)

(c)

Figure 6.9: Voltages at the receiving-end terminal: a) 40 Hz, b) 60 Hz, and c) 80 Hz.
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Chapter 7

Conclusion

7.1 Conclusion

The objective of the work outlined in this dissertation is to explore the bene�ts of

a low frequency ac transmission system at steady-state, study the voltage stability, and

improve the system protection for low frequency operation. Chapter 2 investigates the

steady-state performances of the transmission line at a low frequency operation. First,

the skin e�ect on transmission line parameters is modeled. It is concluded that the

transmission line model developed in 60 Hz system is applicable to a low frequency system.

Next, the power transfer capability is examined carefully and compared between di�erent

frequencies. As the operating frequency is reduced, the transmission line is more capable

of transmitting power. For example, a transmission line can increase its capability six

times if the operating frequency is 10 Hz instead of 60 Hz. In this chapter, the voltage

pro�le along the transmission line is also studied. The results show that at the full-load

condition, the voltages at low frequencies are higher compared to those of 60 Hz. At the

no-load condition, the voltage at the receiving-end terminal in a 60 Hz system is above

the upper limit, i.e. 1.05 pu, and thus it is required to have compensation devices at the

terminals to reduce the voltage. In a low frequency system, for example a 5 Hz system,

the voltage is close to 1.0 pu and ideally this system does not need the compensation

devices. The detail of low frequency steady-state performance can be found in [87].
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Chapter 3 presents work on the system voltage stability under low frequency op-

eration. First, the conventional V − P and Q− V characteristic curves are investigated.

The results show that the Q-reserve margin in a 5 Hz system is more than 8 times that

of the 60 Hz system. This means the low frequency system is more stable compared to

the conventional 50/60 Hz system. Next, the eigenvalue at each bus, a critical index

for system stability, is calculated based on the modal analysis method. This eigenvalue

decreases signi�cantly as the operating frequency increases. For example, the eigenvalue

in a two-bus system is 100.2511 at 5 Hz and reduces to 8.6873 at 60 Hz. This means the

low frequency operation helps improve power system stability by driving each bus fur-

ther away from the instable operating point. In this chapter, we also propose to use the

modi�ed eigenvalue index for a low frequency system. This index considers both impacts

of real and reactive power variations on the voltage, and thus better represents the low

frequency stability. This work on low frequency stability is published in [14, 15, 88].

Chapter 4 demonstrates the work on interfacing two power systems operating at

di�erent frequencies. The SOGI-FLL method - a synchronization method which is uti-

lized in the power converters to identify the grid information such as voltage phase and

magnitude, and frequency - is �rst explored. Under harmonic conditions, however, the

SOGI-FLL cannot determine accurately the grid information. The third-order SOGI-

based is thus proposed to improve the grid synchronization system performance. Simula-

tion results show that the proposed method can identify accurately the voltage magnitude,

phase angle, and frequency. Next, the proportional-resonant (PR) controller for power

converters is studied. This control approach reduces the complexity of the converter con-

trol system. However, this PR controller is sensitive to frequency variations, and thus
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we propose a new PR controller. The proposed controller is less sensitive and is able to

completely track reference signals under frequency variation conditions. This chapter also

presents the time domain simulation of voltage and current waveforms at low frequency

operation. The voltage and current are sinusoidal and contains less harmonics compared

to those from the cyclo-converter. The work from this chapter is published in [89, 90, 91].

Chapter 5 �rst presents a study on low frequency transmission in terms of pro-

tection perspectives. The critical clearing time, the maximum time that a fault can stay

in the system without losing its stability, is calculated for di�erent operating frequen-

cies. The results show that a low frequency system is more robust and allows faults to

stay longer compared to a 60 Hz system. For example, with the same fault the critical

clearing time in a 5 Hz is 1.3896 seconds while it is 0.115 seconds in a 60 Hz system.

Next, we propose to use the SOGI-FLL technique to quickly detect the faults. The pro-

posed method shows it is superior compared to the cosine �lter method, which is used

in protection relays. For example, the proposed method detects a single line-to-ground

fault in a 60 Hz system in 3.17 milliseconds while the cosine �lter method requires 5.2

milliseconds. The fast performance of the proposed method is clearer in a low frequency

system. For example, in a 10 Hz system, the proposed method detects the fault after

12.55 milliseconds while the cosine �lter method identi�es this fault after 26.6 millisec-

onds. Part of this work on low frequency protection is published in [92]. Chapter 6 shows

the experiments to verify the theoretical analysis of low frequency operation. A test-bed

power system in our laboratory is used for demonstrations. The experiments verify that

low frequency operation has bene�ts in terms of power transfer and voltage pro�le along

the transmission line.
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In summary, this dissertation presents our key contributions to the low frequency

transmission research as follows:

� Provided a comprehensive study of steady-state performance of a power system

under low frequency operation.

� Studied the power system voltage stability under low frequency operation and pro-

posed a modi�ed eigenvalue index that better represents low frequency system sta-

bility.

� Developed a new grid synchronization con�guration and a new proportional-resonant

controller that improve power converter performance under harmonic and frequency

variation conditions, modeled in the time domain the interfacing of a 60 Hz system

and a low frequency system.

� Studied the protection and prosed a new method to quickly detect faults in a low

frequency system.

� Demonstrated the low frequency transmission bene�ts in terms of power transfer

and voltage pro�le in a test-bed platform.
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