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Universal Confidence Sets for Solutions of Optimization
Problems
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Abstract

We consider random approximations to deterministic optimization
problems. The objective function and the constraint set can be ap-
proximated simultaneously. Relying on concentration-of-measure re-
sults we derive universal confidence sets for the constraint set, the
optimal value and the solution set. Special attention is paid to so-
lution sets which are not single-valued. Many statistical estimators
being solutions to random optimization problems, the approach can
also be employed to derive confidence sets for constrained estimation
problems.

Keywords: random optimization problems, universal confidence
sets, convergence rate, constrained estimation
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1 Introduction

Random approximations of deterministic or random optimization problems
come into play if unknown quantities are replaced with estimates or for nu-
merical reasons. Qualitative stability results, which make assertions on the
(semi-)convergence of the constraint sets, the optimal values, and the solu-
tion sets, are available for convergence almost surely, in probability and in
distribution, c.f. [11], [16], [7], [6], [18], [2]. Furthermore, there are quantita-
tive results which estimate the distance between the optimal values and/or
solutions sets by suitable probability metrics, see [13] for an overview.
Confidence bounds for optimal values and solution sets provide valuable
additional information. In the traditional way confidence bounds are derived
from the distribution of the statistic under consideration. However, the exact
distribution is available only in rare cases. Therefore, often knowledge about
the limit distribution is used as a surrogate. Hence qualitative stability



results for convergence in distribution can be employed to derive asymptotic
confidence sets, see [11] and [2].

In [12] Pflug suggests an approach which can be used to derive even non-
asymptotic confidence sets without knowledge about the exact distribution.
The starting point are assertions on convergence in probability supplemented
with a suitable convergence rate and tail behavior. In [12] uniform conver-
gence with known convergence rate and tail behavior of the objective func-
tions together with a growth condition are assumed and results on inner
approximations of the solution sets are proved. In this way non-asymptotic
confidence sets can be obtained if the solution set is single-valued.

We will pursue the way proposed in [12] farther, take into account also
the approximation of the constraint set, and show how one can proceed if the
solution set is not single-valued. The results are formulated in a general way,
allowing e.g. for ‘e,-relaxed’ constraint sets and e,-optimal solutions. We
will also assume that suitable assertions on the (one-sided) uniform conver-
gence in probability of the objective functions and /or the constraint functions
with a convergence rate and tail function are available, albeit these condi-
tions are rather restrictive. It is, however, also possible to derive similar, yet
more technical assertions if one assumes some kind of continuous convergence
in probability with convergence rate and tail behavior. This so-called point-
wise approach opens the possibility to employ directly suitable concentration
inequalities. This method will be investigated elsewhere.

The results will be illustrated by three examples. Firstly, we discuss a
simple example in order to show how one can deal with the uniform conver-
gence assumptions. Secondly, we consider the approximation for a chance
constraint. The third example was chosen to emphasize the applicability
of our results in statistics. Many statistical estimators being solutions to
random optimization problems, our assertions can be employed to derive
confidence bounds for estimators, even if one does not have full knowledge
about the distribution of the underlying statistic. We will provide universal
confidence bounds for quantiles, allowing for distribution functions which are
not continuous.

The paper is organized as follows. In Chapter 2 we introduce the math-
ematical model and show how universal confidence sets can be derived. In
Chapter 3 and Chapter 4 we prove the needed convergence assertions for
the constraint sets, the optimal values, and the solutions sets. Chapter 5
contains the examples.



2 Universal confidence sets

Let (E,d) be a complete separable metric space and [, %, P] a complete
probability space. We assume that a deterministic optimization problem
(Fo) min fo(z)

is approximated by a sequence of random problems

(P,) min f,(z,w), ne N.

z€ly (w)
Additionally to (P,), for a given € > 0, we consider so-called e-relaxations

(PH,E) min fn,a(zaw), n € N.

€l e (w
The relaxed problems offer the possibility to deal with approximate constraint

sets, objective functions and/or solution sets. Consequently, the approach
can be applied, e.g., to constraint sets and functions which are obtained
by Monte Carlo methods (c.f. [14], [10]) or to methods which use plug-in
estimators. Moreover, the relaxed problems occur in a natural manner if we
aim at deriving outer approximations of constraint sets and solution sets.

The following results will be formulated for (P,.). The problem (F,)
is then regarded as a special case of (F,.) with objective functions and
constraint sets that do not depend on .

Iy is a nonempty closed subset of E, and fy|E — R' is a lower semicon-
tinuous function. I';, /|2 — 2F are closed-valued measurable multifunctions,
and f,.|E x Q — R! are lower semicontinuous random functions which are
supposed to be (B(E) ® ¥, B')-measurable. B(E) denotes the Borel-o-field
of E and B' the o-field of Borel sets of R'. The measurability conditions
imposed here do not have the weakest form. We use them for sake of simplic-
ity. They are satisfied in many applications and guarantee that all functions
of w needed in the following have the necessary measurability properties.
Furthermore, it should be mentioned that the lower semicontinuity assump-
tion of the objective functions f,, . can be dropped. Imposing this condition,
however, we can omit some technical details in the proofs. Eventually, we
assume that all objective functions are (almost surely) proper functions, i.e.
functions with values in (—oo, +00] which are not identically occ.

Our main concern will be with the solution sets ¥, of (F) and W, of
(P,:). We aim at proving assertions of the form

Ve>0: sup P{w: ¥, (w)\Us, Vo #0} <K(e) (1)

n>no(e)



and

Ve>0: sup P{w: ¥o\Us, VU, (w)# 0} < K(e). (2)

n>no(e)

Here (B, )nen is a sequence of nonnegative numbers which tends to zero
for each ¢ > 0 and K|RT — R* is a function with lim K(¢) = 0. U,X

E—00

denotes an open neighborhood of the set X with radius a:
U X ={zeFE: dzX)<a}l.

Because of the similarity with inner approximations in probability of se-
quences of random sets (c.f. [7], [19]) we will call a sequence (¥,, . )nen ful-
filling the first relation an inner approximation in probability to Vo with con-
vergence rate [, . and tail behavior function IC (in short, an inner (3, ., K)-
approzimation). Correspondingly a sequence (U, )qen fulfilling the second
relation will be called an outer approzimation in probability to Vo with con-
vergence rate (3, . and tail behavior function IC (in short, an outer (8, ., K)-
approximation).

In order to derive universal confidence sets to the level g, i.e. a sequence
of random sets (C,)neny with sup P{w : ¥y \ C,(w) # 0} < &g, we can

n>ng
proceed as follows:

Suppose that an outer ([, ., K)-approximation (U, .),en to Up is avail-
able and choose, to €9 > 0, an € > 0 such that IC(g) < gg. The set

Cyi=Up, W, (3)

has the desired property. Of course, one is interested in small confidence sets,
hence (0, )nen should go to zero as fast as possible and K should converge
to zero as fast as possible if ¢ tends to infinity.

If one considers approximating problems (F,) without relaxation, then
under reasonable conditions one obtains inner approximations only. This
is satisfying if all approximating problems (P,) have solutions which are
uniformly bounded and the solution set to the problem (F) is single-valued,
because in this case inner approximations are also outer approximations and
we can proceed as above.

What can be done if the solution set to (Fp) is not single-valued 7 Taking
into account that we need knowledge about convergence rates anyway, we can
exploit this knowledge to determine suitable relaxing sequences (Kpc)nen,
which tend to zero for each € > 0 and consider r, .-optimal solutions V..
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The problem, that, without relaxing, only inner approximations can be
obtained is also apparent for the constraint sets. There are problems, where
kn-Telaxations are needed to obtain outer approximations of the constraint
sets. An example will be considered in Chapter 5.

In order to obtain reasonable confidence sets one would like to have
lim @(f)s = 0 and lim K; — 0 for all sequences (@Sﬁi)neN and functions

n—oo E—0Q

IC; which occur in the following. As mentioned, in order to obtain ‘small’
confidence sets, the limits should go to zero as fast as possible. These prop-
erties are, however, not needed to prove the results in Chapter 3 and Chapter
4. We only assume throughout the paper that the sequences (@(f)g)ne N are
non-increasing sequences of positive numbers and the functions ;| Rt — R*
are non-increasing.

As a by-product, from the results presented in the following, one can also
derive confidence sets for the optimal values, proceeding as described above
for the solution sets. Hence the approach can help to assess the quality of
a solution to an approximate optimization problem and may be of interest
also for model selection.

3 Approximation of the constraint set

In this section we consider constraint sets, which are given by inequality
constraints, and their approximations. Results of that kind are of course
needed if approximation of the constraint set is inherent in the problem under
consideration. Moreover, the statements will be employed to derive assertions
on the behavior of the solution sets, regarding the difference between the
true objective function and the optimal value as constraint function. As the
objective values for problems which &, .-relaxed constraint sets may depend
on ¢, the resulting constraint function may depend on €, too. Furthermore,
when applying Theorem 1 below to the solution sets, the multifunctions @,
will be interpreted as constraint sets, hence we have to allow that they depend
on ¢, too. Consequently, we have to make sure, that even the results for the
constraint sets hold for relaxed constraint functions and multifunctions.

Let Qg a closed non-empty subset of £ and J = {1,...,jy} a finite index
set. We consider functions gglE — R', j € J, which are lower semicontinu-
ous in all points € E, and define Ty := {z : ¢}(z) <0, j € J} N Qo. [y is
assumed to be nonempty.

For each ¢ > 0, the set @y is approximated by a sequence (Qyc)nen Of
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closed-valued measurable multifunctions, and the functions gé, Jj € J, are
approximated by sequences (gfw)ne ~ of functions gfm|E — RY, j € J, which
are (B(E) ® 3, B')-measurable. Furthermore, we assume that the functions
gne(-,w) are lower semicontinuous for all w € Q. Also these measurability
and semicontinuity properties could be weakened.

Eventually I',, . is defined by
Lhe(w)={z€E: g (z,0) <0, j € J}NQn(w). Under our assumptions
I',, - is a closed-valued measurable multifunction.

If we have @y = Qn.(w) = E, we will use the denotation [y and lA“n,67
respectively: To = {z € E: gl(z) <0, j € J} and [ (w) := {z € E :
gl (z,w) <0, jeJ}.

In the following we use functions v, p and A. We assume that they map
R* into R™, fulfill #(0) = p(0) = A(0) = 0, are increasing and non-constant.
By the superscript ~' we denote their right inverses: v~(y) := inf{z € R :
v(z) >y}

Theorem 1 (Inner Approximation of the Constraint Set) Assume that
the following conditions are satisfied:

CI1) There exist a function K1 and to all € > 0 a sequence 57(112- neN Such
( ,
that

sup PAw : Quelw) \ Uy Qo # 0} < K61 (0).

neN

(CI2) There exist a function Ky and to all € > 0 a sequence (ﬁ,(fg)neN such

that
sup sup P{w: inf (gl _(z,w) — g(x)) < =B} < Kale)
jeJ neN z€UQo\l'o

for a suitable neighborhood U Q).

(CI3) There exists a function v such that for all ¢ >0
UL D Uye)Qo N U, To.

(Cl4) There exists a function p such that for all e > 0
VaoeeUQo\UTLy 3j€J: gi(x) > ule).

Then for all e > 0, 8% = max{l/_l(ﬁgg), v (Y 7(122))}, and
no(e) = min{k : Uye Qo C UQo} the relation
k,e
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sup P{w: I'o(w)\ Uﬁﬁfflro £ 0} < Ki(e) + juks(e)

n>no(e)

holds.

Proof. Assume that for given € > 0, n > ny(e), and w € € the relation
sup P{w @ Ihno(w) \ Uy Lo # 0} holds. Then there is z,.(w) € T, c(w)

n>no(e)

which does not belong to U,sI'g. Because of (CI3) we have z,.(w) ¢
Uu(,@,‘ij)QO or Tp.(w) € Uu(ﬁf{qfl)QO and z,.(w) ¢ Uv(ﬁfﬁé)f‘o' In the first
case we obtain Q. \ Uu(ﬁﬁfil)QO # (). Hence, because of v( 7(135) > @(Ll,g,
Qne(W)\U,1yQy # 0, and we can employ (CI1). In the second case we ob-
; /8 y

tain by (CI4) for at least one j € J, ¢’ Tnelw)) > u(v 7(132 > 57(32 hence

Y ( J ) gO s 2 ) € )
because of Uu(,@’(3>)Q0 CUQo, inf (g).(z,w)—gj(z)) < — B2 It remains

GUQ()\FO
to employ (CI2). O

The conditions (CI2) and (CI4) can be replaced using strict inequalities
in the following form without changing the conclusion of Theorem 1. This
holds correspondingly for further assertions.

(CI2-s) There exist a function Ky and to all € > 0 a sequence (@222),16 ~ such

that
sup sup P{w: _inf (g} _(z,w) — g(x)) < —Bi2} < Ka(e)
jeJ neN x€UQo\T'o ’

for a suitable neighborhood UQ)y.

(Cl4-s) There exists a function y such that for all € > 0
VaoeUQo\UTy 3j€J: gi(x)> ple).

If the set )y remains fixed in all approximations, i.e. @,. = (o, the
assumptions in Theorem 1 can be weakened.

Corollary 1.1 Assume that the following assumptions are satisfied:

(CI2-W) There exist a function Ko and to all € > 0 a sequence (6,(1272),161\; such

that
sup sup P{w: inf (g _(z,w) — gi(x)) < =B} < Ka(e).
jeJ neN z€Qo\l'p



(CL4-W) There ezists a , function p such that for all e > 0
VaeQo\ULy Jj€J: gilx) > ple).

Then for all £ > 0 and ) = p~ ( ) the relation
Su]}\)fp{w : Fna( )\ (3 Fo @} S ]MICQ( )

ne

holds.

Proof. We can choose v(e) = e. (CI1) is satisfied with K; = 0 and an
arbitrary 65,,12 As we are interested in small values of 5,832, we use the form
given in the assertion. U

If we want to employ Theorem 1 for solution sets we have to deal with
one constraint function only. The following corollary is a specialization of
Theorem 1 to jy = 1 and g} =: go, g}m =: gn.. Additionally, we replace
(CI4) with a growth condition.

Corollary 1.2 Assume that (CI1), (CI2), (CI3), and the following con-
dition (Gr-go) are satisfied.

(Gr-go) There exist an increasing function 1|R™ — RT and constants ¢; > 0,
01 >0, and 6; > 0 such thatA
Ve e UQo: go(x) > 1(d(z,Tg)) and
v0<9<¢91¢1(0) 201'961.

Then for all e > 0, 57(132 = max{yfl(ﬁ,(:g) ((’8;‘15)61 )}, and
no(e) = min{k : Uﬁ(:»,)QO C Up,QoNUQo} the relation
k,e

suI? )P{w P DneW) \ Uy T'o # 0} < Ki(e) + Ka(e)
n>ng(e ’

holds.

If the functions g, . do not depend on ¢, @), = Qp and SBnz = = holds,
instead of (CI2) the following condition can be used:

(CI2’) There exist a function Ky and a sequence (7, )nen — 00 such that
sup P s u(_int - (9n(z) = 0(a)) < —¢} < Ka(e).
o\lo

nenN

In this case Corollary 1.2 can be simplified in the following way:



Corollary 1.3 Assume that (CI2°) and (Gr-go) with Qo instead of UQy
are satisfied. Then for all € > 0 the relation
sup P{w : Tp(w) \U_= Ty # 0} < Ky(cre™)
neN

(vn) ST

holds.

Proof. With Corollary 1.1 and Corollary 1.2 we obtain

sup P{w : T'p(w)\ UgeTo # 0} < Ky(e) with B8 = (L)ﬁ Replacing ¢
neN n,e

C17Yn

with ¢;7° yields the conclusion. U

As mentioned in the introduction, in general, the sequence (I',),en ap-
proximates a subset of I'y only. In order to obtain outer approximations,
additional assumptions have to be imposed. Qualitative stability theory
usually assumes that the condition T’y C cl{x € Qp : ¢{(z) <0, Vj € J} is
fulfilled where cl denotes the closure. In order to obtain also a convergence
rate and a tail function, we impose a ‘quantified version’ of this assumption,
see (CO3) below. Unfortunately, a condition of that kind is useless if one
intends to employ the result for the solution set, because (CO3) can not be
satisfied by g, := f, —®,, where ®,, denotes the optimal value to the problem
(Py).

Hence we will provide a second approach which considers inequality con-
straints of the form ¢} .(z,w) < ke, j € J, where (kpnc)pen is a suitable
sequence of positive reals with nllﬂngo Kne = 0 Ve > 0.

For the formulation of (CO3) we need the e-interior of I'y. Let, for a given
e>0,CI(e) =Ty \U(E\Ty). U, denotes the closure of U..

Theorem 2 (Outer Approximation of the Constraint Set, Inner Point)
Assume that the following conditions are satisfied:

(CO1) There exist a function ICy and to all € > 0 a sequence (6&2)neN such
that

sup P{w 1 Qo \ Uﬂﬁii@ﬂ,&(w) 7£ ®} < ICl(g)‘

neN

(CO2) There exist a function Ko and to all € > 0 a sequence (6,(1272),161\; such

that
sup sup P{w : sup(g) .(z,w) — gj(z)) > B2} < Kae).
je€J neN xelg



(CO3) There exist € > 0 and a function yi such that for all0 <e <&
Lo cU.CI(e) and
Vz e Cl(e)VjeJ: gi(r) < —ple).

Then for all 0 < € < £, ﬁna = max{ﬁng (2 57(122)}7 and
no(e) = min{k : Bk < 2¢} the relation

sup P{w: T'o\ (U 59) e (w) N Uﬁgg’an,a(W)) # 0} < Kile) + juka(e)

n>ngp(e)

holds.

Proof. Assume that for given ¢ > 0, n € N, and w € ) the relation
Lo\ (U 42) Lo (w )OU@(}%QH,E (w)) # 0 holds. Then there is z,,.(w) € T'g which
does not belong to U@(fgf‘n,a(w) N Uﬂg{an,E(w). If 2, .(w) ¢ UBS&)EQn,g(w) we
can employ (CO1). If 2, (w) ¢ U 56 [, (w) we can choose &, . (w) € CI(ﬂSg)
With Z, . (w) ¢ The(w), ie. gna(:xna( ),w) > 0 for at least one j, € J. Be-
cause of gi°(Z,.(w)) < —u(%) < —3{2 we can employ (CO2). O

Now we consider k,, .-relaxed inequality constraints. Let f‘f:a(w) ={z €
E: gfm(:ﬁ,w) < Kne, J € J} and I (w) = T (w) N Qe

Theorem 3 (Outer Approximation of the Constraint Set, Relaxation)
Assume that (CO1) and (CO2) are satisfied.

Then for alle > 0, kpe = @(122 and 57(132- = max{@(ig, ﬁ,(fg} the relation
sup P{w: T\ (f;ng(w) N Uﬁ%{anﬁ(w)) #0} < Ki(e) + jua(e)

nenN
holds.

Proof: Assume that for given ¢ > 0, n € N, and w € ) the relation
Lo \ (I (w) N Uyt @ne(w)) # O holds. Then there is @, .(w) € I'y which
does not belong to f‘flfg(w) N Uﬁ(an,E(w). Hence g}(z,.(w)) < 0Vj € J and

Tne(w) € Qo(w), but either z,, . (w) ¢ UBSQQ"’S( w) or gna(xng( ) w) > ﬁns =
kne for at least one j € J. In the first case we obtain Qg \ 6(1)Q”75( w) # 0.

The second case yields sup(g) .(z,w) — gi(x)) > 882 for at least one j € J.
x€lg
U
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A corresponding result holds if U 5 Qn.e 1s replaced with @), . in the con-
dition (CO1) and in the assertion.

The question arises under what conditions (I'y%),en is also an inner ap-
proximation. Results of that kind will help to assess the quality of an outer
approximation. An inspection of the proof to Theorem 1 shows that with
Kne = 67(122 the following statement can be obtained.

Theorem 4 (Inner Approximation of the Constraint Set, Relaxation)
Assume that (CI1), (CI2), (CI3), and (C1}) are satisfied. Then for all e > 0,

fne = Bit, Bt = max{v~1(852), v (11 (28%0)}. and no(s) = min{k :
Uﬁ(s) Qo CUQo} the relation

k,e
Ve>0 sup Plw: IT(w)\ Uyl # 0} < Ki(e) + juks(e)

n>no(e)
holds.

Finally, we will summarize what we obtain for one constraint function
under a growth condition.

Theorem 5 (Approximation of the Constraint Set, Relaxation) Assume
that jpr = 1 and (CI1), (CO1) (CI2), (CO2), (CI3), and (Gr-gy) are satis-
fied.
(2) 1
Then for all > 0, f,e = B, B2 = max{BLL, B2, v L (Bd), =1 ((222)7)},
and ng(e) = min{k : Uﬁ<3> Qo CUQq} the relation
k,e R
sup P{w: (T7n(w) \ Uy To) U (T \ (I (w) N @ne(w)) # 0} < 2K4(e) +

n>ng(e)

QICQ (8)
holds.

Proof. We have R
Pl (D) \ Uy To) U (Do \ (F(0) 1 QW) # 0
< Plos D)\ Uy To # B} + Pl s T\ (I7.w) N Quelw) # 0},
)

The assumptions of Theorem 3 and Theorem 4 are satisfied with p(g) = ¢;e%
and B3 = 512 = B O

Unfortunately, the result is not ‘symmetric’. In order to derive a result
of the form

11



sup Plw: (ITn (@) \ Uy Do) U (To \ Uy I (w)) # 0} < K(e)
nZno(a) n,e n,e
we would need functions v, . and conditions similar to (CI3) for each n.

Now assume that there is only one constraint function g,, which does
not depend on ¢, and Q,. = (o holds. If ﬁ@ = =, instead of (CO2) the
following condition can be used:

(CO2’) There exist a function Iy and a sequence (7, )neny — 00 such that
su][\)[ Plw: v, surp (gn(z,w0) — go(x)) > €} < Ko(e).
ne

zelo
Then the following result can be derived.

Corollary 5.1 Assume that (CI2°), (CO2’), and (Gr-gy) with Qo instead
1
of UQy are satisfied. Then for alle > 0, k. = %, 5,232 = max{=, (2)5},

Y2 \e1vm
and ng(e) = min{k : ﬁ,(fg < 01} the relation
sup P{w: (I7(w) \ Uye To) U (To \ T (w)) # 0} < 2Ks(e)

n>ngp(e)

holds.

Proof. The proof follows by Theorem 5 proceeding in a similar way as in

the derivation of Corollary 1.3. U
1 1
If max{=, (-2-)% } = (-2-)% the result can be rewritten as in Corollary
Tn C17Yn C1Yn

1.3.

4 Approximation of the optimal values and
the solution sets

We turn to the optimal values and the solutions sets of the problems (Fp) and

(Pne). Let @, (w) := Finf( )fn,s(a:,w) and ¥, .(w) denote the correspond-
€l n e (W

ing solution set. In the following, the constraint sets and their approximations
are not supposed the have a special form. Especially, I'), . can have the form
which was used in Chapter 3, but it can also denote a set originating from a
relaxation like T}

12



We do not impose compactness conditions on I'y and I',, .. Instead we
assume, for sake of simplicity, that the original and the approximating prob-
lems have a solution.

Theorem 6 (Lower Approximation of the Optimal Value) Assume that
the following conditions are satisfied:

(VL1) There exist a function Ky and to all € > 0 a sequence (ﬁ,ﬁlg)neN such
that

sup P{w: T (w) \ UB%FO # 0} < Kq(e).

neN

(VL2) There exist a function KCy and to all € > 0 a sequence (@Q)neN such

that
sup P{w : inf (fhc(z,w) — fo(x)) < —ﬁ,(fg} < Ks(e) for a suitable
neN zeUTy

netghborhood UT'y.

(VL3) There exists a function A such that for all € > 0
S U)\(E)FO N UFO . fo(.f[,') 2 q)o — E&.

Then for all e > 0, B = maX{Z)\_l(ﬁ,(ﬁg), 267(32}, and
no(e) =min{k : U & Lo C UL} the relation
A(—52)

sup P{w: &, .(w) — P < —B,(f’g} < Ki(e) + Ka(e)
n>ng(e)

holds.

Proof. Assume that for given ¢ > 0, n > ng(e), and w € 2 the relation
D, (w) < g — 57(132 holds. Then there exists x,.(w) € I',.(w) such that
fn,s(xn,s(w)a w) = (I)n,s(w) < (EO - @(32

Firstly, let ,.(w) € U & I'g. Then

B
A=55)

inf (fnf(l’, w) — fo(ﬂ?)) < fn,s(xn,s(w>7 w) - fo(xnﬁ(w)) < (I)n,f:‘(w) - (I)O + 7(52

zeUTlg
3)

(
< e < gl
Eventually, if z,,.(w) ¢ U s Lo, we have he(w)\ Uﬁ@)FO # . O
/\( 'ré,s) n,e

The proof shows that also the following assertion holds.
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Corollary 6.1 Assume that I'y,. = I'y and the following condition is
satisfied:

(VL2’) There exist a function KCy and to all ¢ > 0 a sequence (ﬁ,(fg)neN such

that
sup P{w s inf (fue(w,w) = fo(z)) < =62} < Ks(e).
neN z€lo

Then for all € > 0 the relation

sup P{w: @, .(w) — Pp < — B8 < Ky (e)
neN
holds.

In the following we consider upper approximations and distinguish two

cases according to whether
Ve>0: sup P{w: Iy U/B(nFn,g(w) # 0} < Kq(e) or

n>no(e)

Ve>0: sup P{w: Ip\T,c(w) # 0} <Ki(e)

n>no(e)
is imposed. As expected, in the second case we obtain a better tail behavior.

Theorem 7 (Upper Approximation of the Optimal Value I) Assume
that the following conditions are satisfied:

(VU1) There exist a function KCy and to all € > 0 a sequence (ﬁ,(}g)neN such
that
sup P{w : T\ Uy I'ne(w) # 0} < Ki(e).
nEN n,e

(VU2) There exist a function Ko and to all € > 0 a sequence (57(122),161\; such

that
sup P{w :  sup (fu:(z,w) — fo(x)) > @(122} < Ky(e) for a suitable
neN 2€UW,

neighborhood UWy.

(VU3) There exists a function X such that for all € > 0
Vze U)\(E)\IJO N U\IJO . fQ(ZE) S (I)Q + €.

Then for all e > 0, ﬂ}f’@ = max {2\~ }( ,(112), 2@(?2}, and
no(e) =min{k : U s Yo C UW,} the relation
pyga

5 )
sup P{w: &, (w) — Do > ﬁﬁf’g} < Ki(e) + Kae)
n>ngo(e)
holds.
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Proof. Assume that for given ¢ > 0, n > ng(e), and w € 2 the relation
D, (w) > g + 67(5’2 holds. Then there exists x,.(w) € I',-(w) such that
fre(@ne(w),w) =0, (w) > Oy + 67(132 To x,, . (w) we select Ty, .(w) € [, o (w)
such that d(Z,(w), ¥g) = ) min( )d(az, Uy).

Firstly, assume that Z,, .(w) € U ,® Yo. Then

A=)

ﬁ%mee@ﬂ,w)Eiénﬁﬁd)2i¢oﬁ-ﬁsgziﬁﬁfma@ﬁ2j— e
BE)

n,e

and consequently, sup (fos(r,w) — folx) > B > G2 Tt f,uw) ¢
zeUW¥g
U/\(@)\I/O, we have Ty \ UIBT(ll,anﬁ(W) # . O

If we impose the special upper semicontinuity condition (UCon) for fj,
we obtain the following corollary.

Corollary 7.1 (Upper Approximation of the Optimal Value I)
Assume that (VU1), (VU2) and the following condition (UCon) are satisfied:

(UCon) There exist an increasing function 1| RT — RT and constants
co >0, 99 >0 and 0y > 0 such that
Ve e UV : fo(z) < P+ a(d(z, Uy)) and
VO <O <Bs: () <o .

Then, for all e > 0, 67(132 = max{2c2(ﬁ,(j£)52, 2@(32}, and

(3)
no(e) = min{k : Uy, Wy C UWo N Us,Wo} with Ay, = (2)%
the relation
sup P{w: @, (w) — By > 6L} < Ki(e) + Kale)

n>no(e)

holds.

Proof. We employ Theorem 7. Because of (UCon) we can choose A(6) =
1
(%)g and consequently A\~1(g) = cpe®. 0

A similar Corollary can be proved for the lower approximation of the op-
timal values. We give only the result for the upper approximation because we
will use it in the following. Furthermore, the assertions can be supplemented
by results similar to Corollary 1.3 and Corollary 5.1.
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Theorem 8 (Upper Approximation of the Optimal Value II) Assume
that the following conditions are satisfied:

(VUI-R) There exist a function Ky and to all € > 0 a sequence (ﬂélg)neN such
that
sup P{w : Ty \ Tyc(w) # 0} < Ki(e).

neN

(VU2-R) There exist a function Ko and to all € > 0 a sequence (ﬁ,(fg)neN such

that
sup Pl s sup (fue(,w) = folw) 2 B2} < Kale).

Then for all € > 0 the relation
sup P{w: @, .(w) — Py > 67(1275} < Ki(e) + Kale)

neN

holds.

Proof. Assume that for given ¢ > 0, n € N, and w € € the relation
D, (w) > Dy + ﬁffg holds. Then there exists z,.(w) € I's.(w) such that
frne(@ne(w),w) = Cp(w) > Py + ﬁ,(?g To z,.(w) we select T, (w) € [y, o(w)
such that d(Z,(w), ¥g) = min( )d(x, Uy).

n,e

If #,.(w) € ¥y we have
2

P (i (@), w) > B (W) > By + BEL = foline(w)) + i
and consequently, sup (fp-(z,w) — fo(z)) > 67(35.

zeW¥g

Otherwise we have 'y \ ', .(w) # 0 and can employ the first assumption.
0]

Now we turn to the solution sets. We use the abbreviation ¥ = {z € E :
fo(x) < ®o}.

Theorem 9 (Inner Approximation of the Solution Set) Assume that
(VL1), (VL2) and the following assumptions are satisfied:
(SI13) There exist a function K3 and to all € > 0 a sequence (A,(fg)neN and
no(e) such that

sup P{w: &, (w) — D> 3N < KCs(e).

n>no(e)
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(S14) There exists a function v such that for all e >0
UV D Uy I'oNU, \Ifo

(S15) There exists a function p such that for all € > 0
VaoeUTlg\UVWo: folx) > P+ ule).

Then for all £ > 0, %) = max{v=2(80), v (u= (B2 + )}, and
ni(e) = min{k > ng(e) : Uﬁ@)FO C ULy} the relation

sup P{w: ¥, (w)\U (3)‘110 £ 0} < Ki(e) + Ka(e) + K3(e)

n>n1(e)

holds.

Proof. Let gn.(z,w) := fuc(z,w) — @, (w), Go(z) := fo(z) — Po. Then
U, (w)=Th(w)n{r € E: gpe(r,w) <0} and
Uy=ToNn{x € E: gy(r) <0}. Furthermore,

sup Plw:  inf  (Gne(a,w) — go(z)) < =82 — G20

nzno(e) :EGUF()\\I/O
< sup Plw: inf nelx,w) — folx T(LQ
< Plor nt | (fuslrw) — o) < <62
+ sup Plw: =0, (w) + Oy < -} < Kale) + Ka(e) =: Ka(e).
n>no(g)
It remains to apply Theorem 1 with ﬂ@Q (2) .+ ﬁne and Ks. Il

We emphasize that we can choose v(e) = ¢ if ', . = I.
Furthermore, if Us¥, C I'y for a suitable £ > 0, we can also deal with
v(e) =cforall e <é.

Corollary 9.1 (Inner Approximation of the Solution Set)
Assume that (VL1), (VL2), (VU1), (VU2), (SI}), (UCon), and the following

condition are satisfied:

(Gr-fo) There exist an increasing function ¥1|R™ — R and constants ¢; > 0,
01 >0, and 6; > 0 such that
Vo e UTy: folz) — ®o > ¢y (d(z, Uy)) and
VO<8<6:9:(0)>cp- 6.

(3) _ —1(gW)y o —1 (LB F
Then for all e > 0, Bnz = max{v~"(fnz), v ((7=7=) %)},
312 = max{2ey(B112), 2612}, and

ni(e) = min{k > no(e) : Uywly C UTo, Uy Wy C U, B > max{f,6,}}
k,e k,e ’
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the relation

sup P{w: ¥, (w)\ Uy Vo # 0} <2KC1(e) 4 2K (e)
n>n1(e) e

holds.

Proof: We apply Theorem 9 together with Corollary 7.1. (SI3) is satisfied
with ,@532 and K3 = K1 + Ky. (VL2) is satisfied with 67(122 and Ky. Theorem
9 with p~'(¢) = (5)7 yields the conclusion. O

If for all € > 0 the condition

(CK-R) There exist a function K; and to all € > 0 a sequence (@92)n6 N such
that

sup P{w (T e(w) \ Uy To) U (T \ Tre(w)) # 0} < Kae)

neN

is satisfied, then also (VL1) and (VU1) are fulfilled with /C; and 8. Conse-
quently, if I';, . = '} we can employ Theorem 5 or Corollary 5.1 in order to
determine a suitable k,. and formulate sufficient conditions for (VL1) and
(VU1).

Now we consider outer approximations of the solution set via «,, .-optimal
solutions of the approximating problems.

Let \ilﬁj‘a(w) ={r e E: fi.v,w) < P, (w)+ kne} I'ne can, e.g., be
specified as U 5“>F“ or as I'n.

s€

Theorem 10 (Outer Approximation of the Solution Set, Relaxation)

Assume that for all € > 0 there exist sequences (ﬁr(z)g)neN, 1= 1,2, and func-
tions KC;, i = 1,2, such that (VUI-R), (VU2-R) and the following assumption
are satisfied:

(SO8) There exist a function K3 and to all € > 0 a sequence (ng)neN and
no(e) such that

sup P{w: &, (w) — Py < —37(122} < Ks(e).

n>ngp(e)

Then for alle > 0, Ky = @(122 +5A7(122 and 552 = max{@(ﬁg, 7(122 +5A7(z2g} the
relation
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SEIE)P{W 2 o\ (U (w) N Uy Tae (W) # 0} < Ki(e) + Kale) + Ka(e)

holds.

Proof. We apply Theorem 3 and label the denotations in Theorem 3 with
a tilde. With g, .(z,w) := fn-(z,w) — P, o(w) and go(z) := fo(x) — Py we
have U = {z € I'g: go(z) <0} and Vi (w) :== {2 € E: Gne(2,w) < Kne}

~ X Kn A~ ~ X A~
Furthermore, let Q, . =T, I',. =Y, Qo =T, and I'y = ¥,

Because of P{w: inf (fue(2,0) = @0o(w)) — (folw) ~ B0)) B2+ 33y

< Pl inf (foo(z,0) = fo(2)) = B2} + Plw: —0,.(w) + Bg) > 412} <

zeWq
Ka(e) + Ks(e) =: Ks(e) condition (CO2) is satisfied with 8% = g2 + 32
and ICQ. O
5 Examples

We will illustrate the approach by three examples. When applying our re-
sults to problems in decision theory or estimation theory, the most critical
assumption is probably (SI4). Fortunately, there are several important ap-
plications where some quantities do not vary with n and v is not needed at
all or, as in our third example, (SI4) is easy to verify.

In the general case, however, if the constraint set and the objective func-
tion are approximated simultaneously and the solution lies on the boundary
of the constraint set, v can not be ignored. Only in rare cases one should
have enough knowledge to determine it exactly. One way out are adaptive
methods for successive approximation of v. However, even if one does not
succeed in determining v with a satisfactory accuracy, our results still yield
assertions on the convergence rate, albeit without a reliable constant. Results
of that kind can be used to derive asymptotic confidence sets if a limiting
distribution is not available.

Firstly, we will discuss a simple example which is intended to give an idea
of how one can deal with the uniform convergence assumption for the objec-
tive functions. At the first glance this assumption seems to be rather restric-
tive. There is, however, a growing number of results from probability theory
yielding assertions of that kind, c.f. [15], [1], [12]. A more refined investiga-
tion, which relies on stability assertions adjusted to the direct utilization of
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concentration-of measure inequalities for sequences of random variables, will
be given elsewhere. Moreover, we would like to refer the reader to [12] where
several sufficient conditions are gathered.

We assume F = RP and consider a fixed compact constraint set K and a
linear objective function ¢(z)"z with z = (z1,...,2,)7, q/R™ — RP. z is the
realization of a random vector Z with given distribution P, on the sigma-
field of Borel sets of R™. The range of ¢(Z) is supposed to be bounded.
For sake of simplicity we deal with the metric d(z,y) = max |z; — y;|. The

=1,...,

problem
(Py) milr(lEq(Z)Tx
re
is approximated, replacing the expectation with respect to Pz by the ex-

pectation with respect to the empirical distribution based on a sequence
ZU i =1,2,..., of i.i. Py-distributed random vectors:

P LS (20T
(Pn) ggfrgn;q( )@

We assume Eq(Z) # 0, because otherwise the problem becomes trivial, and
abbreviate m := max sup lg:(Z(w))].
i=1,...p
We consider the sets Ky = {r € K: k—1<d(0,z) <k}, k=1,2,...
Let Ix :={k: KyNK # 0}. Hence we obtain by Hoeffding’s inequality ([3],
[1]):

Pl supl} 32020 ()70~ Ba(2)"| 2 )
< Y Plw:sup |13 q(Z9(w) e — Bq(2)Ta] >

Vit

<.

< > Plw: 2% % 2 a:(Z9(w)) — Eqi(Z)| > vt
k‘eIK 1=1,...,p J:l
2
<2 ) e I = Ky(e) .

k}EIK
Of course this inequality can be further improved. For example, due to

the linearity, it is enough to consider a cover of the boundary of K only.
Employing other concentration inequalities, also the boundedness condition
for ¢(Z) can be overcome. Moreover, if the functions have a more involved
form, one can often proceed in a similar way.

We aim at employing Theorem 9 and (in case of a non-unique solution)
Theorem 10. (VL1), (VU1), and (VU1-R) are satisfied with /C; = 0. (VL2),
(VU2), and (VU2-R) are fulfilled with ICy. (SI4) is satisfied with v(g) = e.
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It remains to investigate the growth condition (Gr-fy), where we can choose
UTy =T, and the semicontinuity condition (UCon).

We have fo(x) — Pg < max E|qi(2)| d(z, ¥g), hence (UCon) is satisfied with

i=1,....p

¢y = Max Elgi(#)| and 5 = 1.

Let I := {z € {l,...,p} : Eq(Z) # 0}. According to our assumption [ is
not empty. To x with d(x, ¥y) > € there are & € ¥, and ¢ € I such that
|z; — &;] > €. Consequently (Gr-fy) is satisfied with ¢; = miIn E|¢:(Z)| and

1€

o0 =1.

Secondly, we consider the approximation of a constraint set which is de-
termined by a probabilistic constraint. Again, replacing the true probability
measure with the empirical measure, we obtain a sequence of approximating
constraint functions.

In detail, we assume that the constraint function has the special form
go(z) = a = Pz((—00,7(2)]) = a — Fz(y(x)).

Here Z and Pz are defined as above; F; denotes the corresponding dis-
tribution function. Additionally we restrict the considerations to p = 1.
a € (0,1) denotes a probability level and v|E — R' a given concave func-
tion. The inequality constraint go(x) < 0 then reads as P(Z < y(z)) > a.
We assume that Ty = 'y = {z € E : go(z) < 0} # 0. The approximating
constraint set has the form I',(w) = {z € E: a— F,(y(z),w) < 0} with the
empirical distribution function F), .

In order to fulfil (CI2’) and (CO2’) we can directly apply the Dvoretzky-
Kiefer-Wolfowitz inequality with Massart’s bound ([9], [1]) and we obtain

Pl Vi sup (o= Fy(1(2).2)) = (0 = Fy((@)| > ¢} < 2727,

(CI3) is not needed. In order to fulfill (Gr-gp), we will impose growth
conditions for F; and ~.

Assume that, for the given probability level «, the a-quantile ¢, of F is
unique and consider a compact set K such that ¢, € int K. Furthermore, let
Xy :={z € E: ~(x) € K} and suppose that the following conditions are
satisfied:

(IG) There exist positive constants ¢y, c1,r, 01, 01, such that
Vy € K with y < qo : a— Fz(y) > c1.r(d(y, ¢o))’F and
Vo € X y(x) < qo — c1,d(z, D).

(Gr-go) with K instead of UQy and a strict inequality is then satisfied with
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¢ = cp(c14)°F and o = 01, - 0p. Of course only one inequality in (IG) has
to be strict.

If Ty is single-valued, it remains to apply Theorem 1. Otherwise we
employ Theorem 2 and assume that the following condition is satisfied:

(OG) There exist positive constants ¢y, C2,p, 02, 02 F such that
Vy € K with y > qo : Fz(y) — a > cor(d(y, qa))‘sﬂ
Furthermore, there exists an € > 0 such that CI(¢) # () and
Vo € To\ CI(&) : v(x) > qu + cond(z, (E\ Tp)%.

Hence, with respect to (CO3) we obtain for all 0 <& <&
Ty C U.CI(e) and Vo € Ty \ CI(€) : go(x) < —Ca(d(x, E\ Tp)™
with ¢y = ~cF(cQﬁ)‘SF and dy = 02~ - 6p. Thus in Theorem 2 we can choose

p(e) = e’

Consequently, for all £ < £, 5(3) =m x{(é)infﬁ7 (2;)%7{%}, and
5
no(e) = min{k : ﬁka < 28,4\ CI( Ore )) C K} the relation
sup P{w: (Ta(w) \ Uy To) U (Do \ (Uyey Tu(w)) # 0} < 4e™> holds.

n>ngp(e)

Eventually, we consider quantile estimation because here relaxation of
the constraint set comes into play in a natural way. Papers dealing with
quantile estimation usually assume that the distribution function is strictly
increasing in a neighborhood of the quantile (c.f. [4], [5]). There are, however,
applications where one can not a priori assume, that the lower and the upper
quantile coincide.

We consider - as in the foregoing example - a real-valued random variable
Z with distribution P, and distribution function F;. We will, for a fixed

€ (0,1), investigate the lower a-quantile ¢, := inf{zx € R' : Fz(z) > a}.

We consider the constraint set I'y := {z € R : Fz(z) > a} and the

optimization problem

(F) e

As F is upper semicontinuous by definition, the set I'y is closed and the
minimum ¢!, will be attained.

(Py) could be approximated replacing Fz by the empirical distribution
function F,. Unfortunately, the set {x € R': F,(z) > «}, in general, does
not approximate the whole set I'y. In [19] we showed that with a suitable
relaxation k,. the solutions to the approximate problems convergence in
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probability to the desired quantile. Here we can proceed in a similar way,
consider the modified constraint set I'), . with

Ihe(w)={reR: F,(r,w) >a— \%}

and investigate the approximating optimization problems

(Pnc) min .

(P, ) has a unique solution, too.
In order to obtain a convergence rate, we need some knowledge about Flz,
e.g. a growth condition.

Theorem 11 (Quantile Estimation) Assume that there exist constants
¢c>0,0>0, and 0 > 0 such that
V& with 0 < d(7,Tg) < 0: Fo(%) < a — cd(7,T)°.

Then for all ¢ > 0, B5) = max{en’%,(zf)%n’%}, and no(e) = min{k :
ﬁ,(:’g) < 0} the relations

sup )P{w : (T (@) \ Uy To) U (To \ Tpe(w)) # B} < 2¢7% and
n>no(e !

sup Pw: Wy e(w) \ Uy Vo # 0} < 2e 2
n>ng(e) e

hold.

Proof. We employ Corollary 5.1 and, since the solution is unique, Theo-
rem 9. The objective function is not approximated, hence (VL2) and (VU2)
are satisfied with /Cy = 0. The conditions (UCon) and (Gr-fy) are fulfilled
with ¢; = §; = 1, i = 1,2. Due to the Dvoretzky-Kiefer-Wolfowitz inequal-
ity with Massart’s bound ([9], [1]), ‘strict’ variants of (CI2’) and (CO2’) are
satisfied with v,, = nz and Ka(e) = e~2". The first assertion then follows by
Corollary 5.1. Furthermore, taking into account that (SI4) is satisfied with
v(e) = g, the second assertion is implied by Theorem 9. d
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