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Abstract

Complex matrices that are structured with respect to a possibly de-
generate indefinite inner product are studied. Based on earlier works on
normal matrices, the notions of hyponormal and strongly hyponormal ma-
trices are introduced. A full characterization of such matrices is given and
it is shown how those matrices are related to different concepts of nor-
mal matrices in degenerate inner product spaces. Finally, the existence
of invariant semidefinite subspaces for strongly hyponormal matrices is
discussed.
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1 Introduction

We consider the space C™ equipped with an indefinite inner product [-, -] that
is not necessarily nondegenerate, i.e., there may exist vectors x € C™ \ {0} such
that [z,y] = 0 for all y € C™. In the case of a nondegenerate inner product
[-,-], the adjoint of a matrix T with respect to [-,-] is the unique matrix 7'l
satisfying

[z, Ty] = [T™z,y] forall zyeC (1)
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As usual, one defines H -selfadjoint, H -skewadjoint, H-unitary, and H-normal
matrices, as matrices satisfying

T =7, TH=—7 THW=7"1 and TWT =TTM, (2)
respectively. Introducing the Gram matrix H via

[z,y] = (Hz,y),

where (+,-) denotes the standard Euclidean scalar product, the adjoint can be

expressed as
TH = H'T*H

and the identities in (2) reduce to
HT =T*H, T*H+HT =0, T*HT=H, HTH 'T*H=T*HT, (3)

respectively.

H-selfadjoint, H-skewadjoint, H-unitary, and H-normal matrices have been
studied extensively in the literature. Interest is motivated by various applica-
tions such as the theory of zones of stability for linear differential equations with
periodic coefficients, see [8], the theory of algebraic Riccati equations, see [9],
and the linear quadratic optimal control problems as in [17]. A concise overview
of the theory of matrices in spaces with an indefinite inner product can be found
in [3, 4], see also [5] for H-normal matrices.

An even more general class of matrices is the set of H-hyponormal matrices
that are defined by analogy to the well-known class of hyponormal operators in
Hilbert spaces via the condition

H(THT — 7Tk > 0. (4)

For negative definite H, the set of these matrices equals the set of H-normal ma-
trices, but in the case that H is not definite, the set of H-hyponormal matrices
is a proper superset of the set of H-normal matrices. H-hyponormal matrices
were studied in detail in [13, 14], where, in particular, extension results of in-
variant semidefinite subspaces to invariant maximal semidefinite subspaces were
obtained.

Spaces with a degenerate inner product, i.e., the Gram matrix H is singular,
are less familiar, although this case does appear in applications, e.g., in the the-
ory of operator pencils, cf. [10]. The main problem in this context is that there
is no straightforward definition of an H-adjoint. Indeed, if H is noninvertible,
the H-adjoint of a matrix T" € C™*"™ need not exist. For example consider

1 0 1 1
H—[O O}’ and T—[O 1]

Then a simple calculation shows that there is no matrix N € C2*2 such that

(Hvay) = [:Cva] = [N‘Tay]



In [15] H-selfadjoint, H-skewadjoint, and H-unitary matrices were defined by
using the matrix identities from (3). The corresponding equation for H-normal
matrices, however, requires an inverse of H. One way to modify this definition
is the use of the well-known Moore-Penrose generalized inverse H' of H. In [11]
a matrix 7T is called H-normal if

HTH'T*H = T*HT.

We will call such matrices Moore-Penrose H-normal matrices in this paper.

In [16] a different definition of H-normal matrices in degenerate inner prod-
uct spaces was used which is based on a generalization of the H-adjoint 7'*!
of a matrix T for the case of singular H. This is obtained by dropping the
assumption that the H-adjoint of a matrix has to be a matrix itself. Instead,
the H-adjoint T is understood as a linear relation in C™, i.e., a subspace of
C?". Clearly, every matrix 7' € C"*" can be interpreted as a linear relation in
C” by identification with its graph

I(T) = {( ;x) . z€ C"} cc,

If H € C™*" is invertible, then T, defined as in (1), coincides with the linear
relation

{(g)eczn; [y, Ta] = [z,2] for all :ve(C"}. (5)

Hence, it is natural to define the adjoint T of T' with respect to some degen-
erate inner product as the linear relation given in (5).

This approach was used in [16] to generalize the notion of H-normal matri-
ces to degenerate inner product spaces: a matrix 7' € C"*™ is called H-normal
if 7T C THT. Tt was then shown in [16] that H-normal matrices T have
the property that the kernel of H is T-invariant. This fact allowed the im-
mediate generalization of extension results of invariant semidefinite subspaces
from [13, 14] to the degenerate case. However, the fact that the kernel of H is
invariant is not needed in order to obtain results on the existence of invariant
maximal semidefinite subspaces. Indeed, it was shown in [12] that the kernel of
H need not be invariant for Moore-Penrose H-normal matrices, but it is always
contained in an invariant H-neutral subspace. This property was used in the
proof of the existence of invariant H-nonnegative subspaces for Moore-Penrose
H-normal matrices in [12].

In this paper, we continue the work started in [16] by generalizing the concept
of H-hyponormality to the case of degenerate inner product spaces. Our aim is
to do this in such a way that the obtained set of matrices

i) contains the sets of H-normal and Moore-Penrose H-normal matrices;

ii) equals the set of H-normal matrices when H is negative semi-definite;



iii) guarantees that the kernel of H is always contained in an invariant H-
neutral subspace.

The latter condition will allow the generalization of existence results for invari-
ant maximal H-nonpositive subspaces.

After reviewing some basic results on linear relations in degenerate indef-
inite inner product spaces in Section 2, we introduce H-hyponormal matrices
in Section 3. It turns out that this rather straightforward generalization of
H-hyponormality is not satisfactory as the resulting matrices are too general.
Therefore, the more restrictive concept of strong hyponormality is introduced
in Section 4. In Section 5, we investigate the relation of H-hyponormal and
strongly H-hyponormal matrices to Moore-Penrose H-normal matrices. In par-
ticular, we show that the set of Moore-Penrose H-normal matrices is a proper
subset of the sets of strongly H-hyponormal and H-hyponormal matrices. Fi-
nally, we give sufficient conditions for the existence of invariant H-nonpositive
subspaces for strongly H-hyponormal matrices in Section 6.

2 Preliminaries

For the remainder of the paper let H € C"*™ be a possibly singular Hermitian
matrix and let [-, -] denote the possibly degenerate inner product given by

[z,y] := (z,Hy) for x,y€ C"*".

If £ C C™ is a subspace, the H-orthogonal companion of L (in C™) is defined
by
L ={zeC":[z,4]=0 forall L€ L}

The isotropic part of L is defined by
£o=Ln L.

The subspace L is called nondegenerate (or, more precisely, H-nondegenerate)
if £°={0}. If N' C C"*" is a subspace with V' C L] we write N[L]£. If, in
addition, N'N £ = {0}, then by N[+]|L we denote the direct H-orthogonal sum
of N and L.

A vector x € C"*™ is called H-positive (H-negative, H-neutral) if [z, x] > 0
(resp. [z,z] < 0, [z,2] = 0), and H-nonnegative (H-nonpositive) if = is not
H-negative (resp. not H-positive). A subspace £ C C"*" is called H-positive
(H-negative, H-neutral, H-nonnegative, H-nonpositive) if all vectors in £\ {0}
are H-positive (resp. H-negative, H-neutral, H-nonnegative, H-nonpositive).
Observe that by this definition the zero space {0} is both H-positive and H-
negative. The subspace L is called maximal H-nonpositive if it is H-nonpositive
and if there is no nonpositive linear manifold £’ # £ containing L.

For basic facts concerning the geometry in spaces with a degenerate inner
product we refer to [1].



2.1 Linear Relations

The proofs for the propositions and lemmas used in this section can be found,
e.g., in [2, 7, 16]. A linear relation in C" is a linear subspace of C?". A matrix
T € C™*™ can be interpreted as a linear relation in C” via its graph I'(T'), where

I‘(T):_{(;x>, xe(C"}.

Keeping this in mind, the following definitions are quite familiar.

Definition 2.1 For linear relations S, T C C?"™ we define

domS—{:zr : (;) GS}, the domain of S;
mul S = {y : ( 2) € S}, the multivalued part of S
S’_lz{(y) : (I>ES}, the inverse of S;

x y

S+T_{( v >;(I>6S,<x>eT}, the sum of S, and T
y+z Y z

and the product of S and T

ST_{<§> . there exists a y € C™ with (Z)ES,(i)GT}.

If dom S = C", we say that S has full domain. In all the cases x,y,z are
understood to be from C".

Note that a linear relation is always invertible in the above sense. We now
give a more general definition of the H-adjoint of a linear relation 7. This
coincides with the linear relation in (5) when T is a matrix.

Definition 2.2 Let [-,-] denote the indefinite inner product induced by H, and
let T' be a linear relation in C™. Then the linear relation

Th = {(g) €C? : [y,w] = [z,2] for all (Z)) ET}

18 called the H-adjoint of T'.

The next proposition which is a summary of Proposition 2.2 and Lemma 2.4 of
[16] contains some basic properties of the H-adjoint.

Proposition 2.3 Let S,T C C?" be linear relations. Then

(i) S C T implies T C S,



(i) St +71H C (S + 1)l
(iii) THSH C (ST)B;

(iv) mul TH = (dom T)H; if T is a matriz, then mul TH = ker H;
(v) (T =T + (ker H x ker H).

If T € C™*™ is a matriz, then
T[*]z{(Z) eC2n:T*Hy=Hz}. (6)

In particular, T is a matriz if and only if H is invertible.

Note that we can always find a basis of C" such that the matrices H and T'
have the forms

| H O | T Ty nxn
H—[O O} and T_|:T3 T4]€(C , (7)

where Hy,T7 € C™*™ m < n, and H; is invertible. Using this decomposition,
T can be written as

T T1

_ L2 . m n—m \ _ Z2
r= Tyay + Toxy |~ et el - Tixy + Thxso
Tsz1 + Taxo Tszy + Tuxo

We will use the short second notion when it is clear from the context how the
matrices T and H are decomposed.

Proposition 2.4 ([16]) Let T € C™"*" be a matriz. Then
T =T H

where H™! denotes the inverse of H in the sense of linear relations. Further-
more, if H and T have the forms as in (7), then

Y1
Y2
Tl*]H1 1

z2

TH = Ty Hyyr =0y, (8)

where Tl[*]H1 denotes the adjoint with respect to the invertible matrix Hy, i.e.,

Tl[*]Hl — HflTl*Hl- In particular, dom T = C" if and only if Tr = 0.
We will suppress the subscript Hy, writing Tl[*] instead of Tl[*]Hl when it is clear
from the context that H; induces the indefinite inner product.



2.2 H-Symmetric Linear Relations

As usual, a linear relation T C C?" is called H-symmetric if T C T see,
e.g., [19]. The notion of H-symmetric linear relations will be needed when we
introduce the class of H-hyponormal matrices in Section 3. We therefore collect
some of the basic properties of H-symmetric matrices and linear relations from
[16, Propositions 3.3 and 3.4, Corollary 3.5].

Proposition 2.5 Let T' € C"*™ be a matriz. Then the following statements
are equivalent.

(i) T is H-symmetric, i.e., T C TM;
(ii) T*H = HT;

(iif) 70 = (7B,

(iv) TM = T + (ker H x ker H).

If one of the conditions is satisfied, then ker H is T-invariant. In particular, if
H and T have the forms as in (7) then T is H-symmetric if and only if Ty is
H; -selfadjoint and Ty = 0.

Recall from Proposition 2.3 that in the case of a singular H the relation T
is never a matrix. Hence, a matrix with 7' = T does not exists. Therefore,
in view of Theorem 2.5(iii), H-symmetry can be considered as a generaliza-
tion of the notion of H-selfadjoint for the case of a singular H. The following
proposition will be an important tool in Section 3.

Proposition 2.6 Let T C C?" be a linear relation.
1) TTH and THT are H-symmetric, i.e.,
TTH C (TT[*])[*] and TMHT C (T[*]T)[*].

2) If T € C" "™ is a matriz, then the following assertions are equivalent.

(i) The domain of the linear relation THT is C",
(i) THT = (THIT)B,

In particular, if T and H are in in the form (7), then (i) and (ii) are
equivalent to

(lll) T;HlTl =0 and T2*H1T2 =0.

Proof. 1) Proposition 2.3 (v) implies T C (T*)[*]. Hence, by Proposition 2.3
(iii), we have that
TTH C (T[*])[*}T[*] C (TT[*])[*].

Analogously, we obtain

THT C T (T[*])[*] C (T[*]T)[*].



2) Assume now that T € C"*" is a matrix. Without loss of generality, we may
assume that T and H are in the form (7). Then Proposition 2.4 implies

Y1
Y2
Tl[*]lel + T1[*]T2y2

Z2

THT = Ty H Ty + Ty H\Toya =0 5. (9)

Hence, (iii) and (i) are equivalent. If (iii) holds, we have
0= (TyH\TY)* =Ty HiTy and 0= H{'TyH\Ty =TT,
By a simple calculation together with (9) we obtain

U1

Y2
Tl[*] Ty
2o

and (ii) follows.
For the remainder of the proof we assume that (ii) holds. If there exists y2 with

Ty H Toys # 0, then, by (9),( ; ) ¢ domTHT. But
2

0
y02 c (T[*]T)[*]
0

a contradiction to (ii). Therefore, (ii) implies Ty H1T2y2 = 0 and we have by
(9) that

Y1
Y2

T1[*]T1y1 + Tl[*]T2y2
z2

THT = : Ty H\ Ty, =0

Now let w1 € (kerTQ*HlTl)MHl, that is [w1,y1] = 0 for all y; satisfying
T;Hllel = 0. Then

c (T[*]T)[*] — T[*]T,
wq

0

hence wy; = 0 and T35 H Tyy; = 0 follows. Thus (ii) implies (iii). O



Remark 2.7 We mention that 77" has full domain if and only if 7" has
full domain, which is equivalent to the fact that 7o = 0, cf. Proposition 2.4.
However, a similar statement as the equivalence of (i) and (ii) in Proposition
2.6, part 2), does not hold for TTH™. As an example consider the matrix 7' = 0
Then TTH is the zero matrix but mul (TTH*)* = ker H, see Proposition 2.3.
Hence TT has full domain but 7T #£ (7T,

2.3 H-Normal Matrices

In the case of a singular H, where the matrices H and T are given in the forms
as in (7), it is easily checked that

n

Y2
TlTl[*]yl + Toyo
T3T1My1 + Tyzo

TTH = Ty Hyyp =0 (10)

Comparing (9) and (10) one can easily see that in the case of an H-symmetric
T we obtain only that 7T C THT and the inclusion THT C TTH is only
satisfied in the case that T} is invertible. Therefore, H-normal matrices were
defined in [16] by the inclusion

TTH C THT (11)

rather than by the identity 7T =TT because otherwise there would exist
T-symmetric matrices that are not H-normal. It was then shown in [16, Propo-
sition 4.2] that for H-normal matrices ker H is T-invariant and that, if 7" and

H are given in the forms (7), T' is H-normal if and only if 7} is Hy-normal and
Ty = 0.

3 H-Hyponormal Matrices

If the Hermitian matrix H € C™*" is invertible, then an H-hyponormal matrix
T by definition satisfies
H(THT —TTHy >0

ie., THT — TTH is H-nonnegative. Such matrices were discussed, e.g., in
[13, 14]. A generalization of this definition to the case of singular H requires
the concept of H-nonnegativity for linear relations.

Definition 3.1 A linear relation S C C?" is called H-nonnegative if S is H-
symmetric (i.e. S C S ) and if

[y, ] >0 for all < Z) €8s (12)



Analogously the notions of H-nonpositivity, H-positivity and H-negativity of a
linear relation are defined. The following lemma yields a base for the definition
of H-hyponormal matrices.

Lemma 3.2 Let T C C2" be g linear relation. Then the relation THT — TT
is H-symmetric.

Proof. Proposition 2.6 and Proposition 2.3 (ii) imply
THT — 717 C (T[*]T)[*] _ (TT[*])[*] C (T[*]T _ TT[*])[*]_ O

In the following we will give conditions which ensure the H-nonnegativity of
THT — TTH. In the case that T is a matrix, the following characterization
holds.

Proposition 3.3 Let T € C"*" be a matrixz and let T and H be in the forms
(7). Then THT — TTH is H-nonnegative if and only if

vy Hy (T — Ty > 3T Hy Toys
for all y1,yo satisfying Ty Hiyn = 0 and Ty Hy (Thyr + Tayz) = 0.

Proof. The linear relation THT — 7T is H-symmetric by Lemma 3.2. Then
we obtain from (9) and (10) that THT — TTH equals

hn
V2 _ T3 Hyyy = 0;
(T1MT1 - TlTl[*])yl + T1[*]T2y2 —Toys | © T35 H1(Taiyr + Toy2) =0
wy — TsTyy — Tyzs

Thus, THT — TT™ is H-nonnegative if and only if
v Hi (TP — Ty + gt VT Toye — yi HiToys > 0 (13)

for all y1,y2 that satisfy Ty Hyy1 = 0 and Ty H1(Thy1 + Toy2) = 0. The restric-
tions on y; and yo imply

yiHiToys =0 and yTH1T1[*]T2y2 =y TT HiToys = —ysT5 HiToys.

Thus, (13) reduces to y; Hy(TH Ty — TVTM )y > g3 Ty Hi Toys. O

At this point, one could define H-hyponormal matrices as matrices T for
which the linear relation THT — TTH is H-nonnegative. However, this would
not be satisfactory, because the class of matrices obtained in this way is too
general. In particular, an important property of H-hyponormal matrices would
be lost. It is well known that if H is negative definite then H-hyponormality
implies H-normality, see, e.g., [6]. However, if we relax the condition of H
being negative definite to H being negative semidefinite, then H-nonnegativity
of THT —TTH is no longer sufficient for H-normality as the following example
shows.

10



Example 3.4 Let r,m,n be such that »r <m, r+m < n and let

Ty T2 | I, 0

H:[—Im 0] T:[T1|T2]: Tyis Tia| 0 0
0 0] Ts | Ty T51 Ts2 | Ty Tao

T3 T34 | Tas Tas

where H € C"*", T, € C™*", Ty € C'¥7, Ty, € Clr—r—m)x(n—r=m) anq
where Ty, € Cm=m)x(m=7) ig normal with respect to the standard Euclidian
product, i.e., T7Tha = T14T7,. Moreover, let

Y11
_ Y1 - Y12
Y < Y2 > Y21

Y22

be partitioned conformably with 7. Then by (9) and (10), y is in the domain
of THT — TTH if and only if

T3Hiyy =0 and T3 Hi(Thyr + Toy2) = 0. (14)
The first identity implies that

ol JO) =)

Thus, if y is in the domain of THT — TTH then y1; = 0. The second identity
in (14) implies
Ty HiTvyr = =Ty HiThys, (15)

that is

( =Ty — Thayre ) _ [
0

therefore
—Tuyn —Tioyiz \ _ [ Y=
0 0 ’

Hence ¥ is in the domain of TMT — TTH if and only if it has the form:

o &~
o O
—_
| — |
|
o
=~
L
3 O
1
—_
| — |
o &~
o O
—_
7N
<
NN
N =
N~

0
Al Y12
= = . 16
Y (yz) —Ti2y12 (16)
Y22

Due to the normality of 774 and because of (15), we obtain that
yt V(T = Ty = —yi(T T + T3y T — Tis Ty — TuTiy)ys

= —yio(Ti5Th2 — Thi3Ti3)y12 > —yia T Thaye = ys Ty HiToys.
Thus by Proposition 3.3, THT — TTH is H-nonnegative. However, if r > 0
then T is not H-normal, because the kernel of H is not T-invariant, see [16,
Proposition 4.2].

11



Moreover, in the above Example 3.4 we have Ty H1T» # 0 and by [16, Re-
lation (4.6) in the proof of Proposition 4.6] the matrix 7" is not Moore-Penrose
H-normal. Recall that a matrix is called Moore-Penrose H-normal if

HTH'T*H = T*HT,

where HT is the Moore-Penrose generalized inverse of H, see also Section 5
below.

Example 3.4 shows that the reason for the failure of the desired property
is the domain of TMT — TTM which is too small, in general. One way to
circumvent this problem is to require that the linear relation 77 has full
domain. From (10) it follows that this is equivalent to T = 0 (if H and T are
assumed to be in the form (7)) and thus, we then also have that T*/7 and hence
THT — TTH have full domain. However, this condition is rather restrictive as
T = 0 implies that the kernel of H is T-invariant. Consequently, the set of
matrices obtained in this way does not contain all Moore-Penrose H-normal
matrices (we refer to [12, Example 6.1] for a Moore-Penrose H-normal matrix
such that ker H is not invariant). Fortunately, it turns out that it is enough
to require that TMIT has full domain in order to guarantee that the domain
of THT — TTH is sufficiently large so that H-nonnegativity of 77T — 77
implies H-normality in the case of negative semidefinite H. This motivates the
following definition of H-hyponormality.

Definition 3.5 A linear relation T C C?" is called H-hyponormal if THT has
full domain and if THT — TTY is H-nonnegative.

From Proposition 3.3 and 2.6, we immediately obtain the following charac-
terization of H-hyponormal matrices.

Proposition 3.6 Let T € C"*™ be a matrixz and let T and H be in the forms
(7). Then T is H-hyponormal if and only if TYT has full domain and

yiHy (11T = T )y 2 0
for all y1 satisfying T5 Hiyr = 0.

As a corollary, we obtain the desired property that H-hyponormality is
equivalent to H-normality for negative semi-definite matrices H.

Corollary 3.7 Let H € C"*" be negative semi-definite and let T € C™*™ be
an H-hyponormal matriz. Then T is H-normal.

Proof. Without loss of generality let 7' and H be in the forms (7), where
Hy; = —1I,,,. By Proposition 2.6, we have —T5T, = T5 HT5 = 0 which implies
that 75 = 0. By Proposition 3.6, we then obtain that

—yi(T7Ty — I )y > 0

12



for all y; € C™, that is, 77T — 111y is negative semidefinite. Thus, all eigen-
values of T7Ty — T Ty are smaller or equal to zero, and as tr(75Ty — T1Ty) =0
it follows that 77Ty — ThT7 = 0 and hence T3 is normal. From Proposition [16,
Proposition 4.2] we then get that T is H-normal. [

In [16, Proposition 4.2], it was shown that the kernel of H is always T-
invariant if 7 is H-normal, and it was shown in [12] that the kernel of H is
always contained in a T-invariant H-neutral subspace if T is Moore-Penrose
H-normal. Unfortunately, this is no longer true for H-hyponormal matrices as
the following example shows.

Example 3.8 Let

—_
o = O

[H o] | o
o= -
0

0
0
0
0

oo O O
Ol= O =

oo = O

Then one computes that 75 H17T5 = 0 and 75 H; T} = 0 and, by Proposition 2.6,
THT has full domain. Moreover,

0 -1 0 100
Tl[*]: 0 0 O and H1(T1[*]T1—T1T1[*]): 010
0 0 0 000

hence y*Hl(Tl[*]Tl - TlTl[*])y > 0 for all y € C® and, by Proposition 3.6, we
obtain that T is H-hyponormal. However, note that ker H = span(e4) and that
U = span(eq, €1 + €3, €2) is the smallest T-invariant subspace containing ker H.
(Here, e; denotes the ith standard basis vector.) Obviously, I is not H-neutral,
as esHey = 1.

4 Strongly H-Hyponormal Matrices

We have seen in the previous section that H-hyponormal matrices are too gen-
eral. We will therefore define a new class of matrices which is properly contained
in the set of H-hyponormal matrices and small enough to ensure that the kernel
of H is contained in an invariant H-neutral subspace.

Definition 4.1 Let T C C?" be a linear relation.

1) T is called strongly H-hyponormal of degree k € N if T is H-hyponormal
and if (TYN'T* has full domain for all i =1,2,... k.

2) T is called strongly H-hyponormal if T is strongly H-hyponormal of degree
k for all k € N.

We start with two examples which show that the class of strongly H-hyponormal
matrices neither coincides with the class of H-normal matrices nor with the class
of H-hyponormal matrices.

13



Example 4.2 Let
-1 010 1 0|1
H:{félg]z 0 110 ,T:[j(;l TOZ]Z 1 01
0 00 0 0]0
Then T3 HyT; = 0 and Ty Hy T} = 0, that is, 7T has full domain. Moreover,
Tl]:[o 0 ] and Hl(Tl[]Tl_TlTl]):[—l 1 }

Hence H; (Tl[*]Tl — TlTl[*]) is positive semidefinite, i.e.,
y1 Hy (Tl[*]Tl - TlTl[*])yl >0 =y;Ty HiToyo

for all y1,y2. Thus, T is H-hyponormal by Proposition 3.3. Moreover, T is also
strongly H-hyponormal, because T is idempotent and, by Proposition 2.4,

o, B,yeC

=l
*
Il
oo W R

)

Hence, (TF)* = 70 and TF = T, k € N, so that (TM)*T*F = THT has
full domain for all £ € N. In particular, T' is an example for a matrix that is
strongly H-hyponormal, but not H-normal, because 15 # 0, i.e., ker H is not
T-invariant, cf. [16, Proposition 4.2].

Example 4.3 The matrix given in Example 3.8 is not strongly H-hyponormal.
Indeed, by Proposition 2.4,

T = { (1,92, y1, 94, —92,0,0,2)" © y1,y2,y4,24 € C}

and one easily checks that

dom (TM)2 = s yp,ys €C

and

dom (T1¥)?71? = Z; Dy, y2,y3 € C
0

That is, T is H-hyponormal (see Example 3.8) but not strongly H-hyponormal.
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In the following proposition we characterize the property that (T[*])iTi has
full domain in terms of Ty, Ts, and H; when T and H are in the forms (7).
We will use this characterization in the proof of our main result of this section,
Theorem 4.5 below.

Proposition 4.4 Let T C C?" be a linear relation. Then (TH)ET* and TF(TH)k
are H-symmetric for all k € N. In particular, if T € C"*™ is a matriz and if T
and H are in the forms (7), then the following assertions are equivalent:

(1) (TM)T? has full domain for 1 <i <k,
(2) Ty Hy(TM) 1T T = 0 and Ty Hy(TEY 1T Ty = 0 for 1 < i < k.
Proof. We first show that 7%(T*)? is H-symmetric, that is
TH T C (T T,
By Proposition 2.3 (iii) we find that (T*) C (%) and therefore
Ty C T (T (17)
From Proposition 2.3 (v) and Proposition 2.3 (iii), (i
T (THFHE and ()M € ().
Hence T C ((T")")*], and thus
THTHM C ()T (18)

) it follows that

Putting together (17), (18), and using Proposition 2.3 (iii), we obtain that
thus T%(TP)? is H-symmetric. A similar argumentation shows that (T*1)'T" is

also H-symmetric.
We next show by induction on k that

ph_ [ TE+Br T{'Ta+Cy (19)
* * ’
where
By =Y T"DY and =Y 11D
=2 1=2

for some matrices D ) € cln=m)xm and D(k) e Cln=m)x(n=m) " For the case
k =1 there is nothlng to show as B; =0 and Ci=0 by the definition of the
empty sum. If k& > 2 then

Tk+1
[TF+ By T+ O[T T
- * * T3 T,
_ [Tf“ + By Ty + TF ' ToTs + Oy T TFTy + BTy + TF ' ToTy + C.Ty
* *

15



By the induction hypothesis, we find that

k k
BTy + Tf ' Ty + Ok Ty = > TP T + T 0Ty + Y 11, D Ty
=2 i=2
and
k . k - _
B+ T Ty +Ci Ty = Y TT LDV T+ Ty + Y 11DV Ty
=2 i=2

Thus, by setting

DY =1y DFY .= DM T+ DTy for i=3,... k+1

3

and

D¢ =1, D*V .= p® 1+ DE T, for i=3,... k+1

we obtain that ngﬂ) € Cn=m)xn and ﬁgkﬂ) € Cln=m)x(n=m) "and therefore
by setting

k+1 k+1

Bip1 = Zle—i-l—iTle(k—i-l) and Cjiq = ZTl/’c-i-l—iTzﬁz(k-i-l) (20)
i=2 i=2
we have .
et _ [ T+ Bepr TETo + i
* * ’
as desired.

We now prove the equivalence of (1) and (2) by induction on k. The case
k =1 is covered by Proposition 2.6. If k > 2, note that for j =1,...,k+ 1 we
obtain using Proposition 2.4 that

U1

Y * [*]\s Y1 —0-
(T™)'T GN y1 :
(T17) Wi " s=0,...,5—1
2

(21)

where Wiy ( zl ) is the first component of the vector TF+1 ( zl ), ie.,
2 2

Wit < Z;) = (Tf* + Biga)yr + (T Tz + Crgr)ye.

Now assume that either (1) or (2) holds for 1 < ¢ < k+ 1. Using the equivalence
of conditions postulated in the induction hypothesis, we have in either case that
(T[*])iTi has full domain for 1 < ¢ < k and that

Ty H (T Ty =0, TPH (TP ' T ' Ty =0 for 1<i<k (22)

Thus it remains to show that the following assertions are equivalent:

16



(a) (TB)E+F1TR+T has full domain,
(b) Ty Hy(TINYETFTy =0 and Ty Hy(T)RTHET, = 0.

It follows from (21) that the relation (70*)+1T*+1 has full domain if and only
if (T0)JTE+1 has full domain for all 5 = 1,...,k 4+ 1. We will first show
that (22) implies that (T01)JT*+1 has full domain for j = 1,...,% that is

T;Hl(Tl[*])j’kaH ( Zl) = 0 for all 41,72 and all j = 1,...,k. This means
2
that we have to show the following
(i) T3 Hy (17 )y 1+ = 0,
(i) 75 Hy(TI)7 = Byayn = 0,
(i) Ty Hy(TI) 1Tk Ty = 0,
(iv) Ty Hy(TI)7 1 Chiayn = 0.
We easily obtain (i) and (iii) as
Ty Hy (T Ty = Ty Hy (1) ) T =0

=0

and
Ty Hy(TYY T Ty = T3 Hy (T 1 T4 T Ty, = 0.

=0

Moreover Ty Hy (T =1 By 1 = 0, because for i = 2, ...,k + 1 we have

; ; . k+1—1
T (0 DY =y (@) mnttY

= (T3 Hy (T )i =iy i Oy p = g
=0

for the case k+1—i < j— 1.
Furthermore for the case k+1 —i = j — 1 we have

Ty Hy(T Y DY = 1 ()T DY = 0

=0

and for the case j —1 <k+1—1

T;Hl (Tl*])j—lleJrlfiTzD(kJrl) — T;Hl (Tl[*])j—lle—lTl T1/€+1—i—jT2DZ(k+1) -0

i

=0
and from the definition of By in (20) we conclude (ii).
Moreover Ty Hy (Tl[*])jfleH =0, because for i = 2,...,k + 1 we have

k+1—1

TQ*Hl(Tl[*] )j—lleJrlfiTQlN)l(k-i-l) = T3 (T )1 ((Tl[*])*) H1T25§k+1)

17



= (T Hy (Tl[*])kJrlfiTl/H-l—iTl lef3f(kfi)T2)*f)l(k+1) -0
=0
for the case k+1—¢ < j — 1.
Furthermore for the case k +1 —i = j — 1 we have

Ty Hy (1) DI = 1y () T T DY = o

i

=0

and for the case j —1 < k+ 1 —1¢ we have

T3 Hy (Tl[*])j—lleJrl—iTQﬁ(kH) = T3 H, (Tl[*])j—lle—lTl le+1—i—jT2ﬁZ(k+1) -0

i

=0

and from the definition of Cj41 in (20) we conclude (iv).
Next, we will show that (22) also implies that

(v) T5Hy(TV)E By yqyn = 0,
(vi) T;Hl(Tl[*])kaJrlyQ = 0.

We show Ty Hy (T/)* Byy1y1 = 0. For i =2,...,k+ 1 we have

* —1 * * * |\ % kt1—i
T3 Hy(THYerk=im, DD = (1 )’f((Tl[ ) ) H,T,D* D

i

_ (T;Hl (Tl[*])kJrlfile—i-l—iTl le—2—(k—i)T2)*D§k+1) —0.

=0

Moreover Ty Hy (Tl[*])ka+1y2 =0, because for i = 2,...,k + 1 we have

* i ~ . . BNS k+1—1 ~
73 (T B — Ty (@) T e

= (T3 Hy(Ty)yFH =iy o =2~ =0y DD — g,

2

=0
Thus, by (20), (v) and (vi) hold. We now have all ingredients to prove the
equivalence of (a) and (b) under our induction hypothesis (22).

(TH)YE+ITE+HL has full domain and (22)

JEN] T3 Hy(T1) (TFF + Big )ys + (TFTo + Crar )y2) = 0,
for all s =0,...,k and all y1,y2, and (22)

Gy [ TEH(TH (T + Braays + (TET + Cryn)ye) =0,
for all y1,y2, and (22)

CLEY oy (T (T Ly, + T Tays) = 0, for all yi, s, and (22)
Ty Hy (TP 11T =0 and Ty Hy(TV) 1 T3, = 0
fori=1,...,k+1.

18



This concludes the proof. 0O

Fortunately, it is not necessary to verify that (T*)*T* has full domain for
all £ € N in order to show that the H-hyponormal matrix T is strongly H-
hyponormal. The following result shows that it is sufficient to check this for all
k <rank H.

Theorem 4.5 Let T € C™*™ be a matriz. If T is strongly H-hyponormal of
degree m = rank H, then T is strongly H-hyponormal.

Proof. It remains to show that (TF)*T* has full domain for all k € N. We will
show this by contradiction. Assuming that 7" is not strongly H-hyponormal,
there exists a natural number k > m such that T is strongly H-hyponormal of
degree k, but not of degree k + 1. Without loss of generality assume that T
and H have the forms as in (7). According to Proposition 4.4 being strongly
H-hyponormal of degree k is then equivalent to

Ty Hy (T ' T =0 and Ty Hy(TYY ' T ' Ty =0 for 1<i<k.

We aim to show that (T[1)*+1T*+1 has full domain in contradiction to the
assumption that 7" is not strongly H-hyponormal of degree k + 1. Thus, we
have to show

Ty H(TEYTFT =0 and T3 Hy(TP)Y*TET, = 0. (23)

Note that the size of T} is m xm, as m = rank H. Thus, by the Cayley-Hamilton
Theorem there exist ag,...,®,_1 € C such that

m—1
Z a;( T[*
=0

Hence we see that

m—1
(T[*]) k—m Z 041'(
i=0
This gives
T Hy(TYYETkT = Z a; Ty Hy (TIk=mHiTkr,
— Z o T2 Hl *] k— m-HTk m+zT Tm i 0
=0
and

Ty H (TP TET, = T3 Hy (T k=miThT,

)
iTQ*—Hl (Tl*])k—m-l-ileferiTl TlmfiflT2 -0

=0

m—1
Y a
i=0
m—1
> a
=0
contradicting the assumption. Thus, T is strongly H-hyponormal. 0O
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5 Moore-Penrose H-Normal Matrices

In this section we will show, how the sets of H-hyponormal and strongly H-
hyponormal matrices are connected to the set of Moore-Penrose- H-normal ma-
trices. Recall that a matrix T' € C™"*™ is called Moore-Penrose H-normal if

HTH'T*H = T*HT,

where HT denotes the Moore-Penrose generalized inverse of H. The following
lemma can be found in [16, Proposition 4.6].

Lemma 5.1 Let T and H be given as in (7), then the Moore-Penrose general-
ized inverse of H is given by

Ht 0
T 1
=[5 o]

and the matriz T is Moore-Penrose H-normal if and only if

TyHN\T, TyH\ Ty ] _ [ H\T\H'TyH, 0 } (24)

TyHTy Ty H1T» 0 0

Remark 5.2 Note that the equation for the (1,1)-block means that T} is H;-
normal with respect to the nondegenerate inner product induced by Hj.

Moore-Penrose H-normal matrices were investigated in [11] and [12]. Each
H-normal matrix is Moore-Penrose H-normal, more information is given in the
following proposition from [16, Proposition 4.6].

Proposition 5.3 Let T € C"*™ be a matriz. Then the following statements
are equivalent.

(i) T is H-normal, i.e., TT" C THT,
(ii) T is Moore-Penrose H-normal and TH (TP = (TH)HETEH,

In the following example borrowed from [12, Example 6.1], we present a
matrix that is Moore-Penrose H-normal, but not H-normal.

Example 5.4 Let

0 1 0 -1 0 0
H=|1 -1 1|, T={ 0 0 0
0 1 0] 0 0 3
then _
L [3 4 5
H'==—14 0 12
1605 12 3

20



and furthermore

00 0
T*HT=|0 0 0 |, HTH'T*H=
00 0

o O O

0 0
0 0
0 0
Hence T is Moore-Penrose H-normal. We easily calculate that

1
ker H = span 0
-1

which is obviously not T-invariant. Therefore T' is not H-normal.

Hence the H-normal matrices are indeed a strict subset of the Moore-Penrose H-
normal matrices. The following theorem shows, that in the special case that T’
is a matrix and 77 in (7) is Hi-normal, the properties Moore-Penrose H-normal,
strongly H-hyponormal and H-hyponormal are equivalent.

Theorem 5.5 Let T € C™"*™ be a matriz and let T and H be in the forms as
in (7). Then the following assertions are equivalent:

(i) T is Moore-Penrose H-normal;
(ii) T s strongly H-hyponormal and Ty is Hy-normal;
(i) T is H-hyponormal and Ty is Hy-normal.

Proof. Suppose that (i) holds, i.e., T is Moore-Penrose H-normal. According
to Lemma 5.1 this implies

(a) Ty is Hi-normal, i.e., Tl[*]Tl = TlTl[*],
(b) Ty HyTy =0, T{ HyTy = 0 and Ty H, Ty = 0.

Therefore
yiHy (T, — Ty, = 0 for all yy € C™,

and thus THT — TTH is H-nonnegative by Proposition 3.3 as Ty H Ty = 0.
Furthermore, due to the Hi-normality of 77 and the fact that 75 H;77 = 0 and
Ty HT> = 0, we obtain

Ty Hy (TP ARy = Ty Hy TF (TP Ty = 0 for k € N
and
Ty Hy(TYYE 711y = T3 By T ()17 = 0 for k € N

This proves that (T*1)*T* has full domain for all k¥ € N, see Proposition 4.4.
Hence T is strongly H-hyponormal.

By definition every strongly H-hyponormal matrix is H-hyponormal, therefore
(ii) implies (iii).
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Finally, we will show that (iii) implies (i). Let T be H-hyponormal. Then the
fact that 77T has full domain implies that TsHTy =0 and Ty H1T» = 0 (see
Proposition 2.6), consequently 77 H1T5 = 0. Together with the assumption of
T1 being Hi-normal and Lemma 5.1 we find that 7" is Moore-Penrose H-normal.
a

There are strongly H-hyponormal matrices such that 77 is not Hi-normal, see
Example 4.2. Hence, according to Theorem 5.5, the Moore-Penrose H-normal
matrices are a strict subset of the strongly H-hyponormal matrices and, hence,
of the H-hyponormal matrices (see also Example 3.8). The diagram below shows
the relation between the different classes of matrices.

Diagram 5.6
H-normal
g 4
SO
al =7
S o
~ Ts
3 3 =~
S S 3
> T3
o ~ 5
) o
Q¥ “
S 0?3 Moore-Penrose H-normal «——
< 3 3
S g o N
R} 3 T
& 3 =l
2 e § =
= - -
N strongly H-hyponormal 3 5
o B

—— H-hyponormal

6 Invariant Maximal Nonpositive Subspaces of
Strongly H-Hyponormal Matrices

The question under which conditions invariant semidefinite subspaces can be
extended to invariant maximal semidefinite subspaces was discussed in [12, 13,
14] for H-normal and H-hyponormal matrices in the nondegenerate case. The
fact that in the case of a degenerate inner product ker H remains invariant for
an H-normal matrix was the key to a first generalization of those extension
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results in [16, Theorem 4.7, Theorem 4.8]. We have seen in Example 4.2 that
ker H is in general not T-invariant for an strongly H-hyponormal matrix T". The
following theorem however describes how to find an T-invariant subspace that
contains ker H.

Theorem 6.1 Let T' € C"*" be a strongly H-hyponormal matriz. Let M be
the smallest T-invariant subspace containing the kernel of H. Then M is H-
neutral. In particular, if T and H are in the forms (7), then M = Mg[+]ker H,
where My (canonically identified with a subspace of C™) is Hy-neutral and the
smallest Ty -invariant subspace that contains the range of Ts.

Proof. For the proof, we use an idea similar to the one in [12, Theorem 6.6].
Without loss of generality, we may assume that 7" and H are in the forms (7),
where Ty € C™*™ and Ty € C™*(=m) Tet

X=[T \T» ... T/" '] and Mg =ImX,

i.e., My is the controllable subspace of the pair (77,7%). Therefore My is the
smallest Tj-invariant subspace that contains the range of T5. In particular, it
follows that there exist matrices B and C' of appropriate dimensions such that

T'X=XB and Ty, =XC.
Now we identify Mg canonically with a subspace of C™ and set
" x 0]

M:ZMo—i—keerlm 0 I c Cc™.

Then M contains ker H and by

p[X0]_[Tix ) _[x 0o]] B ¢
0 I|7 | DX Tu| |0 I|[TBX T

M is T-invariant. Moreover, M is the smallest T-invariant subspace containing
ker H, because

T(ker H) = Im { %1 ]

and thus any T-invariant subspace containing the kernel of H must also contain
M. It remains to show that M = M is H-neutral, or, equivalently, that Mg
is Hi-neutral. Thus, let © € M. Then there exist 2; € C™ ™) and o; € C,
i=1,...,m such that

m
xr = E ain_ng:Ei.
=1

Then using the fact that (Tl[*])in has full domain for all 4, or, by Proposition 4.4
equivalently, Ty Hy (T 1T 1Ty = 0 and Ty Hy (TI)=1T7 1T, = 0 for all i,
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we obtain that

o*Hix

Z aiajx;T;Hl (Tl[*])j_lTliiszxi

4,j=1

> aia (T H(T) ) a0,

i,j=1

hence Mg is Hy-neutral. 0O

Finally, we give sufficient conditions for the existence of an invariant maximal
H-nonpositive subspace for strongly H-hyponormal matrices by giving condi-
tions when the subspace M from Theorem 6.1 can be extended to a maximal
H-nonpositive subspace.

Theorem 6.2 Let T be strongly H-hyponormal, and let M be the smallest
T-invariant subspace containing the kernel of H which is H-neutral by The-
orem 6.1. Decompose M as

M = MEM,gq, (25)

for an H-nondegenerate subspace Mynq. Denote by ng and ﬁg the compressions
of T and H to Myq, respectively. Then Hs is invertible. Assume that M is
invariant under T and that, in addition, one of the three following conditions
holds:

(i) 0(?33 + ng]) CR
(i) o(Tss — Thy) C iR
(iii) ng is Hz-normal

Then M can be extended to a mazximal H-nonpositive subspace M_ that is
invariant under T.

The conditions (i)—(iii) are independent of the particular choice of a nonde-
generate subspace Mg subject to (25).

Proof. The proof is divided into three steps. In the first step we construct an
H-nondegenerated subspace M3 such that M = M+Ms. In the second step
we show that if one of the conditions (i)—(iii) for the compression T33 of T to M3
is satisfied, then M can be extended to a maximal H-nonpositive subspace M _
that is invariant under 7T'. In the last step we show that if one of the conditions
()—(iii) for the compression of T' to some nondegenerate subspace Myq subject
to (25) holds, then this condition is also true for T53.

Step 1) Assume that T and H are in the forms (7), with Ty, H; € C™*™.
Let Mg be as in the proof of Theorem 6.1, i.e.,

M = Mo[+] ker H.
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As M is H-neutral, the isotropic part M° of M equals M. By [18, Lemma
3.10] we find a subspace Mg skewly linked to M and a subspace M3 with

C" = (Mo+Mg)[HMs3) [+ ker H, (26)

M = M M3 = Mo[HMs[+] ker H.

Note that the space M3 is H-nondegenerate. (This follows from the fact that the
space Mo-+M;, canonically identified with a subspace of C™, is H;-nondegen-
erate, and, therefore, M3, also canonically identified with a subspace of C™
is the Hj-orthogonal companion of Mo+Mg. Hence it is H;-nondegenerate.)
Thus, the restriction Hz of H to Mgj is invertible.

Step 2) Assume that one of the conditions (i)—(iii) for the compression T3
of T to Mj is satisfied. As M, (canonically identified with a subspace of C™)
is Hi-neutral, T-invariant, and contains the range of T we find, with respect
to the decomposition (26) that H and T have the forms

and
Tyw Tie Tiz | Tha

s [OT]_ | 0 T Tul| o
| T3 | T 0 T39 T33| O
Ty Taz Tus | Tua

Then for Tl[*], we obtain

T2*2 T1*2 T3T2H3
T = 0 T, 0
Hy'Ty; Hy'Ty, T

and as M was assumed to be invariant for T*! (recall from [16] that by definition
this means “xz € M and (;5) € T = y € M”), we obtain that

T2*2 T1*2 T§2 H 3
TH=1] 0 T}, 0
0 Hy'Ty Tiy

or, equivalently, To3 = 0. If we decompose N := Hl(Tl[*]Tl — TlTl[*]) with
respect to the decomposition (Mo+M g )[-+] M3, we obtain that the (3, 3)-block
N33 takes the form

Nas = Hy (T3 Tss — TusTL)).
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Now we show that T33 is Hs-hyponormal. Indeed, let d be the dimension of
M3, let y3 € C¢ be arbitrary, and let y; = (0,0,y3)7 € C™. Then T5 Hyy; =0
and thus, since T' is H-hyponormal, we obtain that

v Hi(TP T — T Ty = yi Ny > 0.

This implies y5N33ys > 0, and T33 is Hs-hyponormal. It is obvious, that {0}
is an Hs-nonpositive, Tss-invariant subspace, with {0}[””3 = Mj3. As T33 was
assumed to be Hs-hyponormal we can use a result from [14, Theorem 6], to
obtain that there is a maximal Hsz-nonpositive subspace N3 that is invariant
under 733 and Tg;]%. Canonically identifying N3 with a subspace of C", we
obtain using the fact that Ths = 0 that M_ := My+N3 + ker H exists a T-
invariant maximal H-nonpositive subspace containing M.

Step 3) Next, we show that the conditions (i)—(iii) are independent of the
particular choice of a nondegenerate subspace Myq4. Indeed, choosing another
nondegenerate subspace Myq in

M =1m

O OO M~
O ~NO O
~N O oo

in place of M3 amounts to a change of basis in C" given by a matrix of the
form

I 0 S35 0

0 I 0 O
§= 0 0 S33 0 [”

0 0 Sy I

with an invertible S33. We have
I 0 —S1355 0
0 I 0 0
-1 _
ST=10 0 Seh 0|

0 0 —Su3S7 I

Thus, we obtain that with respect to the new decomposition
c" = ((Mo-i—/\/lsl)—i—./\/lnd)—i- ker H

and the new basis, the matrices of interest take the form

* * * *
~ 0 = 0 0
T=5'TS= _

0 =* 8331T33533 0

* * * *
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and

0 I 0 0
I7 * I 0 513 0
H=S*HS = e

0 SY3 S33H3S33 0

0 0 0 0

Thus the compressions f33 and fNI3 of Tl respectively H 1 to Myq are
T3 = Sz T35, H3 = S35 H3S33.

Clearly it follows from this that if each of the three conditions (i)—(iii) holds for
T33 = 53_31T33533 and H3 = S§3H3533, then it holds also for T33 and Hg. In
particular, the conditions (i)—(iii) are independent of the choice of Myq. DO

Theorem 6.2 generalizes [12, Theorem 7]. Note that already in the nonde-
generate case additional assumptions were necessary to guarantee existence of
invariant maximal nonpositive subspaces and it was shown in [12] that these
assumptions were essential.

7 Conclusions

We have extended the notion of H-hyponormality to the case of degenerate
indefinite inner products. The straightforward approach to define H-hypo-
normality, i.e., calling a matrix T' H-hyponormal if

H(THT —TTM) > 0,

turned out not to be satisfactory. Therefore, we developed the new concept
of strong hyponormality. The set of strongly hyponormal matrices has the
following three useful properties:

() it contains the sets of H-normal and Moore-Penrose H-normal matrices;
(ii) it equals the set of H-normal matrices if H is negative semidefinite;

(iii) any strongly H-normal matrix has an invariant H-neutral subspace con-
taining ker H.

In particular, we have shown how the latter property can be used to generalize
existence results for invariant maximal nonpositive subspaces from the case of
nondegenerate indefinite inner products to degenerate ones.
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