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Abstract

This paper considers the stability of both continuous and discrete time-varying lin-
ear systems. Stability estimates are obtained in either case in terms of the Lipschitz
constant for the governing matrices and the assumed uniform decay rate of the cor-
responding frozen time linear systems. The main techniques used in the analysis are
comparison methods, scaling, and the application of continuous stability estimates to
the discrete case. Counterexamples are presented to show the necessity of the stabil-
ity hypotheses. The discrete results are applied to derive sufficient conditions for the
stability of a Backward Euler approximation of a time-varying system, and a one-leg
linear multistep approximation of a scalar system.

Keywords: Exponential stability, discrete time-varying linear systems, continuous
time-varying linear systems, Backward Euler approximation, one-leg multistep approx-

imation
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D = {(t,5) € Rug x Rxg| t > s},
A = {(n,m)eNyxNg| n>m},
MY = the set of all mappings from N to a set M,
|| denotes a norm of x € C¥,
lz|ls := +/r*z, Euclidean norm of z € CV,
|Al| = max{||Az| | ||z|| = 1}, induced operator of A € C**4,
spec(A) = {AeC| det(A—A) =0}, the spectrum of A € CV*V
w(A) = max{|\| | A € spec(A)}, spectral radius of A € CN*V,
C(J,R>9) is the vector space of continuous functions f : J — R*4,
J C R an interval, with sup norm,
[ flloo =" sup,e; [F @I

1 Introduction

We study exponential growth (stability) of time-varying linear systems in continuous time
u(t) = A(t) u(t), t>0, (1.1)
where A(+) : Rsg — CV*¥ is a continuous function, and in discrete time
Upy1 = Ay U, n € Ny, (1.2)

where (A, )nen, is a sequence of matrices with elements in CV*¥. Recall, see for example
[18], that (1.1) is said to be (uniformly) exponentially stable if, and only if,

3 (M,n) € Rsy x Rog Vslns. uof (1.1) Y (¢,5) € D |lu@®)]| < Me "9 ||lu(s)|], (1.3)

and (1.2) is said to be (uniformly) exponentially stable if, and only if,

3 (M,n) € Roy x Rog Vslns. uw of (1.2) ¥ (n,m) € A |Jun|| < Me™" ™™ ||u, || (1.4)

To derive sufficient conditions for bounds of M and 7, we assume that the frozen systems
u(t) = A(r)u(t) and w,.1 = A, u, are exponentially stable and A is globally Lipschitz.
More precisely, for (K,w, L) € Rs; x R>g x Ry, we consider the classes of generators

v t, seR : A(t)s < Ke™ws
SKw,L = {A € Cpw (R, CVN) >0 le0=] ;

\V/t, S ERZO : ||A(t) —A(S)H L|t-$|



and

Vn, méeNy: | A ||

< Ke@m
Sl = A,) € CNxNN - .
K,w,L {( ) ( ) VnmeNy: [|[A,— A, < Lin—m|

It may be worth knowing that, although we consider time-varying systems, due to the
special system classes Sk ., 1, and Xk, 1, the decay rate n and the constant M prescribing
the exponential stability in (1.3) and (1.4), respectively, hold for every initial value if, and
only if, they hold for the initial value at time ¢ = 0; to be more precise, see Lemma 5.1 and
Lemma 5.10, respectively.

A nice textbook on time-varying systems, continuous as well as discrete time, is [18], see
also the references therein. Bounds on the exponential growth of continuous/discrete time-
varying systems have been suggested by numerous authors: [4, 7,12, 13, 14, 17, 19, 20]/[1, §].

A good description of the stability analysis available for numerical methods is given in [10],
which summarises earlier work for linear multistep, Runge-Kutta and general linear methods
by [15, 5, 2, 3]. These results relate to the propagation of errors made in the approximation
of the problem u = f(¢, u), where f is assumed to satisfy a structural assumption ensuring
the stability of solutions u. More recently, articles [9] and [16] have investigated the stability
of linear multistep methods approximating time-varying systems of the form u(t) = A(t)u
in a Hilbert space setting.

In the continuous case, we use the variation of constants formula and the properties of the
set Sk, 1 to obtain an integral inequality for ||u(¢)||. The main idea revived in this paper
is to use scaling to eliminate as many apparently independent parameters as possible in the
integral inequality. Once the inequality is simplified in this way, it is then relatively simple
to bound ||u(t)|| sharply in terms of the solution of a comparison equation.

In the continuous case, a natural time-scale v/ K L arises out of the scaling process. For the
discrete problem, a similar time-scale 3 := v/ K Le* battles with the intrinsic unit time-scale
of the discrete process. When ( is small, estimates from the continuous problem are also
sharp for the corresponding discrete case. For larger (3, a direct discrete approach yields
better bounds.

The paper is organized as follows. In Section 2 the two main results give sufficient conditions
for the uniform decay of solutions of continuous and discrete time systems. Counterexamples
are also presented in cases where the hypotheses do not hold. The proof of the two theorems
are given in Section 5. Applications of the main discrete result are given in Sections 3 and
4: In Section 3 sufficient conditions are given for the exponential stability of a Backward
Euler approximation of a general continuous time-varying system of the type considered in
Section 2. In Section 4, the results of Section 2 are used to prove the stability of a one-leg
multistep approximation of a time-varying scalar differential equation.



2 Exponential Stability

2.1 Continuous time systems

Theorem 2.1. Suppose that A € S, 1 for some (K,w,L) € Rs; X Rsg X Rsg. Then every
solution u of (1.1) satisfies

() Nut)l < Kexp{ (KL — o) (¢ = )} u(s)]), Y (t,5) €D,

(ii) Ju(t)] < Kexp { <\/KL log(min{2, K}) — w) (t — s)} lu(s)]). Y (t,5) € D.

The above theorem is proved in Subsection 5.1.

Remark 2.2. Theorem 2.1 (ii) implies that u(t) = A(t)u(t) is exponentially stable if

KLlog(min{2, K}) < w?. (2.1)

2.2 Discrete time systems

Theorem 2.3. Suppose that A € Yk, 1, for some (K,w,L) € Ry X Rsg x Ryg. Then, for
B := VvV KLe*, every solution u: Ng — CV of up,+1 = A, u, satisfies

(i) unll < Krmmemt=mla,, |, V (n,m) € A,
(i) funll < Kexp{B*(n —m)*/4 —w(n —m)}[lun, V (n,m) € A,
(i) [lunll < K exp {(Bv/I0g2 — w)(n — m)} |t Y (n,m) € A,
(V) Nual < 5{Q+B)"™+ (1= 5"} Ke =™ [[uy |, V (n,m) € A.

The above theorem is proved in Subsection 5.2.

Remark 2.4. (Bound comparison and time-scales)

Bounds (ii) and (iii) are the respective small and long time analogs of the corresponding
continuous results. Such bounds are particularly useful if 3 < 1, when it is harder to obtain
sharp discrete bounds directly.



A direct discrete approach works better if § > 1. Comparing the growth rate of (iii) and (iv)
for large n—m, we see that the direct discrete bound (iv) is sharper than (iii) if

6> By~ 043 such that exp(foy/log2) =1+ Fy.

For some problems, the trivial bound (i) is best, particularly for small n—m if a special norm
is chosen so that K is close to, or equal to, 1.

Remark 2.5. (Exponential stability criteria)
By inequalities (i), (iii) and (iv), a system A € X, 1, for some (K,w, L) € R>; X R>g X Rs
is exponentially stable if

w > min {log (14 75), B+/log2, log K} (2.2)
2.3 Continuous and discrete generalisations of a counterexample
of Hoppenstaedt

The following examples generalise a well known example of [11].

Example 2.6. Description of system: Define A(-) : Rsg — C**2 for a > 6 > 0 by

AW = Qa0 Qo= | g S = 0] ey

Properties of the frozen systems: Since Q(7) is orthogonal,

<l+at, Vr,t>0. (24)
2

[ATH ), = Q)M QT (), —||eA0t||2—H{1 “t]

Lipschitzian properties of A(-): We observe that, for all ¢, s > 0,
IA®) = A(s)[l2 = |QT (1) A0Q(t) — Q" (5)AQ(3) |2 = |QT (t — 5) AoQ(t — 5) — Aoz,

and also

1QT (1) A0Q(t) — Aoll2 = a =alsinft|, Vt>0.

—sin?0t  sin 6t cos 6t )

{ sin Ot cos Ot  — sin® Ot }

Hence,
|A(t) — A(s)||2 = al|sin(6(t — s))| < ab|t — s|, Vi, s> 0.

Properties of the time varying system: If u : R>q — C? is a solution of (1.1), define

z:Rsg— C%  t () = QT (t)u(t) and B = {O “ 9] :

0 0



Since Q(1)TQ(t) = [ 0 _g } for all ¢ > 0, we obtain
i(t) = Q) ult) + QT (t)u(t) = ()" Q(t) + Ao)a(t) = Bu(t).
Since B% = 0(a — 0)I,

o= iBm(zm) ( 2m—|—1) ->

| coshlpa oy Je52 sinhfoa - 9)]1/2t
- \/@9 sinh[f(a — 6)]2t  cosh[8(a — 6)]"/2¢
For all t € Rxo, [lu(t)]|2 = |Q()x(t)[|2 = [lz(t)[|l2 = [le"*2(0)]|2 and z(0) = u(0). Hence,

e @l le”2(0)]|2
X max BTN
w©ec\{0} [[u(0)]]2  a@ec\{oy  [|z(0)]|2

ot
2m+1 1

m 2m (a—0)t
t |i 1 2m+1 :|

= e l2 > exp (B(a—0))1) . (25)

Comments: We observe that whilst solutions of the frozen time systems only grow at most
linearly with time, those of the time-varying system may grow exponentially. Choosing
€ € (0, /O(a — 0)) and replacing A(t) by A(t) := A(t) — el has the effect of multiplying the
RHS of (2.4) and (2.5) by e~“*. This makes the frozen time systems exponentially stable, but
leaves the time—varying system exponentially unstable, and does not affect the Lipschitzian
properties of A(-).

Example 2.7. The Euler method for Example 2.6
The Euler method for (2.3) is

Unr1 = (I + hA(nh))u, =: T,,(h)u,, n € Ny, (2.6)
where h > 0 is a time-step. Thus, for () as in Example 2.6,

7300 = QT T = | o |

Properties of the frozen system: The approximation is exact here, so (2.4) implies that

T (h)||2 = HeA(”h mhy < 14 amh, V(n, m) € N2. (2.7)
Lipschitzian properties: We observe that

[T (h) = Trn(h)|l2 = |Q(nh)To(h)Q(—nh) — Q(mh)To(h)Q(=mh)|2
= [Q((n — m)M)To(M)Q(~(n — m)h) = To(h) |2, V¥ (n, m) € NG,




Also,
T | i Y|
= ah|sin Onh|, Vn e Np.
Hence,
|75 (h) — T (h)||2 = ah|sin(d(n — m)h)| < adh?|n —m)|, ¥ (n, m) € N2 (2.8)

Properties of time—varying system: If u, : Ny — C? is a solution of (2.6), define

z: Ny — C?, n— T, = Q(—nh)u,.

Hence,

Tnt1 = Q(—=(n+ Dh)upy1 = Q(—(n + 1)h)Q(nh)To(h)Q(—nh)uy,
cosb@h —sinbBh + ahcosbh

= Q=M To(h)zn = sinfh  cosOh+ ahsinfh | " B(h)za, Vn €No.

Since g = ug, and Q(-) is orthogonal,

[unl2 (P
= = [|B"(h)[la > p"(B(h)),  n €N 2.9
uoeC2\{0} |luollz  woeC2\{0} |02 1B (A)ll2 = p*(B(R)) 0 (2.9)

As a > 0 > 0, there is a unique hy € (0, 7/0) such that ahy = 2tan(6hy/2) and ah >
2tan(0h/2), for all h € (0, hy). Elementary trigonometry now implies that

w(B(h)) =0o(h)++/o%(h)—1>1, o(h) := cosOh+(ah/2)sinOh > 1, Vhe (0, hy).

Comments: We observe that whilst solutions of the frozen systems only grow at most linearly
with time, those of the time-varying system may grow exponentially. Replacing A(t) by
A(t) = A(t) — el for € € (0, v/0(a — #)) multiplies the RHS of (2.7) by (1 — eh)™, for all
sufficiently small h > 0, rendering the discrete frozen systems exponentially stable. This
change has no effect on the Lipschitzian properties of the discrete system. A similar analysis
to the above shows that p(Bc.(h)) > 1 for all sufficiently small ~ > 0, implying that the
discrete time-varying system is exponentially unstable in that parameter range.

Remark 2.8. The fact that the Euler method in Example 2.7 inherits both the stability
of the frozen time systems and the instability of the time-varying system for all sufficiently
small h is an expected consequence of consistency. This would be true for any consistent
one-step method — even a very stable one, such as Backward Euler. Thus, to establish the
stability of a discrete time-varying system for any consistent method, more is required than
the stability of the frozen time systems combined with a Lipschitz condition of the form
(2.8). In general, one also requires additional information about the underlying system, such
as (2.1), or a corresponding bound on the discretisation, such as (2.2).



3 The stability of a Backward Euler approximation

Here, we consider the approximation of (1.1) by the Backward Euler method. For a time-step
h > 0, the equation of the method is

Unt1 = Up + hA((n+ 1)h)upyq, n € Npy. (3.1)

Under suitable assumptions on A(-), Lemma 3.1 below shows that the sequence (75,(h))ne:n,
of matrices in CV*¥ given by

T,(h) := (I — hA((n+1)h))7 1, n € Ny, (3.2)
is well defined. This allows us to rewrite (3.1) as the discrete time-varying system
Unr1 = Tn(h)uy, n € Ny, (3.3)

and to attempt to establish the stability properties of the Backward Euler method using
Theorem 2.3.

Lemma 3.1. Suppose that h > 0 and that A() € Sk, 1, for (K, w, L) € Ry x R>g x Ryy.
Then, for each n € Ny, T,,(h) given by (3.2) is well defined, and

IT™(h)|| < K(1+ho)™,  me N, (3.4)

Proof: For every m € N,

[e%¢) tm_l
/ 6—(I—hA(nh))t dt
o (

Iz = namy = | [~ s

[e’e] tm_l
< — Ke HeMt 4t — K(1 4+ wh)™™

where the boundedness of the RHS ensures the well-definedness of the LHS. The case m = 0
is clear, as K > 1. O

Lemma 3.2. Suppose that h > 0 and that A(-) € Sk .1 for (K, w, L) € Rs1 X R>g x Rxo.
Then,
|7 (h) — T (h)|| < LK?*(1 + wh)2h*n — m|, V(n, m) € N2. (3.5)

Proof: As in the second resolvent identity,
(I — hA(nh))™ — (I — hA(mh))™" = h(I — hA(nh))"*[A(nh) — A(mh)](I — hA(mh))™*.
Thus, by (3.4) and the Lipschitzian properties of A(-),

T (h) = Tu(R)|| < [I(1 = RAR)) T I( = hA(mA)) ™ [A]| A(nh) — A(mb)|
< K*(1 +wh)2hL|nh — mh| < LK*(1 + wh)%h*In — m].



Lemma 3.3. Suppose that h > 0 and that A(-) € Sk w1 for (K, w, L) € Rs1 X R>g x Rxo.
Then, for § :== VK3L, every solution u: Ny — CV of u,+1 = T (h) u, satisfies

() [unll < K" (1+wh) =07y |, v (n,m) € A,
(i) Nunll < K1+ wh)=0= exp {6*(n — m)*h?/4} [[un, v (n,m) € A,
(i) [Jun|| < K(1 4 wh)= =™ exp {(6y/10g 2)(n — m)h} |[un ||, YV (n,m) € A,

(iv) fuall < {1+ 6R)"™™ + (1 = 6h)"™™} K(1 + wh)~ "™ |juy|l, V (n,m) € A.

Proof: By Lemmas 3.1 and 3.2,

To(hW)neny € Sr - 7, for K=K, L:= K>Lh*(1+wh)™!, & := log(1 + wh),
0 K,o,L

(where L has been increased by a factor of (1+wh) for convenience). Applying the conclusions
of Theorem 2.3 with

B3:=VKL® =vVE3LR =6h and e ©=(1+wh)",
we obtain (i)—(iv). O
The following is clear from bounds (iii) and (iv) in Lemma (3.3):

Theorem 3.4. Suppose that A(-) € S8k, .1 for (K, w, L) € Ry x Rsg X Ryg. Then, (3.1)
s exponentially stable if

w > min

{ L, exp(h\/K?;f;logQ)—l}. (3.6)

Remark 3.5. (Stability criteria)
Bounds (i) and (ii) in Lemma 3.3 may be the sharpest for small n—m. Inequalities (ii)—(iv)
all give rise to bounds of the form

V7 >0V (h,n) €Rogx Ny such that nh € [0, 7] :  |un| < M|ugll.

The condition for exponential stability of the method, given by (3.6), is good in the sense
that it is essentially h—independent, (with a mild improvement as h — 0+). However, w is
required to be approximately a factor of K larger than in (2.1). This factor arises in the
Lipschitz analysis of T,,(h). In the non-stiff case, where h||A(+)||s < 1, approximation could
be used to bound solutions of the method indirectly.
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4 Stability for a one—leg multistep approximation of a
scalar problem

Here, we show how the general observations made above apply to the approximation of a
simple time—varying problem.

We consider the approximation of the time-varying scalar equations of the form

where X : R5y — C is assumed to be Lipschitz continuous; i.e.
ALy >0Vt s>0 : |A(Et) = A(s)| < Ly|t —s|. (4.2)

A g-step one-leg method approximating (4.1) can be taken to be of the form
q q
Z QjYn+j = hA(nh) Z BiYn+j, n € No, (4.3)
5=0 5=0

where h > 0 is the time-step, and the coefficients ag, 5y ..., oy, 3, € R are chosen so that
the corresponding linear multistep method is irreducible and has order p € N. It is assumed
that numerical initial data o, y1, ..., ys—1 is generated by some other method. It is known,
see e.g. [10, Ch. V], that the stability properties of the linear multistep method may be
studied in terms of those of the one-leg method.

Let C denote C U {oco}. We define the companion matrix C' : C — C* " by

0 1
cey=| o e@=-EE 0<i<e-1 ()
W) | @) )

where we follow the convention that ¢j(co) = lim, o ¢;(2), 0 < j < ¢ —1.

Setting z, := hA(nh) for n € Ny, we define
A, = Clz), Up o= [Yny -+ s yn+q_1]T e C, n € Ny, (4.5)
for a solution (y,) to (4.3). We now observe that (u,) satisfies the system
Upi1 = Aptly, n € Ny, (4.6)

which is of the form (1.2).
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A matrix B € CN*¥ is called power—bounded if, and only if,
JK>0VneN, : |B"|| <K.

The linear stability region for the linear multistep method corresponding to (4.3) is

§:={z€C| C(2) is power-bounded }. (4.7)
Example 4.1. (Numerical instability for rapidly varying \) Consider (4.1) for
1 t
NiRog o C, tro Af) = — o 798608(” ), (4.8)

Suppose that the scalar system (4.1) is approximated by the BDF4 one-leg method. In this
case, the method is given by (4.3) for ¢ = 4, and coefficients

25

1
3. —4. ==
) 712

[CY(), aq, (g, (g, 044] = |i_

4
43

} ; [Bo, Br, Bas B3, Ba) = (0,0, 0,0, 1].

The companion matrix corresponding to BDF4: C : C — @4X4, is defined by (4.4) with
q = 4. If the time-step is h = 1, then

—20, n even,
= hA(nh) = { ~1/4 n odd.

Asin (4.5), let A, := C(z,), n € Ny. Hence, for n € Ny,

0 1 0 0 01 00
0 0 1 0 00 10

Ao = C(=20) = 0 0 o 1| An=CEN=1 54 o4
_3 16 _ 36 48 _3 16 _ 36 48

265 265 265 265 28 2 28 28

Straightforward calculations show that {—1/4, —20} C 8:
i(Aan) = p(C(=20)) = 042, (2dp),  pl(Asnsr) = p(C(=1/4) = 0.78, (2 d.p.)
Now o, = Agp_1A40,_o ... A1 Agug, where the product
Agp1 ... A1 Ag = (A1 Ap)" = (C(—1/4)C(-20))", n € Ny.
The stability of the system is therefore determined by
u(C(—=1/4)C(-20)) =1.02, (2d.p.)

Since pu(C'(—1/4)C(—20)) > 1, we deduce that there are initial conditions uy € R such that
||un|| grows exponentially with n; i.e. the BDF4 method with h = 1 is unstable for this
differential equation.
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Theorem 4.2. Consider the scalar time—varying equation (4.1), such that A : Rsg — C sat-
isfies (4.2). Suppose that (4.1) is approximated by a one—leg method (4.3) with corresponding

linear stability region 8 C C, as in (4.7). Assume also that D C § is closed and that

Vh>0VneNy : hA(nh) € D. (4.9)

Then, there exist (K, w, E) € R>1 x R>g x Ry such that, for all h > 0 and B =V KZ@‘“,
any solution u of (4.6) satisfies

(2) llunll < K exp {[(10g 2)"/2Bh — win} |uo]. ¥ e N,

(b)|m4|g%{(L+Emn+(1—§mn}KeWﬂmdL ¥ n € Np.

Remark 4.3. Under slightly stronger conditions than the hypotheses of Theorem 4.2, the
conclusion of Prop 4.4 below may be strengthened to

IK, @, hg>0 VYneNy YhA(nh) € D : ||C"(hA(nh))| < Ke™™".
In this case, the results of Theorem 4.2 can be improved to

() uall < K exp { [(log 2)/23 = Bl } [Juol Vn € No,

) Junll < 3 {1+ Br)y" + (1= B)" } Keouo]l, ¥ n € N,

where B := V/ K LePho, These bounds are similar to those already encountered in Sections
2 and 3. Considering (a’), for example, the condition for the exponent (log2)'/?3 — @ to
be negative is qualitatively similar to conditions found in Theorem 2.1 for the continuous
problem to be exponentially stable: we observe that L depends linearly on the Lipschitz
constant for A(-), (see the proof of Theorem 4.2 below,) and w is closely related to the
exponential decay rate for the frozen time continuous systems.

Quantitatively, as observed for the Backward Euler method in Remark 3.5, the exponent
(log 2)'/23—@ also depends on the method. For (a’), L also depends on the Lipschitz constant
for the companion matrix, (see the proof of Theorem 4.2). As for Backward Euler, bounds
(a’) and (b') may be sharpened in the non-stiff régime, h||A(-)||o < 1, by first bounding the
continuous problem, and then bounding the method using an approximation argument.

In the remainder of this section we prove Theorem 4.2. To this end we quote some results
from the literature and prove two lemmas.
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Proposition 4.4. [6, Theorem 3/, [10, Lemmas V.7.3, V.7.4]
Consider C(-) as defined in (4.4). If D C 8 is closed in C, then

dK>0VneNy VzeD : |C"'2)] <K. (4.10)
If D C int[8] is closed in C, then
dK,w>0VneNy VzeD : [C"2)| < Ke ™" (4.11)

Remark 4.5. Without loss of generality it may be assumed that K > 1in (4.10) and (4.11).

Lemma 4.6. (A uniformly bounded companion matrix s uniformly Lipschitz)
Consider C' as defined in (4.4). Suppose that D is closed in C, and that

JK>0VzeD : ||C()|<K. (4.12)

Then,
dLe>0Vz,weD : ||C(z) —C(w)| < Lelz — w. (4.13)

Proof: From (4.12), we deduce that

E'K0>0 VZEDVJE{O,,C]—l} : ‘Cj(Z)|§K0. (414)
Since the method is irreducible, there is no z € C such that a; = gz forall j € {0, 1, ..., ¢}.
Consequently, (4.14) implies that

1
1Ky >0Vze D : — <Kj.
g — 2034
Hence,
K, >0VzeDVje{0,....,q—1} : |d(2)] :M < K.
g — 2034

Thus, we obtain (4.13). O

Lemma 4.7. Consider (4.3) and suppose that X\ : R>g — C satisfies (4.2), D C 8 is closed
and (4.9) is satisfied. Then, in the notation (4.4), (4.5),

3L>0Vh>0Y(n,m)€D :  |An— Apll < Lh%n —m). (4.15)
Proof: By (4.9), (4.13) and (4.2),
|4, — Al = IC(RA(nR)) — C(RA(mh))|| < Loh|A(nh) — A(mh)| < LeLyh?ln —m|. O

Proof of Theorem 4.2:

The hypotheses of Theorem 2.3 are implied, firstly by the assumption on D and Proposi-
tion 4.4, and secondly by the assumption on (4.9) together with Lemma 4.7. Noting that
L = Lh? and 3 = Bh, we obtain (a) and (b) from parts (iii) and (iv) of Theorem 2.3. 0



14

5 Proofs

5.1 Continuous time systems

Lemma 5.1. For (K,w,L) € R>1 XxRsgxRsg and f : Rsg — Ry, the following statements
are equivalent:

(i) VA€ S8kur Vsins. wof (1.1)V (t,s) € D |lu@)| < f(t—9)|uls)],
(ii) VA€ 8kpr Vsins. wof (L1)VE>0: |u®)| < f(t) ||w(0)].
Proof: It suffices to prove “(ii) = (i)”.
Let u of be a solution of u(t) = A(t)u(t) satisfying (ii). For arbitrary but fixed s > 0 we

have
Lu(t+s)=At+s)u(t+s), and A(-+5) € Sxwr

Thus, (ii) yields
Vi20: Jlult+s)] < f(#) [lu(0+s)].

Setting 7 :=t + s impies that
Vrzs: flu(n)] < f(r—s) [Juls)],

and (i) follows since s is arbitrary. O

In the context of exponential stability, the above lemma is of particular interest for
f(t) ;= Me™™, for some (M, n) € R>; x Rsy.

Lemma 5.2. (Primary integral inequality)
Suppose that A € Sk .1, for some (K,w,L) € R>1 X R5¢ x Ryg.

Then every solution u of (1.1) satisfies

t
VE>0 Vp>0 ¢ [lu@®)] < Ke lu(0)] + KL/ |5 = ple™ I lu(s)l| ds.  (5.1)
0

Proof: Given p > 0, then every solution u of (1.1) satisfies

u(t) = eA@hy(0) +/ AP A(s) — A(p)]u(s) ds, t>0.
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Taking norms, and invoking the properties of class Sk . 1,
t
lu@®)]| < Ke ' [Ju(0)] +/ Ke I L|s — pl[lu(s)|| ds, ¢ >0,
0

we obtain (5.1). O

The number of independent parameters is reduced by the following scaling lemma.

Lemma 5.3. (Scaling and the function r)

Suppose that A € 8k, 1, for some (K,w,L) € Rs; X Rsg x Ryg, and r : Ry — Rxq is a
bounded piecewise continuous function. For a solution u of (1.1) such that u(0) # 0, the
function

t/a)ll
‘R R §) iz gotfel /| h = VKL 2
U:Rsp — Rso, Ut) :=e Klu(0)]" where « , (5.2)

satisfies the integral inequality
U(t) < 1+/0t|s—r(t)\U(s) ds, Vit > 0. (5.3)
Proof: For the given function r, we may take p = r(¢)/a in (5.1) to obtain
“u®)]| < K[u(0)] + o /Ot s —r(t)/ale|[u(s)]| ds, Vi =0.

Dividing by ||u(0)|| > 0 and scaling time by 1/, we obtain (5.3). O

Lemma 5.4. (A comparison inequality)
Suppose that for some ty > 0, r : [0, to] — Rs¢ and w : [0, tg] — R are bounded piecewise
continuous functions satisfying

w(t)g/o s —r(®)w(s) ds,  Vte [0, t). (5.4)

Then,
w(t) <0, Vt e [0, tol. (5.5)

Proof: From (5.4)
w(t) < /0 |s —r(t)|w(s) ds < /0 |s —r(t)|wy(s) ds, Vit e |0, t],

where w, := max{w, 0}. Since the RHS is non-negative, and

Vtel0,t] Vsel0,t] : |s—r(t) <max{s, r(t)} <max{t, r(t)} =: R(¢),
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we conclude that .
wy(t) < R(t)/ wy (s) ds, vVt e [0, tol. (5.6)
0

Let {0 =79, 71, ..., T = to} be a partition of [0, ¢o], such that the restrictions of R and w to

t
each subinterval (7,,, T,,+1) are continuous. Then, (5.6) implies that, for I(t) := / wy(s) ds,
0

Vm e {0, 1, ... n—1} V€ (r, Tmsr) : %I(t) < R(#) I(1).

The fundamental theorem of calculus now implies that

Taking t = 7,01 in (5.7), and observing that [(0) = 0, it follows that I(7,,) < 0, for
m = 0,1, ..., n, by induction. Inequality (5.7) then implies that I(t) < 0, t € [0, o]
Inequality (5.5) now follows from (5.6). O

Lemma 5.5. (Integral supersolutions yield upper bounds)
Suppose that A € S8k, 1, for some (K,w, L) € Rs1 XxRs¢ xRsg. Suppose also that v : Ry —
R>p and r : R>g — Rs( are bounded piecewise continuous functions satisfying

v(t) > 1+ /Ot |s —r(t)|v(s) ds, Vit e [0, to], (5.8)

for some ty > 0. Then, the function U defined by (5.2) satisfies

U(t) <w(t), Vit e |0, to]. (5.9)
Proof: By (5.3),
Ut) < 1—|—/t|s—r(t)|U(s) ds, Vit e [0, to]. (5.10)

The function w : [0, ty] — R, defined by w(t) := U(t)—wv(t), is bounded piecewise continuous.
Furthermore, subtracting (5.10) from (5.3), we deduce that

w(t) < /0 |s —r(t)|w(s) ds, Vit e |0, t).

Inequality (5.9) now follows from Lemma 5.4. O



Lemma 5.6. (Sufficient conditions for a supersolution)
Suppose that, for some ty > 0, v : [0, tg] — Rso and r

17

: [0, to] — Rso are continuous

functions, with r differentiable on [0, to] except at a finite number of points. Suppose that

v(0) > 1, and that the following inequalities are satisfied for almost all t € [0, to] :

t> T‘(t),
7(t) >0,
v(t) > 27 (t)v(r(t)
0(t) > (t—r(t))v(t),

Then, v and r satisfy (5.8).

Proof: Integrating (5.13), we obtain

/Otv(s) ds > 2/:7*(5)21(7“(5)) ds = Q/OT(t) v(s) ds,

Hence, applying (5.11),

r(t) t t
02[: m@ds—/év@)mziésgmmw—ﬂwgd& Vie 0, t).

For all but a finite number of ¢ € [0, ¢y], elementary calculus implies

d t
a/o Ir(t) — s|v(s) ds =

Hence, applying (5.12) and (5.14), we conclude that

o(t) > (t—r(t))v(t) + 7'“(1&)/0 sign[r(t) — sjv(s) ds = —/ Ir(t) — s| v(

Vte [O, t()].

(t—r(t))v(t) + 7(t) /0 sign[r(t) — sjv(s) ds.

(5.15)

for all but a finite set of t € [0, #5]. Integration and the inequality v(0) > 1 imply that v

satisfies (5.8).

Lemma 5.7. (Supersolution suitable for small t)
The functions vy, r1 : Rsg — Rso, defined by

on(t) =" r(t)=t/2, Yt>0,

satisfy
t
vi(t) > 1—|—/ |s —r1(t)|vi(s) ds, Vit > 0.
0

O

(5.16)

(5.17)
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Proof: Verifying the hypotheses of Lemma 5.6, we observe that the conditions (5.11), (5.12)
are satisfied by r(t) for all ¢ > 0, whilst v,(0) = 1,

0 (t) = %et2/4 = (=)o),  w(t) > o(t)2) = 2 (D (r (), t>0.

Hence, (5.8) is satisfied for all ¢y > 0, and so we obtain (5.17) by Lemma 5.6. O

Lemma 5.8. (Long time supersolution)
Let vy, 79 : Rsg — R be defined by

Z((g - :}1{1’22)_ ¢ 0}, } t>0; c:=+/log2. (5.18)
Then, t
vo(t) > 1 +/ |s — ra(t)|va(s) ds, Vit >0. (5.19)

Proof: Verifying the hypotheses of Lemma 5.6, we see that conditions (5.11), (5.12) on 7y
are satisfied, except at t = ¢. Also, v9(0) = 1 and

0o(t) = ce® = (t — (t — ¢))e” > (t —max{t — ¢, 0})e” = (t — ro(t))va(t), Vit > 0.
Since 74(t) = 0 for t € [0, ¢), (5.13) also holds for t € [0, ¢). Since 75(t) =1 for t > ¢,
29 (t)va (ra(t)) = 29 = et = 1y (1), Vit >c,

and so (5.13) holds for all ¢ € R5¢ \ {¢}. Applying Lemma 5.6, we deduce that (5.8) is
satisfied for all ¢y > 0. Hence, (5.19) follows from Lemma 5.6. O

Lemma 5.9. (Short time bound implies a long time bound)
Suppose that for (K, w, v) € R>1 X Rsg X Ryg, u: Rsg — Rsq satisfies

u(t) < Kexp {7*(t — s)*/4 —w(t — s)} u(s), V(t, s) eD. (5.20)
Then,
(t) < K exp {(7 log K — w)t} a0),  Vt>o0. (5.21)

Proof: Set t; := 2y7'y/log K. Then, (5.20) implies that
a((n + 1)) < exp ((7 log K — w) tl) i(nt)),  VneN,.

Hence,
u(nty) < exp ((7 log K — w) ntl) u(0), Vn € Np. (5.22)
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For n € Ny and 7 € [0, t;), taking t = nt; + 7 and s = nt; in (5.20) implies that

u(t) < Kexp (v*72/4 —wr) t(nt;) < K exp ((7\/10g7K/2 - w) ) (nty).

Combining with (5.22), we obtain (5.21). O

Proof of Theorem 2.1:

If w(0) = 0, then both (i) and (ii) are clear. Assume now that «(0) # 0.

Proof of (i): The functions r; : R>g — R>p and v : R>g — R>( defined in Lemma 5.7 satisfy
(5.8) and the other conditions of Lemma 5.5 for all ¢, > 0. Consequently, by (5.2),

wt/a”u(t/a)H <U ¢ €t2/4 Vt>0
Ku)] <@ =" 20,

where a := /K L. Taking the scaling 7 = at and multiplying by K|u(0)|le=f, we obtain
lu()]] < K exp(a®t? /4 — wt)|u(0)]], vt >0, (5.23)
which is inequality (i) in the statement of Theorem 2.1 for s = 0. By Lemma 5.1, we deduce

the general case for (¢, s) € D.

Proof of (ii) when K € [1, 2]: We observe that bound (i) implies that the hypotheses of
Lemma 5.9 are satisfied for u = ||u(-)|| and v = a. Hence, we obtain bound (ii) for s = 0.
The general case (¢, s) € D now follows from Lemma 5.1.

Proof of (ii) when K > 2: The functions ry : Ryg — R and v, : R5g — Ry given by
Lemma 5.8 satisfy (5.8) and the other conditions of Lemma 5.5 for all 5 > 0. Consequently,
by (5.2),

wt/a”u(t/a)n < ot _6ct V>0
K@) =0 = =0

where ¢ := \/log2. Taking the scaling £ = at and multiplying by K|ju(0)||e™f, we obtain

lu(t)]] < K||u0]|exp<<\/m—w) t), Vit > 0.

Applying Lemma 5.1, we obtain statement (ii) of Theorem 2.1 for K > 2. O

5.2 Discrete time systems

Lemma 5.10. For (K,w,L) € Rs; xRsg X Rsg and f : Ny — Rxq the following statements
are equivalent:

(i) VAe Ak Vsins. uof (L2)V (n,m) e A |u,| < f(n—m)||unl,
(ii) VA€ Ak Vsins. u of (1L2)VneNy: |u,] < f(n)|uol-
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We omit the proof, since it is analogous to the proof of Lemma 5.1.

Lemma 5.11. (Primary summation inequality)
Suppose that A € Yk, 1 for some (K,w,L) € R>1 X Rsg x Ryg. Then every solution u of
(1.2) satisfies

n—1

|un|| < Ke™™||uo|| + ZKe_w("_l_i)Lﬁ — p| [Juill, VneN Vp>0. (5.24)
i=0

Proof: Let u : Ny — CV be a solution of (1.2). Consider first the special case of p € N.
Then,
Upt+1 = Apun + (An — Ap)un, Vne No.

By the discrete variation of constants formula,

n—1

u, = Ajug + Z A;‘_l_i(Ai — Ap)u; ds, Vn € Np.
i=0
Taking norms, and invoking the properties of class Ak, 1, (5.24) follows.
Suppose now that p = 0k + (1 — 0)(k + 1) for k € Ny and 6 € (0, 1). Since no integer i
satisfies k <i < k+1,
Vie Ny: i —kl+(1=0)i—(k+1)|=10i—k)+(1=-0)(G—(k+1))]=|i—p|

Hence, (5.24) follows for p by taking a weighted average 6 and (1 — 6) of (5.24) for p = k
and p = k + 1, respectively. Thus, we obtain (5.24). O

5.2.1 Connection to the continuous case

Lemma 5.12. (The summation inequality implies a scaled integral inequality)
Suppose that A € Y, 1, for some (K,w, L) € R>; x Rs¢ x Ry, and that r: R>g — Ry is
a bounded piecewise continuous function. For u: Ny — CV a solution of (1.2) with uy # 0,
the bounded piecewise continuous function

|

K|luol|

U:Rsg— Rsg, t U(t) := n=1t/8], t>0, B=+vVKLe, (525)

satisfies the integral inequality (5.3),

t
Ut)<1 +/ |s —r(t)|U(s) ds, Vit >0.
0



21

Proof: We first observe that

i im —(p—1/2)], p € Rxo\ (m, m+1),
/ |s — p|ds = (5.26)
n gl 4 B > m — (p = 1/2)], p € (m,m+ 1),
We define the bounded piecewise continuous function,
=~ ~ e |ual
U:]R>0—>]R>0, tHU(t): s n:LtJ, tZO
- - K ||uol|

Given t > 1, let n = [t]|. Then, (5.26) with p = r(5t)// and Lemma 5.11 imply that
n—1

" wm HUmH
< 1+ KLe Z\m_ r(Bt)/8 —1/2)le K||uo|

S |

U0 = ]

m—+1

< 1+522/ s — r(81)/8I0(s) d

< 1+52/ ls — r(Bt)/B|U(s) ds, V> 1.
0

Givent€0,1),0<U(t) =1/K < 1.

Combining these two estimates, we deduce that
t
Ut) <1 +ﬁ2/ |s —r(Bt)/B|U(s) ds, Vit > 0.
0

Noting that U(t) = U(t/B), t > 0, we deduce that U satisfies (5.3). O

Lemma 5.13. (Comparison result for a continuous supersolution)
Suppose that A € Yk, 1, for some (K,w,L) € R>; X Rsg X Ryg, and that v : Ryg — Ry
and r : R>g — Rx( are bounded piecewise continuous functions satisfying

v(t) > 1+/0t|s—r(t)|v(s) ds, Vit >0.
Then, for u: Ng — CN a solution of (1.2),
|un|| < Ke ™o (6n)||uoll, n € Ny, B =V KLe“. (5.27)
Proof: If ug = 0, the result is trivial. Else, uy # 0, and by Lemma 5.12, the function U

defined by (5.25) satisfies (5.3). So, by Lemma 5.5,

e[|

KlJuo
Hence, we obtain (5.27). O

= U(Bn) < v(fBn), n € Np.
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5.2.2 A direct discrete approach

Lemma 5.14. (A scaled summation inequality)
Suppose that A € Yk, 1, for some (K,w, L) € Rs1 x R>g x R, that u is a solution of (1.2)
with ug # 0, and that r : N — R>q. Then, the function

= 5o e unll
U : NO — ]R>(), n — Un = s (528)
- K [uo|
satisfies the inequality
Up <148 Im=rm)|Un,  neN,  B=vVKLe. (5.29)

m=0

Proof: For n € N, we observe that we may choose p = r(n) in Lemma 5.11 to obtain

n—1
[unll < Ke™"[lugl| + KLe* > e ™ |m — r(n)||unl,  neN.
m=0
Dividing both sides by Ke™“"||lugl|, we obtain (5.29). O

Remark 5.15. Unlike the continuous case, the factor (3 is not scaled out in (5.29).

Lemma 5.16. (Discrete supersolution and comparison result)
Suppose that A € Y1 for some (K,w,L) € Rs; X Rsg X Rog. Suppose also that the
sequence (Up)nen, With real elements satisfies vg > 1/K and

n—1
Uy > 1+ﬁ2Z|m—r(n)|vm, n e N, B =VKLe*, (5.30)
m=0

for some function r : N — Rsq. Then every solution u of (1.2) satisfies

[un|| < Ke™"vpuo, n € No. (5.31)

Proof: If uy = 0 the result is trivial. If ug # 0, consider the function w : Ny — Ry,
n +— w, := U, — v, where the sequence (U,) is as in (5.28). Subtracting (5.30) from (5.29),
we obtain

n—1
W € B Y Im =@, e
m=0

Since wy = 170 —v9 = 1/K — vy <0, the inequality w, < 0 for n € Ny follows by induction.
Hence, we deduce (5.31). 0
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Lemma 5.17. (Discrete supersolution suitable for large n)
Suppose that 3 >0, and let the real sequence (v, )nen, be defined by

V ::%{(1+ﬂ)”+(1—ﬂ)”}, n € Np. (5.32)
Let r: Ny — R>( be defined by
r(n):=n-—1, n € N. (5.33)
Then, vg =1 and )
v, =1+ 3 "i |m —r(n)|vm, n € N. (5.34)
m=0

Proof: Assume that v € R\ {1}, and define S,(v) := 3"} (n — 1 —m)y™, n € N. Then,

m=0

Spt1(7) = Su(y) =) A" = neN.

Since S1(7) = 0,

3
—
3
|
—

B Y-l =1=n(y 1)
Sn(’y) - m:1[5m+1(7) - Sm(’y)] — mz::l N — 1 - (’Y — 1)2 ) neN
Thus, for (v,) and r as in (5.32) and (5.33), respectively,
n—1 n—1
L+ 82> fm—r(n)jom =145 (n—1-m)v,
m=0 m=0
/62
— 1+ 5 {Sa1+8) + 5.0 - 8)}
=14 {0 1 =g+ [0 =B~ 14nfl} =v., meEN,
and vg = 1. O

Proof of Theorem 2.3: Bound (i) follows from the inequality,

[uniall = [[Anunll < [[Anlllunl] < Ke™"[Jun], n € No.

Bounds (ii) (iii) follow from the comparison result, Lemma 5.13, and the properties of the
continuous supersolutions v; and v, shown in Lemmas 5.7 and 5.8, respectively.

Bound (iv) follows from the discrete comparison result, Lemma 5.16, and the properties of
the supersolution (5.32) shown in Lemma 5.17. 0
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