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3 Abstract

4 For d,k € N with k£ < 2d, let g(d,k) denote the infimum density of binary
d

5 sequences (7;)icz € {0, 1} which satisfy the minimum degree condition 3 (z;4; +

j=1
xi—;) > k for all i € Z with z; = 1. We reduce the problem to determine g(d, k)
to a combinatorial problem related to the generalized k-girth of a graph G which
is defined as the minimum order of an induced subgraph of G of minimum degree
at least k. Extending results of Kézdy and Markert, and of Bermond and Peyrat,

© o ~N o

10 we present a minimum mean cycle formulation which allows to determine g(d, k) for
1 small Values2 of d and k. For odd values of k with d + 1 < k < 2d, we conjecture
12 9(d, k) = 57~y and show that this holds for k > 2d — 3.

13 Keywords: Minimum degree; density; binary sequence; girth; generalized girth;
14 power of cycle
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1 Introduction
Let d € N be fixed. For a two-way infinite binary sequence
X = (:Ui)iGZ = ( o, r_1,To, L1y . - ) € {0, 1}2,

we define the minimum degree 6(X) of X as

d
§(X) = min {Z(x”j + 2 4) | i €L 3 = 1} _

j=1

If x; =0 for all ¢ € Z, then we write X = 0 and call X trivial.
For k € N with k& < 2d, we consider the infimum density ¢(d, k) of non-trivial binary
sequences subject to a minimum degree condition defined as

n

. .. 1
g(d, k) = 1nf{11£rig)1f ] Z zi | X = (z:)icz € {0,1}7, X #£0,5(X) > k} .

i=—n

Considering the binary sequence (z;);ez with z; = 1 if and only if 1 <i < k+ 1, it follows
that g(d,k) = 0 for £ < d. While for such values of k, the calculation of ¢(d, k) is trivial,
for k > d + 1, the calculation of g(d, k) leads to an interesting combinatorial problem.

We prove as our first result that we can restrict ourselves to periodic sequences whose
period is bounded in terms of d. Note that g(d,2d) = 1 for all d € N,

Theorem 1 Let d,k € N withd > 2 and d+ 1 < k < 2d. There is a non-trivial periodic
binary sequence X = (x;)icz whose period p is at most d22*1 such that 5(X) > k and

1 p
k) = — .I']
p ijl

Proof: Let 0 < € < l. Let X = (x;)icz be a non-trivial binary sequence such that 6(X) > k

and hm mf ST +1 Z z; < g(d, k) + e. Since x; = 1 for infinitely many i € Z, we have

j=-n

lirrbriicgf ST Z x> <h71££f52x] —i—hggngZx_]) )

jf—n

By symmetry, we may assume that lim inf * Z z; < g(d, k) +e.

n—o0o

Note that 6(X) > k > d + 1 implies that X does not contain d consecutive 0O-entries.
We call some n € N good if

o Z < g(d, k) 4 2¢ and
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® (Tj,Tj41s-- Tj42d—1) = (Tjp, Tjgts - - -, Tjpr24—1) for some 1 < j; < |en] —2d +1
andn — [en] +1<j,<n—2d+1.

Claim There are infinitely many good n € N.

Proof of the claim: Let ny,ny, ..., nye € N be such that + Z x; < g(d,k)+2efor1 <i<

224 2d < |eny |, and n; < |en;qq ] for 1 <i <224 — 1, Clearly, it suffices to prove that one
of the n;’s is good. For contradiction, we assume that all n;’s are bad. Inductively, this
implies that for 1 < i < 224, the sequence (xj)j {12, [ens ]} contains ¢ distinct subsequences
of the form (x;,xj11,...,2j404—1) with 1 < j < |en;| — 2d + 1 which are different from all
subsequences of the form (x;, 41, ..., %j424-1) With n; — |en; ] +1 < j < n; —2d+1. Since
there are exactly 22¢ distinct binary sequences of length d, this is impossible for i = 22¢,
which completes the proof of the claim. O

Let n € N be good. Let (z;,, 2,41, -+, Tj1+2d-1) = (Tjp, Tjpt1,- - - Ljptad—1) for 1 < ji <
len| —2d+1and n— |en] +1 < j, <n—2d+ 1.

The non-trivial periodic binary sequence X' = (});cz with o} = z; for j; +2d < i <
Jo + 2d — 1 of period p’ = jo — j; satisfies 6(X’) > k and

1 &
!
E Z% <
j=1

If p' > 2d22d then the pigeonhole principle implies the existence of indices 1 < ji,jo < p’

with (], le, s @ g ) = (@, Xy, 0 ) and g1 4+ 2d < gy < gy +p' - 2d.

Let X” = (2);ez be the non-trivial p”-periodic binary sequence with z/ = x} for j; +2d <

i < jo+2d—1 with p” = js —j1 Similarly, let X" = (z!");cz be the non-trivial p”’-periodic

binary sequence with a7’ = z for jo+2d < i < ]1 +p +2d—1 with p" = j;+p'—j5. Clearly,
p///

P p" < p, 6(X"),0(X") > k, and either 7 Zx” < 75 (9(d, k) +2¢) o pi Z 'y

1

(g(d, k) + 2€) .

—5 (g(d, k) + 2¢). This implies that for every O < € < g, there is a non—triv1al perlodlc
binary sequence X = (;);cz whose period p is at most d2?**! such that §(X) > k and

P
1 Z r; < 775 (9(d, k) 4 2¢) . Since for every such sequence X, the quantity % Zlmj is a
]:
ratlonal number whose denominator is bounded by d22¢*+!, the desired result follows. O
For the further investigations, it is more convenient to consider a cyclic binary sequence

X = (IL‘(),ZEh e ;l'p—l) = Tol1..-Tp—-1

of length p instead of a periodic binary sequence (z;);cz with period p. As usual, we will
consider indices modulo the length p. We say that an entry x; of X sees another entry x; of
X if the cyclic distance of x; and z; is at least 1 and at most d. To avoid double-counting,

4
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we define the minimum degree §(X) of X as the minimum number of distinct 1-entries of
X seen by a l-entry of X. Furthermore, we define the density u(X) of X as

1 p
X)) ==Y
P

With these notions, Theorem 1 implies that g(d, k) equals the minimum density of a non-
trivial cyclic binary sequence X of length at most d22*! and minimum degree §(X) > k.

Our original motivation to study g(d, k) comes from graph theory: For a finite, simple and
undirected graph G = (V, E) and k € N, the k-girth g,(G) of G is the minimum order of an
induced subgraph of G of minimum degree at least k. The notion of k-girth was proposed
and studied by Erdés et al. [3-5] and Bollobéds and Brightwell [2]. It generalizes the usual
girth, the length of a shortest cycle, which coincides with the 2-girth.

Kézdy and Markert studied bounds on this generalized girth [7,8]. They conjectured
that the d-th power of the cycle of length n > 2d + 1, denoted by C, is the 2d-regular
graph with largest (d + 1)-girth [8] (see also Chapter 5 of [7]). During the 1988 SIAM
conference, Kézdy [6] posed the problem to determine the exact value of the (d + 1)-girth
of C¢. For odd values of d, this problem was solved by Bermond and Peyrat [1] who proved
that for d + 1 < k < 2d, the k-girth of ij satisfies

9k (ncg) > % (1)

The bound (1) is best-possible whenever k is even in view of the induced subgraph of C?
where n is a multiple of d and which alternately contains g consecutive vertices of C¢ and
does not contain the next d — £ consecutive vertices of C. For odd values of k, Bermond

and Peyrat mentioned results for some small values of d and k, and proved the best-possible
924-1(C) > _2d

n = 2d+1°
An induced subgraph G of C¢ can be conveniently identified with a cyclic binary se-

quence X = (zg,71,...,%,_1) of length n where l-entries correspond to vertices of C4
which belong to G' and 0-entries correspond to vertices of C¢ which do not belong to G.
This correspondence implies that g(d, k) equals the minimum k-girth of the d-th power of
cycles, i.e.

estimate

g(d,k):min{@\nzg}.

The above-mentioned results of Bermond and Peyrat imply that g(d, k) = ;—d ford+1 <k <
2d with even k and that g(d,2d — 1) = %. Kézdy and Markert determined g(4,5) = %
and ¢(6,7) = 21 with the help of a computer. Bermond and Peyrat [1] claimed that

9(5,7) = 2 which is not correct (see Section 2). Furthermore, they conjectured that

d(2d + 3 — k)
(@~ (k—d—2)d— (k- d))

g(d7 k) = 9

bt
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for d+1 < k < 2d with k odd. Since this expression is less than % if and only if
k-3 <4, /1- ﬁ, this conjecture is obviously not correct in view of (1).

Our results are as follows. In Section 2, we explain how for fixed values of d and k, the
problem to determine g(d, k) can be reduced to a minimum mean cycle problem on a
suitably defined directed graph with arc costs. This allows to determine ¢(d, k) and also
the structure of optimal subgraphs of C¢ for many small values of d and k and motivates a
corresponding conjecture explained in Section 3. Moreover, in Section 4, we prove as our
main result that our conjecture is true for k = 2d — 3, i.e. we determine g(d,2d — 3).

2 Minimum Mean Cycle Formulation

Given a directed graph D = (V, A) and a cost function ¢ : A — R, a minimum mean cycle
is a directed cycle
C vy, .. 050

in D for which

n
acA(C)

is minimum. Karp [9] observed that a minimum mean cycle can be found efficiently using

shortest path methods.

Ford e Nand d+ 1 < k < 2d, let D = (V, A) be the directed graph whose vertex set
V' consists of all binary sequences

(xfda sy X1, L0, L1y - - 7$d)

d
of length 2d + 1 with o = 1 and > (x; +x_;) > k and which contains a directed arc (z,y)
i=1
of cost ¢((z,y)) = —i* from a vertex x = (x_g,...,24) to a vertex y = (y_g, . . ., yYa) €xactly
if
(Tix—dy ooy Ty ey Ty ooy Ta) = (Yeddy ooy Uity o e o s YOy« -+ Ydin)

for i* = min{i | 1 <1i < d,x; = 1}. Note that i* is well-defined and that the last condition
implies that  and y can be suitably overlayed, i.e. there is a binary sequence z of length
2d 4+ 147" such that x corresponds to the first 2d + 1 entries of z and y corresponds to the
last 2d + 1 entries of z. See Figure 1 for an illustration.

Theorem 2 If D and ¢ are as above and C' is a minimum mean cycle of D, then

9 b =~z
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7 3
/- 1\
0110[1]1101 1 1110]1[1001
\
/_1 1101[1]1011 1 _2\
\
1101]1[1010 1011]1[0110
\ -/
1011]1][0101 0101]1]1011
N 7/
1110[1]0101 » » 1010]1[1101
T~ —
1010[1]0111

Figure 1: Induced subgraph of the directed graph D for d =4 and k& = 5.

Proof: Clearly, for every directed cycle C' : vjvs...v,v; in D, suitably overlaying the
sequences vy, Vs, ..., 0, — as x and y above — results in a cyclic binary sequence X with

d(X) > k. Since the number of 1l-entries of X equals n and the length of X equals
1

—QE;:C) c(a), we obtain pu(X) = =75y

Conversely, if X is a cyclic binary sequence with §(X) > k, the sequences of length
2d + 1 centered at the consecutive l-entries of X define a directed closed walk W in D.
By Euler’s theorem, W contains a directed cycle C' with ¢(A(C)) < ¢(A(W)). Since the

length of W equals the number of 1-entries of X and the length of X is — > ¢(a), we
acA(C)

obtain ¢(A(C)) <¢(A(W)) = —ﬁ.
These two observations clearly imply the desired result. O

Table 1 summarizes some explicit values of g(d, k) obtained by this approach together with
realizing cyclic binary sequences. In fact, we determined optimal sequences for all values of
dand d+1 <k <2d withd <13, k > 2d — 7, and k odd. For (d, k) = (5,7) for example,
we obtained ¢(5,7) = g—i, and a realizing cyclic binary sequence is
(1,1,1,0,1,1,1,1,0,1,0,1,1,0,1,1,1,1,0,1,1,0,1,0,1,1,1,1,0,1,1,1,0,0),

which we write shortly as 1301*0101201*0120101*01302.
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| 2d-k | (dk
(4,5) | 12/19 | 1201 1?01 0 1012 1012 02
(5,7) | 24/34 | 1201 1301 0 12012 12012 0 1013 101° 0?
(6,9) | 40/53 | 1401 1*01 0 13012 13012 0 12013 1201° 0 101 101% 0?
(7,11) | 60/76 | 1501 1°01 0 1012 14012 0 13013 1°013 0 1201 1%01* 0 101° 101° 0?
10213 10213 0° 13021 13021 0 120212 120212 0
101201 101201 0% 120101 120101 0 101012 101012 0?
5 40/62 14021 1%0°1 0 130212 130212 0 120213 120°%1°% 0 102%1* 10%1* 03

130101 1°0101 0 12010121201012 0 101013 101013 02 101301 101301 02
20/31 | 1012012 1012012 0% 1201201 1201201 0
14031 1031 0 130312 130%12 0 120313 120°%1° 0 10314 10%1* 0*
12021201 12071201 0 10212012 10212012 0% 12012021 1%0120%10...
1013021 1013021 0% 1302101 1202101 0 12021012 120%101%0...
10120101 10120101 0% 12010101 12010101 0 10101012 10101012 02 ...

Table 1

~

‘ g(d, k) ‘ Optimal cyclic sequences, candidates for u highlighted

(6,7) | 24/41

7 | (8,9) | 40/71

3 A Conjecture for g(d, k)

We have observed that all optimal sequences that we have computed can be obtained by
applying a uniform construction rule.

Let U be the set of finite binary sequences starting and ending with a 1. For u € U
with u = 10°v for some v € U, the shift operation s applied to u results in s(u) = v01,
i.e. it removes all entries of u before the second 1 and appends them at the end in reverse
order. For u = 11101, for example, we obtain

s(u) = 11011, s*(u) = s(s(u)) = 10111, and s*(u) = 11101 = u.

For d,k € N with d + 1 < k < 2d and k odd, let Uf be the set of those sequences in U

with length d and exactly [ = % many l-entries.

Note that for u € U¢, we have s'!(u) = u.
The shifted sequence for u is the concatenation
X (u) = uu0s(u)s(u)02 .. 0%-2 572 (1) s 2 () 0u-1 T,

where a; is the number of Os between the i-th and (i + 1)-st l-entry of u, ie. u =
101101 ...10%-11. For u = 11011 € U2, we have

X(u)=1101111011010111101110011101 111010

which is a cyclic shift of the sequence for (5,7) in Table 1.
A subsequence of consecutive entries of a cyclic binary sequence is called an interval.

Lemma 3 Let d, k € N be such that d+1 < k < 2d and k is odd. Let u € U,f.
(i) X(u) has length dk — 1,
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(i) n(X (w) = 5L,
(i1i) 6(X(u)) =k, and
(iv) g(d,k) < p(X(u)).
Proof: Let u = 10711021 ...10%-11. The length of X (u) equals

-1

(1= 124+ (a;i+1) = (k—1)d+(d—1) = dk — 1.

Furthermore, X (u) contains (I — 1)2] = % many l-entries. This implies (i) and (ii).
Note that the shifted sequences for u and for s(u) are cyclic translates of each other.
Furthermore, note that the reverse of a shifted sequence is also the cyclic translate of a
shifted sequence. Therefore, in order to prove (iii), it suffices to consider the 1-entries
within the first copy of s(u) in X (u).
By definition, the interval of X (u) of length 2d + 1 centered at the first 1-entry of the
first copy of s(u) within X (u) equals (the central entry is highlighted)

10°21...10%-210%-110*+110210%1 ... 10%-1 10 11.

Hence this 1-entry sees (I — 1) 1l-entries to the left and [ 1-entries to the right, i.e. it sees
2l — 1 = k l-entries.

For 2 <i <l — 2, the interval of X (u) of length 2d + 1 centered at the i-th 1-entry of
the first copy of s(u) within X (u) equals

10%+11 ... 10%-110 711021 . .. 10%10%+1 1. .. 10110 11021 ... 10%1.

Again this l-entry sees 2l — 1 = k l-entries.

The interval of X (u) of length 2d 4 1 centered at the (I — 1)-th 1-entry of the first copy
of s(u) within X (u) equals 107110921 ...10%-1101110%21...10%-11. Again this 1-entry
sees 2l — 1 = k 1-entries.

The interval of X (u) of length 2d + 1 centered at the [-th 1-entry of the first copy
of s(u) within X (u) equals 01021 ...10%-110* 1s(u). Again this l-entry sees 2/ — 1 = k
l-entries.

(iv) follows immediately from (ii) and (iii). O

We pose the following conjecture.

Conjecture 4 Ifd € N and d+ 1 < k < 2d are such that k is odd, then

kK —1
g(d k) = Ndk— 1)’

Furthermore, a cyclic binary sequence X with 6(X) > k has density g(d, k) if and only if
X is the concatenation of copies of a shifted sequence X (u) for some u € UL.

9
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The case k = 2d — 1 of Conjecture 4 follows from the results and arguments in [1]. In this
case Ug, | contains only the element u = 1¢ and X (u) = 1290120 . . . 1240.

Since we will prove Conjecture 4 for k = 2d — 3, it is useful to consider the structure of
X(u) for u € U, ,. In this case, u is a sequence of length d containing (d — 1) l-entries.
If u* = 10%10%1...10%11 with a; = ... = a;_ = 0 and a;_; = 1, then u* = 197201 and

X(u*) = 1972011%72010197%01* 17?0120 ... 101472 10142 0?
= 1772019710101 %01% 1012014017010 . . . 1017019 20?

Since for every u € Ug, 5, there is some i with s'(u*) = u, every shifted sequence X (u)
for u € Ug, , arises from X (u*) by a cyclic shift. In this sense, the conjectured extremal
sequences are unique.

4 The Value of g(d,2d — 3)

Throughout this section let d > 4 and let X be the set of cyclic binary sequences X with
d(X) > 2d — 3. This section is devoted to the proof of Conjecture 4 for k = 2d — 3, i.e. we
will prove the following result.

Theorem 5 Fvery X € X satisfies pu(X) > 2(((22‘2__;33)2‘:1). Equality holds if and only if X

is the concatenation of shifted sequences X (u*) with u* = 147201,
Before proving Theorem 5, we investigate structural properties of sequences in X. Let
X = (xo,®1,...,Tp_1) = ToT1...Tp_1 € X withn >2d+ 1.

Recall that an entry x; of X sees another entry z; of X, if z; is in one of the intervals
i dTi—ga1---Ti_1 OF Ti1Tiyo ... Tirq. We call z; reqularif it sees exactly (2d — 3) 1-entries
and hence exactly three O-entries. We first show that all irregular entries see more than
(2d — 3) 1-entries and describe the local structure around regular 0-entries.

Lemma 6
(i) All entries of X see at most three 0-entries.

(ii) For every reqular 0-entry x;, either xiy 1 = Tipg = 0, or x; 1 = x;q =0, or ;g =
Litd = 0.

Proof: (i): By assumption, all 1-entries of X see at most three 0-entries. For contradiction,
we assume that some 0-entry of X sees more than three O-entries. This implies that X
has an interval X’ = 10°1 such that some O-entry of X’ sees at least four 0-entries. Since
d > 4 and each of the two 1l-entries of X’ see at most three O-entries, we obtain a < 3.
Moreover, the two 1-entries of X’ together see at most (6 — a) distinct O-entries. If a > 2,
then every O-entry of X’ sees at most three O-entries, a contradiction. Hence a = 1. If x;

10
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is the 0O-entry in X', then each l-entry of X’ sees all but one entry seen by z;. Thus it sees
at least three 0-entries seen by x; and the 0-entry x; which is the final contradiction.

(ii): Again, the interval X’ of the form 10%1 of X containing the regular 0-entry z; satisfies
a < 3. If a = 3, then one of the two 1-entries of X’ sees x; and all three O-entries seen by
x; which is a contradiction. If @ = 2, then, by symmetry, we may assume that z; is the
first O-entry of X’. Since the l-entry x;_; does not see one of the 0-entries seen by x;, we
have ;11 = x;1 4 = 0. Finally, if a = 1, then each of the l-entries x; 1 and x;,; does not
see one of the O-entries seen by z; which implies z;,4 = x;_4 = 0 and completes the proof
of (ii). O

Let n; denote the number of l-entries of X. Moreover, let n™ denote the number of
irregular entries of X.
We can relate the density of X to the number of irregular entries of X.

Lemma 7
n _ 2d—3 n*

> —_—
n 2d + 2dn

Proof: By Lemma 6 (i), double-counting the pairs (z;,z;) where z; = 1 and z; sees z;

yields (2d — 3)(n — n") + (2d — 2)n* < 2dn; which implies p(X) = 2 > 23 | nt 0

interior entries . .
chain entries
end / \ end
\ AL AL AL
) 4 ) 4 N

ol [ [ [Jol [ [ [Jol [ [ ] Jof [[]]
o B R S

Figure 2: A chain of length 4 for d = 5.

A chain of X is a maximal subsequence
C = (Tis Tixd, - - - Tithd)

of distinct O-entries of X such that & > 1. A chain may be cyclic in which case i = i+(k+1)d
(mod n). Otherwise C' has two distinct ends x; and x;ypq Where ;g = 1 = Ziy (o100
Associated with the chain C' are the interior entries of C', which are those entries that belong
to one of the intervals @i} ja41%itjd+2 - - - Titjara—1, 0 < j < k—1, between consecutive chain
entries 2;4jq and x;1(j41)¢ of C. We say that two chains overlap, if a chain entry of one
chain is an interior entry of the second chain. Clearly, in this case, also a chain entry of the
second chain is an interior entry of the first chain. Note that a chain may overlap itself.

11
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Figure 3: The example X'(u*) for d = 5, i.e. with u* = 11101.

For example, the sequence X'(u*) = z{ ...2!,_, which arises from the shifted sequence

X (u*) for u* = 197201 by moving the final O-entry to the beginning

X'(w*) = xpzy...xl,_4

0197201%7'01014 %014 '01201* *0147'01°0 . .. 10197 '017 20 (2)

s : _ / / / / / / /
has the single chain C = (z],_,, 2!, ;, a5, {,...,2) 4 x,) whose ends 2/, | and z{, are both

interior entries as well as chain entries of C. See Figures 2 and 3 for an illustration.

We will show that chains may overlap only in their respective ends. More precisely, in
Lemma 8 (ii) below we show that if x; is a chain entry of C' which is an interior entry of
chain C" and x;_4 is another chain entry of C, then x; is an end of C and z;_; is an end of
C" = (w_1,Tiya-1,...). If this occurs, we call the interval x;_1z; = 0% a pair of overlapping
chain ends.

Lemma 8
(i) Every regular 0-entry of X belongs to some chain of X .

(i) If a chain entry of C' is an interior entry of the (not necessarily distinct) chain C’,
then it belongs to a pair of overlapping chain ends.

(1i) Let x;_yx; be a pair of overlapping chain ends. The intervals of length 2d ending and
starting in x;_1x; = 02 have the form 19710197202 and 02197201971, respectively.

(iv) An end of a chain is reqular in X if and only if it belongs to a pair of overlapping
chain ends.
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Proof: (i): This follows immediately from Lemma 6 (ii).

(ii): Let z; be a chain entry of C' which is an interior entry of C’. Then there must be
chain entries z;, z,1q with i —d < j < ¢ of C'. By symmetry, we may assume that x;_, is
another chain entry of C'. If j < i—1, then z;_; sees at least four 0-entries, a contradiction.
So j =1 — 1. Moreover, x;_4 = 1 = x;14, otherwise z;_ or x;41 sees four 0-entries. So z;
is an end of C and x;_; is an end of C".

(iii): Since both z;_; and x; already see three of the four O-entries z; g4, x;_1, T;, Titq_1, We
obtain that x; 4.1 = 1 = x;,4_2. Since each of these two entries sees three of the four
0-entries, too, all other entries seen by them must be 1, and the two intervals of X ending
and starting in x;_ix; have the required form.

(iv): It follows from (iii) that overlapping ends of chains are regular. Conversely, we assume
that z; is an end of a chain which is not an interior entry of any chain. By symmetry, we
may assume that r; 4 = 0 and x;, 4 = 1. If x; is regular, then x; ; = 0, otherwise z;
sees x; and all the three O-entries seen by z;, a contradiction to Lemma 6 (i). But since
x;_1 does not belong to a chain, it must be irregular by (i) and thus z;_; sees only the two
0-entries z; and x;_g4. So x; must be irregular as well. O

Lemma 9 Let [ = x;_4xj_q41...%j1q be an interval of 2d + 1 entries of X.
1) If I contains no irreqular entry, then I contains a reqular end of a chain.
g Y g

(i) If I does not contain a regular chain end but contains an irreqular chain end, then it
contains at least two irreqular entries.

Proof: (i): Since the center z; of I is regular, it sees exactly three 0-entries, all of which
are regular. By the length of I, only two of them can belong to the same chain. So, by
Lemma 8 (iv), the third must be a regular chain end belonging to a pair of overlapping
chain ends.

(ii): For contradiction, we assume that I contains exactly one irregular entry, an irregular
chain end. If the center x; is not the irregular chain end itself, then it is regular. So
it sees two further O-entries apart from the irregular chain end. Since these are regular,
they all belong to chains. Hence, by Lemma 8 (ii), one of them is a regular chain end,
a contradiction. So let x; be the irregular chain end. We may assume that z;_4 = 0. If
x; sees another O-entry apart from x;_4, then, by Lemma 8 (i) and (iv), this 0-entry is
irregular. Otherwise, x;,; is irregular, a contradiction. O

Lemma 10 If X has a single chain whose ends overlap, then X has at least d—3 irregular
entries.
Proof: Let (xo, x4, T2d, - - -, Tn_aq+1,T1) be the chain and let 2 < r < d — 2. We prove that

there is some irregular entry x; with 2 < j <n —2 and j = r mod d.
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If an entry at such a position satisfies z; = 0, then, by Lemma 8 (i) and (ii), z; is
irregular. Hence, we may assume that z; = 1 for all 2 < j < n — 2 with j = r mod d.
We choose a largest s < r such that X has an entry z;, = 0 with £ = s mod d. Note
that x1 = 0 implies that s is well-defined and that 1 < s < r. We claim that z;_gy44, is
irregular.

Note that every l-entry in the interval xp_sxp_s11...2r_s1q sees the three O-entries
Th_s, Tp, Th_siq- Hence xp_giq 1 = 1 and k — s+ d+r < n — d. Moreover, all further

entries seen by xp_gyq-1 satisfy ox_si1g11 = Th—sidio = ... = Tk_s124—1 = 1. Furthermore,
since xpiq sees three 0 entries, Ty_sio411 = ... = Tpioqg = 1. By the definition of s,
Thtodil = - = Thaodir—s—1 = 1. So, indeed, xp_s1 4., sees only the two 0-entries zj_siq4

and Tp_s194 and is irregular. O
We are now prepared to prove Theorem 5.

Proof of Theorem 5:

Let X* = X’(u*) be as in (2). For contradiction, we assume that X = (zg,z1,...,2p_1)

is a cyclic binary sequence in X of smallest order n having minimum density p( ) =
g(d,2d — 3), and that X is not the concatenation of copies of X*. Clearly, pu(X) <

w(X*) = 2(((22%;;:1). Since a l-entry of X must see at least 2d — 3 other 1l-entries, we get
for n < 2d that u(X) == > % >1— é > 1(X*), a contradiction. So we may assume
that n > 2d + 1.

If X contains no pair of overlapping chain ends, then, by Lemma 9 (i), every interval [
of length 2d 4+ 1 of X contains an irregular entry. Since every irregular entry contributes

to 2d + 1 such intervals, we get by double-counting
n < (2d+1)n", (3)

thus, by Lemma 7, p(X) > 222 4 m > p(X*) which is a contradiction.

Hence we may assume that X contains a pair of overlapping ends of chains.

First we assume that X contains more than one such pair. By cyclicity, we may assume
that x, 179 and x;_ix, are pairs of overlapping chain ends of X. Let

X, =291 ...Tp—1

and
"
X" = XpXpi1Thao . - Tyt

By Lemma 8 (iii), X’ and X", considered as cyclic sequences, are both in X', because each
entry sees the same entries as in X. Since X has minimum density u(X) and u(X) is a
weighted average of the densities u(X’) and u(X"”), we obtain u(X') = uw(X") = pu(X).
Since X’ and X" have smaller lengths than X, by our initial assumption, each of X’ and
X" are the concatenation of copies of X*. Hence X is the concatenation of copies of X*
which is a contradiction.

Therefore, X has exactly one pair of overlapping chain ends, say x,,_1x9. Let J be
the set of intervals of length 2d + 1 of X. Let Jy C J denote the set of those intervals
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containing a regular chain end and let 7, C J denote the set of those intervals containing
an irregular chain end. By Lemma 9, each interval in 75\ Jy contains at least two irregular
entries, while only the intervals in Jy\ J2 can contain no irregular entry. If X contains more
than one chain, then X contains two different irregular chain ends, hence | 7| > 2d + 2
while |Jy| < 2d + 2. Double-counting the incidences interval/irregular entry we obtain

n<n+ || — [Tl =n+ |\ Tl =T\ Rl < (2d+1)n*,

as in (3), which again contradicts p(X) < p(X*).
So X has a single chain both ends of which overlap. By Lemma 10, X contains at least
d — 3 irregular entries. Hence, by Lemma 7, p(X) > 2423 4+ 423 " Since p(X) < p(X*) =

2dn
(2d—3)%2—1

2(d(2d—3)-1)° this implies that

n>d(2d—3) -1,
i.e. the length of X is at least the length of X*. By Lemma 8 (iv), each of the n — (2d + 2)

intervals of length 2d+1 in J\ Jy contains at least one irregular entry. Hence n™ > ”;ff:f)
and, by Lemma 7,

x) > -3 n-(Qd+y) -3 1 2442
) = g T 2d@d+ )n T 24 2d@2d+ 1) 2d(2d+ 1)n
(2d — 3)2 — 1

«
Z Yapd—g -1 M)

Since p(X) < p(X*), we obtain u(X) = u(X*). Therefore, n = d(2d—3)—1, each irregular
entry sees exactly (2d — 2) l-entries, and each of the 2d + 2 intervals in 7, contains no
irregular entry while all intervals in J \ Jo contain exactly one irregular entry. Hence the
irregular entries must be exactly @aqy1, Tad42, - - -, T(2d+1)(d—3)-

So the irregular entries of X and X*, with the notation of (2), are located at the
same positions and, by Lemma 8 (iii), the intervals x, 24.1 ... %, 1% ... %24 2 of X and
Tl _ggiq - Ty 1T .- Thy o of X* are equal.

We assume that for some ¢ > 2d — 2, the intervals &;_sq41 ... 2; of X and _,;. ... 2]
of X* are equal. Now we show that z;1; = zj,,. Indeed, since x;_411 = zj_, 41 has
the same regularity status within X and X* and sees the same entries in X and X7,
respectively, except possibly at position ¢ + 1, it follows that ;1 = xj,,. Therefore,
X = X* contradicting the assumption that X is a counterexample. This completes the
proof. O

If we define the quantity 6(X) for a cyclic binary sequence X = (29, 1, ..., Tn_1) as

d
($i+j+.1'i,j) | nggn—l}
=1

5(X) = min{

J

and §(d, k) for d,k € N with k < 2d as the infimum density of a cyclic binary sequence X
with 6(X) > k, then g(d, k) < g(d, k). A simple double-counting implies g(d, k) < 2.
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The example described after (1) implies g(d, k) = g(d, k) for k > d + 1 with k even.
Furthermore, the comment after Conjecture 4 concerning k¥ = 2d — 1 and Lemma 6 (i)
imply ¢(d,2d — 1) = g(d,2d — 1) and g(d, 2d — 3) = §(d, 2d — 3), respectively. Finally, it is
easy to check that 6(X(u)) > k for every shifted sequence X (u) for every u € U¢ which
does not contain two consecutive 0-entries.

Therefore, Conjecture 4 would - if true - imply that g(d, k) = g(d, k) for all d + 1 <
k< 2d.
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