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IN ADDITION TO SIMPLE MODELLING OF SOMMERFELD'S INTEGRALS IN THE 
CASE OF A VERTICAL HERTZ`S DIPOLE PLACED ABOVE A LOSSY HALF-

SPACE 
 

Milica Rančić, Predrag Rančić 
 

Faculty of Electronic Engineering, University of Niš, Serbia 
 

ABSTRACT 
 
A review of simple expressions used for modelling of 
the Sommerfeld's integral kernel (SIK) in the case of 
a vertical Hertz`s dipole (VHD) placed above a homo-
genous and isotropic medium, is given in this paper. 
The results based on numerical calculations will be 
graphically presented and compared to the ones obta-
ined by other authors that have applied a different 
evaluation method. 
 

Index Terms – Vertical Hertz`s dipole, Sommer-
feld`s integral kernel, Lossy ground 

1. INTRODUCTION 

Finite specific conductivity of the ground has an espe-
cially considerable influence on characteristics of an-
tenna systems, primarily noticeable in their near field. 
Precise evaluation of the real ground`s influence on 
characteristics of wire structures located in the air or 
inside/on the ground, has been a subject of research 
by a pleiad of scientists for a whole century now. 
Starting point is usually assigned to the paper by 
Sommerfeld form 1909, [18], where he formulated the 
exact expression for the Hertz`s vector potential in the 
surroundings of the vertical Hertz`s dipole placed 
close to the boundary surface that divides two half-
spaces (air and homogenous, linear and isotropic 
lossy medium). According to this formulation, the 
Hertz`s vector potential from the VHD can be expres-
sed as a sum of two components: one that corresponds 
to a vertical Hertz`s dipole in the free space and the 
other one that describes the influence of the real gro-
und. The later one can be split up in two parts: the 
first one that corresponds to the image in the flat mir-
ror of the observed dipole and the second one that is 
not explicitly expressed by basic mathematical func-
tions, but by a kind of improper integrals referred to 
as integrals of Sommerfeld`s type. Their integrand 
presents a product of the spectral reflection coefficient 
(SRC) and the standard potential kernel in the trans-
formed domain of integration, which makes them 
unsolvable in a closed form. Consequently, resear-
chers in this field have focused most of their efforts 
on finding models for as accurate and as simple pos-
sible approximate solving of this group of integrals, 
[1]-[16], [19]. 

Generally taken, the integrand of this type of integ-
rals is a function of electrical parameters of the upper 
half-space (air for example) and the lower half-space 
(for example: homogenous, isotropic lossy half-spa-
ce), position of the source (for example: VHD) and 
the position of the field point at which the potential is 
being calculated. Taking into account all of the above, 
as well as the range of integration (from zero to infini-
ty), one could realize why solving this type of integ-
rals presents such a complex problem of numerical 
integration. Consequently, the list of references 
dedicated to this issue is rather long, and the problem 
itself, even a hundred years after the pioneer work 
done by Sommerfeld, still very attractive ([4], [9]-
[16], [19]). 

Researchers have approached the problem in diffe-
rent ways, applying different methods and developing 
different approximate forms of the SIK with one sin-
gle goal: to simply, but satisfyingly accurately solve 
mentioned integrals. Applied methods could be roug-
hly classified into two groups. The first one involves 
some kind of, usually time consuming, numerical in-
tegration. The second one considers methods that in-
volve some form of approximation of the SIK. These 
solutions, although approximate, give results that are 
for practical applications satisfyingly accurate. These 
methods could be classified as follows: 
- Reflection coefficient method - RCM, 
- Method of images, 
- Method of the SRC approximation. 

Schools of electromagnetic at the Faculty of Elec-
tronic Engineering in Niš, Serbia, and another one at 
the Electrotechnical Faculty in Belgrade made a signi-
ficant contribution in this area of applied electromag-
netics in the last thirty years. First steps were done for 
the purpose of designing SW and USW antennas of 
Radio Yugoslavia and MW vertical mast antenna with 
the elevated feeding of Radio Podgorica, Montenegro. 
All three groups of approximate methods were explo-
red, but what is especially popular in the last ten years 
is the last mentioned approach – to approximate the 
spectral reflection coefficient.  

A lot of expressions, named models, were develo-
ped by the authors in order to substitute the original 
SRC. These models involve certain number of un-
known constants that are determined in a very unique 
process of approximation. Since these models are not 
developed under any conditions regarding the type of 
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ground below the analysed antenna structure, they can 
be characterized as general, which makes their appli-
cability rather wide. Along generality, their very sim-
ple form, as well as proven accuracy, makes them ve-
ry attractive for various applications. A part of these 
models will be presented further in the text, ([9]-[16]). 
Two groups of models will be proposed: 
- The first one that is based on approximation of the 
spectral reflection coefficient using a rational fun-
ction. 
- The second one that consists of models that introdu-
ce a number of complex images whose position and 
weight coefficients are determined in the process of 
approximation. Since the models that will be propo-
sed here introduce two images, they belong in a so-
called two-image approximation (TIA) group.  

Throughout the paper, these groups of models will 
be denoted as models of type R and E, respectively.  

After describing the approximation procedure in 
detail, results of their validation will be graphically il-
lustrated in the section “Validation of proposed 
models”. 

Based on presented results, corresponding conclu-
sion will be made in the last section, followed by a list 
of relevant references. 

2. THEORY 

In the case of a VHD, fig.1, of moment =0zp  

kkk zzI ′′= d)( , located in the air at height 0≥′kz  
above a lossy ground, the Hertz`s vector potential 
only has a component along the z-axis, =Π00

r
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standard form of the potential kernel of the source and 
its image, ikr  - distance from the source, 1i= , and its 
image, 2i= , to the field point in air, i.e. 
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200 krK α  are the SRC and the 
standard potential kernel in the transformed domain of 
the variable α , respectively, i.e.: 

 

 
Figure 1 Illustration of the observed VHD above a 

lossy medium.  
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1,0=i  and )(0 kJ αρ  is zero-th order of the first kind 
Bessel’s function. 

3.  SIK MODELS 

Let`s consider a VHD placed in the air at arbitrary he-
ight 0≥′kz  along the z-axis of the Descartes’ coordi-
nate system above the LHS treated as a homogenous 
and isotropic medium of known electrical parameters 
( 1σ -specific conductivity, 011 εε=ε r - permittivity, 

01 μ=μ  - permeability, 111 jωε+σ=σ 1j rεω= , 
complex specific conductivity, =β+α=γ iii

j  
2/12/1 )j()(j iiiri μσω=μεω= , 1,0=i  - complex 

propagation constant, 0111 60j λσ−ε≈ε rr  - complex 

relative permittivity, 
01

/ γγ=n 1rε= - refractive in-

dex, and fπ=ω 2 - angular frequency). The influence 
of the finite ground conductivity, above which the 
VHD is considered, that is expressed by the SIK, will 
be further analyzed in the paper. Based on expressions 
(2-4) one can understand the complexity of this 
problem. Since it is the case of integrals that are not 
solvable in a closed form, one of most common 
approaches to their solution is approximation of the 
integrand that presents a product of the SRC, Eq.(3), 
and the standard potential kernel, Eq.(4). Group of 
models denoted as models of type R approximate the  



SRC using a rational function formed in different 
ways that will be presented in the following text: 

3.1. Models of type R 
Model R1: A model R1 is a function of variable 0u  
with two unknown complex constants that are 
obtained matching the SRC at certain characteristic 
points, [11], [10], [14]. Mathematical form of the 
model can be generally written as follows:  

 
0

0
1010 )(~

u
ABuRz

γ
+≅ . (5) 

Application of this model replaces the lossy gro-
und`s influence by an image in the flat mirror of the 
VHD with a weight coefficient B , and the second co-
ntinual image with weight coefficient 01 γA  that spre-

ads from the first image position to infinity (fig.2).  
Approximation procedure is performed without 

any limitations as to the values of the electrical 
parameters of the ground nor as to the position of the 
observed VHD. Previously mentioned complex 
constants B  and 1A  are obtained matching 
expressions (3) and (5) at points ∞→0u  and 

00 γ=u , respectively, which yields: 

 ∞= RB , (6a) 
 ∞−= RRA 01 , (6b) 
where 

 
1
1

2

2

+

−
=∞

n
nR , and (6c) 

 
1
1

0 +
−

=
n
nR . (6d) 

Substituting (5) into (2), and adopting obtained 
expressions (6a-d), the following model of the SIK is 
obtained: 
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where )( 00 kN ρ′β  - Neumann`s function of the first 
kind and zero-th order. 
Model R2: The complex constant 1A  in Eq.(5) could 
be also determined matching the SRC at some other 
characteristic points. A number of models is develop- 
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Figure 2 Illustration of the geometry of the VHD 
placed above a lossy half-space and position of 

images for models of type R. 
ed this way more or less improving the accuracy of 
the approximation but still keeping it simple and with 
an unlimited application. For example, it is possible to 
choose matching points so that they correspond to 
zeros of the SRC, 0)(~

010 == Bz uuR , i.e. a so-called 

Brewster`s point, 1/ 2
0 +γ= nuB , as it has been 

done in [9]. This way, the following is obtained for 
the constant 1A : 

 1/ 2
1 +−= ∞ nRA . (8) 

Adopting (8) and substituting it into (5), and then the 
obtained SRC model back into (2), the following SIK 
model is obtained: 
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3.2. Models of type E 
Besides previously proposed models that are in a form 
of a rational function, another approach, widely analy-
sed in the literature ([1], [4]-[7]), considered the 
approximation of the SRC using an exponential 
function or an exponential series. First attempts were 
done towards realizing such approximations that 
introduce one or more images at complex distances. 
This resulted in many approximate solutions whose 
accuracy was dependable on the number of images, 
the refractive index, the position of the dipole and the 
position of the point where the field was calculated. 
The same idea laid at the basis of the so-called image 
theory approximation that considers introduction of a 
system of images with complex weight coefficients 
positioned at complex distances that are determined in 
the process of approximation. This means that the 
second continual image in the case of models of type 
R is replaced by one or more images at complex 
distances (fig.3). Application of these models and 
development of new ones of similar form, is 



especially popular in the recent years in the area of 
modelling the EM field of atmospheric discharge, 
([17], [19]). 

A few variants of models that consider an approxi-
mation of the SRC using a function consisting of one 
unknown constant term and an exponential part with 
another two unknown constants will be proposed in 
this section. The approximation procedure is rather 
simple, as the one from the previous chapter, the mo-
dels are also very simple and their application gives 
highly accurate results in both the near and the far-
field of the dipole. These conclusions were made 
based on numerous analyses performed by the 
authors, some of which were published in [10], [13], 
[14]. 

If the SRC is assumed in an approximate form of 
an exponential function with a constant term, a so-
called – TIA (two-image approximation), than the 
general model is mathematically expressed as: 

 duu
z ceABuR )(

1010 00)(~ −−+≅ , (10) 

where B , 1A  and d  - unknown complex constants 

and cu0  - characteristic value of variable 0u  in the 
range of integration. When (10) is substituted into (2), 
the following general TIA model for calculating the 
SIK is obtained: 

 )()()( 3020200 kkk
v rKArKBrS +≅ , (11) 

where 22
3 )( dzzr kkk +′++ρ′= , presents the 

distance between the second image and the observed 
point 0M  in the field and )(exp 01 duAA c= .  

Different possibilities of SIK modelling formed 
choosing different values for the cu0  will be analysed 
further in the text.  
Model E1: Adopting 00 γ=cu  and matching the 

expression (10) at 00 γ=u  and ∞→0u , and the first 

derivative of the same expression at 00 γ=u , the 

following values for the unknown complex constants 
in (10) are obtained: 
 ∞= RB , (12a) 
 ∞−= RRA 01 , (12b) 

 0
2 /)1( γ+= −nd . (12c) 

Substituting (12a-c) into (10), and then into (11), 
the following TIA form for the SIK is obtained:  
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 (13) 
When calculating the SIK using the expression 

(13), the absolute value of the complex distance 
dd =  can be used instead of its complex value d . 
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Figure 3 Illustration of the geometry of the VHD 
placed above a lossy half-space and position of 

images for models of type E. 

This solution was obtained based on numerical 
experiments that have shown that this modified model 
gives results of highest accuracy in both the near and 
the far-field of the VHD, see [10]. In further analysis 
in this paper, only the modification of the E1 model 
will be considered. 
Model E2: This variant of models of type E is formed 
adopting 00 =cu  and matching the (10) at 00 =u  
and ∞→0u , and its first derivative at 00 =u . This 
way, new values for the constants B, 1A  and d  are 
obtained and SIK model becomes: 

 )()()( 30120200 kkk
v rKArKBrS +≅ , (14) 

where: 
 ∞= RB , (15a) 
 ( )∞+−= RA 11 , (15b) 

 11 2

0

−
γ
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∞

n
R

d . (15c) 

The same solution has been already proposed in 
[19] but those authors have developed it using a 
different approach. Also, a decade later, other authors 
from [20] obtained the model of the same form in that 
way that they firstly developed the SRC into the 
Taylor`s series around 00 =cu , then adopted only the 
first two terms of the series, then reorganized the 
obtained solution and finally expressing it in an 
exponential form. As it will be further shown, the 
proposed E2 model gives results of low accuracy 
except in the case of a highly dielectric medium, 
although it is widely applied in the literature. 

4. VALIDATION OF PROPOSED MODELS 

The validity of models proposed previously will be 
numerically verified in this section. A great number of 
numerical experiments gave results that will be, in 
order to certify the accuracy of SIK calculation, 
compared to the highly accurate ones (relative error 
around 610− ) obtained by a software package from 



[8]. In the following text, comparison of obtained re-
sults will be graphically illustrated, presenting the 
normalized modulus 0200 /)( βk

v rS , for 0=z , taking 
the position of the VHD, 0/λ′kz , as a parameter in all 
calculations. Calculations were done for different sets 
of electrical parameters of the lossy ground (relative 
permittivity of the lossy ground ]81,1[1∈εr  and its 
normalized specific conductivity ),0[01 ∞∈λσ ) in or-
der to evaluate the validity range of proposed models.  

Firstly, the results obtained applying models deno-
ted as R1 and R2 will be presented in comparison to 
highly accurate ones from [8]. In fig.4, the normalized 
modulus of the SIK as a function of the radial distan-
ce kρ′β0  of the point 0M  placed on the boundary 
surface between two mediums ( 0=z ). The position 
of the VHD is parameter whose values are varied in 
the range of: 20.0,15.0,10.0,05.0,0/ 0 =λ′kz  i 25.0 . 
Relative permittivity of the lossy ground is 21 =εr , 
and figures correspond to the following values of the 
imaginary part of the complex relative permittivity: 

3
1 10−=εi , 2  and 600.  
Results of the same analysis are presented in fig.5, 

but setting the relative permittivity to a higher value, 
101 =εr . Each figure corresponds to a different value 

of the imaginary part of the complex relative permitti-
vity: 3

1 10−=εi , 10  and 600, keeping the same valu-
es of all the above mentioned parameters from the 
previous example.  

Based on presented results of analysis of models of 
type R, one could conclude that both models are, asi-
de from simple, satisfyingly accurate in a wide range 
of values of the electrical parameters of the LHS and 
regardless of the VHD position. Also, they have 
general character in a sense that their application is 
not constrained by anything since they were all deve-
loped without introducing any limitations, which is 
not the case with some other models proposed in the 
literature.  

Fig.6, present results of similar analysis but when 
models of type E are employed, i.e. models E1 and 
E2. For the sake of establishing the accuracy of these 
models, the results from [8] were also given in figu-
res. Again, the position of the VHD is a variable para-
meter in all examples taking values from the range of: 

50.0,25.0,05.0,0/ 0 =λ′kz  and 00.1 . Relative permitti-
vity of the lossy ground is 21 =εr , and figures cor-
respond to the following values of the imaginary part 
of the complex relative permittivity: 3

1 10−=εi , 2  
and 600. Corresponding results obtained when the re-
lative permittivity is set to 101 =εr , and values of the 
imaginary part of the complex relative permittivity 

 

 

 
Figure 4 Modulus of the normalized SIK, at plane 

0=z , versus normalized radial distance. VHD 
position, kz′ , and complex electrical permittivity, 1rε , 

are parameters. Comparison of three models. 

to 3
1 10−=εi , 10  and 600, are shown in fig.7, respec-

tively.  
As it can be seen from presented diagrams, accor-

dance of the results obtained applying the model E1 
with those from [8] is much better than in the case of 
results that gives employment of the model E2. Dras-
tic error of SIK evaluation is especially noticeable 
when the value of the LHS`s specific conductivity is 
increased. Apart from the proven accuracy of the mo-
del E1 regardless of the type of the LHS or VHD 



 

 

 
Figure 5 Modulus of the normalized SIK, at plane 

0=z , versus normalized radial distance. VHD 
position, kz′ , and complex electrical permittivity, 1rε , 

are parameters. Comparison of three models. 
position, it is also noticeable that the accuracy of SIK 
calculations is now, using the same model significant 
not only in the surroundings of the VHD, but also in 
its far-field. 

5. CONCLUSION 

A procedure of deriving a certain number of models 
developed for the purpose of approximate calculation 
of one type of Sommerfeld`s integrals was presented 
in detail in this paper. Since these models are not  

 

 

 
Figure 6 Modulus of the normalized SIK, at plane 

0=z , versus normalized radial distance. VHD 
position, kz′ , and complex electrical permittivity, 1rε , 

are parameters. Comparison of three models 
developed under any conditions regarding the type of 
ground below the analysed VHD, they can be charac-
terized as general, which makes their applicability rat-
her wide. Along generality, their very simple form, as 
well as proven accuracy, makes them very attractive 
for various applications.  

Proposed models are classified in two groups: 
- Models of type R: based on approximation of the 

SRC using a rational function. 
- Models of type E: based on approximation of the 
SRC using a so-called two-image approximation. 



 

 

 
Figure 7 Modulus of the normalized SIK, at plane 

0=z , versus normalized radial distance. VHD 
position, kz′ , and complex electrical permittivity, 1rε , 

are parameters. Comparison of three models. 

After thorough analysis, the model denoted as E1 
stands out in every sense, along with the R1 and R2. 
Poor accuracy of model E3 was confirmed against 
highly accurate results from [8]. Based on all presen-
ted numerical results one can conclude that both mo-
dels of type R and especially the model E1 could be 
successfully used for the purpose of determination of 
integral characteristics of different wire structures pla-
ced above the LHS. Model E1 could be also applied 
in the field of antenna modelling of atmospheric dis-
charge. 
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