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Preface

Many authors have written on dominating sets (for references we refer to [29,30]). The
distribution of legions in the Roman empire or the placement of queens on chessboards are
usually cited as the origins of domination theory. But only a few authors have written on
the complement of a dominating set, e.g. [18,21,41,48]. They studied the minimum size
of a dominating set whose complement contains a minimum dominating set. In this thesis
we study diverse sets that are contained in the complement of a suitable dominating set.
It seems that in real life a set in the complement of a dominating set does not influence
the dominating set. However, in this thesis the dominating set must usually cooperate
with the set in its complement, in order to reach a common goal, e.g. existence or small
common size.

The set in the complement that is studied in Chapter 2 is a dominating set, too. For
graphs without isolated vertices, Ore observed in 1962 (Theorem 2.1) that the complement
of a minimal dominating set is also a dominating set. Hence, every graph without isolated
vertices has a dominating set whose complement contains another dominating set. How-
ever, by Zelinka [77], no minimum degree condition is sufficient to guarantee a dominating
set whose complement contains two or more disjoint dominating sets. In Chapter 2 the
dominating set and the dominating set in its complement must cooperate, such that their
common cardinality is small. We prove upper bounds for the minimum size of two disjoint
dominating sets.

In Chapter 3 we study dominating sets together with total dominating sets in their
complement. Henning and Southey [38] characterized all graphs that have a dominating
set whose complement contains a total dominating set. We characterize graphs that have
a dominating set whose complement contains a total dominating set 7" and a non-empty
vertex set that is disjoint from 7.

In Section 4.1 we consider trees and diverse sets in the complement of a suitable dom-
inating set. In Theorem 4.2 we characterize trees with the smallest possible size of two
disjoint dominating sets, i.e. again the set in the complement is a dominating set. However
the set in the complement that is studied in Observation 4.3 is a minimum dominating set
and, additionally, we require that both dominating sets are minimum. We exhibit a tree
that does not have two disjoint minimum dominating sets even though no single vertex is
in all minimum dominating sets. Both results answer questions of [32].

So far, the dominating sets must cooperate with the set in its complement. But this is
different in Theorem 4.5. Here, the set in the complement is an independent dominating set,
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because we prove that, if T is a tree of order at least 2 and D is a minimum dominating set
of T" containing at most one leaf of T', then the complement of D contains an independent
dominating set. This proves a conjecture of Johnson, Prier, and Walsh [41].

In Subsection 4.1.1 we characterize trees that have a minimum dominating set whose
complement contains a maximum independent set.

In Section 4.2 we prove lower bounds of the maximum size of two disjoint independent
sets for connected graphs with small average degree. These results imply lower bounds
for the independence number for connected graphs with small average degree. In order to
motivate the results of this section, the title of this thesis would be better

“In the Complement of an Independent Set”

This title also applies to Theorem 4.5 and Subsection 4.1.1. However, it applies to fewer
results of the thesis than the correct title.

Neither the correct title nor the title just mentioned do not apply to the topic of Section
4.3. Probably, no similar title applies to the topic of Section 4.3. Therefore, the question
arises, why Section 4.3 is in this thesis. In my opinion, article [59] is the best article that
has been written with my assistance during my time as a Ph.D. student. We prove that
for connected graphs of order n, the spanning tree congestion is bounded by n3. The idea
of the proof is easy. If a graph has a few edges, then any spanning tree satisfies the bound.
Otherwise, if a graph has many edges, then a spanning tree that is similar to a star satisfies
the bound. In order to combine both methods we merely need a criterion to distinguish
both cases ...

The last chapter of this thesis is devoted to the complexity of decision problems that
are related to the topics of the other chapters. Some of these results motivate us to pay
attention to bounds for the graph parameter that are studied in this thesis.
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Chapter 1

Introduction

Before we proceed to our results, we introduce some definitions and notation. While we
summarize some basic terminology in Section 1.1, we introduce non-standard terminology
used in this thesis in Section 1.2. Furthermore, Section 1.2 contains an overview of the
thesis.

1.1 General Terminology

A graph G is a pair (V(G), E(G)) where V(G) is a finite set whose elements are called
vertices of G, E(G) is a subset of {{u,v} | u,v € V(G),u # v} and the elements uv = {u, v}
of E(QG) are called edges of G. We always denote an edge by uv instead of {u, v}, i.e. {u,v}
is not an edge, but a set of two vertices. The order n(G) of G is the cardinality of V(G)
and the size m(G) of G is the cardinality of E(G). For an edge e = uwv € E(G), we say
that e is incident to u and v. In this case u is adjacent to v and u is neighbor of v. For
a vertex v € V(G), the set of neighbors of v is the neighborhood Ng(v) of v in G and
Ng[v] = Ng(v) U {v} is the closed neighborhood of v in G. For a vertex set U C V(G),
the neighborhood of U is Ng(U) = |J,.y No(v) and the closed neighborhood of U is
N¢lU] = Ng(U)UU.

The degree dg(v) of a vertex v € V(G) is the order of Ng(v). A vertex v € V(G) is
called isolated if dg(v) = 0. The minimum degree 6(G) (mazimum degree A(G)) of a graph
is the minimum (maximum) degree of a vertex of the graph. A graph with maximum
degree at most 3 is called subcubic and a subcubic graph with minimum degree 3 is called

cubic. The average degree of G is d(G) = QZZ(G(?.

A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G). A subgraph H of
G is called induced H = G[V(H)] if E(H) = {uwv € E(G) | u,v € V(H)}. A subgraph H
of G is called spanning if V(H) = V(G). For {uy,...,ux} C V(H), we define H —u; =
GIV(H)\{w}] and H —{uy,...,u} = G[V(H) \{us,...,u;}]. For {eq,....ex} C E(H),
we define H—ey; = (V(H), E(H)\{e1}) and H—{ey,...,ex} = (V(H), E(H)\{e1, ..., er}).
We define H +e = (V(H), E(H) U{e}) for an suitable edge e ¢ F(H). For two graphs G
and H, we define their union GU H as (V(G) UV (H), E(G) U E(H)).

velU
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2 Chapter 1. Introduction

A path of length [ > 0 in a graph G is a sequence P = uguqus...u; of [ + 1 distinct
vertices of G such that w;_ju; € E(G) for 1 < i < [. P is also called an ug-u;-path.
The endvertices of P are ug and u; and the internal vertices of P are uy,...,uj—;. A
path P = ugujus ... u; in G naturally corresponds to a subgraph P of G with vertex set
{ug,u1,...,u;} and edge set {uouy, ujug, ..., u_1u}. A cycle of length > 3in a graph G is
a sequence C' = ujus . .. w—jwuy of vertices of G such that w; # u; for i # j, u;_u; € E(G)
for 2 < i <l and wyu; € E(G). An n-cycle (odd cycle, even cycle) is a cycle of length n
(odd length, even length) and a triangle is a cycle of length 3. A cycle C' = uyus . . . uj_jujuy
in G naturally corresponds to a subgraph C' of G with vertex set {uy,us,...,u;} and edge
set {ujug, ugus, ..., w_1u;, wuy . The girth g(G) (odd girth geaa(G)) of a graph G is the
minimum length of a cycle (of a odd cycle) in G. A cycle C' (path P) is called hamiltonian
in a graph G if n(C) = n(G) (n(P) = n(G)) and a graph is called hamiltonian if it contains
a hamiltonian cycle.

A graph G is connected if there is an u-v-path for all u,v € V(G). A component of G
is a maximal connected subgraph of G. We call an edge e € E(G) a bridge of G if G — e
has more components than G. A tree T is a connected graph of size n(7") — 1. A vertex of
degree 1 in a tree is called leaf.

A graph is complete if each pair of vertices is adjacent. We denote a complete graph
on n vertices by K,. A graph G is bipartite with the partite sets A, B if AU B = V(G),
AN B =10, and m(G[A]) = m(G[B]) = 0. A bipartite graph G with partite sets A, B is
complete bipartite if n(G) = |A| - |B|. We denote such a graph by K, ,, where n = |A|
and m = |B|. A star is a complete bipartite graph such that one partite set is of order 1.
A connected graph on n vertices with minimum degree and maximum degree exactly 2 is
denoted by C,, and for an edge e € E(C,,), the graph C,, — e is denoted by P,.

A set of edges M C E(G) of a graph G is called a matching (perfect matching) if every
vertex of V(@) is incident to at most (exactly) one edge of M.

Let G be a graph. For D, U C V(G), we say that D dominates U if U C Ng[D]. D
is a dominating set of G if D dominates V(G). The domination number v(G) of G is the
minimum cardinality of a dominating set of G. For T, U C V(G), we say that T' totally
dominates U if U C Ng(T). The set T is a total dominating set of G if T totally dominates
V(G). The total domination number v(G) of G is the minimum cardinality of a total
dominating set of G. A vertex set I C V(G) is called an independent set if m(G[I]) = 0.
The independence number a(G) of G is the maximum cardinality of an independent set of

G.

1.2 Special Terminology and Overview of the Thesis

Let G be a graph without isolated vertices. A pair (Di, Dy) of disjoint sets of vertices
Dy, Dy C V(QG) is said to dominate a vertex set X C V(G), if both of Dy and Dy dominate
X. (Dy,Dy) is a dominating pair of G if (Dy, Dy) dominates V(G). Hedetniemi, Hedet-
niemi, Laskar, Markus, and Slater [32] defined the disjoint domination number vy(G) of a
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graph G as follows.
vy(G) = min{|D;| + |Ds|: (D1, D) is a dominating pair of G}.

In Chapter 2 we study upper bounds for the disjoint domination number of graphs, which
are

e of minimum degree at least 2,
e of large minimum degree,
e or cubic.

Additionally, in Section 4.1 we answer two problems which were posed in [32] related to
disjoint dominating sets.

A DT-pair of G is a pair (D,T') of disjoint sets of vertices D, T C V(@) such that D is
a dominating set and T is a total dominating set of G. Using the notation of [32], for a
graph G that has a DT-pair, we define vv,(G) as follows.

Y% (G) = min{|D| + |T'|: (D, T) is a DT-pair of G}.
In Chapter 3 we characterize graphs G with v7,(G) = n(G) which are
e of minimum degree at least 2 and Cs-free
e or of minimum degree at least 3.

Additionally, in Section 5.4 we show that it is NP-complete to decide for a given graph G
and a given integer k, whether yy,(G) < k.

An (a,7)-pair of G is a pair (I, D) of disjoint sets of vertices I, D C V(G) such that I is a
maximum independent set and D is a minimum dominating set of G. In Section 4.1 we give
a constructive characterization of trees with an («,y)-pair. Furthermore, we prove that if
T is a tree of order at least 2 and D is a minimum dominating set of T' containing at most
one leaf of T', then there is an independent dominating set I of 7" which is disjoint from
D, which was conjectured in. In Section 5.4 we show that the decision problem whether a
given graph has an (a,7)-pair is NP-hard.

In analogy to vv(G) we define

vi(G) = min{|D|+|I|: (D, 1) is a dominating pair of G and I is independent},
ii(G) = min{|[;| + |I2|: I and I, are disjoint independent dominating sets of G},
aa(G) = max{|l1]|+ |Iz|: I, and I, are disjoint independent sets of G}.
In Sections 5.1, 5.2, and 5.5 we consider decision problems related to yy(G),vi(G), ii(G),

and aa(G). In Section 4.2 we prove lower bounds on a(G) and a«a(G) in connected graphs
with specified odd girth and small average degree.
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Let G be a connected graph and let 7" be a spanning tree of G. For an edge e € E(T),
we consider the congestion c(e, (G, T)) of e with respect to (G,T) as the number of edges
uv € E(G) for which e lies on the path in 7" between u and v. The maximum over e € E(T)
of the congestion of e with respect to (G, T) is denoted by ¢(G,T'). The tree congestion of
G is defined by

t(G) = min{c(G,T) | T is a tree},

and the spanning tree congestion of GG is defined by
$(G) = min{c(G,T) | T is a spanning tree of G'}.

In Section 4.3 we show an upper bound for s(G) in terms of n(G) and we show that

i((g)) is linearly bounded in terms of n(G). Furthermore, in Section 5.6 we show that it is

NP-complete to decide for a given graph G and a given integer k, whether s(G) < k.




Chapter 2

Upper Bounds on vy(G)

Domination in graphs is a fundamental and well-studied topic. The literature on this
subject has been surveyed and detailed in the two books by Haynes, Hedetniemi, and
Slater [29,30]. In view of its computational hardness (see e.g. [22]), upper bounds on the
domination number have been studied and natural arguments for such bounds are the
graph’s order and minimum degree [2,3,9,62,64,67,71].

Ore observed the following.

Observation 2.1 (Ore [64]) If G is a graph without isolated vertices then the comple-
ment of a minimal dominating set of G is also a dominating set of G.

This implies that every such graph has two disjoint dominating sets and hence,

@) < SIVO)L

This inequality is best-possible and all extremal graphs were characterized by Payan and
Xuong [68]. Randerath and Volkmann [69] and Baogen, Cockayne, Haynes, Hedetniemi,
and Shangchao [5] characterized all graphs G with v(G) = |1|V(G)|]. For graphs G with
d(G) > 2, Blank [9] and McCuaig and Shepherd [62] proved that

Y(G) < Z[V(GQ)]

5
unless G is one of the seven graphs Hq, Hs, ..., H; in Figure 2.3. Also this inequality is best-
possible and McCuaig and Shepherd [62] characterized all edge-minimal extremal graphs.
While these two bounds are best-possible, Reed conjectured that his upper bound [71]

1(6) < SIV(G)

for graphs G with 6(G) > 3 can be improved to v(G) < [n(G)/3] for cubic graphs
G. Kostochka and Stodolsky [44] described counterexamples to Reed’s conjecture but
improved [45] his upper bound to

4

G) = 4

V(G)]

—_



6 Chapter 2. Upper Bounds on yy(G)

for connected cubic graphs G with n(G) > 8. While Reed’s conjecture is false in general
it was verified for cubic graphs of large girth [42,45,47,55,70].

Several authors studied so-called domatic partitions, which are partitions of the vertex
set of a graph into dominating sets. The maximum number of disjoint dominating sets
into which a graph can be partitioned is known as the domatic number [15] (cf. Zelinka’s
contribution to [30]). Furthermore, graphs G having two disjoint minimum dominating
sets [4] and also the minimum intersection of pairs of minimum dominating sets [12,19,25]
were considered.

Recently several authors have studied pairs of disjoint dominating sets. Kulli and
Sigarkanti [48] introduced the inverse domination number v~!(G) of a graph G as the min-
imum cardinality of a dominating set whose complement contains a minimum dominating
set of G. A false proof for the inequality v~ 1(G) < a(G) that appeared in [48] motivated
several authors [18,21] to study this parameter.

Motivated by the inverse domination number, Hedetniemi, Hedetniemi, Laskar, Markus,
and Slater [32] defined and studied the disjoint domination number yy(G) of a graph G.
By definition, yy(G) > 27v(G) for any graph G but, as shown by a star, no upper bound
of the form vy(G) < ¢ - v(G), where c is a constant, exists. Observation 2.1 implies,

M(G) < V(G

for every graph GG without isolated vertices and Hedetniemi, Hedetniemi, Laskar, Markus,
and Slater [32] characterized all extremal graphs for this bound. These are Cy and all
graphs with satisfy the property that each vertex of the graph contains at least one vertex
of degree 1 in its closed neighborhood. They also proved that it is NP-hard to determine
vy(G) even for chordal graphs G. In Chapter 5 we show that the calculation of vv(G)
is NP-hard even when restricted to bipartite graphs G, which answers a question posted
in [32].

It is a natural question to ask why to devote special attention to the case of two disjoint
dominating sets rather than k disjoint dominating sets for general k. The reason is that,
by Observation 2.1, the trivial necessary minimum degree condition is also sufficient for
the existence of two disjoint dominating sets. For all fixed & > 3, it is NP-complete [22]
to decide the existence of k disjoint dominating sets and no minimum degree condition is
sufficient for the existence of three disjoint dominating sets. As a simple example attributed
to Zelinka [77] consider a bipartite graph G with one partite set A containing 36 — 2 vertices
and a second partite set B containing (356_2) vertices each of which is adjacent to a different
set of 0 vertices from A. Clearly, this graph has minimum degree 6. If D; U Dy U D3 is a
partition of AU B such that |D; N A| > |DaN Al > |DsN A|, then |D; N A| > 6. Hence,
there is a vertex v € B such that Ng(v) € Dy and so G does not contain three disjoint
dominating sets.

Imposing lower as well as upper bounds on the vertex degrees implies the existence
of many disjoint dominating sets. Feige, Halldérsson, Kortsarz, and Srinivasan [20] (cf.
also [16]) proved that every graph G can be partitioned into

(1= o)
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dominating sets where the o(1)-term tends to 0 as A(G) tends to infinity. Considering the
smallest k of these sets implies that every graph G has £ disjoint dominating sets whose
total cardinality is

kln A(G)

(1+0(1)) WW\. (2.1)

In Section 2.1 we prove an upper bound on the disjoint domination number of graphs
of minimum degree at least 2 together with the characterization of the seven exceptional
graphs (Theorem 2.2). This result is inspired by McCuaig and Shepherd’s [62] work and
their seven exceptional graphs Hy, Ho, ..., H; play an important role. We close that sec-
tion with a conjecture, which would improve Theorem 2.2. In Section 2.2 we present an
asymptotically best-possible upper bound on the disjoint domination number of graphs
of minimum degree at least 5 (Theorem 2.9). This result improves (2.1) for £k = 2 and
relies on a beautiful probabilistic argument used by Alon and Spencer [2] to prove the
asymptotically best-possible bound

14+ In(6(G)+1)
N = 511

V(G- (2.2)

In the last section of this chapter (Section 2.3) we prove an upper bound on the disjoint
domination number of cubic graphs (Theorem 2.10). Our approach relies on Reed’s [71]
and Kostochka and Stodolsky’s work [45]. Again, we close that section with a conjecture,
which would improve Theorem 2.10. The results of Section 2.1 and Section 2.2 are based
on [56] and the results of Section 2.3 are based on [57].

2.1 Graphs of Minimum Degree at Least 2
As our main result in this section we prove the following.

Theorem 2.2 If G is a graph such that
(1) 6(G) = 2,
(i1) G connected, and
(iii) G & {H, Hy, H3, Hy, Hs, Hg, Hr},
then 19(G) < E[V(G)].

Before we start with the proof we need some more terminology. For a graph G and some
i €N, let V;(G) = {u € V(GQ) | dg(u) = i} and V5;(G) = {u € V(G) | dg(u) > i}.
A multigraph G is a triple (V(G), E(G), V), where V(G) and E(G) are finite sets and
Y E(G) = {X CV(G) :|X| =2}. A directed multigraph G is a triple (V(G), E(G), ¥),
where V(G) and E(G) are finite sets and ¢ : E(G) — {(v,w) € V(G) x V(G) : v # w}.
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Unless we explicitly say so, we use the same terminology for multigraphs and directed
multigraphs as for graphs.

If nothing is defined different, we use the same terminology in connection with multi-
graphs and directed multigraphs as in connection with graphs. We first prove the desired
bound for graphs that arise by suitably subdividing the edges of some multigraph.

Theorem 2.3 Let G* be a multigraph that may contain multiple edges but no loops such
that every vertex is incident with at least 3 edges. Let EY U E5 U E5 be a partition of the
edge set E(G*) of G*.

If the graph G arises from G* by subdividing every edge in E exactly i times for
1 <i <3, then G has a dominating pair (D1, Dg) such that Vs3(G) = V(G*) C Dy U Dy

A path of length ¢ + 1 whose endvertices are of degree at least 3 and whose ¢ internal
vertices are all of degree 2 is called an open i-ear. A cycle of length 7 + 1 that contains ¢
vertices of degree 2 and one vertex of degree at least 3 is called a closed i-ear.

Proof: Let G* and G be as in the statement of the result. We will prove the desired
statement by explicitly describing the construction of a suitable dominating pair (D1, Ds)
for G. Initially, let (Dy, Do) = (0,0).

Note that the edges in Ef correspond exactly to the open i-ears of G. Let p; = |E}| for
1 <4 < 3. Furthermore, let n; = |V;(G)| and n>; = |V5,(G)| for i € N. Clearly, counting
the vertices of G and the edges of G* we obtain

V(G)| = nx3+p1+2py+ 3p3 and (2.3)
3
|[E(G")| = p1+p2+p3> 5" + 2n>4. (2.4)

As a first step, we add all vertices in V>3(G) = V(G*) to either Dy or Ds.

If u,v € V53(G) are the endvertices of an open i-ear P, then we call P good, if either
i € {1,3} and w and v do not both lie in one of the two sets D; and Ds, or i = 2 and u
and v both lie in one of the two sets D; and D», i.e.

either i€ {1,3} and [{u,v} N Dy|=[{u,v} N Dyl =1,
or i=2 and {|{u,v} N D], |{u,v} N Dy|} ={0,2}.
We call open i-ears bad, if they are not good and denote the number of bad open i-ears by
b for 1 <1¢ < 3.

We assume that the vertices in V53(G) = V(G*) are added to either Dy or D, in such
a way that the total number of bad open i-ears is as small as possible, i.e.

Next, for every good open i-ear, we add ¢ — 1 of the internal vertices to either D; or D,
and for every bad open i-ear, we add all ¢ internal vertices to either D; or D5 in such a way
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that (Dy, Dy) dominates all vertices of degree 2 and as many vertices of degree at least 3
as possible, i.e. if Vi(G) and V5;(G) denote the sets of vertices in V;(G) and V() that
are not — yet — dominated by (D, D), n; = |V;(G)|, and n>; = |V5;(G)], then

T'ng —  min. (26)

Clearly, we may assume that the internal vertices of all open i-ears are added to either Dy
or D, as indicated in Figure 2.1 where all vertices within squares belong to one of the two
sets Dy or Dy and all vertices within cycles belong to the other set.

D - G

good open 1-ear good open 2-ear good open 3-ear
bad open 1-ear bad open 2-ear bad open 3-ear
Figure 2.1

Let V;(G) and Vs,;(G) denote the set of vertices in V;(G) and Vs, (G) that do not belong
to a bad open i-ear or a good open 3-ear. Let ii; = |V;(G)| and #1s; = |V5;(G)]. Since all
vertices in V53(G) that lie on a bad open i-ear or a good open 3-ear are already dominated
by (Dy, D3), we have

n3 < ng (2.7)
and
N>z < N>3. (2.8)
Claim 1 | | .
(b1 + b2 +b3) < §(p1 + po+p3) — 1 N>yq — §ﬁ3 (2.9)

Proof of Claim 1: It follows by the handshaking lemma that
2(p1 +p2+p3) = Zmz
i>3

Furthermore, by (2.5), every vertex in V>3(G) belongs to at least as many good open i-ears
as bad open i-ears. Therefore, another application of the handshaking lemma yields

i>3 i>3

R B HEE

i>3 i>3
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Combining these two observations, we obtain

2(by + b +b5) < 2pitpatpy) = Y EJ eSS B—‘ n;

>3 >3
= (p1+p2+Dp3) +Z§nz - Z {ﬁJ n; — Z [5—‘ n;
>3 >3 >3

1 .
< (p1+p2+p3)— U 20>4 — N3,
which is equivalent to the statement of the claim. O

We consider a directed graph G* with vertex set V(G*) = Va3(G) that contains a directed
edge (u,v) from u to v for every good open 2-ear P = uzyv in G such that y € Dy U Do,
i.e. a directed edge “(u,v)” indicates that v is already properly dominated by the vertices
on P. (Note that G* can contain multiple directed edges.)

For a vertex u € Vay(@G), let T, denote the set of vertices v € Vas(@) such that G*
contains a directed path from u to v.

Claim 2 Ifv €T, for some u € Vzg(G), then v is not contained in a bad open i-ear or a
good open 3-ear in G and v is not the endvertex of two directed edges in G*.

Proof of Claim 2: For contradiction, we assume that vertices u and v as stated in the
claim exist.

Let P = wguy ...u; be a directed path in G* from u = up to v = u;. By definition,
every directed edge (u,_1,u,) for some 1 < r < [, corresponds to a good open 2-ear
P, = u,_yz,y.u, with y, € D, for some fixed s € {1,2}. If we replace the vertex y, in
D, with z, for 1 < r <[, then, by the assumption, all vertices that were dominated by
(D1, Dy) — in particular v — are still dominated by the new pair and the total number of
bad open ¢-ear remains unchanged. Since u is dominated by the new pair, n>3 is reduced
by 1, which is a contradiction to (2.6). O

By Claim 2, the sets T}, for u € Vzg(G) induce disjoint rooted tree T’u within G* with root
u. Furthermore, again by Claim 2, every leaf of T, that is different from u is the endvertex
of at least two good open 1-ears. Clearly, the sum of the number of good open 1-ears that
contain u and the number of leaves in T, is at least dg(u) > 3. Therefore, we can associate
3 good open 1-ears to every vertex in Vzg(G> such that every good open 1-ear is associated
at most twice to vertices in Vzg(G). By double counting, we obtain

) 2 2
ns3 < s(p1—b) < spr (2.10)
3 3
We now turn (Dy, D) into a dominating pair of G by adding at most n>3 vertices to the
two sets and possibly moving some vertices from D, to Ds_g, if all their neighbors belong
to Dyq.
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We are ready to estimate the cardinality of (Dy, Ds).

|ID1UDs| < ns3+0by+pe+by+2ps+ b+ nss
(2<9) n>3+ =p1+ =p2 + §293 — 1n3 — N>q — 1753 + n>3
- = 2 2 2 4 = 2 =
3 5 3 1. ) . 1 . .
= 5]91 + §p2 + 5]?3 + Z—ln3 +n>4+ 5%3 + (n24 — n24) + 5 (n3 — n3)
e 1 3 .5 3 1.
< 2p1+ 2p2+ 2p3+ 4n3—|—n24+ 2”3
w1353 Lo (L3,
< 2p1+ 2p2+ 2p3+ 4n3—|—n24+ 2n3—|— (4]91 8”3)
(2<7) 3 3 5 7
< Zpl + 5?2 + §P3 + gng + N>yq
(2<4) §]91 + §p2 + §P3 + an + n>q + <i (p1 +p2+p3) — inz - 1n>4)
- 4 2 2 8 = 14 28 7=
23 11 6 43 6
= 2—8p1+2'ﬁp2+3'?p3+%n3+?n24
(23) 6

where equality is only possible if p; = py = ng = 0, i.e. every vertex in GG belongs to an
open 3-ear and no vertex has degree exactly 3.

In this case

V(G)] = 3ps+ nxa, (2.11)
pP3 = 2n>4 (2.12)

and we construct a dominating pair (Dy, Ds) for G in the following way: First, we add all
vertices in V54(G) to either Dy or Dy in such a way that the number of bad open 3-ears
is minimum as in (2.5). Clearly, every vertex in V54(G) belongs to a good open 3-ear.
Therefore, we can turn (Dj, Ds) to a dominating pair of G by adding exactly two internal
vertices of every open 3-ear to either Dy or D, as indicated in Figure 2.2.

Fro—s@a Ju-e—oEE

good open 3-ear bad open 3-ear

Figure 2.2
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Now
|ID1UDs| < mnsq+2ps
(2.12) 1 9
< nsgt2p3+ ?p?) — ?n24
= §n + 15
= 7 >3 7173
(211) 5
< 2w
6
<  Z|V(G)],
V(@)
and the proof is complete. O
Vg Vo VU3 (O V2 Vg
U3
U1 U3 U1 U1 Us,
Vg Clrd Vg Us Cird Vg
H; H, Hj
H4 H5 H6 H7

Figure 2.3: The seven exceptional graphs for Theorem 2.2.

Lemma 2.4 (a) vy(Hy) =4, yy(Hy) = ... = vyy(H7) = 6.

(b) If G € {Hy, Hy, H3} andv € V(G), then G has a minimum dominating pair (Dy, Ds)
such that v € D;.

(c) If G € {Hy,Hy, Hs} and v € V(G), then there is a pair (D, Dy) of disjoint sets of
vertices of G such that | Dy U Ds| = vy(G) — 1, v € Dy, Dy is a dominating set, and
V(G)\ {v} € Ng[Ds].
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T ‘ S ‘ D1 ‘ DQ

311 | {vg,v4} {vs}

313 | {vs,v6} {vg,v5}
34| {vg,vg,v7} {v3, v6}
315 {vs,vs,v8} {vg, vg,v7}
411 | {vg,v5} {vs,v4}

4 3 {UQ,U4,U7} {Ul,Ug,Uﬁ}
4 4 {UQ,U{,,Ug} {’U3,U4,U7}
415 | {vs,vg,v6,09} | {va,v5, 08}
5 1 {UQ,U4,1)6} {U3,U5}
513 | {vs,vs,vs} {vg, vg,v7}
514 | {vg,vg,v6,09} | {v3,05,08}
515 | {vs,vs, 07,010} | {v2,v4, V6, 9}

Table 2.1

(d) If G arises from a path P = vjvy... 0041 ... Vpys by adding the edge viv, such that
r € {3,4,5} and s € {1,3,4,5}, then G has a minimum dominating pair (Dy, D)
with vy € Dy, Upys1 € Do, and v, € Dy U Dy. Furthermore, vy(G) < $|V(G)|
with equality if and only if (r,s) = (4,3).

Proof: Since (a) is easily verified, we proceed to (b).

Clearly, ({v1, v3}, {v2,v4}) is a dominating pair of Hy, ({v1,vs, v}, {v2, v4, v7}) is & dom-
inating pair of Hy, and ({vy,vs, vs}, {vs, v4,v7}) is a dominating pair of Hs. By symmetry
- considering suitable automorphisms of the graphs, (b) follows.

If G = Hy, then let (Dq, D) = ({v1,v2},{v3}), and, if G = Hs, then let (Dq, Ds) =
({v1,v4,v5}, {vs,v6}). In both cases vy € Dy, Dy is dominating, and V(G)\ {v1} C Ng[Ds]
which, by symmetry, implies (iii) for G € {Hy, Ha}.

If G = Hs and (D1, Dy) = ({v1,v4,06}, {vs,v5}), then v; € Dy, Dy is dominating
and V(G) \ {n1} C Ng[Ds]. If G = H3 and (Dq, Ds) = ({vg,v3,v6}, {vs,v7}), then vy €
Dy, Dy is dominating and V(G) \ {v2} C Ng[Ds]. Finally, if G = Hjz and (Dy, Dy) =
({vs, vs, v7}, {v1,v5}), then v € Dy, Dy is dominating and V(G) \ {vs} € Ng[Ds]. By
symmetry, the above observations imply (c) for G = Hj.

Now let G be as in (d). It is easy to verify that the Table 2.1 defines suitable minimum
dominating pairs for G which completes the proof. O

Lemma 2.5 If G is a graph such that
(1) 6(G) = 2,

(i) G is connected,
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(111) Vs>3(Q) is independent, and
(’L'U) G Q {Hl,Hg,Hg},

then G has a dominating pair (Dy, Ds) with V>3(G) C€ Dy U Dy and |Dy U Do| < |V(G)].

Proof: For contradiction, we assume that GG is a counterexample of minimum order. It is
easy to check that |V(G)| > 5.

Claim 1 There is no path P = vivusvavs in G such that the vertices vy, va, vz, and vy
are of degree 2 and vivs € E(G).

Proof of Claim 1: For contradiction, we assume that a path P as described in the claim
exists. The graph
G/ - G - {U27 U3, U4} + V105

satisfies (i)-(iii) of the hypothesis.

If G’ € {Hy, Hs, Hs}, then G is either Hs, or a cycle of length 10 or arises from Hj
by subdividing one edge three times. In all three cases the desired result follows easily.
Hence, we may assume that G’ ¢ {H, Hs, H3}.

By the choice of G, this implies the existence of a dominating pair (D}, D)) of G' with
Va3(G) = Va3(G') € Dy U DYy and |D} U Dy| < &(|V(G)| — 3). Since der(v1) = 2, either vy
or vs belong to D} U Dj,.

If vy € D} U D) and vs € D), then let (Dy, Do) = (D7 U {vs}, D5 U {w}), if v; € D}
and vy € D), then let (Dy, Ds) = (D} U{vs}, Dy U{vs}), and if v; € D} and vs ¢ D}, then
let (D1, Dy) = (D} U {vs}, Dy U {wvs}). In all three cases (Dq, Ds) is a dominating pair of
G with

6 6
DU D] = DU DY +2 < Z(V(G)] - 3) +2 < ZIV(G)],

which is a contradiction. By symmetry, this completes the proof. O

Claim 2 There is no cycle C = vivauzvgvy in G such that dg(vy) + dg(vs) > 7, dg(ve) =
dg(vy) =2 and G — {va, v4} has two components with vertex sets {v1} UU; and {vs} U Us
such that vy ¢ Uy and vs € Us. (Note that one of the two sets Uy and Us may be empty.)

Proof of Claim 2: For contradiction, we assume that a cycle C' as described in the claim
exists. The graph G’ that arises by contracting the cycle C' to a single vertex v (see Figure
2.4) satisfies (i)-(iii) of the hypothesis. Since d¢/(v) > 3, the graph G’ is different from H;.
Therefore, by Lemma 2.4 (a) and the choice of G, G’ has a dominating pair (D}, D}) such
that v € D{ and |D} U Dj| < &(|V(G)| — 3). By symmetry, we may assume that v has a
neighbor v" in D), NU;. Now (D1, Ds) with

D1 = {1)1,’02} U (Dll N Ul) U (D; N Ug) and
Dy = {vs} U(DyNUL) U (D) NUs)
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Ul Ul
V1 “ |/ :
v W e 4w
V3 i
U3 U3
G G’
Figure 2.4

is a dominating pair of G with
, , 6 6
DU D = DL\ (o) U Dy 3 < (VIO -3) - 1) +2 < 2V (G

which is a contradiction. O
Claim 3 There are no six vertices vy, va, v, Vg, Vs, Vg € V(G) such that
V1Va, UaU3, U3y, V4Vs, Vals, V4V € E(G),

v1, v3, vs, and vg are of degree 2, vy and vy are of degree 3, G[V (G)\ {va}] is not connected.

U3
V1 V2 V4 Us w
Vs
Figure 2.5
Proof of Claim 3: For contradiction, we assume that six vertices vy, vy ..., vg as described

in the claim exist. Let w be the neighbor of vy different from vy (see Figure 2.5). The
graph
G' = G — {va,v3,v4, 5,06} + VIW

satisfies (i)-(iii) of the hypothesis.

Since the edge vyw is a bridge of G', G' € {H,, Hy, H3}. By the choice of G, this implies
the existence of a dominating pair (D}, D}) of G' with V53(G) \ {v2,v4} € D] U D), and
| Dy U Dj| < 8(JV(G)] = 5). Since dgr(v1) = 2, either v, € Dj U D} or w € D} U Dj.

If v, & D} U D) and w € D), then let (Dy, Dy) = (D} U {vg,v6}, Dy U {vg,v3}), if
vy € Dy and w ¢ D} U D), then let (Dy, Do) = (DyU{va, v5}, DyU{vs,v4}), if v1 € D] and
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w € D, then let (Dy, Dy) = (D} U {vs}, Dy U {ve,v5}), and if vy € D} and w € D), then
let (D1, Ds) = (D] U{vy,v5}, Dy U{ve,v3}). In all four cases (D, Dy) is a dominating pair
of G with 6 6

[DrU Do| < DU Dy +4 < S(VIG)] = 5) +4 < Z[V(G)],

which is a contradiction. By symmetry, this completes the proof. O

By Claim 1, for every open i-ear in GG, we have i € {1,2,3} and for every closed i-ear in
G, we have 7 € {2,3,4}.
If G has no closed i-ear, then the desired result follows from Theorem 2.3. Hence, we
may assume that
C =uvvy...0,0;

with r € {3,4,5} is a closed (r — 1)-ear and dg(v,) > 3. If dg(v,.) = 3, then there is an
open (s — 1)-ear
P=vv141...015

in G with s € {2,3,4}, v,11 & {v1,v,_1}, and dg(veys) > 3. If dg(v,) > 4, then let s = 0,
ie. se{0,23,4}.

Claim 4 dg(v,) < 4 and, if dg(v,) = 3, then dg(v,4s) = 3.

Proof of Claim 4: For contradiction, we assume that dg(v.) > 5 or that dg(v.) = 3
and dg(vr4s) > 4. The graph G' = G[V(G) \ {vi,v2,...,v,45-1}] satisfies (i)-(iii) of
the hypothesis and is different from H; and H,. Therefore, by Lemma 2.4 (a) and the
choice of GG, G’ has a dominating pair (D4, D}) such that v, € D} and |D] U D}| <
S(V(G)| — (r+ 5 — 1).

Table 2.2 summarizes how to construct a suitable dominating pair (D, D) for G, which
yields a contradiction and completes the proof of the claim. O

By Claim 4, v,;s has exactly two neighbors =,y & {v1,vs,...,0,05-1}. By (iii), dg(z) =
da(y) = 2.

If zy € E(G), then V(G) = {v1,v2,..., 045, 2,y} and the result follows easily using
Lemma 2.4 (d). Therefore, the unique neighbor z of y different from v, 4 is different from
x.

If 2z € E(G), then Claim 2 and Claim 3 imply that V(G) = {v1, v, ..., 0044, 2, Yy, 2}
and the result follows easily. Therefore, 2z € E(G).

The graph

G =G —{v1,v9, ..., 046, y} + 22

satisfies (i)-(iii) of the hypothesis.

If G' € {Hy, Ho, H3}, then the desired result follows easily by combining Lemma 2.4 (c)
and (d). Hence, we may assume that G’ & {Hy, Hy, H3}. This implies, by the choice of G,
that G’ has a dominating pair (D, D}) with V53(G') € D{U D} and |D; U Dj| < S|V(G)].
In this case, Lemma 2.5 (iv) easily implies that G has a dominating pair (D;, D) with
Va3(G) € Dy U D, and | Dy U Dy| < §|V(G)|, which is a contradiction and completes the
proof. O



2.1. Graphs of Minimum Degree at Least 2 17

| DI\D{ [ Dy\Dj |
0 {oi}

{v2} {vs}

{vs} {v2, va}
{va, v4} {v1,v5}
{vs} {2}
{U1,U3} {02,114}
{U3,U4} {02,05}
{U2, U5} {01, Vs, UG}
{vs} {v1, va}
{02704} {U3,U5}
{vs, v5} {2, v4, 6}
{112,114,116} {01,113,1)7}

OO OY O b s s s W W W w3
B WRIN| O WO W N D ®»

Table 2.2

Lemma 2.6 If G is a graph such that
(1) 8(G) = 2,
(i1)) G connected,

(i1i) G is edge-minimal with respect to (i)-(ii), and
(i) G & {Hy, Hy, Hs},

then yy(G) < E|V(G)].

Proof: Let ¢(G) denote the number of closed 3-ears of G with exactly one vertex of degree
3. For contradiction, we assume that G is a counterexample such that |V (G)| + ¢(G) is
minimum. Clearly, we may assume again that |V (G)| > 5.

In view of Lemma 2.5, we may assume that V>3(G) is not independent, i.e. v'v” € E(G)
for some v',v" € V53(G). By (iii) of the hypothesis, the edge v'v” must be a bridge, i.e.
G arises from the disjoint union of two graphs G’ and G” by adding the bridge v'v” where
v' € V(G') and v" € V(G”). Note that G’ and G” satisfy (i)-(iii) of the hypothesis.

First, we assume that G',G” € {Hy, Hy, H3}. In this case let (D}, Dj) and (DY, DY) be
as in Lemma 2.4 (c) with ' € D} and v” € D]. Clearly, (D{UD}, D] UD)) is a dominating
pair of G and | D} U D§ U Dy U D] < &|V(G)], which is a contradiction.

Next, we assume that G’ € {Hy, Hy, H3} and G” # H;. Since ¢(G'),c(G") < ¢(G) + 1
and |V(G')], [V(G")| > 3, we obtain, by the choice of G, yy(G') < §|V(G’)| and yy(G") <
SIV(G")|. 1t (Dy, D) and (DY, Dj) are minimum dominating pairs of G’ and G”, then
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(D1, Dy) = (DyU DY, DyU DY) is a dominating pair of G with | Dy U Ds| < ¢|V(G)|, which
is a contradiction.

Therefore, we may assume that G' ¢ {H;, Hy, H3} and G” = Hy, i.e. G” is a closed
3-ear of G with exactly one vertex of degree 3. Let

G” = ({U” = Uy, Vg, Us, U4}7 {U1U27 Va3, U3y, U4U1})

and let
G" =G — vy + vy = (V(G), (E(G) \ {v1va}) U{v'vy}).

Clearly, G" satisfies (i)-(iii) of the hypothesis, G” ¢ {Hi, Hs, H3} and ¢(G") < ¢(G).
Therefore, by the choice of G, we obtain that vy(G") < |V (G)|.
Let (DY, Dy’) be a minimum dominating pair of G””. Note that

|(D/1” U D/2”> M {'U/,’Uh'l}g, V3, U4}| Z 4
and that we may assume v' € D7’. Now, (D, Dy) with

D1 = (Dllﬁ \ {Ul,UQ,Ug,U4}) U {Ug} and
Dy = (D3’ \ {v1,v9,v3,04}) U {v1, 02}

is a dominating pair of G with [D; U Ds| < &|V(G)|, which is a contradiction.
This completes the proof. O

With the help of the following lemma for small graphs, we can finally prove Theorem 2.2.

Lemma 2.7 (McCuaig and Sherpherd, cf. Lemma 2 in [62]) If G is a connected
graph with |V (G)| <7, 6(G) > 2, and v(G) > 2|V (G)|, then

G € {H,,H,,H3,Hy, H5, Hg, H7 }.
Recall the statement of Theorem 2.2.
Theorem 2.2 If G is a graph such that
(1) 6(G) = 2,
(i1) G connected, and
(i) G ¢ {Hy, H2, Hs, Hy, Hs, Hg, Hr },
then vy(G) < E|V(G)].
Proof: Let G’ be a graph with V(G') = V(G) and E(G’) C E(G) such that
(i) 6(G") = 2,

(ii) G’ connected, and
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(iii) G’ is edge-minimal with respect to (i)-(ii).

Clearly, 7v(G") > vv(G), and thus, by Lemma 2.6, the statement of the theorem is true,
it G' ¢ {Hy, Hy, H3}.

If G' = Hy, then it is straightforward to check that vv(G) < 3|V(G)|, because G # H;.
Therefore, we may assume that G’ € {H,, H3}.

If G has a hamiltonian cycle and v(G) < 2, then yy(G) < 5, because for any 2
vertices v;,v; € V(G), there exists a dominating set of G of cardinality 3 that does not
contain v; or v;. Thus, if G' = Hy, then, by Lemma 2.7, v7(G) < 2|V(G)], because
G ¢ {Ho, Hy, Hs, Hg, Hy}.

Hence, we may assume that G has no hamiltonian cycle and G’ = Hj. If G” is a graph
that arises from Hj by adding an edge e € FE(G) \ E(G’), then vy(G") > vv(G). By
symmetry, e € {v1vs, V104, V15, V204, Vo7 } (cf. Figure 2.3). Thus, yy(G”) < %\V(G”)| or
G" = Hg in which case G has a hamiltonian cycle — a contradiction. This completes the
proof. O

We believe that the following considerable strengthening is possible.

Conjecture 2.8 If G is a graph such that
(i) 0(G) = 2,
(i1) G connected, and
(i) G & {Hy, Hy, H3, Hy, Hs, Hg, H7},
then vy(G) < 5|V(G)|.

By the results of McCuaig and Shepherd [62], there would be infinitely many extremal
graphs for Conjecture 2.8. In fact, we believe that the edge-minimal extremal graphs

for the bound in Conjecture 2.8 are the same as those described in [62] for the bound
(@) < FV(@).

2.2 Graphs with Large Minimum Degree

In this section we prove an upper bound on yy(G) for graphs G using the probabilistic
method.

The proof builds on an elegant probabilistic argument given by Alon and Spencer [2].
The result is asymptotically best-possible, because (2.2) is so too (see [1,2]). Several times
during the proof we will use Observation 2.1. We denote the expected value of a random
variable X by E[X] and we denote the probability of an event A by P [A].

Theorem 2.9 If G is a graph of minimum degree 6(G) > 5, then

14+ In(0(G) + 1)
I(G)+1

1(G) <2 n(G).
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Proof: Let p = ln((;z(GG)fll). Note that p < % We construct a partition of V(G) into three
sets

V(G)=D)uDyuY

by assigning every vertex independently at random to the set D? with probability p, to the
set DY with probability p, and to the set Y with probability (1 — 2p). Clearly, E[|D?|] =
E[| D3]] = n(G)p. Let

Z'={v e V(G) | Ne[v]n (DU DI) =0} .
For a fixed vertex v € V(G), we have
Pve Z'] =P [Nglv] CY] = (1 —2p)lettL,

Let D] be a minimal dominating set of G[Z'] and let Dj be the union of Z'\ D] and a
minimal set of vertices of G such that each isolated vertex in G[Z'] has a neighbor in D..
Clearly, Di C Y \ Dj and, by Observation 2.1, (D}, D}) dominates every vertex in Z'.
Note that |D}| + |D}| < 2|Z'| and thus,

E UDH + |D%|] <2 Z (1 _ 2p>dc(v)+1‘
veV(G)

Let
Zi ={v e V(G) | Ne[v]n (DU D}) =0} .

Note that |[Ng[v]ND9| > 1 for each v € Z%, since otherwise v € Z' and thus, | Ng[v]NDj| >
1, which would be a contradiction to v € ZZ. For a fixed vertex v € V(G),

P [ve Z7] P [Ngv] N (DY U D) = 0]
P [(Ng[v] N DY = 0) A (Ng[v] N DY # 0)]
= P [Ng[v]n D) =] — P [Nglv]n (D] U DY) = 0]

(1 _ p)dc(v)-i-l _ (1 . 2p)dc(v)+1'

IA

Let D? be a minimal set of vertices in V(G) \ (DU D3J) such that each vertex v € Z7 that
satisfies

[Na[v] N (D3 U Dy)| < dg(v) + 1
is dominated by D?. Note that |D?| < |Z?| and thus,
E[IDI] < ) ((1=p)Pet* — (1 —2p)tetl),
veV(Q)

Let
Zy ={v e V(G) | Ne[v]n(DSUD}) =0}.



2.2. Graphs with Large Minimum Degree 21

Note that |[Ng[v]ND?| > 1 for each v € Z3, since otherwise v € Z' and thus, |[Ng[v]N D3| >
1, which would be a contradiction to v € Z3. For a fixed vertex v € V(G),
PveZy] = P[Nglv]n(DyuUDy)=10]
< P[(Nelv]n Dy =0) A (Ne[v]n DY # 0)]
= P [Ng[v]n Dy =] — P [Nglv]n (D3N DY) = 0]
— (1 . p)dg(v)-i-l _ (1 . 2p)dG(U)+1-
Let D2 be a minimal set of vertices in V(G) \ (D} U D} U D?) such that each vertex v € Z3

that satisfies
|INg[v] N (DY U Dy U D?)| < dg(v) + 1

is dominated by D3. Note that |D2| < |Z2| and thus,
E[ID}]] < > ((1=p)et* — (1 —2p)tett),
veV(Q)

For i € {1,2}, let
D)= DU D} u D?.

Clearly, Dy N Dy = (. For i € {1,2}, let
X;={veV(G)| Nglv] C D;}.
Let D? be a minimal dominating set of G[X3_;] for i € {1,2}. Let

D, = (D)\ Dj)uU D} and

Dy = (D/Q \ D?) U DS-
Clearly, by Observation 2.1, (Dq, Ds) is a dominating pair of G and, by the first moment
method [2], we obtain

1(G) < E[|Di| + D]
= E[|(D)\ D3)uD}|] + E[|(D;y\ D}) U D3]]
= E|

= E[Di||+E[Dy]

= UDouDluDﬂ]+EUD°uD1UDﬂ}

< 2n(Q)p+2 Z p)lctl 49 Z L (1 - 2p)de )
veV (G veV (G

= 2(Gp+2 ) (1—p)dG(U>+1
veV(G)

2n(G)p + 2n(G)(1 — )"
2n(G)p + 2n(G)e PO+

IA A

I
B
=
8

(G +1
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which completes the proof. O

The extension of Alon and Spencer’s proof from one dominating set to two disjoint dom-
inating sets was not too difficult. Nevertheless, an extension to three disjoint dominating
sets is not possible. If we consider the proof of Theorem 2.9, then by [77], we can’t guaran-
tee the existence of three disjoint sets of vertices, such that each of the three sets dominates
a set that corresponds to Z;.

2.3 Connected Cubic Graphs

After considering bounds on the vv(G) for graphs G with 6(G) > 2, respectively large
minimum degree, we consider connected cubic graphs next. As our main result in this
section we prove the following.

Theorem 2.10 If G is a connected cubic graph, then

157 8 8
1(G) n(G) + = ~ 0.793n(G) + g

< —

— 198 9

In Subsection 2.3.1, we prove Theorem 2.10 and, in Subsection 2.3.2, we prove a technical
lemma used in Subsection 2.3.1. This lemma is an extension of results in [45,71].

2.3.1 Proof of Theorem 2.10

Following Reed [71], we consider suitable path covers and introduce some more terminology.
Let G be a graph. If P is a path with n(P) =i mod 3, then P is called an i-mod-3-path.
If an endvertex u of P has a neighbor outside of V(P), then w is an out-endvertex of P.
A wdp-cover of G is a collection of vertex-disjoint paths such that all vertices of G are
contained in one of these paths. For a vdp-cover S, let S; denote the set of i-mod-3-paths
in S for ¢ € {0,1,2}. A vdp-cover S of G is optimal if

(R1) |S] is minimized.
(R2) Subject to (R1), |S1| is minimized.

(R3) Subject to (R1) and (R2), if for some P € S, the graph G[V (P)] has a hamiltonian
path with an out-endvertex, then P is one such path.

The next lemma collects some properties of optimal vdp-covers and corresponds to obser-
vations in [71] and Lemma 1 in [45]. For the sake of completeness, we include the proof
based on simple exchange arguments.

Lemma 2.11 Let S be an optimal vdp-cover of a graph G. Let x be an out-endvertex of a
1-mod-3-path P in S and let y be a neighbor of x on a path Q in S\ {P}. If Q@ = QyQ",
then
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(a) @ is not a 1-mod-3-path.
(b) If Q is a 2-mod-3-path, then both Q' and Q" are 2-mod-3-paths.

C 1s a 0-mod-3-path, then bot an are 1-mod-3-paths.
If Q 0 d-3 h, then both Q' and Q" 1 d-3 h

Proof: First, we assume that ) is a 1-mod-3-path. At least one of @)’ and Q”, say @', is
no 1-mod-3-path. Since the vdp-cover S" = (S \ {P,Q}) U{Q’, PyQ"} is obtained from
S by replacing two 1-mod-3-paths by a 2-mod-3-path and a 0-mod-3-path, we obtain a
contradiction to (R2), which proves (a).

Next, we assume that @ is a 2-mod-3-path and )’ is not a 2-mod-3-path. One of Q" and
Q", say (), is a 0-mod-3-path. Let S’ be as above. Since S’ is obtained from S by replacing
a 1-mod-3-path and a 2-mod-3-path by two 0-mod-3-paths, we obtain a contradiction to
(R2), which proves (b).

Finally, we assume that @ is a 0-mod-3-path and @’ is not a 1-mod-3-path. One of
Q' and ", say @, is a 2-mod-3-path. Let S’ be as above. Since S’ is obtained from
S by replacing a 1-mod-3-path and a 0-mod-3-path by two 2-mod-3-paths, we obtain a
contradiction to (R2), which proves (c¢). O

The following technical lemma is an extension of Lemma 2 in [45], which in turn extended
Fact 9 in [71]. Its proof is postponed to Section 2.3.2.

Lemma 2.12 If H is a subcubic graph such that H has a hamiltonian path, n(H) < 19,
n(H) =1 mod 3, and every endvertex of every hamiltonian path of H has degree 3, then

2n(H)+1
yy(H) < =25,

Our final ingredient is the following.

Theorem 2.13 (Reed [71]) Every connected cubic graph G has a vdp-cover S with
n(G)
S| < |——=.

We proceed to the

Proof of Theorem 2.10: Let GG be a connected cubic graph. Let S be an optimal vdp-
cover of GG. For each 1-mod-3-path P € S that has an out-endvertex, we select one such
out-endvertex zp. Furthermore, we choose a neighbor yp ¢ V(P) of xp and call the path
in S containing yp accepting.

Now, we construct a dominating pair (Dy, Ds) of G starting with (D, Dy) = (0,0).

e For each 1-mod-3-path P that has an out-endvertex, say P = vy ... v,py and v; = xp,
we include every third vertex of P to D; starting with v3 and we include every third
vertex of P to Dy starting with v,. Clearly, | (D U Do) NV(P)| = W(gﬂ.
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e For each 1-mod-3-path P that has no out-endvertex, the path P has order at least 4.
Let (D, DI') be a dominating pair of G[P] of minimum cardinality. We include the
vertices of D¥ to Dy and the vertices of DY to D,. Clearly, | (D U Dy) NV (P)| <
VAR 1f V(P) < 22, then, by Lemma 2.12, | (D; U Do) N V(P)| < 2VEIHL

e For each 0-mod-3-path P = v;...v,p), we include every third vertex of P to D,
starting with vy and we include v; as well as every third vertex of P to D, starting
with vg. Clearly, | (Dy U Do) NV(P)| = 2L,

e For each accepting 2-mod-3-path P = v;...v,p), Lemma 2.11 implies that P has
order at least 5. We include v, and v, as well as every third vertex of P to D,
starting with v3 and we include every third vertex of P to D, starting with ;.

Clearly, | (D; U Dy) NV (P)| = 2\V(1§')|+5'

e For each non-accepting 2-mod-3-path P = v; ... v,p), we include every third vertex
of P to D, starting with v; and we include every third vertex of P to D, starting
with vy. Clearly, | (D1 U Do) NV(P)| = w.

By construction, each of the two sets D; and Dy dominates all vertices that lie either on a
1-mod-3-path in S that has no out-endvertex or on a 0-mod-3-path in S or on a 2-mod-3-
path in S. Similarly, Dy dominates all vertices that lie on a 1-mod-3-path in S that has an
out-endvertex. Furthermore, if P is a 1-mod-3-path in .S that has an out-endvertex, then
D; dominates all vertices of P distinct from xp. Finally, for every 1-mod-3-path P in S
that has an out-endvertex, by Lemma 2.11 and the above construction, the neighbor yp of
the selected out-endvertex xp belongs to D;. Altogether, (Dy, Dy) is a dominating pair of
G.

Let Sy, S1, and S5 denote the set of 0-mod-3-paths, 1-mod-3-paths, and 2-mod-3-
paths in S, respectively. Let S5 denote the set of accepting 2-mod-3-paths in .S and let
S52¢ = Sy \ S8, Furthermore, let 511/ ? denote the set of 1-mod-3-paths P in S with
| (D1 UDs) NV (P)| < %. Note that this includes all 1-mod-3-paths that have an
out-endvertex. Hence, |S5°| < |Sll/3|. Finally, let Sf/3 =51\ 511/3 denote the set of 1-
mod-3-paths P in S with | (D; U Do) NV(P)| = w. By Lemma 2.12, the vertex set

%4 (Sf/3> of the union of all paths in Sf/g has order at least 22 ‘Sil/g"
n(G)+8

By Theorem 2.13 and (R1) in the definition of optimal vdp-covers, we have | S| < ===
and estimate yy(G) as follows.

YY(G) < |Di| + Dyl

2/V(P)| +3 2\V(P 1 2/V(P)| +4
> AWPUES 5 AP 5 2V

PeSy pesy/? pesi/s

+ZM;\+2+Z2|VU;¢

PeS;aCC PESSCC

<
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2 1 4 2 —accC 5 accCc
= 0@+ 150l + 5 |S1°] + 5 S| + 185 + 5 155
2 1 2 acc 4 2 —acc acc
_ §n<G>+|so|+(§ s+ 2193 |)+§ S| 2 s s
2 4
< Zn(G) + IS0l + |S1°| 4+ 157  + 155 + 5 |1
2 1
< —n(G)+|So|+‘Si/g‘+|S;acc|+|S§CC|+‘Sf/3‘+—‘V<Sf/3>‘
3 66
15
< =
< (@) +18]
15 n(G) + 8
< = B S
< 22n(G)—|— 3
157 8

This concludes the proof. O

2.3.2 Proof of Lemma 2.12

In order to complete the proof of Theorem 2.10, it remains to prove Lemma 2.12, which is
obtained by combining the statements of Lemmas 2.23, 2.24, and 2.25 below. We follow
the general approach used in [45]. Unfortunately, for the Lemmas 2.23, 2.24, and 2.25, we
practically have to reiterate the proofs given in [45].

We introduce some more terminology. If a subcubic graph H has a hamiltonian path
with endvertices v and v, then w is called v-distant. If Dy, Dy, Vi, and V5 are sets of
vertices of a graph G such that D; and D, are disjoint, D; dominates every vertex in V7,
and Dy dominates every vertex in Vs, then (Dy, Ds) is a (V4, Va)-dominating pair of G.

Lemma 2.14 If H is a subcubic graph, P = vivavsvsvs is a hamiltonian path of H, and
all vs-distant vertices have degree 3, then there is a (V(H) \ {vs}, V(H))-dominating pair
of cardinality at most 3.

Proof: If vju3 € E(H), then ({vs}, {va,v4}) is a (V(H) \ {vs}, V(H))-dominating pair of
cardinality 3. Hence, we may assume that vyv4, v1v5 € E(H ), which implies that vevgvsvvs
and vsvovv4v5 are hamiltonian paths, i.e. v9 and vy are vs-distant. By symmetry with vy,
this implies vovs, v3v5 € E(H), which contradicts the assumption that H is subcubic. O

Lemma 2.15 If a graph H of order 3k + 1 for k € N has a hamiltonian path P =
U1 ... U341 and an edge of the form viviy3;—1 where i, € N and ¢ is not divisible by 3, then
vy(H) <2k + 1.

Proof: If i = 1 mod 3, then let Dy = {v2,v5,...,0i—2, Vit2, Viss, ..., Usk}. Since v;43;_1 €
Dy, Dy dominates V(H). If i = 2 mod 3, then let Dy = {va, U5, ..., Vit3j—3, Vit3j+1, Vitsj+4,
..., Usk}. Since v; € Dy, Dy dominates V(H). In both cases (Dy,Dy) with Dy =
{v1,v4, ..., 3611} is a dominating pair of H of cardinality 2k + 1. O
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Lemma 2.15 immediately implies the next result.

Lemma 2.16 If a graph H of order 3k + 1 for k € N has a hamiltonian cycle C =
U1 ... U101 and an edge of the form v,v; where t,5 € N, i < j, and j — i+ 1 is divisible
by 3, then vy(H) < 2k + 1.

Lemma 2.17 If H is a subcubic graph, C' = vivy...v7v1 s a hamiltonian cycle of H,
dy(v7) = 2, and and all v;-distant vertices have degree 3, then there is a dominating pair
(D1, Do) of H of cardinality at most 5 such that v; € Dy U Ds.

Proof: By Lemma 9 in [45], H has a dominating set D; of cardinality 2. The graph
H — Dq has order 5 and a vdp-cover consisting of at most 2 paths. Since v; has degree 2,
vy either belongs to D; or is an endvertex of a path in the vdp-cover of H — D;. This easily
implies that H has a dominating set D, that is disjoint from D; and has cardinality 3 such
that v; € D1 U Dy. By symmetry, Figure 2.6 illustrates all relevant cases. In this figure,
the vertices in D; are indicated by empty circles, the vertices in V/(H) \ D; are indicated
by filled circles, and the vertices of D, are indicated by encircled filled circles. The desired
statement follows. O

Figure 2.6

Lemma 2.18 If H is a subcubic graph, C' = vivy...vgv1 is a hamiltonian cycle of H,
dy(vs) = 2, and all vg-distant vertices have degree 3, then there is a (V(H)\ {vs}, V(H))-
dominating pair of cardinality at most 5.

Proof: By Lemma 10 in [45], there is a set D; of cardinality 2 dominating V(H) \ {vs}.
The graph H — Dy has order 6 and a vdp-cover consisting of at most 2 paths. This easily
implies that H has a dominating set Dy that is disjoint of D; and has cardinality 3 (cf.
Figure 2.7). The desired statement follows. O

Lemma 2.19 If H is a subcubic graph, C = v vy...v19v1 1S a hamiltonian cycle of H,
dy(vip) = 2, and all vig-distant vertices have degree 3, then there is a dominating pair
(D1, Do) of H of cardinality at most 7 such that vig € Dy U Dj.

Proof: By Lemma 11 in [45], H has a dominating set D; of cardinality 3. Since 3
consecutive vertices of C' dominate at most 8 vertices, D; does not consist of 3 consecutive
vertices. This implies that the graph H — D; has order 7 and a vdp-cover consisting of
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Figure 2.7

Figure 2.8

either 2 or 3 paths. Since vy has degree 2, vy either belongs to D; or is an endvertex of a
path in the vdp-cover of H — D;. This easily implies that H has a dominating set Dy that
is disjoint from D; and has cardinality 4 such that vyg € Dy U Dy (cf. Figure 2.8). The
desired statement follows. O

Lemma 2.20 If H is a subcubic graph, C = vivs...v1101 is a hamiltonian cycle of H,
di(v11) = 2, and all vy, -distant vertices have degree 3, then there is a (V(H)\{v11}, V(H))-
dominating pair of cardinality at most 7.

Proof: By Lemma 12 in [45], there is a set D; of cardinality 3 dominating V(H) \ {v11}.
As in the proof of Lemma 2.19, we may assume that D; does not consist of 3 consecutive
vertices. This implies that the graph H — D; has order 8 and a vdp-cover consisting of
either 2 or 3 paths. This easily implies that H has a dominating set D, that is disjoint of
D, and has cardinality 4 (cf. Figure 2.9). The desired statement follows. O

Lemma 2.21 If H is a cubic hamiltonian graph of order 10, then yy(G') < 7.

Proof: Let v1vs ... v19v; denote a hamiltonian cycle of H. By Lemma 2.16 and symmetry,
we may assume that either vjvy € E(H) or vivs € E(H).
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Figure 2.9

First, we assume v,v5 € E(H). By Lemma 2.16 and symmetry, we may assume that
either vsug € E(H) or vgvy € E(H). If vsvg € E(H), then ({vy, vs, vs}, {va, v5,v7,v10}) is a
dominating pair of H. If vgv; € E(H), then ({vs, vs,vo}, {v2, V4, v7,v10}) is a dominating
pair of H. By symmetry, we may assume that H contains no edge of the form v;v;,4 or
ViVit6-

Next, we assume vyvy € E(H). By Lemma 2.16 and symmetry, we may assume that
either vsvg € E(H) or vsvig € E(H). If vgug € E(H), then ({v1,vg, v8}, {v2, v5, v7,v10}) is
a dominating pair of H. If vsvyg € E(H), then, by Lemma 2.16 and symmetry, we may
assume that vovg € E(H) and ({vs, v, vo}, {ve, v5,v7,v10}) is a dominating pair of H. This
completes the proof. O

Lemma 2.22 [f H is a cubic hamiltonian graph of order 16, then yy(G') < 11.

Proof: Let vvs...v16v; denote a hamiltonian cycle of H. For contradiction, we assume
that yy(G’) > 11. By Lemma 2.16,

H contains no edge of the form v;v; 19, V;V;15, ViVits, ViVii11, OF ViUii14. (2.13)

where indices are identified modulo 16. By symmetry, we may assume that v has a
neighbor in {vs, vy, ve, v7}.

Claim 1 H contains no edge of the form v;v;14 0T V;U;412.

Proof of Claim 1: For contradiction, we assume, by symmetry, that vivig € E(H).
By symmetry and (2.13), vy has a neighbor in {vs,vs,vs,v9}. If vevs € E(H), then
({wva, v7, V10, V13, V16 }, {1, V4, Vg, Vg, V12, V15 }) is dominating pair of H. If vovg € E(H), then
({wva, vy, vs, V11, V14 }, {V1, V3, Vs, Vg, V12, V15 }) is dominating pair of H. If vevg € E(H), then
({wva, ve, v10, V13, V16 }, {1, V4, V7, Vg, V12, V15 }) is dominating pair of H. If vqvg € E(H), then
({va, vy4, v7, V11, V14 }, {v1, V3, Vs, Vg, V12, V15 }) is dominating pair of H. These contradictions
complete the proof of the claim. O
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Claim 2 If vsvig € E(H), then vivig, vovg € E(H).

Proof of Claim 2: Let vzvig € E(H). If vy has a neighbor in {vs,vs,v11,v14}, then
({vs, vs, v11, V14, V16 }, {1, V4, Vg, Vg, V12, V15 }) is dominating pair of H. Thus, by (2.13) and
Claim 1, vy has a neighbor in {vg, v12, v15}. By the symmetry between v; and vq, v; has a
neighbor in {U4, U7, UlO}' If VU9 g E(H), then ({U4, U7, V10, V12, U15}, {’Ug, Vs, Ug, V11, V14, Ulﬁ})
is dominating pair of H. Thus, vyvg € E(H), and by symmetry, vivig € E(H). This
completes the proof of the claim. O

Claim 3 Ifv;vig € E(H), then vovs € E(H).

Proof of Claim 3: Let v;v16 € E(H). By (2.13) and Claim 1, vs has a neighbor in
{Uz,Us,U11>U12>U14,015}- If vsvg € E(H)’ then ({U2>Us,vlo>vl3,vlﬁ}, {01,04,07,1)8,1711,7114})
is dominating pair of H. If vsvy; € E(H), then ({vq, vs, vg, v13, V16 }, {1, V4, U7, Us, V11, V14})
is dominating pair of H. If UsV12 € E(H), then ({UQ, Vs, U7, V10, U14}, {'Ul, U3, Vg, Vg, V12, U15})
is dominating pair of H. If vsv14 € E(H), then ({vq, vs, vg, V12, U16}, {V1, V4, U7, Us, V11, V14 })
is dominating pair of H. If vsv15 € E(H), then ({vs, vs, v7, 19, U13}, {v1, U3, Vg, Vg, V12, V15})
is dominating pair of H. These contradictions imply vsve € E(H), which completes the
proof of the claim. O

If v3v16 € E(H), then Claim 2 implies vjvyg, vovg € E(H). By symmetry between vjvyg
and v;v16, Claim 3 implies viov15 € E(H). By symmetry between vi9v15 and vsvyg, Claim 2
implies VgV13, UsU14 € E(H) Now ({Ul, Vg, U5, Ug, U12}, {’U4, VU7, Vg, V10, V13, 'Ul@}) is dominating
pair of H. Hence, by symmetry,

H contains no edge of the form v;v;,3 or v;v;,13. (2.14)

If vyv16 € E(H), then Claim 2 implies vous € E(H), which contradicts (2.14). Hence, by
symietry,

H contains no edge of the form v;v;,7 or v;v;g. (2.15)

We may assume vgvis € E(H). By (2.13), Claim 1, (2.14), and (2.15), either vyv19 € E(H)
Or V4V14 € E(H) If V414 € E(H), then ({UQ, Vg, Vg, U11, U14}, {U17 V4, V7, V10, V13, le}) 18
dominating pair of H. Hence, we may assume vqv1g € F(H) and, by symmetry, vavis €
E(H) Now ({114, Vg, V12, V14, U16}, {"Ug, Vs, U7, V10, V13, U]_ﬁ}) is dominating pair of H. This
final contradiction completes the proof. O

The graph that arises from a path vyvs ... v, by adding the edge vyv, is called a (v,,n,r)-
lasso and vivs ... v,v; is called the cycle of the lasso.

Lemma 2.23 If H is a subcubic graph of order 19 with a hamiltonian path such that every
endvertex of every hamiltonian path of H has degree 3, then vy(H) < 13.
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Proof: For contradiction, we assume yy(H) > 13. Let a hamiltonian path P = vjvs ... v1g
of H and an edge v1v, € F(H) be chosen such that r is largest possible, i.e. P together with
v, forms a (vy9, 19, 7)-lasso with the longest possible cycle C' = vvy ... vvp. If r =19,
then C'is a hamiltonian cycle and every vertex is the endvertex of some hamiltonian path.
This implies that H is cubic, which is impossible, because the order of H is odd. By
Lemma 2.15, r is not divisible by 3. We consider different cases.

Case 1l r=17.

Clearly, dy(v19) = 3. This implies that also v15 is an endvertex of a hamiltonian path and
hence dy(v15) = 3. By Lemma 2.15 and since H has no hamiltonian cycle, the distance on
C' of neighbors of v1g and v19 on C' is larger than 2 and not equivalent to 0 or 2 modulo
3. Since g is adjacent to vy7, v19 has two neighbors in {vy, v7,v19,v13}. If v4 and vy3 are
the neighbors of vy, then Lemma 2.15 and the maximality of r imply a contradiction to
dy(vig) = 3. By symmetry, this yields two possible cases.

(1.1) g is adjacent to vi; and vs and vig is adjacent to v; and vy3.
(1.2) wg is adjacent to vi; and vs and vig is adjacent to v; and vig.

In both cases, vy is an endvertex of a hamiltonian path in H and has a third neighbor
on C'. By Lemma 2.15, v; is not adjacent to vg, vg, V12, Or v15. By Lemma 2.15 applied
to the path veoviv17v16 . . . V3V18V19, V1 1S NOt adjacent to vy, vyg, V13, O V1. By symmetry
between vy and vy, the third neighbor of vo on C'is in {vg, vg, V12, v15}. If vivs € E(H), then
V1Vg . . . U7U19U1gV17 - . - Vg7 1S & hamiltonian cycle, which is a contradiction. Altogether, the
third neighbor of v; on C'is in {vs, v11, v14}-

Now we consider the two cases identified above. First, we consider Case (1.1). If vjv14 €
E(H), then v1vy. .. 013019018017 . . . 01407 is a hamiltonian cycle, which is a contradiction.
Hence, v; has a neighbor in {vs, v11} and, by symmetry, v, has a neighbor in {vg, v15}. Now
({’Ulg, V19, Us, Vg, V11, U15}, {Ug, V4, U7, V10, V13, V16, ’017}> is a dominating pair in H, which is a
contradiction.

Next, we consider Case (1.2). If vyv1; € E(H), then v1vy. .. 019019018017 - . . V1101 18
a hamiltonian cycle, which is a contradiction. Hence, v, is adjacent to either vs or
v14. By the symmetry between v; and vy, vg is adjacent to either vs or vis. If vovg €
E(H), then vyv1v17v016 . . . U7019V180304U5V60V2 18 a hamiltonian cycle, which is a contradic-
tion. Since vy is not adjacent to vy, vy is adjacent to either vy or vy5. By the sym-
metry between vy and wg, vg is adjacent to either wvis or vys. If vjvs € FE(H), then
({v19, V18, Vg, Vs, V12, V15 }, {V3, V4, V7, V10, V13, V16, V17}) IS @ dominating pair in H. Thus, we
may assume that vjvy € F(H). By symmetry, we also may assume that vgvi3 € E(H).
Now v1vs . .. Vg¥13V12011V10V19V18V17V16V15V140V1 1S @ hamiltonian cycle, which is a contradic-
tion. This concludes Case 1.

Case 2 r = 16.
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By the maximality of r, vy is not adjacent to vy, vs, v3, v15, V14, Or v13. By Lemma 2.15,
V19 18 not adjacent to vi7, vy, vg, or vs. By the maximality of r, vg is adjacent to two
non-consecutive vertices on C'. Since vy9 has neighbors on C, vi7 is the endvertex of a
hamiltonian path and hence dg(vi7) = 3. Let v, be the neighbor of v;7 on C' distinct from
v16. By symmetry, we may assume that 8 < x < 14.

If x = 12, then, by Lemma 2.15, v19 is not adjacent to vis, v19, v7, O vy, thus vigvg €
E(H). Now H contains a (v10, 19, 17)-lasso with the cycle vjvs ... vgv19v18V17012 . . . V1601
contradicting the maximality of . Hence x # 12.

If the two neighbors of v19 on C' are vg and v1g, then, by Lemma 2.15, either vi7v9 €
E(H) or vi7v13 € E(H). If vi7v9 € E(H), then H has hamiltonian cycle, and if vj7v13 €
E(H), then has a (v12,19,17)-lasso contradicting the maximality of r. Hence, the set of
the two neighbors of v19 on C'is not {vg, v10}-

Claim 4 The distance on C' between some neighbor of vig on C' and some neighbor of vy7
on C' equals 4.

Proof of Claim 4: For contradiction, we assume that v4 and v;s are not neighbors of
v19. Now some neighbor v, of v19 belongs to {vg, v19}. By the maximality of r, z > 13. In
order to avoid distance 4 from v, on C, we need z = 14 and y = 9. But this contradicts
Lemma 2.15 applied to the path vigu1gv17v14v13 . . . V1V16v15. Thus the claim holds. O

By Claim 4, we may assume that vqg is adjacent to v4. By the maximality of r, the distance
on C' between any neighbor of v19 on C' and any neighbor of v;7 on C is at least 4. By
Lemma 2.15, this distance is not equivalent to 2 modulo 3. By these properties and by
symmetry, it is sufficient to consider the following cases.

v17 18 adjacent to vig and vg, and vig s adjacent to vy and via.

v17 1S adjacent to vig and vi3, and vig s adjacent to vy and vg.

(2.1)

(2.2)

(2.3) w17 is adjacent to vig and vy, and vig is adjacent to vy and vg.
(2.4) w17 is adjacent to vig and vi3, and vig is adjacent to vy and vy.
(

2.5) w7 is adjacent to vig and vi1, and vig is adjacent to vy and v;.

In Case (2.1), ({ve, vs, V10, V14, V17, V19 }, {¥1, Vs, V7, Vg, V12, V15, V13 }) is a dominating pair of
H, which is a contradiction.

In Case (2.2), we consider the (vs, 19, 16)-lasso with cycle vigv1s . .. V4V19v18017016. (Here
the vertices vy, v9, and v3 play the roles of vy7, v1g, and vyg, respectively.) By Lemma 2.15
and the maximality of r, v3 is adjacent to one of v, vg, V19, or vi9. If 315 € E(H), then, by
the maximality of r, v; must be adjacent to vg and we obtain Case 2.1. If vgvyy € E(H),
then H contains a (v11,19,17)-lasso with cycle v170180190405 . . . V10U3V2V1 V16015 - - - V13V17
contradicting the maximality of r. If v3vg € E(H ), then by Lemma 2.15 and the maximality
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of r, v1 has no possible third neighbor. If vgv; € E(H), then H contains a (v, 19, 17)-lasso
with cycle v7vg . .. v16V17018V19U6V5 V4 V307 contradicting the maximality of 7.

In Case (2.3), we consider the (v7, 19, 16)-lasso with cycle v1gvyy . .. V1601V . . . UgU19V18V17V10-
The vertex v; is adjacent to vg and, by Lemma 2.15 and the maximality of r, v; is adjacent
to one of vy, v3, or viy. If v;v14 € E(H), then, by the maximality of r, vg must be adjacent
to vo and we obtain Case 2.1. If v;v; € E(H), then vi1v1a. .. 019005 . . . V1070s . .. V11 1S &
hamiltonian cycle, which is a contradiction. If v;v3 € E(H), then H contains a (vq, 19, 17)-
lasso with cycle v11v15 ... V19UgU5 . . . V3U7Vg . . . v11 contradicting the maximality of 7.

In Case (2.4), we consider the (vs, 19, 16)-lasso with cycle vigv15 . . . V4V19V18017016. Now, by
Lemma 2.15 and the maximality of r, v3 is adjacent to one of vg, vg, v1g, Or vis. If v3 is
adjacent to one of vy, V19, Or V12, we argue as in Case (2.2). If vgvs € E(H), then H contains
a (v17, 19, 17)-lasso with cycle vgusv 0190705 . . . V161 V203V contradicting the maximality of
T.

In Case (2.5), we consider the (vs, 19, 16)-lasso with cycle vigv15 . . . V4V19V18V17016. Now,
by Lemma 2.15 and the maximality of r, v is adjacent to one of vg, vg, v1g, Or v19. If
v3v1g € E(H), then by the maximality of r, v; must be adjacent to vg and we obtain Case
2.1. If V3V19 € E(H), then V10V9 . . . V4U19V18V17V11V12 - . . UV16U1V2VU3V10 is a hamiltonian cycle,
which is a contradiction. If vsvg € E(H), then H contains a (vjg, 19, 18)-lasso with cycle
VgUg - . . VgU19V1gV17V11 V12 - - - V16V V2V3Vg contradicting the maximality of r. If vzvg € E(H),
then H contains a (v17, 19, 17)-lasso with cycle vgvsv4019070s . . . V1601 V203V contradicting
the maximality of r. This concludes Case 2.

Case 3 r = 14.

Let H = H[{v15,v16, . ..,v19}]. If H has a (V(H') —vy5, V(H'))-dominating pair (D}, D})
of C&I‘dil’l&hty at most 3, then (Di U {Ug, Vs, Us, V11, ’U14}, Dé U {Ul, V4, U7, V10, ’013}) is a dom-
inating pair of H, which is a contradiction. Hence, by Lemma 2.14 applied H’, we may
assume that v19 has a neighbor y in V(C'). Since G’ has no lasso with a cycle of order more
than 14, y € {vg,v7,vs}. By Lemma 2.15, y = v;. Since dg(vi9) = 3, H' must contain
a neighbor v; of vyg distinct from vig. Now v, is vis-distant in H’, which, by symmetry
with vyg, implies the contradiction v;,jv; € F(H). This concludes Case 3.

Case 4 r = 13.

Again, let H' = H[{vi5,v16,...,010}]. If H has a (V(H') — v15, V(H'))-dominating pair
(D}, D}) of cardinality at most 3, then (D] U {ve, vs, vs, v11,v14}, D5 U {v1, v4, 07, 010, v13})
is a dominating pair of H, which is a contradiction. Hence, by Lemma 2.14 applied H’,
we may assume that vyg has a neighbor y not in V(H’). By Lemma 2.15, y # vy, i.e.
y € V(C). This implies a contradiction to the maximality of r, which concludes Case 4.

Case 5 4 <r <11.
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Recall that r is not divisible by 3. Let H’ be the subgraph of H induced by the set
{v1,v9,...,v,.}. By the maximality of r, no v,-distant vertex of H' has a neighbor outside
of V(H'"). If r = 4, then vjv3 € E(H), which contradicts Lemma 2.15. The remaining
cases r = 11, 10, 8, 7, and 5, follow easily from Lemmas 2.20, 2.19, 2.18, 2.17, and 2.14,
respectively. This concludes the proof of Lemma 2.23. O

Lemma 2.24 [f H is a subcubic graph of order 16 with a hamiltonian path such that every
endvertex of every hamiltonian path of H has degree 3, then yy(H) < 11.

Proof: For contradiction, we assume yy(H) > 11. Let a hamiltonian path P = vjvs ... v
of H and an edge viv, € F(H) be chosen such that r is largest possible, i.e. P together
with vjv, forms a (vig, 16, 7)-lasso with the longest possible cycle C' = vyvs ... v,v;.

By Lemma 2.22, if H has a hamiltonian cycle, then some vertex has degree less than 3.
Since in this case every vertex is the endvertex of some hamiltonian path, this contradicts
the assumption. Hence r < 15. By Lemma 2.15, r is not divisible by 3. We consider
different cases.

Case 1 r = 14.

As endvertices of hamiltonian paths, both of v and v15 have two neighbors in V(C'). By
Lemma 2.15 and the maximality of r, v14 is adjacent to two vertices among vy, v7, and vyg.
If vi6 is adjacent to v4 and vy, then the second neighbor of vy5 implies a contradiction to
Lemma 2.15 or the maximality of . Hence, we may assume that vy4 is adjacent to v; and
v19. By Lemma 2.15 and the maximality of r, this implies that vy5 is adjacent to vs and
V14.

By Lemma 2.15 applied to P and the hamiltonian path voviv14v13 ... v30V15v16, V1 IS
adjacent to a vertex among vs, vs, and vyy. If vivg € E(H), then vivsy ... 07016015 . . . Ugty
is a hamiltonian cycle, which is a contradiction. If vyv1; € E(H), v1vy . .. 019016015 - - - V1101
is a hamiltonian cycle, which is a contradiction. Hence vjvs € E(H). By the symmetry
between v; and vy, we obtain vgvs € E(H), which contradicts the assumption that H is
subcubic. This concludes Case 1.

Case 2 r=13.

As endvertices of hamiltonian paths, both of v and v14 have two neighbors in V' (C). By
Lemma 2.15 and the maximality of r, vi4 is adjacent to two vertices among vy, vg, v7, and
vg. By the maximality of r, v14 is not adjacent to vg and v;. By symmetry, we may assume
that vy4 is adjacent to v, for some 7 < o < 11. This implies, by the maximality of r, that
v16 1s not adjacent to vg and vig is adjacent to vy. If vigv; € E(H), then, by the maximality
of r, vy is adjacent to vyy. If vi4v1; € E(H), then, by Lemma 2.15, v16 is not adjacent to
vg. Altogether, if v is adjacent to vg, then vy4 is adjacent to vy, and if vy is adjacent
to v7, then vy is adjacent to v;. By symmetry, it suffices to consider the case that vg is
adjacent to v4 and vz, and vy4 is adjacent to v1; and vy3.
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We consider the (vs, 16, 13)-lasso with cycle v13v1s . . . v4016V15014v13. Now, by Lemma
2.15 and the maximality of r, vs is adjacent to one of vg or vg. If vy is adjacent to
vg, then H contains a (vys, 16, 14)-lasso with cycle vi3v1s . . . U701604U5V6V3V201 V13, Which is
a contradiction. If v is adjacent to vy, then H contains a (vy, 16, 15)-lasso with cycle
V11U14V150V16V4 Vs . . . Vg3V V13012011, Which is a contradiction. This concludes Case 2.

Case 3 4 <r <11.
The proof repeats the argument of Case 5 of Lemma 2.23. O

Lemma 2.25 If H is a subcubic graph such that H has a hamiltonian path, n(H) < 13,
n(H) =1 mod 3, and every endvertex of every hamiltonian path of H has degree 3, then

2n(H)+1
T(H) < =5

Proof: For contradiction, we assume yy(H) > w If n(H) = 4, then every vertex of
H is an endvertex of some hamiltonian path of H. Hence, H is complete, which implies
the contradiction yy(H) = 2. Hence n(H) # 4. If n(H) = 7, then Lemma 2.15 implies
that v; is adjacent to two vertices among vy, vs, and v7. If vjvs € F(H), then Lemma 2.14
easily implies a contradiction. Hence vjv; € E(H) and, by symmetry, vqv; € E(H), which
is a contradiction. Hence n(H) # 7. Let a hamiltonian path P = vjv, ... v of H and
an edge v1v, € E(H) be chosen such that r is largest possible, i.e. P together with v;v,
forms a (v,(m), n(H), r)-lasso with the longest possible cycle C' = viv, ... v,0;.

First, we assume that n(H) = 13. Since H has no hamiltonian cycle, this implies
r < 12. By Lemma 2.15, r is not divisible by 3. If r = 4, then vyv3 € FE(H), which
contradicts Lemma 2.15. The remaining cases » = 11, 10, 8, 7, and 5 follow from Lemmas
2.20, 2.19, 2.18, 2.17, and 2.14, respectively.

Finally, we assume n(H) = 10. By Lemma 2.21, H has no hamiltonian cycle, which
implies » < 9. Again, r is not divisible by 3 and r # 4. The remaining cases 8, 7, and 5
follow from Lemmas 2.18, 2.17, and 2.14, respectively. This completes the proof. O

Figure 2.10
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In view of possible improvements of Theorem 2.10 it is natural to ask whether Lemma
2.12 is valid for larger orders. The graph in Figure 2.10 shows that there are limits to
such improvements. The illustrated graph G is subcubic, has order n(G) = 37 = 1 mod 3,
every endvertex of every hamiltonian path of G' has degree 3, but vy(G) > 25 (Claim 3
in [44] easily implies y(G) > 13).

We close this chapter with the following bold conjecture.

Conjecture 2.26 If

v = limsup {% | G is a connected cubic graph of order n(G) > n} and
n—oo n
vy = limsup {77((6?)) | G is a connected cubic graph of order n(G) > n} :
n—oo n

then vy = 2.

State of the art is % << % [43,45].
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Chapter 3

Partition Problems Related to vy+(G)

As mentioned in Chapter 2 the simple yet fundamental Observation 2.1 implies that every
graph of minimum degree at least one contains two disjoint dominating sets, i.e., the trivial
necessary minimum degree condition for the existence of two disjoint dominating sets is also
sufficient. In contrast to that, Zelinka [76] observed that no minimum degree condition
is sufficient for the existence of two disjoint total dominating sets. For that consider a
bipartite graph G with one partite set A containing 20 — 1 vertices and a second partite set
B containing (255_1) vertices each of which is adjacent to a different set of § vertices from
A. Clearly, this graph has minimum degree 0. If T} U T; is a partition of A U B such that
TyNA| > |ToN Al then |73 N A| > §. Hence, there is a vertex v € B such that Ng(v) C Ty
and so G does not contain two disjoint total dominating sets.

Clearly, if the domatic number [77] of a graph G is at least 2k, then, by definition,
G contains 2k disjoint dominating sets and hence also k disjoint total dominating sets.
Therefore, the results of Calkin and Dankelmann [10] and Feige, Halldérsson, Kortsarz,
and Srinivasan [20] imply that a sufficiently large minimum degree and a sufficiently small
maximum degree together imply the existence of arbitrarily many disjoint (total) domi-
nating sets.

In [37] Henning and Southey give an elegant exchange argument for the following result,
which is somehow located between Ore’s positive and Zelinka’s negative observation. By
a Cs-component we mean a component that is a Cj.

Theorem 3.1 (Henning and Southey [37]) If G is a graph of minimum degree at least
2 with no Cs-component, then V(G) can be partitioned into a dominating set D and a total
dominating set T'.

A characterization of graphs with disjoint dominating and total dominating sets is given
in [38].

A DT-pair (D,T) of G is exhaustive if |D| + |T'| = |V (G)|. Thus, a DT-pair (D, T) of G

is non-exhaustive if |D| + |T'| < |V(G)|. Note that Theorem 3.1 implies that every graph
with minimum degree at least 2 and with no C5-component has an exhaustive DT-pair.

37
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We call a DT-pair (D, T') whose union D UT has cardinality v7:(G) a yy(G)-pair. By
Theorem 3.1, vv,(G) exists for every graph G with minimum degree at least 2 and with
no Cs-component. Hence, we have the following immediate consequence of Theorem 3.1.

Corollary 3.2 If G is a graph with minimum degree at least 2 with no Cs-component,
then y3(G) < [V(G)|.

In Chapter 5 we show that it is NP-complete to decide for a given graph G and a given
integer k, whether vv,(G) < k. In this chapter, we study graphs that achieve equality
in the upper bound in Corollary 3.2. A characterization of such graphs seems difficult to
obtain, since there are several families each containing infinitely many graphs that achieve
equality in Corollary 3.2. For example, consider the following three families of connected
graphs with minimum degree at least 2 for which every DT-pair is exhaustive.

e The Family D;: For & > 0, we define D;(k) to be the connected graph obtained
from two disjoint 5-cycles by joining a vertex from one of the cycles to a vertex in
the other and subdividing the resulting edge k times. Let Dy = {D;(k) : k > 0}.
The family D; is depicted in Figure 3.1(a). We remark that a graph in the family D,
is called a dumb-bell in the literature.

e The Family Dy: For k£ > 0 and ¢ > 0 with k + ¢ > 2, let Dy(k, ¢) be the connected
graph that is constructed from k—+/¢ disjoint 5-cycles by identifying a set of k vertices,
one from each of k cycles, into one vertex u and joining a vertex from each of the
remaining ¢ cycles by a path of length 2 to u. Let Dy = {Dy(k, () : k,1 >0 and k +
¢ > 2}. The family D, is depicted in Figure 3.1(b).

e The Family D;: For k > 1 and ¢ > 1, let D3(k, ¢) be the connected graph that is
constructed from k + ¢ disjoint 5-cycles by identifying a set of k£ vertices, one from
each of k cycles, into one vertex u and identifying a set of ¢ vertices, one from each
of the remaining ¢ cycles, into one vertex v and then adding a path of length 2
joining v and v. Let D3 = {D3(k): kK > 1 and ¢ > 1}. The family Dj is depicted in
Figure 3.1(c).

It is a routine exercise to check that if G € D;UD,UD;, then vv.(G) = |V (G)|. However, all
these graphs GG contain induced 5-cycles. Several further graphs G that contain induced 5-
cycles and satisfy vv,(G) = |V(G)| can readily be constructed. These families suggest that
a full characterization of all graphs that achieve equality in Corollary 3.2 seems difficult to
obtain. In Section 3.1, we therefore restrict our attention to graphs with no induced cycle
on five vertices. The results in Section 3.1 are based on [36]. In Section 3.2, we restrict
our attention to graphs of minimum degree at least 3, which may have induced cycles on
five vertices. The results in Section 3.2 are based on [34].
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(a) (b) ()

Figure 3.1: Graphs containing no non-exhaustive DT-pairs.

3.1 (5-free Graphs with Minimum Degree at Least 2

We say that a graph is F'-free if it does not contain F' as an induced subgraph. For a
graph G and some i € N, let V;(G) = {u € V(G) | dg(u) = i} and V5;(G) = {u € V(G) |
dg(u) > i}. The graph obtained from a complete graph K, of order n > 4 by subdividing
every edge once is denoted by K. Note that [V(K)| = |[V(K,)| + |E(K,)| = n+ ().
We define the families C and K* of particular cycles and subdivided complete graphs as
follows:

C = {C,:n>3andn#5} and K*={K}: n>4}.

As our main result in this section we prove the following.

Theorem 3.3 If G is a connected Cs-free graph with 6(G) > 2, then v, (G) = |V(G)] if
and only if G € CUK*.

We will refer to a graph G as an n(G)-minimal graph if G is edge-minimal with respect to
satisfying the following three conditions:

(i) (&) = 2,
(ii) G is connected, and

(i) 17(G) =n(G).

Note that if G is an n(G)-minimal graph and H is a graph with §(H) > 2 and no Cs-
component that arises from G by deleting edges, then, by Corollary 3.2, n(G) = v (G) <
Yi(H) <n(H) =n(G), ie. yu(H) =n(G).

The following result characterizes n-minimal Cs-free graphs and is a main step towards
the proof of Theorem 3.3.

Theorem 3.4 If G is a Cs-free graph, then G is n(G)-minimal if and only if G € CUK*.
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We note that every graph G € D; U Dy U D3 is an n(G)-minimal graph but, as remarked
earlier, such graphs are not Cs-free. We shall proceed as follows. First, we prove a number
of useful preliminary results in Subsection 3.1.1. Then, we prove Theorem 3.4 in Subsec-
tion 3.1.2 and Theorem 3.3 in Subsection 3.1.3.

3.1.1 Preliminary Results

In this subsection we present several useful preliminary results

Lemma 3.5 If G is a graph, (D,T) is a DT-pair of G, and u is a vertex in G such that
all neighbors of u are of degree at most 2, thenu € D UT.
In particular, yy(Cy) = n for n # 5.

Proof: Let G, (D,T), and u be as in the statement. For contradiction, we assume
u ¢ DUT. Let v be a neighbor of u with v € T'. Since v has degree at most 2, it has either
no neighbor in D or no neighbor in 7', which is a contradiction and implies the desired
statement. U

Lemma 3.6 IfG € K* and (D,T) is a DT-pair of G, then |D| + |T| = |V (G)|.

Proof: Let G € K*. By definition, G may be obtained from the complete graph Ky,
for some ¢ > 4, by subdividing every edge exactly once. By Theorem 3.1, there exists a
DT-pair (D, T) of G. If there are two vertices in V53(G) that do not belong to 7', then the
vertex in V5(G) with these two vertices as its neighbors is not totally dominated by T', a
contradiction. Hence, T" contains all vertices in V>3(G), except possibly one. If V53(G) C T,
then, since every vertex of degree 2 is dominated by D, we have that V5(G) C D. But then
no vertex in V>3(G) is totally dominated by 7', a contradiction. Hence, exactly one vertex,
v say, in V53(G) is not in T'. Since every vertex in Va(G) \ Ng(v) has both its neighbors
in 7', and since V5(G) \ Ng(v) is dominated by D, we have that V5(G) \ Ng(v) C D.
Furthermore, in order for T to totally dominate V>3(G)\ {v} we have that Ng(v) C T. But
then v € D in order for the set D to dominate Ng(v). Thus, D = (Vo(G) \ Ng(v)) U {v}
and T = (Va3(G) \ {v}) U Ne(v), and so |D| + [T] = [Va(G)| + [Vas(G)| = [V(G)], as
desired. O

The following observation follows from the proofs of Lemmas 3.5 and 3.6.

Observation 3.7 If G € CUK* and v € V(G), then G has the following properties.
(a) There exist DT-pairs (Dy,T1) and (Da,Ty) with v € Dy and with v € T.

(b) IfG € C anduv € E(QG) then there exist DT-pairs (Dy,T1) and (Da, Ty) with {u,v} C
T, and with u € Dy and v € T5.

(c) If G € K* and v € V53(G), then there exists a DT-pair (D, T) with v € D and
Ng(v) CT. Furthermore, every vertex in Vs3(G) \ {v} belongs to T' and has exactly
one neighbor in T with the remaining neighbors all in D.
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Lemma 3.8 If G = C,,, where n # 5, and v € V(G), then there exists a pair (D,T) of
disjoint sets of vertices in G such that |D| + |T| <n, v €T, and

(i) either D dominates V(G) and T totally dominates V(G) \ {v},

(i1) or D dominates V(G) \ {v} and T totally dominates V(G).

Proof: Let G be the cycle vjvs ... v,01, where n # 5 and v = vy. If n = 3, let D = {v,}
and 7' = {v, }, while if n =4, let D = {v3} and T" = {vy,v2}. If n > 6 and n = 0 (mod 3),
let v; € D if i = 0(mod 3) and let v; € T if i = 1,2 (mod 3) and ¢ # 2. If n > 6 and
n =1 (mod 3), let v; € D if i =0 (mod 3) and let v; € T'if i = 1,2 (mod 3) and i ¢ {2}. If
n > 6 and n = 2 (mod 3), let v; € D if i = 0 (mod 3) and let v; € T if i = 1,2 (mod 3) and
i¢{2,n—1}, and let v, 1 € D. In all cases, the pair (D, T) satisfies the requirements of
the lemma. O

Lemma 3.9 Let F' # Cs be a connected graph with 6(F) > 2 and let G be obtained from
F by subdividing an edge of F three times. If vy(G) = |V(G)|, then yy(F) = |V (F)|.

Proof: We use a proof by contrapositive. Suppose that 7y (F) < |[V(F)|. We show that
71 (G) < |[V(G)|. Let (Dp,Tr) be a yy:(F)-pair of F. We have |Dp| + |Tr| = y3(F) <
|V(F)|. Let e = uv be the edge of F' that is subdivided three times to produce the path
uv1vv3v in G. Note that u and v are not adjacent in G.

Suppose that Tr N {u,v} # (. Renaming vertices, if necessary, we may assume that
u€Tp. Ifv e Tp,let D= DrU{vy} andlet T = TpU{vy,v3}. If v € Dp,let D = DpU{v;}
and let T'= Tr U{ve,v3}. If v ¢ DpUTp, let D = DpU{vy} and let T' = Tp U {v,v3}.
Then, (D,T) is a DT-pair of G with |D| + |T| = |Dp| + |Tr| + 3 < |[V(F)| + 3 = |V(G)|.
Hence, v7:(G) < |[V(G)|, as desired. Thus, we may assume that Tr N {u,v} = 0.

Suppose that Dr N {u,v} # (). Renaming vertices, if necessary, we may assume that
u € Dp. In this case, let D = Dp U {vs} and let T'= T U {v1,v2}, and once again (D, T)
is a DT-pair of G with |D| + |T| < |[V(G)|.

Thus, we may assume that Dr N {u,v} = 0. Now, |Dp| + |Tr| < |[V(F)| — 2. We
note that each of u and v is adjacent to a vertex in D and to a vertex in Tr. We now
let D = DpU{v,v} and let T = Tp U {va,v3}. Then, (D,T) is a DT-pair of G with
D]+ 7| = [Dp| + |Tr| +4 < [V(F)| +2 < [V(G)]. Hence, y(G) < |V(G)]. ©

We remark that the converse of Lemma 3.9 is not necessarily true (cf. for instance the
graphs in Figure 3.1).

Lemma 3.10 Let G be the graph obtained from k > 2 disjoint cycles Fy, Fs, ..., Fy of
lengths ny,na, ..., ng, respectively, by identifying a set of k vertices, one from each cycle,
into one verter calledv. Ifn; #5 fori=1,2,...,k, then G has a non-exhaustive DT-pair.
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Proof: Let G be the graph defined in the statement of the lemma. For i € {1,2,... k},
let v; be the vertex of F; that was identified into the vertex v. Let (D;,77) be a pair of
disjoint sets of vertices in Fj that satisfies the requirements of Lemma 3.8 for the graph
F) with v, as the specified vertex in the cycle. Then, v; € Ty, |Dy| + |T1| < ny, and
either (i) D; dominates V(F}) and T; totally dominates V' (F7) \ {v1} or (ii) D; dominates
V(Fy) \ {v1} and T; totally dominates V' (F7). For each i € {2,...,k}, F; € C and hence,
by Observation 3.7(a), there exists a DT-pair (D;,T;) in F; such that v; € T;. Let

=1

D= UD,- and T = (U(Ti\{vi})> U {v}.

Then, (D, T) is a non-exhaustive DT-pair of G. O

Lemma 3.11 Let G be a connected Cs-free graph with 6(G) > 2 and yy(G) = n(G). If
G is not n(G)-minimal, then G contains an n(G)-minimal spanning Cs-free subgraph.

Proof: Let G be as in the statement of the lemma such that G is not n(G)-minimal.
By removing edges from G, we can obtain an n(G)-minimal spanning subgraph of G.
Among all such subgraphs, choose F' so that the number of induced 5-cycles in F' is
minimized. For the sake of contradiction, suppose that F' contains the induced 5-cycle
C = vivgugvausvy. If n =5, then, since G is Cs-free, we may assume, relabeling vertices if
necessary, that vivy € E(G). But then ({vs,v4}, {v1,v5}) is a non-exhaustive DT-pair in
G, a contradiction. Hence, n # 5 and since F' is connected, we may assume dg(v;) > 3.
By the minimality of F, dp(ve) = dp(vs) = 2.

For the sake of contradiction, suppose that dp(vs) > 3. Then by the minimality of
F, dp(vy) = 2. If vovy € E(G), then the graph obtained from F by adding this edge
and removing the edge v1v9 is an n(G)-minimal spanning subgraph of G containing fewer
induced 5-cycles than F, contradicting the choice of F. Hence, vovy ¢ E(G). Similarly,
vovs ¢ E(G). If vjuy € E(G), then the graph obtained from F' by adding this edge and
removing the edge vsv, is an n(G)-minimal spanning subgraph of G with fewer induced
5-cycles than F', contradicting the choice of F. Hence, viv4 ¢ E(G) and, by a similar
argument, vsvs ¢ E(G). If vju3 € E(G), let F' = F + vjvs. By Theorem 3.1, there
exists a DT-pair (D', T") in F’. To totally dominate vy we may assume, without loss of
generality, that v; € T". If v3 € D', then ((D"\ {v2,v5}) U {va}, (T" \ {v2,v4}) U {v5})
is a non-exhaustive DT-pair of F” and hence in G, a contradiction. Hence, v3 € T'. To
dominate vy, we therefore have that vy, € D’. But then ((D'\ {vs}) U {vs}, 7"\ {vs4,v5})
is a non-exhaustive DT-pair of F” and hence in G, again a contradiction. Thus, vjv3 ¢ E.
Hence, C' is an induced 5-cycle in GG, contradicting the fact that G is Cs-free. Therefore,
dr(vs) = 2. Similarly, dp(vy) = 2.

If vov; € E(G) for some i € {4,5}, then the graph obtained from F' by adding this
edge and removing the edge vvy is an n(G)-minimal spanning subgraph of G containing
fewer induced 5-cycles than F, contradicting the choice of F'. Hence, vyvs ¢ E(G) and
vovy ¢ E(G). By a similar argument, vsvs ¢ E(G). If vjvg € E(G), let F' = F + vyvs.
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By Theorem 3.1, there exists a DT-pair (D', T") in F'. If v; € T', then ((D’\ {vq,v5}) U
{vs,v4}, (T \ {v2,v3,v4}) U {vs}) is a non-exhaustive DT-pair of F’ and hence in G, a
contradiction. Hence, v; € D'. But then ((D"\{va, v3,v4})U{vs}, (T"\{ve, v5})U{vs, v4}) is
a non-exhaustive DT-pair of F” and hence in G, again a contradiction. Hence, viv3 ¢ E(G).
Similarly, vyu4 ¢ E(G). Thus, C' is an induced 5-cycle in G, contradicting the fact that G
is Cs-free. O

Lemma 3.12 [f G # C, is a Cs-free hamiltonian graph, then vv(G) < n(G).

Proof: Let G # C), be a Cs-free hamiltonian graph and let C' be a hamiltonian cycle in G.
Thus, every edge in E(G) \ E(C) is a chord of C'in G. Among all chords of C, let uv be
chosen so that k = d¢(u,v) is minimized. Since a chord of C' is not an edge of C, we note
that £ > 2. Let P = uguy ...u; be a shortest u-v path in C', where u = ug and v = uy,
and let C” be the cycle uguy . .. uiug. By our choice of uv, C’ is an induced cycle in G. If
k =4, then C" is an induced 5-cycle in G, contradicting the fact that G is Cs-free. Hence,
C'ecC.

Let vgvy...v, be the v-u path in C' not containing u;, where v = vy and u = wvy.
Thus, C is the cycle ugu; ... ugv1vy ... v and n(G) = k + £. Since k = dc(u,v), we note
that ¢ > k > 2. We now apply Observation 3.7(b) to the cycle C" € C as follows. If
¢ =0,1(mod 3), let (D’,T") be a DT-pair of C" such that {u,v} = {ug,ux} C 71", while if
¢ =2 (mod 3), let (D',T") be a DT-pair of C’ such that u =ug € D" and v = uy € T". Let
D" ={v;|i=2(mod3)and 1 <i < (}andlet 7" = {v; | i = 0,1(mod 3) and 1 < i <
(}. Let D=D'UD" and let T =T"UT"”. We note that v; ¢ DUT and that (D,T) is a
DT-pair of C' 4+ uv. Hence, (D, T) is a non-exhaustive DT-pair of C' 4+ uv and therefore in
G, and so 73(G) < n(G). O

Lemma 3.13 Let G be a connected Cs-free graph. If there exists a spanning proper sub-
graph F' of G such that F' € K*, then vy(G) < n(G).

Proof: Let G be a connected Cs-free graph and suppose there exists a spanning proper
subgraph F' of G such that F' € £*. Among all edges in E(G) \ E(F), let the edge uv be
chosen so that dp(u) + dp(v) is maximized and, subject to that, the number of common
neighbors of v and v in F' is maximized. Let F' = F 4 uv.

By definition of the family £*, we note that V53(F) > 4. Suppose {u,v} C Vs3(F).
Let w € Va3(F)\ {u,v}. Let v’ be the common neighbor of u and w in F, and let v’ be the
common neighbor of v and w in F. By Observation 3.7(c), there exists a DT-pair (D, T)
in F' such that w € D, {v/,v'} € Np(w) C T and {u,v} C T. Now (D,T \ {«'}) is a
non-exhaustive DT-pair of F’ and therefore in G, and so yy,(G) < n(G). Hence we may
assume, without loss of generality, that dg(u) = 2.

Suppose v € Vs3(F'). Since uv ¢ E(F), we note that v ¢ Np(u). Let w € Np(u).
Then, w € V53(F). Let v' be the common neighbor of v and w. By Observation 3.7(c),
there exists a DT-pair (D, T) in F such that w € D, {u,v'} C Np(w) C T and v € T. Now
(D, T\ {v'}) is a non-exhaustive DT-pair of F’ and therefore in G, and so v1:(G) < n(G).
Hence we may assume that dp(v) = 2.
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Let Np(u) = {uy,us} and let Np(v) = {vy,v2}. Then, {uy,us} C Vo3(F) and {vy, v} C
V53(F). Suppose that v and v have no common neighbor in F. Then, {uy, us }N{vy,v2} = 0.
Let w be the common neighbor of u; and v; in F'. Then, C' = uu;wvivu is a 5-cycle in
F’" and hence in G. By our choice of the edge uv, the cycle C’ is an induced 5-cycle in G,
contradicting the fact that G is Cs-free. Hence, v and v have a common neighbor in F' and
we may assume that u; = v;. By Observation 3.7(c), there exists a DT-pair (D,T') in F'
such that uy € D, {u,v} C Np(u;) C T and {us,vs} C T. Furthermore, we note that every
neighbor of us in F, different from u, is totally dominated by 7'\ {us}. Thus, (D, T\ {us})
is a non-exhaustive DT-pair of F” and therefore in G, and so y1:(G) < n(G). O

We now combine Lemma 3.12 and Lemma 3.13 into the following result.

Lemma 3.14 Let G be a connected Cs-free graph. If there exists a spanning proper sub-
graph F of G such that F € CUK*, then v%(G) < n(G).

3.1.2 Proof of Theorem 3.4

We are now in a position to prove our key preliminary result, namely Theorem 3.4. Recall
that a graph G is an n(G)-minimal graph if G is edge-minimal with respect to satisfying
the following three conditions: (i) 6(G) > 2, (ii) G is connected, (iii) 7% (G) = n(G).
Recall the statement of Theorem 3.4.

Theorem 3.4 If G is a Cs-free graph, then G is n(G)-minimal if and only if G € CUK*.

Proof: If G € CUK*, then, by definition of the families C and £*, 6(G) > 2 and G is
connected. By Lemmas 3.5 and 3.6, 7:(G) = n(G). Furthermore, §(G —e) = 1 for any
edge e in G, and so G is n(G)-minimal. This establishes the sufficiency.

To prove the necessity, we proceed by induction on the order n(G) of an n(G)-minimal
Cs-free graph G. If n(G) € {3,4}, then G = Cy, ) € C. Suppose n(G) = 5. Since G # Cs,
either G contains a Cj3, in which case either G arises by adding an edge to C5 or GG can
be obtained from two disjoint 3-cycles by identifying a vertex from each cycle into one
vertex, or G contains a Cy but no Cj, in which case G = Ky 3. In both cases, there exists
a non-exhaustive (D, T)-pair in G, contradicting the fact that G is n(G)-minimal. Hence,
n(G) # 5. This establishes the base cases.

Let n(G) > 6 and assume that the result is true for all n’-minimal Cj-free graphs, where
3 <n’ <n(G). Let G be an n(G)-minimal Cs-free graph. Before proceeding further, we
present two observations that will be useful in what follows.

Observation 3.15 Ife € E, then either e is a bridge of G or 6(G —e) = 1.

Proof: For contradiction, we assume that §(G — e) > 2. Since G is a connected Cj-
free graph of order at least 6, G — e has no Cs-component. Therefore, by Corollary 3.2,
n = 7% (G) < (G —e) < n(G), which implies yy,(G — e) = n(G). Since G is n(G)-
minimal, this implies that G — e is not connected, which completes the proof. O
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Observation 3.16 If G’ is a connected subgraph of G of order n(G") < n(G) with 6(G") >
2, then either G' € CUK* or v (G') < n(G').

Proof: Let G’ be a connected subgraph of G of order n(G’) < n(G) with 6(G’") > 2.
Clearly, G’ is Cy-free. Suppose 7v(G') = n(G’"). Then, by Lemma 3.11, G’ contains a
spanning Cjs-free subgraph G” that is n(G’)-minimal. By induction, G” € CUK*. If G" is
a proper subgraph of G’, then Lemma 3.14 implies a contradiction. Hence, G’ = G”, and
soG'eCUK*. O

If V55(G)| = 0, then G = C,, and, since G is Cjs-free, G € C and we are done. Hence,
we may assume that |Vs3(G)| > 1. If [V53(G)| = 1, then G satisfies the conditions of
Lemma 3.10 and thus has a non-exhaustive DT-pair, contradicting the fact that G is
n(G)-minimal. Hence, |V53(G)| > 2. We prove the following claim about the set V53(G)
of vertices of degree at least 3 in G.

Claim 1 V53(G) is an independent set in G.

Proof of Claim 1: For the sake of contradiction, suppose that {u,v} C V53(G) with
uwv € E(G). Then, by Observation 3.15, uwv is a bridge of G. Let G, and G, denote
the components of G — uv containing u and v respectively. We note that vy, (G) <
Y(Gu) +10(Go). IEyn(Gu) < [V(Gy)| or vu(Gy) < [V(GL)], then y%(G) < n(G),
a contradiction. Hence, vy,(G,) = |V(G.)| and vv(G,) = |V (Gy)|. Therefore, by Obser-
vation 3.16, {G,,,G,} C CUK*. If G,, € C, then, by Lemma 3.8, there exists a pair (D;,T7)
of disjoint sets of vertices in G, such that u € Ty, |D1| + |T1]| < |V(G.)]|, and either (i) Dy
dominates V(G,,) and T} totally dominates V(G,,) \ {u} or (ii) D; dominates V(G,) \ {u}
and 77 totally dominates V (G, ). Using Observation 3.7(a), let (D, T5) be a DT-pair of
G, with v € Ty if (i) holds and v € Dy if (ii) holds. In both cases, (D; U Dy, T} UT5) is a
non-exhaustive DT-pair of G, a contradiction. Hence, G,, € K*. Similarly, G, € K*.

Let v’ be a neighbor of u in G,. Since uu’ is not a bridge in G,, the edge uu' is
not a bridge in G, and so, by Observation 3.15, 6(G — wu') = 1. Since dg(u) > 3, we
note that dg_yw(u) > 2, implying that dg(u') = 2 and so dg,(u') = 2. Let u” be the
neighbor of ' distinct from u. Since every edge in G, is incident with a vertex of degree
at least 3 and a vertex of degree at most 2, dg,(u) > 3 and dg,(u”) > 3. Therefore, by
Observation 3.7(c), there exists a DT-pair (D;,T7) such that v” € Dy, ' € Ng,(u") C T}
and u € T;. By Observation 3.7(a), there exists a DT-pair (D, T3) in G, with v € Ts.
Thus, (D, U Dy, Ty U T, \ {u'}) is a non-exhaustive DT-pair of G, a contradiction. Hence,
we conclude that V53(G) is an independent set in G. O

Let R be any component of G — V>3(G). Note that R is a path. If R has only one vertex,
or has at least two vertices with the two ends of R adjacent in G to different vertices of

degree at least 3, then we say that R is a light path. Otherwise we say that R is a light
handle.

Claim 2 FEvery light path in G' contains at most two vertices.
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Proof of Claim 2: Let P = v;...v; be a longest light path in G and let vy and vy,
be the vertices of degree at least 3 that are adjacent in G to v; and vy, respectively. By
definition of a light path, we note that vy # v1. For the sake of contradiction, suppose
that £ > 3. Let F' be the graph obtained from G by deleting the vertices vy, vy and wvs
and adding the edge vyvy. Then G can be obtained from F' by subdividing an edge of F
three times. Since Vs3(G) = Vs3(F) and |Vs3(G)| > 2, we note that F' is not a cycle.
In particular, F' # C5. By construction, F' is a connected graph with §(F) > 2. Hence,
by Lemma 3.9, vy:(F) = |V (F)|. We proceed further with a subclaim showing that F is
Cs-free.

Subclaim 1 F' is Cs-free.

Proof of Subclaim 1: Suppose that F' contains an induced 5-cycle C'. Since G is Cs-
free, we note that C' contains the edge wvyvy, and therefore k € {3,4,5}. Suppose that
k = 3. Let C be the cycle vowiwowsvsvg. We note that either wjwsws is a light path
in G or wy € V>3(G). We now consider the graph F' = F — vyvy and note that F”
is a connected subgraph of G with §(F’) > 2 and V(F') = V(F). Further, |V(F")| >
Y (F') > yy(F) = |V(F)|, and so vy (F") = |V(F")|. By Observation 3.16, F' € C U K*.
We note that vgwiwswsvy is a path in F’. If F' € C, then, by our choice of P, we have
that F' € {Cs,C7,Cs}. In all three cases, we can find a DT-pair (D’,T”) in F’ such that
{vo,v4} CT'. If F' € K*, then since w; and wz have degree 2 in both G and F’, we note
that {vg, vy, we} C Vo3(F’) and by Observation 3.7(c), there exists a DT-pair (D', T”) in F
such that wy € D" and {vg,v4} C T’. But then (D' U {vs},T" U {v1}) is a non-exhaustive
DT-pair of G, a contradiction. Hence, k € {4,5}.

Suppose that k& = 4. Let C be the cycle vowiwovsvavg. We note that, since V>3(G) is
an independent set, wjws is a light path in G. We now consider the graph F' = F'— v, and
note that F” is a connected subgraph of G with 0(F") > 2. If vy, (F") < |[V(F')|, let (D', T")
be a vy, (F’)-pair. But then (D' U {vy,v4}, T" U {va,v3}) is a non-exhaustive DT-pair of
G, a contradiction. Hence, vy (F") = |V (F”)], and so by Observation 3.16, F' € C U K*.
Since both ends of the edge wywy € E(F") are vertices of degree at most 2 in F’, we note
that F' ¢ K*. Hence, F' € C. By Observation 3.7(b), there exists a DT-pair (D’,7”) in
F’ such that {vg, w1} C T". Necessarily, wy € D'. If vs € T', let D = D' U {vq,v3} and
T = (T"\{wi}) U{vi,v4}. lfvs € D', let D = D" U{vy} and T'=T" U {v3,v4}. In both
cases, (D, T) is a non-exhaustive DT-pair of GG, a contradiction. Hence, k = 5.

Let C be the cycle vgvgvsvsv'vg. We note that, since V>3(G) is an independent set,
v' € V5(G) and Ng(v') = {vg, v6}. We now consider the graph F' = F — {v4,v5} and note
that F” is a connected graph with §(F”") > 2. Furthermore, F’ is a subgraph of G and
hence F’ # C5. Let (D', T") be a yy,(F’)-pair. In order to totally dominate the vertex v’
in F', [{vo,v6} NT"| > 0. We may assume, without loss of generality, that vy € 7. But
then (D' U {vg,v5},T" U {vs,v4}) is a non-exhaustive DT-pair of G, a contradiction. This
completes the proof of Subclaim 1. O

We now return to the proof of Claim 2. By Subclaim 1, the graph F' is a connected Cs-free
graph with §(F") > 2 that satisfies yy(F') = |V(F)|. Let n’ =n—3, and so |V (F)| =n'. If
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F is not n’-minimal, then by Lemma 3.11, F' contains an n/-minimal spanning subgraph F’
with no induced 5-cycle. But then, by the induction hypothesis, ' € CUK* and therefore,
by Lemma 3.14, vy (F) < n’ = |[V(F)|, a contradiction. Hence, F' is n’-minimal, and by
the induction hypothesis, F' € CUK*. As observed earlier, F' is not a cycle, and so F' € K*.
Since V53(G) = Vs3(F), we note that vy € Vo3(F) and that k = 4. Let w be a vertex of
degree at least 3 different from vy and vs. Let v be the common neighbor of vy and w
in F, and let v be the common neighbor of v5 and w in F'. By Observation 3.7(c), there
exists a DT-pair (D’,T") such that w € D', {vj,vi} € Np(w) C T" and {vg,vs} C T".
But now ((D'\ {vs}) U{va, vs}, (T7\ {v(}) U {v1,v4}) is a non-exhaustive DT-pair of G, a
contradiction. O

Claim 3 FEvery light path in G contains exactly one vertex.

Proof of Claim 3: Let P = v;...v; be a longest light path in G. By Claim 2, k£ < 2.
For the sake of contradiction, suppose that k = 2. Let vy and v3 be the vertices of degree
at least 3 that are adjacent in G to vy and v, respectively. Let F' = G — {vy,va}.

Suppose that F' is disconnected. Let F; and F, denote the components containing vy
and vs, respectively. Then, F' = F} U F,. We consider first the case where yy;(F) <
|[V(F1)| and vy (Fy) < |V(Fy)]. Let (Dy,T1) and (D, T5) be non-exhaustive DT-pairs
in I} and Fy, respectively. If vg ¢ Dy then (D; U Dy U{vo}, 71 U Ty U {vg,v1}) is a non-
exhaustive DT-pair of GG, a contradiction. Therefore, vy € D;. Similarly, v3 € Ds. But then
(D1UD,, Ty UTyU{vy,v2}) is a non-exhaustive DT-pair in GG, again a contradiction. Hence,
without loss of generality, we may assume that yv.(F1) = |V(F1)|. By Observation 3.16,
Fy € CUK* and therefore, by Observation 3.7(a), there is a DT-pair (D;,77) in F; with
vo € Th. If yy(Fy) = |V(Fy)], then, similarly, F» € C UK* and there is a DT-pair (Dy, T3)
in Fy with v3 € Tp. But then (D; U Dy U {v;},T7 UT3) is a non-exhaustive DT-pair of
G, a contradiction. Thus, yv(F2) < |V (F2)|. As before, let (D2, T3) be a non-exhaustive
DT-pair of Fy. But then (D; U Dy U {vy}, T3 U Ty U {v1}) is a non-exhaustive DT-pair of
(G, again a contradiction. Hence, F' is connected.

Suppose vy (F) < |[V(F)|. Let (D, T) be a yy(F)-pair. If vg € T, then (D U {vy}, T U
{v1}) is a non-exhaustive DT-pair of G, a contradiction. Therefore, vy ¢ T'. Similarly,
vs ¢ T. By Claim 1 and Lemma 3.5, vg,v3 € D and (D, T U {v1,v2}) is a non-exhaustive
DT-pair of G, a contradiction. Hence, yy;(F) = |V (F)|.

By Observation 3.16, F' € C U K*. Suppose F' € K*. Since every neighbor of v is a
vertex of degree 2 in G and hence in F', we note that vy € V53(F'). Similarly, v3 € Vs3(F).
We note that vgvs is not an edge of F. Let v’ be the common neighbor of vy and w3
in F'. But then vgv;vv3v'vg is an induced 5-cycle in G, contradicting the fact that G is
Cs-free. Hence, F' ¢ K*, and so F' € C. Since G is Cs-free, we note that vy and v3 have
no common neighbor in F. Hence, by the choice of P, we note that F' = Cg and that
dp(vg,v3) = 3. Let F be the cycle wow ... wswy where wy = vy and w3z = v3. Then,
({wy, wy,v1}, {wo, we, w3, ws}) is a non-exhaustive DT-pair in G, a contradiction. O

Claim 4 There is no light handle in G.
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Proof of Claim 4: For the sake of contradiction, suppose that there is a light handle in
G. Among all light handles in G, let P = vjvy...v; have maximum length. Let v be the
common neighbor of v; and v,. We note that v € V53(G). Further, we note that £ > 2
and since G is Cs-free, k # 4. Let C be the cycle vvivs ... vxv and let v’ be a neighbor of
v not on C. Since V53(G) is an independent set in G, dg(v') = 2.

Suppose dg(v) > 4. Let F = G — V(P). Then, F is a connected Cs-free graph with
I(F) =2. If v (F) < |V(F)|, let (Dy1,T1) be a yy(F)-pair. If y3(F) = |V (F)|, then by
Observation 3.16, F' € CUK* and let (Dy,T}) be a DT-pair of F' such that v in 77. We note
that such a pair exists by Observation 3.7(a). If v € Dy, let (Do, Ty) be a DT-pair of C' such
that v € Dy. Once again, such a pair exists by Observation 3.7(a). If v € Ty, let (D5, T3) be
a pair of disjoint sets of vertices in C' such that |Ds| + |T3| < |V(C)|, v € T3, and either (i)
Dy dominates V(C') and T totally dominates V(C)\ {v}, or (ii) Dy dominates V(C)\ {v}
and Ty totally dominates V(C). In all cases, (D1 U Dy, T1 UTs) is a non-exhaustive DT-pair
of G, a contradiction. Hence, dg(v) = 3, and so Ng(v) = {vy, v, v'}.

We note that, since vv’ is a bridge in G, the vertex of degree 2 v’ belongs to a light
path in G. Let Ng(v') = {v,w}. By Claim 3, w € V53(G). Let FF = G — (V(C)U {v'}).
Then, F' is a connected Cs-free graph with §(F) = 2. Let (Dq,T1) be a vy (F)-pair. If
w € Dy, let (D, Ty) be a DT-pair in C such that v € Ty. If w € Ty, let (D, Ts) be
a DT-pair of C' such that v € D,. In both cases, we note that such a pair exists by
Observation 3.7(a). Furthermore, in both cases, (D;U Dy, T1 UT5) is a non-exhaustive DT-
pair of G, a contradiction. Hence, w ¢ D UT; and (Dy,T}) is a non-exhaustive DT-pair of
F. We now let (D, T3) be a DT-pair of C such that v € Ty. Then, (D;UDyU{v'}, Th UTs)
is a non-exhaustive DT-pair of GG, a contradiction. O

The following result is an immediate consequence of Claims 3 and 4.

Claim 5 The graph G is a bipartite graph with partite sets V>3(G) and Vo(G).

We show next that a common neighbor of two vertices of degree at least 3 is unique.
Claim 6 FEvery two vertices in V>3(G) have at most one common neighbor.

Proof of Claim 6: For the sake of contradiction, suppose that {u,v} C Vs3(G) and w
and w’ are distinct common neighbors of u and v. Let F' = G —w'. Then, F is a connected
Cs-free graph with 0(F) = 2. Suppose y%(F) < |V(F)|. Let (D,T) be a vyy(F)-pair.
Since T totally dominates w, {u,v} NT # 0. But then (D U {w'},T) is a non-exhaustive
DT-pair of G, a contradiction. Hence, yv,(F) = |V(F)|, and so, by Observation 3.16,
FeCUK* If F e K* then, since dp(w) = 2, we have that {u,v} C V53(F). Therefore,
by Observation 3.7(c), there exists a DT-pair (D,T) in F' such that u € D and v € T. But
then (D, T) is a non-exhaustive DT-pair of G, a contradiction. Hence, F' ¢ K*, and so
F € C. But then F = (), and so n = 5, a contradiction. O

Claim 7 FEvery two vertices in V>3(G) have ezactly one common neighbor.
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Proof of Claim 7: By Claim 6, every two vertices in V>3(G) have at most one common
neighbor. Hence it suffices to show that every two vertices in V53(G) have a common
neighbor. For the sake of contradiction, suppose that {u,v} C V53(G) and that u and v
have no common neighbor. Let Ng(u) = {uy,us,...,u,}, and so dg(u) = r. By Claim
5, we note that Ng(u) C Vo(G). For i = 1,2,...,r, let Ng(w;) = {u,v;}. By Claim 5,
we note that v; € Vs3(G) for each such i. By Claim 6, v; # v; for 1 < i < j < r. Let
F = G — Ng[u]. Then, F is a Cs-free graph with §(F) = 2. We note that F' is possibly
disconnected.

Suppose Yy (F) < |[V(F)|. Let (D,T) be a yy(F)-pair. For ¢ = 1,2,...,r, let w;
be a neighbor of v; in T. By Claim 5, w; € V3(G). Hence, since D dominates and
T totally dominates w;, we note that v; € DUT. If v; € D for some ¢, 1 < i < r,
then (D U (Ng(u) \ {u;}), T U {u,u;}) is a non-exhaustive DT-pair of G, a contradiction.
Therefore, {vy,vq,...,v,} CT. But then (DU {u},TU{u;}) is a non-exhaustive DT-pair
of G, again a contradiction. Hence, vy:(F') = |V (F)|.

Suppose F' is disconnected. Let F, Fs, ..., F; be the components in F'. By assumption,
t > 2. Since Yy (F) = |V(F)|, we note that vy, (F;) = |V(F;)| for all ¢ = 1,2,...,t. Hence,
by Observation 3.16, F; € C U K*. Switching indices if necessary, we may assume that
v; € Fyfori=1,2,...,t. For each such ¢, let (D;, T;) be a DT-pair of F; such that v; € D;.
We note that such pairs exist by Observation 3.7(a). Let D = (J/_, D; and let T = | Ji_, T.
Then, (D, T) is a DT-pair of F' and (DU (Ng(u)\{u1,us}), TU{u,u,}) is a non-exhaustive
DT-pair of G, a contradiction. Hence, F' is connected.

By Observation 3.16, F' € C U K*. Since dp(v) = dg(v) > 3, F is not a cycle and
therefore F' € K*. By Claim 5, the set V53(G) \ {u} = V53(F). In particular, each vertex
v; € Vag(F) for i = 1,2,...,7r. By Observation 3.7(c), there exists a DT-pair (D, T) in F
such that v € D and {vy, vg,...,v.} CT. But then (DU{u},TU{u;}) is a non-exhaustive
DT-pair of G, a contradiction. O

We now return to the proof of Theorem 3.4. By Claims 5 and 7, the graph G is a bipartite
graph with partite sets V>3(G) and Vo(G) where every two vertices in Vs3(G) have exactly
one common neighbor. Hence, G € K*. This completes the necessity and the proof of
Theorem 3.4. O

3.1.3 Proof of Theorem 3.3

We are now in a position to present a proof of Theorem 3.3. Recall the statement of
Theorem 3.3.

Theorem 3.3 If G is a connected Cs-free graph with §(G) > 2, then yvy(G) = |V(G)] if
and only if G € CUK*.

Proof: The sufficiency follows from Lemmas 3.5 and 3.6. To prove the necessity, let
G be a connected Cs-free graph with §(G) > 2 such that 7y(G) = n(G). Suppose
that G ¢ C U K*. Then, by Theorem 3.4, G is not an n(G)-minimal graph. Hence, by
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Lemma 3.11, G contains an n(G)-minimal spanning subgraph F' with no induced 5-cycle.
By Theorem 3.4, F' € C U K*. Therefore, by Lemma 3.14, vy;(G) < n, a contradiction.
Hence, G e CUK*. O

3.2 Graphs with Minimum Degree at Least 3

While in the previous section Cs-free graphs were studied, we consider graphs that may
have induced cycles on five vertices in this section. We increase the minimum degree
condition to at least 3. As our main result in this section we prove the following.

Theorem 3.17 If G is a graph of minimum degree at least 3 with at least one compo-
nent different from the Petersen graph, then G contains a dominating set D and a total
dominating set T that are disjoint and satisfy |D|+ |T| < |V (G)].

We first prove the result for graphs GG, for which, additionally, the set of vertices of degree
at least 4 is independent. But before that we collect some useful observations about the
Petersen graph.

U1

Vs A V2
V.V

V4 V3

(a)

Figure 3.2: The encircled vertices belong to D and the framed vertices belong to T

Lemma 3.18 The following properties hold for the Petersen graph.
(a) If G is the union of disjoint Petersen graphs, then every DT-pair in G is ezhaustive.

(b) If G arises from the Petersen graph by adding an edge between two non-adjacent
vertices, then G has a non-exhaustive DT-pair.

(¢) If G arises from the union of two disjoint Petersen graphs by adding an edge between
the two Petersen graphs, then G has a non-exhaustive DT-pair.
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Proof: In order to reduce the number of cases that we have to consider, we will use the
known facts that the Petersen graph is 3-arc transitive, distance-transitive, and vertex-
transitive (see Sections 4.4 and 4.5 of [23]).

Let P denote the Petersen graph where (see Figure 3.2(a))

V(P) = {Ul,vg, e ;UIO}
E(P) = {01112,?)2113,U3U4,U4U5,U5U1} U {U1U6:U2U77U3U87U4U97U5U10}

U {wgvs, U310, V1007, U709, VoUg } -

Let (D, T) be an DT-pair of P. Since P is 3-arc transitive, we may assume, by symmetry,
that vy,v3 € T and vy,vy € D. Since |Np(vs) NT| > 1, vyo € T (see Figure 3.2(b)).
Suppose no vertex in {v7,vg} belongs to D UT. Then, vs € T to totally dominate v,
while {vg,v9} C D to dominate {v;,vg}. But then no vertex of T totally dominates vg or
vg. Hence, at least one vertex in {v7,vs} belongs to DUT. We may assume, by symmetry,
that v; € DUT.

Figure 3.3: The encircled vertices belong to D and the framed vertices belong to T

First, we assume v; € D. Since |Np(vg) NT| > 1, vg € T. Since |Nplvs] N D| > 1,
vg € D. Since |Np(vg) NT| > 1, vg € T. Since |Np(vig) NT| > 1, v5 € T (see Figure
3.3(a)). Now, |D| +|T| = |V(P)|.

Next, we assume v; € T. Since |Np[vz] N D| > 1, vg € D. Since |Np(vg) N T| > 1,
vg € T. Since |Nplug] N D| > 1, vg € D. Since |Nplvyp] N D| > 1, v5 € D (see Figure
3.3(b)). Again, |D| +|T| = |V(P)|.

Since in both cases (D, T) is exhaustive, the proof of (a) is complete.

Since the Petersen graph is distance-transitive, Figure 3.4(a) proves (b).

Finally, since the Petersen graph is vertex-transitive, Figure 3.4(b) proves (c). O

The next lemma contains the core of our argument.

Lemma 3.19 If G is a graph such that
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(a)

Figure 3.4: The encircled vertices constitute a dominating set and the framed vertices
constitute a total dominating set.

(i) the minimum degree of G is at least 3,
(ii) G is not the union of disjoint Petersen graphs, and
(iii) the set of vertices of degree at least 4 is independent,

then G has a non-exhaustive DT-pair.

Proof: For sake of contradiction, we assume that G is a counterexample of minimum
order. Hence, G satisfies condition (i), (ii) and (iii), but G has no non-exhaustive DT-pair.
By (i) and Theorem 3.1, G has a non-exhaustive DT-pair if and only if some component
of G has a non-exhaustive DT-pair. Hence, by the minimality of G, the graph G is
connected.
We establish a series of claims concerning G.

Claim 1 For u € V(G), the subgraph G — u of G has no Cs-component.

Proof of Claim 1: For contradiction, we assume that for some vertex u of GG, the graph
G' = G — u has at least one Cs-component. Let Vi denote the set of vertices of all
Cs-components of G'. By the minimum degree condition (i) in G, we note that u is
adjacent to every vertex of Vs in G. If V5 U {u} = V(G), then letting v € V;, we have
that (D,T) = ({u}, V5 \ {v})) is a non-exhaustive DT-pair of G, a contradiction. Hence,
Vs U{u} # V(G). Let G" = G — ({u} UV;5). Then, G"” has no Cs-component and has
minimum degree at least 2. Thus, by Theorem 3.1, G” has an exhaustive DT-pair (D", T").
If v e Vi, then (D, T) = (D" U{u}, 7" U (V5 \ {v})) is a non-exhaustive DT-pair of G, a
contradiction. O

Claim 2 For a 5-cycle C' in G, the graph G — V(C') either has a Cs-component or is of
manimum degree less than 2.
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Proof of Claim 2: For contradiction, we assume that C' = vjvavzvavsvy is a b-cycle in
G such that G' = G — V(C) has minimum degree at least 2 and no Cs-component. By
Theorem 3.1, G’ has an exhaustive DT-pair (D',7"). If a vertex in 7" is adjacent to a
vertex of C, say to vy, then (D,T) = (D' U {vy,v5},T" U {vs,v4}) is a non-exhaustive
DT-pair of G, a contradiction. Hence, by condition (i), every vertex of C' has a neighbor in
D'. But then (D, T) = (D', T" U {vy,v2,v3}) is a non-exhaustive DT-pair of G, once again
producing a contradiction. O

Claim 3 G contains no 3-cycle.

Proof of Claim 3: For contradiction, we assume that C' = vjv9v3v; is a 3-cycle in G.
First, we assume that there is a vertex vy € V(G) \ V(C) that is adjacent to at least two
vertices of C, say to v; and to v,. By (iii), at least one of the vertices v; and vs has degree
exactly 3, say vo. Now the graph G’ = G — v, has minimum degree at least 2 and, by Claim
1, has no Cs-component. Thus, by Theorem 3.1, G’ has an exhaustive DT-pair (D', T").
Since dgr(ve) = 2, | D' U {wva,v3,v4}| > 0 and |77 U {vs,v4}| > 0. Thus, (D, T) = (D', T")
is a non-exhaustive DT-pair of G, a contradiction. Hence, every vertex in V(G) \ V(C) is
adjacent to at most one vertex of C'. Thus, the graph G’ = G — V(C') has minimum degree
at least 2. If G’ has a C5-component G5, then G — V(G5) has no Cs-component and is of
minimum degree at least 2, which contradicts Claim 2. Hence, G’ has no Cs-component.
Applying Theorem 3.1 to G’, the graph G’ has an exhaustive DT-pair (D', 7"). If a vertex
in 7" is adjacent to a vertex of C, say to vy, then (D,T) = (D' U {vs3},T" U {v1}) is a
non-exhaustive DT-pair of (G, a contradiction. Hence, every vertex of C' has a neighbor in
D'. But then (D,T) = (D',T7" U{v1,v5}) is a non-exhaustive DT-pair of G, once again
producing a contradiction. O

Claim 4 G contains no Kz 3 as a subgraph.

Proof of Claim 4: For contradiction, we assume that G contains a K3 3-subgraph with
partite sets V,, = {vy,v2,v3} and V,, = {wy, w2, ws}. Note that, by Claim 3, every Kj ;-
subgraph of G is induced. By (iii), we may assume that all vertices in V,, have degree
exactly 3. Since K33 has a non-exhaustive DT-pair, we may assume that w; has degree
more than 3. Now the graph G’ = G — w; is of minimum degree at least 2 and, by
Claim 1, has no Cs-component. By Theorem 3.1, G’ has an exhaustive DT-pair (D', T").
Since |Ng/(v1) NT'| > 1, |D' N {wsy, ws}| is either 0 or 1. If | D’ N {wy, w3}| = 0, then
{v1,v9,v3} C D', {wq, w3} C T, and (D, T) = (D' \{v1,v2}) U{w:i},T" U{vs}) is a
non-exhaustive DT-pair of G, a contradiction. Hence, |D’ N {ws, w3}| = 1. But then
(D, T) = ((D'\ V) U{vi}, (T"\ V,) U{v2}) is a non-exhaustive DT-pair of G, once again
producing a contradiction. O

Claim 5 G contains no K33 — e as a subgraph.

Proof of Claim 5: For contradiction, we assume that G contains a (K33 — e)-subgraph,
i.e., there is a subset {vy, vy, v3, w1, wq, w3} of vertices in G such that {vjwy, viws, vws,
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VoW1, VoWa, Vows, V3w, v3wa } C E(G) and vzws ¢ E(G). By Claim 3, {vy,vs,v3} and
{wy, wq, w3} are independent sets.

If dg(vs) > 3 and dg(ws) > 3, then, by (iii), dg(v1) = dg(wy) = dg(v2) = dg(ws) = 3.
The graph G’ = G — {vy, v, w1, wo} has minimum degree at least 2. Since dg(u) > 3 for
all u € V(G') \ {vs,ws}, G' contains no Cs-component. Therefore, by Theorem 3.1, G’
has an exhaustive DT-pair (D', T"). If vy € D', let (D,T) = (D" U {wy},T" U {va, wo}). If
vy € T, let (D,T) = (D' U{vy, w1}, T"U{ws}). In both cases, (D,T) is a non-exhaustive
DT-pair of G, a contradiction. Hence, dg(v3) = 3 or dg(ws) = 3. By symmetry and (iii),
we may assume that dg(v1) = dg(v2) = dg(vs) = 3.

Suppose that dg(ws) > 3. If at least one vertex in {wq,wy} is of degree more than 3,
say wg, then G’ = G — {vy, v9, w1 } has minimum degree at least 2. By Claim 3, at most two
neighbors of w; can belong to a possible Cs-component of G’. Since wsq, w3, and the three
neighbors of w; are the only vertices that can have degree exactly 2 in G', G’ contains no
Cs-component. Thus, by Theorem 3.1, G’ has an exhaustive DT-pair (D', T"). If {vs, wy} C
D' let (D, T) = (D', T"U{v,w1}). If {vg,wa} CT" let (D, T) = (D' U{vy,w},T"). If
vy € D' and wy € T', let (D, T) = (D'U{w,},T"U{v1}). If v3 € T" and wy € D',
let (D,T) = (D'U{v},T7"U{wi}). In all cases, (D,T) is a non-exhaustive DT-pair of
G, a contradiction. Hence, dg(w;) = dg(ws) = 3. Thus, G' = G — {vy, va,v3,wy, wo}
has minimum degree at least 2. Let Ng(vs) = {wy,we,vi}. Since dg/(u) > 3 for all
u € V(G) \ {ws, vy}, G' contains no Cs-component. Thus, by Theorem 3.1, G’ has an
exhaustive DT-pair (D', T"). Now, (D, T) = (D'U{vy,w; }, T"U{va, ws }) is a non-exhaustive
DT-pair of G, a contradiction. Hence, dg(ws) = 3.

Suppose that at least one vertex in {wy, ws} is of degree more than 3, say wy. Then,
G' = G — {vy,v3, w1 } has minimum degree at least 2. Let Ng(vs) = {wy, we, v4} and let
why € V(G) \ {v1,v2,v3} be a neighbor of wy. By Claim 3, v} # wj.

First, we assume that G’ contains a Cs-component C'. By Claim 3, at most two
neighbors of w; can belong to C'. Since wy and ws are the only neighbors of v; in G/,
either [V(C) N {wa,v1,w3}| = 0 or |[V(C) N {wq, vy, w3}| = 3. Since wy, ws, v;, and
the neighbors of w; are the only vertices that can have degree exactly 2 in G’, we have
that V(C) = {vy, v}, wa, wh, ws} implying that dg(vy) = de(wh) = 3, dg(we) = 4, and
{wiwh, viws, viwh} C E(G). Thus, the graph F' shown in Figure 3.5 is a subgraph of G.
We note that the degree of every vertex in the subgraph F', except possibly for the vertex
wy, is the same as its degree in the graph G that is, dp(v) = dg(v) for all v € V(F)\ {w: }.

If G = F, then (D,T) = ({v1, w1, wh}, {ve, v}, ws}) is a non-exhaustive DT-pair of G, a
contradiction. Hence, G # F. We now consider the graph G"” = G—V(F'). Every vertex in
G" has degree at least 3, except possibly for vertices in Ng(w;)\ V(F) that have degree at
least 2 in G”. By Claim 1, the graph G” has no Cs-component. Thus, by Theorem 3.1, G”
has an exhaustive DT-pair (D", T"). Now, (D,T) = (D" U {vq, wo, wh}, T" U {vs, v}, ws})
is a non-exhaustive DT-pair of GG, a contradiction. We deduce, therefore, that G’ has no
Cs-component.

By Theorem 3.1, G’ has an exhaustive DT-pair (D', T"). If wy € T', let (D,T) =
(D' U{w}, T"U{wa}). If {v1,we} C D' let (D,T) = (D', T"U{vg,w1}). If wy € D' and
vy € T, let (D, T) = (D' U{va}, T"U{wy}). In all cases, (D,T) is a non-exhaustive DT-



3.2. Graphs with Minimum Degree at Least 3 95

Figure 3.5

pair of (G, a contradiction. We deduce, therefore, that the vertices vy, vq, v3, w1, wa, w3 are
all of degree 3 in G.

Let Ng(vs) = {w1, wa, v4}. We now consider the graph G’ obtained from G —{wvy, v3, w; }
by adding the edge wovj. Then, G’ has minimum degree at least 2. Since dg/(u) > 3 for all
u € V(G \ {v1,wq, w3}, the graph G’ contains no Cs-component. Thus, by Theorem 3.1,
G’ has an exhaustive DT-pair (D', T").

If {vi,we} C D', then {ws, vy} C 717, and let (D, T) = (D' U{vs}, T"U{vy}). If
vy € D' and wy € T", then v§ € T" and let (D, T) = (D' U {w}, 7" U{vs}). If v; € T" and
wy € D) then wy € T" and let (D, T) = (D' U{vs}, T" U {w,}). Finally, if {v1, w2} C T7,
then {ws,vi} C D', and let (D,T) = (D'U{w}, T"U{vs}). In all cases, (D,T) is a
non-exhaustive DT-pair of G, a contradiction, which completes the proof of the claim. O

Claim 6 G contains no Ky 3 as a subgraph.

Proof of Claim 6: For contradiction, we assume that G contains a Ky s-subgraph, i.e.,
there are two vertices v; and vy that have ¢ > 3 common neighbors wy,ws, ..., w,. By
Claim 3, {vy,v2} and {wy,ws,...,w;} are independent sets. We now consider the graph
G' =G —{v,v9, w1, ws, ..., wy}. By Claims 3, 4 and 5, every vertex in V(G’) is adjacent
in G to at most one vertex in V(G) \ V(G’). Hence, G’ has minimum degree at least 2. By
Claim 2, G’ therefore has no Cs-component. Hence, by Theorem 3.1, G’ has an exhaustive
DT-pair (D', T"). Now, (D,T) = (D"U{vy, w1 },T"U{ve,ws}) is a non-exhaustive DT-pair
of GG, a contradiction. O

Claim 7 G contains no 4-cycle.

Proof of Claim 7: For contradiction, we assume that C' = vivvzv40; is a 4-cycle in G.
Let G' = G—V(C). By Claim 3 and 6, every vertex in V(G") is adjacent in G to at most one
vertex in V(G)\V(G’). Hence, G’ has minimum degree at least 2. By Claim 2, G’ therefore
has no Cs-component. Hence, by Theorem 3.1, G’ has an exhaustive DT-pair (D', 7"). If a
vertex in D’ is adjacent to a vertex of C, say to vy, then (D, T) = (D'U{vs}, T'"U{v1,v2}) is a
non-exhaustive DT-pair of G, a contradiction. Hence, no vertex in D’ is adjacent to a vertex
of C'. Thus, every vertex of C' has a neighbor in 7". But then (D,T) = (D' U {vy,v2},T")
is a non-exhaustive DT-pair of G, a contradiction. O
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Claim 8 G contains no 5-cycle.

Proof of Claim 8: For contradiction, we assume that C' = wvivovzv4vsv; is a 5-cycle
in G. Let G' = G —V(C). By Claim 3 and G, every vertex in V(G’) is adjacent in
G to at most one vertex in V(G) \ V(G’). Hence, G’ has minimum degree at least 2.
By Claim 2, G’ therefore has a Cs-component C' = wvgugv1gv7v9vs and, again by Claim
2, V(G) = V(C)u V(C"). We may assume that vivg € F(G). By (i), symmetry, and
Claims 3 and 7, we may assume that vov; € F(G) and vsvg € E(G). Now Claims 3 and 7
imply vsvig € E(G), vovy € E(G), and vyvg € E(G), ie., G is the Petersen graph, a
contradiction. O

By Claims 3, 7, and 8, the graph G contains no 3-cycle, 4-cycle, or 5-cycle. Let P =
v1v9v3v4 be a path in G and let v; € V(G) \ {v1,v3} be a neighbor of vy. Let G' =
G — {v1,v2,v3,v4,v]}. Since G has girth at least 6, the graph G’ has minimum degree
at least 2 and contains no Cs-component. Hence, by Theorem 3.1, G’ has an exhaustive
DT-pair (D", T").

If a vertex in D’ is adjacent to a vertex in {vy,v}, say to v}, let (D,T) = (D' U
{v1,v4},T" U {vg,v3}). If every vertex in {vy, vy, v} has a neighbor in 77, let (D,T) =
(D' U{vg,v3}, T" U {vy,v4}). If every vertex of {vy,v}} has a neighbor in 7" and v4 has
a neighbor in D', then (D,T) = (D" U {ve},T" U {vs,v4}). In all cases, (D,T) is a non-
exhaustive DT-pair of (G, a contradiction, which completes the proof of the lemma. O

With the help of Lemma 3.19, the proof of Theorem 3.17 follows readily. Recall the
statement of Theorem 3.17

Theorem 3.17. If G is a graph of minimum degree at least 3 with at least one compo-
nent different from the Petersen graph, then G contains a dominating set D and a total
dominating set T that are disjoint and satisfy |D| + |T| < |V(G)].

Proof: We prove the result by induction on the number of edges between vertices of degree
at least 4. If there is no such edge, then the result follows immediately from Lemma 3.19.
Hence, we assume that e € E(G) is such an edge. If e is a bridge, then deleting e results in
two components GG; and G5. If both of Gy and G5 are the Petersen graph, then the result
follows from Lemma 3.18(c). If at least one of G or Gy is not the Petersen graph, then
the result follows by induction. Hence, we may assume that e is no bridge. If G’ = G —e is
the Petersen graph, then the result follows from Lemma 3.18(b). If G’ is not the Petersen
graph, then the result follows by induction. This completes the proof of the theorem. O



Chapter 4

Results for and with Trees

Not only domination but also independence in graphs is a fundamental and well-studied
topic [60]. The problem of partitioning the vertex set into dominating sets [15, 16, 20]
and even more so the problem of partitioning the vertex set into independent sets, i.e.
vertex colourings [40], have been studied extensively. Several authors paid attention to
the characterization of trees that have two disjoint vertex sets with special properties.
As early as 1978 Bange, Barkauskas, and Slater [4] and Slater [74] characterized trees
that have two disjoint minimum dominating sets and two disjoint maximum independent
sets, respectively. In [31] trees with two disjoint minimum independent dominating sets
are characterized. In Section 4.1 we contribute to this line of research. We characterize
the trees with the smallest possible size of two disjoint dominating sets (Theorem 4.2),
we exhibit a tree that does not have two disjoint minimum dominating sets even though
no single vertex is in all minimum dominating sets (Observation 4.3), and we show that
every tree has a minimum dominating set whose complement contains an independent
dominating set (Theorem 4.4). All these results answer problems mentioned [49] in [32]
and are based on [33].

Though our proof of Theorem 4.4 is short and very economical, Johnson, Prier, and
Walsh [41] proved the result once more with a clunky algorithmic proof that is much longer
than our proof. Their motivation to do so was to illuminate the following conjecture.

Conjecture 4.1 (Johnson, Prier, and Walsh [41]) If T is a tree of order at least 2
and D is a minimum dominating set of T containing at most one leaf of T, then there is
an independent dominating set I of T that is disjoint from D.

As pointed out in [41], Conjecture 4.1, if true, would be best-possible. This may be seen
by considering a path P = vjv9v3 ... 03,41 on 3k + 1 > 4 vertices and the dominating set
D = {vy,vs4,...,v3541} of P. Note that D is minimum and that P has no independent
dominating that is disjoint from D.

The motivation of Johnson, Prier, and Walsh [41] for posing their conjecture is a related
conjecture concerning the inverse domination number of graphs. As mentioned in Chapter
2 the inverse domination number v~ '(G) of a graph G is the minimum cardinality of

o7
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a dominating set whose complement contains a minimum dominating set of G. Inverse
domination in graphs was introduced by Kulli and Sigarkanti [48]. In their original paper in
1991, they include a proof that for all graphs with no isolated vertex, the inverse domination
number is at most the independence number. However, this proof contained an error and in
2004, Domke, Dunbar, and Markus [18] formally posed this “result” of Kulli and Sigarkant
as a conjecture. This conjecture still remains open and has been proved for many special
families of graphs, including claw-free graphs, bipartite graphs, split graphs, very well
covered graphs, chordal graphs and cactus graphs (see [21]). We prove Conjecture 4.1 in
Section 4.1 (Theorem 4.5). This result is based on [35].

Still in Section 4.1 we consider graphs that have a maximum independent set and a
minimum dominating set that are disjoint, thus graphs with an («,)-pair. Intuitively,
two independent sets or two dominating sets compete for similar types of vertices, while
an independent set and a dominating set seem easier to reconcile. While the decision
problem whether a given graph has an («,«y)-pair is NP-hard (see Theorem 5.3), we give
a constructive characterization of trees with an (a,7)-pair (Theorem 4.10) in Section 4.1.
This result is based on [58].

In the remaining sections of this chapter we leave the area of domination in graphs. Section
4.2 is devoted to independence in graphs. In view of its computational hardness (see
e.g. [22]), various bounds on the independence number have been proposed. Caro [11] and
Wei [75] proved

N P — (4.1)

weV(G) d(;(u) +1

for every graph G. Since the only graphs for which (4.1) is best-possible are the disjoint
unions of cliques, additional structural assumptions excluding these graphs allow improve-
ments. Natural candidates for such assumptions are triangle-freeness or — more generally
— odd girth conditions as well as connectivity.

For triangle-free graphs G, Shearer [72] proved

> Y fonlda(u

ueV(QG)

where fg,(0) = 1 and fi(d) = “HE=05070 f5; § € N. The function f; has the best-
possible order of magnitude fs,(d) = Q (loid). For graphs with a specified odd girth,
Denley [17] and Shearer [73] gave bounds in terms of the vertex degrees.

For connected graphs G, Harant and Rautenbach [27] proved the existence of a positive
integer k& € N and a function f : V(G) — Ny with non-negative integer values such that

f(u) < dg(u) for u € V(G),

AG) > k> Y dG(U)+11_ e ond > flu —1).

ueV(G) ueV(G)
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Their result is a best-possible improvement of an earlier result due to Harant and Schier-
meyer [28].

The calculation of a(T') is polynomial for trees 7. We can easily construct a maximum
independent set I for T as follows. Start with I = (). While T" has a vertex v of degree at
most 1, add v to I and delete Nr[v] in 7. In Section 4.2 we prove lower bounds of «(G) for
graphs G that are close to trees, i.e. connected graphs with a small average degree. First,
we prove a lower bound on the independence number of connected graphs of specified odd
girth (Corollary 4.13). This result relies on a very simple argument but is best-possible
for small average degrees. Furthermore, we give an improvement for arbitrary odd girth
and larger average degrees (Theorem 4.14). Both results are based on [54]. To prove these
results, we define aa(G) as the maximum cardinality of two disjoint independent sets of
a graph G. Clearly, aa(G) is also the maximum order of an induced bipartite subgraph
of G. Zhu [78] studied the so-called bipartite ratio b*(G) = n/(G)/n(G) of graphs G. In
Chapter 5 we show that it is NP-complete to decide for a given graph GG and a given integer
k, whether aa(G) < k and that it is NP-hard to decide for a given graph G, whether the
obvious inequality aa(G) < 2a(G) is satisfied with equality.

Section 4.3 is devoted to spanning tree congestion. Tree congestion ¢(G) and spanning tree
congestion s(G) of graphs are two special examples of the numerous graph embedding and
layout problems, which have been considered in connection with applications to networking
and circuit design. Restricting trees to paths, ¢(G) corresponds exactly to the very well
studied cutwidth [14]. Several other host graphs instead of trees, such as cycles [13],
grids [7], and binary trees [8] have been considered. In [39, 46,50, 66] the exact values
of t(G) and s(G) are determined for several special graphs. In Chapter 5 we show that it
is NP-complete to decide for a given graph G and a given integer k, whether s(G) < k.
In [65] Ostrovskii proves that ¢(G) always equals the maximum number of edge-disjoint
paths connecting two vertices of G; this is also a consequence of the existence of Gomory-
Hu trees [24]. Furthermore, he studies the growth rate of the maximum possible value
wu(n) = max{s(G) | G is a connected graph of order n} of the spanning tree congestion

for connected graphs of order n. Ostrovskii proves that p(n) < L"{J for n > 6. For
odd k € N, he constructs a connected graph Gy of order 3k* — 2k with s(Gy) > ikﬁ;
thus u(n) = Q (n%> As the main open problem in [65], Ostrovskii asks for more precise

estimates on the growth rate of u(n). In the Section 4.3 we prove that u(n) < n(G)2.
In view of the graphs Gy, this determines the growth rate of p(n) quite accurately up
to constants and terms of lower order. Furthermore, we prove that s(G) < nt(G) for
connected graphs G. Both results are based on [59].

Before we start with the results we need some more terminology concerning trees. A tree
T is called rooted in r, if a vertex r € V(T') is specified as the root of T. Let T be a tree
that is rooted in 7. The parent of a vertex v € V(1) \ {r} is the neighbor of v on the unique
v-r-path. A child of a vertex v € V(T) is a vertex of which v is the parent. An ancestor
of a vertex v € V(T') \ {r} is a vertex w # v on the unique v-r-path. A descendant of a
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vertex v € V(T') is a vertex of which v is an ancestor.

4.1 Structural Results for Trees

In [32] it is shown that yy(T") > 2(n(T") 4+ 1)/3 for all trees T of order n(7T) > 2. We
characterize the trees achieving equality in this bound. This answers a problem posed
in [32].

Theorem 4.2 IfT is a tree, then yy(T') > 2(n(T") +1)/3 with equality if and only if V(T')
can be partitioned into two sets D and R such that D induces a perfect matching and R s
an independent set all vertices of which have degree 2 in T.

Proof: Let T be a tree of order n and let D; and Dy be two disjoint dominating sets of
T such that yy(T') = |Dy| + |Ds|. We assume that |D;| > |Dsy|. Let D = Dy U Dy and let
R =V(T)\ D. Since every vertex in R has a neighbor in D; and a neighbor in Dy and
every vertex in D; has a neighbor in D5, counting the edges of T' yields

n(T) — 12> 2|R[ + |Dy1| > 2|R| + |D]/2 = 2(n(T) — yy(T)) +y¥(T1)/2,

which implies yy(T") > 2(n(T') + 1)/3.

If vy(T) = 2(n(T") + 1)/3, then equality holds throughout the above inequality chain.
This implies that |D;| = |Dsl|, every vertex in R has exactly one neighbor in D; and one
neighbor in Dy, every vertex from D, has exactly one neighbor in D, and the three sets Dy,
Dy and R are independent. Since every vertex of Ds has at least one neighbor in D, the
set D induces a perfect matching and the structure of T' is as described in the statement
of the result.

Conversely, we assume now that V(7') can be partitioned into two sets D and R such
that D induces a perfect matching and R is an independent set all vertices of which have
degree 2 in T'. We will prove by induction on n(7) that vy(T') = 2(n(T) + 1)/3. More
specifically, we prove that D can be partitioned into two independents sets D; and D,
which are both dominating. Note that, by the assumptions, such sets D; and D, satisfy
|D1| + |Do| = 2(n(T) +1)/3. If n(T) = 2, then the statement is trivial. Hence, we may
assume that n(7") > 3. Let uv be an edge which corresponds to a leaf of the tree that arises
from T by contracting all edges of the perfect matching induced by D. Note that after
these contractions all vertices in R are still of degree 2. This implies that we may assume
that u is a leaf of 7" and v has degree 2 in T. Let w be the neighbor of v different from
u. Clearly, w € R. The vertex set V(T) \ {u,v,w} of the tree T" =T — {u,v,w} can be
partitioned into two sets D' = D\ {u,v} and R’ = R\ {w} such that D’ induces a perfect
matching and R’ is an independent set all vertices of which have degree 2 in 7. Hence, by
induction, D" can be partitioned into two independent sets D} and D) both of which are
dominating in 7". We may assume that the neighbor of w different from v belongs to Dj.
Now the two sets D; = D] U{u} and Dy = D} U {v} are independent and dominating in
T and partition D, which completes the proof. O
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For a tree T to satisfy yy(T') = 2v(T), it is an obvious necessary condition that no vertex
of T belongs to every minimum dominating set of 7. We describe an example showing

that this condition is not sufficient. This disproves a conjecture of Hedetniemi, Hedetniemi,
Laskar, Markus, and Slater [32].

Observation 4.3 There are trees T' for which no vertex belongs to every minimum dom-
ating set of T and which do not have two disjoint minimum dominating sets, i.e.,

YY(T) > 27(T).

e

Figure 4.1

Proof: The tree two copies of which are shown in Figure 4.1 has domination number 7
and the two indicated minimum dominating sets show that no vertex belongs to every
minimum dominating set of T. On the other hand it is easy to see that the union of every
two disjoint dominating sets of T' contains at least five vertices in each of the indicated
rectangular boxes, which implies that one of the sets cannot be minimum. O

Before we proceed to our next result, we introduce some terminology. Given a rooted tree
T, aset D of vertices of T" and a vertex v € D, we define an external D-private child of v
in T to be a child of v in Np(v) \ Nr[D \ {v}]. Hence, u is an external D-private child of
vin T if and only if u € D, u is a child of v in T, and Np(u) N D = {v}.

Theorem 4.4 answers a problem posed in [32].

Theorem 4.4 Fvery tree of order at least two has a minimum dominating set and an
independent dominating set that are disjoint.

Proof: Let u be a leaf of T. Let D be a minimum dominating set containing the neighbor

r of u such that
f(D) = ZdistT(v,r)

veD

is minimum. Root T" at r. Note that u is an external D-private child of r in T. If some
vertex v € D\ {r} has no external D-private child in 7', then the parent w of v is not in
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D. Because the set D' = (D \ {v}) U {w} is a minimum dominating set of 7' containing
r with f(D’) = f(D) — 1, which is a contradiction. Hence, all vertices in D have external
D-private children in 7T'. Clearly, a set I containing exactly one external D-private child
of every vertex in D is an independent set and a maximal independent subset of V(T) \ D
that contains [ is a dominating set of T". This completes the proof. O

Note that 4.4 is not true for arbitrary graphs. The graph in Figure 4.2 has no independent
dominating set in the complement of the unique minimum dominating set.

Figure 4.2: The encircled vertices belong to the unique minimum dominating set.

Now we prove Conjecture 4.1. Note that Theorem 4.5 implies Theorem 4.4. We included
the proof for Theorem 4.4 because of its simplicity.

Theorem 4.5 Conjecture 4.1 is true.

Before we proceed to the proof, we explain our general strategy. Given 7" and D as in
the statement of the conjecture, it suffices to determine an independent set J of vertices
that is disjoint from D and contains a neighbor of every vertex in D, because a maximal
independent set I that contains J but is disjoint from D is clearly a dominating set of 7'
A simple strategy to select the elements of J is to root T in some vertex r in D and to
select a child of every vertex in D that itself is not contained in D. Since 7" has order at
least 2 and D contains at most one leaf of T', choosing the root r of T" as a leaf, if possible,
every vertex in D has at least one child. If this strategy succeeds, then the selected vertices
will clearly form an independent set. Nevertheless, this strategy fails in the presence of
vertices u in D all children of which are also in D. For such a vertex, we necessarily have
to choose its parent. Since J has to be independent, this choice affects the choosability of
the children of ancestors of v in D. Working out the consequences of this reasoning, leads
to the algorithm SELECT (cf. Algorithm 1 below).

We proceed to the

Proof of Theorem 4.5: In view of the above remarks it suffices to argue that SELECT
successfully determines an independent set J of T" such that DN J = 0 and D C Np(J).
Note that, since D contains at most one leaf and by the choice of r in line 3, every vertex
in D has at least one child.

Claim The vertex u in line 5 has a parent that does not belong to D.
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Input: A tree T of order at least 2 and a minimum dominating set D of T’
containing at most one leaf of T
Output: An independent dominating set I of T that is disjoint from D.

1 begin

2 Choose a vertex r € D of minimum degree dr(r) = min{dr(u) | u € D};

3 Root T in r;

4 J —

5 while 3 u € D such that uw ¢ Nr(J) and all children of u lie in D U Nr(J) do
6 Let v be the parent of u;

7 J — JU{v};

8 partner(u) « v;

9

end
10 while 3 u € D such that u ¢ Nr(J) do
11 Choose a child v of u such that v & D U Np(J);
12 J — JU{v};
13 end

14 Let I be a maximal independent set of T with J C I and D NI = {);
15 end

Algorithm 1: SELECT

Proof of the Claim: For contradiction, we consider the first execution of the while-loop
in line 5 for which the vertex u has no parent that does not belong to D, i.e. either u is
the root r of T" or the parent of u belongs to D.

Let D" denote the set of vertices v’ from D that can be reached from u on a path P of
the form

P = ugwiviuqwavatly . . . wivjy (4.2)

with wg = u, wy = v, | € N, w; € D, and partner(u;) = v; for 1 < ¢ <[. Note that w; is a
child of u. Let the set D" contain the parent of the parent of v’ — the grandparent of u’
— for every vertex u' in D'. Let D = (D \ (D’ U {u})) U D". Note that |D| < |D|.

Let w” be a child of u. Clearly, w” & J. If w” € D, then w” € D. If w” ¢ D, then
w” has a child v” that belongs to J, and v” has a child «” that belongs to D such that
partner(u”) = v” . Since ww”v"u” is a path as in (4.2), we obtain, by the definition of
D', that v’ € D’. This implies w” € D", and hence w” € D. Therefore, in both cases,

u,w” € Np[D] and all vertices that were dominated by u in D are still dominated by
vertices in D.

Let v’ € D'. Let P be as in (4.2) with «’ = ;. Since w; € D, we have v, € NT[[)]. If
w” is a child of /, then exactly the same argument as above implies that w” € D. Hence,
again all vertices that were dominated by «’ in D are still dominated by vertices in D.

Altogether, we obtain that D is a dominating set of T', which contradicts the assumption

that D is a minimum dominating set. O
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By the claim, the while-loop in line 5 successfully adds to the set J the parents of vertices
in D that do not belong to D. By the condition for the while-loop in line 5, just before
the first execution of the while-loop in line 10, the set J is independent and every vertex
u € D with u ¢ Np(J) has at least one child that does not belong to D and is non-adjacent
to the vertices in J. Since during the executions of the while-loop in line 10 only children
of vertices in D are added to J, this property is maintained throughout the remaining
execution of SELECT. Hence, the while-loop in line 10 successfully adds to the set J the
children of vertices in D that do not belong to D such that after the last execution of the
while-loop in line 10, the set J is independent, disjoint from D and D C Nr(J).

By the above remarks, the set I defined in line 14 is an independent dominating set of
T, which completes the proof. O

4.1.1 Trees with an («,)-pair

In this subsection we describe a constructive characterization of trees that have an («,)-
pair. We describe suitable reductions and explain how these reductions yield a constructive
characterization of trees with an («,)-pair. The results of this subsection imply the
existence of an polynomial algorithm that decides whether a given tree has an («,7)-pair
(Corollary 5.4).

The first lemma deals with some small trees.

Lemma 4.6 (a) For 2 <n <6, the path P, = ujus...u, has the following (c,~)-pair
(I, Dy):

({ur}, {ua})

({ur, uz}, {us})
({1, ua}, {u2, us})
(

(

{ula us, U5}, {uQa U4})

{ur, us, ug}, {ug, us}).

N N N N /N
SO S
S
S N N N
Il

(b) The tree T* with

V(T*) = {U/(),Ul,'UO,Ul,UQ,U]O,wl,wg,wg,l'}

*
E(T) = {UOUhUlﬂé‘;vovl,vlvmU2$7w0w17w1w27w2w37w3$}

has the (o, ~y)-pair
({uo, vo, wo, va, wa }, {uy, vy, wy, x}).

Proof: It is very easy to check that the given sets are maximum independent sets and
minimum dominating sets that are disjoint. O
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i

Figure 4.3: The trees P, Ps, ..., Ps and T™.

Lemma 4.7 Let T contain a path P = wuguy ...us such that dp(ug) = 1 and dr(uy) =
dT(Ug) = dT(U3) = dT(U4) = 2.

(@) a(T")+2<a(T) <a(T")+3 for T' =T — {up,u1,...,us}.

(b) If o(T) = a(T") + 3, then T has an (o, 7y)-pair if and only if T" =T — {ug,u1} has
an (a,y)-pair, o(T) = a(T") + 1, and v(T) = v(T") + 1.

(¢) If o(T) = «(T") + 2, then T has an («,)-pair if and only if T" =T — {ug, uy, us}
has an (o, 7y)-pair, a(T) = a(T") + 1, and y(T) = v(T") + 1.

Proof: (a) The first inequality follows, since for every independent set I’ of 7", the set I'U
{ug, us} is an independent set of T'. The second inequality follows, since every independent
set I of T' contains at most three of the vertices in {ug, uy,...,us} and I\ {ug,uy, ..., us}
is an independent set of T".

(b) Let a(T) = «(T") + 3. Note that this implies that every maximum independent set of
T contains wug, us and uy. Therefore, if T' has an («, v)-pair (I, D), then ug, ug, us € I and
hence uy,us € D. Clearly, a(T") < a(T") + 2. Since I \ {up} is an independent set in 7",
we have a(T") > a(T) — 1 = a(T") + 2 and thus «(T) = a(T") + 3 = a(T") + 1. Clearly,
Y(T) < ~(T") + 1. Since D \ {u;} is a dominating set in 7", we have y(T") < v(T) — 1
and thus y(T') = y(T") + 1. Now (I \ {uo}, D \ {u1}) is an (v, 7y)-pair of 7".

Conversely, if 7" has an («a, y)-pair (I”, D"), a(T) = a(T") + 1 and y(T) = v(T") + 1,
then (I” U {uo}, D" U{u1}) is an (a,7y)-pair of T

(c) Let a(T) = a«(T") +2. If T has an («,v)-pair (I, D), then we may assume without
loss of generality that ug,us € I and uy,uy € D. Clearly, o(7") < a(T") + 1. Since
I'\ {up} is an independent set in 7", we have a(T7") > a(T) — 1 = «(T") + 1 and thus
a(T) = a(T')+2 = a(T")+1. Clearly, ¥(T) < v(T")+1. Since D\ {u;1} is a dominating
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) (1 T ) [T
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T ® o] [
) (o] ® @
L] O "
o T []
° O
T a(T) = a(T) +3 oT) = a(T") +2

Figure 4.4: The trees T', T', T" and T"".

set in 7", we have v(T"") < v(T') — 1 and thus v(T") = y(T") + 1. Now (I \ {uo}, D\{u1})
is an (a,7)-pair of 7.

Conversely, if 7" has an (a, y)-pair (I, D", a(T) = a(T")+1 and v(T) = y(T"") +1,
then (I U {up}, D" U{u1}) is an (a,y)-pair of 7. O

Combining Lemma 4.6 (a) with Lemma 4.7 it is easy to check that the only paths P, with
an («,y)-pair satisfy n € {2,3,4,5,6,7,8,10}.

Lemma 4.8 Let T contain a path P = uguy ... u,wvsvs_1...v9 with r;s > 0 such that
dr(uo) = dr(vg) =1, dp(w;)) =2 for 1 <i <r and dp(v;) =2 for 1 < j <s.

Vo 0 VUs—1 Vg
o—o—o - ® ®

Y P e

Ug 51 Uy

Figure 4.5: The path P = uguy . .. u,wusvs_1 . . . Ug.

(a) If r = 2k and s = 2l for some 0 < k,l < 1 with k > 1, then T" has an (c,~y)-pair if
and only if T" =T — {u; | 0 <i <2k} has an («,)-pair, «(T) = a(T") + k + 1 and
V(T) =~(T") + k.
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(b) If r =2k +1 and s = 0 for some 0 < k < 1, then T has an («,~)-pair if and only
ifT" =T —{u; | 0 < i <2k~+1} has an (a,7)-pair, «(T) = «(T") + k + 1 and
A(T) = A(T") 1.

(c) If r = s =1, then T has an («,)-pair if and only if T" = T — {ug,u1} has an
(v, 7)-pair.

(d) If r = s =3, then T has an (a,7y)-pair if and only if T" =T — {ug, uy, ug, vo, vy, Vo }
has an (o, v)-pair and o(T) = a(T") + 2.

(e) Ifr=1, s =2 and dr(w) = 3, then T has an (o, y)-pair if and only if T" =T —V (P)

has an (a,7y)-pair.

(f) If r = 1, s = 3 and dr(w) = 3, then T has an (a,7)-pair if and only if T' =
T — {ug,u1} has an («,7)-pair.

(g) If r = 2, s = 3 and dr(w) = 3, then T has an (a,)-pair if and only if T' =
T — {ug, uy, v, v1, V9, v3} has an (c,7y)-pair.

Proof: (a) Note that every maximum independent set I of T satisfies I NV (P) = {uy; |

Therefore, if 7" has an (o, y)-pair (1, D), then uy; € I for 0 <i <k, vy; € I for 0 < j <1,
ugip1 € D for 0 <i < k—1andvyj1q € Dfor0<j<Il—1. Clearly, o(T) < a(T")+k+1.
Since I\ {ug; | 0 < i < k} is an independent set in 7", we have a(T") < o(T) — (k+1) and
thus a(T) = a(T") + k + 1. Clearly, v(T') < v(T") + k — note that k£ = 0 implies [ = 0 and
w € D. Since D\ {ug;4+1 | 0 <i < k—1}is a dominating set in 7", we have y(T") < y(T)—k
and thus y(T) = y(T") + k. Now (I \ {ug; |0 <7 <k}, D\ {ug41 |0<i<k-—1})isan
(a,7y)-pair of 1.

Conversely, if 7" has an (a, y)-pair (I’, D), a(T) = «(T")+k+1 and y(T) = v(T") + k,
then in view of [ < 1 we may assume that vy € I’. Hence, w ¢ I’ and (I' U {ugy | 0 < i <
k}, D" U{ugi+1 |0 <i<k—1})isan («a,)-pair of T.

(b) If T has an («,~)-pair, then it has an («,)-pair (I, D) such that vy € I, w € D,
[IN{u; |0<i<2k+1}|=k+1and |DN{u; |0<i<2k+1}| = 1. Similarly, if 7" has
an (a,y)-pair, then it has an («,)-pair (I’, D) such that vy € I and w € D. This easily
implies that a(T) = «(T") + k + 1, v(T) = v(T") + 1 and that T has an («,)-pair if and
only if 7" has an (a, 7y)-pair.

(c) If T has an («,y)-pair, then it has an («,y)-pair (I, D) such that vy € I and v; € D.
Similarly, if 77 has an (o, y)-pair, then it has an («,y)-pair (I’, D) such that vy € I and
vy € D. This easily implies that a(T) = a(T") + 1, 7(T') = v(T”) + 1 and that 7" has an
(cv,y)-pair if and only if 7" has an («, y)-pair.

(d) Note that every minimum dominating set of 7" contains w, u; and vy. Similarly every
minimum dominating set of 7" contains w. This easily implies that a(T) = a(T") + 2,
Y(T) = ~v(T") + 2 and that T has an (a,)-pair if and only if 7" has an («, v)-pair.
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(e) It is easy to see that a(T') = a(T") + 3 and v(T') = v(1") + 2. If T has an («, y)-pair,
then it has an (a,7)-pair (I, D) such that ug, vg,vo € I and uy,v; € D. This easily implies
that 7" has an (a,7)-pair if and only if 77 has an («, 7y)-pair.

(f) It is easy to see that a(T") = a(7") + 1. Similarly, since 7" has a minimum dominating
set containing w, we have v(T') = v(1") + 1, which again implies the desired result.

(g) Note that 7" has a maximum independent set containing us and a minimum dominating
set containing w. This easily implies that o(T") = a(71”) + 3 and y(7") = v(1") + 2, which
again implies the desired result. O

Lemma 4.9 Let T contain three internally vertex-disjoint paths P = uguix, QQ = vgv1v9x
and R = wowiwawsz such that dr(ug) = dr(vy) = dr(wo) = 1, dr(uq) = dr(v1) = dp(vy) =
dr(wy) = dp(ws) = dp(w3) = 2 and dr(x) =4, then T has an («,)-pair if and only if

/!
T = T - {UQ,Ul,UO,Ul,WQ,’UJl,U]Q,wg}
has an (o, 7)-pair.

Proof: Note that 7" has a maximum independent set I such that IN(V (P)UV(Q)UV(R)) =
{ug, vo, wo, V2, we } and a minimum dominating set D such that DN(V(P)UV(Q)UV(R))
{uy,v1,wy,x}. This easily implies that o(T) = a(T") + 4 and v(T') = ~(T") + 3.

If T has an (o, y)-pair, then 7" has an (o, y)-pair (I, D) such that I N (V(P)UV(Q)U
V(R)) = {uo, v, wo,ve,we} and D N (V(P) U V(Q) U V(R)) = {uy,vy,wy,x}. In this
case (I \ {ug, vy, wo, wa}, D\ {uy,vy,w}) is an (e, y)-pair of 7. Conversely, if 7" has an
(cv,7y)-pair, then 7" has an («a,)-pair (I’, D’) such that vy € I’ and € D’. In this case
(I" U {ug, vo, wo, wa }, D" U{uy, vy, w1 }) is an (a, 7y)-pair of T', which completes the proof. O

For integers k > 1 and d; > dy > ... > dp > 1, a tree T is said to have a (dy,ds, ..., dy)-
tinsel (Py, Py, ..., Py) pending on v if Py, P, ..., P, are k internally vertex-disjoint paths
in T such that
P = Ui, 040 - - - Ui d;—17,

dr(uip) =1 and dp(u; ;) =2for 1 <i<kand1l<j<d,—1anddp(v) =k+ 1. For
integers Ody, 0ds, . .., dd, with 0 < dd; < d; for 1 < ¢ < k, the tree

k 0di—1

T U (s}

i=1 j=0

is said to arise from the tree T" by
(8d1, adg, ce ,8dk)—CUtthg the (dl, dQ, R ,dk)—tinsel (P17 PQ, ey Pk)

Note that a tree T' that is not a path and is rooted at an endvertex of a longest path has
a tinsel (Pi, Py, ..., P;) pending on some vertex v such that & > 2 and all vertices of the
paths P; are either v or descendants of v.

The next result summarizes the reductions captured by Lemmas 4.7 to 4.9 and yields
a constructive characterization of trees having an («,7)-pair.



4.1. Structural Results for Trees 69

Theorem 4.10 Let T' = (V, E) be a tree that is not a path and different from the tree T*.
Let (P, Py, ..., Py) be a (dy,ds, ..., dy)-tinsel pending on v with k > 2.
The tree T' has an («,y)-pair if and only if the tree T that arises from the tree T' by

(0dy, 0ds, . .., 0dy)-cutting the (dy,ds, ..., dy)-tinsel (P, Pa, ..., Py)
has an (o, 7y)-pair and (a(T) — a(T"),y(T) —y(T")) = (O, O7y) where
(a) ifdy > 5 and a(T) = (T — {ur o, ur1,...,u14}) + 3, then
(0dy,0dy, . . .,0dy) = (2,0,...,0)
and (Oa, 0y) = (1,1).
(b) ifdy > 5 and o(T) = (T — {u10, 11, .-, u14}) + 2, then
(0dy,0ds, ..., 0dy) = (3,0,...,0)
and (Oa, 0v) = (1,1).

(c) if there are two indices 1 <i < j < k such that d;,d; € {1,3}, then 0d; = d;, dd, =0
for 1 <r <k withr #i and (Oa, 07y) = (d+1 & 1).

2

(d) if dp, =1 and there is an index 1 < i < k such that d; € {2,4}, then 0d; = d;, 9d, =0
for 1 <r <k withr # 1 and (O, 0) = (%,1).

(e) if there are two indices 1 < i < j <k such that d; = d; = 2, then 0d; = d;, d, =0
for 1 <r <k withr #i and (0a,0v) = (1,1).

(f) if there are two indices 1 < i < j < k such that d; = d; = 4, then 0d; = 0d; = 3,
od, =0 for 1 <r <k withr & {i,j} and 0a = 2.

if k=2 and (dy, ds 3,2), thenT' =T — (V(P) UV (P)).

ka =2 and dl,dg

) (di,d2) = (
(h) ka =2 and (dl, dQ) (47 2), then <8d1, adQ) = (0, 2)
) ( ) = (4,3), then (0dy,0ds) = (4, 2).
(di,d2) = (4,

(j) if k=3 and (dy,ds 3,2), then (0dy,0dy, 0d3) = (4,2,2).

Furthermore, one of the cases (a)-(j) occurs.
Proof: If d; > 5, then, by Lemma 4.7 (a),
2 S Oé(T) — a(T — {ULO, U1717 e ,U174}) S 3

Now, by Lemma 4.7 (b) and (c), either (a) or (b) occurs. Hence, we may assume that
dy < 4, 1ie. all d; are at most 4. If there are two odd d;’s, then, by Lemma 4.8 (a), the
case (c¢) occurs. Hence, we may assume that at most one of the d; is odd. If dy = 1, then,
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by Lemma 4.8 (b), the case (d) occurs. Hence, we may assume that all d; are either 2, 3
or 4. If there are two d;’s equal to 2, then, by Lemma 4.8 (c), the case (e) occurs. Hence,
we may assume that at most one of the d; is 2. If there are two d;’s equal to 4, then, by
Lemma 4.8 (d), the case (f) occurs. Hence, we may assume that at most one of the d; is 4.
If £ > 3, then k = 3, (di,ds,d3) = (4,3,2) and, by Lemma 4.9, the case (j) occurs. Hence,
we may assume k = 2 and, by Lemma 4.8 (e) through (g), one of the cases (g) through (i)
occurs. This completes the proof. O

4.2 Independence in Connected Graphs with Speci-
fied Odd Girth

We need the following two notions related to the independence number. If G is a graph
and H is a spanning bipartite subgraph of G with a fixed bipartition V(G) = AU B, then
let

ao(G) = max{|l;|+ |I5] | I, and I, are disjoint independent sets in G}, and

I; and I, are independent sets in G)}

aa(G,H) = maX{|1T1|+|I2| ‘(/\ (L CA) A (L CB)

Clearly,
2a(G) > aa(G) > aa(G, H).

The basic idea of our approach in this section is captured by the following very simple
lemma.

Lemma 4.11 If G is a graph and H is a spanning bipartite subgraph of G, then
aa(G, H) > n(G) — |E(G) \ E(H)|.

Proof: Starting with ([, [3) = (A, B) where V(G) = AU B is the fixed bipartition of
H and adding the edges of E(G) \ E(H) one by one to H, we have to remove at most
one vertex from either I; or I for every added edge. Therefore, after adding all edges
from E(G) \ E(H) into H, we obtain two disjoint independent sets of G respecting the
bipartition of H that are of total cardinality at least n(G) — |E(G) \ E(H)|. O

The next result is a first application of this idea.

Proposition 4.12 If G is a connected graph and T s a spanning tree of G, then the
following statements hold.

(a)
aa(G,T) > 2n(G) —m(G) — 1 (4.3)

with equality if and only if E(G) \ E(T) is a matching and T + e has an odd cycle
for every edge e € E(G) \ E(T).
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(b)
aa(G) > 2n(G) — m(G) — 1 (4.4)

with equality if and only if all cycles of G are odd and vertex-disjoint.

Proof: The lower bounds in (a) and (b) follow immediately from Lemma 4.11. It remains
to characterize the extremal graphs for (4.3) and (4.4).

(a) Let V(G) = AU B denote the bipartition of 7. If E(G)\ E(T) is a matching and 7'+ ¢
has an odd cycle for every edge e € E(G) \ E(T), then G' = G — E(T) is the union of
complete graphs of orders 1 and 2. Since aa(G,T) = a(G’), this easily implies equality in
(4.3).

Conversely, we assume that equality holds in (4.3). If 7'+ e has no odd cycle for some
edge e € E(G) \ E(T), then

ac(G,T) = ac(G—e,T)
> 2n(G) — (m(G) — 1)~ 1
= 2n(G) —m(G),

which is a contradiction. Hence, T'+ e has an odd cycle for every edge e € E(G) \ E(T).
If E(G)\ E(T) contains two distinct edges e and f that are both incident with a
common vertex u, then T is a spanning tree of G' = G — {e, f}. For every pair (I}, I}) of
disjoint independent sets of G’ with I] C A and [, C B, (I \ {u}, [} \ {u}) is a pair of
disjoint independent sets of G with I, C A and I, C B, which implies the contradiction

aa(G,T) > aa(G',T)-1
> 2n(G")—m(G)—-1-1
= 2n(G) —m(G). (4.5)

This completes the proof of (a).

(b) Let G be a connected graph such that all cycles of G are odd and vertex-disjoint. If G
contains a vertex u of degree 1, then, by an inductive argument,

ac(G) = aa(G—u)+1
= 2n(G—u)—m(G—u)—1+1
= 2(n(G)-1)—(m(G)—1)—1+1
= 2n(G) —m(G) — 1.

Hence, we may assume that G' has an endblock that is an odd cycle C. Clearly, for every
pair (Iy,I5) of disjoint independent sets of G, the set I; U I contains at most n(C) — 1
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many vertices of C. Let G’ = G — V(C). If G’ is empty, then G is an odd cycle and
equality in (4.4) is trivial. Otherwise, by an inductive argument,

ac(G@) < aa(G)+n(C) -

= 2n(G")—m(G") - 1+n(C) -1
= (( ) —n(C)) - ( (G) = (n(C) +1)) =1+ n(C) -1
= 2n0(G) —m(G) -

i.e. equality in (4.4) holds.

Conversely, let G be a connected graph with equality in (4.4). If G contains two incident
edges whose removal does not disconnect the graph, then we obtain a similar contradiction
as in (4.5). Therefore, removing any pair of incident edges disconnects GG, which immedi-
ately implies that all cycles of G are vertex-disjoint. In view of this restricted structure
of G, the assumption of the existence of an even cycle easily leads to the contradiction
aa(G) > 2n(G) — m(G), which completes the proof. O

Proposition 4.12 immediately implies the following.

Corollary 4.13 If G is a connected graph, then

with equality only if all cycles of G are odd and vertez-disjoint.

In view of the extremal graphs, the estimates (4.4) and (4.6) are best-possible for graphs
G if and only if their size is at most %@;"(G)

maximum possible size, the “price” of an additional edge is 1 for aa(G) and 1/2 for a(G).
Our next result shows that beyond this maximum possible size, additional edges are at
least “50% off’.

If T is a tree and e is an edge such that T'+e¢ is not bipartite, then e is called T-unfaithful.

— 1. Intuitively speaking, up to this

Theorem 4.14 Let G be a connected graph. If m(G) > {MJ — 1, then

e 900a(C)
= [ o= (=] )
Proof: We consider a finite sequence
Go,Gh,..., Gy,

of connected graphs defined as follows. Let Gy = G. If for some ¢ € Ny, the graph G; is
defined, then let T; be a spanning tree of G;. Let m; denote the number of T;-unfaithful
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edges of G;. Note that all cycles created in T; by adding a T;-unfaithful edge of G; have

n(G
length at least goqa(G). If m; < Lgodi(é)
n(G)

m; > L} dd(G)J , then there are two T;-unfaithful edges of GG; such that the two cycles created

J, then set kK = ¢ and terminate the sequence. If

in T; by adding these edges intersect. Clearly, this implies the existence of two incident
edges e; and f; of G; such that G; — {e;, f;} is connected. Let G;11 = G; — {e;, f;}. Since,
for ¢ > 0, the graph G;;, arises from G; by deleting two edges, this process necessarily

terminates. By the choice of k, we have my_; > { gz(dc(é)

exactly m(G) —2(k — 1) edges, we have my_; < m(G) — (n(G) — 1) —2(k — 1). Combining
these two estimates yields

2 o |27 ) -

J + 1. Furthermore, since G;_; has

with equality if and only if

{QZZC(JC)J )

J—Fl = Mg

= |E(Gr-1) \ E(Ti-1)|
— m(G) - ((G) 1) — 20k~ 1), (47)
which implies that all edges in E(Gg_1) \ E(T)-1) are Tj_;-unfaithful.
Let G}, arise from Gy, by deleting all non-Tj-unfaithful edges of Gy that do not belong
to Tk
By definition,
aa(Gy, Ty) = aa(G), Ty).
By Lemma 4.11,

aa(Gy, 1) > n(G) —|E(Gy) \ E(T})]

(@)~ LZ&%)J
[(godd<G) - 1)”(GW '
Goad(G)

Since, for 0 < i < k — 1, the graph G;;, arises from G; by deleting two incident edges, we
have aa(G;) > aa(Giy1) — 1, which implies

aa(G) = aa(Gy) > aa(Gy) — k > aa(Gy, Ty) — k = aa(G, Ty) — k. (4.9)

— Q—(go‘id;izré))"((;w — 1)) + %, then, by (4.8) and (4.9),

aa(G) > ac(G,Ty) — k

a2 o (e )

v
S

(4.8)

~—

Itk < & (m(G

v
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£k =1 (m(@) - (| esl@m @ — 1))+ 1, then

9oaa(G)
aa(@) (429) aa(G, Ty) — k
D G) = e —k
= n(G)—(my_1—2)—k
w o (]

(oo ([t )

T R (T

which completes the proof. O

4.3 On Spanning Tree Congestion

Before we proceed to the main result in this section, we recall a beautiful theorem due
to Gyori [26] and Lovész [52] concerning highly connected graphs. A wvertex cut C' of a
connected graph G is a subset of the vertex set V(G) of G such that G—C'is not connected.
A graph is k-connected if it has no vertex cut of cardinality less than k.

Theorem 4.15 (Gy®éri [26], Lovasz [52]) Fork € N with k > 2, let G be a k-connected
graph. If vy, v, ..., v, are k distinct vertices of G and the integers ny,ns,...,ng € N are

such that ny +no+...+n, = n(G), then there exists a partition of the vertex set of G into
Vi, Va, ..., Vi such that v; lies in V;, |V;| = n;, and G[V;] is connected for all 1 < i < k.

With this tool at hand, we can proceed to our main result.

Njw

Theorem 4.16 If G is a connected graph of order n, then s(G) < n(G)z.

Proof: If G has a vertex of degree at least n(G) — 2, then G has a spanning tree T' that
arises by subdividing at most one edge of a star. In this case ¢(G,T) < max{n(G) —
1,2(n(G) —2)} < n(G)2. Hence, we may assume that G has no such vertex, which implies
that G has at most w edges. Since ¢(G,T) < m(G) for every tree T, and since
w < n(G)2 for n(G) < 9, the result holds for n(G) < 9. We may assume that

n(G) > 10 and prove the result by an inductive argument considering two cases.
Case 1 G has a vertex cut of cardinality at most /n(G).

Let Y be a vertex cut of minimum cardinality, and let Z denote the vertex set of a smallest
component of G —Y. Let X =V(G)\ (YU Z), 2z =|X|, y=|Y], and z = |Z]|. Note that
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x > zand y < y/n(G). The subgraph G[X UY] is connected, and there is no edge joining
X and Z.
Let T(X UY) be a spanning tree of the subgraph G[X U Y] with

(GIXUY], T(XUY)) < (2 +1y)?,
and let T(Z) be a spanning tree of G[Z] with
o(G[2),T(2)) < 22
Let wv € E(G) with uw € Y and v € Z, and let
T = (V(G), B(T(X UY)) U{w} UE(T(Z))).

Note that there are at most yz edges joining XUY and Z. This implies that, if e € Er(xuy),
then

c(e, (G, T))

IN

IIVAY
=
Q=
8
—
=
)
_l’_
=
8
N

Furthermore, if e € E(T(Z)), then

2% +yz

z- (\/Z + y)

< %n(G) V(@) + V(@)

= n(G)2.

cle, (G, T))

IN

Finally, if e = uv, then c(e, (G,T)) < yz < n(G)2. Altogether, ¢(G,T) < n(G)2, which
completes the proof in this case.

Case 2 G has no vertex cut of cardinality at most \/n(Q).

Let u be a vertex of degree at leas = |/n(G)| + 1, and let vy, vq,...,v4 be d neighbors
of u. b= (—n mod (G)J +1) and a = (n(G) + b)/(|/n(G)]| + 1), then
0<b< \/—Jn L n(G)| +1) —b, and
Y n(G) b
W@+t \/_G>J +1
< L ”(G)
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which implies @ < y/n(G)+1. This implies that, if n(G) = n;+ne+...+n4 and [n;—n;| <1
for 1 <i < j <d, then n; < /n(G) + 1.

By Theorem 4.15, there is a partition V(G) = V3 UV, U ... UV such that v; € V; and
G[V;] is connected for 1 < i < d. We may assume that u € V4. For 1 <i < d, let T; be an
arbitrary spanning tree of G[V;], and let

d
T = (V(G), B(T)) = (wG), B(Ty) U | J{uv} U E(ﬂ)) .

=2

Since for every edge e € E(T), one component of T'— e = (V(G), E(T) \ {e}) has at most
Vv/n(G) + 1 many vertices and n(G) > 10, we obtain

(G, T) < max _ z(n(G) — )
1<2<4/n(G)+1

- ( n(G)+1> (n(G) — /(@) - 1)
< n(G)z,
which completes the proof. O

In view of the estimates for s(G) in terms of the expanding constant (also known as the

Cheeger constant [61]), see Theorem 1 (b) in [65], and the existence of families of expanders,
(@)

there exist infinite families of graphs for which 77 is at least linear in n(G). Our next
result shows that there is a linear estimate from above.

Proposition 4.17 If G is a connected graph, then s(G) < n(G)t(G).

Proof: We prove the result by induction on the order of G. For n(G) < 2, the result is
trivial. Hence, let n(G) > 3. Let V; UV, be a partition of V(G) such that E(Vy,V3) =
{uv € E(G) | u € Vi,v € V4} is a minimum edge cut of G. Since G is connected, the choice
of V1 UV, implies that G; = G[V;] is connected for i = 1,2. Let T; be a spanning tree of
G; with ¢(G;, T;) < |V;|t(G;). If uwv € E(V1,Va) and T is a tree with vertex set V(G) and
edge set Er, U Eq, U {uv}, then

(G, T) < max{c(Gy,T1),c(Ga,T2)} + |E(Vh, Va)|
< (n(G) = DHG) + H(G)

= n(G)G),

which completes the proof. O



Chapter 5

Decision Problems

In the previous chapters we presented “positive” results, such as bounds for graph pa-
rameters or characterizations of graphs that have a special property. By contrast, in this
chapter we present “negative” results, i.e. we prove for some decision problems that they
have no polynomial-time algorithm, unless P = N P. Hence, restrictions to simpler graph
classes and the bounds in the previous chapters are motivated.

In [32] Hedetniemi, Hedetniemi, Laskar, Markus, and Slater initiate the study of vy (G),
~vi(G), and ii(G) for graphs G. Since a maximal independent set is a minimal dominating
set, Ore’s observation implies that vi(G) exists for every graph G without isolated vertices.
However, Hedetniemi et al. [32] proved that it is NP-complete to decide whether ii(G)
exists for a given graph G. Various graph theoretic and algorithmic properties of these
parameters are presented in [32].

In the first two sections of this chapter we present hardness results concerning the above
concepts. We prove that deciding equality of vy(G) and vi(G), or vi(G) and ii(G) is NP-
hard (Theorem 5.1). This implies in both cases that there is most likely no algorithmically
efficient characterization of such graphs. For bipartite graphs G, we prove that it is NP-
complete to decide whether vy(G) < k, 7i(G) < k, and 7i(G) < k, respectively (Theorem
5.2). These results solve problems posed in [32] and are based on [33].

In Section 5.3 we describe a polynomial algorithm that decides whether a given tree
has an («,7)-pair (Corollary 5.4). Furthermore, we show that it is NP-hard to decide
whether a given graph has an (a,)-pair (Theorem 5.3). The results of Section 5.3 are
based on [58].

In Chapter 2 we considered whether y7;(G) < k for k = n(G)—1 and graphs G that are
Cs-free or satisfy §(G) > 3, respectively. We prove in Section 5.4 that the corresponding
decision problem is NP-complete even when restricted to Cs-free graphs G with 6(G) > 3.

The graph parameter aa(G) is defined in Section 4.2. By definition aa(G) < o(G).
A natural question is when equality holds for the above inequality. In Section 5.5 we
prove that it is NP-complete to decide for a given graph GG and a given integer k, whether
aa(G) < k and that it is NP-hard to decide for a given graph G, whether aa(G) = 2a(G).

Not only Section 4.3 is devoted to spanning tree congestion but also Section 5.6. As
the last result of this thesis, we show that it is NP-complete to decide for a given graph G

77
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and a given integer k, whether s(G) < k. The result of Section 5.6 is based on [53].

For basic notation and terminology concerning algorithmic complexity, we refer to [22].

5.1 7y(G) =7i(G) and vi(G) = ii(G)

Deciding equality of vy(G) and vi(G), or vi(G) and 4i(G) is hard. This answers a problem
posed in [32].

Theorem 5.1 Given a graph G the following two problems are NP-hard.
(a) Decide whether G satisfies yy(G) = vi(Q).
(b) Decide whether G satisfies vi(G) = ii(G).

We prove the result by reducing the well-known NP-complete 3Sat problem [22] to the
considered decision problems.

Proof: Given a 3Sat instance C, we construct two graphs G and G’ whose order is poly-
nomially bounded in the size of C such that C is satisfiable if and only if vy(G) = vi(G) if
and only if vyi(G') = ii(G").

For the construction of G, we proceed as follows. For every boolean variable x occurring
in C, we introduce a copy G, of the gadget shown in the left part of Figure 5.1, which
contains two specified vertices x and . Furthermore, for every clause C of C, we introduce
a copy G¢ of the gadget shown in the middle part of Figure 5.1, which contains one specified
vertex C.

8
&I

Figure 5.1: The gadgets G, G¢ and G{..

If the literal 2* € {z, z} occurs in clause C' we connect the specified vertex z* in G, with
the specified vertex C'in G¢. (For an example see Figure 5.2 where C = {zVyVz,xVzZVu}.)

For the graph G’, we proceed exactly as above using the gadget G, shown in the right
part of Figure 5.1 instead of G¢.
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Figure 5.2: The graph G for C ={xVyV z,zV zZVu}.

Let C use p boolean variables and contain ¢ clauses. Note that the orders of G and G’
are 6p + 8¢q. Every dominating set of G contains at least two vertices from every gadget
G, and at least two vertices from every gadget G¢. Conversely, choosing in every gadget
the vertices as indicated in Figure 5.1 yields two disjoint minimum dominating sets, i.e.,
¥Y(G) = 27(G) = 4p + 4q. Similarly, vi(G") = 2v(G") = 4p + 4q.

If C is satisfiable, then we consider a satisfying truth assignment for C. We choose the
two disjoint minimum dominating sets described above such that from every gadget G,
the vertex corresponding to the true literal is in one of the two sets. Furthermore, in every
gadget G, we choose vertices as indicated in Figure 5.2. This yields two disjoint minimum
dominating sets one of which is independent, i.e., vy(G) = i(G). Similar arguments yield
yi(G") = ii(G").

Conversely, we assume now that G satisfies vy(G) = vi(G). Let D; and Iy be two
disjoint dominating sets such that I5 is independent and |D;| + |I3] = vy(G) = 7i(G) =
2v(@), i.e., Dy and I, are both minimum dominating. By the above reasoning, each of D,
and [, contains exactly two vertices from each gadget G¢. This easily implies that in every
gadget G the specified vertex C is dominated within one of Dy and I, by a vertex not
contained in G¢. Furthermore, for every gadget GG, the set Dy U 5 contains at most one
of the two specified vertices x and z. Therefore, the vertices in Dy U I, corresponding to
literals indicate a satisfying truth assignment for C. (The two minimum dominating sets
indicated in Figure 5.2 correspond to setting =, y and z false and u true.) Again, if we
assume that G’ satisfies vi(G’") = ii(G’), then the same train of thought implies that C is
satisfiable. This completes the proof. O
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5.2 ~v(G),vi(G), and #i(G) in Bipartite Graphs

In [32] it is shown that the calculation of yy(G) is NP-hard even when restricted to chordal
graphs. In our next result we prove that it is NP-hard to determine v7(G),vi(G), and
ii(G) even for bipartite graphs G. This answers problems posed in [32].

Theorem 5.2 For a given bipartite graph G without isolated vertices and an integer k,
the following problems are NP-complete.

(a) Decide whether yvy(G) < k.
(b) Decide whether vi(G) < k.

(¢) Decide whether G has two disjoint independent dominating sets Dy and Do with
|Dy| + |Do| < k.

Proof: The three decision problems are clearly in NP. Given a 3Sat instance C, we will
construct a graph G whose order is polynomially bounded in the size of C and specify
an integer k also polynomially bounded in the size of C such that if C is satisfiable, then
ii(G) < k and if yy(G) < k, then C is satisfiable. This clearly implies the desired statement.

For every boolean variable x occurring in C, we introduce a copy G, of the gadget shown
in the left part of Figure 5.3, which contains two specified vertices x and z. Furthermore,
for every clause C' of C, we introduce a copy G¢ of the gadget shown in the right part of
Figure 5.3, which contains two specified vertices C' and C'.

Figure 5.3: The gadgets G, and G¢.

If the (unnegated) variable = occurs in clause C, then we connect the specified vertex
x in G, with the specified vertex C' in G¢. Similarly, if the negated variable Z occurs in
clause C, we connect the specified vertex z in G, with the specified vertex C' in G¢. Note
that this way of adding edges to the disjoint union of the bipartite gadgets results in a
bipartite graph. (For an example see Figure 5.4 where C = {zVyV z,2V zZV u}.) Let G
denote the resulting graph.

Let C use p boolean variables and contain g clauses. Note that the order of G is 12p+8q.
Let k = 8p + 5q.

First, we assume that C is satisfiable and describe how to obtain two disjoint indepen-
dent dominating sets Dy and Dy of G with |Dy| + |Dy| < k. Consider a satisfying truth
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Figure 5.4: The graph G for C={zVyV z,x V ZV u}.

assignment for C. We choose in every gadget G, the vertices for the sets Dy and D, as
indicated in the left part of Figure 5.3 or its mirror image such that D; contains the vertex
corresponding to the true literal among = or z. Since the truth assignment is satisfying,
at least one of the vertices C' or C in every gadget G¢ is dominated in D; by a vertex
not contained in V' (G¢). This implies that the two sets D; and Dy can be extended as
indicated in Figure 5.4 using a total of five vertices in each of the gadgets G. Hence,
|Dy| + |D2| = k. Note that Dy and D, are independent by construction.

Next, we assume that G has two disjoint dominating sets Dy and Dj such that |D;| +
|Dy| < k. In every gadget G, the set V(G,) N (D1 U Dy) contains at least eight vertices
in order to dominate the ten vertices on the path G, — {z,z}. Furthermore, if V(G,) N
(D7 U Dy) contains exactly eight vertices, then at least one of  and Z is not contained in
D1 U Dg.

If for some gadget G¢, neither C' nor C' are dominated by a vertex in D; U Dy not
contained in V(G¢), then V(G¢) N (D1 U Ds) contains at least six vertices. (One possible
configuration is shown in the right part of Figure 5.3.) Furthermore, if for some gadget
G, one or both of C'and C are dominated by vertices in D; U D, not contained in V (G¢),
then V(G¢) N (D1 U Dy) contains at least five vertices.

Since |D1| + |Ds| < 8p + 5q, we obtain that for every gadget G, at most one of x and
7 is contained in D; U Dy and for every gadget G¢, one of C' and C is dominated by a
vertex in Dy U Dy not contained in V(G¢). This implies that the vertices contained in
D1 U D, corresponding to literals indicate a satisfying truth assignment for C and the proof
is complete. O
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5.3 Existence of an («,y)-Pair

Theorem 5.3 [t is NP-hard to decide whether a given graph has an («,~y)-pair.

Proof: Given a 3Sat instance C, we will construct a graph G whose order is polynomially
bounded in the size of C such that C is satisfiable if and only if G has an («a, y)-pair. This
clearly implies the desired statement.

For every boolean variable z occurring in C, we introduce a copy G, of the gadget shown
in the left part of Figure 5.5, which contains two specified vertices x and z. Furthermore,
for every clause C' of C, we introduce a copy G¢ of the gadget shown in the right part of
Figure 5.5, which contains two specified vertices C' and C".

C

Cl

Figure 5.5: The gadgets G, and G¢.

If the literal z* € {x,Z} occurs in clause C, then we connect the specified vertex z*
in G, with the specified vertex C' in G¢. (For an example see Figure 5.6 where C =
{rVyVzaxVvzVvau}.) Let G denote the resulting graph.

Let C use p boolean variables and contain g clauses. Note that the order of G is 6p+ 9¢.

Clearly, every independent set of G contains at most three vertices from each of the
gadgets G, and at most five vertices from every of the gadgets G¢, i.e. a(G) < 3p + 5q.
Since choosing three independent vertices from each of the gadgets G, and the vertices at
distance one, three, and five from C' from each of the gadgets G¢ yields an independent
set of order 3p + 5¢q, we have a(G) = 3p + 5q.

Clearly, every dominating set of GG contains at least two vertices from every of the
gadgets G, and at least three vertices from each of the gadgets G¢. Hence v(G) > 2p+3q.
Furthermore, since choosing x and the neighbor of the endvertex from each of the gadgets
G, and the vertices at distance one, four, and seven from C’ from each of the gadgets G¢
yields a dominating set of order 2p + 3¢, we have v(G) = 2p + 3q.

If C has a satisfying truth assignment, then choosing three independent vertices con-
taining the false literal among = and Z from every of the gadgets GG, and the vertices at
distance one, three, and five from C' from every of the paths G yields a maximum inde-
pendent set I. Furthermore, choosing the true literal among x and z and the neighbor
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Figure 5.6: The graph G for C={zVyV z,x V ZV u}

of the endvertex from every of the gadgets GG, and the vertices at distance one, three,
and seven from C’ from every of the paths G¢ yields a minimum dominating set D that
is disjoint from /. Hence, (I, D) is an («,)-pair of G. (For an example see Figure 5.6.
The encircled vertices form a maximum independent set and the framed vertices form a
minimum dominating set.)

Conversely, if G has an (o, y)-pair (I, D), then we may assume that D contains exactly
one of the two vertices x and z from every of the gadgets G,. If one of the vertices C
from some gadget G¢ is not dominated by a vertex from one of the gadgets G, then D
must contain the vertex at distance four from C’, because D is a minimum dominating
set. But also I must contain this vertex, because I is a maximum independent set. This
implies that the vertices contained in D corresponding to literals indicate a satisfying truth
assignment for C and the proof is complete. O

The next result actually follows from far more general results concerning efficiently solvable
problems for graphs of bounded treewidth. Nevertheless, we include its simple proof based
on our characterization given in Subsection 4.1.1.

Corollary 5.4 [t is possible to decide in polynomial time whether a given tree of order at
least 2 has an (o, y)-pair.

Proof: If T is a path of order at most 6 or the tree T shown in Figure 4.3, then, by
Lemma 4.6, T" has an (o, y)-pair. If T'is a path of order at least 7, then Lemma 4.7 allows
to reduce the decision problem to a smaller tree in polynomial time. If 7" is neither a path
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nor the tree 7%, then Theorem 4.10 allows to reduce the decision problem to a smaller tree
in polynomial time. O

5.4 yu(G) <k

In our next result we prove that it is NP-complete to decide for Cs-free graphs G with
d(G) > 3 whether y(G) < k.

Theorem 5.5 [t is NP-complete to decide for a given Cs-free graph G with §(G) > 3 and
a given integer k, whether yv,(G) < k.

Proof: The decision problem is clearly in NP. Given a 3Sat instance C, we will construct a
graph G whose order is polynomially bounded in the size of C and specify an integer k also
polynomially bounded in the size of C such that C is satisfiable if and only if yv,(G) < k.
This clearly implies the desired statement.

For every boolean variable x occurring in C, we introduce a copy G, of the gadget shown
in the left part of Figure 5.7, which contains two specified vertices x and z. Furthermore,
for every clause C' of C, we introduce a copy G¢ of the gadget shown in the right part of
Figure 5.7, which contains one specified vertex C'

Figure 5.7: The gadgets G, and G¢.

If the literal z* € {x,Z} occurs in clause C, then we connect the specified vertex x* in
G, with the specified vertex C' in G¢. Note that this way of adding edges to the disjoint
union of the gadgets results in a Cs-free graph with minimum degree 3. (For an example
see Figure 5.8 where C = {xVyVz,zVzVu}. The encircled vertices form a dominating set
and the framed vertices form a total dominating set.) Let G denote the resulting graph.

Let C use p boolean variables and contain ¢ clauses. Note that the order of G is 6p+4q.
Let k= 3p + 2q.

First, we assume that C is satisfiable and describe how to obtain a DT-pair (D, T’) of
G with |D| + |T| < k. Consider a satisfying truth assignment for C. We choose in every
gadget G, the vertices for the sets D and T as indicated in the left part of Figure 5.7 or
its mirror image such that 7' contains the vertex corresponding to the true literal among
x or z. (The encircled vertices belong to D and the framed vertices belong to 7'.) Since
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Figure 5.8: The graph G for C={zVyV z,x V ZV u}.

the truth assignment is satisfying, the vertex C' in every gadget G¢ has a neighbor in
T\ V(G¢). This implies that the two sets D and 7" can be extended as indicated in Figure
5.8 using a total of two vertices in each of the gadgets G¢. Hence, |D| + |T| = k.

Conversely, we assume that G has a DT-pair (D, T') such that |D| + |T| < k. In every
gadget G, the set V(G,) N D contains at least one vertex in order to dominate the four
vertices G, — {x,z}. Since each vertex of G, — {z,Z} has a neighbor in 7" holds that
V(G,)NT contains at least two vertices. Furthermore, if V(G,)N(DUT') contains exactly
three vertices, then at most one of x and Z is contained in 7.

If for some gadget G, the vertex C has no neighbor in 7\ V(G¢), then V(G¢)N(DUT)
contains at least three vertices. Furthermore, if for some gadget G¢, the vertex C has a
neighbor in 7'\ V(G¢), then V(G¢) N (D UT) contains at least two vertices.

Since |D| + |T'| < 3p + 2q, we obtain that for every gadget G,, at most one of  and Z
is contained in DUT and for every gadget G¢, the vertex C' has a neighbor in 7\ V(G¢).
This implies that the vertices contained in T" corresponding to literals indicate a satisfying
truth assignment for C and the proof is complete. O

5.5 «aa(G)=2a(G) and aa(G) >k
Theorem 5.6 (a) It is NP-hard to decide for a given graph G, whether aa(G) = 2a(G).

(b) It is NP-complete to decide for a given graph G and a given integer k, whether
ac(G) > k.

Since aa(G) is also the maximum order of an induced bipartite subgraph of G, (b) is already
proved by Lewis and Yannakakis [51]. However, we can prove (b) without additional effort.
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Proof: The decision problem (b) is clearly in NP. Given a 3Sat instance C we will construct
a graph G whose order is polynomially bounded in the size of C and specify an integer
k also polynomially bounded in the size of C such that aa(G) = 2a(G) if and only if
aa(G) > k if and only if C is satisfiable. This clearly implies the desired statement.

Let H be a graph that has one vertex for each instance of each literal in C. T'wo vertices
in V(H) are adjacent if they either correspond to literals in the same clause, or to a variable
and its inverse. (For an example see Figure 5.9 where C = {xVyVz,xVZVu,zVyV
u,xVy\Vau}.)

Figure 5.9: The graph H for C={xVyVz,zVZVu,zVyVu,zVy\Vu}.

Let C contain g clauses. Note that the order of H is 3q. Let G be the graph that arises
from H by adding ¢ vertices vy, . .., v, and adding all possible edges joining a vertex in V' (H)

with a vertexin {vy, ..., v,}. (For an example see Figure 5.10 where C = {zVyVz, xVzZVau}.)
Note that the order of G is 4q.
Let k = 2q. Clearly, the vertices vy,...,v, form a maximum independent set of G.

Hence, a(G) = ¢ and so aa(G) = 2a(G) if and only if aa(G) > k.

First, we assume that C is satisfiable and describe how to obtain two disjoint indepen-
dent sets I; and Iy with |I1]| + |I3] > k. Consider a satisfying truth assignment for C. For
I; we choose one vertex in each clause that corresponds to a literal that is true and for I
we choose the vertices vy, ..., v,.

Conversely, we assume that G has two disjoint independent sets I; and I, with |7 +
|Io| > k. In this case one independent set is the vertex set {vy,...,v,} and the other
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Figure 5.10: The graph G for C ={zV gV z,xV zZ V u}.

independent set must contain one vertex of each clause. To obtain a satisfying truth
assignment, we assign the value true to each literal that corresponds to a vertex in the
second independent set. Since two vertices are adjacent that correspond to a variable and
its inverse, the assignment is consistent. There may be variables that have no literal in the
independent set. We can set these to any value we like. This completes the proof. O

5.6 s(G) <k

Theorem 5.7 [t is NP-complete to decide for a given graph G and a given integer k,
whether s(G) < k.

Proof: The decision problem is clearly in NP. Given a 3Sat instance C, we will construct
a graph G whose order is polynomially bounded in the size of C and specify an integer k
also polynomially bounded in the size of C such that C is satisfiable if and only if s(G) < k.
This clearly implies the desired statement.

Let C use the p > 3 boolean variables vy, . .., v, and contain the ¢ > 1 clauses (1, . .., Cj,.
We may assume that no clause contains a boolean variable as well as its negation. We
construct G as follows starting with the empty graph. For every boolean variable v;, we
add a clique K* on 4¢® + 11¢q + 1 vertices

Uy, ﬁia Vi1,V52,--- 7Ui,4q2+11q—1-

The vertices v; and v; are called the literal vertices of the clique K for 1 < i < p. We add
a vertex w to G, which is of degree p(2¢*>+6¢+1). The vertex w is adjacent to the vertices

Vi, Uiy Vi1, V52, -+ 5 Vi 22 4+6g—1
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for 1 <4 < p. Furthermore, for every clause C;, we add a clause vertex C; of degree 3¢+ 9.
A clause vertex Cj is adjacent to every literal vertex that corresponds to a literal contained
in C;. Additionally, a clause vertex C; is adjacent to the vertices

Vi, (j=1)(g+2)+1> Vi,(j=1)(q+2)+2> - - - 5 Vi,j(q+2)—15 Vi j(qg+2)

for every boolean variable v; that is contained in C;. Clearly, except for the literal vertices,
every vertex has at most one neighbor in J,.;., {C;} in G. Note that Ng(C;) C Ng(w)
for 1 < j < q, because q(q + 2) < 2¢®> + 6¢ — 1. The graph G contains no further vertices
or edges. Note that G has order p(4¢®> + 11g+ 1) + ¢+ 1. Let k = 4¢*> + 12¢ + 1.

First, we assume that C is satisfiable and describe how to obtain a spanning tree T' of
G with ¢(G,T) < k. Consider a satisfying truth assignment for C. T contains all edges
of the form xy where z € V(K") is a literal vertex corresponding to a true literal and
y € (V(K")U{w})\ {z}. Furthermore, for every clause C;, we add to T exactly one edge
of the form Cjz where z is a true literal. Thus, 7" is a spanning tree of G. Note that all
edges of T are either incident to w or incident to a leaf in T. The degree of a vertex in
V(G)\ {w} is at most 4¢* + 12¢ + 1 = k in G. Hence, c(e, (G,T)) < k for an edge e that
is incident to a leaf in T'. For some 1 < ¢ < p, let ¢; be the edge of T" that joins w with
the true literal vertex of K*. If a clause vertex C; is adjacent to the true literal vertex of
K" in T, then C} is adjacent to g + 3 vertices of K’ in G. Hence, the edge e; is contained
in 2¢ + 6 paths in T that correspond to edges of the form Cjz in G where z ¢ V(K*). If
a clause vertex C; is not adjacent to the true literal vertex of K* in T', then the edge e;
is contained in at most ¢ + 3 paths in 7" that correspond to edges of the form Cjz in G
where z € V(K?). Since w is adjacent to 2¢® + 6¢ + 1 vertices of K* in G, the edge e; is
contained in 2¢? 4+ 6¢ + 1 paths in 7" that correspond to edges of the form wz in G where
r € V(K"). Hence,

cles, (G, T)) < (2¢° +6g+ 1) + q(2¢ +6) = 4¢> + 12¢ + 1 = k.

Thus, ¢(G,T) < k and hence ¢(G) < k.
Conversely, we assume that G has a spanning tree 7" such that ¢(G,T) < k. For
1 <1< p,let
T =T[V(K") U{w}].

If for some 1 < ¢ < p, there is a vertex x such that for all pairs of distinct vertices
y,z € V(T%) \ {z}, the unique y-z-path in T contains x, then we call x a central vertex of
T

Claim 1 7% has exactly one central vertex for every 1 < i < p. Furthermore, that central
vertex is contained in V(K").

Proof of Claim 1: First, we prove that 7% has at least one central vertex. Note that
|V(T%)| > 4 for every 1 < i < p. For contradiction, we assume that there is some 1 < i < p
such that T° has no central vertex. Since subtrees of a tree have the Helly property
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(see [6]), this implies the existence of four distinct vertices y1, y2, 43,94 € V(T*) such that,
if P denotes the unique y;-yo-path in 7" and () denotes the unique y3-ys-path in T, then
V(P)NV(Q) = 0. Let u denote the last vertex on the unique ys-ysz-path in 7', which
is contained in V' (P) and let «’' be the neighbor of u on the ys-ys-path in 7" that is not
contained in V(P). Let A, B denote the two components of 7' — wu'. Furthermore, let
n, = |[V(K") N A] and n, = |V (K?) N B|. Note that both A and B contain 2 vertices from
T¢. Clearly, n, +ny = 4¢°> + 11g + 1. If n, > 2 and ny > 2, then

clu!, (G, T)) > ng-ny >2-(4¢* +11g—1) > 4¢* +12¢ + 1 = k,

which is a contradiction to our assumption ¢(G,T) < k. Otherwise, if one of n, or ny, say
N, is less than 2, then w and a vertex of K* are in A and thus,

clud, (G, T)) > (2¢* + 6q) + (4¢° + 11q) > 4¢* + 12¢ + 1 = k.

Again, we have a contradiction to our assumption ¢(G,T) < k. Hence, T* has at least one
central vertex for every 1 <1i < p.

Next, we prove that for every 1 < i < p, T% has at most one central vertex. For
contradiction, we assume that for some 1 < i < p, 1,29 are two central vertices of T%.
Since |V (T%)| > 3, there exists another vertex y € V(T%) \ {x1,22}. Now, either z, is not
on the unique y-zi-path in 7" or z; is not on the unique y-xo-path in 7. Hence, at least
one of z; and x» is not a central vertex of 7%, which is a contradiction.

Since for every 1 < i < p, the vertex v;4,2411,1 has only neighbors in K’ in G,
V;4q2+11g—1 OF & neighbor of v; 4021114—1 in G is the central vertex of T?. Hence, the central
vertex of T" is in V(K"), which completes the proof of the claim. O

Claim 2 For every 1 < i < p, no vertex of V(K") is isolated in T".

Proof of Claim 2: For contradiction, we assume that for some 1 < i < p, there is a
vertex y € V(K") that is isolated in T°. If y is the central vertex of T, then at least one of
the vertices v; 4g21114—2 OT Vj4424114—1 is isolated in 7', a contradiction to the connectivity
of T. Hence, y is not the central vertex of T%. Let x denote the central vertex of 1"
and let P denote the unique y-x-path in T. Let ¢ denote the neighbor of y on P. Thus
ce{C,...,C,}. Furthermore, let 2’ denote the neighbor of x on P and let A denote the
component of T — xz’ that contains y. By Claim 1, V(A) N V(T%) = {y}. Since y has
4¢* + 11¢ neighbors in V(K*) in G and ¢ has g + 2 neighbors in V(K?) \ {y} in G,

oz’ (G, T)) > (4> + 11q¢) + (¢ +2) > 44 + 12+ 1 = k.

Hence, we have a contradiction to our assumption ¢(G,T) < k. O

Claim 3 For every 1 < i < p, the vertex w is not isolated in T".
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Proof of Claim 3: For contradiction, we assume that for some 1 < i < p, the vertex w is
isolated in T". Let o denote the central vertex of 7% and let P denote the unique w-z-path
in T. Let y denote the neighbor of w on P and let j such that y € V(T7). Note that j # i.
By Claim 1, w is a leaf in 77 and y is the central vertex of 77. Let A denote the component
of T — wy that contains w. By Claim 1, V(A) N V(T = {w} and V(A) NV (T7) = {w}.
Since w has 2¢ + 6¢ + 1 neighbors in V(K") in G and 2¢* + 6¢ + 1 neighbors in V(K7) in
G,
clwy, (G,T)) >2-(2¢* +6q+1) > 4¢* +12¢ + 1 =k,

which is a contradiction to our assumption ¢(G,T) < k. O

Claim 4 For every 1 < j < q, the vertex C; has exactly one neighbor y inT’. Furthermore,
y is a central vertex.

Proof of Claim 4: By Claims 1 to 3, T° forms a star for every 1 < i < p, and hence, the

graph

1<i<p

is connected. Thus, since for every 1 < j < ¢, C; has only neighbors in V(7¥) in G, C;
is a leaf in T". Let y be the neighbor of C; in T For contradiction, we assume that y is
not a central vertex. Let i such that y € V(T") and let x denote the central vertex of T".
Let A denote the component of T — zy that contains y. By Claim 1, V(A)NV(T?) = {y}.
Since C; has ¢ + 2 neighbors in V(K") \ {y} in G and y has 4¢® + 11¢ + 1 neighbors in
V(KU {w} in G,

clyz, (G,T)) > q+2+ (4¢* + 11g+ 1) > 4¢* + 12¢ + 1 = k.
Hence, we have a contradiction to our assumption ¢(G,T) < k. O

Claim 4 implies that for every 1 < i < p, there is at most one vertex (namely the central
vertex) in 7", which has neighbors among the clause vertices. Clearly, since ¢(G,T) < k
and by the definition of G, there is a spanning tree 7" of G such that ¢(G,T*) < k and
every central vertex of T is a literal vertex of G. Hence, the set of central vertices of T
define a satisfying truth assignment for C and the proof of the theorem is complete. O
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