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Asymptotic Safety of Yukawa Systems

Abstract

Different Yukawa systems in three and four dimensions are investigated. The four-
dimensional systems are toy models and are plagued with the still unresolved trivial-
ity and hierarchy problem of the Standard Model Higgs sector. We use the functional
renormalisation group equations and construct asymptotic safety scenarios for the
four-dimensional models. This was recently done in a simple Yukawa system. In
this thesis we expand this model and include a left-right asymmetry. For the three-
dimensional model we investigate the critical behaviour of a second-order phase
transition to a chiral-symmetry broken phase. The critical behaviour is investigated
in terms of critical exponents.
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Chapter 1

Introduction

The Standard Model of particle physics was developed in the early 1970s and has
been tested very well in a large number of experiments. It is a quantum field theory
containing various fields (see Tab.[[T]), including six quark flavours (upper left in
Tab.[[LT)) and six lepton flavours (upper right in Tab.[[T)), which are the matter
content of the known universe. Further included particles are eight gluons, the W-
and Z-bosons and the photon (the lower part in Tab.[[T]). These particles are carrier
particles and thus are responsible for the interaction of the matter particles. They
belong to the strong force, the weak force and the electromagnetic force, respectively.
The last particle of the Standard Model is the yet not discovered Higgs particle. This
field is very important since it generates the masses of the matter particles via a
Yukawa interaction in combination with the mechanism of spontaneous symmetry
breaking (SSB). The Higgs field also generates the masses of the W- and Z-bosons via
this mechanism. The fourth known force (gravity) and its carrier particle (graviton)
are not included in the Standard Model.

The success of the Standard Model did not come all of a sudden. It took a
long time from the proposition of quarks as constituents of protons and neutrons
by Gell-Mann and Zweig in 1964. Important steps towards today’s picture were
the electroweak unification in 1967 by Weinberg, Glashow and Salam, the first ob-
servation of a quark (charmed quark) in an experiment in 1974, the experimental
proof for the bottom quark in 1977, the discovery of the W- and Z-bosons in 1983,
the evidence for the top quark, as the heaviest quark, in 1995 at Fermilab and the
observation of the 7-neutrino in 2000 also at Fermilab. Today all the particles of
the Standard Model except the Higgs boson has been observed. The hope is that
this last particle has not been observed yet because of insufficient energies at the

u dle 1
c s |p v
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Table 1.1: Particles of the Standard Model.
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Figure 1.1: Landau pole of the perturbative A¢* theory.

experiments made till this day. If this is the case the new experiments at the Large
Hadron Collider (LHC) at CERN coming up in the next few years may successfully
find the last undiscovered part of the Standard Model.

In spite of the successes of this model there are still unresolved problems. First
of all the unification with gravity. Furthermore there are obscurities about neutrino
masses and oscillations, dark matter and energy and baryon asymmetry. However,
besides these problems which are beyond the Standard Model there is also lack
of knowledge inside the theory. Two problems which are still unresolved are the
triviality problem and the hierarchy problem. These are the two problems which we
tackle in the present work.

The easiest way to explain the triviality problem is to study the perturbative
A¢* theory. The relation between the bare coupling A and the renormalised coupling
AR is given by

1 1 A
— ——=0Byln|{ — |, Bo=const.>0.
AR A mR

Here mp is the renormalised mass and A is a momentum cutoff. If the renormalised

coupling is kept fixed and the momentum cutoff is send to infinity the bare coupling
diverges at the Landau pole

1
A1, = mpexp <50)\R> .

See also Fig.[LTI On the other hand, if we fix the bare coupling A the continuum limit
(A — o0) leads to a vanishing renormalised coupling Ag. Thus the theory becomes
trivial. That is why the problem is called triviality problem. If one investigates
the Standard Model, which is of course more complicated than the A¢* theory, one
gets the same problem in the Higgs sector [II, 2 B, 4, [5 [6 [7] and also in the U(1)
gauge sector [8, @, [10L 11]. The common opinion is that the Standard Model is an
effective theory which means that it is only valid up to a cutoff scale Acyiof Where
new physics sets in. In this spirit the Standard Model has to be considered as a low
energy limit of a more fundamental theory.

The scale where the Landau pole of the U(1) sector occurs is beyond the Planck
scale where gravitational contributions have to be taken into account [9]. The Lan-
dau pole of the Higgs sector occurs at a scale below the Planck scale. Thus the cutoff
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scale for the Standard Model has to be below the scale of the Landau pole of the
Higgs sector. That is why we are turning our attention to this triviality problem.

One might ask whether the triviality problem is a problem of the system or just
a problem due to the shortcomings of perturbation theory. One hint for the latter is
that near the Landau pole the interaction constant becomes very large and thus the
perturbation theory predicts its own breakdown. This induced some investigations of
scalar and Yukawa systems with non-perturbative lattice methods which confirmed
the Landau pole in a limited set of scenarios [12, 13| 14} [I5] 16], 17, 18], 19, 20} 21].
Also the gauged Yukawa system was investigated [22]. Another non-perturbative
method is the functional renormalisation group which we are using in the present
work.

Our aim is to construct an asymptotic safety scenario. In such a scenario one
uses nontrivial fixed points instead of the trivial one of perturbation theoryEl. A
fixed point of this type would enable us to move the cutoff to infinity. This brings
back our attention to the Planck scale where the other triviality problem occurs
and also gravity sets in. In this region the search for asymptotic safety scenarios
including gravity is also at work. The hope is that it might be possible to construct
such a scenario including the matter content of the Standard Model and gravitation
123, 24, 25

The inclusion of all these things is far beyond the scope of this work. We restrict
ourselves to toy models which are less complicated but still have the properties of
the Standard Model Higgs sector which are responsible for the triviality problem.
In this way we try to find out which degrees of freedom are needed to construct an
asymptotic safety scenario and hope to get a deeper insight into the problem itself.

The second problem mentioned above is the hierarchy problem of the Higgs
sector. It is not a fundamental problem, like the triviality problem, but it seems
unnatural. The reason is a large separation of the Higgs mass at different scales. At
a ultraviolet (UV) cutoff scale (Ayy) m? ~ A}y, holds. Let us consider the GUT
scale AquT ~ 10'9GeV as a UV cutoff scale. As an infrared (IR) scale let us use the
scale of electroweak symmetry breaking Agw ~ 10°GeV. Again perturbation theory
suffices to explain the hierarchy problem. The mass at the EW scale is expected
to be given as m%w = a10*GeV? where a is a constant of order one. The relation
between the initial condition (mr) and mé,, is given by

2 2 2
Mmiw ~ mgyr — 0m~,

with &m? being the counterterm of perturbation theory. Since these contributions
are of order of the squared cutoff we can write dm? = b10%2GeV?. Again b is a
constant of order one. Thus we get

mgur ~ (b4 al0” ) 10%2GeV2.

The second part in the parentheses indicates that the initial condition, méUT, has
to be given very precisely. This is called fine tuning of initial conditions. In our case

YA fixed point is called trivial if all interaction constants vanish and nontrivial if at least one
remains finite.



1 Introduction

the precision has to be of order A%y /A%y ~ 10728, This is the point which seems
unnatural as mentioned above but does not represent a problem of principle.

The question is if it is possible to circumvent the Hierarchy problem. There are
different approaches on how to solve the problem, e.g., with supersymmetry. Our
aim is to solve or at least weaken the hierarchy problem by using the asymptotic
safety scenario. In order to explain this idea we have to use the terminology of
the renormalisation group: The quadratically dependence on the cutoff scale Ayy
mentioned above corresponds to the critical exponent 6 = 2 at a perturbative, trivial
fixed point. The critical exponent specifies how fast a given coupling flows away from
the fixed point. If it is possible to get an interacting, or nontrivial, fixed point it
might be possible that the value of the critical exponent at this point is less than that
of the trivial one. Such a mon-Gauffian fixed point corresponds to an asymptotic
safety scenario if some other conditions are fulfilled. The hierarchy problem is said
to be weakened if § < 2 and is said to be solved if 0 < 1.

In summary, we aim to construct an asymptotic safety scenario for a toy model
plagued by the triviality problem and the hierarchy problem. If this is possible and
the critical exponent at the corresponding fixed point is less than two we would
have solved the triviality problem and the hierarchy problem would be, at least,
weakened.

A first step in this direction was done by Holger Gies and Michael M. Scherer
in [26]. They investigated a simple Yukawa system which consists of a single real
scalar field, representing the Higgs field, and N Dirac fermions. The goal of the
present work is to extend this model and to construct an asymptotic safety scenario.
Therefore we start, in Chap.2 by introducing briefly the tools we are using. This
includes the exact renormalisation group equation, the asymptotic safety scenario
and a short introduction to gauge theories. This introduction is far away from
being complete but contains the things need in this work. Furthermore this chapter
contains a section about the Goldstone and the Higgs model. In Chap.[3] we are
starting by motivating the model under investigation in this chapter. Afterwards
we deduce the flow equations of the system and analyse the fixed-point behaviour
of this model in the symmetric regime and in the spontaneously symmetry broken
regimdd, see also [277, 28] for this four-dimensional model. Chap.dlis an excursion: It
investigates the model of Chap.in three dimensions. In the first section we give a
short overview over the comparison of our model with other models like the Thirring
model or the Gross-Neveu model. After motivating our three-dimensional model we
are following the steps of the previous chapter and deduce the flow equations and
analyse the fixed-point behaviour, see also [29]. In Chap.[Hl we are turning back to
our four-dimensional model of Chap.Bl We extend this model by introducing gauge
degrees of freedom. Again we start with a short motivation before deducing the flow
equations and analysing the fixed-point structure. In the last chapter we conclude
and give a short outlook.

2We talk about regimes at ultraviolet scales and about phases at infrared scales.
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Chapter 2

Theoretical Foundations

In the following chapters we use the functional renormalisation group (RG) in the
formulation as put forward by C. Wetterich [30]. Here we give a short introduction.
For more information see [311, 32 B3] B34, 35, B6]. The functional RG method is
not restricted to weak couplings, like in perturbation theory. It is a combination of
functional methods and the RG idea. Functional methods handle with generating
functionals or correlation functions and try to solve them analytically. To do so one
starts with microscopic interactions and has to integrate out all quantum fluctua-
tions to understand the macroscopic physics. The RG idea is not to integrate over
all momentum scales at once, but to integrate momentum shells successively (Wil-
son’s idea). This leads to an exact differential equation. We shall recall the most
important quantum field theory (QFT) basics, before we derive this RG equation.
Afterwards we introduce the idea of asymptotic safety and give a very brief intro-
duction to gauge theories. At the end of this chapter we introduce the Goldstone
and the Higgs model.

2.1 Quantum Field Theory Basics

In quantum field theory all the information about a system is encoded in correlation
functions. In the case of a scattering process with two incoming and n — 2 outgoing
fields, the system is described by a n-point correlator. This correlator is defined
through n field operators ¢(z;) as (¢(x1)...p(x,)). In Euclidean field theory and
with the help of the path integral formalism this correlator can be written as

(@) .. plan)) = N / Dop(er) ... plan)e 59,

where S is the action and N is a normalisation constant. We assume that a proper
definition of the measure can be given, for example with a spacetime lattice dis-
cretisation. Furthermore this measure has to preserve the symmetry of the relevant
theory.

The information of all n-point correlators can be summarised in a generating
functional

200 = / Dpe=Slelf dlel @)e() (2.1)
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2 Theoretical Foundations

If this generating functional is known, all n-point functions can be determined by
taking functional derivatives with respect to the fields.

1 oz J|
(p(x1) ... o(xp)) = Z[0] (5(](;31)...(”(3%))]:0'

It is also possible to use the Schwinger functional W, instead of Z. W is defined
through Z[J] = exp(W]J]). Another alternative (and this is the one we use) is to
Legendre transform this Schwinger functional and use the so-called effective action

[[®] = sup </ dlzJ o () — W[J]> . (2.2)
J
All information about the system is stored in these functionals. Once Z[J], W[.J] or
['[®] is computed the theory is “solved”.
The next question is how to compute for example the effective action. Let Jgy,
be the value of .J where f d%zJ® — W reaches its supremum. At J = Jsup the

following equation holds:

S [ s

The last identity is true since

oé%mgd%m—wu]) :@:‘2—‘3/

is true at J = Jg,p. With Eq. (22), Eq. (Z3]) and Eq. 2.I) we find

re
o Tle] _ /Dgpexp <—S[<I> + o] + /ddxdé—é]go> .

Altogether we get a nonlinear first-order functional differential equation, which is a
result of a functional integral, for computing the effective action. A different way
for the computation is given by RG ideas, where we get the flow equation mentioned
above which was first developed by C.Wetterich [30].

2.2 Exact Renormalisation Group Equation

Let us now derive this flow equation. It is called the ezxact renormalisation group
equation (ERGE). Instead of the effective action, like in Eq. ([22]), we define an
effective average action I'y. Let k be a momentum-shell parameter, such that

I'roA >~ Share and Fpso=T, (2.4)

where Spare is the bare action and A is an ultraviolet (UV) cutoff scale. As we did
for I' we define the generating functional, but this time we insert a regulator term
AS}., which implicitly specifies the properties of the momentum-shell integration:

M) = 237)i= [ DpeSta-astais atere, (2.5)
12
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Figure 2.1: The exponential regulator R;gp ) — exp(’; 22//];’;)_1 (

derivative aﬁgk (upper curve).

lower curve) and its

Let ASy be quadratic in ¢ for acting like a k-dependent mass term:

d
ASuel = 5 [ Gl -D) Rusto). (2.6

Here the regulator function Ry, sometimes also called cutoff function, has to fulfil
the following conditions:

p2}}€1211—>0 Ry(p) > 0, k2}g2n—>o Ri(p) =0 and k2_1)1/1\n_>00 Ri(p) = o00.  (2.7)
The first condition implements an infrared (IR) regularisation, which means that the
IR modes become mass like. The second condition ensures Zj_,o[J] = Z[J] and the
third condition ensures that we find the classical action for k> — A — oco. Therefore
the regularised effective average action I'y satisfies Eq. (2.4) if it is defined by the
average generating functional Zj, with a regulator function satisfying Eq. (27)). A
typical regulator and its derivative is shown in Fig.[21l

Since we know that the effective average action exhibits the correct limits for
k — 0 and k — oo we now turn our attention to the intermediate path, the RG

trajectory. At first we define the logarithmic scale parameter ¢ := In Akf with a

reference scale Aor. The derivative with respect to t is then given by 0; = k%. For
receiving information about the RG trajectory let us investigate the derivative 0;1'.
Due to the insertion of the regulator the Legendre transformation has to be changed
to

IL[@] = sup </ dlzJ® — Wk[J]> — AS,[®]. (2.8)

We observe again that ®(z) = ?(/]V—([x‘])} at J = Jgp and we therefore obtain

00(y) W[ J]

ST~ ) R 29)
On the other hand Eq. (23) changes to
J(z) = i;k([j)] + (Re®)(2)

13



2 Theoretical Foundations

and functional differentiation leads to

§J(z)  0°Ty[@]
5®(z) 60 (x)0P(y)

+ Ri(2,y) = T [0] + Ry, y). (2.10)

The so defined matrix I' ,(f) is called fluctuation matriz. Combining Eq. (29) and
Eq. (ZI0) we find

§(x —a')

~0J(x) 0J(z) 0P(y)
TS / S mres

— [ty (rf@]+ R) (2. )Gaty - o).
In operator notation this important identity reads
1= (F,(f) + Rk> Gr. (2.11)
0Ly, for fixed ® and at J = Jg,p is given by

O[] = — O Wil J]lo — ASK®] + / (07D

=— [@Wk[JHJ +/ddxéglzit§]
— Wiy — i AS[®).

0yW), can be written as

2 1 dp o .
o = Zn 27 / (27T)d8tRk/D§0(_P)SO(P)€ S-AS+[dla Ty
d
= —%/(;lT];i@tRkKsO(—p)sO(p» — {p(=p)) (D)) + (o(—=p)){p(p))]
d 2
- _%/ (;lﬂl))d O 1y, BJ% + <90(—p)><90(p)>}
1 [ d% 52W,
- _5/ (27T)d8tRk (5J(5f]f — O AS.

Together we find

1 dp
== —— .
8t k 2 / (zﬂ)deatRk

Writing this in operator notation and using Eq. (2.11]) we end up with the Wetterich
equation (ERGE):

1
8,4 [®] = §Tr[(r,§?> [®] + Ry,) "' 0: Ry,

where the trace denotes a sum over all loop momenta and matrix indices. If the
theory also contains fermionic degrees of freedom the Wetterich equation changes to

T[] = %m[(r}f’ (@] + Re) 0, R, (2.12)

14



2.2 Exact Renormalisation Group Equation

Ve

Figure 2.2: Graphical representation of the Wetterich equation as explained in the
text below.

Here the “super-trace” (STr) is a trace in the super-field space. This super-field
space is equipped with a metric which includes a minus sign for the fermions.

Comparing Eq. (ZI2) and the regulator conditions, Eq. (Z1]), one can see how the
regulator Ry acts as a mass term and therefore cuts off all diverging small-momentum
terms (see also Fig.21] for an example). On the other side the derivative 9, R}, cuts
off all large-momentum terms and therefore acts as a UV regulator.

The Wetterich equation can be interpreted in a graphical language as in Fig.[2.2]
The one loop structure corresponds to one momentum integral which is the trace in
Eq. [ZI2). The propagator line is the full propagator (F,(f) + R)~! and the filled
box is the regulator insertion 0;Rj. We shall come back to this graphical language
in later sections.

We have derived an exact functional differential equation, so we do not have to
deal with the complicated functional integral. If the initial condition (for example
the bare action at a high UV cutoff scale A) and the regulator function Ry are given,
the solution of this equation provides us the trajectory of I'y in theory spac from
k = A down to k = 0, which is the full effective action. Following this trajectory is
like integrating out all quantum fluctuations, momentum shell by momentum shell,
like in Wilson’s idea.

There are two ingredients we have to deal with: the regulator and the initial
condition. The latter one is a point in our infinite-dimensional theory space. We
can not deal with infinitely many operators all at once. Thus we have to choose a
truncation of I'y, with a finite number of operators. How this I';, looks like depends
on the task. One possibility is to use the so-called derivative expansion as was done
in various works [37, [38] [39 40l 41, 42]. In this case one organises the operators
with respect to the power of derivatives (>, a,(0,¢)") and truncates the series. At
the end one has to take these parts into account which are important for the flow.
Thus the choice of the operators needs to be guided with as much physical input as
possible. Note that the usage of a truncation is the point where one has to use an
approximation, so the solution of the exact equation is not exact anymore.

The second ingredient we have to deal with is the regulator. It only has to satisfy
the conditions of Eq. (Z7]). Apart from that it can be constructed with regard to the
special case. Different regulators surely lead to different trajectories in theory space.
Provided that the full theory is studied, the endpoint (I'y—y) does not depend on
the regulator. If we deal with a truncation (not with the full theory), the variation

!The theory space is the space of all action functionals spanned by all possible invariant operators
of the field.
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2 Theoretical Foundations

of the endpoint can indicate the quality of the truncation and the regulator. In our
calculation we use an “optimised regulator” (see [43]) in the sense that this regulator
maximises the gap minqzzo(lﬂ,(f) + Ry) = Ck? > 0. This is the denominator of the
Wetterich equation, thus the r.h.s. of Eq. (ZI2]) becomes as small as possible due to
the choice of the regulator. Consequently the system flows as little as possible.

2.3 Asymptotic Safety

In this section we give a short introduction to the so-called asymptotic safety sce-
nario. This scenario was first discussed in connection with the quantisation of gen-
eral relativity by S. Weinberg in 1976 [44, [45]. The common expectation is that at
very short distances (e.g. the Planck scale) the continuum QFT should be replaced
by a more general theory. This is not necessary if one can construct an asymptotic
safety scenario. If this is possible the theory is valid and consistent at all energy
scales. Till this day asymptotic safety was used in various theories. Ranging from
four-fermion models [46, [47], nonlinear sigma models in d > 2 dimensions [48], the
Gross-Neveu model [49], the standard model without fundamental Higgs scalar [50]
and extra-dimensional gauge theories [51]. Also the research with respect to gravity
is still going on [52] 53, B4l G5, (6, 7, B8 B9, 60, 61, 62]. For a more detailed
introduction see e.g. [45], 63]. A discussion in a historical context is given in [64].

Now we introduce the idea of asymptotic safety. Let us begin with a general
effective average action I'y(¢4,9i) = >, gi0i(¢a). Here g; are running couplings,
O; are operators and ¢4 are the fields of which the operators are constructed. The
Wetterich equation, which we derived in the previous section, provides us with the
flow of this effective action. If it happens that the flow cannot be integrated beyond
a scale k = A, new physics sets in. We then talk about an effective QFT. The
theory is called fundamental, if the limit ¢ — co can be taken safely. We now want
to study the flow of the couplings instead of the flow of I'y,. The derivatives of the
Wetterich equation with respect to the fields provide us with the flow of the g;’s
and O0,g; = fBi(g;) are called beta functions. The couplings are related to physically
measurable quantities like cross sections. If one of the couplings diverges for k — oo
we expect the cross section to do the same. This problem can be avoided if there is
a fixed point g7 where ;(g}) = 0 holds for all j. This is the first requirement for
asymptotic safety. Now we distinguish between inessential and essential couplings.
Therefore we first need a few definitions. Let us consider the effective action as
a functional on F x Q x RT, where F is the configuration space of the fields, Q
is an infinite-dimensional manifold parametrised by the g;’s and R is the space
parametrised by the scale parameter k. The fields ¢4 can be redefined without
changing the physics. This redefinition can be described by a group G acting on F.
It is possible to define an action of G on Q (at least locally) by

Fk(¢,B(¢A)7 gz) = Fk(qu)g;)v

where primes denote the redefined fields and couplings. Now we can divide Q into
two subsets. The first subset {g;} contains all couplings which transform nontrivial
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2.4 Gauge Theory Basics

gl
critical surface S

T .

"Theory Space"

Figure 2.3: Theory space and critical surface at a fixed point.

under G. These couplings are called inessential. The second subset {g;} contains
all couplings invariant under G. These are called essential couplings. We can use a
field redefinition (at least locally) such that the inessential couplings g; gain fixed
values (g;)o. Furthermore there is an effective action I'y, which depends only on the
essential couplings:

Lu(0a, 95, 9:) = Ti(Pa, 9. (9:)0) =: Ti(da, g).

This means that there is no need to restrict the flow of the inessential couplings. It
does not matter whether they flow towards a fixed point or not.

Next we turn our attention to the second requirement for asymptotic safety. Let
O be the space of all essential couplings. The set of all points in O that flow towards
a fixed point for k& — oo is called the UV critical surface S. If the initial point lies
on S the whole trajectory lies on S. If the critical surface is finite dimensional only
a finite number of parameters have to be taken into account. These parameters can
be determined in experiments. This is the second requirement.

This situation is depicted in Fig.2:3l The blue arrows on the critical surface
S indicate the so-called UV attractive directions corresponding to relevant param-
eters. The green arrows, leaving S, indicate the so-called UV repulsive directions
corresponding to irrelevant parameters. In summary, a theory is called asymptotic
safe if there exists a fixed point and the critical surface is finite dimensional.

An example for an asymptotic safe theory is a perturbatively renormalisable,
asymptotically free theory (e.g. QCD). In this case the fixed point is the Gaufian
one. In the present work we consider the electroweak standard model (SM). Nowa-
days the SM is seen as an effective theory. That means there has to be a cutoff scale
A above which new physics sets in. If it is possible to construct an asymptotic safety
scenario, such a new theory would not be necessary.

2.4 Gauge Theory Basics

In this section we shall give a very brief introduction to gauge theories. Often gauge
theories are introduced via the most common one, namely electrodynamics. Here

17



2 Theoretical Foundations

we talk about gauge theories in general since electrodynamics is not the topic of
the present work. For more information see e.g. [65] for the main ideas of gauge
theory or [66] for a detailed description. There are also a lot of introductions like
[67] available.

Let us start with a system containing some field v, which should satisfy some
symmetry. Let the symmetry transformation be of the form

= = exp(—igZ@k(x)Fk)d) =: Uq. (2.13)
k

Here F}, are the generators of the transformation and 6, are some space-dependent
parameters. Thus we have a local instead of a global symmetry (6 spacetime inde-
pendent). First it looks like a very little change but we shall see that this has huge
consequences. In the case of a global symmetry 9,1 — U0, holds. This is not
true for a local symmetry, since

Opip — Ut —ig > (0u0k) FrUY.
k

Introducing the gauge fields A,’j := 0,0}, we can define a so-called covariant derivative

as D, = 0, — igAﬁFk. We can not achieve 0,1 — Ud,1, but we can obtain
Dy — UD .

Y = Uy, D' = U(D,)
= (0, — igAl F) Ut = U(9, — igAk Fy)v

S A¥ B, = UARRU — é(@uU)U_l. (2.14)

Requiring the gauge fields AZ to satisfy Eq. (2:14]) we find the desired behaviour of v
under these local transformations. Consider a system described by an action which
is invariant under a global transformation. If we want to switch to a local symmetry
we have to introduce the gauge fields and replace 9, through D). The new action
is then invariant under the gauge transformations (2.I3)) and (ZI4)).

Due to the gauge symmetry we not only have the spacetime itself, but also
have an internal space of the gauge group. The system has an additional freedom.
Thereby some trouble arises while quantising a theory. Consider a theory described
by an action S. Integrating path integrals of the form [ DAe 54l would lead to
difficulties because different A,,’s lead to the same physics due to the internal space.
Sloppy speaking it is like double counting. In order to avoid this we have to choose
a gauge G(A,) = 0 (e.g. the Lorentz gauge 9, A* = 0) and implement a gauge fixing
term into the path integral. This is called the Faddeev-Popov method. For details
about this method see e.g. [68] or [69]. Let us see how it works. At first we can
insert a 1 into the path integral (c.f. 1 = [dzd(f(x))|0f/0x]):

1= [ Doty (Ga2) et (5(;;‘;/3)) |

18




2.4 Gauge Theory Basics

Aﬁ is the transformed gauge field, defined through

AV R, =U0)ALRU 1 0) — = (0,U(0) U (0).

i
9
As long as G is linear the determinant is independent of  and with a change of the
integration variable we get

I:= / DAe Sl = < / DH) / DAeM5(G(A,)) det (5@(;1,%)) .

The 6 integral gives a normalisation constant A/, which is not important due to the
fact that we are interested in quantities which are proportional to a quotient of path
integrals. In the next step we introduce a spacetime-dependent function w(z) with
a Gauflian weight.

I= N/Dwe_fddrw;w /DAe_S[A“} det (%> 6(G(A) —w(z))

00
G*G SG(A?)
_ _ _ d 0
_N/DAexp< S[A,] /dazza)det( 50
. i GG d, 5 1yid
. . ;i 6G(A%) .
In the last line we introduced D = —7*= and complex Grassmann variables ¢ and

¢ and used the following identity.
det DV = / DeDee J dweiDe;,

This identity is easily shown with the following definition of integration over a Grass-
mann variable 0. [ df(A + Bf) := B. Using this definition we find

/ do; do;e" B0 = / 407 df ;e 03 10

= /d@fd@i (1 +) 9;‘@-92) => b =det B,

where B is a hermitian matrix with eigenvalues b;. In the second line we Taylor-
expanded the exponential function and only the linear term survived, due to the
properties of the Grassmann variables.

Summarising the Faddeev-Popov method we can say that with Eq. 2I5) we
effectively have to replace the action

S — S5+ /d%% - /ddxciDijcj (2.16)

for quantising our theory. The new fields ¢, ¢ are called ghost fields. These new field
are anti commuting fields which satisfy boson statistics and do not interact with the
matter.
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2 Theoretical Foundations

2.5 Goldstone and Higgs Model

One important feature of the models discussed below is the possibility of spontaneous
symmetry breaking. Therefore we contemplate the spontaneous symmetry breaking
in the Goldstone model and in the Higgs model in this section. These models are
simple but appropriate to explain the mechanism. A more detailed description can
be found in many standard textbooks like [68] or [70].

We start with the Goldstone model which consists of one dynamic, complex
scalar field ¢. The action of the Goldstone model reads

5= / 0 [(0,6°)(0"0) — u2l6f> — Mo[*]. (2.17)

where A and p are parameters. The latter terms can be combined into a potential
Ulg] = u?|¢|? + M|¢|*. The field ¢ can be divided into its real and imaginary part
o(x) = %[qﬁl(m) + i¢2(x)]. Since the potential energy of the system should be
bounded from below, A > 0 should hold. This action is invariant under a global
U(1) phase transformation:

$(x) = ¢'(z) = pla)e’®, ¢ (x) = ¢*(2) = ¢ (x)e "

The system reaches its minimum of energy if ¢ minimises the potential. Whether
the ground state is determined by a finite expectation value of ¢ depends on the
value of p?:

In the symmetric phase p?> > 0 holds. The potential looks like the left one
in Fig.[Z4] and reaches its minimum at ¢(x) = 0. This describes a complex Klein
Gordon field with self-interaction A|¢|*. The vacuum expectation value is given by
(0lg(x)|0) = 0.

In the regime of spontaneously broken symmetry p? < 0 holds. The shape of the
potential is depicted in the right panel of Fig.2.4] and reaches its minimum at

2\ ?
o(x) = ¢ = <%> e, 0<6<2m.

Here 6 is an angle in the complex ¢ plane and ¢q is the vacuum expectation value.

Figure 2.4: Effective potential in the symmetric phase (left panel) and the sponta-
neously symmetry broken phase (right panel).
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2.5 Goldstone and Higgs Model

The ground state is degenerated. Let us choose 6 = 0 and expand the field around
the minimum wv.

1 .
o(x) = ﬁ[v + o(z) +in(z)]. (2.18)

o and n are the fluctuations around the minimum. The action of the Goldstone
model (Eq. 2I7))) can be rewritten as

S = / dd o) (o) — (2)\2)2)02
1
+ 5(%7)@“?7)
— \o(o? +17%) — i)\(O‘Q +n%)2 + const. |.

This can be interpreted as one massive boson (first line), one massless boson (second
line) which is called Goldstone boson and interactions (last line). If one starts with a
N-component, complex scalar field one gets one massive boson and (2N —1) massless
Goldstone bosons.

Next we discuss briefly the so-called Higgs model. This model is the Goldstone
model plus gauge degrees of freedom as a consequence of a local symmetry. Thus
the action reads

5= [t [(D,0)D%) - Ulo] - 1Eur]. (219)

Here D,¢ = (0, +1igAu)¢ and F),, = 0, A, — 0,A,. As explained in Sec.Z4 A, is
the gauge field and ¢ is the gauge coupling. Decomposing the bosonic field as done
in Eq. (ZI8) leads to

S = /dd o)(oto) — 2(2)\112)02 (2.20)
- ZFWF‘“’ + %(gv)zAuA“ (2.21)

1
+5(0um)(0"n) + guAdm|, (2.22)

where the interaction terms are omitted for briefness. The interpretation is not
that easy since the term quA*d,n shows that o, and A, are not independent.
Another hint for the problems with the interpretation is that the vector field A,
the massive field ¢ and the massless field n together contain five degrees of freedom
while Eq. (Z19]) describes a system containing four degrees of freedom. Since we have
only changed the variables, the number of degrees of freedom should not change. If
we use the so-called unitary gauge the field n vanishes: ¢(z) = %[v + o(z)]. Now

the action excluding the interaction terms reads

S = / dd 0)(9"0) = 5 (2)\7)2)02

1 1
— ZFWFW + i(gv)2AMA“ .
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2 Theoretical Foundations

Thus we have a system containing the massive boson and a massive gauge boson.
The Higgs mechanism thus eliminates the massless field 1 of the Goldstone model and
equips the gauge boson with a mass. We shall come back to these two mechanisms
below.
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Chapter 3

4D Model without (GGauge
Bosons

In this chapter we investigate a four-dimensional model which serves as a simple toy
model for the Standard Model of particle physics. The goal is to solve the triviality
problem. That is why the model requires to have some special properties. A simple
model able to mimic the triviality problem was investigated in [26]. It consists
of a real scalar field and N Dirac fermions. We extend this model and use a N-
component, complex scalar field and N left-handed and one right-handed fermions.
This asymmetry between left-handed and right-handed number also exists in the
Standard Model. It is still a toy model but can be seen as a next step towards the
Standard Model.

3.1 Constructing the Model

Before we construct the model mentioned above we recapitulate the findings of [26].
In this work the truncation of the effective action of the considered model reads

4 _ _
o= [ (0,07 + Uio) + Zudido + it ). (3.1)

Here ¢ is a single-component real scalar field and v describes N Dirac fermions.
Furthermore Uy, is the effective potential, p = %qﬁz, Zg and Z, are the wave-function
renormalisations and hj is the Yukawa coupling. Constant wave-function renormal-
isations correspond to the leading order derivative expansion. The system described
by this truncation is invariant under a discrete Zo symmetry. It can be in one of two
regimes, the symmetric one (SYM) or the regime of spontaneous symmetry breaking
(SSB). The first corresponds to an expansion of the effective potential around zero
field p = kK = 0 while the second corresponds to an expansion around the minimum
p =k > 0. In both cases the authors found no evidence for a reliable non-Gauflian
fixed point for N € N. Thus no asymptotic safety scenario can be established.
The problem occurs in the flow equation of the vacuum expectation value k. This
equation reads

Oik = —2k — fermionic contributions + bosonic contributions. (3.2)
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3 4D Model without Gauge Bosons

NN
\ * \.\
- ===
\
fermionic fluctuations *, \\ bosonic fluctuations

dominate : \ dominate
\

Figure 3.1: Contribution of fermionic and bosonic fluctuations to the flow equation
for the vacuum expectation value k as explained in the text below.

A possible fixed point requires a vanishing Ox. If the bosonic contributions do not
compensate the fermionic contributions the term —2x leads to a negative fixed-point
value for k. Neglecting the k dependence of the fermionic and bosonic contributions
leads to the straight lines in Fig.[3l The intersection with the x axis is the fixed-
point value of k. If the fermionic contributions dominate this fixed-point value is
negative. Including the x dependence of the different contributions might lead to a
change of the slope near the fixed point. For N = 1 it turned out that the fermionic
fluctuations dominate and increasing N would make the problem more severe since
the fermionic loops are proportional to the number of fermions (see Fig.B.2). The
authors showed that it is possible to get an acceptable fixed point if one decreases
N sufficiently. This decreases the contribution of the fermionic fluctuations and the
bosonic fluctuations dominate. Such a change corresponds to a shift of the zero to
the right side in Fig.311

Since a fermionic number N < 1 is unphysical we try to circumvent this problem
in a different way. Instead of decreasing the fermionic contribution we try to in-
crease the bosonic ones. Thus we extend the model by introducing a N-component,
complex scalar field instead of the one-component real one. The bosonic loop in
Fig.[32] is now proportional to N. The Yukawa coupling part of the truncation of
the old model is ih,¢11p. Since we changed the bosonic field we have to change this
interaction too. The interaction term has to be scalar and thus the index of the new
bosonic field has to be contracted. We divide the fermionic field in its left-handed and
its right-handed part. Introducing an asymmetry by using N left-handed and only
one right-handed fermion the new Yukawa interaction reads hk(z/_Jqu%[)ﬁ —z/_Jﬁgb“TwR).
This left-right asymmetry is not just a mathematical trick but can also be seen in the
Standard Model. The electron consists of a left-handed and a right-handed part but
the neutrino only has a left-handed part. This corresponds to a vanishing neutrino
mass. New experiments showed that neutrinos might have tiny masses. However,
since our model is a toy model we can take the left-right asymmetry simply as a
property of our model. With this new Yukawa interaction we can see in Fig.[3.2] that
the fermionic loop is not proportional to IV since the ”incoming” boson component
defines the fermionic component of the loop. Altogether our new system contains
a IN-component, complex scalar field, a N-component, left-handed fermionic field
and one right-handed fermionic field. Therefore we denote the number of bosonic
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3.1 Constructing the Model

— ~

/ \
\ 1
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Figure 3.2: Bosonic and fermionic contributions to the flow equation of the vacuum
expectation value: Left panel: Bosonic loop. Right panel: Fermionic loop.

and left-handed, fermionic components by Ny,. The symmetry we desire is a chiral
U(NL)L, ® U(1)r symmetry. This allows a mass term for the bosons (m? ", qﬁ“T(;S“)EI
but inhibits a mass term for the fermions. The fermions acquire a mass via the
Yukawa interaction in the following way. In the SSB regime the bosonic field ac-
quires a vacuum expectation value v. Let ¢' = v and ¢' = 0 (Vi > 1). Thus,
the Yukawa interactions containing ¢; (Vi > 1) vanish and these purely left-handed
fermions remain massless. The Yukawa interaction containing ' does not vanish
and this fermion consisting of a left-handed and a right-handed part acquires a mass:

hervr, + c.c. = hgoy,  with ¢ = (Yr, ¥r)7.

Furthermore we introduce bosonic self-interactions to arbitrary order ), % p' where
p = ¢ ¢® and collect the mass term and the self-interactions in an effective potential
Uj. Introducing kinetic terms for the fermions and the bosons we obtain the following
new truncation:

Do = [ dte [U(p) + Z6x(0,0")(@6%) + (2105 + Zsimdin)
+hi(VrO“E — VLG YR) | (3.3)

Here the lower index k indicates the scale dependence, Z1, and Zyr are the wave-
function renormalisations of the left-handed and the right-handed fermions, respec-
tively, and hy, is the Yukawa coupling. It is important to distinguish between 21,k
and Zg j because in later sections we shall see that they obtain different loop con-
tributions. The standard RG invariance of field rescaling is fixed by the definition
of the renormalised fields:

¢ = Z;/kz , LR = Zﬁ{éwL,R-

The scale dependence of the field thus tucks in Zy, Z1, and Zg respectively. It follows
that the ¢ derivative of the fields is proportional to the anomalous dimensions ny,
71, and nr. These anomalous dimensions are given by n = —8’572. If these anomalous
dimensions become too large the derivative expansion breaks down.

'From now on we will drop the > and if there is a index two times ahead the sum has to be
taken.

25



3 4D Model without Gauge Bosons

3.2 Flow Equations

In this section our goal is to determine the flow of the effective average action I'y, of
our toy model. It is not possible to solve the Wetterich equation ([ZI2]) exactly (as
mentioned in Sec.Z2]) so we first have to truncate our action. We use the truncation
B3). The next step is then to determine the flow equations for the different parts
of our truncated action by choosing appropriate projections. If we have done this
we get a system of coupled nonlinear equations, the so-called 5 functions.

3.2.1 Fluctuation Matrix and Regulator

At first we have to determine the fluctuation matrix and decide which regulator is
appropriate for our purposes. Therefore we start by introducing some definitions
which help us to simplify the calculations.

We split the complex bosonic fields into two real scalar fields:

¢*(2) = (05 () +igg(x)) o™ (x) = (¢ (2) —id§(x))
¢ ()¢ (2) = 3(¢4(2)* + ¢§(2)*) = p.

The Fourier transform is given by

(p) = —=(d1(p) +idh(p) 0" (p) = \f(%( p) —i93(p)) # FT(¢" (2)),

V2
where we used the following convention for the Fourier transformation:
d%p dip
— sz 5 — ipx
1) = [ gt e @ = [ Gz,
1) = [ diz()e . 5(p) = [ dtae.

Note that ¢§(p) and ¢§(p) are no real fields. Using this we can write down the
truncation (3.3) in momentum space:

= [ i) + 28 [0t -p) + 630105

d
B / (ZT)CI[ZL””/’E )Yt (p) + Zr pior (0)pYr (D)) (3.4)
d d
e / (;ZT}))CI / (d ) [ﬂ’R( )6 (p — a)vi(a) — U1 ()¢ (p — q)wR(q)] :

Our task is to evaluate the Wetterich equation (ZI2). So far we know what T'y,
looks like. The fluctuation matrix I" ,(f) and the regulator Ry are still missing. The
next task is to evaluate the fluctuation matrix. This matrix is given by I" 2 )(p, q) =

F
%@ka, where we have combined all fields in one vector ®(p). Therefore the
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3.2 Flow Equations

fluctuation matrix is a (4Np, 4+ 2) x (4Ng, 4+ 2) matrix and can be written as

1—‘<f>1<151 F¢1¢2 F¢1¢L F¢11Z)L F¢1¢R F(bﬂf)R
F¢2¢1 F¢2¢2 F¢2¢L FzszL F¢2¢R F@JJR
Fl(f) _ £¢L¢1 ?ﬁmﬁz ?XJL#}L ?/;LJJL ?ZJUZJR ?wLJJR ) (3.5)
YrLé1 L2 YL YL YLYR YLYR
Pyror Tyrgs Dyroyr FwRTZJL Lyryr PwRJ;R
FJ)R¢1 P"Z)R¢2 FT!_JRTJJL FT!_JRTZL FT!_JRTJJR P"Z’R"ZR
The different parts of this matrix can be found in App.[Al
Next we choose an appropriate regulator Rj. As said in Sec.222 the regulator
has to satisfy three conditions. Recalling that the regulator contributions could be
interpreted as momentum dependent masses the structure of the regulator matrix
is obvious. The non-vanishing elements of the matrix should be those, which are
responsible for the masses of the fields. These are the ¢*f¢® term for the bosonic
fields, the vy, term and the vy, term for the left-handed fermionic fields and
the ¢ryr term and the YR term for the right-handed fermionic field. Therefore
the regulator matrix is given as

R 0
Ri(q,p) = (p — q) ( o _RkF> : (3.6)
with a 2Ny, x 2N, matrix

Rups — <Z¢,k5abp27"k3(p) 0 >
0 Zy k0% p*rip(p)

for the bosonic sector and a (2N, + 2) x (2N, + 2) matrix

0 Z1, k0% gl rip(—p) 0 0

Rip — 21,10 prie (p) 0 0 0
0 0 0 ZRprTT‘kF(—p)
0 0 ZRJJYI’kF (p) 0

for the fermionic sector. Now we have all ingredients at hand that we need for our
calculation of the flow equations.

3.2.2 Flow Equation of the Effective Potential

In this subsection we use the Wetterich equation, our truncation and the things we
dealt with in the last subsection for a derivation of the flow equation of the effective
potential. This equation will be used later for the calculation of the flow equation of
the bosonic mass, the flow equation of the bosonic self interacting constants and the
flow equation of the vacuum expectation value. First let us rewrite the Wetterich
equation (ZI2) and our truncation (B3]):

1
O, ) = §ST1~[(F,(3> + Ry)0,Ry],
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3 4D Model without Gauge Bosons

Goldstone massless
o *
1 \ \
(atUk)B = 5((2NL — 1) \ ) —+ \ ) )
N N

Figure 3.3: Bosonic contributions to the flow equation of the effective potential in
the spontaneously symmetry broken regime.

Do = [ dle [U(p) + Z60(0,0")(@6%) + (2108 + Zrsimdin)
R v, — o un]

Inserting the truncation into the Wetterich equation we see how to get the flow
equation of the effective potential. We project onto constant bosonic fields and
vanishing fermionic fields. If we do so only the potential term in our truncation
survives. Thus the flow equation reads

1
8tUk = §STI‘[(F](€2) + Rk)_latRk]

(3.7)

¢@=const,pf =1r =0

Comparing Eq. B.7) with Eq. (3:6) we see that we can calculate the bosonic part

(upper left block) and the fermionic part (lower right block) of (Ff) + Ry)"1O: Ry,
separately. Let us start with the bosonic part:

plot ... dlont
T3+ Ri)s =6(p—q) | (ZosPs(p) + UL+ UL | : , (3.8)

ALTeY S AL TN

with Pg(p) = p?(1 + r1p(p)), 1 being the identity matrix and primes denote the
derivative with respect to p. Inverting the matrix, multiplying it with the derivative
of the regulator and taking the STr yields

d
(OUk)B = %/(;ZTI))dat(qu,kp2TkB(p))x

|: 2N, —1 n 1
Z¢7kPB(p) + Ullc Z¢7kPB(p) + U,/f + 2U,;’p

(3.9)

This equation can be interpreted graphically as we did with the Wetterich equation
in Sec.22l In Fig.[3B3 one can see two different parts which correspond to the two
different parts of Eq. (39). In the symmetric regime the vacuum expectation value
of the bosonic field vanishes and thus both parts are the same and the equation
becomes proportional to 2Ny,. In the symmetry broken regime both parts differ
from each other. Thus we have the left loop in Fig.B3] which are the 2Ny, — 1
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3.2 Flow Equations

massless massive

(OUy)r = _((NL —1) Q + Q )

Figure 3.4: Fermionic contributions to the flow equation of the effective potential in
the spontaneously symmetry broken regime.

Goldstone modes and the right loop which corresponds to the one massive radial
mode. Again the filled boxes are the regulator insertions 0; Ry.

Now let us have a look for the fermionic part. Again we first write down the
(F,(f) + Ry )r matrix:

0 AT 0 hpo®
(2) _ _ Ay 0 hkqbaT 0
(Fk + Rk’)F — 5(]9 Q) 0 _hk¢bT 0 Ag
“hpd® 0 Ay 0

Here we introduced A; = ZL,kéabp(l + rgr(p)) and Ay = ZR,kéabZ]i(l + rr(p)),
a,b = 1,..., Ny,. Inverting, multiplying with the derivative of the regulator and
taking the STr we find

d
(OUk)r = —dy / (;iT]))d {(NL - 1)ZLM)2£j n TkF)at(ZL,kW"kF(p))
Z1, 1. Zw 1 Pr(p) P

= S AVARY
h2p+ Zy, 1 Zr k Pr(p) Zr1p*(1 + rip(p)) HZLiprie(p)]

_ Z1 k2R Pr(p) /4
th + ZL’kZRkPF(p) ZR,kp2(1 + rkF(p))

at[zR,kmF@)]}, (3.10)

with Pp(p) = p*(1 + rgr(p))? and d, as the dimension of the v matrices. This
equation can again be interpreted graphically, see Fig.B4l The left loop corresponds
to the first line in Eq. (3I0). These are the (N, — 1) massless, purely left-handed
fermions. The right loop corresponds to the second and third line in Eq. (310I).
These are the left-handed and the right-handed part of the massive fermion. In the
symmetric regime p = 0 holds and thus all parts become massless.

Now we just have to add the fermionic part, Eq. (80]), and the bosonic part,
Eq. (33]). Using the threshold functions defined in ApplCl we end up with

u! Ul +2pU
= vgk?2 | (2N, — 1)1¢ k 3 kT k
Uy = vq [( L— 1)l <Z¢,kk2> + o Zo k2

712 712
_ d _ 1y (Fa (__Phi () (___Phi
dyvgk?2 [(NL )15 (0) + 15 < = ZR,k> + gy < P ZR,kﬂ’ (3.11)
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3 4D Model without Gauge Bosons

Here v;! = 29¥17%/2T(d/2) is the volume of the d-dimensional unit sphere and
again primes denote derivatives with respect to p. In this equation the different
contributions are visible. The first line contains the (2N, — 1) Goldstone modes
and the radial mode. The second line contains (Np, — 1) massless fermions and the
left-handed and the right-handed part of the massive fermion.

If we want to look for a fixed point it is convenient to rewrite this equation
in terms of dimensionless quantities. Therefore we use the dimensionless form by
running scale division. This means that we have to use the following quantities:

po= Zppk® p,
2 1711 1d-472
o= 25 202k,
w(p) = K Uk(p)lpmpa-25/7, ,- (3.12)

Rewriting Eq. I1)) with Eq. (312) yields

Opug, = — duy, + puy,(d — 2 +ng)
+ 2va{ (2NL — 1)1 (ur,) + I (uf, + 2pu7)
=y (V= DIg(0) + I (3h%) + Lo’ (h3)) }.
where primes denote derivatives with respect to p. Inserting the optimised regulators

(see App.[C) and using the anomalous dimensions 74, 71, and nr we end up with the
dimensionless form of the flow equation for the effective potential:

Oy, = — duy, + puj,(d — 2 + 1)

4’Ud QNL—l Ty 1 Ny
— | —F(1— 1—-—= 3.13
T [1—|—u;g < d+2 +1—|—u§f+2f)ug d+2 (3.13)

"L 1 TR dﬂ/
—dy|1— Np, —1 —_— 1-— .
”’( d+1><( L )+1+ﬁhg>+< d+1>1+ﬁh§]

3.2.3 Flow Equation of the Yukawa Coupling

Now we determine the flow equation of the Yukawa coupling h?. As we did with the
effective potential we start with our truncation and project onto the coupling. The
truncation reads

Z¢7k ddp

T, = / dlaU(p) + 22

5 | @y () + 65(0)65(~p)

dp - _
- / =g [ZL VL (P)PYL(P) + Zr kYR (P)pYR(D)]

G’
d d
i [ ks [ [r)e o= i) — i )6 0 - i)

For the projection we divide our bosonic field into two parts: the vacuum expectation
value (vev), which is zero in the SYM regime and greater than zero in the SSB
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3.2 Flow Equations

regime, and the fluctuation around the vev (A¢). The vev acts as a mass term for
the fermionic fields and the fluctuation contributes to the interaction via Yukawa
coupling. Precisely we divide the bosonic field as follows:

o1(p) + ipy(p) Dyev A¢l(p) +iApy(p)
1| A +idde) | sp) | O 1| Asip) +iAd3(p)
"= z IR R R |
Y (p) + iy (p) 0 A (p) +iAGY™ (p)
(3.14)

Here we rotated the coordinate system such that the vev points into the direction of
the first real axis. Inserting this into our truncation we see that a possible projection

rule is
Y VZe §

_ I
00L(p) SAGH() " 0um(g) [k vimae

= —h6(0).

Using this projection for the Wetterich equation we obtain the flow of the Yukawa
coupling;:

5 V20

5

STr [0, ln(l“,(f) + Ry)] .
5 g =i =Ag=0
Yr(g) RV

Here we introduced the operator d; which is the the same as 0Oy, but it just acts on the
regulator R;. One may ask why we use this new operator and the logarithm instead
of the old operator. The answer is that it may look a little bit more complicated at
the moment but it helps us during the following calculations. At first we divide the

term I’ ,(f) + R}, into two parts as we did with our bosonic fields. The first part is called

F,(j())—i-Rk and only contains the components which are independent of the fluctuating
fields (A¢, YL, ¥R, ¥, ¥r). The second part contains just those fluctuating fields.
This one is called Afl(f).

First we note that only those parts survive the projection which contain exactly

one Ag¢l, one 1/% and one ¢¥gr. That is why we can drop the other terms. At first we
expand the logarithm:

Gm(T + Ry) = 8 n(T'7) + Ry + ATY)

5 2 2 _ 2
= 3 In[(T}2) + Re) (1 + (T + Ri) T AT
= d,In(T?) + Ry) + & In[1 + (T2 + Ry) ALY (3.15)
The first term does not survive the projection so we can drop it. For the second
part we use the Taylor expansion of the logarithm In(1+ z) = = — %xQ + %x?’ —
Just the part to the third power survives the projection. Together we obtain

5 V2e

1 <=
6 391 (p) dAL(Y)

3
AT 5

I® 1R, ) | 90R(@) [spvg-aeo
7 p'=p=¢=0

—5(0)8;hy, = STr |
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Figure 3.5: Different contributions to the flow equation of the Yukawa coupling.

Performing the matrix calculations and taking the super-trace we find:

h3 d% =~
Bt h k= 2 ( o ) a 8t X
1 < kvev ¢V6V kvev qbvev l;/\,zev qbvev >
72
ZLZRPr + %(;5\216\/ (Z¢PB + Ukvev) (Z¢PB + Ukvev Ullclvev VeV)2

h 2 v ( 1 1 )
(Z1,Zp Pr + Tk 2.0 )2 ZyPB + Ullcvev ZyPp + Upyey + kvev¢vev

+

1 1 1
- — . (3.16
ZLZRPF ‘|‘ 2 <Z¢PB + Ullcvev Z¢PB + Ullcvev Ulgvev VeV> ( )

vev

For a better readability we dropped the k index of the wave-function renormalisations
and used the shortcut Upye, for Uk(qbvev) Primes again denote derivatives with
respect to p. As we did for the flow equation of the effective potential we can write
down this equation in terms of Feynman diagrams. This time the derivative with
respect to the fields at the projection onto the coupling corresponds to external legs
in the graph. Therefore all graphs contain one external, bosonic leg and two external,
fermionic legs. The o operator converts n propagators to (n + 1) propagators and
one regulator insertion. Note that PLF is proportional to two fermionic propagators.
In Fig.B0 we can see six diagrams corresponding to the three lines in Eq. (3:10]).
We do not separate the loops for the Goldstone and the radial mode and ignore
the term proportional to U}” in this figure. The first two graphs (corresponding
to the first line in Eq. (IB:EI)) contain three Yukawa couplings where one of them
couples the fermions to the vev. Furthermore they contain one ¢* coupling with
three fluctuating bosonic fields coupling to the vev. Both graphs differ only by
the regulator insertion. The second two graphs (corresponding to the second line
in Eq. (8I8)) couple two times to the vev too but contain five times the Yukawa
coupling. The third two graphs do not couple to the vev and contain three times
the Yukawa coupling.
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3.2 Flow Equations

Using the threshold functions defined in the App.[C we find:

8,571% = — 4vdﬁéx
Ukvev qbvev ( FB B z ¢\27ev Ul;vev
kS—dzy kLR KL 227, k2w K2 Zg

kvevqbvev l;/\,/evqb l (FB k¢vev Ullcvev + kvevqbvev
K=1Zy k Zr 23, 5 2k2 7y, 1. ZR 1. k2Zy

+ 1 ( hk(bvev Ul;vev
k‘4_dZL7kZR7kZ¢ k 1’ 2]6‘2ZL kZR k k22¢ k

1 < h% (bvev Ii:vev kvev (bvev >

_l’_

K7 Zrk e 1’ k'2ZL kZR K k2Z4 1.

_ h% vev vev IICVeV
k‘ﬁ_dZQ 22 Z¢k o1 k2ZLkZRk k22¢k

¢vev Z(FB)d hkqbvev Ukvev + kvevqbvev
KO-4Z2 72 Zor >t \2K2ZL1ZRy k2Z ), ‘

+

Using the dimensionless quantities in Eq. (B12]) and writing ugyey as a short cut for
u (k1 /Zy kk*~?) we end up with

Ohi = g+ +nr +d—4)hi — 4vdh4[

Zukvevmkl( B)d

" (FB )d
(6ukvev’%k + 4ukzvev k)

’{k’h kvev + 2ukvev )

—QRkhzl(FB )

h2l (FB )d

’{k’h kvev)

+2Ky, ’{k’hk’ ukvev + 2ukvev k)] (317)
This time primes denote derivatives with respect to p. Since our choice of the
regulator is hidden in the threshold functions this is the general result. Now we
move on with the determination of the anomalous dimensions.

3.2.4 Anomalous Dimensions

In this section we calculate the equation for the anomalous dimensions depending
on the bosonic self-interactions, the Yukawa coupling and the other anomalous di-
mensions. Because of n; = —0,7;/Z; we have to turn our attention to the flow of
the wave-function renormalisations. Let us start with the bosonic one. At first we
divide our bosonic field according to Eq. (814 into two parts. One part contains
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3 4D Model without Gauge Bosons

the vev and the other one the fluctuating fields. If we look at our truncation

r= [t + 222 [ L8210t -0 + 03108

d
B / (;lTl;l[Zka&ﬁ(p)p¢f(p) + Zr 1R (0)pUr (p)]

d d
+hk/(;l71))d/ (d ) [wR( )¢ (p — @)¥i(q) —"tﬁﬁ(p)W(p—qu(Q)]’

we see how to project onto Zg j:

1 .
0 d o lgpy (at m(r® + Rk))

0(0)0: Zy 1, = A(p?) sApL(p') 5AL(q) 2

Ap=ypf=yR=0 *
p'=q'=0

The first step is analogous to the one in Subsec.32:3F We rewrite the logarithm as
we did in Eq. (B15) and use the Taylor expansion. This time, however, we just need
those parts which contain two fields. Thus we just have to pick up the quadratic
term:

2

) 5 1. |~ [ ar®
0(0)0: Zy 1 = —STr |0y | ——F— .
( ) t<9.k 8(])'2) 5A¢(p') 5A¢(q’) 4 Lo F](fg)“‘Rk Ag=9p@ =pg =0
' p'=q'=0

Since the matrix calculation is not straightforward let us remark on those things

which are a little bit more involved. First, it is important to realise that the ma-
trix multiplications contain “momentum indices”. In our case the AF;E) part is
proportional to d(p — ¢) and the inverse matrix (I‘,(fg) + Ry)~! is proportional to

Ag¢l(p — q). Because of the square inside the super-trace four matrices are involved
in the multiplication. The result is proportional to

d d?" dS d
/ (;Zwl))d/ (;ln)d / (;lw)d / (;lwsd‘S(p‘r)M%(?‘—8)5(s—t)A¢%(t—p),

where the p integration belongs to the STr.

In the fermionic part of the supertrace the following term appears:

/ dip d 1
(27T)d dpl2 ZLJ{;ZR,I{:PF( ) hk qbvev
1 1
( __ . ) L (3.18)
ZupZriPr(p+0) + F ey ZLpZralr(p — 1) + F ey

As a shortcut let us write the fraction as a function f depending on p, p + p’ and
p —p' respectively. Eq. BIS) then reads [ -2 o ddp’2 FO)(fp+p)+ f(p—p). Now
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3.2 Flow Equations

let us rewrite this term by using the Taylor expansion:

dp d / Ny _ d'p d I I
[ Gt O+ £ =) = [ G 150,010

d
Lt [ 0,000

A [ A d Poa g dp (d s,
——dp&p“p /(2 )d4p“py (d 2f( )) __E/(Qﬂ)dp <d—p2f(p )) .

Apart from these things the matrix calculation can be performed as discussed above.
If one calculates the bosonic and the fermionic part separately one gets the following
two contributions to the flow of Zj ;. The bosonic part reads

dd

2
P(p)
/// 2,2 :
vev vev VeV Z
(3Ukyey Prev + Uiy Gen) ¢k<(Z¢,kP<p)+U,; G ¢vev)2)

vev kvev

PN LUBA
+(2NL - 1)( kvev¢vev) p Z¢7k (Z¢ kP( )—l-U;g )

and the fermionic part reads

2

d d 5 1o 0 147
(O Zs)r = 37/ (QWI))dat 20  Zy 1 Zrks | o ( ke (P ))

2
Op ZL 2Rk Pr(p) + cbvev
2
1

a2 7
Op Zv 1 Zr ik Pr(p) + F 020y

—hj,¢%

vev p

This again can be interpreted graphically, see Fig.[3:6l1 We do not separate the differ-
ent contributions of the Goldstone modes and the radial modes in the bosonic loop.
Adding both parts and using the threshold functions as well as 7y = —0;Z¢ 1/ Zp i
we obtain

4’Ud
12 " m2 .3 d / "
Ny = d (18 Upvey Kk + 24ukvevukvev’%k + 8uk’vev k)m22 (ukvev + 2’{kukvev)

+ (2NL - 1)87)(1 e d

d REUyey 122 (ukvev )
Sugd 8vgdy
+ o W (rh) — = Rhmg Y (k). (3.19)

Again the choice of the regulator is hidden in the threshold functions defined in
App.[d
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Figure 3.6: Graphical interpretation of the flow equation for Z,;. Bosonic contribu-
tion on the top and fermionic contribution below.

Now there are just 7y, and ng missing. The calculation can be performed along
the lines to 7y and that is why we discuss this part very briefly. The projection rules
are

2

500, Zyp = 219 I STr |9 ary’ ;
t4Lk 4dda/ 8]9/“‘ 5¢i(p/) t P](fg) + Rk 5¢i(q’) Aqb:wL:w%:O
; p'=q'=
and
2
%
try# 0 5 5 ary? 0
5(0)0 Zn 1. = o ST |8
(0)0: Zr.k 4dd., Op'™™ dvg (p') ' T;(f()) + Ry, 0r(d) I
; p'=q'=

for Z1,), and Zg respectively. Using the Taylor expansion as above we get the
following flow equations for Zy, ;, and Zg x:

2h3 d ~ Zn (1
0 Z1p = /(d P23 Li(1+re(p )) Zgx

abP ot
d 27T) ZL,kZR,k’PF( ) qbvev
0 1 !
2 p + )] ’
8]92 (p) <(Z¢7kp(p) + Ullcvev Ullf,vev Vev) (Z¢7kp( ) + U];"ev)

71 VA4 1+7r
WZr ) = 7/ dp28t Rk ke (P ))
21 k2R Pr(p )+ ¢vev
_l’_

Z¢k><

)

1 1
Z¢> KP(D) + Ul ey + Uplyey @2 ) " (Zp P (p) + Upyer)? )

vev kvev
2(NL — 1) Zr (1 + rir(p )) 0 2 P@) 1 ]
ZL kZR k’PF( ) ap (Z¢7kp( ) + Uli’vev)
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3.3 Fixed-Point Analysis

Figure 3.7: Graphical interpretation of the flow equation for Zr, .

The graphical representation is shown in Fig.B7l The graph for the left-handed and
the right-handed wave-function renormalisation is the same but the right-handed
one contains massive and massless fermionic propagators as internal lines and the
left-handed one only contains massive propagators.

Using n; = —01Z;/Z;, the threshold functions defined in App.[Cl and the dimen-
sionless quantities in Eq. (312]) we find

8v
L = dd h2[ 5 )d(h%"fka u;cvev + 2"ikukvev) + mg2 1 (hkﬁka u;cvev)] (320)
and
Sv
IR = dd h2[ (FB) (hk"ilﬁ ukvev + 2ﬁkukvev) + mg2 1 (hk"ilﬁ ukvev)

+2(Ng, — DmGP(0, fey)] (3:21)

Now we are equipped with the flow equation of the Yukawa coupling (Eq. (8IT)), the
anomalous dimensions 7y, 1, and 7r (Eq. 319), Eq. 3.20) and Eq. (3.21))) and the
flow equation for the potential (Eq. (3I3])). In the symmetric regime the latter one
provides us with the flow equations for the mass and the bosonic self-interactions. In
the regime of spontaneous symmetry breaking it provides us with the flow equation

for the vacuum expectation value and the bosonic self-interactions. Altogether we
are equipped with a system of coupled differential equations which we have to solve.

3.3 Fixed-Point Analysis

In this section we analyse the fixed-point structure of the symmetric regime and
the regime of spontaneous symmetry breaking separately. At first we give some
constraints for the parameters. Afterwards we try to find some fixed points in the
different regimes which fulfil these constraints.

3.3.1 Symmetric Regime

The parameters of our system are the mass m? and the self-interactions \; of the
effective potential. Furthermore we have the Yukawa coupling h and the anomalous
dimensions 74, nr, and nr. Due to the derivative expansion 74, 71, nr < O(1) should
hold. The squared Yukawa coupling should be positive since a vanishing h? would
lead to a decoupling of the bosonic and the fermionic part. It is clear that m? has
to be positive and furthermore the highest non vanishing coefficient \; should be
positive too. Otherwise the potential is not bounded from below.
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3 4D Model without Gauge Bosons

Here it suffices to investigate the flow for the Yukawa coupling and the anomalous
dimensions. In four dimensions and at vanishing x (symmetric regime) the flow
equations read

h: = (ny+m +mr)h,
mo= et (%) e
mo= et (1 F) ey

At a fixed point the flow of the Yukawa coupling has to vanish (9;h7 = 0). The first
conclusion is, that in leading order of the derivative expansion (vanishing anomalous
dimensions) this is the case. In next to leading order the sum of the anomalous
dimensions has to vanish. There has to be a relative minus sign. This is only
possible if 14 > 5 or 5, + nr > 8. These constraints are not compatible with the
assumption of small anomalous dimensions. Thus the only possibility is a vanishing
Yukawa coupling.

Our fixed-point Yukawa coupling vanishes in the symmetric regime (hz2 = 0).
Since the flow of h% is proportional to itself this leads to a decoupling of bosons and
fermions at every scale. Altogether, there is no reliable fixed point in the symmetric
regime of the present truncation.

3.3.2 Spontaneously Symmetry Broken Regime

The parameters of the SSB regime differ from those of the SYM regime. We still
have the Yukawa coupling and the anomalous dimensions but we expand our effective
potential differently. The general expansion is given by

s A A

An - n A, 2, 3~
uk:ZH(P—%k) :f(ﬂ—/@k)Jrg(ﬂ—/@k)2+§(0—/€k)3+----

n=1
In the symmetric regime we expand around zero field (k; = 0) and set A\; = m?.
In the symmetry broken regime we expand around the vacuum expectation value
ki, where the first derivative of the effective potential has to vanish (A\; = 0). The
vev k and the self-interaction Ao have to be positive. Otherwise the curvature at
the minimum of the potential is not positive. Furthermore the potential should be
bounded from below and thus the highest order A; should be positive too.

A first approximation is given by leading order in the derivative expansion (van-
ishing anomalous dimensions) and leading order in the polynomial expansion of the
effective potential (N, = 2). Thus our parameters are hy, k; and Ap. The flow
equation for Ay can be derived by using u}(p)|x, = A2. As mentioned above the first
derivative of the potential at x; has to vanish and therefore the flow has to vanish
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Figure 3.8: Appropriate fixed-point values for x, Ay and h? in leading order derivative
expansion as well as leading order polynomial expansion of the potential as a function
of NL.

as well:
0=0wp(kr) = Ouup(p)lpmny + (Orkin)uf (k)
1 ;o
- S .22
= 8t"</k Ulkt(/fk)atUk(p)‘p_ k (3 )

This is how we get the flow equation for k. Together with the flow equation of hy
in four dimensions we get

O = 2k —— (2N, — 1)+ — = S
e 3272k 3272 (1 + 2602)2 472 Ao(1 + Kh2)2’
1 1 9N 1 h*

Ohy = 2N}, — 1)A2 S

2 167 1672 2N = DA+ 1672 (1 + 26X2)3 272 (1 + kh?2)3’
1 h* 1 1

on2 = ——— Aok — 42 - ([——— +1

t 1672 (1+/~ah2){ 2”<1+/-m2Jr > <1+nh2+ >

bR L2
(1+26M)2 \ T+ kA2 1+ 25\

N 1 1 N 1 N 2kh? 2 1
(14 26X2) \1+Kkh% 14 2KA (14 kh?) \ 1+ kh?

2rh? 2 N 1
(14 kh2) (1 +26X2) \1+rKh?  14+2rX2) )"
If there is a fixed point (k*, A3, h*?) the flow of all parameters has to vanish.

Ok (K5, M5, h*%) = 0,
Do (K*, AQ,h*2) = 0,
Oh(K*, N5, W% =

This nonlinear system of equations can be solved analytically. Many solutions can
be excluded by the constraints given above. For 1 < NI, < 4 there exists one reliable
fixed point. For 4 < Ny, < 29 there exist two reliable fixed points and for some (but
not all) Ny, > 29 there exists one appropriate fixed point, see Fig.B.8

The next question is whether it is possible to extend this solution to higher
orders in the derivative expansion. In other words, are the anomalous dimensions
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Figure 3.9: Estimates for anomalous dimensions depending on /Vy,.

small enough? The equations of the anomalous dimensions are given in Eq. (3:19)
for ng, in Eq. B20) for 7y, and in Eq. @21 for nr. A first estimate can be given
by inserting the fixed-point values for s, h? and Xs. It does not consider the back
coupling of the nonzero anomalous dimensions to the fixed-point values. These
estimates depending on Ny, are given in Fig.39 For Ny, > 5, 1y < 1 and 5, < 1
holds but ng is much bigger than one. This is due to the large values of h? and
the contributions of the massless Goldstone bosons. These contributions are large
because they are not damped by a mass. Moreover they are proportional to Ny,. If
one trusts this estimate the leading order derivative expansion is not self consistent.
Nevertheless we do not know the real value of the anomalous dimensions.

A consistent calculation of the real values requires a solution of the following
System:

Opkr (K", A3, h*z’ 77¢7 NN E{ = 0,
8t)\Z,k K" )‘27 h*27 7]¢>7 77L7 E{ 07
hz "1* )‘27h*2777¢777L7 i:k{ 07

K )‘2)h*2)77¢777L777R = 77(25(’{*7)‘3)}1*2)77:;777{777;{))
* nL(/{*a)‘z)h*Q)n;;nEvn)}k{))
= nR(’{*vA;ah*z)n;vnEvnE{)‘

%
77?: lat )‘2’ h*2’77¢777L777i5k{

(k" )
( )
( )
(K" R)
( )
(’{ )‘2) h*za 77¢7 77L7 nR)
We are not able to solve this highly nonlinear system analytically but tackle this
problem numerically. We use Newton methods with the leading order fixed point as
a starting point but are not able to find a suitable fixed point with non-vanishing
anomalous dimensions. Due to the non linearity of the system a systematic search
is computationally expensive and thus beyond the scope of this work.

To get an idea of the behaviour of the system we switched on the anomalous
dimensions step by step and realised that the leading order fixed point vanishes if
the anomalous dimensions become sufficiently large.

Comparing our model with the Standard Model one realises that the Goldstone
bosons which are responsible for the large anomalous dimensions in our model are
not present in the Standard Model (see Sec.[2.5). Thus it might be possible that this
problem is just a problem of our toy model. Although our leading order fixed points
are not self consistent regarding the derivative expansion it might be interesting
to investigate the behaviour of such a fixed point in more detail. As an example
we choose Ni, = 10 and the red points in Fig.[B.8 since it has no extreme coupling
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u'l¢]
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Figure 3.10: Dimensionless effective potential for different expansions. Dotted line:
Expansion up to As. Dashed line: Expansion up to A4. Solid line: Expansion up to
Ag-

values. The first question is if the polynomial expansion of the potential is reliable.
Therefore we can draw the effective potential for Np = 2,4,6 (Np is the highest
order in the expansion), see Fig.BI0l The quantitative form of the potential does
not change in the vicinity of the expansion point x. Thus the fixed point should
be stable when higher order bosonic self-interactions are taken into account. If we
calculate the fixed-point values for different orders of the expansion the stability
can be shown. For Np = 2,4,6 the results are given in Tab.BIl One can see that
the fixed-point values converge satisfactorily as we expected due to the form of the
effective potential.

Now we are interested in the vicinity of the fixed point. There the flow equations
of the different coupling constants can be linearised:

- 0B,
Ogi = Blg; — g+ Bl=T2
9i lg=g=
In our case the g; represents x, Ag, A, ... and h?. The negative of the eigenvalues of

the stability matrix B; are the so-called critical exponents 6'. As mentioned above
they describe how fast the system leaves the fixed-point regime. If the real part of
a critical exponent R(#!) < 0 the contributions in this direction die out towards the
IR. These directions are the irrelevant directions. On the other hand if R(67) > 0
the corresponding direction is relevant and the respective physical parameter has
to be fixed by experiment. The asymptotic safety scenario is thus predictive if the
number of positive critical exponents is finite.

The calculation of the stability matrix and the corresponding critical exponents
of our model is straightforward. The results are given in Fig.BI1] depending on Ny,

No=10] nZ | we | X | N | M| A5 R
N, =2 | 55.8 | 0.0174 | 12.11 - - - -
N, =4 | 56.0 | 0.0158 | 12.09 | -115 | 1.30-10* - -
N, =6 | 57.4 | 0.0152 | 12.13 | -152 | 1.20-10* | —8.76-10° | 1.44-108

Table 3.1: Fixed-point values for different orders in the polynomial expansion of the
effective potential.
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Figure 3.11: Critical exponents depending on /Vy,.

and in Tab.B2 for Ni, = 10. The first result is that the critical exponents converge
like the fixed-point values. The higher order critical exponents do not converge
that fast but they do. The second result is that the maximal critical exponent is
smaller than two and thus the hierarchy problem is weakened. The third result is
that the number of relevant directions do not change if one increases the order of
the polynomial expansion. There is just one relevant direction corresponding to one
physical parameter which has to be fixed.

Now we can compare our toy model to the Standard Model. Our massive fermion
can be interpreted as the top quark with mass m¢.p. The massless fermions are
bottom quark like. The bosonic field contains the massless Goldstone bosons which
have no counterpart in the Standard Model and the massive radial mode can be
interpreted as the Higgs boson with mass mpiggs. The bosonic field exhibits a vacuum
expectation value s which has its counterpart v? = 2¢%T¢® in the Standard Model.
These different parameters can be connected to the dimensionless parameters x and
Ao of our model:

v=V2kk, Mp=Vh2v, Mg = VA2 v.

The top mass and the vacuum expectation value are known from experiments:
Miop = 173GeV and v = 246GeV. These experimental data are values at an IR
scale and thus to compare these parameters with our model we have to integrate
out the flow. This can be done numerically. The starting point is an UV point for
which we choose ¢ = 16 corresponding to k = e'GeV since ¢t = Ink. As an IR
scale we choose t = 2 corresponding to k = e?GeV. Since & is a relevant parameter
different IR values flow to the same UV fixed point. The same has to hold for v as
depicted in Fig.B12l Our goal is to end up at the IR scale with the measured value
v = 246GeV.

At the UV scale « still flows and thus differs from the fixed-point value £*. We
can slightly perturb our initial value for x at the UV scale. Changing this starting
point results in different values for x at the IR scale and thus for v. Therefore

Nu=10] © | © | 63 | @4 | © | © | o
N, =2 | 1.294 | -0.143 | -3.94 | - - - -
Np=4 | 1167 | -0.170 | -2.50 | -5.53 | -13.61 | - -
Np=6 | 1.056 | -0.175 | -2.35 | -4.97 | -8.49 | -14.02 | -25.54

Table 3.2: Critical exponents in the polynomial expansion of the effective potential.
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Figure 3.12: Different possible flows of v towards the IR.

we can fine-tune the starting point so that we end up at v = 246GeV. Solving
the flow equations provides us with the IR values of x,h% and Ay. The other two
parameters are predictions since there is only one relevant direction. Thus our
asymptotic safety scenario ”"predicts” the top mass and the Higgs mass. These
"predictions” are myop = 5.78v and Mmpyiges = 0.97v. The top mass is far above the
expected value. The problems are the strong Yukawa coupling and the Goldstone-
boson contributions which are not included in the Standard Model, see Sec.2hl As
expected the predictions of our model are special for our toy model and have to be
taken with care.

However, we showed that it is possible to construct an asymptotic safety scenario
which weakens the hierarchy problem, i.e. highest critical exponent is lower than two,
solves the triviality problem by construction and is predictable (only one parameter
has to be fixed by experiment).
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Chapter 4

3D Model without (Gauge
Bosons

In this chapter we take a little side trip to a three-dimensional model. The model
we investigated in the previous chapter resembles the Standard Model. Furthermore
it resembles statistical physics models like the Nambu-Jona-Lasinio (NJL) model or
the Thirring model in three dimensions. For a comparison of the different models we
start by introducing a very general fermionic model which obeys some symmetries
and then determine all possible terms satisfying these symmetries. These terms can
be used to classify different models. Included in this classification is for example the
NJL model.

After this classification we use the techniques of the previous chapter to find
fixed points and critical exponents. This time the goal is not the construction of
an asymptotic safety scenario, but to investigate the critical behaviour of the model
corresponding to the phase transition between the symmetric and the symmetry
broken phase. Information about the critical behaviour are stored in the critical
exponents which can be calculated at the fixed point.

4.1 Classification

On the next few pages we construct the above mentioned, general model. Therefore
we start to investigate chiral symmetries. Since our model contains fermions we
have to think about a representation of the Dirac algebra

{’Y/u ’YV} = 25;“/-

This algebra could be realised by an irreducible representation in terms of (2 x 2)
matrices. Such a representation inhibits chiral symmetry since there exists no fifth
~ matrix. Thus we use a reducible representation with (4 x 4) matrices. These
matrices are given by

_ (0 oy —
’YH_<Z'O'M 0 >7 M_17273

45



4 3D Model without Gauge Bosons

Here 01,09 and o3 are the (2 x 2) Pauli matrices. Using these v matrices we are
able to construct two fifth v matrices as

(0 1 d B (1 0
=11 0 and s =MV = g )

These matrices anticommute with each other as well as with the v, matrices. Fur-
thermore we can construct the generators of the Lorentz transformations

7
Opuy = 5['7/“'71/] (:u‘ < V)‘

Altogether the sixteen matrices {1, v, 0w, ©YuV4, Y075, 97475, 74, V5 form a com-
plete basis of the Dirac algebra. Since we would like to discuss chiral symmetries we
have to define the chiral projectors. We choose P, /g = %(]l + ~5) but note that we
could have chosen different projectors by replacing the 5 matrix in the definition by
74 OT 1747Y5. Note that the chirality is conserved under Lorentz transformations since
[V5, 0] = 0 holds. These chiral projectors define the four-dimensional left-handed
and right-handed Weyl spinors 1, and 1R of the Dirac fermion 1 as

Yir = PurYs  Yum = VP

These left-handed and right-handed fermions are the constituents of our model.
To be specific, the system contains Ny, left-handed and Ng right-handed fermions
where Np, and Ni do not have to be identical. We demand the system to be U(Np, )L ®
U(NgR)r symmetric. This means that it is invariant under the chiral transformations

UNL)L: of e UPgY, o e g (),
U(Np)R: 08 = URgh,  Of o 9h (UL

The field transformations act independently on the left-handed and right-handed
parts. Up, and Uy are unitary (Np, X Np,) and (Ng x Nr) matrices respectively. The
symmetry can be splitted as

U(Np)L @ U(NR)r = SU(NL)L ® SU(VR)r @ U(1)a ® U(1)y,

where for the U(1) axial transformations U = ¢/*§% and Ug = e~"@§% holds
and for the U(1)y vector rotations holds U = 3% = Ugb.

Besides the invariance under these chiral transformations we expect the system
to be invariant under some discrete transformations as it is the case for the NJL
model and the Thirring model. These are the charge conjugation C, the parity
transformation P and the time reversal 7. Due to the reducible representation of
the Dirac algebra these transformations are ambiguous (see also [29] and [71]). For
these transformations we use the following conventions. The coordinates (z1, 2, x3),
where the first two parts are the space coordinates and the last one is the Euclidean
time coordinate, change under parity transformation as

(.’1}'171'273:3) = (—.’1}'17.1:273:3) = .
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C P T
Ky ?,/)R ¢R¢L ¢R¢L PRy
wL’Y;ﬂ/}L _T/JL’Yqu wL’Y;ﬂ/}L -t ’Y;ﬂ/}L
Yro wﬂ/’R ¢RJ L, ¢LUMV¢R _¢LUW¢R
QpL’YﬂpL T/JL’MT/}L _T/JL’MT/}L QpL’YﬂpL
¢LZ'7MY4¢R leZ'Yu'Yﬂ/’L ¢L27u74¢f{ ¢LZ'7MY4¢R

Table 4.1: Properties of fermion bilinears under discrete transformations. The ar-
guments of the transformed fields are & = (—x1,x9,x3) in the case of parity trans-
formation and & = (z1,x2, —23) in the case of time reversal. The bilinears with
(L <+ R) transform analogously.

The time reversal is defined via
(.’1}'1,.’1}'273:3) = (.1:]_7.1:2, _mg) =: T

The three discrete transformations are given by

_ T T
C : Yiprm (‘/’I(f/RC) T (CW{/R)
Py r(@) = Py R(2), 1/_’3/1%( z) = ¢L/R( )P,
T 1/’3/11(33) = T¢3/R(fﬁ), 7[’%/}{(33) = ¢L/R(§3)TT'

The unitary matrices C, P and T are given as C' = v9y5, P = y174 and T = 7a73.
Since there exists an ambiguity this is just one possible choice.

In summary we expect our system to be invariant under Lorentz transformation,
chiral U(Np,)r, ® U(INg)gr transformations, C charge conjugation, P parity transfor-
mation and 7 time reversal. All these symmetries together forbid fermionic bilinears
to zeroth order in derivatives. For example the ﬂjﬁ?/’ﬁ term and the 1[_)1%1/13 term is
not allowed due to chiral invariance. The terms @ﬁfyﬂ/}ﬁ and zﬁ‘f{’mwﬁ are excluded
due to P parity transformation. Terms like /1,41, vanish since P;,Pr = 0, see also
Tab.[T] for transformation properties of all nonvanishing bilinears. In leading order
in derivatives the only combinations which are invariant are the standard kinetic
terms

@ﬁi@ufy“wﬁ and z/?ﬁi@u'yuﬂ)ﬁ. (4.1)

Although all bilinears to zeroth order in derivatives are forbidden there exist some
four-Fermi term! 1| invariant under all considered transformations. These invariant
terms are

(@ﬁmiﬁf) (@f%ﬂﬁﬁ) ; (1/3?{%41#%) (1/3%%4%“1) with v € {yu, 1},

(Vtvmvk) (Fhosvt)  with g € {Ligoa}

'Four-Fermi terms are combinations of two bilinears.
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4 3D Model without Gauge Bosons

or with inverse flavor structure
(Ffavt) (hravt) . (Fhvavh) (Phvavh).
(VhvavR) (@f%ﬂﬁf) :

Terms with y4 € {1,7s,ivuv4, 0} or YB € {Vu,iVu75,74,97475} vanish since
PrP, = P,Pgr =0 holds. If v4 € {z'fyu%, Y475} or B € {75, UW} no new terms ap-
pear since ¢, and YR are eigenvectors of 5 and o0y, is given as 0, = —i€.,YpV4V5-
Furthermore the terms with the inverse flavor structure are not independent of the
terms above. They are related to each other by the so-called Fierz transformations.
These transformations read

(Bie) (Pt =
¢L’Y4¢L <1/1L’Y41/1L)

(¢R’YM¢R <¢L’YM¢L)

)

Gt ) (Bot) + 5 (Fnad) (Fwet), @2)
'Y/ﬂpL> (1/’ ’Y/ﬂpL> - % <¢L’Y4¢L> (1/;3741/11%) ,

(
) (W/}ﬁ) —% me/{) (1/332%74%)
(
) ( )

(
dhot) (Vhek) + 5 (Vhinoavt) (Shivoavh

N)I»i

(VRyavR) <¢L’Y4¢L = -

Analogous equations hold for the case (L <+ R). In summary we have six independent
four-Fermi terms which are invariant under Lorentz transformation, chiral U(Np,)r,®
U(NRr)r transformations, C charge conjugation, P parity transformation and 7 time
reversal. These are

(vrvh) (Fhot). (4.6)

(Jfﬁ%%ﬁ) (71711174%) : (1/_}?{741/1%) (71711%741/1?{), (4.7)
(Ptomet) (@hmvt) . (Bromh) (Fhouvh) (4.8)
(&Emvw%) (1/7%2'7“74%) : (4.9)

Now we can construct our general theory by combining the standard kinetic
terms Eq. (1)) and one or some of the four-Fermi terms of Eqgs. (£6])-(3) into one
action. If one chooses the four fermi term of Eq. ([4.0]) the action reads

5= [ @ igtau + stpoon + 5 (o) (dhot)|

Here A is a coupling constant and N is the number of fermion flavors. This action
describes the U(N);, ® U(N)r symmetric Nambu-Jona-Lasinio model which was
introduced in 1961 by Yoichiro Nambu and Giovanni Jona-Lasinio [72, [73] and is
used to describe low-energy quantum chromodynamics (QCD).

Combining the left parts of Eq. ([@7) and Eq. [@38) as in Eq.(#2) and also

combining Eq. (£8) and Eq. ([@9) as in Eq. (£4) leads to (z/?g%zpﬁ) (zﬁifyuwg) and
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P

Figure 4.1: Four-Fermi vertex and the corresponding bosonised graph.

(?Z)ﬁ’m?/fﬁ) (11737“1/13). These terms can be combined and the resulting action then
reads

S = / >z [z'zza(%w“ + % (Y y,1%) («Mwb)] )

where g and N are constant. This is the Thirring model which was introduced by
Walter Thirring in 1958 [74]. This model is used to investigate for example high 7
cuprate superconductors [75] and electronic properties of graphene [76].

If we want to study the critical behaviour of our model it is convenient to include
bosonic degrees of freedom. This can be done by a Hubbard-Stratonovich transfor-
mation. This transformation corresponds to a partial bosonisation of a theory which
can be interpreted as the replacement of a four-Fermi vertex by two Yukawa inter-
actions as indicated in Fig.LIl We have the scalar channel in Eq. (£G) and the
pseudo-scalar channel in Eq. (£7). Furthermore there is a vector-boson channel in
Eq. (£8]) and a pseudo-vector-boson channel in Eq. (£9). We choose the four-Fermi
term in Eq. [@6]) for our model. Furthermore Ni has to be one for our purposes.
Thus the action in three dimensions reads

S4—fermi = / B [ P + ivrdvr + 2X (Vfvr) (Vryf)]

where A is the coupling constant. We rewrite this purely fermionic action as a
partially bosonised action:

1 - - - -
= / d’x [ﬁw O +IWLIUL + irdR + 0T PRVE — S VEYR | -
The equivalence can be seen by the equations of motion for the bosonic field ¢.

¢" = —2)MPrYf, ¢ = 200 yY.

It is also possible to see this equivalence with the help of the path integral. The
path integral including the bosonic fields can be written as

/ DDy Dipe S0 —

[ PupieSmtvd [ pgex <—%<¢‘” — R)(° + 2Awaﬁ)> .

Here the bosonic path integral in the second line gives us an unimportant constant.
From the definition of the new bosonic fields the transformation properties under
chiral transformations follow:

o — URgPUL,  ¢°T = Ure® (U]
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4 3D Model without Gauge Bosons

Including kinetic and self-interaction terms for the bosons we end up with the action
of the system we studied in the last chapter in four dimensions. The corresponding
effective action reads

Tk = / d's {Uk(ﬂ) + Z4 1 (0,01)(0"6%) + i (ZL g bR IV + Zr kR PUR)
+h bR YT — Bk@ﬁqﬁ”lﬁf{] : (4.10)

For comparison see also Eq. 83]). This is the starting point for the application of
the exact renormalisation group equation.

4.2 Flow Equations

Now we have to derive the flow equations for the effective potential, the Yukawa
coupling and the equations for the anomalous dimensions. First we see that the
flow equation of the effective potential does not change besides the change of the
dimension compared to the flow equation in four dimensions. Thus we can use

Eq. (313)) and find:
Opuy, = — duy, + puj(d — 2 +ny)

4’Ud QNL—l Ty 1 Ny
— (1= 1 —— 4.11
T [1+u;€ < d+2 +1+u§€+2ﬁu;€’ d+2 (4.11)

L 1 TR dy
—d, (11— ) (Vv —1) + —— 1— .
”’( d+1><( L )+1+ﬁhg>+< d+1>1+ﬁhi]

In comparison to the equation in four dimensions d and v, change. Otherwise it
remains unchanged. Again the effective potential can be in the symmetric regime
and in the regime with broken symmetry.

For the flow equation of the Yukawa coupling we divide the bosonic field again
into its vacuum expectation value and the deviation thereof:

¢1(p) +i¢3(p) ey Api(p) +iA¢y(p)
1| s +idd) | sp) | O 1| A¢i(p) +iAé3(p)
V2 : IRCH B Y :
2 (p) + iy (p) 0 Ay (p) + iy ()

This time we are mainly interested in the coupling between the fermions and the
Goldstone modes instead of the coupling between the fermions and the radial mode.
This is essential since the four-dimensional model should mimic the Higgs sector
of the Standard Model. The contributions of the massive radial mode in the IR
are negligible compared to the ones of the Goldstone modes. That is why we are
interested in the coupling between fermions and Goldstone bosons. Therefore we
have to change our projection. We do not project onto A¢} but onto A¢i. Thus
our projection now reads

i 5 V2o %

S Gy
o= =5 i saay ™ P + R0 s

YR =yf=A¢=0"
p’'=p=q=0
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4.2 Flow Equations

The following calculation is analogous to the one of the four-dimensional model.
At first we split (F,(f) + Ry) into the fluctuation part and the propagator part.
After expanding the logarithm only the third power survives the projection. As in
the previous chapter the matrix calculation is tedious but straightforward and the
result can be given in dimensionful quantities:

ot = [ 420 WUy e
t - d t .
M) (Z,Ps + UL+ U62.,) (Z6Ps + UL) (ZLZRPF 4 Vev)

Here the potential is evaluated at the minimum ng Changing to dimensionless

quantities

vev®

po= Zyrk*p,

1 _
bk = 5 2ok’ ey
2 111 d-472
W= Z 2k,
ue(p) =k Uk(p)lpera-27/2, ,

and using the threshold functions defined in App.[Cl we get

ohi = (ng+m+nr+d—4)h;

—8vdhiﬁkuglg?)d(ﬂkhi, uy, + 2k, up,). (4.12)

For the derivation of the bosonic anomalous dimension we project again onto A¢3

instead of A¢i. After splitting (I‘,(f) + Ry) into the fluctuation part and the propa-
gator part we expand the logarithm and the second power is the only one which sur-
vives the projection. The matrix calculation is the same as for the four-dimensional
model. Using dimensionless quantities and the threshold functions defined in App.[C]
we end up with

16vg e d

8vyd
N = =g Uk Frm M (), + 2K Uy, uy,) + ol

[ihitm ) (k) + WEm{ ) |
(4.13)

The derivation of the equations for the fermionic anomalous dimensions does
not change. Thus we can use the results of the preceding chapter (Egs. (820) and

B.21)).

8v
nL = dd h2[ ( B (hk"ikﬂ ukvev + 2"ikukvev) + mg2 1 (hkﬁka ukvev)] (414)

and

8v
R = Fdhz[ (FB) (hk"i/ﬁ ukvev + 2ﬁkukvev) + mgQ 1 (hk"i/ﬁ ukvev)

+2(N, — DmEP0,1)ey)]. (4.15)

kvev

51



4 3D Model without Gauge Bosons

4.3 Fixed-Point Analysis

In this section we investigate possible fixed points of our system. Therefore we study
our system in two different regimes: the symmetric regime and the spontaneously
broken regime. The first one corresponds to an expansion of the effective potential
around vanishing vacuum expectation value:

e )‘TL ~n 2~ )\2 ~2 )\3 53
ukzzmp =P P (4.16)
n=1

On the other hand the spontaneously broken regime corresponds to an expansion of
the effective potential around non-vanishing vacuum expectation value ky:

N,
L n A A2, A3,
n=1

4.3.1 Symmetric Regime

We are equipped with the flow equation for the effective potential Eq. ([dI1]), the
flow equation for the squared Yukawa coupling Eq. (£12) and the equations for the
anomalous dimensions Eqs. ([@I3)-(@I5). If we write down the flow equation for the
squared Yukawa coupling in d = 3 dimensions in the symmetric regime we get

Oh* = (g +nu +nr — 1R

Thus for an interacting fixed point (h # 0) the following sum rule for the anomalous
dimensions has to hold:
Ne + 1L +nr = 1. (4.18)

The equations for the anomalous dimensions in the symmetric regime and for d = 3
dimensions read

h2
e = 33 (5 —mL —nr),
h? 1
pr— —_— 4 fR——
L 671'2( 77L) (1+m2)27
h? 1
= N—4—n)————.
T Loz ) gy

If we consider h? and m? as parameters this system of linear equations can be solved
depending on these two parameters. The solution can be given as

2h2(2R% (N, + 1) — 1572 (1 + m?)?)
RA(N, + 1) — 1874(1 +m?2)2
h?(5h% — 127%)
= 4.20
I hA(NL + 1) — 1874(1 + m2)?2’ (420)
h?(5h% — 127%)
RNy, + 1) — 1874(1 + m?)?

R = NL (4.21)
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4.3 Fixed-Point Analysis

This solution depending on h? and m? can be inserted into Eq. (EI8). The result
is an equation which can be interpreted as h? depending on m? or the other way
round. We consider the first case. We get a quadratic equation for A2 and thus get
two solutions. For the solution with the positive square root we were not able to find
an appropriate fixed point and thus we only consider the solution with the negative
square root which reads

32

h? = —7+5m(2 2N,
cond 8(NL+].){ + ’I’)’L( —|—’I’)’L)—|— L

— /334 m(2 + m)(54 + 25m(2 + m)) + 12N, + 4m(2 + m)Ny, + anp}.

The index ”"cond” reflects that hgond still depends on m? and thus is a conditional
fixed point.

So far we considered the anomalous dimensions and the Yukawa coupling. The
effective potential and thus the couplings m?, Aa, As, ... are still missing. The flow
equations for these couplings can be derived, as for the four-dimensional model, by
taking derivatives of the flow equation of the effective potential with respect to p. We
observe that the flow equation for \,, only depends on h%, m?, Xa, ..., Ays1. Inserting
Egs. (ET9)-(@ZT)) and the conditional fixed point for 2 into these equations leads to
a nonlinear system of equations for m? and the \;. Expanding the potential (EI0)
for example up to Np = 4 leads to

om? = Bm(m, A2),

Odo = Pa(m, A2, A3),

OA3 = B3(m, A2, A3, M),

OAs = Pa(m, A2, A3, Mg, A5 = 0).

Solving this system leads to fixed points for Ny, € {1,2}. The results for Np = 6
can be read of from Tab.[@2l For higher Ny, no reliable fixed points exist.

At these existing fixed points we can calculate the stability matrix as in the
previous chapter. Let w; be the eigenvalues of the stability matrix. The critical
exponents 07 are the negative of these eigenvalues. The Index I labels the critical
exponents starting with the largest real part 6y corresponding to wg. Since our model
resembles the O(N) model we define v = —wio according to the notation of critical
phenomena in O(N) models. In such models v characterises the critical exponent of
the correlation length near the critical temperature. Note that v corresponds to the
largest critical exponent #y and thus to the strongest relevant direction. The second
largest critical exponent 61 corresponds to the second smallest eigenvalue w; = w.
The results for ¥ and w can be read of from Tab.[Z2 for Np = 6.

Due to the polynomial expansion of the effective potential an error occurs. To
estimate this error we restrict ourselves to the case N, = 2. In Fig.[2the fixed-point
values of h?,m?, \o, v and w are depicted depending on Np. The results show that
these quantities vary only on a 1% level on the highest depicted Np. Nevertheless the
results for Ay vary much more at this level but are expected to converge for higher
orders of the expansion. Thus the error of the expansion of the effective potential is
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4 3D Model without Gauge Bosons

No | B2 | m?2 | x5 | | oo | e | v | w
1 | 4.496 | 0.326 | 5.099 | 0.716 | 0.142 | 0.142 | 1.132 | 0.786
2 | 3364 | 0.104 | 3.643 | 0.512 | 0.162 | 0.325 | 1.100 | 0.809

Table 4.2: Fixed-point values and critical exponents in the SYM regime for an
expansion of the effective potential up to Np = 6.

controllable. The error due to the derivative expansion is much harder to control.
Since our model resembles the O(/N) model we can compare results of this model
to our results. We are using the next to leading order derivative expansion since
we included the anomalous dimensions in our calculation. In [77] is shown that to
this order the critical exponent v of the O(NN) model differs from the best known
value only on the 3% level. Thus we expect our results to be reliable at least for
this leading critical exponent. The other critical exponents as well as the anomalous
dimensions are less well approximated.

4.3.2 Spontaneously Symmetry Broken Regime

Now we turn our attention to the regime of spontaneous symmetry breaking. Here
we expand the effective potential around a non-vanishing vacuum expectation value
ki as in Eq. [@I7). This expansion and the flow equation of the effective potential,
Eq. [@I1), provides us with the flow equation for the different coupling constants
A2, A3, . ... The flow equation for the vacuum expectation value kj can be derived by
using Eq. (322)). Furthermore we have the flow equation for the Yukawa coupling,
Eq. [@I12), and the equations for the anomalous dimensions, Eqs. (II3)-(ZI5). If
we expand the potential for example up to Np = 2 we have to solve a system of

FP F
3.7 1.2
- . 10 - n | n
3.6/ " '
0.8} * ° . *
351 0.6}
°
0.4¢f
3.4} [
L4 e o 0.2}
L4 ° ° °
3455 7" 005355 7 "

Figure 4.2: Fixed-point values for Ni, = 2 depending on Np = n. Left panel: h2
(blue dots) and A} (purple squares). Right panel: m? (red dots), v (green squares)
and w (orange diamonds).
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4.3 Fixed-Point Analysis

coupled nonlinear equations.

k(K" )‘27}12*7%7%7 nr) = 0
8t)\2("1* )‘27}12*7%7%7 nR) 0
("@* )‘27h2*777¢777L7 sy 0
77¢(’<* )‘27h2*777¢777L7 R) = 77:;5
nL(K5, A5, B2l i k) =
nr(K5, A5 R 05 mER) = MR- (4.22)

We were not able to solve this system analytically. However we studied this system
numerically as we shall discuss below. Before introducing the numerics it is necessary
to compare our system to the O(N) model.

Our model consist of N1, complex bosonic fields which can be divided into their
real parts and imaginary parts. Thus they can be described as 2Ny, real bosons.
These bosons are coupled via a Yukawa interaction to N, left-handed and one right-
handed fermion. For vanishing Yukawa coupling h = 0 the bosons and fermions
decouple and thus our system corresponds to a purely bosonic system. This is the
O(2N1,) model. This system was investigated for example in [77] and is known to
exhibit a fixed point in the spontaneous symmetry broken regime. We expect our
system to differ slightly from the behaviour of the purely bosonic model due to the
contributions of the fermionic fluctuations. As a first hint the solution of the O(2/Ny,)
model may be interesting. Thus we solve the system ([£22]) for vanishing fermionic
contributions which can be done analytically. The corresponding fixed point can
be used as a starting point for our numerical solution of the whole system (£22]).
Since we expect our system to behave similarly to the bosonic model we use the
Newton method to solve our system. As a starting point we use the fixed point of
the purely bosonic system. The solutions of the numerical calculation are given in
Tab.E3l In Fig.@3 we show the fixed-point values of x* and h%* and in Fig.l@4 for
the anomalous dimensions.

In the left panel of Fig.[Z3]lwe can see the fixed-point values of the dimensionless
vacuum expectation value depending on Ny, for our system (red dots). For compar-
ison the fixed-point values of the O(2Np,) model are given as well. Note that for

N | A o Xy | b | mk v w
3| 2.718 | 0.009 | 2.967 | 0.371 | 0.154 | 0.487 | 0.883 | 0.675
4 | 2.713 | 0.042 | 2.954 | 0.279 | 0.125 | 0.637 | 1.043 | 0.678
5 | 2519 ] 0.079 | 2717 | 0.204 | 0.100 | 0.746 | 1.124 | 0.715
10 | 1.452 | 0.256 | 1.506 | 0.075 | 0.046 | 0.913 | 1.092 | 0.872
20 | 0.739 | 0.597 | 0.752 | 0.032 | 0.022 | 0.963 | 1.043 | 0.942
50 | 0.296 | 1.612 | 0.298 | 0.012 | 0.009 | 0.986 | 1.017 | 0.978
100 | 0.148 | 3.301 | 0.149 | 0.006 | 0.004 | 0.993 | 1.008 | 0.989

Table 4.3: Fixed-point values and critical exponents in the SSB regime.

55



4 3D Model without Gauge Bosons
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Figure 4.3: Left panel: Dimensionless vacuum expectation value s* in our
U(N)L®@U(1)gr model (red dots) compared with those of the O(2Ny,) model (blue
circles). Right panel: Fixed-point values of h? depending on NT..

Ny, € {1,2} the fixed-point values of k are negative and thus unphysical. Therefore
we do not have any reliable fixed point in the case N1, € {1,2} but recall that we
have suitable fixed points in the symmetric regime. The unphysical fixed points for
N1, < 3 cause a kink of the fixed-point values for h? between Ny, = 2 and Ny, = 3.
Furthermore we see that the fixed-point values for  only differ slightly from those
of the purely bosonic model as expected.

In the left panel of Fig..0l we show the fixed-point values of 74 for our model
(red dots) and for the bosonic model (blue circles). For small Ny, they differ due to
the fermionic contributions. For large N1, both values approache each other. This is
due to the decreasing fixed-point value of h? which corresponds to a decoupling. In
the right panel the fermionic anomalous dimensions are plotted which are identical
for Ny, = 1. This corresponds to a left-right symmetry. For larger Ny, the fixed-point
values of 7R increase due to the contribution proportional to Ny, in Eq. ([{I5]).

As we did in the symmetric regime we can calculate the critical exponents. In
Fig.[Z3] the exponents v and w are plotted depending on Ny,. For comparison the
values for the O(2/NV1,) model are plotted as well. We find that the difference is

" R
0.7r e 10¢ N A
0.6 0.8} N
05t e
A
04 0.6;
A
0.3 ° 0.4} R
0.2}
¢ 02!
0.1 ° LRI
90000 ; ‘ ] ‘ * ‘ *
0.0 5 10 15 20 N 00 5 10 15 20 -

Figure 4.4: Left panel: 13 in the U(Ng,)L®U(1)r model (red dots) compared with
that of the analogous O(2Ny,) model (blue circles). Right panel: 7 (purple dia-
monds) and 7§, (green triangles) depending on N,

56



4.3 Fixed-Point Analysis

v

1.1¢f
1.0f
0.9f

0.8¢

0.7

w

o 0.95¢
0.90¢
o ° 0.85¢
0.80¢
0.75¢
0.70¢
. N|_ 065

0

‘NL

10 15 20 0

10 15 20

Figure 4.5: Critical exponents as a function of Ny, in the chiral U(Np,),®U(1)g model
(red dots) compared to those of the corresponding O(2Ny,) model (blue circles).

sizeable for small Ny,.

For large N1, however, the difference decreases. This is

caused by the fact that for large Ny, the Yukawa coupling A decreases and thus our
model resembles more and more the purely bosonic O(2Ny,) model.

In summary we have found that our model exhibits non-trivial fixed points for
various values of N, in next to leading order. For Ny, € {1,2} the fixed point lies
in the symmetric regime while it lies in the spontaneously broken regime for larger

Ni,.
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Chapter 5

4D Model including Gauge
Bosons

In this chapter we turn our attention to the four-dimensional model again. In
Chap.Bl we realised that our four-dimensional model exhibits a fixed point in the
spontaneously broken regime but only in leading order. The extension to next to
leading order was inhibited by the contributions of the Goldstone modes. We already
mentioned that these Goldstone modes do not exist in the Standard Model. They
vanish because of the Higgs mechanism explained in Sec.Z5l That is why we shall
introduce gauge bosons and investigate the effects of this extension of the model. We
determine the new flow equations and at the end of this chapter we study whether
fixed points of this new system exist which allow a construction of an asymptotic
safety scenario.

5.1 Extension of the Model

So far we have investigated the model with the truncation of Eq. (B.3]):
D= [ e [Uk(p) + Zon(8,6) (0"6%) + (2008 B05 + Zradin)
+hird v, — b o e
This system is invariant under global U(/Ny,);, ® U(1)r transformations. The group
U(NVL)L can be divided into SU(Ny, ), ® U(1).

The gauge group of the Standard Model is SU(3) x SU(2) x U(1) where the SU(3)
corresponds to the gluons, the SU(2) corresponds to the W- and Z- gauge bosons
and the U(1) corresponds to the photon. We are interested in the Higgs mechanism.
That is why we investigate the electroweak sector of the Standard Model. This
sector corresponds to SU(N)® U(1) with N = 2. In this case 2N — 1 = 3 Goldstone
modes appear. These 3 Goldstone modes are removed from the spectrum of the

theory by the N? — 1 = 3 gauge bosonsEl which acquire a mass. The gauge boson
corresponding to the abelian group U(1) (the photon) remains massless.

1SU(]V) has dimension N? — 1 and thus N? — 1 gauge bosons appear.
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5 4D Model including Gauge Bosons

In our model Ny, is arbitrary and thus can be bigger than two. As an example let
N1, = 3. In this case 2N1, — 1 = 5 Goldstone modes appear. If we introduce a local
symmetry and the corresponding gauge degrees of freedom we get NE —1 = 8 gauge
bosons. They remove the Goldstone bosons and some of them but not all acquire
a mass. Thus we have to have a look for the SU(Np,);, symmetry. We replace this
global transformation by the local variant thereof. Elements of this group can be
given as A _

U(z) = e 9@ with (i =1,..., N} —1).

Here g is the gauge coupling constant, 7" are the generators and o’ depends on the
position. The gauge field is given as W/, = 9,a’. Thus the partial derivative can be
replaced by the covariant derivative:

Oy — Dy =08, —igW,T".

The different fields (¢%, 9, ¥r and WfL) transform under the SU(Np,)y, like

" > U¢*, of = Uyf, ¢r—¢r and WT' = UWT'U " = —(9,U)U .
g
The question is how our truncation changes by switching from a global to a
local symmetry. At first we have to replace the partial derivative by the covariant
derivative. In our truncation this affects the kinetic term of the bosons and the
kinetic term of the left-handed fermions:

Zy (0,01 (0"0") = Zo((0p — igWiT ") (0, — igWiT") "),
VAN iZL,k?Z_)ﬁ(a—igWiTiWﬁ-

This covariant derivatives provide us with a Yukawa interaction between the left-
handed fermions and the gauge bosons (gZL,kzﬁﬁWiT%ﬁ). Besides including the
covariant derivatives we have to include a kinetic term for the gauge bosons. There-
fore we use the term ZTFF /i,/F MY with

Fl, = 0,W, — 0,W, + gf/MWiw}.

Here f7% are the structure constants and thus are given by [T, T7] = i fUkT*,
As explained in Eq. (ZI6) we also have to include a gauge fixing term. For the
choice of this term we recall Eq. (Z.20]) of the section about the Higgs model.

S = / ddaz[%((‘)ua)((‘)”a) - %(2)\02)02
1

1
- ZFWF’“’ + §(qv)2AHA“

1
(0um)(0¥'n) + quAro,m|.

3

The last term was the one that was eliminated in the unitary gauge in Sec.2.35l
We choose the gauge fixing term in a way that this term will be eliminated. First
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5.1 Extension of the Model

we identify the corresponding term in our model. The bosonic field ¢ of the Higgs
model corresponds to the field ¢ in our model and the gauge fields are A, and Wfl
respectively. The decomposition into the vacuum expectation value (v), the Gold-
stone mode (1) and radial mode (o) in Eq. (ZI8]) corresponds to the decomposition
in Eq. (3.I4) into ¢yey, the radial mode (A¢1) and the Goldstone modes. For explicit
explanations we use Ni, = 2 and go back to the classical action of our model. Using
the covariant derivative and the kinetic term for the gauge bosons the action reads

y o 1 .
S = [ @la[U(0) + (0,07 (00%) + PWiWS T TS + 1R

—igwﬁ(8u¢aT)Téb¢b + igWﬁ¢aTTéb(au¢b) .

The bosonic field can be separated into the vacuum expectation value (vev) and the
fluctuations around the vev:

0 1 (A¢l +iAp)
o= (,) T 75 (A ing)-
v V2 \A¢T +iAd3
Inserting this into the action and rewriting all terms gives us
1 . o
S = / ddm{ZFﬁ, + 28°0WiW) T, Ty
1
+ 5(0uAd1)" + M?(Ag)?
1
+ 5 [(0uAd1)” + (0.403)" + (9,A65)]
— oW (0, 863)(Tiy + Tiy) + iguW,(0,261) (Thy — Tiy)
— 2guW,, (9, A¢3) T3 },
with N = 2. The first line corresponds to massive gauge fields, the second to the
massive Higgs field and the third line corresponds to the massless Goldstone bosons,
see Sec.[Z8l The last two lines contain the terms we would like to eliminate. We use
G(Wﬁ) = (%Wﬁ + 2iavgTh, (AP +iA¢%) = 0 as a gauge with « as a parameter but

exclude the term with Aqb%. We refer to this gauge as R, gaugeﬁ. Thus the gauge
fixing term is given as

1 3 . 7 a . a 7 . a . a 7
% ((%Wfl + 2iavgTy, (Ad] + 1A¢2)) ((%WH — 2iavg(A¢] — iAp3) aN)
1 j j A a . i
= 5 (W) + 2007 g Ty (AGT +iAG5)(AGY — iA3) Ty
+ivg(8, W) AW (T — Tan) — v9(0u W) AGS (T + Tin)-

The last two lines cancel the unwanted terms in the action since the sign changes

2In many textbooks ¢ is used instead of a and the gauge is called R¢ gauge.
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5 4D Model including Gauge Bosons

by partial integration. Adding this gauge fixing term to the action leads us to
S = /ddx{iFﬁ,% + 202 WEWATY T2 + %(auwﬁf
+OARY + MP(Ag1)
+5 (0,801 + (0,208 + (2,203
+ 200267 Ty (MG +iA05)(Ad} — iAGh) Ty }.

The first line corresponds to the gauge bosons with the kinetic term

1 12 1 i\2 1 ) 2 1 7
TFE 4 S0 = =5 W, (a S — 0,0, (1 - —>> Wi,

a

the second line corresponds to the Higgs boson and the third line corresponds to the
Goldstone bosons. The last line vanishes in the case of Landau gauge (o« — 0). Note
that the Goldstone bosons do not vanish since this only can be observed in unitary
gauge.

Considering Eq. (Z16) we have to include one more ingredient into our trunca-
tion, namely the ghost term. The ghost fields are called ¢! and &. Thus the ghost
term reads —&' D% ¢’ with

_0GI(WP)

Dii B —0%6" — g0 W T 4 200g° Ty T3, b

Summarising all these terms we obtain the following truncation:

Iy = /ddm [Uk(l)) + Zy 1 (D' )N (D @) + i(Zp s b3 DYG + Zp 1 rPUR)

S R Zr . _. i
+ hird U] — hilf " p + T F, FM — @ DI

Z, ; . 7 a i . at
+2—§(8“W; + 2iavgTy, Ad") (9, W), — 2iavgAd TTa]\,)}

_ / 42 [U(p) + 25 1(0"0) (9,0) + i(Z0 s 908, + Znsmibim)
Zr
2
+ hird Y] — i 6 YR + Zg200° P Ty AP A" Ty
¥ Zeg(@,W5) PPRWIWE + 2 g2 ik iy

) 7 ) : .
+ W (-a%w + 0,0, (1 - 7¢>> Wi — &@Dy;c

QLR

+ Zsg*WuWigM T: 17 6
— iZygW i (0u0" )T 8" + i ZygWi ™ Tih(0,0")
+iZ50gW (0,6 Ty — ¢Z¢ngﬁT]@a(au¢a)] :
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5.2 Flow Equations

with A¢® = %(Aqb‘f + iAg¢%) excluding the term with A¢. The vacuum expecta-
tion value v is chosen to be in the Ny, direction. We use this truncation to repeat
the investigations of Chap.Bl

Before doing so we shall discuss briefly the Landau gauge and the unitary gauge.
The propagator of the Higgs boson is given by

1

AHigegs = 55—
888 2 2 ;
p°+ mHiggs

with m%{iggs proportional to Av2. The propagator of the Goldstone bosons is given
by

1

AGold = 5——5—
2 b
p? +amg g

with méold proportional to g?v?. Using the projection operators Pr and Fj, the

gauge-boson propagator is given by

Pr ol 1 pHp”
AGB=— 0 5~ o5 = a3 <5W_(1—0‘)272 :
pT+mgg PPt amgg PTGy p7+omgg

with méB proportional to g?v?. Pr and Py, are associated with the longitudinal and

the transversal modes of the gauge bosons. In the following we shall use the Landau
gauge (a — 0) since it simplifies the calculation. This corresponds to massless
Goldstone bosons. The unitary gauge on the other hand corresponds to o — oo
and thus the Goldstone modes become infinitely heavy and decouple. Including the
changes of the gauge-boson propagator in the unitary gauge corresponds to gauge
bosons which remove the Goldstone bosons from the spectrum of the theory.

5.2 Flow Equations

In this section we start with the calculation of the fluctuation matrix. Afterwards we
calculate the various flow equations. We shall see that there are new contributions
due to the gauge fields and the ghost fields. The flow equation of the gauge coupling
will not be considered. This is beyond the scope of this work. Thus we compute
the flow equations for the effective potential and the Yukawa coupling which depend
on the gauge coupling as an external parameter. The equations for the anomalous
dimensions will also depend on the gauge coupling.
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5 4D Model including Gauge Bosons

5.2.1 Fluctuation Matrix and Regulator

At first we can use the Fourier transformation as in Chap.Bl and write down the
truncation in momentum space. The result reads

d 2
o= [ atatio) + [ 52 { 22 (6t0)0t(-0) + 030)65(-0) - 20t

— ZF 11 Z . .
- ZR'(XJRJMZ)R + %W;(p) <p25wj — Pubv <a _ ¢ >> o Ez(p)pQCZ(p)

aZy
dig o o
+/ 297 PaWi@ £ (= 0) = 2009 ()T, T (@) (b — )]
d
- / (;lTidh'“ [Wr(p) (0 — )i (q) — U1 ()" (0 — Q)¥r(q)]
ddq Ta i i
+ / WZLW/JL(Z?)W (@) TyvL(p —q)
d'q ki i ; k
* / WZZFW puWo ()W (W) (—p —q)
d d?" o . .
+ / (;17?(1 / (;ZT)d%g2f]klflmzwﬂ(p)Wf(q)WL(T)W:q’(—p _q—7)

d* de . . y
+/(Qﬂgd/(gﬂgdZ¢92Wﬂ(p)Wﬁ(Q)¢aT(r)Tnggcqﬁc(—p_q_r)

+ ZyogWi(p) (pmb“T(—p)TéN —pT, fva¢“(—p))
d
+ / (;:lT?debgW/i(p) (96" (@ Tipd"(~p — 0) = 46" (—p — )Tiy6"(@)) } :

Here we neglected terms proportional to o. The first two lines contain the kinetic
terms of all fields, the third line contains interactions which include ghost fields,
the fourth line includes all Yukawa interactions and the rest represents higher order
interaction terms.

Next we have to look at the fluctuation matrix. This was a (4N, +2) x (4N, +2)
matrix in our first model, see Eq. (35). Now the matrix is a (3NZ + 4Ny, — 1) x
(3N + 4Np, — 1) matrix. It can be given as

Foior Toige Towwr Tggp Town Togn Toiw Tore Tore
Dossr Tonpe Tonur Tgppr Tooun  Dgpin Toaw Tone Tpne
Cyrgr Tyvge Twrwe Typgn Twrvn Dypgn Tuew Tyre Tye
F@L(ﬁl FJJL@ F"szL F@LTLL F@LLZJR F@L@R F7,171)’V F"ELC FJJLE
FwRqﬁl FwR P2 FIZ}RTZ}L FwRJ)L FIZ}RIZJR quRq],R FwRW Fch FTZ}RE
F@bel F"ER¢2 FJJRTZJL FJJR’J)L FJJRTJJR FTZJRTZJR F"ERW F"ERC FJ/RE
Pwe, Tweo Twyr Twyg, Twesn Twog Tww T'we Twe
Fc¢>1 chSQ Pch PCJJL chR FCQZ;R PCW Pcc FCE

Leg, Leg, Tey, P&Z;L Layg F@ZR Few Ta Ta

The relevant parts which differ from the old fluctuation matrix are given in App.Bl

64



5.2 Flow Equations

Besides the fluctuation matrix we have to look at the regulator. The old regulator
matrix, Eq. (88), has to be replaced by a bigger matrix containing the parts for the
gauge bosons (Rigp) and the ghost fields (Rkq):

Ry 0 0 0
0 —-R 0 0
0 0 0 Ria

As before, the regulators for the bosons and the fermions are given as before by

Ry = <Z¢,k5“bp2rk3(p) 0 >
0 Z 0" p?*ri5(p)
and
0 ZL7k(5ab?T7‘kF(—p) 0 0
Rup — 71,0 prie (p) 0 0 0
0 0 0 Zp o’ e (—p)
0 0 ZR kprir(p) 0

The new parts are given by

Ripg = ( 0 p25ij7°kG(p)>
—p*6"ra(p) 0
and )
p°Z ..
Ryce = Zp(p°Pr + aZs Pr)é" reae(p),
with the longitudinal and transversal projectors
LoV LoV
P TS R W e
p

These are all ingredients we need to calculate the flow equations.

5.2.2 Flow Equation of the Effective Potential

In this subsection we discuss how the flow equation of the effective potential changes
by introducing the gauge field and the ghosts. First of all we have to project our
truncation onto the potential. This can be done by expanding around constant
bosonic fields and vanishing fermionic, gauge-bosonic and ghost fields.

P, W,c=0
¢p=const

1 O R
6(0)0,Ux, = 0T'| y,wie=o = 5STr (%tfk
¢p=const 2 Fk + Rk

Using this projection the fluctuation matrix becomes block diagonal. Thus the
bosonic part, the fermionic part, the gauge bosonic part and the ghost part can be
calculated separately. Since we use the Landau gauge (o = 0) the bosonic part and
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5 4D Model including Gauge Bosons

U= - - 1) {

Figure 5.1: Ghost contributions to the flow equation of the effective potential.

the fermionic part do not change. The ghost part can be computed very easily and
reads

d 7"
o=t 4

with Pg(p) = p*(1 + rg). This corresponds to the graph in Fig.511
The gauge-boson part is not that trivial. So let us do it step by step. Due to
the gauge bosons F,(f) + Ry is now given by

TP + R

. 7 S
— §u KZFpQPT + f;ﬂ&) (14 7rgB) + Zsg?0" ¢*{T*, Tﬂ}amb] 5(p—q)

N?2—1
5 Z S j
| (zerpes ) ey 7 3 iy s 0
A=1

Here we diagonalised the matrix Z¢g2¢“T{Ti,T IV p#®. Since Py, Pr and Py are
projectors we can write down the inverse as

((ri” TR

5(p—q ZP”

1 - 1
Z 1 7z 2
rp?(1 +rgp) +m? “2p*(1 +rgB) +m3

Using Trpy Pr = d—1,Tr,, P, = 1 and Trl-jPIZj = 1 we get the gauge bosonic part of
the flow equation of the effective potential as

1 —1)04(Z ) O (_Zd)pQTGB)
T o

(U s / 7 Z i (Zrp*ras _ -
ZFP (1+raB) +m% “2p%(1 4+ rgp) + m3

The graphical interpretation of this equation is given in Fig.[5.2l Here we combined
all longitudinal and transversal modes of all gauge bosons in one loop diagram.
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5.2 Flow Equations

Altogether we have the following flow equation for the effective potential:

U U+ 200"
— d2 INT — 1 d k d k k
atUk’ Udk ( L )ZO Z¢k2 + lO Z¢k2

ph? ph;
- dwvdde [(NL - 1)léi)d(0) + léi)d <kQZLkZR> * l(()%)d </€QZLsz

1 1\ % (ZrpPra(p) o Zyp*rae(p))
"2 EA:/ [(d D ZvPer(p) + m%  ZyPcer(p) + amj]

dip p*Ore(p)
ooy [ e

We introduced Pg = p?(1 + rg) and Pgp = p?(1 + rgg). Rewriting this equation
by using the threshold functions as defined in App.[Cl leads to

U, U, + 2pU;
_d ~1yd k d( Yk k
O Uy =vgk™2 [(QNL 1)1 < Z¢k2> +1§ ( AE ﬂ

4 (F)d (F)d phk (F)d phk
— dyvgk2 [(NL — 1)l (0) + oy, <k‘22LZR> + loR <k;2ZLZR>}

2 2
d (GB)d [ Ty (GB)d [ amy
+ 2ugk §A [(d — Dlgy < ZFk2> +lor <Z¢k2>]

— dvgk® (NE = 1) 189(0).
The last step is to introduce dimensionless quantities and use the specific regulators

as discussed in App.[dl Using the dimensionless quantities

kd_4h2 ~ 3 ~ m2 ~ 2
k ip = Uk ™, m4=—A4 2 9

ddp
(2m)d

p=Zsk* U, hi=

the flow equation for the effective potential reads:

Opuy, = — duy, + puy(d — 2 + 1)
dvg [2NL, — 1 1
+2[L7,<1_ L >+ R <1_77_¢>
d | 1+u, d+2 1+ uy, + 2pu;, d+2
L 1 IR dv
—d, (1- Np—1) 4+ ——— 1-
V( d+1> <( e +1+ﬁh§>+< d+1>1+ﬁh§}

)
+4vdz (d—l)@+< _77_¢> —%(NQ—l) (5.2)
] : ; & . .

d

Figure 5.2: Gauge boson contributions to the flow equation of the effective potential.
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Figure 5.3: New contributions to the flow equation of the Yukawa coupling.

5.2.3 Flow Equation of the Yukawa Coupling

Next we derive the flow equation for the Yukawa coupling. Therefore we start as in
Chap.Blby dividing our bosonic field into vacuum expectation value and fluctuations.
This time we choose the vacuum expectation value to be in the Nj, direction and
call it v:

o1 (p) + ipy(p) 0 A¢i(p) +iApy(p)
_ 1| g riese) | ||, 1| Adip) +iAgi(p)
é(p) = 7 : =1, (p) + 7 :
Y (p) + iy (p) v A¢™ (p) +iAgy™ (p)

(5.3)
We are again interested in the Yukawa coupling between the radial mode A(biv L and
the fermions. Thus the projection onto the coupling constant hj can be given as

5 ﬁ?F?

5UN (p) 600 () " GUR() [p=pomtvmcco

= —hy0(0).

Now we can go on as in our first model by dividing I‘,(f) + Ry into the propagator
part and the fluctuation part. Expanding the logarithm as in Eq. (8I5) only the
third power survives and thus we get

5(0)0hy = —

NI S Ar® )3 5
)

— — STr |0, .
6 (WI]JVL (p) 02 (p') t ((F;(g%) + Ry oYr(q) Y=Ad=W—c=0
p'=p=q=

The matrix calculations are tedious again but straightforward. The result shows
that the old contributions remain unchanged and an additional term occurs. This
new term corresponds to the graph in Fig.[5.3l The flow equation reads
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5.2 Flow Equations

_ d% =~
8thk - — / Watx
[ vh3 < vU"” 30U + 2030 >

ZLZg Pr(p) + v2h2 \(ZyP(p) + U2~ (Z4P(p) + U’ + 202U")2

’U2}_15 1 1
Z1,Zr Pr(p) + 212}32)2 Z¢P(p) + U’ Z¢P(p) + U + 2020

"

+h3 1 1
_ 2 _ _
ZLZRPF(p) + v2h?2 <Z¢P(p) + U’ Z¢P(p) + U+ 22)2U”>

b 2421 Zrg??d, (1 4 re) Tae Ty (d— 1)

S A
2 2 (ZyP + U')(Z1,Zr Pe + v2h269N) Zyp Pop + m2

Using the threshold functions defined in App.[Cl and the dimensionless quantities of
Eq. (&10) we get
Orhj, =g +nL +1r +d— 4)h2 — dvghi x

(20 o il 5

kvev

72 ~1
ﬁkhk? ukvev)

(6 ey ity + AT e K (113 Wy + 2oy i)

kvev
FB)d Py ~
+l§71 ) (kih2, Wypyey)

kvev
(FB)d, . 72 ~/ 11
- ll,l ("ikh s Uyey T 2ukvevﬁk)

— 2:‘1k ilzléiB)d ("ik FL% ) ﬂ’;fvev)

+ ZﬂkﬁzlgiB)d(ﬂkﬁ27ﬂ;fvev + 2ﬂ’/k,vev"ik)]
YN P T Tin (d — 1)8ugm TP (@, wh36eN m2),  (5.4)
a=1 =1

where we used xk = p(p = v?). We use this flow equation for our fixed-point analysis
in the subsequent section.

5.2.4 Anomalous Dimensions

Finally we have to derive the equations for the anomalous dimensions. We start with
the bosonic anomalous dimension. The projection onto the wave-function renormal-
isation is given by

2
0 5 5 -1 - [ ar®
5(0)0,Zy = —STr |0, | ———F— ,
0% = gy snew) ono@) 40 | P\ T84 7 | |[socsowoco

p'=q'=0

where we divided the bosonic field as in Eq. (23] into its vacuum expectation value
and the fluctuations. We also expanded the logarithm and this time the second
power is the only one which survives the projection. The matrix calculation is
straightforward and the only thing we have to care about are the momenta as in
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Figure 5.4: New contributions to the bosonic anomalous dimension.

Eq. (3I8]). A calculation similar to that of Subsec.B.24] leads to the bosonic part
and the fermionic part as in our first model and contains a gauge bosonic part which
reads

1

TR L R 2§NZ‘T 2d
t29.k)GB — d (27T)d t — Na a Z PB+U,)(ZFPGB+mZ2)
12p° Z % P 12425 (2 Ps) (3% Pan)

T ZoPs + U (ZrPan + m2?  (ZoPs + U2 (Zr Pap + m2)?

This new contribution can be interpreted graphically as in Fig.[(54l Introducing
the threshold functions defined in App.[(] and switching to dimensionless quantities
leads to

4
n Ud(18~”2/€k 24" ///Kk+8u///2 3)md22(ﬂ/ Qﬂk"a”)
2N1, — 1)8v
M

7 Kl my (@)

8vdd ~ 8vdd ~
=i (i) — = wchigml (i)
811 N N2-1
I
Na
a=1 =1
[dl&ﬁGB> (@, m?) +3m{y <u’,m%>—miBGB>d<a',m%>]. (5.5)

The calculation for the anomalous dimension of the left-handed fermion can be
performed along the lines to the one for our first model. We split the bosonic field
into the vacuum expectation value and fluctuations. The projection then reads

1 P [ Aat® \| 5
5(0)0, 21, = ——try— 2 STy |9 k ,
t 4dd7 “8]9@ 51/J£V(p') K FI(<:2O) + Ry, 5¢£\7(q,) A¢:/¢,:‘;v:05:0
p :q =

where we expanded the logarithm and only keep the second order since all other
orders do not survive the projection. The matrix calculation is straightforward and
the momenta have to be treated as in our first model. We find the same terms as in
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Figure 5.5: Gauge-bosonic contributions to the equation for the left-handed
fermionic anomalous dimension.

Chap.Bl and one additional term for the gauge bosons. This new part reads

dd
(atZL,k)GB :/ P pzat

(2m)d
N N2-1
Zr(1 +rp) ZFa Pep
~2d., 7% g T T P
LY ; ; aN“Na gz 7. PF—|—5an2h2 (Zp Pap + m?)?

This can be interpreted graphically as shown in Fig.[5.5l The threshold functions and
the dimensionless quantities enable us to write this equation in a compact notation:

&, -
L = ddh2 [ (FB)d (hkmk,u'+2ﬁku')+m§2 ) (h2 Ky, @i )]
N N2-1
— 8uady Y N7 T Tl P (6N h n?). (5.6)
a=1 i=1

Since the right-handed fermions do not couple to the gauge bosons the equation
for the right-handed anomalous dimension does not change:

8v
th[ (FB)(

IR = d hk’{k’ ukvev + QKkukvev) + mg2 )2 (hk’{k’ ukvev)

FB)d
+2(Ne = Dm0, 1)) (5.7)
Thus we are equipped with all equations we need to turn to the analysis of possible
fixed points.

5.3 Fixed-Point Analysis for N; = 2

The flow equations are much more involved compared to Chap.Bl Thus we are not
able to solve the equations analytically. The numerical method requires a suitable
starting point. There was no acceptable fixed point in the system without gauge
bosons in the symmetric regime which we could use as a starting point. Therefore
we restrict ourselves to the regime of spontaneous symmetry breaking for the in-
vestigations in this section. We can use the flow equation of the effective potential,
Eq. (52), to derive the flow equations for the vacuum expectation value kj and the
bosonic self-interactions A;. Together with the flow equation for the Yukawa cou-
pling, Eq. (54]), and the equations for the anomalous dimensions, Eqs. (5.0, (5.6
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Figure 5.6: Fixed-point values of h?, kj; and A depending on the gauge coupling g?
which is used as an external parameter.

and (B.7), we get a large system of coupled nonlinear equations. Nevertheless a
numerical solution of the system is possible. We shall use the leading order fixed
points of Chap.[3 as a starting point for the Newton method.

A detailed analysis of the fixed-point structure is beyond the scope of this work
and thus we concentrate on the special case N1, = 2. Therefore our model includes
three Goldstone bosons which are removed from the spectrum of the theory by
three gauge bosons. These three gauge bosons acquire a mass. We start with an
investigation of the leading order derivative expansion. Truncating our polynomial
expansion of the effective potential at Ay leads to the following nonlinear system of
equations:

5h - 8th2(h27"1k7)‘7g2) =0
5!6 - at"ik(hza"ikn)‘agz) - 0
/8)\ = 8t>\(h27’%k7)‘7g2) =0.

Here the gauge coupling g? serves as another external parameter, besides Ny, which
has to be chosen by hand. For ¢ = 0 this is the system of Chap.Bland the results are
the same. There was exactly one fixed point for N;, = 2. Varying the gauge coupling
g% leads to a changed fixed point as depicted in Fig.[5.6l One can see that the very
high fixed-point value of h? which was caused by the Goldstone contributions is
lowered by the gauge boson contributions. This helps us to get a fixed point in next
to leading order which was not possible up to now.

We use the leading order fixed-point values which depend on g2 as a starting point
and use the Newton method. The results for h2, x and X of the full system including

h? X A
350 - %,
300 015 - 100 *
250 . 80 ‘.
200 0.10 ., 0
150 40 .'o
100 0.05 ‘-.,'\
50 20
| ¢ A ¢ o
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50

Figure 5.7: Fixed-point values of k%, kj, and A\ depending on the gauge coupling ¢2,
used as an external parameter, in next to leading order.
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5.3 Fixed-Point Analysis for N, = 2

Figure 5.8: Fixed-point values of h?, xj;, and A depending on the gauge coupling ¢?
which is used as an external parameter.

the anomalous dimensions 74, 1, and nr and neglecting np are given in Fig.[5.7l The
corresponding values of the anomalous dimensions are depicted in Fig.[5.8l Note that
the value of the anomalous dimension of the right-handed fermions nr is two orders
of magnitude smaller than the value of Chap.[] (see Fig.[3.9). The fixed-point values
marked by red squares can be obtained as follows: One starts with the leading order
fixed point for g2 = 20 and the result of the Newton method is the next to leading
order fixed point for g = 20. This one can be used as a new starting point with
a slightly changed value of ¢ and so on. Iterating this procedure provides us with
the fixed points depicted in Fig.[51 (red squares). The fixed points marked by the
blue circles result by the same procedure with the leading order starting point at
25 < g% < 32 or g? = 41.

Using these fixed-point values we can calculate the critical exponents along the
line to Chap.Bl The results for the blue labelled fixed points for 25 < ¢ < 50 are
depicted in Fig.[5.91 Note that there is only one positive critical exponent corre-
sponding to one relevant direction. Thus our system again is predictive. We can
construct an asymptotic safety scenario which solves the triviality problem by con-
struction. For some values of ¢ also the hierarchy problem is weakened since the
largest critical exponent is smaller than two.

01 6>
22 . ¢ b3
. 30 35 40 45. - 50
20} -, . -1 -6.0
18t - N -2 N
16 . -3 K -6.5
-4
14 2

_5f .°
L L3 L " " 2 .
I~ 20 3 40 45 509 -6

30 .3 40 45 509

Figure 5.9: Critical exponents §/ depending on the external parameter ¢.
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Chapter 6

Conclusion and Outlook

We have studied three different Yukawa models with the aid of the Wetterich equa-
tion. This work is based on a work about simple Yukawa systems [26]. The model
containing one real bosonic field and one left-handed and one right-handed fermion,
was extended by replacing the real bosonic field by a Np-component, complex
bosonic field. Furthermore the left-handed fermion was replaced by a Np-component,
left-handed fermion. The following left-right asymmetry allowed a balancing of
bosonic and fermion contributions to the flow equations. This system can be seen
as a toy model which mimics the Higgs sector of the Standard Model.

This toy model was investigated in leading order derivative expansion. In the
symmetric regime there was no reliable fixed point. Nevertheless there were fixed
points in the spontaneously symmetry broken regime. We found one reliable fixed
point for Ny, < 4. For 3 < Ny, < 30 there was a second fixed point besides the one
which already exists for Ny, < 4. For Ni, > 29 there was either one or none fixed
point. The calculation of the critical exponents showed that there are two positive
critical exponents for the fixed point which already exists for Ny, < 4. These critical
exponents correspond to two relevant directions. The other fixed point only has
one positive critical exponent and thus only one relevant direction. We constructed
an asymptotic safety scenario with one relevant and two irrelevant directions for
N1, = 10 as an example. The corresponding fixed point is stable under extension
of the effective potential to higher orders in the polynomial expansion. Fixing the
vacuum expectation value of the bosonic field to v = 246GeV provided us with
predictions for the top mass (Mo, = 5.78v) and the Higgs mass (myiggs = 0.97v) of
our toy model. In next to leading order we were not able to find fixed points. There
are contributions of the Goldstone bosons to the flow equations which prevent the
extension to next to leading order. Nevertheless the balancing due to the left-right
asymmetry worked. Furthermore Goldstone bosons are not included in the Standard
Model Higgs sector. They are typical for our toy model. This ”failure” might be
circumvented by including gauge degrees of freedom.

Our model not only resembles the Standard Model Higgs sector but also has
similarities with three-dimensional models like the Nambu-Jona-Lasinio model. We
investigated the U(Np)r, ® U(1)r ® P ® C ® T symmetry in three dimensions and
classified all possible four-fermion-interaction terms. We found that there are one
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6 Conclusion and Outlook

scalar condensation channel, two pseudo-scalar channels, two vector-boson channels
and one pseudo-vector-boson channel. The scalar channel is similar to the Standard
Model Higgs scalar. Thus the three-dimensional model is connected to the previous
Standard Model like system by Hubbard-Stratonovich transformation. Nevertheless
the fixed-point behaviour of this system is totally different from the four-dimensional
model. This time there is a next to leading order fixed point in the symmetric
regime for Ny, € {1,2}. Furthermore we found fixed points for N;, > 2 in the
spontaneously symmetry broken regime. As in the four-dimensional model the fixed
points are stable under extension of the effective potential to higher orders in the
polynomial expansion. The model exhibits a second order phase transition from the
symmetric to the spontaneously symmetry broken phase similar to the well known
phase transition of the Nambu-Jona-Lasinio model. The critical behaviour at this
phase transition is characterised by the critical exponents. The results show that
the critical exponents are comparable with those of the O(2/V,) model. This model
corresponds to our model with vanishing Yukawa coupling. The difference of the
critical exponents due to the fermionic contributions is rather small.

After this short side trip to the three-dimensional fermionic models we turned
our attention back to the toy model which mimics the Higgs sector of the Stan-
dard Model. Since the Goldstone bosons prevented an asymptotic safety scenario
in next to leading order derivative expansion we included gauge fields in our model.
These new fields should remove the troublesome Goldstone bosons from the spec-
trum of the theory. We derived the flow equations and restricted ourselves to the
spontaneously symmetry broken regime. Increasing the gauge coupling g as an ex-
ternal parameter leads to a decreasing of the troublesome, high fixed-point value of
the Yukawa coupling in leading order derivative expansion. This enabled us to use
the Newton method and find two different types of fixed points in next to leading
order. For 25 < g% < 50 the critical exponents of one type of fixed points corre-
sponds to one relevant and otherwise irrelevant directions. Thus we can construct
an asymptotic safety scenario which solves the triviality problem by construction.
The hierarchy problem is weakened for those ¢? values where the highest critical
exponent is smaller than two. Furthermore the theory is predictive since there is
only one physical parameter which has to be fixed by experiment, namely the one
which corresponds to the relevant direction.

Nevertheless there are still some unresolved questions which should be considered
in future work. First of all the stability of the fixed points during the extension of the
effective potential to higher orders of polynomial expansion should be investigated.
Also the dependence of the fixed points on the number of left-handed fermions should
be studied. The anomalous dimension of the right-handed fermion is larger than one
(nr ~ 5). It is not clear if this is special for our model or a problem of principle and
should be considered in future work. Furthermore predictions of the theory for the
Higgs mass should be calculated and compared to the results of the four-dimensional
model without gauge bosons.
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Appendix A

Fluctuation Matrix

The different parts of the fluctuation matrix read (primes denote p derivatives)
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Appendix B

Extended Fluctuation Matrix

The relevant parts of the extended fluctuation matrix which differ from the old one
read

<_

F -
36¢(—p)” "5k (q)
+ 2516205 (p — q) + / dlze™ P[50 UL + Ul o3 ()¢ (2)],

5 5

Tor2)ab = 5%1(_]9)% 5 ¢g(q):(r¢2¢1)“"

= Z¢0‘U2925(p - Q)(TJi\/aTgN + T]i\be;N)

(Lpy1 )ab

= / daU} ™ P ¢4 (2)¢h () — iZyav?g*6(p — @) (ThaTin — ThnTin),
T — r - 5
92020 305(—p) "ok (q)

L Zsq? 65 (p — q) + / @™ 50 4 UL g3 ()6 ()],

= Z¢a”2925(1’ — Q) (TxaTin + ThnTun)

r N Z , .
p. = — __¢ P _ 7 _m
Z , .
+%29 [(q” —2p°) 50" (p — @) + (20° — ¢*) " (p — q)Tzfa] :
r v 7z . .
Tyw)’ = r i Z2%00¢P5(p — ¢) (T, + T
( ¢2W)az 5525%(_]9) kéW,’,(q) Z\/ivgq (p Q) ( Na T aN)
YA . .
+%(2p” —q") [Tébqbb(p —q)+ 6" (p— q)Tzfa] :

79
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Appendix C

Threshold Functions

For a compact notation we use the so-called threshold functions.

see [311 37, B9]. We use Pg(p) = p*(1 + ris(p)),

Pr(p)

= p*(1 + e (p))?

For comparison
and

~ b= 2d+174/21°(d/2). For the calculation of the flow equations, we use the following

threshold integrals:

I (w)

F)d
1R (@)

lgi)f(wl, ws)

FB
lgl,n)%m (w1, w2, ws)

G
lizTB)d(w)
GB)d
LGP

w)

l(G)d(w)

n

n +45n,0 o1 p2n—d

/ @ljr];d )

[(%@Rk@)) (Pa(p) + k)0

n + 00 ~1}.2n—d
2

/ @ljr];d )

[ Pr(p) ( 1
L4+ 7rpp) \ZLk
1 _1k2 ni+n2)—d ddp
R 2m)d
~ 1
O

k2(n1 +no+ns3)—d
X
42),1 / (27‘(’)

1

O

(Pe(p) + k2w1)™ (Pa(p) + k?w2)"2(Ps(p) + k2ws)ms’

dlp  7=0i (Zrp*ricn)

n 4 6™ j2n—d /
47)d (
n+ 6"

2m)4 (Pap(p) + wk2)" T

dp

Z%b@t (Zyp*rraB)

0 ond
ke
dvg /(
n+ 0"

2m)4 (Pagp(p) + wk2)"

d'p  8y(p’rrc(p))

Oan—d/(

81

47)d

2m)? (Pa(p) +wk?)™



C Threshold Functions
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Here @ only acts on the regulator Ry, (neither rig nor rxr). For explicit calculations
we use the following bosonic regulator:

riB(p) = <g—1>9<1—2—2>7

where 6 is the Heviside function. The fermionic regulator is determined by

(14 rk(p)) = (1 + r4r(p))*.

In [43] is shown, that these regulators are optimal in the sense that they maximise
the gap C' in

(T2 — 2
;I%%(Fk + Ry) = Ck” > 0.

For the ghost regulator and the gauge bosonic regulator we choose rrgp(p) =
rkc(p) = rgs(p). Using this and analytically perform the integrals we end up with
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the following threshold functions:
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