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Zusammenfassung

Viele physikalische Phanomene kénnen durch partielle Differenzialgleichungen beschrieben
werden. Dies fithrt haufig auf Euler-Gleichungen fiir bestimmte Variationsprobleme der
folgenden Art: Gesucht ist das Extremum eines Funktionals der Form

ou ou
F —. x| dQ d —
/Q (u, agcj,:vj) d +/r (u, axj,:vj) dry

in einer Klasse von Funktionen, wobei I' der Rand des Gebiets 2 C R" ist.
In den 1930er Jahren beschaftigte sich Sobolev mit dem Variationsproblem in einer

Klasse von Funktionenrdaumen W;, die nach ihm benannt wurden [37]. Die Elemente
von WJ(R") sind Funktionen f € L,(R") mit der endlichen Norm

LFIWE®RY( =Y |D*fIL,(R™)],
lal<k

wobel a
Daf o a f

=
Ozt ... 0x¢

schwache Ableitungen von f der Ordnung |a| = oy + ...+, sind und D°f = f gesetzt
wird. Der Sobolevsche Einbettungssatz besagt, dass alle Funktionen aus ij mit kp > n
stetig sind (nach Modifikation auf einer Menge vom Mafi Null). Ist kp < n, dann
gehoren die Funktionen aus WIf zu L, fir bestimmte ¢ > p.

Satz 0.1 (Sobolevscher Einbettungssatz). Es sei k € Ng und 1 < p < c0.
(a) Wenn kp > n gilt, dann ist WF(R") — C(R").
(b) Wenn kp =n gilt, dann ist W) (R") < Le(R") fiir p < ¢ < oco.

(¢c) Wenn kp < n gilt, dann ist W} (R") < Lg(R") fir p < ¢ < e

Die Funktionenrdume W (R") bilden eine diskrete Familie in Bezug auf den Parameter
k, (k =0,1,2...). Die Verallgemeinerung von Sobolev Rédumen sind Bessel-Potential-
Réume H3(R"), wobei der Glattheitsparameter s eine beliebige positive Zahl ist. Eine
Funktion f ist in H;(R"), s > 0, 1 < p < oo, falls eine Funktion g € L,(R") existiert,
so dass f = G, x g f.4. in R™ ist. Hierbei ist G5 der Besselkern in R™ und * bezeichnet

il
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die Faltung. Die Norm von f = G, * g ist durch || f|H;(R")|| = [|g|L,(R")|| gegeben.
Die Rdume H heiflen ”Sobolevsche Raume gebrochener Ordnung”, wobei HZ’f(R”) =
WFR") fiir 1 < p < oo und k € N ist.

Wir kénnen den Sobolevsche Einbettungssatz verallgemeinern, indem wir die Spur
von WF(R™) auf R™ mit 1 < m < n betrachten.

Satz 0.2 (Sobolevscher Einbettungssatz). Es sei k € Ny, 1 < p < oo und m € N mit
n—kp<m<n.

(a) Wenn kp =n gilt, dann ist Wlﬁ“(R”) — L,(R™) firp < q < 0.

(b) Wenn kp < n gilt, dann ist WF(R") < Ly(R™) fir p < q <

mp
n—kp’

Hierbei stimmt der Spurraum aus Satz 0.2 nicht mit dem gesamten Raum L,(R™)
iberein. Um die Spurrdume von ij (R™) zu bestimmen, benotigt man neue Funktio-
nenrdume, n > m. Hierzu wurden Besovraume B; (R") eingefiihrt. Eine Funktion f

gehort zu B;q(R”) mit 0<k<s<k+1,1<p,q< oo, falls

; 1/q
A2DIfIL (R™)||2
1A1Bs, R = 3 1D FIL, R + S (/R ” h‘h|f+|(sp£)q )l dh) < .

|la|<k li[=F
Die Spursétze konnen nunmehr folgendermaflen formuliert werden.

Satz 0.3. FEs sez’t:s—%>0, 1<p,g<oo0undl <m<n. Dann ist
By (R")[gm = B;q(]Rm). (1)

Die Interpretation der Gleichung (1) ist wie folgt: Ist f € By (R"), dann existiert die
Spur von f auf R™, bezeichnet als tr f oder f|gm f.ii. auf R™ und sie gehért zu B}, (R™).
Der Spuroperator ist stetig und fiir f € B} (R™) gibt es eine Funktion ext f € B} (R"),
so dass ext f|gm = f ist. Der Fortsetzungsoperator ist ein linearer, stetiger Operator.

Satz 0.4. Esseitzs—%>0,1<p<oound1§m<n. Dann ist
H: (R")lan = BL,(R™). @)

Da HF(R") = WF(R") fiir k € Ng und 1 < p < oo ist, erhalten wir als Folgerung von
Satz 0.4 die Antwort fiir die von Sobolev diskutierte Frage iiber die Spur von W} (R")
auf einer glatten m-dimensionalen Mannigfaltigkeit.

Folgerung 0.5. Es seit =k — ";m >0, keN, 1<p<ooundl <m <n. Dann ist

W (R [ = BL(R™). (3)

v
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Die Gleichungen (2) und (3) haben die gleiche Interpretation wie (1).

In der vorliegenden Arbeit sind wir an Spuren von Besovraumen auf so-genannten
d-Mengen interessiert. Unter einer d-Menge, 0 < d < n, verstehen wir eine kompakte
Menge I' C R”, so dass eine Radon Maf§ g in R™ mit

suppp =T and p(B(y,r) ~r? ~vel, 0<r<1

existiert, wobei B(v,r) eine Kugel im R™ mit dem Mittelpunkt v und dem Radius r
ist. Ubliche Beispiele von fraktalen d-Mengen sind die Cantor-Menge, die Kochsche
Schneeflocke und das Sierpinski-Dreieck.

Der Besovraum Bj (I, 1), s > 0, 1 < p < 00, 0 < ¢ < oo auf der d-Menge I lsst sich

s n=d
als Spurraum von Bp;r P (R™),

n—d

s s+ n
qu(rﬂu’) - tr# qu (R )7

definieren. Funktionen in Funktionenraumen sind normalerweise nur fast iiberall definiert.
Im Kapitel 3 erklaren wir, was die Spur einer Funktion auf einer d-Menge bedeutet,
0 < d < n, wobei die Menge I' das n-dimensionale Lebesgue-Mass Null hat. Wir erhalten
auch eine Charakterisierung von By (T, 1) durch einen neuen Typ von (s, p, 0)-Atomen.

Einige Besovraume auf dem Einheitsintervall konnen mittels Faber-Schauder-Basen
beschrieben werden [48]. Im Kapitel 4 suchen wir nach ihrer Entsprechung fiir d-
Mengen I'. Deshalb miissen wir eine Darstellung der Funktionen in Faber-Schauder-
Basen finden, die auf andere Mengen tibertragen werden kann. Zu diesem Zweck be-
nutzen wir Dirichlet-Formen [23, 39]. Man kann harmonische Funktionen auf I' mit
gegebenen Randwerten als eindeutig bestimmte Funktionen definieren, die €(f) min-
imieren. Analog konnen wir stiickweise harmonische Funktionen definieren. Diese Funk-
tionen konnen als Analogon der Faber-Schauder-Basen aufgefasst werden. Sie erlauben
f € B,,(I',p) in Bezug auf die Entwicklungskoeffizienten einer stiickweisen harmonis-
chen Basis zu charakterisieren. Unser Beweis basiert auf der atomaren Zerlegung von
Besovraumen. Ein édhnliches Ergebnis wird auch in [32] présentiert, wobei die durch
Strichartz eingefiihrte harmonische Darstellung von Lipschitz Raumen (Ag’q)(l) (I') be-
nutzt wird. Es wurde in [3] gezeigt, dass (A?9)") () mit Lip(a/ag,p,q,T') iiberein-
stimmt, falls I' ein nested Fraktal ist. Auch auf diese Weise kann man die harmonische
Darstellung von Besovraumen beweisen.

Manche Fraktale, die wir spater selbstahnliche Kurven nennen, sind homéomorph zum
Einheitsintervall I = [0, 1]. Das erlaubt Besov-Typ-Réume B (K, ) als

B (K, u)={foH":feB,()}=B,1)oH"

zu definieren. Dabei ist
H: 1=K

eine hom6omorphe Abbildung. Im Kapitel 5 studieren wir folgende Probleme:

e Wie hingen die Funktionenrdume B, (K, u) und B, (K, i) zusammen?
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e Wie kann man B; (K, i) durch Wavelets charakterisieren?
e Welcher Isomorphismus wird durch die Wavelet Darstellung erzeugt?

Die Grundidee ist, die Abbildung H zu verwenden, um orthogonale Wavelet Basen von
R"™ auf K zu tibertragen. In unserer Argumentation ist die Koch-Kurve ein grundlegen-
des Beispiel, obwohl alle unsere Schlussfolgerungen fiir jede selbstahnliche Kurve richtig
bleiben.

Kapitel 6 bezieht sich auf Besovraume auf der geschlossenen Schneeflocke. Die Haupteigen-
schaft dieser Menge ist, dass sie nicht selbstahnlich ist, aber aus drei selbstahnlichen
Koch-Kurven zusammengesetzt werden kann.

Es gibt d-Mengen, die zum Einheitswiirfel [0, 1]™ homéomorph sind, und die man als
ein kartesisches Produkt von bizarren fraktalen Kurven erhalten kann. In Kapitel 7
beschreiben wir die Verbindung zwischen isotropen Besovraumen auf solchen Mengen
und anisotropen Besovraumen auf [0, 1]".

vi



Introduction

Many physical phenomena can be described by partial differential equations. These
equations often appear as the Euler equations for certain variational problems. Then
the boundary value problem can be reduced to the problem of finding the extremum in
some class of functions of a functional of the form

ou ou
FluZ ) a0 & (u 2L 1) d
/Q (“a) +/F (“a) T

where I' is the boundary of the domain 2 C R".

In 1930s Sobolev considered the variational problem on the class of functions sz‘,
which is named after him, see [37]. The elements of W}(R") are functions f € L,(R")
with the finite norm

LFIWERD =D 1D fILy (R,
lor| <k
where a
o f

DYf = ———
/ dz{' ... 0x"
are distributional derivatives of f of order || = ay + ...+ ay,, and D°f = f. Sobolev’s
embedding theorem states that if kp > n, then W]ﬁ“ consists of continuous functions
(after modification on a set of measure zero), and if kp < n, then the functions in W]f
belong to L, for a certain ¢ > p.

Theorem 0.1 (Sobolev’s embedding theorem). Let k € Ny and 1 < p < oc.
(a) If kp > n, then WF(R") — C(R").
(b) If kp =n, then WF(R™) < Ly(R"), for p < ¢ < cc.

(c) If kp < n, then W]f(R”) — Ly(R"™), forp<q< nf—’;p.

Function spaces W;(R") form the discrete family with respect to parameter k, (k =
0,1,2...). The generalization of Sobolev spaces are Bessel potential spaces H;(R”),
where the smoothness parameter s is any positive real number. A function f € H;(R"),
s >0, 1 <p < oo, if there is a function g € L,(R") such that f = G5 * g a.e. in R",
where GG, stands for the Bessel kernel in R™ and % denotes convolution. The norm of

vil
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f = G xgis given by | f|H (R")|| = |lg|L,(R")||. H are called "fractional Sobolev
spaces”, since HY(R") = W (R") for 1 < p < oo and k € N.

We may generalize the Sobolev’s embedding theorem by considering the trace of
W}FR") to R™ with 1 <m < n.

Theorem 0.2 (Sobolev’s embedding theorem, cont.). Let k € Ny, 1 < p < oo and
m € N satisfying n — kp <m < n.

(a) If kp = n, then WJ(R™) < Ly(R™), for p < ¢ < oco.

(b) If kp < n, then WF(R™) < Ly(R™), for p < ¢ < &

n—kp "’

We do not get the whole spaces L,(R™) as the trace space in Theorem 0.2. This reveals
the need of new function spaces which are the trace spaces to R™ of W} (R"), n > m.
This resulted in the definition of the Besov spaces B; (R"). A function f € B, (R")
with0<k<s<k+1,1<pqg<oo,if

~ 1/q
A2DIfIL (R™)||¢
1B R = 3 1D 1L, R + 3 ( = h|h|ﬂ(f£)q 2 dh) <

lo| <k lji|=Fk
Then the trace theorems can be stated in the following way.

Theorem 0.3. Lett = s — ”;m >0,1<p,g<ocandl <m<n. Then

B2, (R")|gm = B, (R™). (4)

The interpretation of the equality (4) is as follows: if f € By (R"), then the restriction
of f to R™, denoted by tr f or f|gm, exists a.e. on R™ and belongs to B} (R™) and
the restriction operator is continuous, and if f € B} (R™), then there is a function
ext f € By (R") such that ext flg= = f, and the extension is given by a linear and
continuous operator. We will discuss later how to define the restriction of f.

Theorem 0.4. Lettzs—% >0,1<p<oocandl <m<n. Then
H3(R™) | = B, (R™). (5)

Since HF(R") = WF(R") for k € Ny and 1 < p < 00, as the corollary of Theorem 0.4
we get the answer to the question raised by Sobolev about the trace of W} (R") on a
smooth m-dimensional manifold.

Corollary 0.5. Lett:k—%>0,kz€N,1<p<oocmd1§m<n. Then

WE (R [gm = B, (R™). (6)

viil
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The equalities (5) and (6) have the same interpretation as (4).

In the present work we are interested in the traces of Besov spaces on the so-called
d-sets. By a d-set, 0 < d < n, we mean a compact set [' C R" such that there is a Radon
measure j in R™ with

suppp =1 and pw(B(y,7)) ~r?, ~veTl, 0<r <1,

where B(v,r) is a ball in R™ centered at v and of radius r. Standard examples of fractal
d-sets are Cantor set, the von Koch’s snowflake and the Sierpinski gasket.
Besov spaces B;q(F,u), s>0,1<p<oo0,0<q<ooon the d-set I can be defined

+L—d
as the trace of the Besov space By, 7 (R™):

s 5+”Tid n
qu(FJ IU’> = tr# qu (R )

Functions in function spaces are usually defined only almost everywhere. In Chapter 3
we explain what is meant with a restriction of a function to a d-set, 0 < d < n, that
has an n-dimensional Lebesgue measure zero. We also provide the characterization of
B> (I, i) by new type of (s, p,o)-atoms.

Some Besov spaces on the most trivial example of a d-set, the unit interval, can be
described by means of Faber-Schauder basis, see [48]. In Chapter 4 we are looking for
its counterpart for the d-set I'. So we need to find the description of functions in Faber-
Schauder basis in such a way that it can be transferred to other sets. Our approach
is to start with a Dirichlet form (€,D), see e.g. [23, 39]. Then the harmonic function
on I' with given boundary values can be defined as the unique function that minimizes
E(f). Similarly we can define piecewise harmonic functions. These functions may serve
as the counterpart of Faber-Schauder basis and they allow to characterize f € B, (I, 1)
in terms of the coefficients of its expansion in a piecewise harmonic basis. Our proof is
based on the atomic characterization of Besov spaces. A similar result is also presented
in the paper [32], where the harmonic representation of Lipschitz spaces (A24) (I)
introduced by Strichartz is stated. It was shown in [3] that (A24) (') coincide with
Lip(a/ag, p,q,T'), when T is a nested fractal. Thus the harmonic representation of Besov
spaces might be also proved by using the discrete characterizations of Besov spaces.

Certain fractals, which we call later on self-similar curves, are homeomorphic to the
unit interval I = [0, 1]. This allows to define Besov-type spaces B, (K, 1) by

By (Kop) = {fo H™": f € By} = By, (o H,

where
H:I1—- K

is a homeomorphic map. In Chapter 5 we study the following problems:
e How the function spaces B, (K, ) and By, (K, uu) are interrelated.

e How B? (K, 1) can be characterized by wavelets.

1X
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e What kind of isomorphisms are induced by wavelet representation.

The basic idea is to use transform H to transfer orthogonal wavelet bases from R” to K.
In our reasoning the Koch curve serves as a basic example, though all our conclusions
remain true for any self-similar curve.

Chapter 6 deals with Besov spaces on the closed snowflake. The main feature of this
set is that it is not self-similar but consists of three self-similar Koch curves clipped
together.

There are d-sets homeomorphic to the unit cube [0, 1]", which are obtained as a carte-
sian product of bizarre fractal curves. In Chapter 7 we follow the connection between
isotropic Besov spaces on such sets and anisotropic Besov spaces on [0, 1]™.



CHAPTER 1

Preliminaries

1.1 Function spaces

1.1.1 Basic notation and classical Besov spaces

Let N be the collection of all natural numbers and Ny = N U {0}. Z is the set of all
integers, C is the complex plane. We denote by R” the Euclidean n-space, where n € N.
Let |- — |, denote the Euclidean distance in R™. Put R = R'. The scalar product of

x,y € R™ is given by zy = > z;y;. Z™ denotes the lattice of all points in R™ with
i=1

integer-valued components. Let o = (x1,22,...,2,) € R" and B = (b1, P2, ..., 0n) € N}
be a multi-index. Then |B| = 81 + fo + ... + Ba,

28 = a:’fla:gz . xﬁ"

and
a\ﬁlf
x o . Oxhr

We will write a ~ b to denote that there are constants ¢, ¢ > 0 such that

DPf =

da<b<ca

for all admited a, b.

S(R™) stands for the Schwartz space of all complex-valued, rapidly decreasing, in-
finitely differentiable functions on R"™. By S’(R"™) we denote its topological dual, the
space of all tempered distributions on R". L,(R") with 0 < p < oo, is the standard
quasi-Banach space with respect to Lebesgue measure, quasi-normed by

P

1 F1Ly(R)]| = / f@Pde| , 0<p<oo

[[fLoo (R™) || = ess-sup | f ()] .

reR”™



1 Preliminaries

If ¢ € S(R™), then
P(e) =F0(6) = (21 [ pla)e e ds, ¢ e R,
Rn
denotes the Fourier transform of ¢. The inverse Fourier transform is given by

¢ =5 e(@) = m) [ plgetas, aem

Rn

We extend F and F~! in the usual way from S to S’. For f € S'(R"),

Ifp) = F(TFp), ¢eSERY.
We define ¢y € S(R™) by

3
po(z) =1, |z[ <1 and @o(z) =0, |z =, (1.1)
and let
on(x) = po(27%2) — po(27F12), z€R", keN. (1.2)
Then, since
1= Z(pj(x) for all z € R", (1.3)
=0

the {¢;} form a dyadic resolution of unity in R". According to the Paley-Wiener-

=~V
Schwartz theorem (gpk f> is an entire analytic function on R" for any f € S’(R"). In

~ VvV
particular, (gpk f) (x) makes sense pointwise.

Definition 1.1. Let ¢ = {;}7, be the dyadic resolution of unity according to (1.1)-
(1.3), seR,0<p<00,0<q< o0 and

1B, (R = (Z 21 (o) |LP<R”>Hq)

(with the usual modification if ¢ = co). Then the Besov space B;, (R") consists of all

f € 8'(R") such that || f[B,, (R")]| < cc.

q

1.1.2 Characterization of B, (R") by local means and atoms

Local means

Let k£ and kg be C*° functions with

supp k, supp ko C {z € R" : |z| < 1}.
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We assume £y (0) # 0 and for given s € R
kY (&) # 0, 0 < |¢] <& for some e > 0,
(DY) (0) =0, |of <s.

Define
-z

t

’ ) 1) dy.

ke £)@) = [ k) wydy = [k (y

Theorem 1.2. Let se R, 0 <p < oo and 0 < g < oo. Then B;q(R”) is the collection
of f € S'(R") such that

=

1£1Bp ™[I = |lko (1, £)|Lp(R")[| + (Z 2js"llk‘(TJ}f)ILp(lR")Ilq> < 0.

Jj=1

We refer to [46, Section 1.4].

Smooth atoms

Let @Q,,, denote the closed cube in R™ with sides parallel to the coordinate axes, centered
at 27¥m and with side length 27!, where m € Z", v € Ny. The notation c¢Q stands
for the cube concentric with () and with side length ¢ times the side length of Q).

Definition 1.3.

(i) Let K € Ny and ¢ > 1. A continuous function a : R® — C for which there exist all
derivatives D% if || < K is called a 1x-atom if

suppa C ¢Qq,, for some m € Z",
|D%(x)| <1 for |o| <K.

(ii) Let s € R, 0 < p < o0, K € Ny, L > 0and ¢ > 1. A continuous function
a : R" — C for which there exist all derivatives D% if |a] < K is called an
(s,p) K, r-atom if

suppa C cQum for some v € N, m e Z",
ID%(z)| < 277078 for Ja| < K,

[ 2Pa(z)dz =0 for |8] < L.

Rn

Definition 1.4. Let 0 < p < 00, 0 < ¢ < 0o. Then b,, is the collection of sequences
A={A\m € C:veNymeZ"} such that

TR
Q=

Nl = 3 (Z |A,,m|p) o

v=0 \meZzZ"
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o3 ) )

We write a,,, instead of a in Definition 1.3 to indicate the location and size of an atom.

Theorem 1.5. Let se R, 0 <p<ooand 0 < qg<o0. Let K € Ny, L>0, ¢c>1 with

We put

K >s and L > o0, — s.

Then f € S'(R™) belongs to B, (R") if and only if it can be represented as

F=Y2" Aomtum, (1.4)

v=0 mezZn

unconditional convergence in S'(R™), where a,., are 1x-atoms forv =0, (s,p)k,-atoms
forv e N, and X € b,q. Furthermore,

11 Bpg(R™)|| ~ inf [[A]byg
are equivalent quasi-norms, where the infimum is taken over all admissible representa-
tions (1.4).

For the history of atomic representation in function spaces we refer to Section 1.9 in
[42]. The decomposition of functions in Besov spaces into atoms goes back to [7, §].

1.1.3 Weighted Besov spaces
We denote by L,(R", (x)*), where

(=1
2

(@) = (1+]a]")?,
the weighted L,-space quasi-normed by
[ 1Lp (R, ()| = 1) FILp(R™)]]-

Definition 1.6. Let ¢ = {goj};io be the dyadic resolution of unity according to (1.1)-
(1.3), s €R, 0 < p<o0,0<g< oo Then the weighted Besov space B, (R", (7)) is a
collection of all f € S’(R™) such that

Q=

NV

1By, (R, (2))]| = (Z 2 (o) 1Ly (R, <x>a>||q)

(with the usual modification if ¢ = co) is finite.

Remark 1.7. If o = 0 then we have the space B, (R") as introduced in Definition
1.1. It is also known from [5, Ch. 4.2.2] that the operator f +— (z)®f is an isomorphic
mapping from By (R", (x)*) onto By (R"). In particular,

[C) F1Bpg (R~ [ B (R, ().
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1.1.4 Anisotropic Besov spaces

Anisotropic function spaces in R™ characterize the smoothness properties of functions
depending on the direction of the j-th coordinate.
Let 1l <p<oo,1<qg<o00and

§=(81,...,5,), 0<s;<M;eN, j=1,...,n

Let
(Anf)(z) = f(z + h) — f(z),
where x € R™ and h € R". The iterated differences are defined by

(AR ) (2) = An(AT f) ().
Then the iterated differences in the direction of the j-th coordinate can be written as
(AY ) (@) = (A f)(@), with h=te;, t €R,

where e¢; = (0,...,0,1,0,...,0) is the unit vector with 1 at place j. A function f €
L,(R™) belongs to the classical anisotropic Besov space By, (R™) if

1 1/q
s ||Q@
t

1By, (R = I FILy (R + Y /t_s"plmf,dffle(R")

J=1 0

< OQ.

If
S1=8=...=58, =58>0,
then qu(R") = B;Q(R”).
When the smoothness parameter 5 is small, namely 0 < s; < 1, and p = ¢, Bip(R”)
can be equivalently normed by
1/p

|f(x) — f(y)]”
n n—+sp
in i (2 2 — ykrk“)

k=1

1 1<1 1)
s n\$ Sy,

stands for the mean smoothness.
It will be convenient for us to use slightly different notation. We rely on formula (1.5)
for the expression of the norm in the anisotropic Besov space.

LF1Bo, (R« = IF1Lp(R™)]| + dedy |, (1.5)

where s with
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Definition 1.8. The n-tuple
a=(ag,...,ay) with 0 <oy <...q, < o0, Zozj:n
j=1

is called an anisotropy in R™.

We define an anisotropic distance in R™ by

1
Oan(z,y) =|xr —vy|,, where |z|,6 =  nax | g2 (1.6)

,,,,,

Definition 1.9. Let a be an anisotropy according to Definition 1.8. Let 1 < p < o0
and 0 < s < a;. Then the anisotropic Besov space By*(R") is the collection of all
f € L,(R") such that the norm

1/p

1185 @) = 1712, + | @) =16 4, 4, (1.7)

Oan(T,y)"eP
n Rn

is finite.

Remark 1.10. The parameter § in (1.5) and s, « in Definition 1.9 are related by

1 11
_:_Z— and ak:i, k=1,...,n.
S nkzlsk Sk

Let @ = (0,1)" be the open unit cube equipped with the Lebesgue measure. Then
B52(Q) is the restriction of By»*(R") to @, equipped in the usual way with the norm

1By (@) = inf{[lg] By, (R - g € By (R"), f(x) = g(x)ae.}.

An equivalent norm in B*(Q) can be obtained by replacing R™ in (1.7) by @, [27]. We
will use the following definition of B*(Q).

Definition 1.11. Let a be an anisotropy according to Definition 1.8. Let 1 < p < 00
and 0 < s < a;. Then the anisotropic Besov space B3*(Q) is the collection of all
f € L,(Q) such that the norm

1/p

Qa,n (.T, y)n-l—sp

I B2@Q)l = 1/1L,(@Q)] + /

Q Q

is finite.
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1.1.5 Periodic Besov spaces on T"
Let
™ ={z=(z1,...,2,) ER":0<x; < 1,i=1,...,n}

be the n-dimensional torus. x € T" and y € T" are identified if and only if z —y = k,
k= (ki,....,k,) €2

By D(T™) we denote the collection of all complex-valued infinitely differentiable func-
tions on T™. The topology in D(T") is generated by the family of semi-norms

[lla = sup |[D%(x)],
zeTn

where a = (ay, ..., qy,) is an arbitrary multi-index. D’(T") is the class of all continuous
linear functionals on D(T™). The continuity of a linear functional f on D(T") means
that there exist N € N and ¢y > 0 such that

F@) <en Y el

la] <N

for all p € D(T™).
Let 0 < p < 00. L,(T") is the standard quasi-Banach space with respect to Lebesgue
measure, quasi-normed by

1FIL(T™)]| = /uqux ,

with the usual modification if p = co. If 1 < p < oo then f € L,(T") can be interpreted
in a unique way as an element of D'(T") by

fwwj/ﬂ@ﬂwmaweme (1.9)

Consequently, for 1 < p < oo we have
D(T") c L,(T") c D'(T"), (1.10)

where ” C 7 here and further on means the topological embedding.
Let f € D'(T™). Then the numbers

-~

f(/{?) — f(e_%ikx), = Zn,

are said to be the Fourier coefficients of f. If f € L,(T"), 1 < p < oo, then (1.9), (1.10)
imply that
flk) = / flz)e 2k ez,

'[rn



1 Preliminaries

It is well-known that any f € D’(T") can be represented as
f= Z are®’™** x € T", (convergence in D'(T")) (1.11)
kezr

where the Fourier coefficients {a;} C C are of at most polynomial growth,
lag] < c(1+k|)", for some c >0, k> 0andall k €Z".

Definition 1.12. Let ¢ = {goj};.io be a dyadic resolution of unity in R™ according to

(L.1)-(1.3), s e R,0<p<o00,0<q< o0 and

[F1Bpg(T™)[| = (Z 21| Y soj(%k)ake%mle(T")II")

j=0 kez™

(with the usual modification if ¢ = oo). Then the Besov space By (T") consists of all
f € D'(T") such that || f|B; (T")|| < oo, [34, Chapter 3].

1.1.6 Wavelets on R and T
First we recall some basic definitions. Let F' be a separable complex Banach space.
Definition 1.13.

(i) A sequence {e;}°, is called a basis in F, if every f € F' can be uniquely represented
by

f = Zaiei, a; € C, (112)
i=1
with convergence in F'.

(ii) A basis {e;}2, is called an unconditional basis, if for any rearrangement o of N
the new sequence {e,(;)}2, is again a basis and

f= Z Ao (7)€ (1) (convergence in F')

i=1
for any f € F with (1.12).

Wavelet decomposition has proved to be a useful tool in studying function spaces. For
the general theory concerning wavelet bases we refer to [4, 30, 49].

Let C*(R), u € N denote the collection of all complex-valued continuous functions on
R having continuous bounded derivatives up to order u inclusively. Let ¢ € C*(R) and
Yy € C*(R) be a father and a mother Daubechies wavelet on R respectively. We recall
that ¥ r and 1y, are real and have compact support. Moreover,

/@/)F(I) dr =1,
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/xle(:U)da::(], for [ =0,...,u—1.
R

Define 1/)? by

() = { VYr(r — k), j=0, ke, (113)

i 2T Py (2le — k), jEN, k€ Z.

Then {¥}}jeng kez is an orthonormal basis in Ly(R). We transform the wavelet basis of
Ly(R) into a wavelet basis of Ly(T) by periodizing each member of the basis. But first
we need to mofify it a little.

Let L € N. One can replace ¥r and ¥, by

Vp() =vp2h), () = vu ("),
YF by

L
PR () = 22k (20, (1.14)
We choose and fix L such that

1 1
supp ¢k C {x ] < 5}, supp ¢, C {x x| < 5} (1.15)
Let

Po={ke€Z:0<k<2"-1}

. 1.16
Pi={keZ:0<k<2t1—-1} jeN (116)

Given the functions %L’k on the real line we can construct their 1-periodic counterparts
by the procedure

o0

wi (@) = > Wi+ ). (1.17)
Define ij Kper on the 1-torus T by

PR (2) = ik (), x e T.

Then according to the Proposition 1.34 in [47]
{wf”“’p”,j € Ny, k € PJ}

is an orthornomal basis in Ly (T). We simplify the notation and omit L in """ and

J
YLk

Jiper”

Before we give the description of function spaces in terms of wavelets, we introduce
some sequence spaces.
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Definition 1.14. Let 0 < p < 00, 0 < ¢ < oo and s € R. Then ;" is the collection of
all sequences
p={useC:jeNy,keP;}

such that

hSANSY
Q=

sz || = [ S 20 (37 k) < o0,
j=0

keIP’j

We use the following notation. Let

1
ap:n(——l) ,
p +

where b, = max (b,0) if b € R. The scalar product on the torus is defined by

(f, wf’per)qr = /f(x)@/)fper(a?) dz.

T

Theorem 1.15. Let {wf’per} be the orthonormal basis in Ls(T). Let 0 < p < oo,
0<qg<oo, seR and
u > max (s,0, — §).

Let f € D'(T). Then f € B, (T) if, and only if, it can be represented as
S _M er S,per
F=Y0 ub2 e, e bppe,
7=0 k‘GIPj

unconditional convergence being in D'(T) and in any space BY (T) with o < s. Further-
more, this representation is unique,

i er
k=27 (f, )y,

and
I:f—{uh,jeNykeP;}
s an isomorphic map of B;q(T) onto the sequence space byre . If, in addition, p < oo,
q < oo, then {wf’per} is an unconditional basis in By (T), [47, Theorem 1.57].
Later on we will have the following restriction on the parameteres

s>0, I<p<oo, 0<gqg<oc. (1.18)

Since
B (T) = L,(T)

with s, p and ¢ satisfying (1.18), we reformulate Theorem 1.15.

10
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Theorem 1.16. Let {zbf’per} be the orthonormal basis in Lo(T). Let 1 < p < oo,
0<g<oo,s>0andu>s. Let f € L,(T). Then f € B, (T) if, and only if, it can be
represented as

o0
_Ji+L
F=Y 3wy e b,
=0 keP;

and
I:f—{uh,jeNykeP;}

is an isomorphic map of By (T) onto the sequence space byPe".

1.1.7 Haar and Faber-Schauder bases on the unit interval

The Haar system .
{ho,hjm : j € Noym =0,...,2 — 1} (1.19)

is defined as follows. Let hg be the characteristic function of the unit interval I and
1, 2m<z<29m+2774

him(z) =< =1, 279m 427771 <z <279 (m+1),
0, otherwise.

Note that the support of function h;y, is the interval [277m, 277 (m + 1)].
Theorem 1.17. (i) The Haar system is an orthogonal basis in Lo(T).
(11) The Haar system is an unconditional basis in L,(I) with 1 < p < oo.

(i1i) The Haar system is a conditional basis in L ().

(w) Let f € Li(I) and

fle) = [ Sty + 33 | [ fhim)dy | hon(o), 7 €T nemy

Then
folz) — f(x) a.e if n— 0.

If f € C(I) then

fo(z) = f(x), n— oo (uniform convergence).

11
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Remark 1.18. System (1.19) was first introduced by Haar in [10] and now is named
after him. Part (iv) of the above theorem is essentially covered by him as well. The fact
that the Haar system is a basis in all spaces L,(I), 1 < p < oo, was proved by Schauder
in [33].

We wish to extend the assertions for Haar system from L, (I) to suitable spaces B, (I).
Recall that B, (I), 1 <p < o0, 1 < ¢ < o0, s> 0is defined by restriction of By (R") to
I:

B (1) ={f € Ly(I): f = g|s for some g € B} (R")},

1£1B5, (D]l = inf {{Ig| B}, (R")[| - gl = £} -
The following assertions are covered by [48, Section 2.2.4]. Since we have the additional

restrictions on parameteres we present the simpler version of theorems given there. First
we define sequence spaces.

Definition 1.19. Let 1 <p < o0, 1 < ¢ <ooand 0 < s < 1. Let b, (I) be the set of all
sequences '

n= {MOanm:j€N07mzoa"'72j _1} cC
such that

1
q

hSES]

27 -1

115, DI = Tpol + | D2 [ Y ptgml” < oo0.
j=0 m=0

Theorem 1.20. Let

1
l<p<oo, 1<g<oo and 0 <s< —.
p

Let f € Ly(I). Then f € By (1) if, and only if, it can be represented as

oo 29—1

f = MOhO + Z Z Mjmhjma (120)

§=0 m=0

unconditional convergence being in By (). The representation (1.20) is unique with
I I

and ) |
J:f— {M072_;/1/]'m:jENO,m:O,...,2J—1}

is an isomorphic map of By (1) onto by (I). In addition, (1.19) is an unconditional basis
in B (I).
Prq

12
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The Faber-Schauder system
{vo,v1,0jm : j ENgym =0,...,2/ — 1} (1.21)

is the collection of functions

and

0, otherwise.

Define the first and higher order differences by
Apf(x) = flz+h) = f2), Nf =04 (A7)

In particular,

2 f (5) = f(m;l)_gf(; 21+1>+f< 5)-

Theorem 1.21. The Faber-Schauder system (1.21) is a conditional basis in C(I) and

0o 29—1

F() = FOo() + W)~ 535 83 (B) o), T,

7=0 m=0

for any f € C(I).

To characterize Besov spaces B, (I) by Faber-Schauder system we adapt sequence
spaces by, (I).

Definition 1.22. Let 1 < p < 00, 1 < ¢ < 00 and é <s< 1+ %. Let Z_)f)q(l) be the set
of all sequences

p= {0, 1, jm = 5 € Noym =0,....2 =1} € C

such that

RIS
Q=

271

12[b5, (DI = |po] + 1| + 22’” Zlugm|p < oo.

13
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Theorem 1.23. Let

1 1
l<p<oo, 1<qg<oo and —<s<1+—.
p p

Let f € Ly(I). Then f € By (1) if, and only if, it can be represented as

oo 21—1

I = povo + pavr + Z Z [jmUjms (1.22)

=0 m=0

unconditional convergence being in By (1) and in C(I). The representation (1.22) is
unique with

1 m , ;
/’Lozf(())’ Mlzf(]')7 ij:_éAgfrlf<§>a JENOJ m:07"'72j_17

and ) .
J:ife {uo,u1,2‘5ujm:jeNO,mzo,...,zﬂ—l}

is an isomorphic map of B, (1) onto b5 (1). In addition, (1.21) is an unconditional basis
in B (I).
Prq

Remark 1.24. The above theorem but in more general version is given in [48, Section
3.1.2].

1.2 d-sets

1.2.1 Basic definitions

Definition 1.25. A measure p in R" is called Radon if all Borel sets are pu-measurable
and

e u(K) < oo for compact sets K C R”,
o u(V)=sup{u(K): K CV is compact} for open sets V C R",
o ((A)=inf {u(V): ACV, Vis open} for A C R".

The Radon measure p with p(R™) < oo is called finite. It is called o-finite if R™ is the
countable union of sets of finite measure.
Let 11 be a positive Radon measure in R". Let T,

T,: oo / o(z) pldz), ¢ € SR™),

be the linear functional generated by .

14
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Definition 1.26. A positive Radon measure p is said to be tempered if 7}, € S’(R").
Proposition 1.27. Let u' and p? be two tempered Radon measures. Then

T =T, in S'(R™) if, and only if, u' = p°.
Proof. The Proposition is valid by the arguments in [46, p. 80]. O

This justifies the identification of y and correspondent tempered disribution 7}, and
we may write p € S"(R").

Definition 1.28. f € S’(R") is called a positive distribution if
f(¢) >0 for any ¢ € S(R") with ¢ > 0.
If f € LY(R") then f > 0 means f(z) > 0 almost everywhere.

Remark 1.29. If f is a positive distribution, then f € Cy(R")" and it follows from the
Radon-Riesz theorem that there is a tempered Radon measure p such that

f(o) = / () pu(de)

]Rn
28, p. 61/62, 71, 75].

Definition 1.30. A compact set I' in R" is called a d-set with 0 < d < n if there is a
Radon measure p in R™ with support I' such that for some positive constants ¢; and co,
holds

ar® <u(B(y,r)) <cr?, yeTl, 0<r<1,0<d<n. (1.23)
where B(z,r) is a ball in R” centred at x € R™ and of radius r > 0.

If I is a d-set, then the restriction to I of the d-dimensional Hausdorff measure H?
satisfies (1.23) and any measure p satisfying (1.23) is equivalent to H%p. A consequence
of this is that the Hausdorff dimension of T is d. H|p serves as a ”canonical measure”
on the d-set in the same way as the Lebesgue measure on R".

1.2.2 Construction of self-similar sets

Typical examples of d-sets are self-similar sets with invariant measure pu. Broadly speak-
ing, a self-similar set is a set that is made up of parts which are in some way similar to
the whole. The mathematical definition was given by Hutchinson, [13].

Definition 1.31. A mapping F': R” — R" is called a similarity (similitude), if there is
a constant 0 < p < 1 such that for all x,y € R™ holds

|[F(z) = F(y)| =plz —yl.

The constant p is called the contraction ratio of F' and is denoted by Lip(F').

15
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Theorem 1.32. Let {F;}Y, be similarities in R™. Then there exists a unique non-empty
compact set I' C R™ that satisfies

r=|JFm). (1.24)

I is called a self-similar set with respect to {F}Y .

The idea of the proof is to show that the mapping F' defined by

N
F(A) = U F;(A), A non-empty compact set in R",

=1

is a contraction in the complete metric space of all non-empty compact sets in R”
equipped with the Hausdorff metric. Then by Schauder’s fixed point theorem I' is the
unique fixed point of F', see for details [6, 13, 23].

Example 1.33. The unit interval I = [0,1] is a self-similar set with respect to the
similarities F; : R —- R, i =1, 2,

1 1 1
Fi(z) = 5% Fy(z) = 3% + 3"

Example 1.34. The Koch curve K is a self-similar set with respect to the similarities
F:R? 5 R%i=1,2,

Fuz,y) 1 n 1 1 1

T = | = —Y, ——=T — —

1T,y 2 2\/§y)2\/§ Q?J )

1 1 1 1 1 1)

F: x, = | =X — —= +—,——.I‘—— + —

see [23], where mappings F}, Fy are given in a complex form.

Figure 1.1: The Koch curve

16
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8 nd Gn

VAA

Figure 1.2: The modified Koch curve. The Hausdorff dimension is given by 7 (%)d =1 and
log 7
logh -~

s equal to

LD

Figure 1.3: A self-similar curve and its generator. The Hausdorff dimension is given by
8 (i)d =1 and is equal to %

Example 1.35. A certain class of self-similar sets, in particular self-similar curves, can
be described by indicating an initial curve and a generator. The generator specifies the
rule used to build new curve from the old one. We start with the unit interval. The
generator consists of N straight line segments of equal length r. With each line segment
we associate the similarity that maps the initial unit interval onto the given line segment.
A self-similar curve is a set obtained by iterating the process of replacement each line
segment by the generator. Some examples are shown on the Figures 1.2, 1.3.

1.2.3 Shift space

A very efficient way of representing a self-similar set I in (1.24) is by giving the ”address”
of each point in terms of iterations of the mappings F;, t =1,..., N.

17
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A set I, with w = (wy, wa, ..., w;), w; € {1,..., N} defined by

[y=F,I)=Fy 0Fyo0...0F(),

is called j-simplex. We call w a word of length j = |w| and denote the collection of all

words of length j by W;. Then holds

I=|J FuD)

wEWj
Let X be a set of all infinite sequences

Y ={(w,ws,...)w; €{1,2,...,N}}.

In literature ¥ is called sometimes a code space or generalized Cantor set.

w = (wy,ws, ...) € X define a continuous surjective map 7 : 3 — I" by

W(w) = ﬂ Fw1w2..,wm-
m=1
Let
i#]j
C=7YC) and P=|[]Jo"(©),

n>1

where o : ¥ — Y is the shift map defined by

o(wy,ws,...) = (wa,ws,...),

(1.25)

For any

see Figure 1.4. If P is finite, then I is referred to as post-critically finite self-similar set.

C = {&1,8,8&}
& =7(12) = 7(21)
& §2 & =7(23) =n(32)
r\ /Ts\ & =m(13) =n(31)
¥ P={1,2,3}

Figure 1.4: The post-critical set

Let
N
Vo=m(P) and V; = | J F(Vi_),

=1

18
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Vo Vi Va

Figure 1.5: Sets V;

or equivalently
V= |J Fu(W),

”LUEWJ'

see Figure 1.5. Then V; describes the set of boundary points of simplexes of fixed level
J. It is clear that
Vi C Vi

Let V., = JVj, then I' = V. in the Euclidean topology. We followed [23, Sections
§=0

1.2-1.3]. We form a graph G; with vertices V; and edge relation & ~; n holding if and
only if there exists a j-simplex containing both ¢ and n as boundary points.
The shift space ¥ supports various measures.

Theorem 1.36. Let {p1,p2,...,pn} be numbers such that

N
O0<pi<1 foralli=1,...,N and Z]%Zl-

i=1

Then there exists a unique Radon measure v on X that satisfies
V(Xy) = PunPuws - - - Punn, fOr any w = (wy,wa, ..., W) € U W;.
§=0
This measure v is called the Bernoulli measure on ¥ with weight (p1,pa2,...,PN)-

1.2.4 The snowflaked transform

An interesting fact about self-similar curves discussed in the Section 1.2.2 is that they
are homeomorphic to the unit interval. If we treat the unit interval I as a self-similar
curve that consists of N segments, each of length %, and denote a mapping 7 that
corresponds to I by m; and the one that corresponds to the self-similar curve K by 7,
ie.

DX

WI(M) = ﬂ lewg...wm7 ﬂ-K((’u) =

m=1 m

lewz...wm7
1

19
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then
H=rmygom? (1.26)

is a homeomorphic map, which we call the snowflaked transform, see Figure 1.6. We
refer to [23, Example 1.2.7], some information can be also find in [46, Section 8.2.2].

Ki2g Ko11

Figure 1.6: The snowflaked transform

1.2.5 Nested fractals

In the present work we consider sets I' which are self-similar with respect to the simi-
larities with the same contraction ratio 0 < p < 1, that is

|Fi(z) — Es(y)| = ploz —y|. (1.27)

There is a special kind of sets that are self-similar with respect to similarities (1.27), sat-
isfying some additional properties, known as nested fractals. They were first introduced
by Lindstrgm [26], and afterwards were studied by many authors, e.g. [25, 31]. Nested
fractals should satisfy following conditions:

CO. #V, > 2.

C1. Open set condition
The family of similarities {F;}Y¥, satisfies the open set condition if there exists an
open, bounded, nonempty set O C R" such that

F(O) N F(0) =0 for i # j

20
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&4

£ A
L6540

hd b

Figure 1.7: Symmetry of nested fractals

and
N
JF()co.
=1

When the open set condition is satisfied, the Hausdorff dimension d of I" is

J log N
=—,
log 5
we refer to [6, 13].
C2. Nesting
If j >1and w = (w1, wy,...,w;) and w' = (w),w), ..., wj) are distinct elements
of Wj, then

TN Ty = Fu(Vo) N Fu (V).

C3. Connectivity
The graph (Vi, G) is connected.

C4. Symmetry
For any z,y € R" with « # y, let H,, denote the hyperplane given by

Hy,={zeR":|z—z|=|z—y|}

and let I;, denote the reflection with respect to H,,. Then for any x,y € V{ with
x # vy, Ry, maps j-cells to j-cells, and maps any j-cell which contains elements in
both sides of H,, to itself for each j > 0, see Figure 1.7.

The simplest example of the nested fractal is the Sierpinski gasket SG, see the left
part of Figure 1.7, which is generated by three similarities in the plane F; : R? — R?,

1 =1,2,3, defined by
1

Fi(x) = 5

(r— &)+ & (1.28)
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where &; are the vertices of an equilateral triangle, see [39, Section 1.1].

Further on in this chapter we assume that the diameter of I" is 1. Then the diameter
of each j-simplex Iy, ., is p/, where p is from (1.27). In case of I and SG we get p = %,
in case of K we have p = \/Lg

1.2.6 Measures on the self-similar set

Let I' be a self-similar with respect to the similarities with the same contraction ratio
0 < p <1, that is

|Fi(z) — Fi(y)| = plz —yl.
I' can be a unit interval I, a self-similar curve K or a nested fractal. Then the Hausdorff
dimension of I' is equal to

log N
d="2"
IOg;

See for details [6, 13, 29] and references given there.
According to [13] there exists a unique normalized Radon measure p with the support
I' such that

H(A) = 3P (F () = D7 (T A)) (1.29)

for all Borel sets A C I'. In particular,

m\d 1\"
,U/(lewg...wm) = (p ) = (N . (130)
In [13] it was also shown that j is a multiple of H|r and it is clear that T' with ; defined
by (1.30) is a d-set.

Remark 1.37. In fact, p is the image of the Bernoulli measure v on ¥ with the weight
(%,...,+) under the transform 7, i.e.

N "N
u(A) = v(r1(A)),
for any Borel set A C T, [13].
Taking into account the Remark 1.37 and the homeomorphism H in (1.26), we get
wA) = v(m (A) = v [m (H7(A))] = pr(H7H(A)), (1.31)

for any Borel set A C K. This means that u is the image of the Lebesgue measure pr,
under the mapping H and for a function f defined on K we get

1 1

/ ) ) = / (F o H)(x) v(dz) = / (F o H)(x) d, (1.32)

0 0

22



1 Preliminaries

29, Theorem 1.19].
Since K with measure p is a d-set, then for v = H(z),d = H(y) € ', z,y € I, from
(1.23) together with (1.31) follows

|H(z) — H(y)l, = |7y = 0ly ~ (B, |y —dly))

1 1
= pr (B(z, |z —y[y))? ~ |z —yli - (1.33)
Recall that |- — | denotes the Euclidian distance in R™.

=

1.2.7 Dirichlet forms and piecewise harmonic functions

Suppose a real-valued function u is given on the vertices V;. Then there is a natural
Dirichlet form
2
Ej(u) = (u(€) —u(n)*.
E~in

We need to multiply E; by the renormalization factor o in order to have the following
consistency property:

Lemma 1.38. For every function w on V; there exists a unique extension u to Vi
minimizing Ejq, i.e.

Ej(a) = min {E; 1 (u) vy, = u},

and ' .
o Ej(u) = /T E; (7). (1.34)

For I and K the renormalization factor « is equal to 2, for SG we have a = g, [39,

Section 1.3]. The number d,, = lcl’ngf‘ is called the walk dimension of I'. The renormalized

graph energies are defined by .
Ej(u) = o Ej(u).

Then (1.34) can be reformulated as
Ej(u) = & (a).
The function @ is called a harmonic extension of w.

Definition 1.39. A continuous function h : V, — R is called harmonic if it minimizes
€; at all levels for given boundary values on Vj:

&,(h) = min {&;(u) : uly, = p}

According to Theorem 3.2.4 in [23] for any harmonic function u there exists a unique
extension u € C(I") such that

u

Vi :uv*'

Thus, we identify u with its extension @ and think of a harmonic function as a continuous
function on I'. The maximum and the minimum of the harmonic function are attained
at the boundary Vj. This assertion is known as the maximum principle [23].
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Definition 1.40. A continuous function ¥ : V, — R is called piecewise harmonic of
level j if ¢ o F,, is harmonic for all |w| = j.

We denote the set of piecewise harmonic functions of level j by H;. These functions
minimize &, at all levels m > j for given boundary values on V;. Note that H;_; C Hj;.
For u : V., — R define

E(u) = lim &;(u),
Jj—o0

D={u:V, >R, E&u) < oo}.

If u € D, then it is uniformly continuous on V,, hence it has a unique continuous
extension to I'. Let
D={uecC(l): E(u) <oo}.

Then (€, D) is regular Dirichlet form on Lo(T, p).
By effective resistance metric on the set I' we mean a function R : I' x I' — [0, 00]
defined by R(z,z) =0 for z € I' and

R(x,y) ' =inf {&(u) : u(z) = 0,u(y) = 1}.

Let @Z)g, § € Vj, be a piecewise harmonic function of level j which equals 1 at £ and 0
at any other vertex of V;:

J _ _ 17 $:€
o=t ={§ T

Note that ‘ '
supp ¢ C B(&, p’).

In the case of the unit interval I piecewise harmonic functions are just piecewise linear

functions. In fact, for z = 3% + 57 € V; \ V4

29t my, <t < T”+%,

1) =4 Y5 —t), gty <t< g,
0, otherwise,
and it holds ' '
Wi (t) —wi(s)| <clt —s| forall t,sel. (1.35)

We have mentioned in Section 1.2.4 that the unit interval I can be regarded as a self-
similar set with respect to N contractions with contraction ratio % Piecewise harmonic
functions on I in this case are piecewise linear functions as well and it holds

Wi (t) —wi(s)| <clt—s| forall t,sel. (1.36)
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In general, it was shown in [24] that harmonic functions on I' are uniformly Lipschitz
continuous with respect to the resistance metric R(z,y). From [12] follows that for a
certain class of nested fractals there exist constants ¢, ¢ > 0 such that for all z,y € I’

, 1 logé

log &
dla—y| " < Rlz.y) < clz—ylmsr

log é

note that ;
og p

satisfy

= d,, — d. Thus piecewise harmonic functions on certain nested fractals

|Wi(x) — vly)| < cle —yl7, (1.37)
with ¢ = d,, — d. In particular, piecewise harmonic functions on the Sierpinski gasket
satisfy ' '

|i(x) = ly)| < cle—y|”, forall z,y € SG,

where = lnfi’ég)

Thus the family of piecewise harmonic functions may be regarded as the counterpart
of Faber-Schauder basis.
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CHAPTER 2

Tempered Radon measures

A substantial part of fractal geometry and fractal analysis deals with Radon measures in
R™ (also called fractal measures) with compact support. One may consult [46] and the
references given there. In the present chapter we clarify the relation between arbitrary
o-finite Radon measure in R", tempered distributions and weighted Besov spaces. It
comes out that a o-finite Radon measure p in R™ can be identified with a tempered
distribution p € S’(R™) if and only if there is a real number 3 such that

8
3(R™) < oo, where pg= (1+ |x|2) ° L.

+
Finite Radon measures can be identified with the positive cone BY__(R") of the distin-
guished Besov space BY _(R™) and

11 By oo (R™)| ~ u(R™)

(equivalent norms).

2.1 Properties of weighted Besov spaces

Proposition 2.1. For fixred 0 < p,q < 00
S(R™) = ﬂ Bi (R, (z)®) (2.1)
a,s€R
and
SR = | B, ®" (2)).
a,s€R
Proof. Step 1. The inclusion
S(R") C () Byy(R", (2)%)

a,s€R
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2 'Tempered Radon measures

is clear.

To prove that any f € () Bj (R", (x)*) belongs to S(R"), it is sufficient to show
a,s€ER

that for any fixed N € N there are a(N) € R and s(N) € R such that

sup sup ()" [D?f(2)] < || f| B}, (R", (z)*)]].
|BI<N zeR™

For any multiindex g there are polynomials Pf , deg P,Yﬁ < 2N such that

(@)*NDPf(x) = DY [(PIf)(x

Y<B
Hence
sup sup (z)*" |DPf(z)| = sup sup ZDV [(PYF)(@)]| <
[BI<N zeR™ |B|<N zeR®
< sup 3 sup D7 [(PE)@)]] < sup Z IPAICY @D (22)
IBISN |4 iy w€R” IBISN |5
Due to the embedding theorems [41, Ch. 2.7.1]
I3 N (mn ¥o) N+ e mon P’f 2N NJF e mon
1Py FICT (R < el Py f|Bpg " (R = ell 5z ()™ f1Bpe (R (2:3)

()2

6
for any € > 0. <1;2 x is a pointwise multiplier for B,],\(? (R”) [41, Ch. 2.8.2], therefore

P8 N+Zie o
|IW<JJ>2Nf|qu (RM) <
Nt e o oN ¢ pN ot o
< | <x>2N|@ PR )T B (R (2.4)
According to Remark 1.7
N+Z+te N+Z4e .
@)Y f1Bpg (R ~ 1f|Bpg " (R, (2)*V)]. (2.5)

Combining (2.2), (2.3), (2.4), (2.5), one gets

N+Z2 —i—a n
sup sup (z)*" [DPf(x)] < > @)V fIBp T (RY)]| <

<N zeR"
IBl= <N

N+2+te
< cllfIBp " (R, (2)*M)]] (2.6)
and it follows (2.1).
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2 'Tempered Radon measures

Step 2. Let 1 < p <o00,1<q < oo andlet p’ and ¢ be defined in the standard way
by

The inclusion
U B, (R, ()7) C S'(R)
a,s€R
is evident.
As far as the opposite inclusion is concerned, we recall that f € S'(R") if and only if
there are [ € N and m € N such that

[f(@)] < ¢ sup sup (@) [DYp(x)],

|| <m z€R™
for all p € S(R™). By (2.6)

a m+24e
sup sup (z)" [D%¢(2)| < cllglB,, " (

|a|<m zeR™

R, (2)') ||

According to our choice of p and ¢, it follows that 1 < p’ < oo and 1 < ¢’ < co. Thus
by [41, Ch. 2.11.2]

/ _

fe (B ® @) =By (R (@)).

pq

This means
SR c | By, ®R", (2)).
a,s€R

Step 3. Let 0 < p <1, 1 < g < co. By the arguments above, for f € S’(R") there are
a € R and s € R such that

f € B (R", {x)%).
We want to show that n
feB,(R" (x)*7), > Py
Indeed,

1
q

171B, (R (@) = (Z )" (o) |Lp<Rn>||q> <

r / ()~ da

]Rn

< | f1BLg (R, (2))]]-

hSAOSY
Q=

IN

< i?sq sup {(37)& (%f)v(m)

FASING
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2 'Tempered Radon measures

Step 4. When 0 < ¢ < 1, first we may find o € R and s € R such that
f € By (R, (x)%),
q* > 1, and then use the fact that

B:, (R, (x)*) C BLE(R", (2)°), &> 0.

pg*

2.2 Main assertions

Our next result refers to tempered measures.

Theorem 2.2. (i) A Radon measure p in R"™ is tempered if, and only if, there is a
real number 3 such that (x)°u is finite.

(i1) Let u be a tempered Radon measure in R™. Let j € N,
Aj={z: 27" <|z| <2}, Ag={z: |z| <2}.
Then for some ¢ > 0, a > 0,
(A < 28 for all k € Ny.

Proof. Step 1. First we prove part (ii). Suppose that the assertion does not hold. Then
for c=1 and [ € N there is k; € Ny such that

p(Ay,) > 2k (2.7)

As soon as it is found one k; with (2.7), it follows that there are infinitely many k",
m € N that satisfy (2.7).
With j € N,

A;T:{a:: 2j*2§]x|§2j+2}, Ay =A{x: |z| <4}.

For [ =1 take any of ki", let it be k;. For | = 2 choose ky > ki in such a way that
Ay, and A} have an empty intersection. For arbitrary [ € N take

k; > k;_1 and Azl_l N Azl = (.
Let o be a C* function on R™ with
pol@) =1, |2l <2 and go(z) =0, |o| > 4.

Let £k € N and

or(x) = 900(2_’“27) — 900(2_k+3x), z € R™
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2 'Tempered Radon measures

Then we have
supp ¢ C Ay,

and
or(x) =1, x € A
Let

pla) =) 27 Moy ().

For any fixed N € Ny

N o
sup sup (1 +[af*)" [D¢(x)] =
|a|<N zeR™

<

N
= sup sup (1+ |a:|2)
|| <N zeR™

D* (Z 2_“”%1(90))

< sup sup sup 2~ kig-lalkiglal (1+ |m|2)N |(D%p1) (Q_kl“x)‘ :
IEN |a|<N z€R™

The last inequality holds, since the functions ¢y, have disjoint supports. With the change
of variables
x/ — 27k’l+1x
one gets
N
sup sup (1-+ o) [Dp(e)]| <
|a|<N zeR™

< sup sup 27 tkg~lalkiglalg2(ki—N gy, (1+ |m|2)N | D% ()] <
IeN |a|<N z€R™

< csup sup 27 RIHA2N) < e gup o=
lEN |a|<N lEN

Since N is fixed and [ is tending to infinity, 27%(=2") is bounded. Thus ¢ € S(R").
According to the definition of tempered Radon measures

[ @) < +o0
]Rn
for any ¢ € S(R™), but
/go(:t)u(dx) > Z / o(z) p(dx) > 22—lk12lkl — +oo.
R™ =1 Ay, =1

This means that our assertion (2.7) is false.

30



2 'Tempered Radon measures

Step 2. We prove part (i). Since (z)?yu is finite it tempered. Then p is also tempered.
To prove the other direction we take 5 = —(a + 1). Then we get

(YPuR™) = [ (z)” D p(dz) < (@)~ p(dr) <
u / uiar) <3 /
< cZQ W“)/ (dx) < cZ2 klatl)oka — oo

A
]

+
In order to characterize finite Radon measures we define the positive cone By, (R")
as the collection of all positive f € By (R").

Theorem 2.3. Let M(R") be the collection of all finite Radon measures. Then

M(R") =BY _(R")

and
p(R") ~ [[u Bl (R, p€ M(R"). (2.8)

Proof. By the proof in [46, p.82/83|, Proposition 1.127,
1| Blo R < u(R") if p€ M(R").

In order to prove the converse inequality, one use the characterisation of Besov spaces
via local means. Let kg be a C'™ non-negative function with

suppko C {x : |z| <1} and kg (0) # 0.

+
If f €eBY (R"), then f = u is a tempered measure. By Theorem 1.2

I B ()| 2 ellbo( )| Ea@] = [ [ holo = v) duty) da.

R7? R7?

Applying Fubini’s theorem, one gets

11 Bloo (R™)I| > cpu(R™).

Corollary 2.4. Let f € Li(R™) and f(xz) > 0 almost everywhere. Then

IF IR~ [Lf 1 Bioo (R)]]-
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2 'Tempered Radon measures

Proof. Let u = fuy, where uy, is the Lebesgue measure. Then

H(R") = / £() () = || F1Ls (RY)|

and
11 BYoo R™)]| = 1|.£1 Bl R™)]]-
From (2.8) follows the statement in the Corollary. O

The question arises whether Corollary 2.4 can be extended to all f € Li(R"™). We
have

Li(R") = B (R"), hence [|f|Bio(R")|| < cllf|L:(R™)]

for all f € L;(R™). But the converse is not true even for functions f € L;(R") with
compact support in the unit ball.

Proposition 2.5. There are functions f; € Li(R™) with
supp f; C{y: [yl <1}, j €N,
such that {f;} is a bounded set in B}, (R"), but
/5| La(R™)[| = o0 if j — o0,

Proof. We may assume n = 1.
Let a € C'(R) be an odd function with

suppa C{z: |z| <2}, a(z) >0, 2>0
and

e Ja(@)| = la(-1)] = a(1) = 1.

If c = max la’(x)|, then ¢ > 1. Define ay € C*(R) by
ao(r) = ¢ ta(x).
Then one has for any = € R,

lag(z)] < ¢t <1, |ah(z)] <1 and /ao(x) dx = 0.

R

Define a function a,, v € N, by
a,(r) = 2"ap(2"x).

Then

supp a, C [—2_”“, 2_”“}
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and
()] < 12, |al ()] < 2%, /al,(x) dz = 0.
R
According to Definition 1.3, a¢ is 1;-atom and a, are (0,1); -atoms. It follows from

Theorem 1.5 that > a,(x) converges in S’(R") and represents an element of BY _(R™).
v=1

5 &
Let f= > a,.
v=1

Let .
j
@ =Y a
v=1
Then supp f; C [-1,1],
+00 +00 j
IfILRY) = | fi(z)de = a,(x) de =
! O/ v=1

“+o00

:j/ao(:c)d:c—>oo, Jj — 0.
0
On the other hand one has by the above atomic argument

;| BV (R)|| <1 for j €N,
]

Corollary 2.6. Not any characteristic function of a measurable subset of R™ is a point-
wise multiplier in BY _(R™).

Proof. Let f € Li(R™) real. Let M, be a set of points z such that f(z) > 0 and
M_ ={z: f(z) < 0}. Then

IILa (R = Dxar, fIL R+ Dxar f1L (R,

where X, Xa_ are characteristic functions of sets M, and M_ respectively. One may
apply Corollary 2.4 to the functions x s, f and x_ f and get

AL R < elxar, fIBrao R + cllxar 1B (R™)].

If any characteristic function of a set in R™ would be a pointwise multiplier in B)__(R"),
then

IXar F1BYo (R < el £ Bl R, Ixar 1B (R < el fIBioo (RM)]I,

hence

IFIZL (R < el f1Bloo (R™)]].
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2 'Tempered Radon measures

Since for any function f € L;(R™) holds
1£1BY R < el fIL1(RM)]],

one gets
IAZ1 R ~ ([ f|Biso(RM)]l,  for real f & Ly(R").

This can be also extended to complex functions f € L;(R"™). But acoording to the
Proposition 2.5 this is not true. O]
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CHAPTER 3

Trace spaces

Functions in function spaces are usually defined only almost everywhere. Then we need
to explain what is meant with a restriction of a function to a d-set, 0 < d < n, that has
an n-dimensional Lebesgue measure zero.

3.1 Basic definitions

Let I' C R™ be a d-set. If the function f is continuous in R™ or has a continuous
representative, then the restriction or trace of f to I' is defined pointwise. In other cases
we have two approaches to define the trace of functions. One is by Triebel, by using
inequalities, approximation and completion. Another one is due to Jonsson and Wallin,
by applying strictly defined functions.

Approach by Triebel

Definition 3.1. Let I' be a d-set and
$s>0, 1<p<oo, 0<g<oo. (3.1)

Let for some ¢ > 0,

/ o] uldy) < ellglBs,(RY, for all g € S(RY).
T

Then the trace operator
tr, : By, (R") — Ly(T', p),

is the completion of the pointwise trace (tr, ¢)(v) = ¢(y) with ¢ € S(R"). g €
tr, By, (R") C Ly(I', p) is quasi-normed by

gl try By (R™)|| = inf {||f[ B}, (R™)|| : tr,, f = g} .
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3 Trace spaces

The definition above is justified since S(R") is dense in By (R") with the restric-
tions on the parameters (3.1).

Proposition 3.2. Let 1 <p < oo and 0 < g <1. Then

n—d

try Bpg (R") = Ly(L, ).

Remark 3.3. For the proof we refer to Theorem 18.6 in [43]. From the proposition
above follows that for any ¢ € S(R")

1/p n—d
( / Iw(v)lpu(dv)) < clolBu B (3.2)

For d-sets the trace operator exists whenever s > "Tjd. Then we may formulate

the following definition.

Definition 3.4. Let 1 < p < 00,0 < ¢ < oo and s > 0. Then

n—d

S s+ P n

and
n—d

Bgl(rv :u) - tr# B,y (Rn) - LP(F7M)'

pl

This definition is in good agreement with the well-known trace theorems from R"
onto m-dimensional hyper-planes,

n—m

1By * (R") =B, (R™), 1<m<n.

Now let us consider the case when ¢ = co. Let f € B, (R"), s > ”%d. From the

properties of Besov spaces follows By (R") < By(R") for e > 0 and 0 < v < oo.
Then we can consider f as an element of By *(R") and define its trace on I'.

When we write that f € B, (I',u), this means that there is a function g €

sy n=d
Bp; ” (R") such that tr, g = f and in general we can not recover g by f. The

situation essentially improves, when the smoothness parameter is small.

Theorem 3.5. Let
0<s<l, 1<p<oo, 1<q¢g<oo, t=s+(n—d)/p.
Then there is a linear and bounded extension operator ext, with
ext, : By, (T, ) — B}, (R") (3.3)

and
tr,oext, =id (identity in B, (T, pn)). (3.4)
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3 Trace spaces

Approach by Jonsson and Wallin
For f € L'(R") and x € R", define

(O T — / f(y) dy (3.5)
z,r)

r—0 IB(fv,T’)IB(

if the limit exists (here |B(x,r)| stands for Lebesgue measure of a ball B(z,7)).
Those points, where the limit in (3.5) exists, are called Lebesgue points. Lebesgue’s
differentiation theorem implies that f = f a.e. in R™. Then by restriction of f to
' we mean the pointwise restriction of f to I' and we denote it by f|r.

Definition 3.6. Let I be a d-set. Let 0 < s <1 and 1 <p < oo. Then B; (I, 1)
is the collection of all f € L,(I', ) such that

17185, 0 = Uit + ([ [P S w30

The integration in the inner integral can be reduced to the ball B(+, 1), since

P

[ ] O = FOF sy | < i, @l

_ 6 d+8p
I' I\B(v,1) g |

Theorem 3.7. Let I be a d-set and 0 < s < 1. Then

s+ n—d

B;p(r,ﬂ) = Bpp ! (Rn)’F

Theorem 3.7 consists of two parts. First, it states that for every function f €

spn—d
Bp; " (R") its trace defined by f[r belongs to B; (I', ). Second, there is a linear

and bounded operator

n—d

S s+ P n
ext : By ([, p) < By © (R")

such that
(ext f)|r = f
for every f € By (I, ).
Comparison

Let 0 < s <1land 1 < p < oco. We want to show that in this case Besov spaces
defined by both approaches coincide.

The comparison between these approaches relies on the notion of capacity. But
before we recall some properties of fractional Sobolev spaces.

As it was mentioned in the Introduction the generalization of classical Sobolev
spaces are so called Bessel potential spaces H;(R").
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3 Trace spaces

Definition 3.8. Let s > 0 and 1 < p < co. A function f € H(R") if
S /TN 2\ /2 n
1R =11 ((1+ 1) F) 12,7 < oo.
It is known that

Hy(R™) = F(R"), s>0,1<p< oo, (3.7)

where F5(R") are Triebel-Lizorkin spaces, [41, Section 2.3.5]. The relation be-
tween Besov spaces and Triebel-Lizorkin spaces is given by the following embed-
ding

B;mln(p q) (Rn) — F;fq(Rn> — B;max(p,q) (Rn) (38)
In particular,
By (R") = F (R") (equivalent norms). (3.9)

Then combining (3.2), (3.7) and (3.8), we get
nodte n n
el Lp(T, | < cllplHp ™ (R, € >0, forall ¢ cS(R").

Let K be a compact set in R". Let 1 < p < oo and a > 0. Then
Cop(K) = inf { [ HE R : € S(R"), o > 1 on K}

is called the (o, p)-capacity of K. A property is said to hold («, p)-quasi-everywhere,
if it is true for all z € R™ except the set of C,, ;- capacity zero.

Let I' be a d-set. Thenfora:s—l—”p%d,1<p<oo,0<3<1andall<p€S(R”)

we have
1/p
( [reer u(dw) < dllplHe ™). (3.10)

Take any compact K C R™. Let ¢ be real and ¢ > 1 on K. Then from (3.10)
follows

K) < [ 1ol uldn) < clglH3 @I,

that implies
p(K) < cCyp(K). (3.11)

The relation (3.9) implies that

n—d

s st n
By (T,p) = tr, Fyp 7 (R).

According to Theorem 9.21 in [45] the trace of Triebel-Lizorkin spaces is indepen-
dent of parameter q. Hence

n—d

s s+ n
B (T, ) = tr, Hp (R™).
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Moreover, it was shown in [18, Chapter VII] that the trace of the Sobolev space

S+L*d

H, " (R") is the Besov space B} (T, 11)

s+ n—d

BZp<F7 M) = Hp ! (Rn>|r

Let f € Hy(R"). We may assume that f has a compact support in R™. As before
define

) = tim e |
B(z,r)

r—0 | B(z,r

if the limit exists. Then according to [1]
f=7f (a,p) —qe. inR™

Define Sobolev mollifiers for f by

fh(x)Zh”/nw(x;y> fly)dy, 0<h<1,

/n w(z)dr = 1.

fo— f in HJ(R") if h—0.

where 0 <w € D(R"™) and

Recall that

Moreover, from Theorem 1.25 in [38] follows

lim fu(z) = f(z)

h—0
for every Lebesgue point . This means
frn(x) = f(x) pointwise («,p)— q.e.
and together with (3.11) it implies
frn(x) = f(x) pointwise p — a.e.
Set ¢; = fo-; and take {¢;} as an approximating sequence for f. Then

Byy(L' ) 3 tr, f = lim il = flr € By, (T ) p—ae.

Remark 3.9. The comparison is based on the proof of Proposition 3.1. in [44].
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3 Trace spaces

Thus we no longer distinguish between B; (T, 1) and B; (', ) and write Bs(I') for
short. Besov spaces B;(F), 1 <p<oo,0<s<1,are normed by

(8

B0l = gl + | [ IO SGE | s

or equivalently

3=

1185, 0l = 1Ll + | [ %umm(dv) BENERE)
I Bl

Most of our results will be first stated for the spaces B;(I") and then they will be extended
to By, (I, 1) by real interpolation.

3.2 Real interpolation for the spaces B, (T, 1)

Theorem 3.10. Let I" be a d-set in R™. Let 0 < 0 < 1,1 <p < oo, 1< g < o0,
0<sp<1,0<s;<1,s9#s ands=(1—6)syg+0s,. Then

(Bpgo (T 11), Bpg, (T, 1))y . = By (L', ). (3.14)

Proof. We put

n—d S+n—d

P =ext,otr,: Boy 7 (R") = Bpy * (R).
Then P is a linear and bounded map. From (3.4) it follows that

pP? = ext, otr, oext,otr, = P.

spn=d spn=d
Hence P is a projection of Bp;r ? (R™) onto PBp; ” (R™). By Poext, = ext,, one gets
spn=d spn=d
that ext, maps B, (I, 1) into PBp; ? (R™). On the other hand, if f € PB,,;r r (R,
—d

then f = ext, (tr,(f)), tr, f € B, (). Hence ext, maps B, (I', 1) onto PB;;T(R”).
Since tr, and ext, are linear bounded operators, one has

n—d

1B, (T, )| ~ [l exty f1Bpg * (R™)] (3.15)

and it follows that

n—d

S s+ P n
ext, : By (I, pn) & PByg 7 (R")

is an isomorphic map.
Let
(ngo (Fa M)v B;;I (F7 :u))aq = B@(F)
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3 Trace spaces

It is known that

1+7

K +— n
(szo (®"), B

J’,i

<R”>>9q _ B (R,

We denote the right-hand side of (3.16) by By(R"™).
By the interpolation property for the spaces on R" and I'

1F1Bo(D)]| = [I'try, 0 exct, f|Bo(T)| < el exct, f|By(R™)|| < [ f| Bo(I)]

Hence

IA1BoD)] ~ [[exct, f1Byy 7 (R
Together with (3.15) this leads to

[ 1Bo (D) ~ [ F1B (T, i)l

This completes the proof.

(3.16)

(3.17)

(3.18)

Remark 3.11. The proof essentially uses the way of reasoning in [46, Ch. 1.11.8].

3.3 Intrinsic atomic characterization of B5)(I')

Besov spaces B;(I') with 0 < s < 1 and 1 < p < oo can be characterized in terms of

intrinsic building blocks, namely atoms.

Let for 6 > 0
= U B(.9)

vyel

where

B(775> :{IERn : ‘I—’)/| <5}7
be a d-neighbourhood of I'. Let 0 < r < 1 be fixed. Let for j € Ny,

M.
{W/j,n’L}mjzl cr
be the lattice of points with the following properties:

e For some ¢; >0
Vima = Vima| > a17?, § € No, my # my.

e For some some ¢y > 0

M;
027"3 C U ’YJma J 7 j€N07

where B(v;m, ) are given by (3.19).
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3 Trace spaces

Let
B!, ={veT |y —ml <1}, €Ny, m=1,..., M, (3.23)

be the intersection of balls B(v;, /) with T

Definition 3.12. Let I" be a d-set in R”. Let 1 < p < oo and 0 < s < 1. Then a

continuous function a;, on I' is called an (s, p)*-atom, if for j € Ny and m =1,..., M,
SUPP @jm C B]I:m, (3.24)
s_1
lajm(M < B (Bj,,,)" 7, ~vel, (3.25)
and s—1_1
(@jm () = agm(O)] < H' (B},,,) * 7 |y =4 (3.26)

with 7,6 € T', [46, Section 8.1.3].
Since I' is a d-set, we can reformulate (3.25) and (3.26) as
4 ()] < er75),
a5 (7) = @ ()] < e 015 |y — 4

For our further purposes we need the following assertion which is covered by the Propo-
sition 8.10 in [46].

Lemma 3.13. Let I be a d-set. Letr > 0 and

BY(ry={y €T :|y—vl|<r} forsome v €T,

and

B@2r)={z e R": |z — 50| < 2r}.
Let

f € B,(I') with supp f C B (r).
Then

I£1B5(D)|| = inf [|g| B, (R, t=s+ (n—d)/p,
where the infimum is taken over all
g € BX(R"), g|r = f, suppg C B(2r).
Now we can formulate an intrinsic atomic decomposition of the trace spaces By (T').

Theorem 3.14. Let 1 < p < 0o and 0 < s < 1. Then B5(I") is the collection of all
f € Ly(T, u) which can be represented as

i) =33 Mag(r). v, (3.27)

7=0 m=1
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3 Trace spaces

where

1
p

oo M;
M= (DD "] <o

j=0 m=1

ajm are (s,p)*-atoms according to Definition 5.12 and (3.27) converges absolutely in
Li(T, p). Furthermore,
1B ()] ~ inf [[A] (3.28)

where infimum is taken over all admissible representations (3.27), [16, Chapter 8.1.3].
We introduce new type of atoms, that we call (s, p, o)-atoms.

Definition 3.15. Let 1 < p < 00, 0 < o0 < 1 and 0 < s < ¢. Then a continuous

function aj,, on I' is called an (s, p, o)-atom, if for j € Ng and m =1,..., M;,
SUPP jm C Bﬁm, (3.29)
lam()| < er?(8), 4 €T, (3.30)
and . ]
@jm(y) = ajm(8)] < e/ (7778) |y — 5|7 (3.31)
with v,0 € T,

Let aj,, be an (s,p)*-atom and 0 < s < o. Then

(am(1) = am(@)] < e |y = 3]
= U by =87y = 87 < /(R0 |y g7
= el ) o,
which shows that any (s, p)*-atom is an (s, p, o)-atom.

Theorem 3.16. Let 1 <p <oo,0< 0o <1and0 < s <o. Then By(T) is the collection
of all f € Li(T', u) which can be represented as

fn=> Z Noajm(7), v €T, (3.32)

7=0 m=1

where

' P

o M
A= DD | <o,

7=0 m=1

Qjm are (s,p,o0)-atoms according to Definition 3.15 and (3.32) converges absolutely in
Li(T, p). Furthermore,
1B (D) || ~ inf [|A]

where infimum is taken over all admissible representations (3.32).
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3 Trace spaces

Proof. The proof is the adaption of reasoning in [46, Section 8.1.3]. The representation
(3.27) with (s, p)*-atoms is a special case of the representation (3.32) and it holds (3.28).
Hence it remains to show that from the representation (3.32) follows that

feBy() and [[f[BI)[| < c[|All.

First we estimate the norm of (s, p, o)-atoms in B;(I'). Let L be a number such that
diam T < 2%, Then

|ajm () = ajm(0)” 1
/ / O autan) < / / )

1> (o))
B

)
T B(2)\B(1,2 1) =

L
1
C/ Z mﬂ(d5)ﬂ(d7)

B2\ B(y,27)
L .
9id 2L(s—cr)p
< cp(T) Z =) CM(F)m <C.

Moreover,

JlamP @) < [ By ¥ i) < o) = c

r Bjm

This means that there is a constant C' > 0 such that
lajm| By < C
for all (s, p, o)-atoms. Furthermore, for 0 < s < 5 < o we can write
ajm(’y) = 71j(57§)bjm(7)7

where N
bjm(7) = 17V az(7).
For each j € Ny and m = 1,..., M; we have

supp bjm = Supp ajm, C Bjrm,

and
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3 Trace spaces

This shows that b, are (s, p, 0)- atoms and
bl BT < C.

Hence ‘
lajm| By(I)|| < CrIt=9),

We apply Lemma 3.13 to a;,. Then it follows that there are functions

3 - —d
Ajm € B, (R"), where t =5+ n .-
such that |
tI‘lvb Ajm = Qjm, Supijm - {.T e R": |.CL’ — ’yjml < 017’3}
and ]
| Ajm| BL,(R™)|| < e, t =54 2%,
p

Then according to Definition 2.7 in [46] Aj,, are non-smooth atoms for B} (R™) and
from Theorem 2.3 in [46] follows that

o Mj
F=>"Y XA, with [[A] <oo

7=0 m=1

belongs to B} (R") and
1718, (R™)|| < e[| Al

Taking into account that f = tr, F', we may conclude

IFIB M) < el All-
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CHAPTER 4

Besov spaces on nested fractals

In this chapter we assume that I' C R” is a nested fractal such that
R(w,y) ~ |z —y|™ ", (4.1)

where R(x,y) stands for the effective resistance metric and |x — y| is the Euclidean
distance in R™, for details we refer to Section 1.2.7. In particular, I" can be the Sierpinski
gasket or pentakun. Then relation (4.1) implies that piecewise harmonic functions belong
to the Holder class with exponent ¢ = d,, — d, i.e.

[Wi(z) = viy)| < cle—yl”.

This enables us to treat piecewise harmonic functions as (s, p, o)-atoms. Thus functions
from B, (I, 1) can be characterized in terms of the coefficients of its expansion in a
piecewise harmonic basis.

4.1 Representation of a function by piecewise harmonic
basis

We start with the following observation. Let h be the function which equals identically
1 on I'. Then A is harmonic and h|y, = 1. On the other hand, function

9= V¢
£ely

is also harmonic and g|y, = 1. Due to the uniqueness of the harmonic function with
given boundary values we get that h = g or equivalently

ngzl on I

&eWo

This statement has following counterpart for (j—1)-harmonic functions. Let £ € V;\V,_;,
7 > 1 be fixed. There is an w € ¥ such that

£ =7(w). (4.2)
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4 Besov spaces on nested fractals

We define A(€) by
A(f) = {77 eViiine Fw1w2---wj—1<F)} )

where w is chosen according to (4.2). A() consists of vertices of (j — 1)-simplex that £
belongs to. It is the same as the one defined in [16, Section 4.1]. Note that

GITHE) =0, Vi3 (¢ ¢ A9 (4.3)

and

Yoowe =1 (4.4)

Let f € C(T'). There exists the unique harmonic function P,f that interpolates f at
all points of 1

POflV() = f|V07
Pyf — harmonic.

It is clear that

Pof = f(&)W.

&eVo

Let P,f, n > 1, be the unique piecewise harmonic function in H,, which interpolates f
at all points in V,,

Pof =Y f(&)u.

§eVn

Let us take the approximation of f by 1-harmonic functions
Pif =) fOui=) fOvi+ > fObi=F+G. (4.5)
fEVI fEVo fEVl\VO

Function F' is a 1-harmonic function that coincides with f on V4 and is 0 at all points
of Vi \ Vi
F|Vo - f7

Flviaw, = 0.

Since every harmonic function is also 1-harmonic and there is unique 1-harmonic function
for given boundary values, we may conclude

F=Pf— Y (Pf)&u:. (4.6)

£€V1\V0

Replacing F' in (4.5) by (4.6) we get

Pif =PRof+ > [f(€) = Rof()] s (4.7)

£EVI\Vo
For £ € V;\ Vj_1, j > 1, define
ce(f) = Pif(&) — P f(€) = f(§) — Pi-a f(§), (4.8)
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4 Besov spaces on nested fractals

complemented by
ce(f) = F(), €€
Then (4.7) can be written in the following way

Pif =Pf+ > celf)r.

§€V1\V0
By method of mathematical induction we may prove that
Pof =Y fOW+>, > el n>1.
I32%) J=1 £€eV\V, 1

Indeed,

Pof =Y f&u= > [+ > flEwr

EEV, §€Vn\Vn71 £eVn_1

= > fOUE+Paaf— > Paaf(©UR

EEVn\Vn—l £evn\vn—l

RS Y wpie Y o

J=1 €eVi\Vj1 EeV\Vi—1
Let V_; = (. Then
Pf=2. 2.
J=0 £eVi\Vj
For the coefficients c¢(f), £ € V; \ V;_1, 7 > 1, we may write

ce(f) =1 = D fwi ()

neVj_1

Taking into account (4.3) and (4.4), we get

ce(f) =FE&) = D agfn)

nEA(§)

Z Qen =

neA(E)

with

where ag, = )71 (§).

(4.9)

(4.10)

(4.11)

Lemma 4.1. Let f € C(I') and P, f be given by (4.9). Then P,f tends to f uniformly

onl asn — .
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4 Besov spaces on nested fractals

Proof. Let € > 0. Then there is § > 0 such that
[f(x) = fly)l <&, if [z —y[ <o
Choose N € N in such a way that for n > N
lz —y| < if x,y € F,(I"), weW,.
Take any x € I". From the maximum principle for harmonic functions follows
|f(x) = Puf(2)] < |f(z) — fl2n)l,

where x,, is one of the vertices of the simplex F, ("), w € W, that x belongs to. Since
|lx — z,| <0, we get |f(z) — P.f(x)] <e. O

Proposition 1.3.2 in [35] implies that {¢g,§ € V;\ V;_1,7 > 0} is an interpolating
basis. This means that f € C'(I') has the unique representation

= > «lhvi
J=0 £eV;\Vj 1
4.2 Characterization of B (I', 1) by piecewise harmonic
basis

The question arises whether Besov spaces with a certain range of parameters can be
characterized by coefficients c¢(f). We give an affirmative answer in the following theo-
rem.

Theorem 4.2. Let I' be the above d-set with p as in (1.27) and o as in (1.37). Let
d .
l<p<oo and — < s <min{l,o}. (4.12)
p

Then f € C(T') belongs to By(T') if and only if it can be represented as

F=>>" clhHl, (4.13)

J=0 €eV;\V; 1

where

Sl

G =X/ 3wl | <o

£EVi\Vj

unconditional convergence being in C(I'). Furthermore,

1B (D) ~ Co(f)-
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4 Besov spaces on nested fractals

Proof. The idea of the proof is the same as in [16, Theorem 5.1]. Let

Cljg(x) = pj(87%)wg(x)> j € N07 6 € ‘/; \ ‘/;_1'

Then a;e satisty (3.29)-(3.31). Taking into account that C'(I') C L;(I") we get that (4.13)
is an atomic representation of f and from Theorem 3.16 it follows that

1F1B (IO < e C(f).
To prove the converse, let f € B3(I') and let
oo M;
F=2_ Mnttim
j=0 m=1

be an atomic decomposition of f into (s,p,o)-atoms with r = p in (3.23), (3.30) and
(3.31) such that
A< el £ 1B M)]l- (4.14)

Then taking into account (3.30) and that s > % we get

M; M;
> Matjm| <sup [N S 7070 < epl) sup ||
m=1 m m=1 m

Sl

M;

S DI

m=1

o M;
The Weierstrass test together with the estimate (4.14) imply that the series Y >~ M ajpn,

7=0m=1
converges uniformly and it follows

0o M;j
ce(f) =D > Ancelajm)-
7=0 m=1

From the formula (4.10) together with (4.11) and the property (3.30) of (s, p, o)-atoms

follows o
ce(ajm)] < 20075, (4.15)

Moreover, for ¢ > 0 the property (3.31) implies
‘C§<ajm)| - ajm(é) - Z a&najm(TD - Z O‘fn(ajm(g) - ajm(n))
neEA(E) nEA(§)

<o) e e Vi\ Vi (4.16)
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Let us split c¢(f) into two parts

) =D Nocelam) + Y Y Mocelajm) = ze(f) + ve(f)-

7j=0 m=1 j=i+1m=1

Taking into account the support condition for atoms (3.29), we get that for all £ and
J the number of atoms such that c¢(a;,) # 0 is finite.

First we deal with
1/p

Xip=| D lee(N
§eVi\Vi1
Note that ‘
{€ € Vi\Viy: celajm) # 0} C {€ € Vin B (Yjm, ')} -

The balls B (¢, %) corresponding to different & € V; N BY (v, /) are disjoint and for

j < i they are contained in B' (v;,2p7). Thus

S n(B (€ 2) < (B (n2).

fEViﬂBF(’ij,pj)

. Nd
Since p is a d-measure this implies that {5 € VN B (vjm, pJ)} can have at most ¢ (%)
elements. Hence

#{E€Vi\Vier : ce(ajm) # 0} < e, j <.

By Minskowski’s and Hélder’s inequalities together with (4.16) follows

1/p ; M, p\ 1/p
Xip=1 Y lzOF | <D Yo D Mllee(ajm)]
EeVi\Vi1 j=0 \¢eV;\V;_; \m=1

i M 1/p i M
. . . . d . ond
<S50 S Pl lelaml ] <30S ] g R plm0s

J=0 m=1 \£eV;\V;_1 J=0 m=1

i M; 1/p
< Cpi(af%) ij(s—o‘) Z P\zn}p
7=0 m=1

and it follows
1/p

i M;
Xips = P07 X5 < g0 Y 0o [ 30 N[
7=0 m=1
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4 Besov spaces on nested fractals

Jensen’s inequality implies

%

M;
Xz:'ljp,s < Cpi(a—s)ppi(s—o)(p—l) Z pj(s—o) Z |/\gn’p
m=1

§=0
i M;
_ Cpi(afs) ij(sfo) Z ‘)\%1|P .
7=0 m=1
Then
0o 1/p o0 i M; 1/p
(St) e[ Sae 3o Sl
i=0 i=0 §=0 m=1
o] e M; 1/p o M; 1/p
=c| > (Zp“"‘”) S A L B S PYA LS I PV
7=0 =7 m=1 7=0 m=1
To estimate y
p
Yip=| Y lue(HF

§eVi\Vi1

we use Minkowski’s and Holder’s inequalities together with the property (4.15). Then
we get

e M; p\ 1/p
Vo< | 2 | 2 Wallestagn)]
J=t \&eVi\Vi-1 \m=1
[e'e) Mj ' l/p - Mj | | d
<X > L leeagm)l? OIMEA S8)
j=i m=1 \¢eV;\Vi_, pcd
o] M, 1/p
SCij(‘**%) Z‘Ag‘n‘p
J=i m=1

Hence we have

1/p

00 M,
)/i,p,s — pi(%_S)}/i7p S cpi<%—s) ij(s—%) ZJ ‘)\gn|p
Jj=t m=1

Applying Jensen’s inequality we get

M;

Y2, < epl ()00 S -2 $ o
j=t

m=1
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4 Besov spaces on nested fractals

<cp Zp’ =5 Z!)\] ‘p

Then
oo 1/p o oo M; 1/p
<Z ig?pﬁ) <SS G ST N
1=0 =0 j=1t m=1
00 j M; 1/p M. 1/p
<l (Zp"“‘*) A DI AL BEEE S S YA IO ]
j=0 \i=0 m=1 =0 m=1
Thus .

O DIV D DI

§eVi\Vi

(Z ) (Z ) < oAl < cllF1BED)]

Corollary 4.3. Let
d
l<p<oo and — < s <min{l,c}.
p
The system of functions {wg,j € No, & € V;\ Vj_1} is an unconditional basis in B,(T').
Proof. Let f € B,(I'). Then f has the unique representation
f=2. 2 clhul (4.17)
J=0 £eV;\V; 1
with the convergence first being in C(I'). It is left to show that (4.17) converges in

By(T).
Let us show that the sequence of partial sums

Se= > el

J=0 £eVi\Vj—1

is a Cauchy sequence in By(T'). For n >m

1Sn = S| By(I)|| = || Z Y clHwlBm|

J=m+lEeVi\V;
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4 Besov spaces on nested fractals

1
n P

~ ST PG ST ] 500 nem s o

j=m+1 £EV\Vj1
Since B,(I') is complete, the series (4.17) converges to f in By(I'). O

Theorem 4.2 establishes isomorphism between function spaces By (I') and certain se-
quence spaces.

Definition 4.4. Let 0 <s < 1,1 <p <ooand 1 < ¢ < co. Let b7 be the space of all
sequences a = {a;m,j € No,m =1,..., M;} such that

SIS
Q=

0o M;
lalbzall =1 > o7 [ Y Jajml? < 00.
7=0 m=1

We can reformulate the above result in the following manner.

Theorem 4.5. Let I' be a d-set with p as in (1.27) and o as in (1.37). Let
d
l<p<oo and — < s<o.
p

Then f € C(I') belongs to By(T') if and only if it can be represented as

F= > vl

J=0 £eV;\V;_1

unconditional convergence being in C(I'). Furthermore this representation is unique and
id .
1:f = {7 ). j €N €V \ Vi } (4.18)

s an isomorphic map of B;(F) onto the sequence space by.

To extend Theorem 4.5 to spaces B, (I', 1) we apply real interpolation.
Let 0 <O <1, 1<p<oo,1<g<oo,0<sp,8 <1,s0# s and s=(1—0)sg+0s;.
Theorem 3.10 implies
(B (D), B (D)), = Byy(T. ). (4.19)

As for the interpolation of the sequence spaces b*°, we have the following statement.

P
Theorem 4.6. Let 0 <0 <1, 1 <p<oo,1<qg<oo 0<sys1 <1, s # s1 and

s=(1—0)sg+0sy. Then
(B3 b ) .0 = b (4.20)

pp

The proof follows the same lines of Theorem in [40, Chapter 1.18.2].
Combining (4.19), (4.20) and (4.18) we deduce following corollary.
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4 Besov spaces on nested fractals

Corollary 4.7. Let

d
—<s<o0, 1<p<oo 1<g<o0.
p

Then f € C(T') belongs to B, (T, u) if and only if it can be represented as

F= > el

J=0 £eV;\V; 1

unconditional convergence being in C(I'). Furthermore this representation is unique and

Iif > {p¥e(f), € No,€ €V \ Vi }

s an isomorphic map of B;q(F, p) onto the sequence space by
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CHAPTER 5

Besov spaces on the Koch curve

As we discussed before, any self-similar set, in particular any self-similar curve K from
Section 1.2.2; is a d-set, with d being the Hausdorff dimension of the set. One of the
ways to define Besov spaces B;q(K ,p) on K is by traces, see Chapter 3. The second
way is to use the snowflaked transform H, defined by (1.26), to introduce Besov spaces
B;, (K, ). The question arises how the function spaces B, (K,u) and By (K, u) are
interrelated. In particular, we shift the characterization in terms of Daubechies wavelets
from (T, p = |z — y]l/d,uL), [46, p. 360], to K.

In our further reasoning the Koch curve serves as an example, though all our conclu-
sions remain true for any self-similar curve from Section 1.2.2. From now on we also
identify the unit interval I and the 1-torus T.

5.1 Besov spaces B, (K 1)

Let K be the Koch curve in R?, discussed in the Example 1.34. It is a d-set with d = iggg.

We endow K with measure p defined by (1.29), which is a multiple of the Hausdorff
measure.

Let

By (K, pu)={foH ':feB;(T)} =B (T)o H!

with
I o H B, (K, )| = 1B, (T))|.

We are interested in wavelet expansions for the spaces IB%;Q(K , it). Define Jf by
Vi) =4 o H(y).

From (1.32) follows that the system {{/;f,j € Ny, k € ]P’j} is orthonormal in Ly( K, p).
The counterpart of Theorem 1.16 for the spaces By (K, 1) reads as follows.
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5 Besov spaces on the Koch curve

Theorem 5.1. Let 1 < p < 00, 0 < ¢ < o0 and s > 0. Let fe L,(K,p). Then
f € B, (K, u) if, and only if, it can be represented as

=325 wha 54k, (5.1)

7=0 k‘EIP]'

unconditional convergence being in L,(K, jt). Furthermore this representation is unique,

ph =2 (fgh e =27F /f(v)i/;f(v) pu(dy),
K
and ~
I:f—{utjeNykeP;) (5.2)

is an isomorphic map of BS (K, ) onto the sequence space byPe".

5.2 Comparison of B, (K, ;) and B; (K, )

We first deal with the case 1 <p=¢g< o0, 0 < s < 1.
We recall that the spaces Bj (T) can be normed by

il = [uerar) o | [ (PR L8 ) 6

According to (1.33), (5.3) is equivalent to

1
P

/‘f(’y)’p p(dy) p+ //‘fyiéli(il p(dry)p(dd) |

K K

where f = fo H™'. We endow the spaces B;p(K , i) with the equivalent norm

- o) - fo) '
185, 5l = ALK+ | [ [ g wannas | - Ga)
L4 =9l
Together with (3.12) this leads to
B (K. 1) = Bip(K. 1). (5.5)

The analogue of Theorem 5.1 for the spaces B, (K, u) reads as follows.
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5 Besov spaces on the Koch curve

Theorem 5.2. Let 1 < p < oo and 0 < s < 1. Let f € L,(K,p). Then fe B (K, 1)
if, and only if, it can be represented as

Z Z N;€2 J+L

Jj=0 keP;

unconditional convergence being in L,(K, ji). Furthermore this representation is unique,

QL >

ui =27 (f,95)k,
and B
I:f—{usjeNykeP;}
is an isomorphic map of B, (K i) onto the sequence space bgpp .

Proof. This follows from the observation (5.5). O

To compare By (K, ;) and By (K, 1) with 1 <p < 00,0 <g<ooand 0 <s <1 we
use the real interpolation.
Let 0 <0 <1, 1<p<oo,0<qg<oo0<s <1, 0<s <1, s # s and
s = (1 —60)sg+ 0s;. Then from Theorem 1 in [34, Ch. 3.6.1] follows
(Bip(T), By (T)),,, = By (T).

Since spaces B (T) are isomorphic to sequence spaces b5P", it follows that

S0,per 1,51, per) _ pS.per
(b ’bpp 0,q bpq :

Using the isomorphic map in (5.1) one gets
(Byy (K, 1), By (K. 1)), = By (I, ). (5.6)
Using (5.5), (5.6) and (3.14) one gets that for 0 < s <1, 1 <p<oo, 1 <g< 0
B;q(Ka :U’) = ng(K, ,LL)
Thus we may conclude that the following theorem holds.

Theorem 5.3. Let 1l <p< oo, 1 <g<ooand 0 < s < 1. Let fe L,(K,p). Then
f € B (K, ) if, and only if, it can be represented as

ZZM 25k,

j=0 keP,

unconditional convergence being in L,(K, ). Furthermore this representation is unique,

J+L ~

i (fo "),

and

I:f—{utjeNykeP;}

s an isomorphic map of B (K i) onto the sequence space bﬁqp .
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5 Besov spaces on the Koch curve

5.3 Faber-Schauder basis on the Koch curve

In Section 1.2.7 we defined piecewise harmonic functions on a self-similar set, which are
regarded as analogue of Faber-Schauder functions.

For the Koch curve K and any other self-similar curve from Example 1.35 a piecewise
harmonic function ¢§ with € = H(x), is the composition of ¥/ with the transform H™!
from (1.26),

Wl =yloH.
Taking into account (1.35), (1.36) and (1.33) we get
[6L() = d6)| < ely = a7, (5.7)

where d is the Hausdorff dimension of the curve.
Similarly to the reasoning in Chapter 4 we may expand a function f € C(K) in a
piecewise harmonic basis. Define

f), £ e,
ce(f) ={ £ = 3 agf(), €€V;\ Vi, j>1

n~;§&

Recall that ag, = ¢)7'(€). Hence for the Koch curve K

1 )
Qen = 5 EeVi\Vio, n~ & j>1,

and

is the counterpart of the second difference. Define
RIZY S i
J=0 £eV;\Vj1
Then P, f tends to f uniformly on K as n — oo and f € C(K) has the unique repre-

sentation ,
F=Y > clhil

J=0 €eV;\V; 1

We can say whether f € B; (K, p) judging by the coefficients in the expansion to the
piecewise harmonic basis.

Theorem 5.4. Let K be the Koch curve. Let

d
-<s<1l, 1<p<oo and 1 <qg < oo.
p
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5 Besov spaces on the Koch curve

Then f € C(K) belongs to By (K, ) if and only if it can be represented as

F=Y Y el (5.8)

7=0 €eV;\Vj 1

where )
s > YEL] 1 ’
Cpq(f) = Z\/g 2 Z |C£(f>|p < o0,
J=0 EEVi\Vj1

unconditional convergence being in C(K). Furthermore,

1FBpg (K, )| ~ Gy ()

The proof for the case p = q is the same as for Theorem 4.2. To extend the result to
p # q we apply real interpolation.

5.4 Haar wavelets on the Koch curve

The characterization of Besov spaces B, (K, u) by Faber-Schauder basis involves point-
wise evaluation of f € Bj (K,p). This means that we consider only those spaces
B, (K, ) where s > %. In order to consider function spaces with 0 < s < % we in-
troduce Haar wavelets.

Wavelets of Haar type on self-similar fractals were introduced in [14, 15]. These
functions differ from ordinary Haar wavelets even on the unit interval, since they are
piecewise polynomials instead of piecewise constants.

Our approach to defining Haar wavelets on the self-similar curves is the same as
in Section 5.1. We apply mapping H from (1.26) to transfer ordinary Haar wavelets
{ho,hjm : j €ENgym =0,...,2 — 1} from I to K. Let

hO(’Y) = hO o H_l(7)> h]m(")/) = hjm ° H_l(f}/) (59)
Observe that the support of ﬁjm, m=0,...,2 —1, are sets
supp Ejm = Kujwyow;s (W1, Wa, ..., wj) € Wj.

Then (1.32) implies that the system {%O,Ejm :7€Ny,m=0,...,2 — 1} is orthonormal

in Ly(K, ).
Taking into acount considerations in Section 1.1.7, Section 5.1 and Section 5.2 we get
the followong theorem.
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5 Besov spaces on the Koch curve

Theorem 5.5. Let 1 <p< oo, 1 <g< oo and ) < s < ;—f. Let J?E L,(K,p). Then
fe B> (K, 1) if, and only if, it can be represented as

=3 S,
Jj=0 keP;

unconditional convergence being in L,(K, ). Furthermore this representation is unique,

j ~ ~

J+L
/1?:2 2 (f7¢]k>K7

and

I:f—{ubjeNykeP;)}
s an isomorphic map of B (K () onto the sequence space bﬁqp .

Theorem 5.6. Let

d
l<p<oo, 1<g<oo and 0 <s < —.
p

Let fe L,(K,p). Then f € By (K, ) if, and only if, it can be represented as

oo 21—-1

= oho + Z Z ,Mjmzjm, (5.10)

§=0 m=0

unconditional convergence being in BY (K, i), o < s. The representation (5.10) is unique
with

Mo = /f d’}/ /“ij_z/f ]m )M(d7)7 jEN()?m:OaaQJ_lu

and N ) |
J:f {M072_;ﬂjm:jENO,m:O,...,QJ—l}

is an isomorphic map of B, (K, ) onto bgq(I). In addition, (5.9) is an unconditional
basis in By, (K, 1).
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CHAPTER 6

Besov spaces on the snowflake

Three Koch curves clipped together form the snowflake curve SF, see Figure 6.1. Due
to the isomorphism between [0, 1] and the Koch curve K we may establish isomorphism
H between [0,3] and SF. The snowflake is not a self-similar set, but it is a d-set with
d= %223 being its Hausdorff dimension and a measure i being equivalent to the Hausdorff
measure Hd]sp. Let p be chosen in such a way that it is the image of the Lebesgue

measure under H.

Figure 6.1: The snowflake

6.1 New periodic wavelets on T and R

In Section 1.1.5 we have considered the theory of periodic Besov spaces. We slightly
modify the definitions and theorems given there to consider 3-periodic functions.
Let
T={zxeR:0<x<1},
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6 Besov spaces on the snowflake

where the points 0 and 1 are identified. Let
JTr={zeR:0<z<3}

with the points 0 and 3 being identified. We can interpret 3T as a circle of radius % with
the centre at the origin. We define the distance p(z,y) between two points z,y € 3T as
the length of the shortest arc on the circle connecting them, i.e.

p(r,y) = min{|z —y|,3 — |z — y|}. (6.1)

By D(3T) we denote the collection of all complex-valued infinitely differentiable func-
tions on 3T. The topology in D(3T) is generated by the family of semi-norms

HQOHOI = sup ‘Dagp(‘x)‘ , o€ No.
xze3T

D'(3T) is the class of all continuous linear functionals on D(3T). The continuity of a
linear functional f on D(3T) means that there exist N € N and ¢y > 0 such that

Pl <ew Y el

a<N

for all ¢ € D(3T).
Let 0 < p < o0. L,(3T) is the standard quasi-Banach space with respect to Lebesgue
measure, quasi-normed by

1
P

1 £1Z,(3T) t/Wf )|

with the usual modification if p = co. If 1 < p < oo then f € L,(3T) can be interpreted
in a unique way as an element of D’(3T) by

/f x)dzx, ¢ € D(3T). (6.2)

Consequently, for 1 < p < oo we have
D(3T) c L,(3T) c D'(3T), (6.3)

where ” C 7 here and further on means the topological embedding.
Let f € D'(3T). Then the numbers

Fk) = 3750, ke,
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6 Besov spaces on the snowflake

are said to be the Fourier coefficients of f. If f € L,(3T), 1 < p < oo, then (6.2), (6.3)
imply that

W

3
flk) = f(x)e_%w“C dz, ke€Z.
/

Any f € D'(3T) can be represented as

f= Zake%ﬁikx, r € 3T, (convergence in D'(3T)) (6.4)
keZ

where the Fourier coefficients {a;} C C are of at most polynomial growth,
lag| < c(1+1k])", for some ¢ >0, k> 0andall k € Z.

Definition 6.1. Let ¢ = {gpj};’io be a dyadic resolution of unity in R according to
(L.1)-(1.3), s e R,0<p<00,0<¢qg< o0 and

1
s = ) S 2mk 27 ik !
1185, (3D)] = (Z 2 S () et |Lp<31r>|rq)
=0

keZ

(with the usual modification if ¢ = oo). Then the Besov space B;, (3T) consists of all
f € D'(3T) such that || f|B;, (3T)|| < oo, [34, Chapter 3].

Our approach to defining Besov spaces on the snowflake is the same as in Section 5.1.
We start with the same restrictions on the parameters

0<s<l, 1<p=g<

and then extend our result to the case when p # ¢. Since 0 < s < 1 it is enough to con-
sider ¥ € C*(R) and ¢y, € CY(R) in (1.13). Now we slightly modify the construction
of periodic wavelets on R in order to introduce wavelets on the closed snowflake.

Let

N = sup [¢p(x)|, M = sup [¢y ()]

z€R z€R

Y and vy, are Lipschitz-continuous functions. For the functions ij * Jefined by (1.13)
and (1.14) holds

@) — et w)| <2 Nje—yl, wyeRr,

Pk - )| S 29 IM gl jEN, myeR

We construct 3-periodic counterparts of 1/1]1.: ok by the procedure

Ui (x) = D 07" (x + 31). (6.5)
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6 Besov spaces on the snowflake

Define ij’k’g’p “"on 3T by
Ut (@) = iy (v), @ € 3T.

J J,3per

Let
={keZ:0<k<3-2"-1}

={k€Z:0<k<3-2%1 -1}, jeN
Then for j € Ny there exists the set of points {xm}kep}s C 3T such that

1
supp o P C {x € 3T : p(x, xos) < 5} = Bg’?i,

supp kaSper C{z €3T:p(z,z4) <277} =
Recall that p(-,-) is the metric on 3T given by (6.1). For the points z,y € Bj, j € Ny,
k € P2 holds
|H(z) = Hy)| ~ |z -yl
We recall that H is the adaption of mapping H from (1.26) with property (1.33).
Similarly to the Proposition 1.34 in [47] one gets that

{qpf”“"’p”, j €Ny ke 1@3}

is an orthornomal basis in Ly(3T). We simplify the notation and omit L in @DL ok 3per
To characterize periodic Besov spaces in terms of wavelets we first mtroduce the

corresponding sequence spaces.

Definition 6.2. Let 0 < p < 00,0 < ¢ < o0 and s € R. Then b;;fp” is the collection of
all sequences

p={useC:jeNykeP}
such that

hSEES)
Qe

H,U’bs Sper _ Z 2j(s—%)q Z ’Mﬂp < .
j=0

3
keIP’j

Theorem 6.3. Let {wf’i)’per} be the orthonormal basis in Ly(3T). Let 0 < p < oo,
0<g<ocand0<s<1. LetfeD'(3T). Then f € B, (3T) if, and only if, it can be

represented as
7+L k3p€7" s,3per
f= E E T ;o E b
7=0 keP?

unconditional convergence being in D'(3T) and in any space By (3T) with o < s. Fur-
thermore, this representation is unique,

3
/f k’Sper )dl’,
0

65



6 Besov spaces on the snowflake

and
I:f—{uh,jeNykePl}

is an isomorphic map of B, (3T) onto the sequence space bs;;‘pe’”. If, in addition, p < oo,
q < 00, then {wfp "} is an uncondztwnal basis in By, (3T).

Remark 6.4. This assertion is the counterpart of Theorem 1.37 in [47] for B (3T).

Since

B, (3T) — L,(3T)

with s > 0, 1 < p < 00, 0 < g < 00, (see [34, Chapter 3.5.1]), we reformulate Theorem
6.3 with additional restrictions on the parameteres.

Theorem 6.5. Let {wf’?’p”} be the above orthonormal basis in Ly(3T). Let 1 < p < oo,
0<g<ooand0<s<1. LetfeLy,3T). Then f € B, (3T) if, and only if, it can be

represented as
k ]+L k3p67’ s,3per
f= E § pi2” € b
J=0 keP?

unconditional convergence being in L,(3T). Furthermore this representation is unique,

3
itL or
i =25 [ f@) ™ (a) da,
0

I:f—{uh,jeNykePl}

s an isomorphic map of B (BT) onto the sequence space bs;fpe’".

and

6.2 Besov spaces B; (SF', )

Let
B;,(SF, u) = {0 H™": [ € B},(3T) } = B;,(3T) o H*
with
1f o H B3y (SF, w)l| = 1| £| B3, (3T)l.
Define ij by
Vir(7) = 0 0 H (7).

k,3per

From the corresponding properties of functions ;™" and transform H follow the prop-

erties of ijk, namely:

e The system {ij,j € Ny, k € IP’?} is an orthonormal basis in Ly (SF, u).
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6 Besov spaces on the snowflake

e For j € Ny there is the set of points {’Yj’k}kelp:? C SF such that
~ _1
supp o C {7y € SF 1 |y —yox| <274} = B&i, ke P},
supp ¥y C {7 € SF « |y — yjul < 274} = B}, ke P,
e For v,6 € supp @ij holds
~ ~ o p
Gin(y) — i(0)| < 22 |y = 0" =
= 2% |y =3y =gl < 23 jy - g,
The last inequality is due to the fact that for v, € BS}

_i
|y =0 < v — v + [y — 0] < 274
Define aj;, by

A = J+L-1

279 g, jEN, ke P

Then
supp @ C Bﬁg,
. S*l
()| < 27973 < Y (BSE)7, for any 7 € SF,

and for any 7, € supp a;i

- - Ci(e_1_1 s_1_1

() = @r(9)] < 27T |y — 8| < cHY(BFE) 7 |y =4l
According to Definition 3.12 a;;, are (sd, p)-atoms.

Theorem 6.6. Let 1 <p <oo,0<g<ooand(<s<1. Let fe L,(SF, ). Then
f € B, (SF, 1) if, and only if, it can be represented as

f= Z Z M;?Q_#ij, (6.6)

j=0 k;elei]’?
unconditional convergence being in L,(SF, ). Furthermore this representation is unique,
4L, w S A
M? =272 (f,ju)sr =22 /f(7)¢jk(7> p(dy),
SF
and

I:f—{ukjeNykeP?} (6.7)

is an isomorphic map of B> (SF, ) onto the sequence space b;;f””.
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6 Besov spaces on the snowflake

6.3 Comparison of B (SF, 1) and B, (SF, 1)

We have .
ng(SFa ,U/) = B;p(SF7 M) (68)

The inclusion from left to the right follows from Theorem 3.14 and Theorem 6.6. To get
the opposite one, we need the characterization of periodic Besov spaces in terms of first
differences, we refer to [34, Section 3.5]. The idea is the same as in Chapter 5.

To compare B, (SF, ;) and By (SF, ) with 0 < s < 1 and p # ¢ we use the real
interpolation.

Let 0 <0 <1, 1<p<oo,0<g<oo0<s <1, 0<s <1, s # s; and
s = (1 —60)sg+ 0s;. Then from Theorem 1 in [34, Ch. 3.6.1] follows

(B:9(3T), B3L(3T)) 0.0 = Bra(3T).
Since spaces B;q(BT) are isomorphic to sequence spaces b;;f’p”, it follows that

S0 ,3per sl,3per) __ 1.8,3per
(bpp ’bpp e,q_bpq )

Using the isomorphic map in (6.7) one gets
(B (SF, 1), B, (SF, 1)), . = By, (SF, o). (6.9)
Using (6.8), (6.9) and (3.14) one gets that for 0 < s <1, 1 <p < oo, 1 <¢g< o0
Thus we may conclude that the following theorem holds.

Theorem 6.7. Let 1 <p < oo, 1 <g<ooand0 <s<1. Let fe L,(SF,u). Then
f € By (SF, u) if, and only if, it can be represented as

f=22 w2 m
j=0 keP,

unconditional convergence being in L,(SF, ). Furthermore this representation is unique,

Ji+L =~ Tk

/'Lf =2 (f7¢j)SF7

and B
I:f—{uh,jeNykeP;} (6.10)

is an isomorphic map of B, (SF, i) onto the sequence space bgfp”.
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6 Besov spaces on the snowflake

6.4 Faber-Schauder basis on the snowflake

There are two different decompositions of the Koch snowflake into three Koch curves

3 6
sF =K =K,
=1 i=4
see Fig. 6.2.
Ko Ks

s %
e " ?“%f‘g

Figure 6.2: Decomposition of the snowflake

In [9] it was shown that the energy on the snowflake SF can be obtained as the sum of
energies correspondent to three Koch curves comprising SF. Moreover, it is independent
of the decomposition. '

The procedure is as follows. Let {Vj(l)} be the sequence of finite sets of points approx-
imating K; according to the way described in Section 1.2.3, i.e.

K=y
Jj=0

We denote by Gg-i) the graphs with vertices Vj(i) and edge relation £ ~; 7 defined in
Section 1.2.3. Let

3 6
vi=UJv’=Uv" izt
; =4

=1

V.=V
j=1
Then o
SF=V,.

We form a graph G; with vertices Vj;, 7 > 1, and edge relation £ ~; 7 holding if and
only if there exists i € {1,2,...,6} such that

§~j;mn in GE-i).
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6 Besov spaces on the snowflake

There are two possibilities for the graph Gy. Either it can consist of vertices

3
Vo =W = {o1, 25,25}
=1

or 6
vy =UW" = {w2, 24,6}
i=4

The edge relation is defined in the same way as for the graphs G, j > 1.
The energy forms associated with the sets K; are denoted by €. For any function
u : Vi, — R define graph energies €;, j > 1, by

€;(u) =27 (u(€) —u(n))*.
E~in

Let
E(u) = lim &;(u),
j—o0

D ={ueC(SF): &(u) < co}.
Theorem 4.6. in [9] implies that for u € C'(SF)
&(u) = €W (ulx,) + &P (ulx,) + &7 (ulx,)
= EW(ulk,) + € (uli;) + €O (ul ).

Since € is independent of chosen decomposition of SF, further on we assume

3
SF = U K,
=1

and Vy = VOI = {z1, 73,75}
Definition 6.8.

(i) A continuous function h : Vi, — R is called harmonic if it minimizes &; at all levels
for given boundary values on Vj:

&;(h) = min {&;(u) : uly, = p}
(ii) A continuous function ¥ : V. — R is called piecewise harmonic of level j if it
minimizes &,, at all levels m > j for given boundary values on V;.

The restriction of a harmonic function on SF to K; is a harmonic function on Kj.
Let ¢§> ¢ €V, be a piecewise harmonic function of level j which equals 1 at £ and 0
at any other vertex of V;:

5 1, T =
%“*ﬁ&:{o,xe%\&}
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6 Besov spaces on the snowflake

From the correspondent properties of harmonic functions on the Koch curve follows that

supp ¢ C B(&, /),

where p = \/Lg, and

L) = L(8)] < ey =4I,
In4

where d = 3 is the Hausdor{l dimension of SF.

The system {¢g 1€ € V;\ Vj_1,7 > 0} is the counterpart of Faber-Schauder basis on
the snowflake. Any function f € C(SF) may be represented as

f= Z > (Ul
J=0 £eV;\V; 1

where

f(€), e W,
Cs(f)Z{ FO-33 fn), €€Vi\Vjy, j>1.

n~;€
The isomorphism between function spaces B;q(SF, 1) and sequence spaces is given by
the following theorem.

Theorem 6.9. Let SF be the Koch snowflake. Let

d
- <s5<1, 1<p<oo and 1 < g < oo0.
p

Then f € C(SF) belongs to By, (SF, ) if and only if it can be represented as

f= Z > (Ul (6.11)

J=0 £eV;\V; 1
where
s > YEL] 1
Cpq(f): Z\/§ 2% Z |C£(f>|p < o0,
J=0 £eVi\Vj

unconditional convergence being in C(SF). Furthermore,

11 Bpg (K, )| ~ Gy (f)-

The proof follows the same lines of Theorem 4.2.
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CHAPTER 7

Besov spaces on the Cartesian product of some self-similar sets

Let @ = (0,1)" be the unit cube in R". Anisotropic Besov spaces B,*(Q)) measure
smoothness of functions depending on the direction of the j-th coordinate. Recall that
the norm is given by

1/p

IS0 0} e

Oan(,y)nHep

1 1B2(@Q)] = I1/1L,(@Q)]] + /
QR Q

where g,,(7,y) is the anisotropic distance on @ defined by (1.6). This means that
to describe the anisotropic Besov spaces we modify the way how we measure the dis-
tance between points. The anisotropic distance g, ,(x,y) is a quasimetric. According
to the Assouad’s embedding theorem the snowflaked version of (Q, gan(z,y)), that is
(@, 0an(z,y)"), 0 < t < to < 1, can be mapped with the help of some bi-Lipschitz
transform to a d-set I' in some RY. There are two ways of defining Besov spaces on
I'. We get spaces By (I, 1) by traces or we can define Besov spaces B>*(I", u) on I' to
be the image of anisotropic Besov spaces on (). The question is how these spaces are
interrelated.

7.1 Quasimetric spaces

Definition 7.1. A quasimetric on a set X is a function ¢ : X x X — [0, 00) that satisfies

L q(z,y) = q(y, ©),
2. q(z,y) =0, if and only if x =y,

3. for some K > 1 and all x,y,z € X holds
q(z,y) < K(q(z, 2) + q(z,9)). (7.2)

A quasimetric space is a set X together with a quasimetric q.
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7 Besov spaces on the Cartesian product of some self-similar sets

When K =1 in formula (7.2), one gets a metric space.
Balls in the quasimetric space (X, ¢(z,y)) can be defined as usually: for z € X and
r > 0 a ball centred at x with radius r is a set

B(z,r)={y € X :q(z,y) <r}.
A useful fact about quasimetric spaces is given by the following theorem.

Theorem 7.2. Let q be a quasimetric on a set X. Then there is €9 > 0, depending only
on the constant K in (7.2), such that q.(x,y) = q(x,y)® is bi-Lipschitz equivalent to a
metric for each 0 < € < eq. That is, for each 0 < € < gqg there is a metric d. on X and
constants ¢, > 0 such that

dq:(z,y) < de(x,y) < cq-(z, y)
forall z,y € X.
For the proof we refer to the Chapter 14 of [11].

Definition 7.3. Let (M,d(x,y)) be a metric space. M is called doubling if there is a
constant k such that every ball B in M can be covered by at most k& balls of half the
radius of B.

Theorem 7.4 (Assouad). Let (M, d(z,y)) be a metric space which is doubling. For each
0 <t<1thereis N € N and a mapping

H:M—RY

such that H is bi-Lipschitz as a mapping from (M, d(x,y)!) into RY. This means, that
there are constants ¢, > 0 such that

dd(z,y)" < |H(z) — H(y)| < cd(z,y)'
for all x,y € M.

The dimension N can be chosen to depend only on ¢t and on the doubling constant k
in Definition 7.3. The standard reference to the theorem above is [2], some discussion
can be found in [11], [36].

In analysis it is often natural to have not just a metric but also a measure.

Definition 7.5. Given a metric space (M, d(z,y)), a Borel measure p on M is said to
be doubling if there is a constant ¢ such that

w(B(x,2r)) < cu(B(z,r)), forall x e M, r>0.

The existence of a nonzero doubling measure on M implies that (M, d(z,y)) is doubling
as a metric space.
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Definition 7.6. Let (M,d(x,y)) be a metric space and d > 0. Then (M, d, u) is called
a d-space if M is complete as a metric space, and if there is a regular Borel measure p
on M such that

u(B(z,r)) ~r? (7.3)
forallz € M and 0 < r < diam M.

Distinguished examples of d-spaces are d-sets, which are subsets of R™ and satisfy
(7.3).

The connection between d-spaces and the Hausdorff measure is given by the following
theorem.

Theorem 7.7. Let (M,d(z,y), 1) be a d-space.

1. Then the Hausdorff dimension of M equals d,
dimyg M = d,
and the restriction H® on M satisfies (7.3).

2. If w1 and pe satisfy (7.3), then py ~ po.

The proof may be found in [17].
If (M, d(z,y),H%) is a d-space and 0 < t < 1, then (M, d(z,y)t, H%) is a 4-space.
If (M,d,p) is a d-space, then p is doubling and (M, d) is a doubling metric space.

Example 7.8. Let Q = [0, 1]” be the closed unit cube in R”, the n-tuple
a=(ag,...,0,) with 0 <ag <...a, <00, Zozj:n (7.4)
j=1
be an anisotropy in R™ and
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be an anisotropic distance. If not all ay, are the same, then from (7.4) follows that there
are k such that o4 < 1. For these k

1
oV (ke yk) = ok — ykl®F , Tk, uk € R,

is only a quasimetric on R. Hence g, is also only a quasimetric. Nevertheless if pf, is
the Lebesgue measure, then

pr(B(z,r)) ~r"
for any ball B(z,r) C Q.
According to Theorem 7.2 there is €9 > 0, such that ¢f?,, is bi-Lipschitz equivalent to a
metric. In this particular case g is very easy to calculate, it equals a;. (Q, 0an(z,y)*)

74



7 Besov spaces on the Cartesian product of some self-similar sets

is a metric space. Taking into account the remarks given after Theorem 7.7 and the
fact that the Lebesgue measure is equivgllent to the n-dimensional Hausdorff measure,
we may conclude that (Q, 0a,n(z,y)*", Her) is an “-space.

(Q, 0o (T, ), H™1) is doubling as a metric space, thus from Theorem 7.4 it follows

that for each 0 <t < 1 there is N € N and a mapping
H:Q—RY
such that
C,Qa,n(x>y)a1t <|H(z) - H(y)| < CQa,n(xay)altv ¢, >0,

for all z,y € g

Let I' = HQ. Then since o .

H(Q) ~ HA (D)

we get that (I, |y — ¢ ,Hailt) is an -set, 0 <t < 1.
Example 7.9. Let X = [0, 1]? be the unit square and

log 3
a:(a17a2) Wlth 0<O{1<O{2<OO7 a1+a2:27%20g
as  log4

be an anisotropy. An anisotropic distance on X is defined by
1 1
0a2(2,y) = max {!xl —uyilr, [we — yol2 } :
Then

o1 o1
(X max {Jor =yl o2 = 9ol | ) = (10,2], los = sa) @ ([0,1]s oo — ]2

o 2
is a metric space and (X, max{|x1 — ), |z — yﬂé} ,HCTI) is a a%—set. Define the

transform H = (H,, Hy) by
Hl : [Oa 1] - [07 1]7
H2 : [O, ]_] — Fl,

where H; is the identity map and H; is the homeomorphism between [0, 1] and the Koch
curve K form (1.26). Put I' = [0,1] ® I';. Then

a1
H + (X max { o = g, 22 — ]2 }) = (T, 17 = )

is bi-Lipschitz.
Properties of Hausdorff measure imply that

Har (X) ~ Har (T)
and it follows that (F, |y — 4| ,H%> is a O%—set.

This example shows that Assouad’s embedding theorem applied to the anisotropic
Besov spaces is valid also for t = 1.
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T2

o1
([07 1], ’1‘2 - yQ‘OQ)

([O’ 1]a’$1 _yl‘) 1

Figure 7.1: The anisotropic cube and the Cartesian product of the unit interval and the Koch
curve

7.2 Anisotropic spaces as isotropic spaces on fractals

According to the previous Section for every fixed 0 < t < 1 there is a mapping H : Q — T’
from the closed unit cube @) to an ailt—set I' such that

|H(z) = H(y)| ~ 0am(z,y)*"

and for any ACT .
Hert (A) ~ pr(H(A)). (7.5)

This means that Hai? is equivalent to the image of the Lebesgue measure pz, under the
transform H. According to Theorem 1.19 in [29] for any Borel function f on I holds

[171an ~ [ 1ot du
r Q
[1zemtan o [1fdu
r Q

for any Borel function f on Q. .
We simplify the notation and instead of He1t we use pu.
We can introduce the following function spaces on I'. Let

or equivalently

Br(T,p) ={foH": feByQ)} =By (Q)oH"
with
If o HTH BT, )| = 1 £1B3 (Q)]I-
Due to our previous remarks we may conclude that the space B>*(I") is the set of all
f € L,(I', ) such that

1/p

p(dy) p(ds) | . (7.6)

)p

altp

BT, ). = I )] + //fw
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The formula (7.6) represents the norm in the Besov space Byt (T', 1) on ar-set I' defined
by trace. Thus

S

By (Q) o H™' = By (T, ).
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