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Abstract

We study linear differential-algebraic multi-input multi-output systems which are not necessarily
regular and investigate the zero dynamics and tracking control. We use the concepts of autonomous
zero dynamics and (E, A, B)-invariant subspaces to derive the so called zero dynamics form - which
decouples the zero dynamics of the system - and exploit it for the characterization of system in-
vertibility. Asymptotic stability of the zero dynamics is characterized and some implications for
stabilizability in the behavioral sense are shown. A refinement of the zero dynamics form is then ex-
ploited to show that the funnel controller (that is a static nonlinear output error feedback) achieves
- for a special class of right-invertible systems with asymptotically stable zero dynamics - tracking
of a reference signal by the output signal within a pre-specified performance funnel. It is shown
that the results can be applied to a class of passive electrical networks.

Keywords: Differential-algebraic systems, zero dynamics, invariant subspaces, stabilization, system
inversion, funnel control, relative degree

1 Introduction

Differential-algebraic equations (DAEs) are a combination of differential equations along with algebraic
constraints. They have been discovered as an appropriate tool for modeling many problems e.g. in
mechanical multibody dynamics [16], electrical networks [41], and chemical engineering [29]. These
problems indeed have in common that the dynamics are algebraically constrained, for instance by
tracks, Kirchhoff laws, or conservation laws. As a result of the power in application, DAEs are nowadays
an established field in applied mathematics and subject of various monographs and textbooks [12, 13,
14, 15, 20, 30]. In the present work, we consider questions related to the zero dynamics, stabilizability,
and closed-loop control of linear constant coefficient DAEs with special emphasis on the non-regular
case. The concepts of (E, A, B)-invariance, autonomous and asymptotically stable zero dynamics,
stabilizability in the behavioral sense and system inversion are considered for the DAE case. We
further show that the ‘funnel controller’ (developed in [24] for minimum-phase ordinary differential
equation systems with strict relative degree one) achieves, for all right-invertible DAE systems with
asymptotically stable zero dynamics for which the matrix I' in (6.5) exists and satisfies ' = T'T > 0,
tracking of a reference signal by the output signal within a pre-specified performance funnel.

*This work was supported by DFG grant 1125/9.



We consider linear constant coefficient DAEs of the form

L Ea(t) = Az(t) + Bu(?t) (1.1)

where E, A € R>*" B € R™>™ (C € RP*". The set of these systems is denoted by in,m,p and we write
[E,A,B,C| € ¥ mp- In the present paper, we put special emphasis on the non-regular case, i.e., we
do not assume that sE — A is regular, that is [ = n and det(sE — A) € R[s] \ {0}.

The functions v : R = R™ and y : R — RP are called input and output of the system, resp. A
trajectory (z,u,y) : R — R™ x R™ x RP is said to be a solution of (1.1) if, and only if, it belongs to
the behaviour of (1.1):

Ex € WEHR;RY) and (z, u, y)
R 1 N 1 . m 1 . P loc ) y U Y
B : { (@1, 9) € Lige([R;R™) X Lo (RiR™) x Lo (R; RY) solves (1.1) for almost all t € R ’

Recall that any function z € 1/\/110C1 (R; Rl) is in particular continuous and E%OC(R; R™) consists of equiv-
alence classes of functions which are equal almost everywhere; each equality f1 = fo for fi1,fo €
Ll (R;R™) is to be understood as a (set)-equality of equivalence classes. More smoothness of u and y
is required for some results such as funnel control in Section 6.

In the present paper, we provide, in particular, a unified framework for two important classes of
differential-algebraic systems which have been investigated in [5, 6]. These two classes encompass

regular systems [E, A, B,C] € ¥, ,, m m for which the transfer function is defined by
G(s) = C(sE — A)™'B € R(s)™ ™.
The notions of properness and strict relative degree are required in the following.

Definition 1.1 (Properness and strict relative degree).

A rational matrix function G(s) € R(s)P*™ is called proper if, and only if, lim,_, ., G(s) = D for some
D e RPX™,

We say that a square matrix function G(s) € R(s)™*™ has strict relative degree p € 7Z if, and only if,

p = srdegG(s) = sup{ kelZ

lim s* G(s) € Gl (R) }

S§—00

exists. o

Note that for any G(s) € R(s)™™ we have (consider the entries)

lim s* G(s) = D € R™™ for some k € Z — lim s* 7 G(s) =0 forallieN.

S§—00 S§—00

The notion of strict relative degree generalizes what is known for transfer functions of ODE systems
[Inv A, B, C] € En,n,m,m:

G(s)=C(sl, — A 'B=CBs '+ CABs >+ CA’Bs 3 4 ...,
has strict relative degree p € N if, and only if,
CA'B=0 for i=0,...,p—2 and CA’ 'Bec Gl,(R).

From [6, Prop. 1.2] we have the following.



Lemma 1.2 (Non-positive strict relative degree implies proper inverse).
For G(s) € R(s)™™ we have

srdegG(s) <0 = G(s) has proper inverse over R(s).
i.g.

We are now in the position to define the following two system classes: The class

o { B, A,B,C] € S ‘ det(sE — A) € R[s] \ {0} and }

(C(sE — A)*lB)f1 € R(s)™*™ exists and is proper

of regular systems with proper inverse transfer function has been investigated in [6]. The class

srdl { B, A, B,C] € S ‘ det(sE — A) € R[s] \ {0} and }

C(sE — A)~!B has strict relative degree 1

of regular systems with strict relative degree one has been investigated in [5]. In the present paper, we
investigate systems with autonomous zero dynamics. Loosely speaking, the zero dynamics are those
dynamics of a system which are not visible at the output; and the zero dynamics are autonomous if
any two trajectories coincide on R whenever they take the same values on an arbitrary small open
interval I C R; see Definition 3.1. Furthermore, right-invertibility of systems is treated, that is, loosely
speaking, for any sufficiently smooth output y, the existence of a state x and an input u, such that
(z,u,y) € B .1); see Definition 5.1. We will show that, for n,m € N,

_ l € Ny, [E, A, B, (] is right-invertible,
iy prdl ¢ yazd . — [E,A,B,C| € ¥ pmm | has autonomous zero dynamics
and I" in (6.5) exists

We like to stress that regularity of sE — A is no longer required in the class 24, We also show that
the class £2*d includes all regular systems with a vector relative degree which is componentwise smaller
or equal to 1, see Appendix B. This in particular encompasses systems with a “mixed relative degree”,
i.e., a vector relative degree with possibly different components. Remark 6.5 also shows that a class of
passive electrical networks is encompassed: systems with invertible and positive real transfer function
are included in %274,

We use the class £2?d to show that funnel control is feasible for a much larger class of systems than
considered in [24] for ODEs and in [5, 6] for DAEs. More precise, we show that for

I = { [E,A,B,C] € oV | [E, A, B, (] has asymptotically stable zero dynamics }

funnel *

and

ydl {[E,A,B,C]EE"”

funnel - —

[E, A, B,C] has asymptotically stable zero dynamics
and TI = limg o0 sC(sE — A)7!B satisfies I =117 > 0

it holds that
[E, A, B, C] has asymptotically stable

Eflimnel usidl oy =0 [E,A,B,C) € £ | zero dynamics and T' in (6.5) satisfies
r=r’>0

The paper is organized as follows: In Section 2 we collect some preliminary results on matrix pencils,
in particular the quasi-Kronecker form. In Section 3 we define the crucial concept of (autonomous)



zero dynamics and derive characterizations of autonomous zero dynamics in terms of a rank condition
and the maximal (E, A, B)-invariant subspace included in ker C. The latter also allows to derive the
so called zero dynamics form in Theorem 3.7 - one of the main results of the paper - which decouples
the zero dynamics of the system. In Section 4 the asymptotic stability of zero dynamics is defined
and characterized as well as some implications for stabilizability in the behavioral sense are shown.
The zero dynamics form is then refined in Section 5 and exploited for the characterization of system
invertibility. The refinement of the zero dynamics form is also used to show feasibility of the funnel
controller in Section 6, which is proved to work for the class E?Sﬁnel in Theorem 6.3 - the second main
result of the present paper. In Section 7 we illustrate Theorem 6.3 by a simulation of the funnel
controller for a system (1.1). Finally, in Appendix A some results on polynomial matrices and the zero
dynamics form are derived, which are crucial for the proof of Theorem 6.3, and in Appendix B systems
with a vector relative degree are related to the findings of the paper.

We close the introduction with the nomenclature used in this paper.

Nomenclature
N, Ng, Z set of natural numbers, Ny = NU {0}, set of all integers, resp.
), | length /(o) = [ and absolute value |a = 22:1 a; of a multi-index a =

(a1,...,qa) € N

R>o = [0,00)
C,4, C_ the open set of complex numbers with positive, negative real part, resp.
Gl,(R) the set of invertible real n X n matrices
R]s] the ring of polynomials with coefficients in R
R(s) the quotient field of R|[s]
Rmxm the set of n X m matrices with entries in a ring R
o(A) the spectrum of a matrix A € R™*"
|| = V Tz, the Euclidean norm of = € R”
I Al = max{ [[Az| | z € R™, ||z =1 }, induced matrix norm of A € R™™
A~LS ={xz€R™ | Az € § }, the pre-image of the set S C R" under A € R™™
Li (T;R") the set of locally Lebesgue integrable functions f : 7 — R™, see [1, Chap. 1]
f(f9D) the (i-th) weak derivative of f € LL (T;R"™), i € Ny, see [1, Chap. 1]
Wllf)’cl(T; R") = {zeLli (T;R") | 2@ e LL(T;R") fori=0,...,k }, k€N
LZ(T;R™) the set of essentially bounded functions f : 7 — R", see [1, Chap. 2]
ess-sup7 || f|| the essential supremum of the measurable function f: 7 — R™ over Z C T
CF(T;R"™) the set of k-times continuously differentiable functions f : 7 — R™
BNTiRY) = { fECKTIRY) | dif € LX(TiR) fori=0,... .k }
fls the restriction of the function f:Z - R"to J C T



2 Preliminaries

For convenience we call the extended matrix pencil [SPEEA 703 ] the system pencil of [E, A, B,C| €
Y1 nmp- In Section 3 we will derive a so called ‘zero dynamics form’ of [E, A, B, C| within the equiva-
lence class defined by:

Definition 2.1 (System equivalence).
Two systems [E;, A;, B, Ci] € X5 mp, ¢ = 1,2, are called system equivalent if, and only if,

. S 0 SEl—Al B1 T 0 . SEQ—AQ Bg .
35 € GI(R),T € G1,(R) : [0 IpH c, oHo Im]_[ c, 0},

we write o1
[E1, A1, B1,C1] % [Ea, Ay, By, Co].

O

It is easy to see that system equivalence is an equivalence relation on X, 1, X X, m.p- The notion of
system equivalence goes back to ROSENBROCK [42].
We introduce the following notation: For k € N, we define the matrices

0
_ 1 0 0 1
Ne= |t eRME K = » Lk = e RV,
) & 1 0 0 1
1 0
For some multi-index a = (ay,...,q;) € N!, we define

N, = diag (Ng,,...,Nqy,) € R\alx\al’
K, = diag (Kq,,...,Kq,) € R{al=Dxlof (2.1)
L, = diag (Lay,---,La,) € RUal=Dxal

KRONECKER proved [28] that any matrix pencil sE — A € R[s]'*® can be put into Kronecker canonical
form; for a more comprehensive proof see GANTMACHER [18]. In the following we may use the quasi-
Kronecker form derived in [9, 10], since in general the Kronecker canonical form is complex-valued even
though the given pencil sE—Ais real-valued, what we need to avoid. For regular matrix pencils this
result has already been derived in [7].

Proposition 2.2 (Quasi-Kronecker form [18, 9, 10]).
For any matriz pencil sE — A € R[s]"7 there exist S € GI(R), T € GI(R), As € R"*", and
a €N e N™ ~eN™ such that

slp, — As 0 0 0
5 N 0 sNo — I 0 0
S(sE — AT = 0 0 Ky Ly 0 (2.2)
0 0 0 sK] — L]

The multi-indices «, B,y are uniquely determined by sE— A. Further, the matriz Ag is unique up to
stmilarity. o



The (entries of the) multi-indices «, /3,7 are often called minimal indices and elementary divisors and
play an important role in the analysis of matrix pencils, see e.g. [18, 32, 33, 34|, where the entries
of a are the orders of the infinite elementary divisors, the entries of § are the column minimal indices
and the entries of v are the row minimal indices. sI,, — As may be further transformed into Jordan
canonical form to obtain the finite elementary divisors.

Since the multi-indices o € N g € N ~ € N™ are well-defined by the pencil sE— A and,
furthermore, the matrix A, is unique up to similarity, this justifies the introduction of the following
quantities.

Definition 2.3 (Index of sE — X)
Let the matrix pencil sE—Ae R[S]TXE be given in quasi-Kronecker form (2.2). Then the index v € Ny
of sE — A is defined as

v =max{a1, ..., 0a) V- Ve(y), 0}- .

The index is larger or equal to the index of nilpotency ¢ of Ng, i.e., ( < v, N§ =0 and N§* = 0.
Since each block in sKg — Lg (SK,;F — LI) causes a single drop of the column (row) rank of sE — A,
resp., we have

UB) =7 — tkp(s) (sE — A),  £(y) =1 — rkg(s) (sE — A). (2.3)
For later use we collect the following lemma.

Lemma 2.4 (Full column rank and quasi-Kronecker form).

Let sE— A € RA[S]le and consider any quasi-Kronecker form (2.2) of sE — A. Then ((8) = 0 if, and
only if, tkg sE — A =1.

Proof: The assertion is immediate from (2.3) and rkgj sE— A= rkg(s) sE — A. O

3 Zero dynamics

In this section we introduce the central concept of zero dynamics for DAE systems (1.1) as well as the
notion of autonomous zero dynamics. We derive several important characterizations of autonomous
zero dynamics and, as the main result of this section, the so called zero dynamics form in Theorem 3.7.

Definition 3.1 (Zero dynamics).
The zero dynamics of system (1.1) are defined as the set of trajectories

ZD(l.l) = { (xvuvy) € sB(1.1) ‘ Yy = 0 } .
The zero dynamics ZD ;1) are called autonomous if, and only if,

Vwi,wg € ZD 1.1y VI C R open interval 1 wi|; = wa|;, = w1 =w2. (3.1)
o

Remark 3.2.

By linearity of (1.1), the set ZD 1 is a real vector space. Therefore, the zero dynamics ZD ) are
autonomous if, and only if, for any w € ZD(y 1) which satisfies w|; = 0 on some open interval I C R,
it follows that w = 0.

The definition of autonomous zero dynamics is a special case of the definition of autonomy, as it has
been introduced in [37, Sec. 3.2] for general behaviors. o



In order to characterize (autonomous) zero dynamics we introduce the well-known concept of (E, A, B)-
invariance, see [3, 4, 31, 34, 36].

Definition 3.3 ((E, A, B)-invariance).
Let (E,A, B) € R*" x R>™ x RX™ and V C R™ be a linear subspace. Then V is called (E, A, B)-
invariant if, and only if,
AV CEV+imB. (3.2)
o

For a system [E, A, B,C] € ¥} , mp, we define the set of all (E, A, B)-invariant subspaces included in
ker C' by

L(E,A,B;kerC) :={VCR" | Vis (E, A, B)-invariant subspace of R" and V C kerC } .

It can easily be verified that L(E, A, B; ker C') is closed under subspace addition and thus L(E, A, B; ker C)
is an upper semi-lattice relative to subspace inclusion and addition. Hence, by [46, Lem. 4.4], there
exists a supremal element of L(E, A, B;ker C'), namely

max(E, A, B;ker C) := sup L(E, A, B;ker C) = max L(F, A, B;ker C).

We show that max(FE, A, B;ker C') can be derived from a sequence of subspaces which terminates after
finitely many steps.

Lemma 3.4 (Subspace sequences leading to max(E, A, B; ker C)).
Let [E, A, B,C] € ¥ ,,m,p and define Vo := ker C' and

VieN: V;:= AN (EV,_; +im B) Nker C.
Then the sequence (V;) is nested, terminates and satisfies

Furthermore,

Vi = max(E, A, B; ker C) (3.4)

and, if (x,u,y) € ZD(1.1), then (for any representative of the equivalence class of x)
for almost allt € R : x(t) € V.

Proof: It is easy to see that (3.3) holds true and (3.4) follows from [36, Lem. 2.1]. For the last
statement let (z,u,y) € ZD(1.1)- Then we have

Az(t) = $Exz(t) — Bu(t) and z(t) € kerC

for almost all t € R. Since, for any subspace S C R™, if z(t) € S for almost all ¢ € R, then & Ex(t) € ES
for almost all ¢t € R, we conclude

x(t) € A_l({%Ex(t)} +im B) Nker C' C V; for almost all ¢ € R.

Inductively, we obtain x(t) € Vi- for almost all ¢ € R. O

The following result is a general version of [6, Prop. 4.3], which follows immediately from Lemma 3.4.



Proposition 3.5 (Characterization of zero dynamics).
Let [E, A, B,C| € X pnmp- If (x,u,y) € B1.1), then

(z,u,y) € ZD(11) = [ x(t) € max(E, A, B;ker C) for almost all t € R ] )

Next, we state some characterizations of autonomous zero dynamics in terms of a pencil rank condition
(exploiting the quasi-Kronecker form) and some conditions involving the largest (E, A, B)-invariant
subspace included in ker C.

Proposition 3.6 (Characterization of autonomous zero dynamics).
Let [E,A,B,C] € 3 ymp. Then the following three statements are equivalent:

(i) ZD(.1y is autonomous.

.. sE—-—A -B
(ii) rkgpg [ _C 0 } =n+m.
(iii) (A1) rkB =m,
(A2) ker ENmax(F, A, B;ker C) = {0},
(A3) im BN Emax(E, A, B;ker C') = {0}.

Proof: In view of Proposition 2.2, there exist S € Gli4,(R),T € Gl (R) such that (using the
matrices defined in (2.1))

sly, — As 0 0 0
sEk—A —-B . 0 $No — |o| 0 0
S[ -C 0 ]T_ 0 0 sKg— Lg 0 (3:5)
0 0 0 sK] — L,

(i)=(ii): Suppose that (ii) does not hold. Then Lemma 2.4 yields ¢(3) > 0. Therefore, we find
z € C=(R,RIF)\ {0} and I C R open interval such that z|; =0 and (& Kz — Lg)z = 0. This implies

that 4
£EF—-A -B
dt T T
[ c O}T(o,z ,0,0)T =0,

which contradicts autonomous zero dynamics.

(ii)=>(i): By (ii) and Lemma 2.4 it follows that £(8) = 0 in (3.5). Let w € ZD(; ;) and I C R be an
Tol)T

open interval such that w|; = 0. Then, with (v ,vg ,v4 )" =T !w, we have

d
=I, —A 0 0 v
dt - Ms S 1 — —
5! 0 AN, — I 0 v | = [SE_CA OB} w =0,
0 0 SKET —LT| \vs
and thus (%Ins — Ag)v; =0, (%Na —jo))v2 = 0, and (%KWT - Ll)vg = 0. Then, successively solving
each block in (%Na —Ijo))v2 = 0 and (%KJ - LI)’Ug = 0 gives v = 0 and v3 = 0. Since v;|; =0 it

follows that v;1 = 0. So we may conclude that w = 0, by which the zero dynamics are autonomous.

(i)=(iii): Step 1: (A1) follows from (ii).



Step 2: We show (A2). Let V € R™* with full column rank such that im V = max(E, A, B; ker C).
By definition of max(E, A, B;ker C) there exist N € R¥*¥ M € R™** such that AV = EVN + BM
and CV = 0. Therefore, we have

E 0 A B 174 EV
(5 o -6 oD ] =[5 en-
By (ii) we find sg € C such that [Song _OB ] has full column rank and sgl;; — N is invertible. Let
y € ker ENmax(E, A, B;ker C). Then there exists 2 € R* such that y = Va and EV2 = 0. Therefore,

252 ] Lo 2]

This implies that [ }; ] (solx — N) ™'z = 0 and since V has full column rank we find z = 0.
Step 3: We show (A3). Choose W € R™("=%) such that [V, W] € G1,(R). Then

[sE A —B} [[V,OW] I(T)n } _ |:S[E‘/, EVK)]’ 52[]/11/, AW] —OB}

and since E'V has full column rank by Step 2, there exists S € G1;(R) such that SEV = [6], thus

s A R o e 3

Since AV = EVN 4+ BM, we obtain SAV = SEV N + SBM, whence
Ay N BiM
)= [o] + [5:]
Therefore,
[s 0} [sE—A —B] [[V,W] 0] [ I, 0] ) s[é gﬂ _ []OV jﬂ [gﬂ
0 L] -Cc 0 0  In||[M,0 I 0.Cy ik

Now, let v € R* and w € R™ be such that EVv = Bw € im B N E max(E, A, B;ker C), hence
v\ _ _ (Biw
(0> =SEVv=SBw= <ng> .

sol — N sgEy— Ay By —(SQI — N)il’l)
0 80E4 — A4 B2 0 = 0’
0 Cy 0 w

For sg as in Step 2 we find

and so v =0 and w = 0.

(iii)=(i): By (A2) we obtain that (3.6) holds. Incorporating (A3) gives

{0} =im BN Emax(F, A, B;ker C) =im SBNim SEV = im [gl} Nim [{ﬂ )
2



by which By = 0. From (A1) it follows that By has full column rank. Now, let (z,u,y) € ZD(1 1) and
I C R an open interval such that (z,u)|; = 0. Applying the coordinate transformation (27,25 )" =
[V, W]~ 'z and observing that by Proposition 3.5 z(t) € im V for almost all ¢ € R, it follows W 2o(t) =
x(t)=Vz1(t) € imWNimV = {0} for almost all t € R. Therefore, 2o = 0 and by (3.6) 21 € Wlloi (R; R*

and z; and v solve

2 = Az,
0 = Aszz + Bou,

Then z1|; = V|, = 0 gives z; = 0 and hence u = 0. O

The characterization in Proposition 3.6 was observed for ODE systems (I,A4,B,C) € X, nmm by
ILcHMANN and WIRTH (personal communication, July 4, 2012). The following zero dynamics form for
systems with autonomous zero dynamics in Theorem 3.7 was derived for ODE systems (I, A, B, C) by
ISIDORI [26, Rem. 6.1.3]; however, in [26] it is not clear that the assumptions (A1), (A3) are equivalent
to autonomous zero dynamics (note that (A2) is superfluous for ODEs).

Theorem 3.7 (Zero dynamics form).

Consider [E,A,B,C] € X, mp and suppose that the zero dynamics ZD1.1) are autonomous. Let
V € R™* be such that imV = max(E, A, B;ker C) and tkV = k. Then there exist W € R7x(n—Fk)
and S € GL(R) such that [V,W] € G1,(R) and

S, VW]

[E,A,B,C] [E, A, B,C), (3.7)
where
~ I, Eo|  [A1 A 0 )
E=|0 Ei|, A= |A3 Ay|, B=|I,|, C=][0,C4] (3.8)
0 FEs 0 Ag 0
such that
ZD = {(0,0,0 3.9
() ) 5]y OO o

and Ay € kak’ Ey € ka(n—k), Ay € ka(n—k), A5 € Rmxk E, € Rmx(n—k)’ Ay € Rmx(n—k)’
Fg € R(lfkfm)x(nfk)y Ag € R(lfkfm)x(nfk)y Cy € Rp*(n—k)

For uniqueness we have: If [E, A, B,C], [E,A,E,C’] € Yinmp are in the form (3.8) such that (3.9)
holds, and

[E,A,B,0] & [E,A,B,C] for some S € GL(R),T € GL,(R), (3.10)
then
Si 0 S .
s=lo 1, S, T:[S(l) ?]
0 0 Sy 4

where S1 € Glg(R), Sy € Gl_k_mn(R), Ty € Gl,_(R) and Ss,Se, To are of appropriate sizes. In
particular the dimensions of the matrices in (3.8) are unique and Ay is unique up to similarity, i.e.,
o(A1) is unique.

Proof: Step 1: We prove (3.7) and (3.8). By Proposition 3.6, autonomous zero dynamics are equivalent
to the conditions (A1)—(A3). These conditions imply that k+m < I. Then we may find W € R"*("=k)
such that [V,W] € G1,(R). Considering the transformed system (E[V, W], A[V,W], B,C[V,W]), we
find that CV = 0, since im V' C ker C. Further observe that EV has full column rank by (A2) and,

10



since B has full column rank by (A1) and im EV Nim B = {0} by (A3), we obtain that [E'V, B] has
full column rank. Hence, we find S € G1;(R) such that

I, 0
S[EV,B]= |0 I,
0 0
Therefore,
S, [V.W] Ik E5 A1 A2 0
[E,A,B,C] 7~ (SE[V,W],SA[V,W],SB,C’[V,W]): 0 E4qf,|As Ag|, |In]|,[0,C]

0 FEs A5 A6 0

By (3.2) there exist N € RF*¥ M € R™** such that AV = EVN + BM, thus

Ay I 0
S~ A3l =AV=EVN+BM=S"'|0|N+S5'|I,| M,
A 0 0

which gives A5 = 0.
Step 2: We show (3.9). Let (E,A,E,C’) = ([gz] , [ﬁﬂ , [Ian} ,Cz> and (z9,u,y) € ZD(E,A,B,C‘)’ ie.,

%Ezz = f:lzzﬂ—éu

3.11
0= y = 02’2. ( )

Now choose z; € E%OC(R; R¥) such that z; + Eyzy € VVlloc1 (R; R¥) and define v := %(zl + Faz9) — Agzo.
Then we have

4 (21 + Faz)
3.7 B at \~1 242
LBV, W] <Z1> WD g1 (" dp,.,

z
? 4 Egzo
(3.11) Az + Aoz A1z (0 3.7) .
=S [ Assy + Agzo+u | =S [ Asz | £S5 0] = AV, W] ( 1) +Bu—AVz +EV,
A62’2 0 0 2
and hence
—z
d 21 z1 21
aE[V,W]( >:A[V,W]( >+[AV,EV,B] v o, C[V,W]( )ZCQZQZO.
z9 z9 u z9

This means that ([V, W1(3), (_1;1> ,O) € ZD g a,av,ev,B),c) and hence Lemma 3.4 applied to the
system [E, A,[AV,EV, B], C] gives that the limit Wy« = miZO W; of the sequence

Wy :=kerC, W;:=AYEW,_| +im[AV,EV,B]) NkerC, i€eN

Zg(t)
V C ker C and, since Wy« = A=Y (EWp+ +im[AV, EV, B]) Nker C,

satisfies [V, W] (zl(t)> € Wy« for almost all ¢t € R. Now, let V := imV 4+ Wy« and observe that

AV C EimV +im B + EWg» + im[AV, EV, B] C EV + im B,
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thus V is (E, A, B)-invariant and included in ker C', which gives V C max(FE, A, B;ker C') = imV and
hence Wy« C im V. Therefore, [V, W] (2%3) € Wy- CimV by which Wzy(t) € imWNimV = {0} for
almost all t € R. Since W has full column rank, it follows zo = 0 and therefore u = 0.

Step 3: We show the uniqueness property. To this end we first show that
max(SET,SAT,SB; ker CT) = T~ ' max(E, A, B;ker C).

Let V € R™F with full column rank such that imV = max(E, A, B;ker C'). By definition of
max(E, A, B;ker C) there exist N € RF** M € R™** such that AV = EVN + BM and CV = 0.
Then

(SAT)(T™'V) = SEVN + SBM = (SET)(T"'V)N + (SB)M

and (CT)(T~'V) = CV = 0, which proves the assertion. This shows in particular that
dimmax(SET,SAT, SB;ker CT) = dimmax(E, A, B; ker C)

and hence the block structures of [E, A, B,C] and [E A, B, C’] coincide. Furthermore, since both are
in the form (3.8),

im [Ig] = max(SET, SAT, SB; ker CT) = T 'max(E, A, B;ker C) = im T~* [Iﬂ )

by which T takes the form T = [TOI ,f:j], T1 € GL(R), Ty € Gl,_x(R). Moreover,

0 R 0 St 0 Ss
I,|=B=SB=S|I,,|, andhence S=|Ss I,, Sg
0 0 S 0 Sy
Now,
Iy, LTI 7 S1Ty
0 :E[;}:SET[;}: SuTh |,
0 ST
by which T7 = S| 18, =0and S; = 0. This completes the proof of the theorem. O

Remark 3.8 (How close is the zero dynamics form to a canonical form?).

Recall the definition of a canonical form: given a group G, a set S, and a group action a: G xS — S
which defines an equivalence relation s ~ s’ if, and only if, 3U € G : a(U,s) = s'. Then a map
v:S8 — S is called a canonical form for o [11] if, and only if,

Vs, €S 1 y(s) Vs A {Srov‘s'@’y(s):’y(sl)}.

Therefore, the set S is divided into disjoint orbits (i.e., equivalence classes) and the mapping v picks a
unique representative in each equivalence class. In the present setup, the group is G = G1;(R) x G1,(R),
the considered set is S = ¥ ;, , and the group action a((S, T),[E, A, B, C’]) = [SET,SAT,SB,CT)

S, T
corresponds to ~ .
However, Theorem 3.7 does not provide a mapping . That means the zero dynamics form is not a
unique representative within the equivalence class and hence it is not a canonical form. The entries
Ey, Ay, By, A4 are not even unique up to matrix equivalence (recall that two matrices M, N € R>"
are equivalent if, and only if, there exist S € GL;(R),T € Gl,(R) such that SMT = N): it is easy to
construct an example such that (3.10) is satisfied and in the respective forms we have, e.g., Ag = 0
and A, # 0. However, the last statement in Theorem 3.7 provides that Ay, Az, Eg, Ag and Cy are
unique up to similarity or equivalence, resp. o
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Corollary 3.9 (Vector space isomorphism).
Suppose that [E, A, B,C] € ¥ ,,m,p satisfies the following:

(i) The zero dynamics ZD 1y are autonomous.

(ii) Using the notation from Theorem 3.7 and the form (3.8) it holds that

] - [a]) =

Then the linear mapping, described in terms of Theorem 3.7,

¢: max(E, A, B;ker C) — ZDg 3N (Cl(R;Rn) x C(R;R™) x C(R;RP))
20 = (1‘(), Fx()v C.%'()),

where F = [—As3,0] [V, W]~} and z(-) solves
Ei = (A+ BF)z, 2(0) = 2°,

18 a vector space isomorphism.

Proof: Step 1: We show that ¢ is well-defined, that means to show that for arbitrary
2" € max(E, A, B; ker C), the (continuously differentiable) solution of

Ei=(A+BF)z, x(0)=2" (3.12)
is unique and global and satisfies
(z,u,y) == (z, Fx,Cx) € ZD(qy). (3.13)

Applying the coordinate transformation (z; , 29 )" = [V, W]™'x from Theorem 3.7 and invoking

0 0 0
BF =S I, | [-A3,0][V,W] L =571 |-43 o| [V,W]},
0 0 0
we find
Z1+Eazy = Az + Aoz,
Eyz0 = Ayzg,
Egip = Agza,

and the initial value satisfies
V21(0) + W22(0) = z(0) € im V.

Therefore, Wz5(0) = 2(0) — V21(0) € im W Nim V = {0}, by which W2z2(0) = 0 and hence, invoking
the full column rank of W, 22(0) = 0. Now, by (ii), Proposition 2.2, Lemma 2.4 and a straightforward
calculation of the solution of the system in quasi-Kronecker form, we find that [gé} Y= [ﬁﬂ y satisfies

uniqueness, i.e., any local solution y € C'(I;R™*), I C R an interval, can be extended to a unique
global solution on all of R. This yields z5 = 0. Therefore, x = Vz; and 2z; satisfies 21 = Aj21, 21(0) =
[T, 0][V, W]~ 12(0), which is a unique and global solution. Finally, x(t) = Vz(t) € imV C ker C for
all t € R and hence y = Cz = 0.
Step 2: We show that ¢ is injective. Let !, 22 € max(E, A, B;ker C)(0) so that p(z!)(-) = o(z?)(-).
Then

(xlv *7*) = @(xl)(')‘tzo - (P(x2)(')|t:0 - ('%27*7 *)
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Step 3: We show that ¢ is surjective. Let (z,u,y) € ZD(l.l)ﬂ(Cl(R; R"™) x C(R;R™) x C(R;RP)). Then
Proposition 3.5 yields that z(t) € max(F, A, B;ker C) for all t € R. Hence, applying the coordinate
transformation (z, ,2z) )T = [V, W] 'z from Theorem 3.7 to (1.1) gives Vz;(t) + Wzo(t) = z(t) € im V
for all t € R and, similar to Step 1, we may conclude zy = 0. Therefore,

2 = Az,

0 = Aszz +u. (3.14)

The second equation in (3.14) now gives
u = —A3z1 = —A3[I,0] [V, W]_lx = Fuz.

Finally, a simple calculation shows that x = Vz; satisfies Ex = (A + BF)x and, clearly, z(0) =
V21(0) € max(E, A, B;ker C). O

Remark 3.10 (Zero dynamics form).

The name “zero dynamics form” for the form (3.8) may be justified since the zero dynamics are
decoupled in this form. If (z,u,y) € ZD(1.1), then, as in Step 3 of the proof of Corollary 3.9, z =
Vz1 + Wzy and 2o = 0 and 23, u solve (3.14), i.e., z; as the solution of an ODE characterizes the
“dynamics” within the zero dynamics and z3 and u are given by algebraic equations depending on z;.
Another zero dynamics form derived in [6] is a special case of the form (3.8). o

The last result in this section is a characterization of trivial zero dynamics by the left invertibility of
the system pencil; this becomes important for a further refinement of the zero dynamics form (3.8) in
Theorem 5.6.

Lemma 3.11 (Trivial zero dynamics and system pencil).
Let [E,A,B,C] € ¥ mp- Then

sE—A —-B

2Dy =1{(0,0,0)} <+ [ —C 0

} is left invertible over R[s].
Proof: =: Since the zero dynamics are trivial, they are autonomous, and by Proposition 3.6 the
system pencil has full rank. Hence, invoking Lemma 2.4, in a quasi-Kronecker form (3.5) of the system
pencil it holds ¢(3) = 0. Furthermore, we obtain ns, = 0, since otherwise we could find nontrivial
solutions of the ODE 2 = A,z which would lead to nontrivial trajectories within the zero dynamics.
Now,

(sNa = Ljo) ' = —Ijg = No — ... — 8" "N 71,

where v is the index of [SE_ EA _OB } Furthermore, by a permutation of the rows of sKWT — LI we may

achieve that there exists S € Glj,|(R) such that

sN—1I.,_
S(SK,;F - Lj) = [ P |_w|ie(w>] ’

where N € RIV=)x(1W=€() is nilpotent and K, L are matrices of appropriate sizes. Then SK;F — LI

has left inverse [(sN — Iyi—e(y)) 1,015 over R[s].
<: From the left invertibility of the system pencil it is immediate that ns = 0 and ¢(8) = 0 in any
quasi-Kronecker form (3.5) of it. The DAEs corresponding to the remaining blocks

d d 7T T
aNzl = Z1, &K,y ZQZL,YZQ,
do have only trivial solutions as successive solution of each block quickly shows. Hence the zero

dynamics are trivial. O
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Remark 3.12 (Zero dynamics and system pencil/Kronecker form).

We stress the difference in the characterization of autonomous and trivial zero dynamics in terms of the
system pencil as they arise from Proposition 3.6 and Lemma 3.11: The zero dynamics are autonomous
if, and only if, the system pencil has full column rank over R[s|; they are trivial if, and only if, the
system pencil is left invertible over R[s].

Using the quasi-Kronecker form, it follows that the zero dynamics ZDq 1) are

(i) autonomous if, and only if, in a quasi-Kronecker form (3.5) of the system pencil no underde-
termined blocks are present, i.e., /() = 0. The dynamics within the zero dynamics are then
characterized by the ODE 2z = A,z.

(i) trivial if, and only if, in a quasi-Kronecker form (3.5) of the system pencil no underdetermined
blocks and no ODE blocks are present, i.e., /(§) = 0 and ny = 0. The remaining nilpotent and
overdetermined blocks then have trivial solutions only. o

4 Stable zero dynamics and stabilization

In this section we define the asymptotic stability of the zero dynamics in the behavioral sense as
in [37, Def. 7.2.1] and give a characterization for it in terms of a rank condition on the system pencil
corresponding to the system [E, A, B,C] € ¥, . Furthermore, we show that asymptotically stable
zero dynamics imply stabilizability in the behavioral sense in the quadratic case (i.e., | = n and
p = m), but not necessarily in the rectangular case. We also show that for a quadratic system with
stable zero dynamics there exists a compatible and stabilizing control in the behavioral sense such that
the interconnected system is autonomous.

Definition 4.1 (Asymptotically stable zero dynamics).
For [E, A, B,C| € ¥ ,m,p the zero dynamics ZD(q 1y are called asymptotically stable if, and only if,

V(z,u,y) € 2D+ im ess-supyy o) || (2, w)[| = 0. .

In terms of the system pencil we get the following characterization of asymptotically stable zero dy-
namics.

Lemma 4.2 (Characterization of asymptotically stable zero dynamics).
Let [E,A,B,C] € ¥ ymp- Then
AME—-A —-B

ZD(1.1) are asymptotically stable <= VA€ Cy : ke [ _C 0

} =n-+m.
Proof: =: Suppose there exist A € C; and 20 € R?, u® € R™ such that
AE—A -B] (2% _ 0
-C 0 ut)
Let 2 : R — R™, ¢t — M0 and w : R — R™, t +— eMu®. Then

LEBx(t) = MAExY) = eM(Az® + Bu®) = Ax(t) + Bu(t), Cul(t) =0,

hence (z,u,0) € ZD(j 1y, which contradicts asymptotic stability of ZD(j 1.

<«: The rank condition implies that the system pencil must have full column rank over R[s]. Therefore,
by Lemma 2.4, in a quasi-Kronecker form (3.5) of the system pencil it holds that ¢(3) = 0. It is also
immediate that o(A4s) € C_. The asymptotic stability of ZD ;) then follows from a consideration of
the solutions to each block in (3.5). O
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Remark 4.3 (Asymptotically stable zero dynamics are autonomous).

If follows from Lemma 4.2 that for any [E, A, B, C| € ¥, mp With asymptotically stable zero dynamics,
the system pencil must have full column rank for some and hence almost all s € C. This implies full
column rank over R[s]. Therefore, by Proposition 3.6, the zero dynamics ZD(1.1) are autonomous. ¢

In the following we define the property of stabilizability of a system (1.1), more precisely stabilizability
in the behavioral sense. For more details on this concept for linear differential-algebraic equations
see [8]; for the general concept in terms of differential behaviors see [37, Def. 5.2.29].

Definition 4.4 (Behavioral stabilizability).
Let [E, A, B,C] € ¥j mp- The system (1.1) or [E, A, B, C] resp., is called stabilizable in the behavioral
sense if, and only if,

V(x,u,y) € sB(1.1) El('fi.’a’yA) S sB(1.1) : (x7u)‘(70070] = (‘f’.vﬁ)’(foo@} A tll},glo ess_sup[t,oo) H('fi’.vﬁ’)H =0.
o

Behavioral stabilizability can be characterized algebraically, which was already stated in [37, Thm. 5.2.30]
for differential behaviors. In [8] the special case of linear DAEs is considered, which immediately gives
the following result.

Lemma 4.5 (Algebraic characterization of behavioral stabilizability).
Let [E,A,B,C] € ¥ ,mp- Then [E, A, B,C] is stabilizable in the behavioral sense if, and only if,

VA eCy : rtke[AE — A, —B] = rkg(y)[sE — A, —BJ.

In the following we will show that a system [E, A, B, C| with asymptotically stable zero dynamics is
stabilizable in the behavioral sense, provided that sE — A is a quadratic pencil, that is [ = n, but not
necessarily regular, and p = m. The following example illustrates that we cannot expect the statement
to be true for rectangular pencils.

Example 4.6.
Consider the system [E, A, B,C] € 33511 defined by

-1 0 0
sE—A=|s 0 |, B=|1|, C=[0,1].
0 s-1 0
System (1.1) then reads
0 = .%'1(75),
i (t) = uld),
ia(t) = @2(t),
y(t) = a2(t)

and hence the zero dynamics are trivial, that is ZD 1y = {(0,0,0)}, and therefore asymptotically
stable. However, for A = 1 we have

tkc[AE — A, —B] =2 # 3 = 1kg(y)[sE — A, - B],

whence the system is not behavioral stabilizable. o
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We are now in the position to prove the main result of this section. For ODEs, it is has been shown by
ISIDORI [26, Rem. 6.1.3] that asymptotically stable zero dynamics implies stabilizability. For DAEs,
various stabilizability concepts are available: complete stabilizability, strong stabilizability and stabi-
lizability in the behavioral sense (see [8]). It turns out that asymptotically stable zero dynamics yields
behavioral stabilizability and a careful inspection of the proof of Proposition 4.7 shows that a stronger
result (i.e., that strong or complete stabilizability is implied) can, in general, not be expected.

Proposition 4.7 (Asymptotically stable zero dynamics imply stabilizability).
Let [E, A, B,C] € Yy nmm- If the zero dynamics ZD 1y are asymptotically stable, then [E, A, B, C]
15 stabilizable in the behavioral sense.

Proof: We use the Kalman decomposition [8, Thm. 5] of the system [E, A, B, C]: There exist S,T €
Gl,,(R) such that

S(sE — A)T = sEy — A sErg — A12] . SB- [31

0 5By — Ago 0 ] » CT =[0G,

with Ey1, Ajp € RFX™M By Ag € RFMXM2 0 By Agy € RF2Xm2 By O € RFMX™ and Cy € R™*"2,
where rkr[F11, A11, B1] = k1 and (F41, A11, B1) is completely controllable in the sense of [8, Def. 1],
which implies by [8, Cor. 3] that

V)\ € (C : I“k(c[)\Ell — AH, —Bl] = kl = rkR(s) [SEH — Alla —Bl], (41)

and R{gy,,400,0,05] = 10} for the reachability space of (Ea2, A22,0,C2); the reachability space of a
system [E, A, B,C| € ¥, p is defined by

Rip,aB,0] = { 2 €R |3t >0 3 (z,u,y) €B1q): z€CRR") A 2(0)=0 A z(t)=2" }.

R{Ens,A20,0,co] = 10} implies, incorporating e.g. [8, Rem. 23], that in a quasi-Kronecker form

sl — Ag 0 0 0
- ~ 0 sN, — I 0 0 = ~
S(sEag — Ap)T = 0 “ 0 i sKs— Ly 0 , S €GILR),T e GlL,(R),
0 0 0 sK! — LT

of sE99 — Ags it holds £(8) = 0. Furthermore, it follows from Lemma 4.2 that
Ve EJF : I‘k(c()\EQQ — A22) = ko,

and hence £(v) = 0, i.e., sEy — Agy is regular and in particular ko = ny and k; = ny. Therefore, also
incorporating (4.1), we find

rkR(s) [SE — A, —B] = I‘kR(S) [SEH — A1, —Bl] + I‘kR(s)(SEQQ - Agg) =n]+ng =n.

Now assume that [E, A, B,C] is not stabilizable in the behavioral sense. Then there exists A € C
such that rkc[AE — A,—B] < n and hence, invoking (4.1), rkc(AE22 — Ag2) < ng. This gives
rke [’\]S 5‘4 _OB ] < n + m, which contradicts asymptotically stable zero dynamics by Lemma 4.2. O
Proposition 4.7 can be used to show that systems with asymptotically stable zero dynamics can be
stabilized by a compatible control in the behavioral sense such that the interconnected system is
autonomous. A control in the behavioral sense, or control via interconnection, is the addition of
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algebraic constraints to the system in the following sense: For given (or to be determined) K = [K,, K]
with K, € R™*", K, € R”*™ and [E, A, B,C] € ¥, m,p We consider

Ex e Wl’l(R;Rl) and, for almost all ¢t € R,

loc
B4 = (@1) € Ll ®RR™) X Lo (RR™) | d gy = Ax(t) + Bul(t)
0 = Kpz(t) + Kyu(t)

We call K the control matriz, since it induces the control law K,xz(t) + Kyu(t) = 0. The following
definition of compatible and stabilizing control is from [8, Def. 5].

Definition 4.8 (Compatible and stabilizing control).
Let [E, A,B,C] € ¥ mp- The control matrix K = [K,, K,], where K, € R?*" and K, € R?™*™, is
called

(i) compatible with [E, A, B, C] if, and only if,
vale {2’ e R" | 3(z,u,y) € By : Ex(0) = Ex } 3(z,u) € %[IE,A,B] . Ex(0) = Ea°.
(i) stabilizing for [E, A, B, C] if, and only if, the system H]g] , [I?z] , [ Bu] ,C] is stabilizable in the
behavioral sense. o
The following is now immediate from [8, Thm. 3].

Corollary 4.9 (Stabilizing control in behavioral sense).

Let [E, A, B,C| € Xy nmm with asymptotically stable zero dynamics ZD(y.1y. Then there exists a
compatible and stabilizing control matriz K = [K,, K,| € RI* (™) for [E, A, B,C|, such that the in-
terconnected system given by the behavior %[Igj,A,B} is autonomous, i.e., in a quasi-Kronecker form (2.2)

of [SJ?IA ;{f} it holds that £(3) = 0.

5 System inversion

In this section we investigate the properties of left-invertibility, right-invertibility, and invertibility of
DAE systems. In order to treat these problems we derive a refinement of the zero dynamics form from
Theorem 3.7.

In the following we give the definition of left- and right-invertibility of a system, which are from [44,
Sec. 8.2] - generalized to the DAE case. A detailed survey of left- and right-invertibility of ODE systems
can also be found in [39].

Definition 5.1 (System invertibility).
[E,A,B,C| € ¥ mp is called

(i) left-invertible if, and only if,

V(z1,u1,91), (T2,u2,92) € By : [y1 =2 A Ex1(0) = Ezp(0) =0] = uy = ua.

(ii) right-invertible if, and only if,

Vy € COO(R’RP) 3 (IE,U) S [’lloc(R;Rn) X ‘C’lloc(R;Rm) : (m,u,y) € %(1.1)-
(iii) invertible if, and only if, [E, A, B, C] is left-invertible and right-invertible. o
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Remark 5.2 (Left-invertibility).
By linearity of the behavior B, 1), left-invertibility of [E, A, B,C] € ¥, is equivalent to

V(z,u,y) € B : [y=0 A Ez(0) =0] = u=0. 1

(5. <)>
Remark 5.3 (Inverse system).

For ODE systems, the problem of finding a realization of the inverse of a system [I, A, B, C] € ¥,  m.m
is usually described as the problem of finding a realization for the inverse of its transfer function
C(sI — A)~!B, provided it exists, see e.g. [27, p. 557]. This means that in the corresponding behaviors
inputs and outputs are interchanged. In the differential-algebraic setting we may generalize this in
the following way: For [E, A, B,C] € ¥}, mp we call a system [E, A,B,C’] € Ei,ﬁ,p,m the inverse of
[E, A, B,(C] if, and only if,

V(’U,,y) € EIIOC(R;Rm) X Elloc(R;Rp) :
[3.%' S Elloc(R;Rn) : (x,u,y) S %[E,A,B,C}] — {Eli‘ S EIIOC(R;Rﬁ) : (aﬁ,y,u) S %[E,A7B7C‘] : (52)

In fact, in the differential-algebraic framework condition (5.2) is so weak that it is possible to show that
any system [E, A, B,C] € ¥, m p has an inverse - thus, the existence of an inverse is in no relation to
the notion of invertibility of the system.

Let [E,A,B,C] € S pmp with tkB = ¢ < m. Then there exist S; € R?*! Sy € R0 and
T € Gl (R) such that S1BT = [I;,0] and SoBT = 0. Let (v,u,y) € B(g a p,c) With 4 = T lu =
(@] , iy )", where 4y € LI (R;RY), dip € L& (R;R™9). Then

Uy, Uy loc loc
%SlESC = S1Axz + 1y
18 EBr = SAz
y = Cu.

Now, %1 depends on the derivative of S1FEx, so we introduce the new variable w = %SlE:c; and o
is the vector of free inputs (which are free outputs in the inverse system), so we introduce the new
variable z = %9, which will not be restricted in the inverse system. Clearly, adding these equations to
the original system does not change it. Switching the roles of inputs and outputs and using the new
Tw' 2T)T e £l (R;R*7+(m=9) we may rewrite the system as follows:

augmented state (z',w',
%SlE.%' = w
%SQEQE = SAx
0 = —Cx+y
1w = —-S1Ar+w
Uy = 2.
Therefore, an inverse of [E, A, B, C] is
gig 8 8 : SSA Idl 8 : 8 ,T %1A qu 107 € Sl pmtmpm
0o 00| |[-c o o |5 m-q
Note also that for (z7,w",2")T € £} (R;R"F4+(m=4)) we have
SiE 0 O T
Bx e WoLRRY) <= [SE 0 0] [w] e WhI(®R;R™™).
0 00 z
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Next, we will show that a DAE system with autonomous zero dynamics is left-invertible. However,
the converse does, in general, not hold true as the following example illustrates.

Example 5.4.
Consider the system (1.1) with

1 0 0 010 0
N A P O, I R

Let (z,u,y) € ZD(1.1) and = = (x1,29,23)". Then y = 0 and hence 23 = u = 0, but z is free and
x9 = 1. Therefore, the zero dynamics are not autonomous. However, [E, A, B, C] is left-invertible

since (5.1) is satisfied. o

Lemma 5.5 (Autonomous zero dynamics imply left-invertibility).
Let [E, A, B,C] € ¥, mp with autonomous zero dynamics. Then [E, A, B,C] is left-invertible.

Proof: We show that (5.1) is satisfied. To this end let (z,u,y) € B(.1) with y = 0 and Ez(0) = 0.

Hence, (z,u,y) € ZD(y.1) and applying the coordinate transformation (z{ ,29)T = [V, W] 'z from

Prop. 3.5
Theorem 3.7 yields Vzi(t) + Wza(t) = x(t) € " imV for almost all ¢ € R. Therefore, zo = 0 and

we have that (3.14) holds. Since 0 = Fz(0) = EVz1(0) we get from (3.8) that z;(0) = 0, and hence it
follows from (3.14) that z; = 0 and thus v = 0. O

In the following we investigate right-invertibility for systems with autonomous zero dynamics. In order
for [E, A, B,C| € ¥, m,p to be right invertible it is necessary that C' has full row rank (i.e., im C = RP).
This additional assumption leads to the following form for [E, A, B, C] specializing the form (3.8). This
is the main result of this section.

Theorem 5.6 (System inversion form).
Let [E, A, B,C| € ¥, mp with autonomous zero dynamics and rk C' = p. Then there exist S € GI;(R)
and T € G1,(R) such that

[E,A,B,0] X [E,A,B,C, (5.3)
where
I, 0 Ei3 Q Ao O 0
~ 0 Ey FEo3 A Agr Ay 0 A I, A
0 E3s N |’ 0 0 I, ’ 01’ ¢ [0’ p70]7 (5 )
0 FE4u FEus 0 Ay O 0

and N € R™X"3 ng =n — k — p, is nilpotent with N¥ = 0 and NY™' # 0, v € N, Ey, Agy € R™XP
and all other matrices are of appropriate sizes.

Proof: By Theorem 3.7 system [E, A, B, C] is equivalent to [E,/Nl, B, (] in (3.8). Since C and therefore
C5 has full row rank, there exists T' € Gl,,_;(R) such that CoT = [I),0]. Hence,

I, [IQ] I, 1?12 Ei3 Apy 14:112 14:113 0

. 07T ~ 2
[E,A,B,C] ™~ 0 Ex B, |An An A, [Im|, [0,1,,0]
0 Fs» FEs3 0 Az Asz 0
. Eyy  Eag] [12122 12123] I:Im:| } . .
Now, since the system - Il I e I , |I,,0]| has trivial zero dynamics by Theo-
Y HE32 E33] " |Ass Aszz] [0 Uy, 0) Y Y
rem 3.7, we may infer from Lemma 3.11 that there exists X (s) € R[s]("tm~k)x(4P=k) such that
X11(s) Xia(s) Xi3(s)] SE:22 - 1‘122 S@z:«; - /:123 I, I, 0 0
Xo1(s) Xoo(s) Xos(s)| |sEsp— Aggy sEsg—Asgs 0| = |0 L, xp O
X31(s) X3za(s) Xss(s), I, 0 0 0 0 I
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Obviously, X91(s) = 0 and hence ng(s)(sEgg - 12133) = Ip—p, i€, sEs3 — Ass is left invertible over
R[s]. This implies that in a quasi-Kronecker form (2.2) of sFE33 — A3z it holds ns = 0 and ¢(5) = 0. By

a permutation of the rows in the block sK| — LI we may achieve that there exists S € Glj_g_.,(R),

'y
sN—In3

T e Gl,,_;—,(R) such that S(SEgg — zzlgg)T = LE4 iy }, where N is nilpotent. Hence,
3— 3

o lorhn] [[% B2 Eo] [An dw da) ro

o 0 FEi Es 21 Az Ao I,

E. A B,C Y N A 0,71,,0

[ y L1, ) ] 0 E32 N ) 0 A32 Ing ) 0 ) [ s 4py ]
0 E42 E43 0 A42 A43 0

It is now clear that the assertion of the proposition follows from additional elementary row and column
operations. O

The form derived in Theorem 5.6 is a generalization of the zero dynamics form derived in [6, Thm. 2.3]
for system [E, A, B,C] € ¥, 5,,m,m with regular sEE — A and proper inverse transfer function.

Remark 5.7 (Uniqueness).

Uniqueness of the entries in the form (5.4) may be analyzed similar to the last statement in Theorem 3.7.
It is easy to see that () is unique up to similarity, and that there are entries which are not even unique
up to matrix equivalence (cf. Remark 3.8). In particular, the form (5.4) is not a canonical form. ¢

Remark 5.8 (DAE of system inversion form and inverse system).

Let [E,A,B,C| € ¥ ,,m,p with autonomous zero dynamics and rkC' = p. The behaviour of the
DAE (1.1) may be interpreted, in terms of the form (5.3), (5.4) in Theorem 5.6, as follows: (x,u,y) €
By N (Wl’l(R;R") x L1 (R;R™) x Wlfgl’l(R;Rp)) if, and only if, (Tx,u,y) solves

loc loc
i1 = Qi+ Ay — S Ei3NFEgyF+?)
0 = —Egpyj— S 7_g B NFEspy ™ + Agiay + Apy +u 55)
z3 = Yop_g NFEsyk+h
0 = —Fpy— > 12y EiaNFEsyF+2) + Aoy,

where Ta = (z] ,y7,23)" € WL (R; RFP413); see also Figure 1.
From the form (5.4), also the inverse system can be read off immediately. Introducing the new variables

ro =y and x4 = % (Eggxg + E23(L'3), an inverse system, with state (xlT, sz, x;, xI)T, is given by
Ik 0 E13 0 Q A12 0 0 0 _A T
0 Ep Exp 0| |0 0 0 Inl [0 | *
0 Ex N 0|,|0 0 L, 0[,|0], 022 € Sl pmtmpm-
0 FEgp Ei3 0 0 Ap 0 O 0 I
0 O 0 O 0 -1, 0 O I, m

Remark 5.9 (Index of nilpotency).
The index of nilpotency v of the matrix N arising in the form (5.4) in Theorem 5.6 may be larger than
the index of the pencil sE — A: Consider

0 0 0 1
sE—A=1|0 -1 s |, B=|0, C=]I1,0,0].
s 0 -1 0
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Figure 1: System [E, A, B,C] € ¥, m,p in form (5.4)

It is easy to see, that [E, A, B, C] is in the form (5.4) with k =0, ng = 2, E3s =[], N =[] {] and all
other entries in F in (5.4) are zero or not present. Hence v = 2, but the index of sE — A is 1, since
there exist S,T € Gl3(R) such that

sK{ — L] 0

S(SE—A)T: 0 SKg—L3 )

i.e., we have an overdetermined block of size 1 x 0 and an underdetermined block of size 2 x 3. o
The next corollary follows directly from Theorem 5.6 and the representation (5.5).

Corollary 5.10 (Asymptotically stable zero dynamics).
Let [E,A,B,C| € ¥ ,,m,p with autonomous zero dynamics and tkC = p. Then, using the notation
from Theorem 5.6, the zero dynamics ZD ;1) are asymptotically stable if, and only if, o(Q)CC_.

As discussed in Remark 5.8, a realization of the inverse system can be found for [E, A, B,C] € £, m.p
with autonomous zero dynamics and rk C' = p. However, due to the last equation in (5.5), [E, A, B, C]
is in general not right-invertible. Necessary and sufficient conditions for the latter are derived next.

Proposition 5.11 (System invertibility).
Let [E,A,B,C| € ¥ mp with autonomous zero dynamics. Then, in terms of the form (5.4) from
Theorem 5.6,

[E,A, B,C) is invertible <= 1kC =p,Egq =0,A4 =0 and Ex3N'E3y =0 for j=0,...,v—1.
Proof: By Lemma 5.5 [E, A, B, C] is left-invertible, so it remains to show the equivalence for right-
invertibility.

=: It is is clear that tkC' = p, otherwise we might choose any constant y = 3° with y° ¢ im C,
which cannot be attained by the output of the system. Now, by Theorem 5.6 we may assume, without

22



loss of generality, that the system is in the form (5.5). Assume that Ao # 0. Hence, there exists
y? € R such that A4oy° # 0. Then, for y = ¢° and all z € L] _(R;R"), u € £L (R;R™) it holds that
(z,u,y) & B(1.1) (since the last equation in (5.5) is not satisfied), which contradicts right-invertibility.
Therefore, we have Ass = 0. Repeating the argument for Ejo and E;3N7FE3, with y(t) = ty° and
y(t) = /7290 resp., yields that Ej = 0 and Ey3N/FE3, =0, j =0,...,v — 1.

<«: This is immediate from (5.5). O

Remark 5.12.
Let [E,A,B,C] € ¥ ,m,p with autonomous zero dynamics. If [ = n, p = m and tkC = m, then
[E, A, B,C] is invertible. This can be seen using the form (5.4) from Theorem 5.6. o

6 Funnel control

In this section we consider funnel control for systems [E, A, B,C] € ¥ 5, y m with the same number of
inputs and outputs. For a motivation of funnel control we consider some classical control strategies:
One possibility is constant high-gain control, that is the application of the controller

u(t) = —kyt) (6.1)

to the system (1.1) in order to achieve stabilization, i.e., that any solution z € C*(R;R") of the closed-
loop system (1.1), (6.1) satisfies lim;_, o z(t) = 0. Stabilization can be achieved for systems [F, A, B, C]
with asymptotically stable zero dynamics and either proper inverse transfer function or positive strict
relative degree one by this strategy if the high gain & > 0 is chosen sufficiently large, see [5]. The
system is then said to have the high-gain property. However, it is not known a priori how large the
high gain constant must be.

Another strategy is the “classical” adaptive high-gain controller

ut) = —k()y(t), k)= ly®)]> K0) =+, (6.2)

which resolves the above mentioned problem by adaptively increasing the high gain. The drawback of
the control strategy (6.2) is that, albeit k(-) is bounded, it is monotonically increasing and potentially
so large that it is very sensitive to noise corrupting the output measurement. Further drawbacks are
that (6.2) does not tolerate mild output perturbations, tracking would require an internal model and,
most importantly, transient behaviour is not taken into account. These issues are discussed for ODE
systems (with strictly proper transfer function of strict relative degree one and asymptotically stable
zero dynamics) in the survey [22].

To overcome these drawbacks, the concept of “funnel control” is introduced (see [22] and the references
therein): For any function ¢ belonging to

¢ = {p € C"(R>0; R) N B! (R>05R) | 9(0) =0, ¢(s) >0 for all s >0 and liminf o(s) > 0},
for p© € N, we associate the performance funnel
Fpi={(t,e) € Rao x R™| p(®)llel| < 1}, (6.3)

see Figure 2. The control objective is feedback control so that the tracking error e(:) = y(-) — yret (),
where ye¢(-) is the reference signal, evolves within F, and all variables are bounded. More specific,
the transient behaviour is supposed to satisfy

VE>0: le(®)ll < 1/0(b),
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“Infinite” funnel, that is the funnel defined on (0, co) with pole at ¢ = 0.

Figure 2: Error evolution in a funnel F, with boundary (t) = 1/¢(t) for ¢ > 0.

and, moreover, if ¢ is chosen so that ¢(¢) > 1/A for all ¢ sufficiently large, then the tracking error
remains smaller than A.

By choosing ¢(0) = 0 we ensure that the width of the funnel is infinity at ¢ = 0, see Figure 2. In
the following we only treat “infinite” funnels for technical reasons, since if the funnel is finite, that is
©(0) > 0, then we need to assume that the initial error is within the funnel boundaries at t = 0, i.e.,
©(0)]|C2° — y1e¢(0)]| < 1, and this assumption suffices.

As indicated in Figure 2, we do not assume that the funnel boundary decreases monotonically. Cer-
tainly, in most situations it is convenient to choose a monotone funnel, however there are situations
where widening the funnel at some later time might be beneficial, e.g., when it is known that the
reference signal varies strongly.

To ensure error evolution within the funnel, we introduce, for k> 0, the funnel controller:

ult) = —k(t)elt), where  o(t) = 9(0) — yrar(?)
k (6.4)
MO = Tl

If we assume asymptotically stable zero dynamics, we see intuitively that, in order to maintain the
error evolution within the funnel, high gain values may only be required if the norm ||e(t)|| of the error
is close to the funnel boundary ((t)~!: k(-) increases if necessary to exploit the high-gain property of
the system and decreases if a high gain is not necessary. This intuition underpins the choice of the gain
k(t) in (6.4), where the constant k > 0 is only of technical importance, see Remark 6.1. The control
design (6.4) has two advantages: k(-) is non-monotone and (6.4) is a static time-varying proportional
output feedback of striking simplicity.

In the following we show that funnel control for systems (1.1) is feasible under some appropriate
assumptions. In [6] it is shown that funnel control works for DAE systems with regular pencil sE — A,
proper inverse transfer function and asymptotically stable zero dynamics. In [5] it is then shown that
funnel control is also feasible if the assumption of proper inverse transfer function is replaced by the
existence of a positive strict relative degree, however a filter has to be incorporated in the feedback in
this case, see also [25]. What we have presented in the present paper so far is a unified framework for
both cases “proper inverse transfer function” and “positive strict relative degree one” and, furthermore,
we do not need to assume that sE — A is regular. In fact, we only need the following assumptions for
funnel control being feasible for a system [E, A, B,C] € ¥,y m:
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[E, A, B, C] has asymptotically stable zero dynamics,

[E, A, B, (] is right-invertible,

e kin (6.4) is sufficiently large,

the matrix

I'=— lim s71[0, I,u]L(s) [0] € Rmxm (6.5)

500 I,

exists and satisfies T' = I'" > 0, where L(s) denotes a left inverse of [SJ?EA B | over R(s); by
Lemma A.1, T" is independent of the choice of L(s).

As mentioned above, these assumptions now give a unified approach to two classes of systems which
have been treated separately in [5] (cf. also Appendix B): Systems [E, A, B,C| € ¥, ,, mm With regular
sE — A, asymptotically stable zero dynamics, k sufficiently large and either

e positive strict relative degree one and symmetric, positive definite high frequency gain matrix
or
e proper inverse transfer function.

In [5, Thm. 5.1] it has been proved that funnel control is feasible for the above two classes of systems.
Note that for single-input, single-output systems with transfer function g(s) = f]% € R(s) \ {0}, the
existence of I" in (6.5) is equivalent to deg ¢(s) —degp(s) < 1, i.e., g(s) has strict relative degree smaller

or equal to one.

Remark 6.1 (Initial gain).
The condition “k sufficiently large” in the above motivated assumptions of Theorem 6.3 is made precise
in (6.7). Condition (6.7) is specific for DAEs and already appears in [5, 6], but not in the ODE case,
see [24]. A careful inspection of the proof of Theorem 6.3 shows that we have to ensure that the
matrix Agg — k(t)1I,, is invertible for all t > 0, and in order to avoid singularities we choose, as a simple
condition, the “minimal value” k of k(-) to be larger than ||A|| > ||Ag2||. In most cases the lower bound
for k in (6.7) can be calculated easily. We perform the calculation for some classes of ODEs: Consider
the system

x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + D),

where A € R™" B, CT € R"*™ D € R™ ™, System (6.6) can be rewritten in the form (1.1) as

1 ) B 1)
v =e.a1 (59

Observe that s [161 8] — [61 _?m] is regular, and hence applying Remark A.4 gives

(6.6)

T = lim 5! ([C, 1] {515‘4 ?]_1 {ng — lim s~ (C(s — A)"'B+ D)\

§—00 §—00

25



Assume now that D € Gl,,(R), i.e., the system has strict relative degree 0. Then

o 1p1-1 -1 kE_
r_slggos D~ § C(sI-A)™'B)" =0,
and
; 0 _ 1 -1 k_ -1
Jim ([O,Im]L(s) [LJ +sr> =— lim D~ § j C(sI —A)'B)"=-D71,

Therefore, (6.7) reads k > |[D7!||. If D = 0 and CB € GL,,(R), i.e., the system has strict relative

degree 1, then similar calculations lead to I' = (C’B)f1 and (6.7) simply reads k> 0; the latter is a
general condition compared to the choice k = 1 in [24].

For single-input, single-output systems the above conditions can also be motivated by just looking at
the output equation y = cz + du, ¢! € R",d € R. If a feedback u = —ky, k > 0 is applied, then
(1 + dk)y = cx and in order to solve this equation for y it is sufficient that either & > 0 (no further

condition) if d = 0, or k > |d~!]| if d # 0. o

Before we state our main result, we need to define consistency of the initial value of the closed-loop
system and solutions of the latter. Compared to the previous sections, here we require more smoothness
of the trajectories.

Definition 6.2 (Consistent initial value).

Let [E, A, B,C] € X1 mm and Yrer € BY(R>0;R™). An initial value 2° € R" is called consistent for the
closed-loop system (1.1), (6.4) if, and only if, there exists a solution of the initial value problem (1.1),
(6.4), z(0) = 2°, i.e., a function z € C'([0,w);R™) for some w € (0, 00], such that z(0) = 2° and z
satisfies (1.1), (6.4) for all ¢ € [0,w). o

Note that, in practice, consistency of the initial state of the

far as the DAE [E, A, B, C] is the correct model.
We are now in a position to state the main result of this section.

unknown” system should be satisfied as

Theorem 6.3 (Funnel control).

Let [E,A,B,C| € ¥ mm be right-invertible and have asymptotically stable zero dynamics. Suppose
that, for a left inverse L(s) of [SE_EA _OB] over R(s), the matriz I in (6.5) exists and satisfies I' =
I'" > 0. Using the notation from Theorem 5.6, let ¢ € ®'*1 define a performance funnel F,. Then,
for any reference signal yyer € BYT2 (R>0;R™), any consistent initial value 20 € R", and initial gain

Jim <[0, L]L(s) [ I‘;] + sr) H , (6.7)

the application of the funnel controller (6.4) to (1.1) yields a closed-loop initial-value problem that
has a solution and every solution can be extended to a global solution. Furthermore, for every global
solution z(-),

k>

(i) x(-) is bounded and the corresponding tracking error e(-) = Cx(:) —yret(+) evolves uniformly within
the performance funnel F,; more precisely,

Fe>0VEt>0: Jle®)] < ot)™t —¢. (6.8)

(ii) the corresponding gain function k(-) given by (6.4) is bounded:
Vito>0: suplk(t)| < L
t>to 11— (1 - 5)‘1‘/0)2’
where Ay, 1= infy>y, p(t) > 0 for all to > 0.
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Proof: Note that I' is well-defined by Lemma A.1. We proceed in several steps.
Step 1: By Lemma A.3, the closed-loop system (1.1), (6.4) is, without loss of generality, in the form

i1(t) = Qui(t) + Ape(t) — 02y E1aN* Esg 2 (1)
+A12 Yret (t) — S4_g E13N* E3y yﬁfﬁ” (t)
Té(t) = (A—k(t)y,)e(t) + Ayer(t) — T ier(t) + U (2, e)(t) (6.9)
r3(t) = Zo NEEsg e () + S0 NF By yﬁf;rl)(t)
KO = W

where A A22 - ZZ éA21Q/€+1E13NkE32’ fEl [Ik, 0 O]T le and
\Il(x?, e)(t) = U(aY, e)(t) + U(aY, yrer) (1) — Aglthx(f, teR.

Note that, as [0, I,,]L(s)[0, I,,]T = X45(s) for the representation in (A.2),

v—1
~ . 0 ~
k> sli{go <[O,Im]L(8) |:I :| + SF) H = A22 — E Angk+1E13NkE32 = HAH
" k=0

By consistency of the initial value z° there exists a local solution (z1, e, x3, k) € C1([0, p); R"*1) of (6.9)
for some p > 0 and initial data

0
T 120 — | o,
(z1,e,23,k)(0) = x yeg(o) |

~

k

where the differentiability follows since yef € BYT2(R>0; R™) and ¢ € C*TH(Rxo; R). It is clear that
(t,e(t)) belongs to the set F, for all t € [0, p). Even more so, we have that

Vte[0,p): (t,zi(t),e(t), z3(t), k(t) € D= { (t,z1,e,23,k) € [0,00) x R | e(t)]le]l <1 }.

We will now, for the time being, ignore the first and third equation in (6.9) and construct an integral-
differential equation from the second and fourth equation, which is solved by (e, k). To this end,
observe that by I' = I'T > 0, there exists an orthogonal matrix V' € Gl,,(R) and a diagonal matrix
D € R™*™1 with only positive entries for some 0 < mj < m, such that

D 0
_ T
I'=Vv [0 O]V.

In order to decouple the second equation in (6.9) into an ODE and an algebraic equation, we introduce
the new variables ej(-) = [I;n,,0]Ve(:) and ea(-) = [0, I;p—m,]Ve(-). Rewriting (6.9) and invoking
le@®)||? = |[Ve®)||* = |ler(t)||? + [le2(¢)]|?, this leads to the system

at) = [DLO(VAVT — k() <2§2> (DL 0]V O1(er, ea)(t)
0 = 0,1y VAV ( 28)  R(t)ea(t) + [0, Ty [V ©1(e1, €2) (1) (6.10)
KY) = et TEor
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where
O1: CY(R;R™ ) x CY(R;R™=™)  —  CYFL(R;R™),
(erres) = (£ Apeer(t) = T gee(t) + B, VT (e] ) T)(E))
Introduce the set

D= { (tkyer,e) € [0,00) x [l 00) x R x R

O (llex]* + leal®) < 1}
and define

fi1:DxR™ = R™, (t,k e, e, — [DL0|(VAV T —kI,,) <€1> +[D7Love

€2

By differentiation of the second equation in (6.10), and using

Agg = [0, Iy, JVAVT [ s 0 } , Ay =0, Iy, [VAVT [I’gl] :
m—mi
we get . . )
0= Aglél(t) + Aggég(t) — k(t)eg(t) — k(t)ég(t) + [0, Im_ml]V %@1(61, 62)(t). (6.11)

Observe that the derivative of k is given by
k(t) = 2k (1= @) (lea (8)]2 + le2()]1?))
x (@(t)¢(t)(!!€1(t)H2 +[lea(®)1?) + @(t)*(ea(t) Tea(t) + ez(t)Té2(t))> - (6.12)
Now let

M iD= Glym, (R), (b k€1, e2) = (Ao = (Lo + 2002 (1= 9 (le1 I + lle2][2) ez ) ),

©9 : CY(R;R™) x CY(R;R™™ ™) — CY(R; R™),

_ t
(e1,e2) <t = Ainr(t) = T () + $0G ) () + [ An Qe A1V (gig ;) dr
0

v—1k+1 ‘ . (k—j+1)
+) Y A eV E N B VT <e;> (0)
k=0 j=0

v—1 t
_ Z / A21Qk+36Q(t—T)E13NkE32 'l <€1(7')> dr
0’0 ea(7)

and

fo : DX R™ x R™ — R"™™) (¢ k e, e,61,8) —
~ -2 . ~
2k (1= o(t)(llex]* + lle2l®) ™ (@)@ @) ([lerl* + [le2]|?) + @(t)*(ef €1)) ez

—Apér — [0, e, |V <z4211‘112VT <2> + ZZ;é AnQF2E |y NFEs VT <2) + f) .
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We show that M is well-defined. To this end let

G D — RUVMOXT) (¢ ke eg) e 20()2 (1 - @(8)2(ler||? + lleal|?))  eae]
and observe that G is symmetric and positive semi-definite everywhere, hence there exist V:D—
R(m—m1)x(m=m1) ¥ orthogonal everywhere, and D : D — R(m—m1)x(m=m1) ' [) 5 diagonal matrix with
nonnegative entries everywhere, such that G = V-'DV. Therefore, (I + G)™! = V=1 + D)~V and

(I + D)~! is diagonal with entries in (0, 1] everywhere, which implies that ||(I + G)~|| < 1. Then, for
all (¢,k,eq,ez) € D, we obtain

1E~HT + G(t, k, e1,e2)) "L Aga|| < K[| Aga|| < k|| A|| < 1.
and hence k=" (I + G(t,e1,e2)) "  Agy — I is invertible, which gives invertibility of
M(t, k,e1,e0) = Agy — k(I + G(t, k,e1,e2)).
Now, inserting k from (6.12) into (6.11) and rearranging according to éy gives
M(t,k(t),e1(t),e2(t)) éa(t) = fa(t, k(t),e1(t), é1(t), ea(t), Oa(en, €2)(t)).

With

fo i DXR™XR™ — ROV (¢ ke eq,&1,69) — M(t k,er,e0)  fa(t, ker,ea, fi(t,k,e1, e, €1), &),
and

f3: DXR™ XR™ 5 R, (t,k e1,e2,&1,&) = 2k (1— o(t)2(ler]® + [le2])?)

X («P(t)¢(t)(H61H2 +le2ll?) + @) (e] f1(t kyer,e2,61) + g falt, b, e1,ea, 61, 52)))

we get the system

er(t) = filt,k(t),ei(t),e2(t), O1(e1,e2)(t))
é2(t) = fa(t,k(t),e1(t), e2(t), O1(e1, e2)(t), O2(e1,e2)(t)) (6.13)
k(t) = fs(t.k(t), e1(t), ea(t), O1(er, e2)(t), Oa(er, e2)(t)).

(k,e1,e2) € CH([0, p); R™T1) obtained from (e, k) is a local solution of (6.13) with

D

(s e1,e2)(0) = (I, V([0, I, 01T 12 = es(0))) =

and
Vit e [O,p) : (t,k:(t),el(t),eg(t)) e D.

Step 2: We show that the local solution (351, e, r3, k) can be extended to a maximal solution, the graph
of which leaves every compact subset of D.
With z = (k,e] ,eq )" and appropriate I : D x R?™ — R™*! we may write (6.13) in the form

i(t) = F(t,2(8), (T2)(1)),

where Tz = (©1(e1,e2)",O0s(e1,e2)")T. We may further rewrite this equation to achieve that the
operator is independent of the initial values z(0), £(0),...,2*)(0): we put every term where one of the
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expressions z(0), 2(0),...,2*)(0) explicitly appears in the function F. This leads to a formulation of
the form
3(t) = F(t, 2(t), (T2)(t), 2(0), 2(0), ..., 27(0)), 2(0) =, (6.14)

where F : D x R?™ x RmHDE+D) 5 Rm+l g 4 suitable function and T : C(R; R™1) — C(R;R?™)
is an operator with the properties as in [23, Def. 2.1] (note that in [23] only operators with domain
C(R;R) are considered, but the generalization to domain C(R;R?) is straightforward). It is immediate
that T satisfies properties (i)—(iii) in [23, Def. 2.1]; (iv) follows from the fact that o(Q) C C_ by the
asymptotically stable zero dynamics (cf. also (A.7)) and yyer € BYT2(R>0; R™).

Furthermore, for p := max{l,r} and the functions defined in Step 1, we find that f; and fo are u-
times continuously differentiable (since ¢ € C**1(R>0;R)). Furthermore, M is u-times continuously
differentiable and invertible on D, hence M~! is p-times continuously differentiable as well. Finally,
this gives that fg and f3 are u-times continuously differentiable and hence, since F' depends linearly
on the initial values z(0), 2(0),...,2*)(0), we have F' € C*(D x R?™ x Rm+1D+1). gmtl),

Let 2 = (k,ef ,eq)T € CL([0, p); R™*1) be the local solution of (6.13) obtained at the end of Step 1.
Then Z solves (6.14). Observe that, since F' is p-times continuously differentiable and 7" is essentially
an integral-operator, i.e., it increments the degree of differentiability, we have Z € C¥*1([0, p); R™*1).
Now let (; := 20)(0) for 7 =0,...,v. Then [23, Thm. B.1]" is applicable to the system

A

(t) = F(t,2(t), (Tz)(t), G0, C1s -+, Q) =2 F(t, 2(1), (T2)(1),  2(0) = Co =, (6.15)
and we may conclude that

(a) there exists a solution of (6.15), i.e., a function z € C([0, p); R™*!) for some p € (0, 0o such that z
is locally absolutely continuous, z(0) = (y, (t,2(t)) € D for all t € [0, p) and (6.15) holds for almost
all ¢ € [0, p),

(b) every solution can be extended to a maximal solution z € C([0,w); R™*1), i.e., 2 has no proper
right extension that is also a solution,

(c) if z € C([0, p); R™ 1) is a maximal solution, then the closure of graph z is not a compact subset
of D.

(c) follows since Fis locally essentially bounded, as it is at least continuously differentiable. Clearly 2z
is a solution (in the context of (a)) of (6.15), hence by (b) it can be extended to a maximal solution
2 € C([0,w); R™*1). Similar to 2, 2 is (u + 1)-times continuously differentiable.

We show that the extended solution 2 leads to an extended solution of (6.9). To this end we show that
% also solves (6.14). This is immediate since, invoking 2|, , = Z,

Vi=0,...,v: 29(0) =z9(0) = ¢.

This implies that Z is a solution of (6.14) as well and therefore also solves (6.13). Integrating the
equations for k and ey in (6.13) and invoking consistency of the initial values gives that (k,e;,e2)
also solve the problem (6.10) and this leads to a maximal solution (z1,e,z3,k) € C1([0,w); R"*1),

€ (0,00], of (6.9) (extension of the original local solution (z1,e,x3,k) - for brevity we use the same
notation) with graph (1, e, z3, k) C D. Furthermore, by (¢) we have

the closure of graph (z1, e, z3, k) is not a compact subset of D. (6.16)

Tn [23] a domain D C [0,00) x R is considered, but the generalization to the higher dimensional case is only a
technicality.
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Step 3: We show that k is bounded. Seeking a contradiction, assume that k() — oo for ¢ — w. Using
e1(:) = [Im,,0]Ve(-) and ea(-) = [0, I;y—m,|Ve(:), we obtain from (6.10) that

lea )| < I1(Aza = k() Ly ) | (Ilz‘im@l(t)\l + H[O,Imfml]V@l(el,@)(t)H) :

Observing that, since ||Ags| < |4 < k,

! ()~

-1, _ 1 -1 4 -1 -1
(b)) = R (o =k Aea) 7 < O™ T S RO

and invoking boundedness of e; (since e evolves within the funnel) and boundedness of ©1 (e, e3) (since
Yref € BYT2(R>0; R™) and (A.7) holds) we obtain

~

_ k i
le2ll < k(6) ™ (Ida1e1llo + 10, Tn-m, VO (€1, €2) ) — 0. (6.17)
k= [| Az foe
Now, if m1 = 0 then e = ey and we have lim;,, [le(?)[| = 0, which implies, by boundedness of ¢,
limy_., (t)2]le(t)||> = 0, hence lim;_,,, k(t) = k, a contradiction. Hence, in the following we assume

that m; > 0.
Let 0 € (0,w) be arbitrary but fix and X := inf,( ) @(t) 7! > 0. Since ¢ is bounded and lim inf; o @(t) >

0 we find that 4 pr go|[5 o0y ()7 !is bounded and hence there exists a Lipschitz bound L > 0 of ¢| 16,00) ()%
Furthermore, let Ay == [I,n,, 0]V AV [I,,,0]7, A1g := [In,, O)VAV [0, I,n_m,]" and

a = D7 An]l[lerllo + I[P, 0]VO1(er, €2)]oo,

B = ZID ' Ap,

v o= it (Hoierloo + 110, Lo VO (o1 e0)lc )
A= e >0

where opax(I") denotes the largest eigenvalue of the positive semi-definite matrix I' and oyax(I) > 0
since mq > 0.
Choose € > 0 small enough so that

e <min {5 i (o0 = a0}

te[0,6]

and p
L< —a—ﬁ'ye—f—g. (6.18)

We show that
Vie (0,w): o)t — et > e. (6.19)

By definition of € this holds on (0, d]. Seeking a contradiction suppose that
dt € [5,w) : (p(tl)il — Hel(tl)H <eE.

Then for
tor=max{te[0,t1) | o) —|ler(®)]| =¢ }
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we have for all ¢ € [to, 1] that

p) " — @)l <e and Je(®)] = o)~

Y
>
|
™
Y

: @ : .
L= @@ ~ 1= @@ ~ @ = p@lea@D+ p@ler@l ~ 2600 ~ 2

Now we have, for all t € [to, t1],

k(t) =

Shlel? = amTe)
= @)’ (D*l(zx11 — k()L )e1(t) + D™ Apses(t) + [DL, 01V O (e, 62)(t)>
< allei@®)] + D Ara|l[lea(®)|lex (8)]| — ;\—fel(f)TD”el(t)T
Mk

< afles(®) + D~ Awa|lle2(t)]lllex (1) lex (£)]]%.

=5 Tmax(L)

Moreover, from the inequality in (6.17) we obtain that, for all ¢ € [to, t1],

2
eo(D)]] < k(1) 'y < —ne.
lle2(t)]| < k(1) W_Ak’y

This yields that
Lalea® < (a+ 81— Z) ) < ~Llar®).
Therefore, using
L el = e @ er 0]

we find that

Jes(tn)] = lea(to)l = [ llea Ol s ()P
< —L(t1 — to) < —le(t1) " = @(to) ' < p(t) ™ = plto) T,

and hence
e=p(to) " — llea(to)ll < @(t1) ™" = ller(tr)l| <e,
a contradiction.

Therefore, (6.19) holds and by (6.17) there exists £ € [0,w) such that |lez(t)|| < ¢ for all t € [t,w).
Then, invoking ¢ < %, we obtain for all t € [£,w)

le@)I? = llex(®)I* + llea@®* < (p() ™" = €)* + €% < (1) 7% — 2eA + 26 < p(t) 7 — 2¢°.
This implies boundedness of k, a contradiction.

Step 4: We show that x1 and x3 are bounded. To this end, observe that z = (k,e{ ,eq )" solves (6.14)
and, by Step 3, z is bounded. Using (A.7) and yer € B'T2(R>0; R™) we find that Tz is bounded as
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well. This implies, since F' is continuously differentiable, that Z is bounded. Then again, we obtain
that %(T z) is bounded and differentiating (6.14) gives boundedness of Z. Iteratively, we have that

Vji=0,...,v+1: (Elco,...,cj >0Vte[0,w): |z0)] < co..., |29 @) §cj)

:¢(30>OVtemw):mfmﬁwugc)

and successive differentiation of (6.14) finally yields that z, 2, ..., 21 are bounded. This gives
boundedness of e, ¢é, ..., e”TD . Then, from the first and third equation in (6.9) and the fact that
o(Q) C C_ and yyer € B'T2(R>0; R™), it is immediate that z1 and z3 are bounded.

Step 5: We show that w = oo. First note that by Step 3 and Step 4 we have that (z1,e,z3,k) :
[0,w) — R™""! is bounded. Further noting that boundedness of k is equivalent to (6.8) (for t € [0,w)),
the assumption w < oo implies existence of a compact subset X C D such that graph (x1,e,23,k) C K.
This contradicts (6.16).

Step 6: It remains to show (ii). This follows from

)

~

VE>0: k(t) = k4 k() [le(t)]? (658 k+kOpt)(p() " —e)? =k + k()L - p(t)e)®. O

Remark 6.4.

(i) Note that v in Theorem 6.3 is in general not known explicitly. However, we have, by Theorem 5.6,
the estimate v < ng = n—k—m, where k = dim ZD(y ;). Hence, choosing ¢ and yyef (n—m+2)-
continuously differentiable will always suffice.

(ii) Theorem 6.3 specifies [6, Rem. 6.4 (i)]: It is shown that, compared [6, Thm. 6.2], regularity is not
needed and the assumptions of [6, Thm. 6.2] can be relaxed, while funnel control is still feasible.

(iii) The problem of finding a solution of (6.14) with the properties (a)—(c) as in the proof of Theo-
rem 6.3 is not solved just by the consistency of the initial value, i.e., existence of a local solution,
since it is not clear that this solution can be extended to a maximal solution which leaves every
compact subset of D. Solvability for any other initial value (for (6.14)) is required for this.  ©

Remark 6.5 (Passive electrical networks).

The findings of the present paper, in particular the application of the funnel controller, can also be
applied to a class of passive electrical networks. A common way of modeling electrical networks is the
modified nodal analysis (MNA), see [17, 21, 40, 45]. This modeling procedure results in a description of
the circuit by a system of the form (1.1), where the inputs and outputs are appropriately chosen and the
matrices F, A, B, C' have specific properties, see also [38]. Omitting the details of this procedure and
the circuit theoretic background, we are only interested in the resulting system (1.1) and its properties.
From [38] we have that, in a MNA model of a passive electrical circuit,

sE — A is regular,
G(s) := C(sE — A)~'B has no poles in C, (6.20)
YAEC,: GO\ +GOY >0,

The second and third property in (6.20) state that G(s) is positive real. Note that in a MNA model
we have even more structure than stated in (6.20), such as C' = B and a special block structure of
E, A, B,C. However, Condition (6.20) is sufficient for our purposes.
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We consider the class of systems which satisfy (6.20) and
G(s) is invertible over R(s). (6.21)

Property (6.21) implies (following the lines of the proof of Proposition B.3) that the zero dynamics are
autonomous and [E, A, B, C| is right-invertible. Since G(s) is positive real and invertible over R(s), we
may infer that G(s)~! is positive real as well. Then, by [2, p. 216] (see also [38, Prop. 7]) we obtain
that G(s)~! = Gp(s) +sM, where G}, (s) € R(s)™*™ is proper and M € R™*™ satisfies M = M > 0.
As in Remark A.4 we may now conclude that [0, 1,,]L(s)[0,I,,]T = —G(s)~! and hence we obtain
existence of

I = lim s~ 'G(s)"' = M.

S§—00

Therefore, [E, A, B, C] satisfies the assumptions of Lemma A.3. If furthermore asymptotically stable
zero dynamics are assumed, then by Theorem 6.3 the funnel controller works for the class of systems
satisfying (6.20) and (6.21). o

7 Simulations

For purposes of illustration we consider an example of a differential-algebraic system (1.1) and apply
the funnel controller (6.4). The simulation of the funnel controller for a mechanical system with springs,
masses and dampers which has a proper inverse transfer function is performed in [6, Sec. 7.1]. In [6,
Sec. 7.1] an academic example of a system with singular matrix pencil sE' — A is considered and it is
shown that the funnel controller works for this system, however a proof was not included. This was
the reason for the conjecture in [6, Rem. 6.4] that the funnel controller works for a much larger class
than systems with proper inverse transfer function. It is now clear that funnel control is feasible for
this example since it satisfies the assumptions of Theorem 6.3. The simulation of the funnel controller
for a differential-algebraic system with strict relative degree one can be found in [5, Sec. 6]. For all of
the aforementioned systems, feasibility of funnel control has been proved in Theorem 6.3.
Due to the above reasons, and in order to point out the peculiarities, in the present section we only
state an academic example which has neither proper inverse transfer function nor strict relative degree
one, but satisfies the assumptions of Theorem 6.3. Consider system (1.1) with
1 0 0 -1 1 =2 0 01 0

[E,A,B,C]==1]]0 1 —=1(,|3 1 1}/, 0 ,[0 0 1] . (7.1)

0 0 0 1 1

S = O

It is immediate that [F, A, B, C] is in the form (5.4), has asymptotically stable zero dynamics, and the
matrix
1 -1
S

satisfies (6.5) and I' =T'" > 0. We set

him 2> V2= H [(1) ﬂ H = | A = || 1im (0, 2] ()0, 1) + 5T (7.2)

where L(s) is an inverse of the system pencil, see also Step 1 in the proof of Theorem 6.3 for the latter
equalities. The (consistent) initial value for the closed-loop system (7.1), (6.4) is chosen as

2= (-4,3,-2)". (7.3)
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As reference signal yref : R>9 — R, we take components of the (chaotic) solution of the following
initial-value problem for the Lorenz system

&) = 10(&t) —&(®), £1(0) =5
L) = 284 —&(H) &) — &), &0)=5 (7.4)
&(t) = &(t)&(t) — §t&s(t), £3(0) =5.

It is well known that the unique global solution of (7.4) is bounded with bounded derivative on the
positive real axis, see for example [43, App. C]. The first and second components of the solution of (7.4)
are depicted in Fig. 3.

50 3%

—————— &
40 &3

30

.30 L I L L L I L L L |
[o]

Figure 3: Components &;(-) of the Lorenz system (7.4)

The funnel F is determined by the function
¢ :Rsg— Rsg, t+0.5te"+2 arctant. (7.5)

Note that this prescribes an exponentially (exponent 1) decaying funnel in the transient phase [0, 7],
where T' ~ 3, and a tracking accuracy quantified by A = 1/7 thereafter, see Fig. 4d.

The simulation has been performed in MATLAB. In Figure 4 the simulation, over the time interval
[0, 10], of the funnel controller (6.4) with funnel boundary specified in (7.5) and reference signal yyef(-) =
(€1(+),&(+)) T given in (7.4), applied to system (7.1) with initial data (7.2), (7.3) is depicted. Fig. 4a
shows the output components y;(-) and y2(-) tracking the rather “vivid” reference signal y,f(-) within
the funnel shown in Fig. 4d. Note that an action of the input components u;(-) and us(-) in Fig. 4c
and the gain function k(-) in Fig. 4b is required only if the error ||e(¢)] is close to the funnel boundary
@(t)1. Tt can be seen that initially the error is very close to the funnel boundary and hence the
gain rises sharply. Then, at approximately ¢ = 0.2, the distance between error and funnel boundary
gets larger and the gain drops accordingly. After ¢ = 2, the error gets close to the funnel boundary
again which causes the gain to rise again. This in particular shows that the gain function k(-) is
non-monotone.
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Fig. a: Solution components y; and ys Fig. b: Gain k
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Fig. c¢: Input components u; and uz

Fig. d: Norm of error |le()|| and funnel boundary
p()

Figure 4: Simulation of the funnel controller (6.4) with funnel boundary specified in (7.5) and reference
signal yree(-) = (£1(-),&2(+)) T given in (7.4) applied to system (7.1) with initial data (7.2), (7.3).

Appendix A Polynomial matrices

The purpose of this section is, essentially, to derive a simplification of the form (5.4) under the condition

that for a left inverse L(s) of [*£ R | the matrix

[ =— lim s 1[0, I,,]L(s) [O] € R™*P (A1)
5—00 Ip

exists. This simplified form then provides an operator differential-algebraic equation which is used in
the proof of Theorem 6.3 to show feasibility of funnel control.

In the following we parameterize all left inverses of the system pencil for right-invertible systems with
autonomous zero dynamics; this is important to read off some properties of the block matrices in the
form (5.4). Furthermore, it is shown that the lower right block in any left inverse is well-defined and
therefore I' in (A.1) is well-defined, provided it exists. The existence of a left inverse of the system
pencil over R(s) is clear, since by Proposition 3.6 autonomous zero dynamics lead to a full column
rank of the system pencil over R[s].

Lemma A.1 (Left inverse of system pencil).
Let [E,A,B,C| € %, mp be right-invertible and have autonomous zero dynamics. Then L(s) €
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R(s)("””)x(”p) s a left inverse of [SECA B] if, and only if, using the notation from Theorem 5.6,

(sI,—Q)~" 0 Xi3(s) Xia(s) Xis(s)
L(s) = [g I(:J 8 8 (sN —Ofng)_l §§jgz§ X3[5p(5) [g .2,] ’ (A-2)
X41(9) I, Xy3(s) Xua(s) Xus(s)
where [X14(s) ", Xoa(s) T, X34(s) T, Xaa(s)T]T € R(s)ntm)x(tp=—n=—m) gpq
X13(s) = —s(sI —Q) 'E3(sN — 1)~} Xi5(s) = (s — Q) tAp — sX13(5)FE30,
X35(s) = —s(sN —1)"'E3, X41(s) = Ag(sI—Q)7!
Xu3(s) = —(sXui(s)E13 + sEa)(sN —1)7', Xys(s) = —(sEx — Ag) + Xu1(s) A1z — 5Xu3(s)Esg,

and L(s) is partitioned according to the block structure of (5.4).
If Ly(s), La(s) € R(s)+m*U+0) gre two left inverse matrices of [ "2 P, then

[0, T,n] L (s) m — [0, Tp] La(s) [2}] .

Furthermore, if T' in (A.1) exists, then it is well-defined.

Proof: By Proposition 5.11 we have rk C' = p and hence the assumptions of Theorem 5.6 are satisfied.
The statements can then be verified by a simple calculation. O

Now we investigate the consequences of the assumption of existence of I" in (A.1).

Lemma A.2 (Consequences of existence of I').

Let [E, A, B,C] € ¥, mp be right-invertible and have autonomous zero dynamics. Suppose that, for a
left inverse L(s) of [SE_EA _OB] over R(s), the matriz T in (A.1) exists. Then, using the notation from
Theorem 5.6, we have

Vi=0,...,v—-2Vk=i+1,...,v—1: AnQ'E13N*E3 =0 (A.3)
and
Vk?:(),...,lj—li E23NkE32:0. (A4)
FPurthermore,
v—1
T'=FEp+)» AnQ"EisN"Es,. (A.5)
k=0

Proof: The left inverse L(s) is given in (A.2) and I' is independent of the choice of L(s) by Lemma A.1.
By existence of I' the matrix s~1[0, I,,]L(s)[0, I,]" is proper, which implies that

s Xy5(s) = —(Bag — s " Ago) + s 1 A1 (sT — Q) 1 Apa + (sAg1 (sT — Q) ' B3 + sEa23)(sN — I) ' E3o
is proper. Hence, invoking that
(sI — Q) ZQZ L=t (sN — ZNZ ‘
i>1

we have that, for all i =0,...,v — 2, ZZ;(I) A1 Q'E13NFFE395%~% and ZZ;(l) E3N* Eg555t1 have to be
proper. This yields (A.3) and (A.4). The last statement (A.5) is then an immediate consequence of
I = —limg 00 s 1 Xy5(5). O
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The final result of this section, the simplification of the form (5.4), relies on partially solving the
equations (5.5) using the conditions (A.3) and (A.4) derived in Lemma A.2.

Lemma A.3 (Behavior and underlying equations).

Let [E,A,B,C| € ¥ ,,m, be right-invertible and have autonomous zero dynamics. Suppose that, for
a left inverse L(s) of [SE_EA _OB] over R(s), the matriz T' in (A.1) exists. Then, using the notation
from Theorem 5.6, for any (v,u,y) € By N (CHR; R™) x CO(R;R™) x C**HR;RP)) and Tz =
(z],y",23)" € CL(R;RFPI13) (Tx u,y) solves

21(t) = Qui(t)+ Aray(t) — Yj—g E1sNF Esy y*+2) (1)
Dit) = (Ao = YH55 AnQ 1 BiaN Exa ) y(t) + W(a1(0),y)(¢) + u(t) o)
wat) = HThNFEry®(), |
0 = 0,
where
U RF x C"(R;R™) — C”+1(R;Rm), (x(l),y) — <t — Aglth.%'(l) + /t AgleQ(t_T)Alg y(r) dr
v—1k+1 T - '
+D 0N An Qe EygNF Egy y* D (0) = / A Q2T ByaNF Eay y () dr
k=0 j=0 k=070
VU is linear in each argument and, if o(Q) C C_, then ¥ has the property
T (RF x (L®(R;RP) N CY(R; RP))) C L(R;R™) NCYTH(R;R™). (A.7)

Proof: The assumptions of Theorem 5.6 are satisfied and it is clear that the respective first and
third equations in (5.5) and (A.6) coincide. By Proposition 5.11 and right-invertibility of [E, A, B, C],
the fourth equation in (5.5) reads 0 = 0. Therefore, it remains to show that under the additional
assumption of existence of I', the second equation in (A.6) follows from (5.5). To this end, observe
that by Lemma A.2, namely (A.4), the second equation in (5.5) reads

Egay(t) = Aggy(t) + Aqr1(t) + u(t). (A8)

From the first equation in (5.5) we may infer, using the variation of constants formula,
t v-l .
Aglzﬂl(t) = A216Qt$1(0)+/ A216Q(t_T)A12y(T) dT —Z/ A216Q(t_T)E13NkE32y(k+2)(7’) dT. (Ag)
0 =00
Now, using integration by parts, we find that

t
Vi>O0Vj=0...,0-1Vk>1VYt>0: /AleiGQ(tT)E13NjE32:U(k)(T) dr
0

t
= A21QiE13NjE32y(k1)(t)—A21Qi€QtE13NjE32y(k1)(0)+/ Ay Q1R B13 NI Eagy* =Y (1) dr,
0
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hence, recursively,

t
Vk=0,...,v—1: / AgleQ(th)ElgNkE:sz(kH)(7') dr
0

k1
= Z (A21QjE13NkE32y(k_j+1)(t) - A21Qj€QtE13NkE32y(k_j+1)(0))
=0

¢
—|—/ A21Qk+2€Q(t_T)E13NkE32y(T) dr. (A.10)
0

Using (A.3) we find that Ay Q' E13N*E3y =0 for k=0,...,v—1and j=0,...,k — 1, hence

k+1
> A QI ErgN* Esgy ™I (t) = Ay Q¥ EysN* Eso(t) + A QM ErsN* Esoy(t).
j=0

Backward insertion of this into (A.10), (A.10) into (A.9) and (A.9) into (A.8) immediately yields the
second equation in (A.6). Statement (A.7) about ¥ is obvious from the representation of ¥ and the
fact that if o(Q) C C_, then there exist u, M > 0 such that

Vi>0: ¥ < Me H, O

Remark A.4 (Regular systems).
Let [E, A, B,C] € £, 5,m,m be such that sE — A is regular. If L(s) is a left inverse of the system pencil,
then we have

I(;L (sE —I:)—lB} ~ L(s) [sE_—CA —OB] [In (sE—A)~'B

and therefore C(sE — A)™!B is invertible over R(s), and

0
Im

1

H(s) := [0, I,,]L(s) [ } =—(C(sE—A)"'B) ",

i.e., —H(s) is exactly the inverse transfer function of the system [E, A, B, C]. Note that, if sE — A is
not regular, then the transfer function C(sE — A)~!B does not exist. o

Appendix B Relative degree

In this section we give the definition of vector relative degree for transfer functions of regular systems
[E, A, B,C| € ¥, nmp and relate this property to the findings of the paper.

Definition B.1 (Vector relative degree).
We say that G(s) € R(s)P*™ has vector relative degree (p1,...,pp) € Z'*P if, and only if, the limit

D := lim diag(s",...,s")G(s) € RP*™

5—00

exists and satisfies rk D = p. o
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Remark B.2 (Vector relative degree).

(i) It is an easy calculation that if G(s) € R(s)P*™ has a vector relative degree, then the vector
relative degree is unique. However, a vector relative degree does not necessarily exist, even if
G(s) is (strictly) proper; see Example B.4.

(i) If G(s) € R(s)™ ™ has vector relative degree (p1,...,pm) € ZY>™ then p = p; = ... = pp, if,
and only if, G(s) has strict relative degree p.

(iii) ISIDORI [26, Sec. 5.1] introduced a local version of vector relative degree for nonlinear systems.
Definition B.1 coincides with ISIDORI’s definition if strictly proper transfer functions are consid-
ered. In this sense, Definition B.1 is a generalization to arbitrary rational transfer functions. For
linear ODE systems a global version of the vector relative degree has been stated in [35]. It is
straightforward to show that [I,, A, B,C] € X, ;, m,m has vector relative degree (p1,...,pp) in
the sense of [35, Def. 2.1] if, and only if, C(sI — A)~! B has vector relative degree (p1,...,pp). ©

In the following we show that a regular system with transfer function which has componentwise vector
relative degree smaller or equal to one, is included in the class of systems investigated in this paper,
i.e., in particular satisfies the assumptions of Lemma A.3. If furthermore asymptotically stable zero
dynamics and T' =T'T > 0 are assumed, then by Theorem 6.3 funnel control is feasible for this class of
systems.

Proposition B.3 (Vector relative degree < 1 implies existence of I').
Let [E, A, B,C) € Spnmm be such that sE— A is reqular and C(sE — A)~! B has vector relative degree
(p1y--ypm) with p; <1 foralli=1,...,m. Then

(i) ZD(1.1) are autonomous,
(i) [E, A, B,C] is right-invertible,
(iii) {SE_E,A _OB} has inverse L(s) over R(s) and the matriz T in (6.5) exists and satisfies

1
lim diag (s°t,...,s?)G 5) ei, ifp; =1,
Vj:l’.,,’m: Fej: (S—)oo g( ) () J fP]

0, ifpj < 1.

(B.1)

Proof: Step 1: We show that G(s) := C(sE — A)~!B € R(s)™*™ is invertible over R(s). To this end,
let F(s) := diag (s”,...,s”)G(s). Since

D := lim F(s) = li_)m diag (s”1,...,s"?) G(s) € Gl,,(R)

§—00

exists, Gsp(s) := F(s) — D € R(s)™*™ is strictly proper, i.e., lims_,o, Gsp(s) = 0. Since D is invertible,
F(s) is invertible as well, as by the Sherman-Morrison-Woodbury formula (see [19, p. 50])

F(s)"' =D '~ D 'Gy(s)(I + D7 Gyp(s)) ' D71 € R(s)™ ™. (B.2)

It is then immediate that G(s) has inverse G(s)~! = F(s)~!diag (s”,...,s"?) over R(s).
Step 2: We show (i). Using invertibility of G(s) we calculate

(sE — A)~! 0 sE—A —B|[l, (sE—A)"'B
—G(s)'C(sE — A)! —G(s)—l} [ -C 0 ] [0 I ]
_ [ (.iﬁl?—A)—l » 0 1] I:SE—A 0 ] S
—G(s)""C(sE — A) —G(s) -C  —G(s)
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which gives invertibility of the system pencil and thus the zero dynamics are autonomous by Proposi-
tion 3.6.

Step 3: We show (ii). It is clear that rk C' = m, since otherwise there exists x € R™ \ {0} such that
x'C = 0 and hence 2" G(s) = 0, which contradicts invertibility of G(s). Therefore, we find that
[E, A, B, C] is right-invertible by virtue of Remark 5.12.

Step 4: We show (iii). As in Remark A.4 we may conclude that [0, I,,]L(s)[0, I,,]T = —G(s)~! and

s71G(s)7! = (diag (s, ... ,spP)G(s))fldiag (s sPTh

2 (D71 = DG ()0 + D7 Gupls) T D dlag (57157,

Hence, using p; <1 for i =1,...,m, we obtain existence of

= lim s~ !'G(s)"! € R™*™,

5—00
where I'e; = D_lej ifpj=1landT'e; =0if p; <1, forall j=1,...,m. O
We illustrate the vector relative degree and Proposition B.3 by means of an example.

Example B.4.
Consider system (1.1) with

1 0 1 2
N T s

It can be seen that sE — A is regular and

s—1 —2 -1 1 2
G(s)=C(sE—A)"'B = == SCl
0 0o -1
We calculate )
D := lim diag(s,1) G(s) = [1 _ﬂ € Glo(R),
S—00 0 _g
and hence G/(s) has vector relative degree (1,0). Proposition B.3 then implies that ZD ;) are au-
tonomous, [E, A, B, (] is right-invertible, and I" in (6.5) exists. In fact, it is easy to see that the zero
dynamics are asymptotically stable and

5—00 0 0

= lim s 'G(s)™! = [1 0}

satisfies (B.1): Te; = D7 le; = [(1] :g} and ey = 0. SinceI' =T'T > 0, the assumptions of Theorem 6.3
are satisfied.

We like to stress that, compared to the above, the regular system (7.1) from Section 7 does not have
a vector relative degree: while its transfer function G(s) is proper, the limit

. 11 1
O N

does not have full row rank. Nevertheless, as shown in Section 7, funnel control is feasible. o
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Remark B.5 (High-frequency gain matrix).
For systems [E, A, B,C] € X, »m,m With regular sE — A and strict relative degree p € N the matrix
lim s” C(sE — A)_lB
S§—00
is called the high-frequency gain matrix, see [5]. If p = 1, then by Proposition B.3, I" in (6.5) exists and
we have, from the proof of Proposition B.3, I' = (lims_>c>o sC(sE — A)*lB)*l7 i.e., I' is exactly the
inverse of the high-frequency gain matrix. Since, furthermore, I' is also defined when no high-frequency
gain matrix exists, we may view the definition of I' an appropriate generalization of the high-frequency

gain matrix to DAEs which do not have a strict relative degree. In particular, if C(sE — A)~!B has
proper inverse, then I' = 0. o

Acknowledgement: I am indebted to Stefan Brechtken, Achim Ilchmann (Ilmenau University of
Technology), and Timo Reis (University of Hamburg) for several constructive discussions.
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