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Zusammenfassung

In den modernen Wissenschaften gewinnt die effiziente numerische Behandlung
hochdimensionaler Aufgabenstellungen zunehmend an Bedeutung. Eine fundamen-
tale Erkenntnis der informationsbasierten Komplexitatstheorie! ist es, dass die
Kompliziertheit eines Problems durch die Konvergenzrate allein nicht hinreichend
beschrieben werden kann. Beispielsweise haben Novak und Wozniakoswki [NW09)
eindrucksvoll gezeigt, dass Probleme existieren, deren algorithmische Losung trotz
beliebig guter Konvergenzrate exponentiell viele Informationsoperationen benotigt.
In so einem Fall spricht man vom Fluch der Dimension bzw. dem Curse of Di-
mensionality. Bei der analytischen Untersuchung numerischer Probleme stellt sich
heraus, dass dieser Fluch oftmals durch die Ausnutzung zusétzlicher Struktureigen-
schaften iberwunden werden kann. Die vorliegende Arbeit strebt an, verschiedene
solche Ansitze vorzustellen.

Ein numerisches Problem S wird beschrieben durch eine Folge linearer, kom-
pakter Operatoren Sy zwischen normierten Raumen F; und G,;, wobei d € N.
Im Allgemeinen besteht das Ziel darin, zu jedem S; Naherungsverfahren A, 5 zu
finden, welche hochstens n € Ny Informationsoperationen verwenden und dabei
den sogenannten worst-case Fehler

A" (Ang; Sa) = sup[1Sa(f) = Ana(f) | Gall

I 1Fall<1

minimieren. Besonderes Interesse gilt Problemstellungen, die auf Tensorprodukt-
strukturen basieren, sowie einfach zu implementierenden, linearen Approximatio-
nen A, 4. Die minimale Anzahl an Informationsfunktionalen, die benotigt werden,
um ein Problem S bis auf einen Fehler € > 0 zu l6sen, wird als Informationskom-
plexitit?

n(s, d; Sd) = min {n € Ny ‘ E|An7di Awor(An,d; Sd) < 5}, e>0,d €N,

bezeichnet. Wachst diese Zahl exponentiell mit der Dimension d, so leidet S am
Fluch der Dimension. Ist n(e, d; Sq) dagegen weder exponentiell in d noch in ™
so nennen wir das Problem S weakly tractable. Insbesondere sprechen wir von

Yengl.: information based complexity (IBC)
2engl.: information complexity
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Zusammenfassung

polynomial tractability, falls sich n(e, d; Sq) durch ein Polynom in ¢! und d nach
oben beschranken lasst:

n(e,d; Sq) < CePd? fiir gewisse C,p>0,¢>0 undalle ¢€ (0,1],d eN.

Gilt diese Ungleichung sogar mit ¢ = 0, so heifit S strongly polynomially tractable.

Im Folgenden stellen wir die drei in dieser Arbeit untersuchten Ansatze Struk-
tureigenschaften auszunutzen vor und fassen die wichtigsten daraus abgeleiteten
Komplexitatsaussagen kurz zusammen.

Eine der simpelsten Klassen von Problemen S ist die Menge aller linearen,
kompakten Operatoren zwischen Tensorprodukthilbertramen. Speziell die Kom-
plexitat von Tensorproduktproblemen S; = ®Z=1 S1: Hy — Gy, erzeugt durch
S1: Hy — Gy, ist dabei gut verstanden. Sie hangt von der nicht-wachsend angeord-
neten Folge A = (A, )men der Quadrate der singuldren Zahlen des zugrundeliegenden
Operators S; ab. Insbesondere ist S = (5;)4en nicht polynomially tractable, falls
A1 > 1und Ay > 0. Ist Ay echt grofer 1 und Ay > 0 oder Ay > Ay = 1, so gilt sogar
der Fluch der Dimension; vergleiche dazu Theorem 2.11.

Ein erster Ansatz, ein solches Problem zu modifizieren, besteht darin, das in-
nere Produkt des Grundraums H,; zu skalieren und S; auf dem so entstehenden
Hilbertraum &, zu betrachten:

()5, = - )y, firein s;>0 undalle deN.

Das mit Faktoren der Folge s = (s4)qen skalierte Problem bezeichnen wir mit
Sis) = (Sasy: Fa — Ga)aen. Wir betrachten die worst-case Komplexitéat von S(s)
beziiglich des absoluten Fehlerkriteriums und beweisen folgenden

Satz 1. Mit den obigen Bezeichnungen und unter der Annahme Ay > 0 sind die
folgenden Aussagen aquivalent:

(I) S(s) ist strongly polynomially tractable.
(ITI) S(s) ist polynomially tractable.
(IIT) Es existiert ein 7 € (0, 00), sodass A € £; und supyey 54 | A | £-]|* < co.
1/d

(IV) Es existiert ein g € (0,00), sodass A € ¢, und limsup, ., s,/ < /\%

Falls eine der Bedingungen zutrifft, ist der exzponent of strong polynomial tractability
gegeben durch p* = inf{27 | 7 erfiillt Bedingung (III)}.

Vergleiche dazu Theorem 3.2 in Abschnitt 3.2.1. Bemerkenswert an diesem
Resultat ist, dass analog zu unskalierten Problemen polynomial tractability bereits
strong polynomial tractability impliziert, ungeachtet der vielfaltigen Moglichkeiten,
die Folge (s4)4en zu wihlen.
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Die schwachere Eigenschaft weak tractability und der Fluch der Dimension lassen
sich charakterisieren, sofern wir ein gewisses asymptotisches Verhalten des initialen
Fehlers et = /s, - A\{ unterstellen; siche Theorem 3.7 in Abschnitt 3.2.2.

Satz 2. Wir betrachten das skalierte Tensorproduktproblem Sg) = (Sgs,)den
beziiglich des absoluten Fehlerkriteriums und setzen A\ > 0 voraus. Ferner

e sei In(ei) ¢ o(d) fiir d — co. Dann gilt der Fluch der Dimension.

o gelte et € O(d*) fiir d — oo und ein o > 0.
— Falls A\; = Ay, so leidet S(5) unter dem Fluch der Dimension.
— Ist Ay > A9, so ist das Problem S(,) genau dann weakly tractable, wenn

An € 0<ln’2(1+°‘) n) fiir n — oo gilt.
e gelte e — 0 fiir d gegen unendlich. Dann kann der Fluch der Dimension
nicht auftreten. AuBerdem ist S, genau dann weakly tractable, wenn
(i) A1 =X und A, € o(In"?n) fiir n — oo und e € o(1/d) fiir d — oo,
oder wenn

(ii) Ay > Ao und A\, € o(lrf2 n) fiir n — oo gilt.

Besonderes Interesse kommt hier dem Parameter « zu, welcher das polynomielle
Wachstum des initialen Fehlers kontrolliert. Er schlagt sich im Falle Ay > Xg
unmittelbar in der Charakterisierung fiir weak tractability nieder. Auflerdem ist
die Bedingung 7 € o(1/d) fiir d — oo im dritten Teil des Satzes iiberraschend.
Da der initiale Fehler unskalierter Probleme entweder durchweg exponentiell fallen
oder wachsen kann, oder in jeder Dimension den Wert eins annimmt, treten diese
Phénomene in der klassischen Theorie, d.h. im Fall s; = 1 fiir alle d € N, nicht auf.

Ein weiterer Ansatz, den Fluch der Dimension zu brechen, bezieht sich auf Prob-
leme iiber Funktionenraumen. Hier nutzen wir a priori gegebenes Wissen tiber den
Einfluss einzelner Variablen auf die Funktionen im Grundraum, um diese effizient ap-
proximieren zu konnen. Dazu statten wir die Grundraume mit gewichteten Normen
aus. Insbesondere Probleme auf Funktionenraumen mit Hilbertraumstruktur und
Produktgewichten wurden in den letzten Jahren ausgiebig untersucht. Aufgaben-
stellungen, bei denen die Grund- und/oder Zielrdume allgemeinere Banachraume
sind, wurden dagegen aus Sicht der informationsbasierten Komplexitatstheorie
weitaus seltener studiert.

In dieser Abhandlung betrachten wir unter anderem das Problem der gleichméfigen
Approximation glatter Funktionen:

App = (Appy: F] — Loo([0, 1]d))d€N mit App,(f)=f fir deN,

wobei wir F] = {f: [0,1]¢ = R | f € C>([0,1]%) mit ||f|FJ| < oo} als Grund-
raum ansetzen und mit der gewichteten Norm

1
IF Gl = sup . [ D f [ Lo ([0, 1))

aGNg «



Zusammenfassung

ausstatten. Hierbei werden die Zahlen v, = H;-lzl(%l,j)aj fiir jedes o € N¢ mithilfe
der Folge Cy > 741 > ... > 7a,q > 0 definiert und als Produktgewichte bezeichnet.
Es stellt sich heraus, dass die Komplexitat des Approximationsproblems von
gewissen Summierbarkeitseigenschaften dieser Folge abhangt, die ebenfalls fiir
gewichtete Hilbertraumprobleme eine entscheidende Rolle spielen. Wir definieren

d
p(y) = inf {/-c > 0| lim sup Z(’Ydd‘)’{ < oo} sowie

d—00 =1

d—00

q(y) = inf {KJ > 0| limsup Z(%m)“/ln(d +1) < oo}

und beweisen den folgenden
Satz 3. Mit den obigen Bezeichnungen gilt bzgl. des absoluten Fehlerkriteriums:

e Ist das Problem App polynomially tractable, so folgt ¢(v) < 1. Weiterhin
impliziert strong polynomial tractability die Bedingung p(v) < 1.

e Gilt ¢(v) < 1 oder sogar p(y) < 1, so ist App polynomially beziehungsweise
sogar strongly polynomially tractable.

Genauer gesagt beweisen wir diese notwendigen und hinreichenden Kriterien
fiir eine ganze Klasse gewichteter Banachraume, welche gewisse Einbettungs-
bedingungen erfiillen; siche dazu Proposition 4.6 und Proposition 4.7. Der Raum F}
bildet dabei einen Spezialfall, welcher Ergebnisse von Novak und Wozniakowski
[INW09] verallgemeinert. Weiterhin zeigen wir, dass die hinreichenden Bedingungen
q(v) < 1 bzw. p(y) < 1 fiir polynomial bzw. strong polynomial tractability des L.-
Approximationsproblems auf einem unverankerten Sobolevraum 3} auch notwendig
sind; siehe dazu Theorem 4.18.

Weak tractability sowie der Fluch der Dimension lassen sich wie folgt charak-
terisieren.

Satz 4. Fir App = (App,)aen sind die folgenden Aussagen dquivalent:
(i) Das Problem ist weakly tractable.
(ii) Der Fluch der Dimension gilt nicht.

(iii) Fiir alle x> 0 gilt lim 531 (7)" = 0.
(iv) Es existiert ein x € (0, 1), sodass dlgrolo 2 Z;-lzl (7a,4)" = 0.

Dies folgt unmittelbar aus unserem etwas allgemeineren Theorem 4.9. Be-
merkenswert sind hierbei die nicht-triviale Implikation (ii) = (i) sowie die Charak-
terisierung (iv), welche typischerweise bei Problemen auf Hilbertraumen mit Pro-
duktgewichten anzutreffen ist.
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Unser dritter Ansatz basiert schliefllich auf dem Ausnutzen gewisser Sym-

metrieeigenschaften der Problemelemente im Grundraum. Dazu betrachten wir
abermals Tensorproduktprobleme S = (Sy: Hy — G4)aen zwischen Hilbertraumen,
schranken diese aber auf geeignete Teilrdume, welche ausschliefllich aus (anti-)
symmetrischen Elementen bestehen, ein. Dieses Konzept lasst sich besonders an-
schaulich am Spezialfall von Problemen tiber Funktionenraumen erlautern.
Fir d € Nund I C {1,...,d} bezeichne 8; die Menge aller Permutationen
der Koordinatenmenge {1,...,d}, welche die Elemente aus I¢ = {1,...,d} \ [
unverandert lassen. Dann heifit eine reelle Funktion f € Hy = H; ® ... ® H; auf
[0,1]? genau dann I-symmetrisch, wenn

f(x) = f(m(x)) fiirjedes x €[0,1]* undalle 7€ §;

gilt. Erfiillt f hingegen die Gleichung f(x) = (—1)I"l f(7(x)), so sprechen wir von I-
Antisymmetrie. Die entsprechenden linearen Teilrdume des Grundraums H,, welche
genau jene Funktionen enthalten, bezeichnen wir mit &;(Hy) bzw. A (H,). Beson-
ders antisymmetrische Funktionen, d.h. solche, deren Funktionswert das Vorzeichen
wechselt, sobald zwei Koordinaten ihres Arguments vertauscht werden, haben sich
in der Vergangenheit als praktisch relevant erwiesen; sieche bspw. Abschnitt 5.4.2.
Die Einschréankung eines Tensorproduktproblems S = (Sg: Hy — Gq)aen auf die
Réume Pj,(Hy), d € N, wird im Folgenden mit S; = (Sq.1,)aen bezeichnet. Hierbei
setzen wir die Art der Symmetrie P € {&,2(} sowie eine Folge (1;)4en von Teil-
mengen der Koordinaten als fixiert voraus.

Da sich die Operatoren Sy, fiir jedes d € N als Verkniipfung von S; mit einer
geeigneten Orthogonalprojektion auffassen lassen, besteht ein enger Zusammenhang
zwischen den singularen Zahlen von Sy und denen der Einschrankungen Sy ;,. Diese
Zahlen bestimmen mafigeblich den minimalen worst-case Fehler des Problems S
und erméglichen weiterhin die Konstruktion eines optimalen (linearen) Algorithmus,
welcher diesen realisiert; siche dazu Theorem 5.4.

Ausgehend davon lassen sich Aussagen ableiten, welche die informationsbasierte
Komplexitat von S; mithilfe der Quadrate der singuléren Zahlen von S; sowie der
Menge der unterstellten (Anti-)Symmetriebedingungen beschreiben. Der Einfach-
heit halber beschranken wir uns hier wieder auf das absolute Fehlerkriterium und
beginnen mit dem Fall symmetrischer Probleme; vergleiche Theorem 5.10.

Satz 5 (Polynomial tractability, P = &). Es sei S;: H; — §; ein kompakter
linearer Operator zwischen Hilbertraumen und A = (A, )men die nicht-wachsend
angeordnete Folge der Eigenwerte von W; = S,'S;. Es gelte Ay > 0 und fiir
d > 1 sei ferner () # I; C {1,...,d} gegeben. Wir betrachten die Einschrankung
St = (Sa1,)den des Tensorproduktproblems S = (Sy: Hy — Ga)aen auf die Iy-
symmetrischen Teilriume &;,(Hy) C Hy, d € N. Dann ist Sy genau dann strongly
polynomially tractable, wenn A € £, fiir ein 7 € (0, 00) und entweder

e )\ <1, oder

Vil



Zusammenfassung

e 1 =X > X und (d—#I;) € O(1) fiir d - 0

gilt. Im Falle \; < 1 ist das Problem genau dann polynomially tractable, wenn
A € (, fir ein 7 € (0,00) und entweder

e )\ <1, oder
e A\ =1und (d —#I1;) € O(Ind) fiir d » ¢
gilt.

Fiir den Fall A\; > 1 ist keine hinreichende Bedingung fiir polynomial tractability

bekannt. Unsere Ergebnisse zeigen allerdings, dass die Bedingungen A\ € £, und
(d — #14) € O(Ind) auch hier notwendig sind. Zusammenfassend ergibt sich, dass
beispielsweise flir A\ = Ay = 1 ausreichend viele zuséatzliche Symmetrieannahmen
den Fluch der Dimension brechen konnen, unter dem das urspriingliche Problem S
leidet; siehe auch Theorem 2.11.
Die etwas kompliziertere Komplexitatsanalyse antisymmetrischer Probleme zeigt,
dass hier sogar noch wesentlich schwachere Voraussetzungen geniigen, um poly-
nomial tractability schlussfolgern zu konnen und damit den Fluch zu vermeiden.
Dies lasst sich unter anderem mit der Struktur des initialen Fehlers dieser Probleme
begriinden. Unsere Komplexitatsaussagen lassen sich, wie in Theorem 5.16 in
Abschnitt 5.3 dargestellt, folgendermafien vereinfacht zusammenfassen:

Satz 6 (Polynomial tractability, P = ). Es sei S;: H; — §; ein kompakter
linearer Operator zwischen Hilbertraumen und A = (A, )men die nicht-wachsend
angeordnete Folge der Eigenwerte von W; = S,'S;. Es gelte A\ > 0 und fiir
d > 1 sei ferner () # I; C {1,...,d} gegeben. Wir betrachten die Einschrankung
St = (Sa1,)aen des Tensorproduktproblems S = (Sq: Hy — Ga)aen auf die Iy-
antisymmetrischen Teilrdume 2A;,(Hy) C Hy, d € N. Im Falle A\; < 1 sind die
nachstehenden Aussagen aquivalent:

e Sy ist strongly polynomially tractable.
e S; ist polynomially tractable.
e Es existiert eine Konstante 7 € (0, 00), sodass A € £,.

Dariiber hinaus gelten die selben Aquivalenzen, falls A\; > 1 ist und die Anzahl der
Antisymmetriebedingungen #1,; linear mit der Dimension d wéchst.

An diesem Resultat ist zu erkennen, dass antisymmetrische Tensorprodukt-
probleme eine deutlich geringere Komplexitit aufweisen als ihre symmetrischen
Gegenstiicke, welche wiederum wesentlich einfacher sind als volle Tensorprodukt-
probleme, sofern wir geniigend (Anti-)Symmetrie fordern. Es existieren allerdings
natiirliche Beispiele, die zeigen, dass selbst vollstandig antisymmetrische Probleme
nicht notwendigerweise trivial oder polynomially tractable sein miissen; siche dazu
Abschnitt 5.4.1.
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Die vorliegende Arbeit ist folgendermafien gegliedert: Im ersten Kapitel erlautern
wir neben der verwendeten Notation die allgemeine Problemstellung sowie das
zugrundeliegende Kostenmodell. Zusatzlich werden hier die betrachteten Kom-
plexitatsklassen formal definiert.

Kapitel 2 widmet sich dann speziellen Klassen numerischer Probleme sowie
elementaren Hilfsmitteln, welche benotigt werden, um diese zu behandeln. Ins-
besondere stellen wir hier die Singulirwertzerlegung® kompakter Operatoren zwi-
schen Hilbertraumen detailliert vor. Sie bildet in vielen Fallen die Grundlage
der Konstruktion optimaler Algorithmen und ist daher fiir den Rest der Arbeit
von fundamentaler Bedeutung. Dartiber hinaus werden Tensorproduktstrukturen
in Hilbertraumen diskutiert und wohlbekannte Komplexitatsaussagen fiir darauf
basierende Problemklassen wiederholt. Schliefllich gehen wir kurz auf Hilbertraume
mit reproduzierendem Kern* ein.

In den ersten beiden Abschnitten von Kapitel 3 leiten wir die in Satz 1 und
Satz 2 beschriebenen Charakterisierungen der verschiedenen Komplexitatsklassen
fur skalierte Tensorproduktprobleme zwischen Hilbertraumen her. Dartiber hin-
aus folgern wir aus diesen Aussagen die entsprechenden Charakterisierungen fiir
das normalisierte Fehlerkriterium in Abschnitt 3.2.3. Es stellt sich heraus, dass
die Skalierungsfaktoren in diesem Fall irrelevant werden. Neben der Angabe des
optimalen Algorithmus sowie dessen worst-case Fehlers wird auflerdem gezeigt,
dass diese neuen, bisher unveroffentlichten Ergebnisse die bekannte Theorie in
natiirlicher Weise verallgemeinern. Abschlielend illustrieren wir die gewonnenen
Ergebnisse an zwei einfachen Beispielen.

Das vierte Kapitel befasst sich mit Problemen tiber Funktionenrdumen mit
gewichteten Normen. Hier stellen wir zunachst das Konzept gewichteter Nor-
men ausfiithrlich vor und illustrieren dies dann am Beispiel des unverankerten
Sobolev Raums 3] mit Produktgewichten. Fiir eben diesen Raum présentieren
wir einen Algortihmus Aj ;, der geeignete obere Fehlerschranken fiir das Le.-
Approximationsproblem einhélt. Zusammen mit entsprechenden unteren Schranken,
welche flir Teilraume einfacher Polynome bewiesen werden, folgern wir schliellich
die in Satz 3 und Satz 4 angesprochenen Komplexitatsaussagen fiir eine ganze
Skala produktgewichteter Banachraume mithilfe einfacher Einbettungen. Der letzte
Teilabschnitt dieses Kapitels, Abschnitt 4.4, zeigt dann verschiedene Moglichkeiten
auf, die entwickelten Methoden zu verallgemeinern, sodass entsprechende Resultate
auch fiir das L,-Approximationsproblem, 1 < p < oo, auf geeigneten Raumen
gewonnen werden konnen. Weiterhin zeigen wir hier, dass der Algorithmus A, ; im
wesentlichen optimal auf ) opperiert. Grundlage dafiir bildet ein Resultat von Kuo,
Wasilkowski und Wozniakowski [KWWO08], welches das L..-Approximationsproblem
auf kernreproduzierenden Hilbertraumen mit dem Ly-Approximationsproblem in
Verbindung setzt.

Einige der in diesem Kapitel prasentierten Aussagen wurden bereits (in teilweise

3engl.: singular value decomposition (SVD)
Yengl.: reproducing kernel Hilbert spaces (RKHSs)
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Zusammenfassung

schwécherer Form) in der Arbeit [Weil2b] verdffentlicht. Auf Verallgemeinerungen
und neue Resultate weisen wir an den entsprechenden Stellen explizit hin.

Kapitel 5 behandelt schliefilich Probleme mit (Anti-)Symmetriebedingungen.
Dazu definieren wir (Anti-)Symmetrie zunéchst in Hilbert-Funktionenrdumen.
Wir gehen speziell auf Tensorproduktstrukturen ein und folgern grundlegende
Eigenschaften der entsprechenden Projektoren und Teilraume. Diese Eigenschaften
dienen am Ende von Abschnitt 5.1 als Hilfsmittel fiir die Verallgemeinerung des
(Anti-)Symmetriebegriffs auf abstrakte Tensorprodukthilbertraume. Anschliefend
definieren wir (anti-)symmetrische numerische Probleme S; = (Sy1,)aeny durch
die Restriktion eines gegebenen Tensorproduktproblems S = (S;)gen auf die
entsprechenden Unterrdume (anti-)symmetrischer Elemente des Grundraums. Wir
zeigen die Kommutativitdt der Operatoren S; mit gewissen Projektoren und
schlielen so auf optimale Algorithmen und deren worst-case Fehler. In Abschnitt 5.3
analysieren wir ausgehend davon die Komplexitit (anti-)symmetrischer numerischer
Problemstellungen. Wir differenzieren zwischen Symmetrie und Antisymmetrie
sowie zwischen dem absoluten und dem normalisierten Fehlerkriterium. Insbeson-
dere Satz 5 und Satz 6 werden hier bewiesen. Im letzten Teilabschnitt dieses
Kapitels diskutieren wir verschiedene Anwendungen. Zum einen illustrieren wir an
einfachen Beispielen, dass zuséitzliches Wissen um (Anti-)Symmetriebedingungen
die Komplexitat drastisch verringern kann. Zum anderen wenden wir uns praktisch
relevanteren Problemstellungen zu und demonstrieren mogliche Anwendungen
dieser neuen Theorie auf das Approximationsproblem fiir Wellenfunktionen, die
in Modellen der Quantenmechanik und der theoretischen Chemie von Bedeutung
sind.

Ein Grofiteil der Ergebnisse dieses Kapitels wurde in [Weil2a] veréffentlicht. Wir
verwenden in der vorliegenden Arbeit jedoch stellenweise andere Beweismethoden,
welche geringfiigige Verallgemeinerungen ermoglichen.

Im Anhang der Abhandlung befinden sich das Literaturverzeichnis sowie ein
akademischer Lebenslauf und die ehrenwortliche Erklarung des Autors. Innerhalb
eines jeden Kapitels werden Formelnummern durchgehend nummeriert. Aufler-
dem verwenden wir hier eine fortlaufende Nummerierung fiir Lemmata (Lemma),
Bemerkungen (Remark), Beispiele (Example), Hilfsresultate (Proposition) und
Hauptsétze (Theorem); also beispielweise Proposition 3.1, gefolgt von Theorem 3.2
und Lemma 3.3. Die Symbole [J und B zeigen dariiber hinaus das Ende von
Bemerkungen und Beispielen bzw. von Beweisen an.
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In modern science the efficient numerical treatment of high-dimensional prob-
lems becomes more and more important. A fundamental insight of the theory of
information-based complexity (IBC for short) is that the computational hardness
of a problem can not be described properly only by the rate of convergence. An
impressive example that illustrates this fact was given recently by Novak and
Wozniakowski [NW09]. They studied a problem for which an exponential number
of information operations is needed in order to reduce the initial error, although
there exist algorithms which provide an arbitrary large rate of convergence. Prob-
lems that yield this exponential dependence are said to suffer from the curse of
dimensionality. While analyzing numerical problems it turns out that we can often
vanquish this curse by exploiting additional structural properties. The aim of this
thesis is to present several approaches of this type.

A numerical problem S is given by a sequence of compact linear operators Sy
acting between normed spaces F; and Gy, where d € N. In general we seek
for algorithms A, 4 that approximate S; while using at most n € Ny pieces of
information on the input elements f € F;. The quality of this approximation is
measured by the so-called worst case error

A (Apg; Sa) = sup  [1Sa(f) — Ana(f) ] Sall

If1Fall<1

which we try to minimize. Problems based on tensor product structures, as well
as linear algorithms that are easy to implement, are of particular interest. The
minimal number of information operations needed to solve a given problem S to
within a threshold € > 0 is called information complexity:

n(e,d; Sq) =min{n € No| A, 4: AY" (A, ;5 ) <e}, €>0,deN.

If this quantity grows exponentially fast with the dimension d then S suffers from
the curse of dimensionality. In the case where n(e, d; Sy) is neither exponential in d,
nor in 7!, the problem S is said to be weakly tractable. A special case is described
by the notion of polynomial tractability for which the information complexity needs
to be bounded from above by a polynomial in d and 71, i.e.

n(e,d;Sy) < CePd? forsome C,p>0,¢q>0 andall € (0,1],d e N.
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If the latter inequality is valid even for ¢ = 0 then S is called strongly polynomially
tractable.

Next we present the three approaches to exploit structural properties we study
in this thesis and we briefly summarize our main complexity results.

A rather simple class of problems S is given by the set of all compact linear
operators between tensor products of Hilbert spaces. Especially the complexity
of tensor product problems S; = ®Z:1 S1: Hy — G4, induced by some operator
Si1: Hi — Gy, is well-understood. It depends on the non-increasingly ordered
sequence X = (Ay,)men of the squares of the singular values of the underlying
operator Sy. In particular, it is well-known that S = (Sy)4en is not polynomially
tractable if we have A\ > 1 and Ay > 0. Actually, we are faced with the curse
of dimensionality if A; is strictly larger than 1 and Ay > 0, or if A\; > Ay = 1;
cf. Theorem 2.11.

A first approach to modify such a problem is to scale the inner products of the
source spaces Hy, d € N. We set

(-, ->§d = . (- '>Hd for some s;>0 andall deN

and investigate the complexity of the problem operators S, interpreted as mappings
between the Hilbert spaces J; and G4, d € N. The resulting problem, scaled by
factors from the sequence s = (s4)qen, then is denoted by S5) = (Sas,: Fa = Sa)den-
We study the worst case setting with respect to the absolute error criterion and
prove

Theorem 1. Using the introduced notation and assuming that A > 0 the following
assertions are equivalent:

(I) S(s) is strongly polynomially tractable.

(I

I) s
(IIT) There exists 7 € (0, 00) such that A € £, and supycy 54 ||\ | £-]|* < co.
(Iv) i

If one of these (and hence all) conditions applies then the exponent of strong
polynomial tractability is given by p* = inf{27 | 7 fulfills condition (III)}.

(s) is polynomially tractable.

There exists ¢ € (0,00) such that A € £, and limsup,_,., s,/ < -

We refer to Theorem 3.2 in Section 3.2.1. It is remarkable that similar to
unscaled problems polynomial tractability of the problem S already implies
strong polynomial tractability, despite the fact that we can choose the sequence of
scaling factors (sg)qeny completely arbitrary.

The less restrictive property weak tractability and the curse of dimensionality
can be characterized, provided that we additionally assume a certain asymptotic
behavior of the initial error e = /s, - A{; see Theorem 3.7 in Section 3.2.2.
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Theorem 2. We study the scaled tensor product problem Sy = (Sqs,)aen in the
worst case setting w.r.t. the absolute error criterion and assume Ay > 0. Moreover,

e let In(e*) ¢ o(d), as d — co. Then we have the curse of dimensionality.

o let £t € O(d?), as d — oo, for some o > 0.
— If Ay = X then S, suffers from the curse of dimensionality.

— In the case A\; > Ay the problem S, is weakly tractable if and only if
An € 0<ln_2(1+°‘) n), as n — 0o.

e let e — 0, as d approaches infinity. Then we are never faced with the curse
of dimensionality. Furthermore, S, is weakly tractable if and only if

i) A\ = X and A\, € o(ln"2?n), as n — oo, and €M € o(1/d), as d — oo,
d
or

(i) A\ > A2 and A, € o(In"*n), as n — oo.

Here the parameter o that controls the polynomial growth of the initial error
is of particular interest. In the case where \; > A, it directly enters the condition
for the characterization of weak tractability. Moreover, the condition ' € o(1/d),
as d — oo, in the third part of the theorem is quite surprising. Since for unscaled
problems the initial error only can grow or decline exponentially, or it equals one
in any dimension, these phenomena can not occur in the classical theory, i.e. in
the case where s; = 1 for all d € N.

Another approach to overcome the curse of dimensionality is related to problems
defined between function spaces. Here we can make use of some a priori given
knowledge about the influence of certain (groups of) variables on the functions
in the source space, in order to approximate them efficiently. To this end, we
endow these spaces with weighted norms. During the last years especially problems
on function spaces that yield a Hilbert space structure, equipped with so-called
product weights, attracted a lot of attention. Problems where the source and/or
target spaces are allowed to be more general Banach spaces were studied less
frequently within the IBC community.

Among other things, in this thesis we consider the uniform approximation problem

App = (App,: F) = Lao([0,1]%) with Appy(f) = f for deN

deN

defined on certain classes of smooth functions
F)={f:0,1]" = R|feC>(0,1]%) with | f|F]| < oo}

which are endowed with the weighted norms

1
I F7ll = sup — D% f | Lo ([0, J9)]] -

aENg «
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Here for every o € N¢, d € N, the product weights v, = H?Zl(’ydyj)aj are con-
structed out of a uniformly bounded sequence C, > v41 > ... > 744 > 0 of
so-called generator weights. It turns out that the complexity of the approximation
problem depends on certain summability properties of these generators which also
play an important role when dealing with problems on product-weighted Hilbert
spaces. We define the quantities

d—o0

d
p(y) = inf {/{ > 0| limsup Z(Vd,j)” < oo} , as well as

j=1

d—o0

q(7y) = inf {/@' > (0| limsup Z(Vdjj)”/ln(d~l— 1) < oo} ,

j=1
and prove the following
Theorem 3. For the worst case setting w.r.t. the absolute error criterion we have:

e If the problem App is polynomially tractable then ¢(v) < 1. Moreover strong
polynomial tractability implies the condition p(v) < 1.

e If q(v) < 1 or even p(y) < 1 then App is polynomially tractable or even
strongly polynomially tractable, respectively.

In fact, we show these necessary and sufficient criteria for a whole scale of
weighted Banach spaces that fulfill certain embedding conditions; see Proposition 4.6
and Proposition 4.7 for details. The source space F] as defined above appears as a
special case within this scale. On the other hand, it generalizes a space considered
by Novak und Wozniakowski [NW09]. In addition, we prove that the sufficient
conditions ¢(y) < 1 and p(y) < 1 are also necessary for (strong) polynomial
tractability of the L.-approximation problem defined on a certain unanchored
Sobolev space H}; cf. Theorem 4.18.

Weak tractability and the curse of dimensionality can be characterized as follows.

Theorem 4. For App = (App,)sen the following assertions are equivalent:
(i) The problem is weakly tractable.
(ii) The curse of dimensionality is not present.

(iii) For all K > 0 we have dlgrolo v Z?:I (7a4)" = 0.
(iv) There exists k € (0,1) such that dlggo ! Z;l:l (a4)" = 0.

This immediately follows from our Theorem 4.9 in which we discuss a more
general situation. Note that the implication (ii) = (i) is not trivial. Moreover,
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the condition (iv) is typical for problems defined on Hilbert spaces equipped with
product weights.

Finally, our third approach to vanquish the curse is based on exploiting certain

symmetry properties of the elements in the source space. For this purpose we
again consider tensor product problems S = (Sg: Hy — G4)aen between Hilbert
spaces. But now we restrict them to suitable subspaces which solely consist of
(anti)symmetric elements. We illustrate this concept by considering the special case
of problems defined between function spaces.
For d € Nand I C {1,...,d} let 8; denote the collection of all permutations 7 of
the coordinate set {1,...,d} that leave the complement I¢ = {1,...,d} \ I of I
fixed. Then a real-valued function f € Hy = H; ® ... ® H; on [0,1]? is called
I-symmetric if

f(x) = f(m(x)) forevery x€[0,1]Y andall 7€ §;.

In contrast, f is called I-antisymmetric if the equality f(x) = (—1)I"f(7(x))
holds true for every & and 7. In what follows we denote the corresponding linear
subspaces of H,; that exclusively contain symmetric or antisymmetric functions
by &;(H,) and 2A;(Hy), respectively. Particularly antisymmetric functions, i.e.
functions that change their sign when we exchange the variables x; and z;, 7,j € I,
turned out be of some practical interest; see, e.g., Section 5.4.2. For the restriction
of a given tensor product problem S = (S;: Hy — Ga)aen to the subspaces Py, (Hy),
d € N, we write S; = (Sq.1,)den. Here the kind of symmetry P € {S,2}, as well
as a sequence (I;)gen of subsets of the coordinates, is assumed to be fixed.

Since for d € N the operators Sy 7, can be interpreted as a composition of Sg with
suitable orthogonal projections, there exists a close relation of the singular values
of S4 with the corresponding singular values of the restricted operators Sy 7,. These
numbers essentially determine the minimal worst case error of the problem S;. This
knowledge furthermore allows the construction of an optimal (linear) algorithm
that realizes this error; cf. Theorem 5.4.

Consequently, we can conclude assertions that relate the information complexity
of St to the squares of the singular values of S and to the number of (anti)symmetry
conditions we impose. For the sake of simplicity we restrict ourselves again to the
absolute error criterion and start by discussing the case of symmetric problems;
see Theorem 5.10.

Theorem 5 (Polynomial tractability, P = &). Let S;: H; — G; denote a compact
linear operator between Hilbert spaces and let A = (\,,)men be the sequence of
eigenvalues of W; = Si7S; wor.t. a non-increasing ordering. Assume Ay > 0 and for
d>1let ) # I, C{1,...,d} be fixed. We consider the restriction St = (Sa.z,)den of
the tensor product problem S = (Sy: Hy — G4)aen to the Iz-symmetric subspaces
S1,(Hy) C Hy, d € N. Then S is strongly polynomially tractable if and only if
A € ¢, for some 7 € (0,00) and

e \; <1 or
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e 1 =X > X and (d—#I1;) € O(1), as d — .

Moreover, provided that A\; < 1 the problem is polynomially tractable if and only
if A € £, for some 7 € (0,00) and

e \; <1 or
o )\ =1and (d—#I;) € O(Ind), as d — oc.

It remains the open problem to find sufficient conditions for polynomial tractabil-

ity in the case A\; > 1. However, our results show that the conditions A € ¢, and
(d — #1;) € O(Ind) are necessary in this situation, too. In conclusion, we see that
imposing sufficiently many additional symmetry assumptions, we can avoid the
curse of dimensionality which we are faced with e.g. in the case A\ = Ay = 1; see
also Theorem 2.11.
The complexity analysis of antisymmetric problems is more demanding. On the
other hand, it turns out that here even weaker conditions are sufficient to conclude
polynomial tractability and thus to vanquish the curse. One of the reasons is the
structure of the initial error which is more complicated in this case. Similar to
Theorem 5.16 in Section 5.3 we can summarize the main results on the complexity
as follows:

Theorem 6 (Polynomial tractability, P = 2). Let S;: H; — G; denote a compact
linear operator between Hilbert spaces and let A = (\,;,)men be the sequence of
eigenvalues of W; = Si7S; w.r.t. a non-increasing ordering. Assume Ay > 0 and for
d>1let 0 #1; C{1,...,d} be fixed. We consider the restriction S; = (Sy.1,)den
of the tensor product problem S = (S;: Hy — G4)4en to the [z-antisymmetric
subspaces A, (Hy) C Hy, d € N. Then for the case A; < 1 the following statements
are equivalent:

e S; is strongly polynomially tractable.
e S; is polynomially tractable.
e There exists a constant 7 € (0, 00) such that A € £,.

Moreover, the same equivalences hold true if \; > 1 and the number of antisym-
metric coordinates #I; grows linearly with the dimension d.

Clearly, these assertions show that antisymmetric tensor product problems are
significantly easier than their symmetric counterparts which on their part possess
a lower information complexity than entire tensor product problems, as long as
we impose enough (anti)symmetry conditions. On the other hand, there exist
quite natural examples which show that even fully antisymmetric problems are
not necessarily trivial or polynomially tractable, in general. For details we refer to
Section 5.4.1.
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Let us briefly explain the structure of the present thesis. In the first chapter
we settle some notational conventions and we define the abstract problem we are
faced with in IBC. Furthermore, here we introduce the used cost model and recall
the formal definitions of several complexity categories.

In Chapter 2 we discuss special classes of numerical problems, as well as
elementary tools that we need to handle them. In particular, here we give a detailed
introduction to the singular value decomposition (SVD) of compact operators
between Hilbert spaces. In many cases it builds the basis for the construction of
optimal algorithms. Hence it is of fundamental importance for the rest of our work.
In addition, we discuss tensor product structures in Hilbert spaces and recall some
well-known complexity assertions for problems related to this concept. Finally, we
briefly introduce so-called reproducing kernel Hilbert spaces (RKHSs) and collect
some of their properties.

In the first two sections of the third chapter we derive the characterizations
of the different types of tractability of scaled tensor product problems between
Hilbert spaces we presented in Theorem 1 and Theorem 2 above. Moreover, from
them we conclude a complete characterization for the normalized error criterion in
Section 3.2.3. It turns out that here the scaling factors become irrelevant. Apart
from formulas of the optimal algorithm and its worst case error, we additionally
show that these new assertions generalize the known theory in a quite natural way.
We conclude this chapter by the application of the obtained results to two simple
examples.

Chapter 4 then deals with problems on function spaces endowed with weighted
norms. Here we explain the concept of weighted spaces in full detail and illustrate
it using the example of some unanchored Sobolev H space equipped with product
weights. For the uniform approximation problem on this space we present an algo-
rithm A7, ; that satisfies suitable upper error bounds. Together with corresponding
lower bounds, which we prove for spaces of low-degree polynomials, the application
of simple embedding arguments then leads us to complexity assertions for a whole
scale of product-weighted Banach spaces. In particular, these assertions cover
the results for the space F] stated in Theorem 3 and Theorem 4. Finally, the
last section within this chapter, Section 4.4, presents some generalizations of the
techniques developed before. Among other things, here we show how to handle
L,-approximation problems, where 1 < p < 0o, defined on suitable spaces. More-
over, we show that the algorithm A} ; is essentially optimal for L..-approximation
on H. For the proof we make use of arguments due to Kuo, Wasilkowski and
Wozniakowski [KWWO08] that relate the uniform approximation problem in the
worst case setting, defined on quite general reproducing kernel Hilbert spaces, to a
certain average case Lo-approximation problem.

Some of the results presented in this chapter were already published in [Weil2b].
However, we were able to partially improve these assertions. We will explicitly
emphasize generalizations and new results at the appropriate points.

Finally, Chapter 5 is devoted to problems with (anti)symmetry conditions. We
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start with the definition of (anti)symmetry in Hilbert function spaces. In particular,
we focus our attention to tensor product structures and conclude fundamental
properties of the respective projections and subspaces. At the end of Section 5.1
we use these properties in order to generalize the notion of (anti)symmetry to
tensor products of abstract Hilbert spaces. Afterwards we define (anti)symmetric
numerical problems S; = (Sq1,)den by the restriction of a given tensor product
problem S = (S5;)4en to the subspaces of (anti)symmetric elements in the source
spaces. We prove the commutativity of the operators S; with certain projections
and conclude formulas for optimal algorithms and their worst case errors. This in
hand, in Section 5.3 we then discuss the complexity of (anti)symmetric numerical
problems. We distinguish between symmetric and antisymmetric problems, as well
as between the absolute and the normalized error criterion. Here we particularly
derive the proofs of Theorem 5 and Theorem 6. The chapter is concluded by a
section which is devoted to several applications. On the one hand, we use simple
examples to show that the additional knowledge about (anti)symmetry conditions
can dramatically reduce the information complexity. On the other hand, we also
discuss more advanced problems that play a role in computational practice. To this
end, we illustrate the application of this new theory to the approximation problem
of so-called wavefunctions that arise in certain models of quantum mechanics and
theoretical chemistry.

A major part of the results proven in this chapter was published in [Weil2a].
However, at some points we use different proof techniques that allow slight gener-
alizations.

Within every chapter formulas are numbered consecutively. Moreover, we use a
sequential numbering for lemmata, remarks, examples, propositions, and theorems;
e.g. Proposition 3.1 is followed by Theorem 3.2 and Lemma 3.3. The symbols [J
and B are used to indicate the end of remarks and examples, as well as of proofs,
respectively.

XVviil



CHAPTER 1

Preliminaries

Apart from introducing some notational conventions, the aim of this first chapter is
to define the general objects of interest in information based complexity (IBC). We
give an abstract formulation of the general problem in Section 1.2. Afterwards we
introduce some classes of algorithms and discuss the used cost model in Section 1.3.
Finally, in Section 1.4, we recall the notions of tractability, as well as the definition
of the curse of dimensionality.

1.1 Basic notation

As usual we denote by N the natural numbers and Ny = NU{0} are all non-negative
integers. Moreover, R denotes the real line and R? (d € N) is the collection of all
points & = (z1,...,x4) in the d-dimensional Euclidean space. Given a real number
y > 0 the symbol |y| means the largest n € Ny such that n <y and we define [y]
to be the smallest number m € N with y < m. The value of the Riemann zeta
function at some z > 1 is denoted by ((z) = - n™ =

If k= (ki,...,ks) € N is a multi-index then |k| = 3¢, k; stands for its

length. Furthermore, we use the common notation 2* = 2% ... .. x’;d. For av € N4
partial derivatives of d-variate functions are denoted by D¢, i.e.
ol
D> f /

= aq (e %
Ox{"...0x;

Derivatives of univariate functions ¢ are indicated as ¢', ¢”, ..., g". For real
numbers a < b half-open intervals are symbolized by [a, b), and [a, b]¢ stands for the
Cartesian product X [a,b] = [a,b] x ... x [a,b]. If & € R belongs to [a, b]? then
the value of the characteristic (or indicator) function X/, e (x) of this set equals 1.
Otherwise we define x(,4(x) = 0. Similarly the Kronecker delta function d; ; is
one if the two objects ¢ and j coincide and 9, ; = 0 when they differ from each
other.

In what follows we assume that the reader has a fundamental knowledge in
measure theory and probability theory as it can be found, e.g., in the textbooks of
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Bauer [Bau01, Bau96]. We write A? for the Lebesgue measure in R? and use the
symbols P and E for probabilities and expectations, respectively. We use #1 to
denote the cardinality of a finite set /. As usual the sum over an empty index set [
is to be interpreted as zero whereas empty products equal 1 by definition.

Throughout the whole thesis we assume that the reader is familiar with the
basic concepts in functional analysis such as, e.g., complete normed spaces (Banach
spaces), weak derivatives or tensor products. For a comprehensive introduction
we refer to the textbooks of Triebel [Tri92] and Yosida [Yos80]. The norm in
some space F' is denoted by |[|-| F||. We write B,.(F) = {f € F| ||f|F| < r}
for centered, closed balls of radius » > 0 in normed spaces F. Moreover, we
use OM for the boundary and int(M) for the interior of a set M. Consequently
B(F) = By (F) = int(B1(F)) UIB;(F) denotes the unit ball in F. For the class of
all bounded linear operators between normed spaces F' and G we write £(F, G).
The subset of all compact operators is denoted by K(F,G). We say a space F' is
(continuously) embedded into another space G with norm C' if the operator norm
ofid: FF — G, f — id(f) = f, equals C' € [0,00). In this case we write F' — G
and ||id | £(F, G)|| = C. We use the symbol (-, -) for the inner product in the case
of a Hilbert spaces H. Moreover, we write M+ for the orthogonal complement of
some linear subspace M C H and we use & to denote the orthogonal sum with
respect to (-, ) -

If (X,a,n) is an arbitrary measure space and 0 < p < oo then we use the
symbol L, (X, a, 1) for the classical Lebesgue spaces. Hence, if p < co then we deal
with the set of (equivalence classes of) p-measurable functions f: X — R for which
the norm?®

i el = ( [150r )

is finite. Moreover, Lo (X, a, ) is the space (of classes) of p-essentially bounded
functions on X, equipped with the norm

11 e 0. ) | = essesup £ (x)]

As usual two functions are identified if they coincide p-almost everywhere on X
and we do not distinguish between functions and their equivalence classes. The
following special cases are of particular interest for us.

For a Borel measurable subset X = Q C R, the Borel sigma algebra a = ¥ =
3(Q) and g = A4 we use the shorthand L,(Q) = L,(Q, 3, A%). If in this definition u
does not equal the Lebesgue measure, but is absolute continuous w.r.t. A%, and if
o0 = du/dA? describes a probability density function that is strictly positive (A%-a.e.)
on €, then we write L£(€2). On the other hand, for a discrete measure space (I', b, v)

5Actually, in the case 0 < p < 1 the given formula only provides a quasi-norm, i.e. then we need
an additional constant k > 1 for the triangle inequality. Since this does not play any role in
our applications we do not emphasize this difference in what follows.



1.2 General problem

on some set I' with v({i}) = 1 for each i € I' we write (,(I") = L,(I', b, v) and we
abbreviate the notation to ¢, if I' = N. Keep in mind that in this case the norms
simplify to

( s 1/p
Zlkmlp) , if0<p<oo,
Aol = iz
sup [ A/, if p = oo,
meN

where A = (A;,)men is any real-valued sequence such that the above norm is finite.

Finally, we make use of the Bachmann-Landau notation of asymptotic growth
rates. That is, for real-valued functions f and g defined on some subset of the real
line we write f(z) € O(g(x)), as © — a, if there exists a universal constant M > 0
such that the estimate

f(x)] < M |g(z)]

holds for all = sufficiently close to the point a. If g is non-zero (at least in the
neighborhood of a) then this definition equivalently reads

fz)

g9() =

lim sup
r—a

If we have f(x) € O(g(z)) and simultaneously g(x) € O(f(x)), as * — a, then we
write f(z) € ©(g(x)), © — a. Moreover, we say that f(z) € o(g(z)), as x — a, if
for any ¢ > 0 there exists a neighborhood U of a such that

|f(@)] <6 [g()]

for all € U. Again this property can be reformulated for non-vanishing g. In this
case we have

(=)

g(z)| ~ N

lim
r—ra

All these three notations will be used especially for sequences (fy)qen (interpreted
as special classes of functions), where we have a = co.

1.2 General problem

In numerous applications from physics, chemistry, finance, economics, and computer
science we are faced with very high dimensional continuous problems which can
almost never be solved analytically. Therefore we search for algorithms which
approximate the unknown solutions numerically to within a threshold ¢ > 0.

In general, such a problem is given by a non-trivial solution operator

S:F =, (1.1)
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mapping a problem element f out of a subset F of some normed space J onto
its solution S(f) in some (other) target space G. Often, but not always, F is
assumed to be the unit ball B(F) in some Banach space F of multivariate functions
f: Q4 C R — R. For the domain of definition Q4 usually the unit cube [0, 1]¢ is
taken. Since the dependence on d will play a crucial role in this thesis we concentrate
on whole sequences S = (Sy)qen of solution operators, where every

Sa: Fa— Ga, deN, (1.2)

is of the form (1.1).

Typically, g"d is an infinite dimensional subset of the source space 4 and thus we
cannot input f € Fy directly into the computer. Instead we assume that the input
for our algorithms A consists of finitely many cleverly chosen pieces of information
which hopefully describe f as well as possible. In Section 1.3 we define different
kinds of information operations which lead us to different classes A4 of algorithms.
For now assume A;: F; — G4 to be a fixed element in some class Aj.

The local error Ay.(f; Ag, Sq) of a given algorithm A, € Ay applied to a
problem element f € JF, is defined as the difference of the exact solution Sa(f) and
the approximate solution A,(f), measured in the norm of the target space Gy, i.e.

Awoc(f; Aa, Sa) = [|Sa(f) — Aa(f) | Gal| -

The latter definition in hand, there are several ways to quantify the quality of Ay.
In the worst case setting this is done in terms of the maximal local error of the
algorithm among all possible inputs f € ;. Hence, by

AWVer <Ad; Sdl gjd — 9d> = sup Aloc(f; Ad: Sd)
fedq

we define the worst case error of the algorithm A, for the problem Sy: ?d — G4
On the other hand, sometimes it is useful to measure the average performance of a
given algorithm on the input set F4. This corresponds to the so-called average case
setting. Here we need to assume in addition that &, is equipped with a probability
measure pg. The term

A™E (Ad; Sy ?f;d — gd) = (/~ Aloc(f;Ad,Sd)z d,ud(f))l/2

Faq

then denotes the average case error of A4.% Since the worst case setting seems to
be much more important we will mainly deal with worst case errors in what follows.
However, for some problems there exist close relations to the average case setting.

6In fact, pq is defined on the Borel sets of grd and we need to claim Aj,c(-; Ag,Sq) to be a
measurable function, but these are only formal issues. See, e.g., [NWO08, p. 129] for further
details.



1.2 General problem

One such example will be presented in Section 4.4.2. For the sake of completeness
we stress the point that there exist even more settings which are subject to current
research. To this end, we mention the probabilistic and the randomized setting and
refer to [NWO08, Chapter 3.2] for an extensive discussion.

In numerical analysis one major assumption states that information is expensive.
Therefore we are interested in algorithms which solve a given problem within a
tolerance € while using as few as possible pieces of information on the inputs. This
property can be captured by the concept of the nth minimal error

esett (n,d; Syq: §7d — 9d> = inf A’ (An,d; Sa: grd — 9d>

Ay g€AT

for sett € {wor,avg}, d € N, and n € Ny, where the infimum is taken over all
algorithms in the class

7 ={A € Aq| A uses at most n information operations on the input}.

Consequently, the initial error
8idnit,sett _ 6sett (07 d; Sd: §'~d N 9d> ’ d c 1\]7

describes the smallest error we can achieve without using any information on the
input in a given setting sett € {wor, avg}. We will see in Section 2.2 that under
mild assumptions this initial error can be attained by the zero algorithm, i.e. by
AO,d =0€ 9y

If there is no danger of confusion we abbreviate the above notations and simply
write A%™(Ay; Sy) and €% (n, d; Sy), where sett is an element of {wor,avg}, or
even only A(A,) and e(n, d), respectively. Moreover, in Chapter 4 and Chapter 5
it seems to be useful to stress especially the source spaces F; the problem elements
come from rather than the operator S,;. There we slightly abuse notation and write
eV (n, d; Fy) instead of eV (n, d; Sq: B(Fy) — Ga)-

The main goal in the classical theory is to find sharp bounds on the nth minimal
error in terms of the amount of information operations. In fact, there is a huge
literature where the existence of constants ¢4, Cy > 0 and py, P; > 0 was proven
such that estimates of the type

1
—-nP <e(n,d) <Cy-nf" forall neN
Cd

hold for certain problems S in a given setting.” Back then, the respective researchers
did not pay much attention to the involved constants c¢; and Cy. These numbers can
be arbitrary large and in some cases their dependence on d is completely unknown.

7 Actually, in many cases these estimates hold modulo logn to some power which usually depends
linearly on d. For simplicity we omit these factors because they are not crucial for the following
argument.
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Instead the attention was focused on the so-called rate (or order) of convergence,
i.e. on proofs which yield p; = P;. Often this rate tends to zero as d approaches
infinity. Therefore these bounds are not meaningful at all for large d. Thus, usually
the parameter d was assumed to be a fixed (and reasonably small) constant in
this approach. Since we also want to work in huge dimensions a more careful error
analysis is needed.

1.3 Algorithms and cost model

For fixed n € N and d € N an algorithm A, 4 € A} is modeled as a mapping
Yn: R* = G4 and a function N,,: f;"d — R" such that A, 4 = ¢, o N,,. For the sake
of completeness in the case n = 0 we simply assign a constant value ¢ € G4 to every
element f € J,i.e. Apq = ¢, in order to model an algorithm that does not depend
on the input at all. If n > 0 then the information map N, is given by

Nu(f) = (Li(f), Lo(f), - Lu(f)) . f €Ty (1.3)

where L; € A. Here we distinguish certain classes of information operations A. In
one case we assume that we are allowed to compute arbitrary continuous linear
functionals on the inputs f. Then A = A*! coincides with F3, the dual space of F;.
If we deal with problem operators S; defined on function spaces F}d then often
only function evaluations are permitted, i.e. L;(f) = f(tV)) for a certain fixed
t¥) € Q4 in the domain of definition of f. In this case A = A% is called standard
information. If function evaluation is continuous for all t € )y we have Asd C A2l
In particular this is the case when dealing with problems defined on reproducing
kernel Hilbert spaces; see Section 2.5. If L; depends continuously on f but is not
necessarily linear then the respective class is denoted by A, Note that in this
case also N, is continuous and we obviously have A C Acont,

Furthermore, we distinguish between adaptive and non-adaptive algorithms.
The latter case is described above in formula (1.3), where L; does not depend on
the previously computed values Li(f),..., L;—1(f). In contrast, we also discuss
algorithms of the form A, 4 = ¢,, o N,, with

Nn(f) = (Ll(f)7L2(f§y1)a o Ln(fsy1, - Un—1)) VS é?d, (1-4)

where y; = Li(f) and y; = L;(f;v1,...,y-1) for j = 2,3,...,n. If N,, is
adaptive we restrict ourselves to the case where L; depends linearly on f, e.g.
Li(-;y1,...,yj-1) € A?! Note that in any case N, is either continuous, or it is
constructed out of linear information operations (which may be combined adap-
tively). Moreover, in all cases of information maps, the mapping ¢, can be chosen
arbitrarily.

For upper error bounds small classes of algorithms are most important. The
smallest such class under consideration is the family of linear, non-adaptive algo-
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rithms of the form
Ana(f) =Y Li(f) - 95 (1.5)

with some g; € G4 and L; € A or even L; € A*. We denote this set of algorithms
by Ag’lin(/\), where A = A or A = A, respectively. On the other hand, it is
reasonable to prove lower error bounds for preferably large classes of algorithms.
The most general families consist of algorithms A, ; = ¢, o N,,, where ¢, is
completely arbitrary and N, either uses non-adaptive continuous or adaptive linear
information. We denote the respective classes by A%™ and A%,

One of the most fundamental assumptions in IBC is that we can perform (exact)
basic arithmetic operations on elements of the target space G4, as well as on real
numbers, with unit cost. Formally this means that we work with the real number
model in contrast to the bit number model which is used in some other fields of
computational science; see, e.g., [NWO08, Section 4.1.3]. Moreover, we assume that
information operations on the input are given by certain black box computations
which are sometimes called oracle calls. Typically the computational costs for
information operations are much higher than for simple arithmetic operations since
the computation of a function value or a linear functional may require billions of
such operations. If we assume that every oracle call has a fixed cost C' > 1 then the
total cost of computing the output of an algorithm is proportional to the number
of needed information operations.® Therefore it is reasonable to study not only the
nth minimal error of a given problem but also the inverse quantity which we call
information complexity

et <5,d; Sy: ?}d N 9d> = min {n e Ny \ JA € A% such that A*"(A) < 5}

abs
=min {n € No|e*"(n,d) < e},

where d € N, ¢ > 0 and sett € {wor, avg}. That is, we look at the amount of oracle
calls needed to compute an e-approximation in dimension d. Hence, due to our
assumptions this information complexity roughly equals the total complezxity of a
given problem and therefore describes its computational hardness. For a detailed
discussion of algorithms and their costs, as well as on the relations of information
complexity and total complexity we refer the reader to Section 4.1 in [NW0S].
Finally we want to mention that the above definition addresses the absolute
error criterion. In contrast we will also consider the normalized error criterion
where we search for the minimal number of information operations needed to
improve the initial error by some factor ¢ > 0. We denote the corresponding

8There also exist approaches in which the cost of an oracle call depends on the parameters
of the problem. These attempts stress the point that the computational effort for function
evaluations increases with the numbers of (active) variables. See, e.g., [KSWW10a] for details.
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information complexity by

Mo (5/’ d; Sq: Tg— 9d) = e (5/ e d; Sa: Fa 9d)  sett € {wor, avg}.
Obviously both the notions coincide if the problem under consideration is well-
scaled. That is, if e = 1. Otherwise the problem may be significantly harder with
respect to the normalized error criterion, e.g. if e is exponentially small in d.
Of course also the converse situation is conceivable. However, note that both the
information complexities are always non-increasing in the first argument and we
have N N
st <1, d; Sy: Ty — gd) = pett (»sidnit, d; Sy: Ty — 9d> =0 (1.6)

for all d € N due to the definition of the initial error.

Again we will use shorthands such as n.ps(e, d; Sy) or even n(e, d) to simplify

notation.

1.4 Notions of tractability

As already indicated we strongly believe that it is not sufficient only to study
the rate of convergence, i.e. the dependence of n(e, d) on ¢, to properly describe
the computational hardness of a given problem. We also need to incorporate the
dependence on the parameter d. Keep in mind that the following definitions equally
refer to both, the absolute and the normalized, error criteria. Therefore we simply
write n(e, d) instead of naps(e, d) or Nyorm (e, d) for the information complexity.

When dealing with multivariate problems we often observe the so-called curse
of dimensionality which goes back to Bellman in the late 1950s; cf. [Bel57]. Given
a concrete setting a problem is said to suffer from the curse of dimensionality if
the corresponding information complexity n(e, d) increases exponentially with the
dimension d. That is, for at least one € > 0 there exist positive constants C' and ~y
which are independent of the dimension such that we have

n(e,d) > C - (1+~)?

for infinitely many d € N. More generally, if n(e, d) depends exponentially on d
or e~ ! then we call the problem intractable®. Otherwise we have tractability which
goes back to Wozniakowski in the early 1990s; see [Woz94a, Woz94b]. At this time a
problem was called tractable if its complexity depends at most polynomially on =+
and d. Today this is only one case in a whole hierarchy of notions of tractability.
We describe these classes starting with the weakest notion.

9Formally that means that there exist universal constants v, C' > 0, as well as sequences (¢ )ren
and (dg)ren with e € (0,1] and dy, € N for all k£ € N, such that 5,;1 + dp — o0, as k — oo,

and n(eg,di) > C - (1+ ’y)€1:1+dk for every k € N. Note that this definition includes the curse
as a special case, where € = .
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If a problem is not intractable then we have weak tractability which can be

equivalently expressed by

lim ln(nl(s,d)) o,
e~ l4+d—oo €74+ d

see [GWO08, NWO08]. Here the limit is taken with respect to all two-dimensional
sequences ((e, di))ren C (0,1] X N such that g, < e and ;' + di — o0, as k
approaches infinity. In particular, the latter restriction ensures that n(e,d) > 1.
Furthermore, we want to stress the point that weak tractability implies the absence
of the curse of dimensionality, but in general the converse is not true. Recently a
slightly stronger notion called uniform weak tractability has been suggested. We
will not follow this line of research and refer to [Siel3].

Since there are many ways to measure the lack of exponential dependence
the abstract notion of generalized (or T-) tractability was introduced; see [GWO07,
GW09] and [NWO08, Chapter 8|. Here the essence is to describe the behavior of
the information complexity in terms of a multiple of some power of a so-called
tractability function T depending on e ! and d. Without going into details we
mention that the following classes can be seen as special cases in this general
framework.

For the sake of completeness we also introduce the quite recently developed
notion of quasi-polynomial tractability. A problem is called quasi-polynomially
tractable if there are universal constants C,t > 0 such that

n(e,d) < Cexp (t(1 +Ine ") (1 +Ind))

for every ¢ € (0,1] and d € N. Note that for fixed ¢ or d this upper bound behaves
polynomially in the second argument what somehow justifies the name of this class
of problems. For details see [GW11] and [NW12].

Finally, the most important and until now most studied type of tractability
is called polynomial tractability. We say that a problem is polynomially tractable
if there exist absolute constants C,p > 0 and ¢ > 0 such that we can bound the
information complexity by

n(e,d) < C-e?-d? forall deN, ¢e(0,1]. (1.7)

If this last inequality holds with ¢ = 0, i.e. if we have no dependence on the
dimension at all, then the problem is called strongly polynomially tractable. In this
case the smallest possible constant p in (1.7) is denoted by p*. It is called the
exponent of strong polynomial tractability.
If, in contrast, there do not exist constants C,p and ¢ which fulfill (1.7) then the
problem is said to be polynomially intractable.

Observe that (1.6) shows that, as long as the absolute error criterion is concerned,
it is enough to consider € € (0, min {e™, 1}] instead of € € (0,1] in all the above
definitions.
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CHAPTER 2

Properties and tools for special problem classes

This chapter deals with basic properties of certain classes of problems and algo-
rithms. We state simple consequences obtained from fundamental assumptions on
the operators under consideration. Furthermore, we present more or less classical
tools used in the framework of information-based complexity to acquire tractability
results in a quite general context.

In detail, we begin with a simple lower error bound in a very general setting
which will be used on several occasions later on. In Section 2.2 we then show that
for our purposes it is reasonable to concentrate mainly on compact problems and
linear, non-adaptive algorithms. Moreover, there we derive a formula for the initial
error of the problems we are interested in. Afterwards, in Section 2.3, we turn to the
important class of problems defined between Hilbert spaces. We recall well-known
tools such as the singular value decomposition, conclude optimal algorithms and
characterize several types of tractabilities of such problems. In Section 2.4 we
restrict ourselves further and assume an additional tensor product structure which
will play an important role throughout the rest of this thesis. Finally we conclude
this chapter with the discussion of so-called reproducing kernel Hilbert spaces.

The main references for the functional analytic background needed in this part,
as well as on the theory of s-numbers (or n-widths, respectively) are the monographs
of Pinkus [Pin85] and Pietsch [Pie87, Pie07]. For a detailed discussion of applications
to tractability questions we refer again to Novak and Wozniakowski [NWO08, NW10,
NW12] and to Mathé [Mat90].

2.1 Lower bounds on linear subspaces

For the purpose of this chapter it is enough to study the worst case setting. In
addition, we will only focus on the case where all the problem elements lie in some
centered ball of the respective source space. In this first section we present a quite
general method to obtain lower bounds on the nth minimal error with respect to a
wide class of algorithms. In contrast to the rest of this thesis (where we will restrict
ourselves basically to linear and compact problems) we present a result that holds

11
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for any homogeneous operator S between linear normed spaces F and G over the
field of real numbers. That is, we first only assume that S(« - f) = a - S(f) for
every f € F and all o € R.

We start by proving the following (modified) assertion of Borsuk and Ulam for
linear normed spaces:

Lemma 2.1 (Borsuk-Ulam). Let V' be a linear normed space over R with 0 <
dimV = s < oo and, moreover, let N: IV — R" be a continuous mapping for some
0 < n < s. Then for all » > 0 there exists an element f* € V with || f*|V] =r,
such that N(f*) = N(—f*).

Proof. Obviously, the cases n = 0, i.e. N = 0, and » = 0 are trivial. Hence, let
n € N and r > 0. Since dim V' = s we find an isomorphism 7': V' — R® such that T’
and T~! are linear and bounded. Hence, for every r > 0 the set Q, = T'(int(B,(V)))
is an open, bounded and symmetric subset of R® which contains zero. Moreover, the
function g = NoT~t: 09, — R™ is continuous. From the theorem of Borsuk-Ulam
(cf. Deimling [Dei85, Corollary 4.2]) we conclude the existence of some x* € 92,
with g(z*) = g(—x*). The claim now follows by taking f* = T 1z*. |

This result in hand, we can prove a generalization of [Weil2b, Lemma 1].

Proposition 2.2. Suppose S to be a homogeneous operator between linear normed
spaces F and G. Further assume that V' C J is a linear subspace with dimension
s € N and that there exists a constant a > 0 such that

a-[[f[FI <SG forall feV. (2.1)
Then for every 0 < n < s, any algorithm A, € A™ J A™2dapt and all v > 0

AV (A, S: B(F) = 9) = sup ||IS(f) —An(N) ISl =a-r. (2.2)
feB(3)

In particular, the nth minimal worst case error (among the unit ball B(F) of F)
satisfies € (n; S: B(F) — G) > a for all n < s.

Proof. It is well-known that for A, = ¢, o N,, € A™cont [ Amadapt with n < s there
exists f* € V such that N,(f*) = N,(—f*) and || f*|F|| = .

Without loss of generality let us again assume n € N and r > 0 to avoid
triviality. Then, for A, € A™" the existence of f* is a simple conclusion of
Lemma 2.1 since in this case N,, is continuous by definition. On the other hand, if
A, € A"t then the proof can be obtained by arguments from linear algebra. We
follow the lines of the proof of Werschulz and Wozniakowski [WW09, Theorem 3.1]
and search for a nonzero g € V such that N, (g) =0, i.e.

Ll(Q) =0,
Ly(g;0) =0

?

(2.3)

12
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Since dim V' = s every g € V can be represented uniquely as a linear combination
g= an:l Cmbm of at most s linearly independent basis functions b, of V. Due
to the imposed linearity of L;(-;0,...,0), 7 = 1,...,n, the system (2.3) can be
reformulated as a system of n homogeneous linear equations in the s > n unknowns
c = (cm),_; € R®. Consequently, it possesses a non-trivial solution ¢* = (¢f,)%,_,
which implies the existence of some ¢g* € V' \ {0} with N, (¢*) = 0. Since with L;
also N, is linear, we can easily construct f* out of g*.

Anyway, every such f* satisfies A, (f*) = A,(—f*). Using the norm properties

in the target space § and the homogeneity of S we obtain (2.2):

A" (Ap; St B(F) = §) = max {|[S(£f") — An(f7) | S}
= max {[[S(f*) £ A.(f*) | S|}

> SIS0 + A7) 11+ IS0 = A7) 91)
> 211280 S 2 allf* |5 = a-

The remaining implication for the nth minimal error finally follows from the case
r = 1 by taking the infimum over all A4, € Amconty gradapt, [ |

At this point we stress that the case r # 1 in (2.2) might be useful only if we
deal with non-homogeneous (and thus non-linear) algorithms A,,. Otherwise we
clearly have

AV (A, St Bo(F) = G) =1 A (4,;S: B(F) = 9)

for all » > 0 provided that S: F — G is homogeneous. The importance of (2.2) for
r # 1 will be made clear in Section 4.3.2 when we deal with embeddings P — J.
There we conclude a lower bound for the worst case error of S on B(F) out of a
lower bound on B,(P) using r = |jid | £(P, F)| .

2.2 Linearity and compactness

In what follows we will exclusively consider linear continuous problems S = (Sy)4en-
That is, we assume every solution operator S, given by (1.2) to be the restriction
of a bounded linear mapping between some Banach spaces defined over the field of
real numbers.'? If we assume the set of problem elements F; to be some centered
ball B,.(F4), r > 0, in the source space then conversely every bounded mapping Sy
that acts linearly on this set!! can be uniquely extended to a continuous linear

10Tn fact, for most of the following results completeness is not needed. Many of them even remain
valid (at least up to constants) using only quasi-norms or p-norms, but for simplicity we
restrict ourselves to the case of Banach spaces. Finally, for the ease of notation, we only
consider spaces over R.

"That means, Sy(a- f+3-g) equals a- Sq(f) + 3~ Sa(g) for every convex combination o f+ - g
of elements f,g € f:"d.

13
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operator §d on the whole space Fy, i.e. §d € L(F4,9a). From this point of view Sy
and S; can be identified with each other and thus we use the symbol Sy for both
of them.

At the first glance the linearity assumption seems to be very restrictive. On
the other hand, both the most important problems, namely approximation and
integration, are indeed of this type. Moreover, the linear case is much better
understood than the non-linear such that an overwhelming percentage of work
on IBC was done in this setting. For the sake of completeness we also mention
so-called quasilinear problems and refer to [WWO07] and [NW12, Chapter 28].

Since we are interested in algorithms which are easy (and cheap) to implement
we pay special attention to the family of linear and non-adaptive algorithms
A(A); see (1.5). Tt is well-known that this choice is reasonable for many classes
of problems, since it can be shown that under mild assumptions optimal algorithms
are indeed linear and non-adaptive. General assertions of this type can be found
in Traub, Wasilkowski and Wozniakowski [TWW88]|, as well as in Novak and
Wozniakowski [NWO08, Section 4.2]. We do not present these results here explicitly.
The reason is that for the problems we are interested in, our assertions already
imply the mentioned optimality statements.

Furthermore, we focus on information maps which are linear and continuous,
i.e. A C A", Observe that then A, 4 € £(F4, G4) and rank(A, 4) < n. Moreover,

for ¥, = B(F,) we obtain
A (A g5 Sa) = A (A Sat T = Ga) = 190 = Aua| £Fa, Sl

It seems natural to ask when problems of this type are solvable at all. We say
a problem S = (Sy)4en is solvable if for any fixed d € N there exists a sequence of
algorithms A, 4 € Ag’hn(AaH) such that their worst case errors AV"(A,, 4;S4) tend
to zero as n approaches infinity. Hence, S; needs to be an element of FR(Fy, G4),
the closure of the finite rank operators in £(Fy, G4), which is a subset of K(F4, Ga).
Therefore solvable problems are necessarily compact such that we can restrict
ourselves in the following to Sy € K(F4, G4). Due to the celebrated result of
Enflo [Enf73] it is known that the converse is not true in this generality. Indeed,
there are compact problems which are not solvable since there exist Banach
spaces G4 which do not satisfy the so-called approximation property. However,
the following (incomplete) list shows that in the cases we are interested in every
compact problem is solvable:

Proposition 2.3. Let S = (S4)4en be given such that Sy € K(Fy, Gq) for all d € N.
Then S is solvable if for every d € N one of the following conditions applies:

e The source space Fy is a Hilbert space, or
e The target space G, is a Hilbert space, or

e The target space Gy is Lo (X, a, ) for an arbitrary measure space (X, a, u).

14
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Proof. Let d € N. Given all the above restrictions we note that if we consider
the class AZ’hn(Aau) then the numbers eV (n, d; S;), n € Ny, per definition equal
the linear n-widths (or approximation numbers) §,,(Sq) as defined in [Pin85, Def-
inition 7.3]. Up to an index shift these numbers form an s-scale'? in the sense
of Pietsch [Pie07, Section 6.2]. Other important s-scales are the Gelfand num-
bers ¢,(S4) and the Kolmogorov numbers d,(Sq). Without going into details we
mention that for any compact operator S; € K(Fy, G4) both these numbers tend to
zero as n — 00; see Propositions 7.4 and 7.1 in [Pin85]. Hence, to prove solvability
it suffices to show that d,,(Ss) < max {c,(Ss),d,(Sq)} for all n € N. Indeed, if Fy
is a Hilbert space then we have 6,,(Sq) = ¢,(Sq). Furthermore, 6,,(Sq) = d,(Sq) if
Gq is a Hilbert space; see, e.g., [Pin85, p. 33]. Finally Proposition 8.13 in [Pin85]
shows that the second last equality remains valid if the target space G, enjoys the
so-called (metric) extension property. It is known that in particular L., (X, a, u)
has this property; see, e.g., Kénig [K6n86, 1.c.2]. |

We want to stress that in Proposition 2.3 we do not need to assume the Hilbert
spaces to be separable.

Let us conclude this section with a proposition which shows that the zero
algorithm Ay, = 0 is the optimal choice among all approximations to a given
operator S € £(F,9) that do not use any information on the input f € F. Here F
and G can be arbitrary normed spaces.

Proposition 2.4. For S € £L(F,9) and Ag =0 € L(F,G) we have
e (0; S: B(F) = G) = AV (Ay; S: B(F) = 9) = ||S1L(F,9)] -

Consequently, the zero algorithm is optimal for S within the class A%cont U A%adapt
and the initial worst case error ™" of S is given by the its operator norm.

Proof. Obviously the second equality is true by the definition of A", Moreover,
the linear algorithm Ay = 0 is included in every class of algorithms we defined in
Section 1.3. This particularly implies e"*(0;S) < A“"(Ag) = ||S| L(F, 9)].

To show the converse inequality, recall that every algorithm A that does not
use any information on the input necessarily takes the form A(f) = g for some
element g € G. A calculation similar to that in the proof of Proposition 2.2 yields
that

IS 1S] < max{[[S(f) = g[S, [1S(=F) — 9|5}

holds for every f € F. Taking the supremum over f € B(F) now shows that
IST1L(F,9)| < AY*(A) which implies the desired result since A was chosen
arbitrary. ]

We note in passing that the last step in the latter proof crucially depends on
the fact that the unit ball F = B(F) of the source space F is symmetric in the

sense that f € F implies —f € .

2Note that due to historical reasons there is some notational danger concerning s-numbers
versus n-widths. See, e.g., [Pie07, p. 336] for details.
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2.3 General Hilbert space problems

In this section we describe the singular value decomposition (SVD) which turns out
to be the main tool when dealing with problems where both the source and the
target spaces are Hilbert spaces. We prove well-known formulas for optimal linear
algorithms using continuous linear functionals and calculate their worst case errors.
Afterwards, we use the obtained assertions to give characterizations for (strong)
polynomial tractability for these problems.

2.3.1 Singular value decomposition

Given any compact operator T' € K(F, G) acting between two arbitrary real Hilbert
spaces F and G we define its adjoint operator TT: G — F in the usual way by

(Tf.g9)g={fTlg),, forall feF ge§. (2.4)

Of course, T is always unique and well-defined. For details we refer the reader
to Yosida [Yos80, VIL.2]. If F = G and T = T, then we say that T is self-adjoint.

Due to Schauder’s Theorem we know that T € K (G, F) if and only if T € K(TF, 9);
see, e.g. [Pin85, p. 31]. Hence, it is easily seen that also

W=T"T:9F = F

defines a compact operator. Moreover, W is obviously self-adjoint and positive,
ie. (Wf, f)g >0 for every f € J. It is a well-known fact that therefore all the
eigenvalues \,, = \,,(W) of W are necessarily real and furthermore non-negative.
Following Pinkus [Pin85, p. 64] we denote the sum of the algebraic multiplicities
of the non-zero eigenvalues of W by v = v(W). Note that the theory of Riesz-
Schauder provides that there are at most countably many non-zero eigenvalues.
They are uniformly bounded, each of them has a finite multiplicity and there
are no accumulation points but (possibly) zero. See, e.g., Theorem 2 in [Yos80,
X.5]. Observe further that in any case v < dimJF € N U {oo}. Let us denote
these eigenvalues in a non-increasing ordering subscripted by indices from the set
M={meN|m<v+1},

Note that without loss of generality we will always assume the existence of at
least one non-trivial eigenvalue, i.e. we explicitly exclude the operator T" = 0
which ensures that M # (). We denote the corresponding (mutually orthonormal)
eigenvectors of W by ¢,,,, m € M, and refer to {( A, @) | m € M} as the set of
non-trivial eigenpairs of W. Consequently, for i, j € M we have by (2.4)

(Ti, Tos)g = (01, T T05) s = (00, W)y = (01 N 05) 5 = 0 - Ay (2.6)
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2.3 General Hilbert space problems

If we extend the possibly finite eigenvalue sequence (Ay,)%,_, by taking A\,, = 0
for all m > v then, clearly, A = (A;,)men forms a null sequence. Again following
Pinkus, we call the square root o = (T of A = A\(W),

Om =V Am, meN,

sequence of the singular values of T'. The importance of this bunch of definitions
comes from the following assertion.

Theorem 2.5 (Singular value decomposition). Let F and § be arbitrary Hilbert
spaces and T € K(F,G). Then, with the above notations,

T = Z < 7¢m>"f Tom. (2'7)

Proof. A detailed proof can be found in the monograph of Kénig [K6n86, 1.b.3]. It
is mainly based on the so-called polar decomposition of linear continuous operators
and the theory of Riesz-Schauder. Actually, the proof deals with complex Hilbert
spaces but it literally transfers to the real case. Moreover, only the existence of an
orthonormal sequence (¢,,)",_; in G is shown such that the pointwise equality

Tf=> om {f:om)g ¥m, [ETF,
m=1

holds true. However, setting f = ¢ for k € M together with the mutual orthonor-
mality of (¢,,)",_; immediately implies oy = T'¢y for any k. The claimed identity
in K(F,9) finally follows from Bessel’s inequality. |

Remark 2.6. Note that again the Hilbert spaces ¥ and G do not need to be
separable. Nevertheless the image of F under T is indeed separable, because it
is spanned by at most countable many elements T'¢,, € G. Since the elements of
the set ® = {¢,, € F|m € M} are mutually orthonormal we can extend ® to an
orthonormal basis (ONB) E of F. Then (2.7) shows that ker T = ®+. Remember
that we are only interested in the approximation of the image of T'. Hence, we
can without loss of generality assume that £ = ®. In other words, even though F
may be non-separable in general we can restrict ourselves to the separable case
in what follows. We only need to replace F by @, the closure of the orthonormal
eigenelements of W = T1T under (-, ). O

2.3.2 Optimal algorithm

Observe that by (2.7) we obtained a representation of any operator T' € K(F, 9)
as the limit of related finite rank operators. Therefore we are able to construct nth
optimal linear algorithms which only use information from A®!. This is stated in
the following corollary which can be found (slightly modified) as Corollary 4.12
in [NWO08].

17



2 Properties and tools for special problem classes

Corollary 2.7. For d € N assume JF; and G4 to be arbitrary Hilbert spaces.
Further let S = (Sg)aen denote a compact problem acting between these spaces,
ie. Sy € K(Fy,G4) for every d. Then for all d € N and n € Ny the algorithm
Ar € A (A given by
min{n,v(Wq)}
AL gt Fa— Ga, [ AL u(f) = Z (fs bdm)g, - SaPam,

m=1

for Sy is optimal in the class A} ™ U AZ’adapt and we have

€N (n, d; Sg) = AV (AL 43 Sa) = Gamis = v Admr1. (2.8)

Here for every d € N the singular values (04,,)men, as well as the eigenvectors

(<Z5d,m)vm(ivf), are constructed out of Wy = S/ 9, as explained above.

Proof. Recall that A" (A% 1 Sq) equals ||Sy — A7, | £(Fa, Ga) | for any fixed d € N
and n € Njy. Without loss of generality we can assume n < v = v(W,) since
otherwise A} ; = Sy due to (2.7). This would imply (2.8) because of o4, = 0 for
all m > v.

Let M e Nwithn+1< M <wvand f € B(F,) be arbitrarily fixed. Then, due
to (2.6), the non-increasing ordering of (\,,)%,_; and Bessel’s inequality,

M 2 M v
Z <f7 ¢d,m>3‘d Sd¢d,m 9d = Z <f7 ¢d,m>:2;d )\d,m S >\d,n+l Z <f7 ¢d,m>§“d
m=n-+1 m=n-+1 m=1

< At |f | Fall® < 0% i1

In particular, the choice f = ¢g,4+1 shows that the latter estimates are sharp.
Anyway, we obtain HSd — Ay ‘ L(Fy, Sd)H < 04n+1 Which proves

e (n,d; Sq) < AY(A}, 4;8a) < Tantr-

To show the converse, i.e. e""(n,d; Sy) > 04n41 for n € Ny and d € N, we
use Parseval’s identity on V' = span {¢a, |m <n+ 1} C F; together with the
linearity of Sy to obtain

n+1 n+1
1Saf 1Sall* = 3" (f. bam)s, Mim = Aamsr Y (fr bam)s, = Ooner 1| Fal?
m=1 m=1

for all f € V. The claim now follows from the application of Proposition 2.2 with
a = 04n+1. Moreover, Proposition 2.2 also shows that we cannot reduce the error
by taking algorithms A, 4 € (A" U AP0\ A% |

Note that (2.8) together with Proposition 2.4 particularly implies that for d € N
the initial worst case error of S, is given by

éjijnit,vvor — HSd ‘ L(gjd, 9d)|| =041 = w/)\d,l-
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2.3 General Hilbert space problems

2.3.3 Polynomial tractability

As an immediate consequence of (2.8) we can calculate the information complexity
of Hilbert space problems in the worst case setting (with respect to the class
AP (A1) for every d € N and & > 0 by

naps (6,d) =min{n € Ny |0441 < e} = # {n eN ‘ A > 52} (2.9)

abs

for the absolute and by
nona(e,d) = #{n € N| Agn/Ag1 > €7}, (2.10)

norm

for the normalized error criterion, respectively. This observation leads to the
following refinement of Theorem 5.1 in Novak and Wozniakowski [NW08] which
also can be found in [Weill]. It gives necessary and sufficient conditions for
(strong) polynomial tractability in terms of summability properties of the sequences

(Ad,m)mGN-

Theorem 2.8. Assume S to be a problem as in Corollary 2.7 and consider the
absolute error criterion in the worst case setting.
e If S is polynomially tractable with the constants C,p > 0 and ¢ > 0 then for
all 7 > p/2 we have

1/7

1 [e.9]
Cr =sup — Z i < 00, (2.11)
T =@

where r = 2¢/p and f: N — N with f(d) = [(14 C)d?]. In this case
Cr < C*P-¢(2r/p)'T.

e If (2.11) is satisfied for some parameters r > 0, 7 > 0 and a function
f: N — N such that f(d) = {C’ (min {ei,1})7" dq’ where C' > 0 and
p,q > 0, then the problem S is polynomially tractable. In detail, we have the
bound n¥ (e, d) < (C 4 CF) e~ max{p2r} gmaxtart} for any € € (0, 1] and every

abs

deN.

Proof. 1f the problem is polynomially tractable then there exist constants C,p > 0
and ¢ > 0 such that for all d € N and ¢ € (0, 1]

n(e,d) =nyys(e,d) < C-eP-dI.
Formula (2.9) and the non-increasing ordering of (Ay;)ien therefore imply

Ad,[Cerdij+1 < Mp(eay < €2, € € (0,1].

If we set i = [C'ePd?] + 1 and vary € € (0, 1] then i takes the values |C d?| + 1,
|C'd?| 4+ 2, and so forth. On the other hand, we have i < Ce™?d? 4 1 which is
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2 Properties and tools for special problem classes

equivalent to €2 < (Cd9/(i — 1))?? if i > 2. For all i > f(d) = [(1+ C)d?] we
indeed have 7 > 2 and, consequently,

Cdr \*"
AMi < Mn(eays1 <2 < <Z — 1)

Choosing 7 > p/2 > 0 we conclude

X/ Cde PP o= 1 . (27
Z >\ Z <Z - 1) — (C’dq)2 /p Z i27/p < (02/pd2q/p) C(g) )

i=f(d) i=f(d) i=f(d)-1

for every d € N. In other words, we have shown (2.11) with r = 2¢/p, as well as
the estimate on C'.

Conversely, assume now that for some r > 0 and 7 > 0 estimate (2.11) holds
true with

f(d) = {C’ (min {e*,1})7" dqw , where C >0 and p,q>0.

That is, we assume 0 < C; < oo. For n > f(d) the ordering of (Ag;)ien implies
D e @) M = Aqy - (n— f(d) +1). Hence, for every d € N and n > f(d)

1/7 1/7

M- (n—fd)+ 1)< [ > A ] < ZA <C.d,

i=f(d) i=f(d)

or, respectively, Ag,i1 < Crd™ - ((n+1) — f(d)+1)7Y/7 for all n > f(d) — 1. Note
that for & € (0, min {1, 1}] we have C; d" - (n+ 1) — f(d) + 1)7"/" < &% if and

only if
n>n*= KCECF) Wntf( ) —

In particular, it is Mg, 1 < €% at least for n > max {n*, f(d) — 1}. In other words,
for every d € N and all £ € (0, min {5, 1}] it is

n (e, d) < maxc {n", f(d) — 1} < f(d) — 1+ (Oadr)

< C (min{e® 1)) 7 d? + CTe 2 4
< (C + C;') — max{p,27} dmax{q,r‘r}'

Thus, the problem is polynomially tractable since n% (g,d) = 0 for € > M. H

abs

Let us add some comments on this result. Theorem 2.8 clearly provides a
characterization for (strong) polynomial tractability. In comparison to Theorem 5.1
in [NWO08] our result yields the essential advantage that the given estimates
incorporate the initial error €. Hence if e is sufficiently small then we can
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2.3 General Hilbert space problems

conclude polynomial tractability while ignoring a larger set of eigenvalues in the
summation (2.11).

Observe that the first statement does not cover any assertion about the initial
error itself, since f(d) > 2. Thus it might happen that we have (strong) polynomial
tractability w.r.t. the absolute error criterion, though the largest eigenvalue \g; =
(e1%)2 tends faster to infinity than any polynomial. To give an example, for d € N
we consider the sequences (Agm)men defined by

)\d,l = e

1
and Mg, =— for m>2.

m
Here, obviously, the initial error grows exponentially fast to infinity, but never-
theless the second point of Theorem 2.8 shows that S is strongly polynomially
tractable since (2.11) holds with r =p=¢=0,and C =7 = 2.

Next we present an analogue of Theorem 2.8 for the normalized error criterion.
Again a slightly modified statement can be found in [NW08, Theorem 5.2].

Theorem 2.9. Assume S to be a problem as in Corollary 2.7 and consider the
normalized error criterion in the worst case setting.

e If S is polynomially tractable with the constants C,p > 0 and ¢ > 0 then for
all 7 > p/2 we have

1/7

1 [ N\
C; =sup — Z <%) < 00, (2.12)
) bl

T
den d Fayrs

where r = 2¢/p and f: N — N with f(d) = 1. In this case the bound
C, < 2Y7(1 + O)¥?¢(27/p)"/™ holds for any such 7.

o If (2.11) is satisfied for some parameters r > 0, 7 > 0 and a function f: N — N
such that f(d) = [Cd?], where C' > 0 and ¢ > 0, then the problem § is
polynomially tractable. If so, then n" (s, d) < (C + CF) e~ 27 d»>{ar7} for
any ¢ € (0,1] and every d € N.

Proof. Due to the strong relation between the absolute and the normalized error
criterion, i.e. n¥ (g,d) = n¥*(e - \/Aq1,d) for £ € (0,1] and d € N, we note
that Theorem 2.9 can be shown using essentially the same arguments an in the
proof for Theorem 2.8. Indeed, if we replace A\g; by Agi/Aa1 for i € N we obtain a
scaled problem T' with initial error £ = 1. Now the information complexity of T
(w.r.t. the absolute error criterion) equals the information complexity of S w.r.t.

normalized errors.!® Following the lines of the proof of Theorem 2.8 this shows the

13For details we refer to the proof of Theorem 2.12.
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2 Properties and tools for special problem classes

second point of Theorem 2.9, where we set p = 0. Moreover, we conclude for any
7>p/2and d € N

Z ()‘d,i> < (Cz/pd2q/p>T ¢ <2_T> < (1 + 0)27/:04 <2_T> dq-zT/p7
)da] p p

i=[(1+C Ad,1

provided that S is polynomially tractable with the constants C,p > 0 and ¢ > 0.
Furthermore, for any d € N we have

[A+CdT-1 (7 o
> <)\i) <TA+0)d) -1<(1+0)d < (1+C)*/P¢ (?> dr/r
d,1

i=1

since A\g; < Ag1, 27/p > 1 and ((27/p) > 1. Consequently, setting r = 2¢/p and
combining both the previous estimates leads to

00 ~\ YT 1/7
1 )\dz’ 1 2T
— = <240 = for deN
HE()) srrarome(2)” e

i=1
which shows (2.12), as well as the claimed bound on C. |

Obviously Theorem 2.9 again provides a characterization of (strong) polynomi-
ally tractability of a given compact Hilbert space problem S = (Sy)4en in terms of
summability properties of the eigenvalue sequence (Ag;)ien of Wy = S4Sy.

2.4 Tensor product problems

In the former section we investigated tractability properties of compact Hilbert
space problems S = (Sy)4en Without assuming any relation between subsequent
problem operators S;. Next we want to consider problems S where every Sy is
generated out of one single (univariate) operator Sy via a d-fold tensor product
construction.

2.4.1 Definition and simple properties

We need to recall the concept of tensor product Hilbert spaces first. To this end,
we use the approach given in Chapter 2.6 of Kadison and Ringrose [KR83]. For a
comprehensive introduction to more general tensor products in functional analysis
we refer to the first chapter of Light and Cheney [LC85] and to Section 1.3 in
Hansen [Han10].

Without going too much into details, we note that given a finite number of
arbitrary Hilbert spaces H*) with inner products (-, Yy, k=1,...,d, the tensor
product space

d
Hy = ®H<k> —HV g ... @ H?
k=1
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2.4 Tensor product problems

can be identified'* with the closure of the algebraic tensor product H,g, with
respect to a (reasonable cross) norm which is induced by a certain inner product
(-, Hao Keep in mind that the algebraic tensor product is defined as the quotient
of the free vector space, i.e. the set of all finite linear combinations of formal objects
f= ®Z:1 fr with f, € H® which we call simple (or pure) tensors, by a suitable
linear subspace.'® Moreover, the mentioned inner product on the algebraic tensor
product Hg is defined by

d

d d
<® fk>®9k> = H (fir koo for  fr, g € HY.
k=1

k=1 Hgo k=1

By means of continuous (multi-) linear extension this functional uniquely determines
the inner product (-,-) m, on Hy. As usual we denote the corresponding norm
by ||| Hall

Due to the tensor product structure, many useful properties such as completeness
and separability of the underlying spaces H*) are transferred directly to Hy provided
that all the H® share them. In particular, it is well-known how to construct an
orthonormal basis of the tensor product space given an ONB

B0 = [ e g0 e 30}

in each H® k = 1,...,d. Here every J® denotes a (possibly non-countable)
abstract index set. Then the set of all d-fold simple tensors given by

d
oo @1
k=1

builds the desired ONB in Hy; see [KR83, Theorem 2.6.4].

For the applications we have in mind we will focus our attention on the special
case where all the building blocks H® k= 1,...,d, of Hy coincide. In what follows
we therefore assume that H*®) = H; for some Hilbert space H;. The respective
ONB of H; will be denoted by E; = {e; € Hy|i € J;}. Then the latter formula

for Ey simplifies to

d
By = qea; =X)ej,
k=1

We are ready to introduce the tensor product problem operators Sy, d > 1,
we are interested in. Thus let S7: F1 — G; be a compact linear operator between
arbitrary Hilbert spaces &7 and G;. For d > 2 we assume F; = Hy to be the

k=1

d
J="01-,jda) €Ja= X J(k)}

7=01,...,ja) €Tg= (Jl)d}. (2.13)

Note that this association is unique up to some isometric isomorphism.
15To abbreviate the notation we do not distinguish between simple tensors and their equivalence
classes in what follows.
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2 Properties and tools for special problem classes

d-fold tensor product space of H®) = H, = F,, k =1,...,d, as explained above.
Analogously, we construct the space G4 = ®Z:1 G1 out of d copies of G;. Now
Proposition 2.6.12 of [KR83] yields that there exists a uniquely defined linear
operator Sy = ®Z:1 S1: Fq — G4 such that

d d
S <® fk) = Sifr, fr €T,
k=1 k=1

and we have ||Sy| £(Fg,Ga)| = [1S1]£(F1,51)[|* < oo for any fixed d € N. In
detail, we define the bounded linear operator Sd E4 — G4 such that for all 3 € I,
we have Sy(eq;) = Si(®f_e;) = @7, Si(e;,) € Ga. Then S, is assumed to

be the uniquely defined linear, continuous extension of Sd from Ey; to F,;. Due
to the compactness of S it is easy to check that the problem operator S; is not
only bounded but even compact. Moreover, a linear extension argument shows
that the adjoint operator S4 is given by the d-fold tensor product of Sy, i.e.
S =®¢_, (S1'), and hence

d

Wy = SiSa= (@ (Sﬁ)) ((}él) 51> = (;xl) (Si's)) = (kél) Wh; (2.14)

k=1

cf. [KR83, p. 146].

2.4.2 Eigenpairs and the optimal algorithm

From Section 2.3 we know that for d € N the optimal algorithm, as well as the
(information) complexity, crucially depends on the singular value decomposition
of S4. Hence, we have to calculate the eigenpairs (Mg, ¢a;) of the tensor product
operator W, obtained in (2.14). We follow the arguments presented in [NWO0S,
Section 5.2] and claim that these eigenpairs are given by (tensor) products of the
non-trivial eigenpairs (Apm, ), m € My = {m € N|m < v(W;) + 1}, of the
univariate operator W, = SﬁSl; see (2.5). This is the subject of the following
assertion.

Proposition 2.10. For d € N the non-trivial eigenpairs of the operator Wy = S;/.S,
are given by {()\d,m, qbd’m) ‘ m = (my,...,mg) € My = (M;)? }, where

d

d
M = [[Ame and  Gam = (X) dm, - (2.15)
k=1

k=1

Proof. Obviously, all the ggd,m’s are mutually orthonormal in Fy, i.e.

d d
(¢a6:0a5) =100 03)s, = [ s = Gi. 1.3 € Ma
¢ k=1

k=1
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2.4 Tensor product problems

Furthermore,
d d
Wabdm = <® W1> <® ¢mk> = ® Widm,)
d 1 d N N
= ® ()\mk : ¢mk = H ® >\d,m . ¢d,m

shows that gﬁz;dﬁm, m € My, is indeed an eigenelement with respect to the strictly
positive eigenvalue de of W,.

Assume for a moment there exists an eigenpair (u,n) of Wy with u # 0
which cannot be represented by (2.15). Then, due to the assertions in the former
section, 7 is orthogonal to every other eigenelement $d,m, m € M. Remember
that ®; = {¢,, € F1 | m € My} can be extended to an orthonormal basis
Ey = {en|m € J1} of F; (see Remark 2.6) which can be used to construct an ONB

E;={eqj|7 € Ja= (J1)%} of F4 given by (2.13). Therefore n can be represented
as
= Z (m, ed,j>3rd €dj = Z <777 ¢d,3> ¢d7.7 + Z (n,€a)y o, €
J€Jq JEMy J€Ia\ Mgy
= Y (0 eas)s, Cag,
F€Ia\Mq

where each of these sums consists of at most countably many non-vanishing
summands and converges unconditionally. Now the boundedness of .S; implies

Sin=Y_ (n.eas)s, Sieaj=0,

jdo\Md

since each of the tensor products Syeq; = ®Z:1(Slejk), J € 34\ My, includes at
least one factor Sie;, with j, ¢ M;. These factors need to vanish because the
set {S1em = Si1¢m | m € My} builds an ONB of the image of S; in G;. Hence,
Wan = Sd(Sqn) = 0 which contradicts our assumption. In other words, (2.15)
completely describes the eigenpairs of Wy as claimed. |

Again the latter proof justifies the restriction to separable spaces F; (and hence
also F;) in what follows, see Remark 2.6. Thus we can assume that the set of
univariate eigenelements ®; already builds an ONB in J, i.e. that ®; = Fj, and
consequently ®; = {¢pg.m ‘ m € My} builds an ONB in JF,.

To unify our notation we rearrange the obtained eigenpairs according to a
non-increasing ordering of the eigenvalues. To this end, note that #My = (#M,),
i.e. we have v(W,) = v(W;)¢ strictly positive eigenvalues in dimension d. Therefore
we define a sequence of bijections ¢ = ¢4: {i € N|i < v(W;)¢ + 1} — M, such
that

)\d,i = Xd,w(i) > }v\dﬂz,(i_,_l) for all 1 < 1< U(W1>d +1
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2 Properties and tools for special problem classes

Consequently the corresponding eigenelements are denoted by ¢4, = (gd,w(i)- Similar
to the definitions in Section 2.3.1 we extend the (possibly finite) sequence of
eigenvalues by A\g; = 0 for i > v(W;)% Observe that the largest eigenvalue in
dimension d is given by

Ay = A
e . init d/2
and thus the initial error is e** = A",

Proposition 2.10 in hand, the optimal algorithm A}, ; for linear tensor product
problems S = (Sy)q4en is stated in Corollary 2.7. For d € N and n € Ny it reads

min{n,v(Wy)}

Ay Fa—= S [ AL = D (fidais, Sibai  (2.16)

i=1

and its worst case error can be expressed in terms of the sequence A\ = (\,,)men-
More precisely, we have e (n, d; Sqg) = AV (Ay 43 Sq) = / Adnr1-
We are ready to characterize tractability of such problems in the next subsection.

2.4.3 Complexity

We begin by analyzing the information complexity with respect to the absolute
error criterion. Let S7: F; — G; denote a compact linear operator between arbitrary
Hilbert spaces F; and G; and let S = (Sg)gen be the sequence of d-fold tensor
product problems defined in Section 2.4.1. As before the non-increasing sequence
of non-negative eigenvalues of the univariate operator W7 = Si'S; is denoted
by A = (An)men. At this point we stress that it is reasonable to assume that
Ay > 0. Otherwise for every d € N there would be only at most one non-vanishing
d-dimensional eigenvalue of Wy = S,/ S,. Hence the problem S; would be trivial
since then n)(e,d) < 1 for all € > 0. Note that Ay > 0 also implies A; > 0 such
that S; and Sy are not the zero operator.

We proceed by presenting an assertion which is mainly based on Theorem 5.5
in Novak and Wozniakowski [NW08]. The sufficient condition for weak tractability
later was given by Papageorgiou and Petras [PP09]. Although the results of these
authors only refer to linear tensor product problems defined between Hilbert
function spaces they remain valid even in our more general setting.

Theorem 2.11. Consider the problem S = (S;)4en as described before. We study
the absolute error criterion in the worst case setting.

e Let Ay > 1. Then S suffers from the curse of dimensionality.

e Let A\ = 1. Then

— S is polynomially intractable. In particular, if Ay = 1 then S suffers
from the curse of dimensionality.
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2.4 Tensor product problems

— S is weakly tractable if and only if A, < 1 and A, € o(In"?n), as
n — 00.16

e Let \; < 1. Then
— S never suffers from the curse.
— S is weakly tractable if and only if A, € o(In"?n), as n — oo.

— S is polynomially tractable if and only if it is strongly polynomially
tractable. Moreover, this holds if and only if there exists some 7 € (0, 00)
such that \ € £, and the exponent of strong polynomial tractability is

given by
p* = inf {27’

For the sake of completeness we mention that Theorem 5.5 in [NW08] includes
some additional lower bounds on the information complexity in the case A\; > 1.
For polynomial (in)tractability the main idea of the proof is to apply Theorem 2.8
and to use the product structure of the involved sequences (Ag;)ieny Which are
essentially given by Proposition 2.10. We will not provide an explicit proof here.
Instead the interested reader is referred to Example 3.9 in Chapter 3 where we
conclude all assertions stated in Theorem 2.11 out of a generalized result for scaled
tensor product problems. To conclude these more general assertions we will exactly
follow the mentioned proof sketch.

Many authors in IBC use phrases like “(unweighted) tensor product problems are
intractable”. In this regard they refer to the following Theorem for the normalized
error criterion which is essentially based on Theorem 5.6 of [NWO08], as well as
on [PP09]. From our point of view it is not more than a simple consequence of the
assertions for absolute errors.

f:x;g}.

m=1

Theorem 2.12. Consider the problem S = (Sy)4en as described above. We study
the normalized error criterion in the worst case setting.

e Let Ay = Xg. Then S suffers from the curse of dimensionality.

e Let A\; > \y. Then
— S is weakly tractable if and only if A, € o(In"?n), as n — oo.

— S is polynomially intractable.

Since the subsequent proof technique is typical in this field of research, we
include the proof of Theorem 2.12 in full detail.

16To avoid possible confusions, here and in what follows, In® n means [In(n)]* where « € R.
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2 Properties and tools for special problem classes

Proof. Assume we had already proven Theorem 2.11. Given the problem S =
(S4)den, constructed out of Sj: F; — Gy, as well as the associated sequence
(Am)men, we define a new operator T1: F; — Gy by f +— Tif = 1/\/A1 - Sif.
Clearly, T7 is a linear and compact mapping between Hilbert spaces and

(11 f.9)q, = \/_ (S1f,9)g \/— (1.5 g)s, <f’ <\/L/\_151T) g>91

for f € ¥, and g € G;. Hence, T4 = 1 /VAL - 5" and the (extended) eigenvalue
sequence of Vi = Wi(T) = T = /A - S1'S1 = 1/ - Wi(S) is given by
i = (fbm)men, where pi,, = A\, /A1 for m € N. For details, see also the arguments
used in Section 3.1. Anyway, the mapping 77 in hand, we can construct the tensor
product problem T' = (Ty)4en by the usual procedure. Now (2.15) in Proposition 2.10
shows that the corresponding eigenvalues of V; = W,y(T) = T,'T, are given by

fdm = Hﬂmkz)\dnﬂmkz )\dma m = (mq,...,mgq) € My,

1

such that pg; = 1/Ag1 - Ag; for ¢ € N. This yields that the information complexity
of S w.r.t. the normalized error criterion coincides with the absolute information
complexity of the (scaled) problem T, i.e.

nnorm(€,7 d7 Sd) - #{n € I\]0 ‘ )‘d,n//\d,l > (5/)2} - #{n € I\IO ‘ Hd.n > (5/)2}
= nabs(éJ? da Td)

for all &’ € (0,1] and each d € N. Since pu; =1 > s > 0 we are allowed to apply
Theorem 2.11 for T'. Finally the observations that u, = 1 if and only if A\; = Ag, as
well as that p, € o(In"?n) (as n — oo) if and only if A = (\,)nen belongs to this
class, complete the proof. ]

2.5 Reproducing kernel Hilbert spaces

When we deal with problems defined on Hilbert function spaces H a special
kind of Hilbert spaces is of particular interest. The reason is that in practice
often only function evaluations rather than information obtained by arbitrary
linear functionals are permitted. In order to compare the power of these classes of
information operations (A vs. A®') from a theoretical point of view, it seems to
be useful to investigate conditions which ensure that point evaluation functionals

Ly H—=R, [ L,(f)=f(y),

for all y in the domain of definition Q of f € H, belong to the class A*!. Clearly L, is
always linear such that it is enough to ask whether it is also continuous (or bounded,
respectively) in f. It turns out that, as long as we restrict ourselves to Hilbert
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2.5 Reproducing kernel Hilbert spaces

spaces, this property can be characterized by the existence of a so-called reproducing
kernel K. If so, then the space H is referred to as a reproducing kernel Hilbert
space (RKHS for short) and we write H = H(K). In the present section we collect
some basic properties of this concept which we will need later on in Section 4.1.2.
The presentation given here is based on the famous paper of Aronszajn [Aro50], as
well as the textbook of Wahba [Wah90].!'" Standard examples for RKHSs such as
Korobov spaces and Sobolev spaces of dominating mixed smoothness can be found
in [NWO08, Appendix A].

2.5.1 Definition and properties

A (real) Hilbert space H of functions f: 2 — R, equipped with inner product
(-,*) g, is said to be a reproducing kernel Hilbert space if there exists a function

K:OxQ—=R

such that
e for all fixed y € Q the function K, = K(-,y) belongs to H, and

e for every f € H and all y € Q it is

The second point (2.17) is known as the reproducing property. Together with the
first point it obviously implies the boundedness of point evaluations on H = H(K).
The converse, i.e. the existence (and uniqueness) of the reproducing kernel K is a
simple consequence of the Riesz representation theorem; see [Tri92, p. 90] or [Yos80,
I11.6]. Unfortunately the proof of this theorem is non-constructive and therefore it
does not provide an explicit method to find the representer K, = K(-,y) of L,. In
fact, given a specific RKHS H(K) it seems to be a challenging problem to deduce
a closed form of its reproducing kernel K. However, as long as we restrict ourselves
to separable RKHSs, it is easy to prove that K is given by

K(xz,y) = Zem(x) em(y), x,y€Q, (2.18)

med

where {e,,: © — R | m € J} denotes an arbitrary orthonormal basis of H(K).
Furthermore we know that every reproducing kernel K is positive definite. That is,
for all n € N and any sequence & = (z,,)1"_; € Q2" the quadratic form

QK;w(gla s 7571) = Z K($i’ xj) 61 5]'7 S = (gm)%:l € Rn» (2'19)

ij=1

1"For the ease of notation (and in contrast to the mentioned references) we restrict ourselves to
spaces over R. Once more the theory can be transferred almost literally to C.
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2 Properties and tools for special problem classes

is a non-negative function of €. In particular,
K(z,z) >0 and K(z,y)=K(y,z) forall z,ye€.

Conversely, Moore showed that every positive definite function K in the above sense
uniquely determines a RKHS H admitting K as its reproducing kernel; see [Aro50)].
Again it turned out to be a hard problem to conclude a suitable representation
of H (and its inner product) for a given function K.

Besides further fascinating properties, we want to focus our attention on
products of kernel functions. To this end, for d € Nlet K® k=1,...,d, denote a
finite number of reproducing kernels defined on the sets Q*) x Q) respectively.
Then we may consider the tensor product

d

d d d
K, = ®K(k): (X Q(k)> X ()( Q(k)) - R, Kylz,y)= HK(k)(ﬂﬁk,yk),
1 k=1 k=1

k=1

where we set = (21,...,24) and y = (y1,...,yq) with 2, yr, € Q¥). On the other
hand, each kernel K induces a uniquely defined RKHS H(K®) which in turn
implies the existence of one (and only one) tensor product space Hy = ®%_, H(K®)
using the arguments presented in Section 2.4. Now it can be checked that H, itself
is a RKHS and its kernel is given by Ky, i.e.

Hy = H(Kq) = Q) H(KW). (2.20)

k=1

The proof of this assertion can be obtained inductively by adding one factor in
every step. Then it remains to show that the resulting quadratic forms (2.19) are
non-negative again which can be done using a classical result due to Schur.

Note that the whole theory works for arbitrary point sets €2 which turned out
to be useful in the context of so-called support vector machines which are instances
of the more general class of kernel methods. However, in IBC special choices
such as Q = Oy = [0,1] (or Q© = R) are of particular interest. For multivariate
problems the standard choice is Q = Q; = Q¢ which perfectly fits to the tensor
product construction explained before. In this respect the univariate kernels K*)
k = 1,...,d, are often taken as weighted instances K,"* of some underlying
kernel K. A prominent example is given by K|“*(x,y) = 1+ 744 min {z,y} which
leads to an anchored Sobolev space JTC} related to the Wiener sheet measure;
see, e.g., [KWWO08, Section 8] or [Weil2b]. Another example of this type will be
discussed in detail within Section 4.1.2.

Finally we mention that the concept of RKHSs was generalized recently to
the class of so-called reproducing kernel Banach spaces (RKBSs). For a brief
introduction to this topic we refer to Zhang and Zhang [Z713].
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2.5 Reproducing kernel Hilbert spaces

2.5.2 Examples: Integration and approximation problems

Let us conclude the presentation with some examples which show that the knowledge
about the existence of a reproducing kernel can be exploited to obtain complexity
assertions for the classical problems of integration and approximation.

Example 2.13 (Worst case error of QMC rules). For d € N suppose H(K,) to be
a RKHS of real-valued functions f defined on some Borel measurable subset €24
of R?. Consider the solution operator of the integration problem

Int]": B(H(Ky) - R, fr—Intdf = f(x) og(x) dAY (),
Qq
where o4 denotes a probability density function on §2;. Let us additionally assume
that the function

ha= | Kai(,®)ea(x) d\(x)

Qq
is well-defined and belongs to (K ). Then it is easy to see that h, is the representer
of the linear functional Intg?, i.e. that Intg' f = (f, ha)g ) < oo for all f € H(Kq).

Since allowing arbitrary linear functionals to approximate the value of the integral
would make the problem trivial we consider cubature rules of the form

An,df = Zazf(m(Z)> ; neE N07
=1

defined by a priori chosen sample points ¥ € €, and some weights a; € R,
i=1,...,n. Due to (2.17) also the linear operator A, 4 possesses a representer in
the space H(K,). Consequently its worst case error can be computed exactly in
terms of the reproducing kernel and the parameters (a;)", and (™)™ ;:

AV (A, g Inti?: B(H(K,)) — R)2

n 2

hd — Zai Kd(,il?(z)) }C(Kd)

=1

= swp |(Intf = A,q) (f)° =
FEBON(Ka)

=)o Ka(®,y) 0a(®) 0a(y) IN*(z, y) — 2 Z / d Kq(z,2") o4(x) ()

+ Z a; a; Kd(m(i),xm) .
ij=1
Choosing special weights a; (such as a; = 1/n), as well as specific sample points )
(e.g. from a so-called integration lattice), we end up with well-studied classes of

cubature rules which are known as quasi-Monte Carlo (QMC) methods and lattice
rules, respectively. The common feature of these integration schemes is that their
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2 Properties and tools for special problem classes

complexity analysis is mainly based on the presented worst case error formula and
thus on the properties of the reproducing kernel K,;. Moreover, the latter expression
for A™°"(A,, 4) plays an important role in discrepancy theory.

Various kinds of integration problems are studied in Novak and WozZniakowski
[NW10]. For the recent state of the art in discrepancy theory and QMC methods
we refer the reader to the monograph of Dick and Pillichshammer [DP10], as well
as to the survey article of Dick, Kuo and Sloan [DKS13] and the references therein.
An introduction to lattice rules can also be found in the textbook of Sloan and

Joe [SJ94]. O

Our second example shows the relation of reproducing kernels and the singular
values for certain approximation operators.

Example 2.14 (Weighted Ly-approximation). For d € N let H(K,) be a separable
and infinite-dimensional RKHS which is compactly embedded into L3?(€2,;). Here
04 again denotes some probability density on €y C R Then we may study the
approximation problem

Appg': B(H(Kq)) = L3*(Q), [~ Appy'f = f, (2.21)

in the worst case setting. Since both source and target space are Hilbert spaces
we can use the theory developed in Section 2.3 to conclude complexity results
with respect to the class A*!. Therefore we need to analyze the eigenvalues of the
compact operator W7* = (Appgd)T Appy?. Using the reproducing property (2.17)
and the symmetry of K we conclude

(W' f) (z) = <(App§d)TApp§df, Kd(-,w)>H(K = (Appg f, Appg! Ka(-, )20 (g

d

= | f@) Ki(@,y) 0a(y) A\ (y)

for all f € H(K,) and any @ € Q4. Hence, W7* takes the form of a weighted integral
operator against the kernel Ky(-, y) and its non-trivial eigenpairs { (A\a,p,.i» Pd,pg.i) | © €
My} can be found by solving integral equations. Formula (2.18) yields that

Ky(@,@) =Y ¢ug,i(x)* < 00

i€My

for every @ € Q; because we know that {¢4,,|i € My} forms an ONB in H(Ky).
Since ¢gp,i € L8(Qq) and [|Ga,i | LS ()]]> = Mgy for all i € My, it easily
follows that

trace W' = > Aagpi = O Nbuoui| L Q) = | Kal, x) 0a(x) dAY(z).

€My i€EMy Qq

(2.22)
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2.5 Reproducing kernel Hilbert spaces

Note that this trace may be finite or infinite depending on the values of K, on the
diagonal {(x,x) |x € Q}. It turns out that an infinite trace implies that there
is, in general, no (non-trivial) relation of the power of A" and A** for the given
approximation problem. In contrast, it is known that for finite traces there exist
close relations of these classes of information operations. In particular, it is possible
to conclude bounds on the rate of convergence for A**¢ out of corresponding bounds
for A2!l. For details we refer to [NW12, Chapter 26].

Finally we note that the finite trace property of W7 immediately implies
Mogi € O(i71), as i — oo. Hence, if we deal with linear information then we
can conclude e¥(n, d; App2?) € O(n~Y/2), n — oo, directly out of an integrability
property of the kernel K. O

In the last example we present a useful relation of reproducing kernels and
average case approximation problems.

Example 2.15 (Average case approximation). For d € N assume gy to be some
probability density function on 4 = [0,1]¢ and let K4: Q4 x Q4 — R denote a
reproducing kernel such that the mapping @ — Ky(x, x) belongs to L{*(Qy). That
is, suppose (2.22) to be finite. Furthermore, let F; denote a separable Banach
space of real-valued functions on €; which is continuously embedded into L3%(£2,)
and for which function evaluations are continuous. We equip F; with a zero-mean
Gaussian measure jiq such that its correlation operator C,,: F; — JF4 applied to
point evaluation functionals L, can be expressed in terms of K :

Kala,y) = La(Cuu ) = | J(@) [w)dpalf) forall zy €

We stress the point that this is always possible for a suitable choice of Fy; and
that our assumptions imply a continuous embedding of the RKHS H(K,) (induced
by K;) into F,. Consequently also Apps*: H(K4) — L3%(£24) is bounded, i.e.
continuous; see (2.21). For details and concrete examples the reader is referred to
[INWO08, Appendix BJ, [NW10, Section 13.2], and [NW12, Section 24.1].

As in the previous example we want to look for good approximations A, 4f
to input functions f in the norm of L*(€);). This time we measure the average
performance of the algorithm A,, ; with respect to p4, i.e. we try to minimize

1/2
Mﬂ&mﬁﬁrw%mw{ W—dewwﬁwm).

Fa

Observe that vy = pg o (id%*) " defines a Caussian measure on the subset id2!(F,)
of L§%(Qy). Now it can be checked that the corresponding covariance operator
C:id3" (Fq) — L5*(Qaq) of the measure vy is given by

f= (COf)() = ) f() Ka(-, y) 0a(y) dA(y).
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2 Properties and tools for special problem classes

This operator is self-adjoint, compact and has a finite trace due to the integrabil-
ity assumption on K, Consequently, there exists a countable set of non-trivial
eigenpairs (Mg o, Nd.0,4) Where the eigenfunctions 7,,,; are mutually orthogo-
nal (and normalized) with respect to the L§?(€,)-norm; see also Hickernell and
Wozniakowski [HW00].

Once more it turns out that the optimal algorithm Ay ; in this setting is given
by the orthogonal projection of the input function onto the subspace spanned by
the eigenfunctions 74,,; which correspond to the n largest eigenvalues Ay ,, ;. In
contrast to the worst case setting the nth minimal average case error is

1/2
e™8(n, d;id% : F; — LL(Qy)) (Z Adgd,> , neNy, deN,

i=n-+1

if we assume a non-increasing ordering of the sequence (Ag,,)2;.'® Based on
the latter error formula it is possible to obtain characterizations of several types
of tractability similar to the assertions given in Section 2.4.3; see, e.g., [NWO0S,
Chapter 6].

We complete the discussion with the observation that the sets of (non-trivial)
eigenpairs (Ag,py.i,Md,eq:) Of the operators C2¢ as defined above and Wj* from
Example 2.14 coincide, since CZ¢ only takes values in H(K,). To be precise, we
note that Ky(z,y) = Ku(y,xz) equals (App;*Ka(-,x))(y) for each fixed x and
A%-almost every y € ;. Hence the chain of equations

(Chif)(x) = f(y)(App K, 2))(y) 0a(y) AN (y) = (f, Appy’ Kal-, ), 200,
= (( App U Ka( ) g,y = (AP f) ()

holds true for every f € id%(F;) C L§%(2;) and Ad-almost all € Q,.'° Clearly
(AppS)T maps into H(K,) per definition. Thus, for every eigenfunction n € id%*(F)
of C%, i.e.

17

An = C2n = (Appj Ny, A-a.e. on Qg, (2.23)

we can find a representer 77 € H(K,) with 77 = 7 in the sense of L3*(€,), such
that the equalities in (2.23) hold pointwise on the whole set €2, and therefore also
in the norm of H(K,). Now it is easy to check that (A,7) indeed is an eigenpair
of W# = (App5")"AppS’, normalized w.r.t. the L§*({24)-norm. Conversely every
eigenpair (A,7) of the operator Wj* obviously fulfills A\ = C27 interpreted
in Lgd<Qd)

In conclusion we see that the knowledge of these eigenpairs implies complexity
assertions for both approximation problems in the respective (quite different)
settings. ([l

18For the ease of notation we moreover assumed here that all the eigenvalues are strictly positive.
190bserve that C2 f € L3*(Qq), i.e. it is uniquely defined on Qg up to a set of measure zero.
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CHAPTER 3

Problems on Hilbert spaces with scaled norms

The present chapter deals with a generalization of tensor product problems S =
(S4)aen between Hilbert spaces in the sense of Section 2.4. We introduce additional
scaling factors s4 to the norm of the source spaces F; and analyze their influence
on the squared singular values Ay, ; of the new problem operators Sy ,. Using the
techniques from Section 2.4.2 we conclude optimal algorithms for these modified
problems at the end of Section 3.1. Afterwards, in Section 3.2, we investigate
tractability properties of this class of problems w.r.t. the worst case setting. Finally
we present some applications of the obtained results in Section 3.3.

3.1 Definitions, eigenpairs and the optimal algorithm

Let H; and §; be arbitrary Hilbert spaces with inner products (-, ), and (-, -)g
respectively. Further assume S; € K(H;,G1) to be a compact linear operator
between these spaces. Following the constructions given in Section 2.4.1 for any
d € N there exist uniquely defined d-fold tensor product spaces of H; and G;. Let
us denote these spaces by Hy = H1 ® ... ® Hy and G5 = G ® ... ® Gy, respectively.
Finally we define S = (5;)4en to be the sequence of multivariate tensor product
operators constructed out of 5.

In contrast to Section 2.4 we now adapt the source spaces of our multivariate
problem by introducing an additional positive sequence of scaling factors s =
(sa)aen- That is, for every d € N we define F; to be Hilbert space H; equipped
with the inner product

1
(g, = — (o, where sa> 0. (3.1)

Obviously F, algebraically coincides with H; whereas the norms (induced by the
respective inner products) are equivalent. Accordingly, the operators Sy are still
well-defined for any d € N when we replace H; by F;. On the other hand the
approximability properties of S crucially depend on the used norms since we need
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to consider the whole unit ball g"d = B(F,;) when dealing with the worst case
setting. So let us denote the modified problem by S5 = (Sas,: Fa — Ga)aen-

From Section 2.3 we know that for the nth optlmal algorithms for S(,) we
need to study the eigenpairs of Wy, = Sq, ISy sq- Although S, ;, equals Sy (as a
mapping) we can not claim that Wy ,, = W, since Sdﬁj does not necessarily coincide
with S,;'. Nevertheless, there exists a strong relation. The following proposition
extends Proposition 2.10 to the case of scaled problems in the mentioned sense.
Keep in mind that the eigenpairs of the univariate (unscaled) operator W; = SUcH
are given by {(Am, en) | m € My}, where My = {m € N|m < v(W;) + 1} and
0 < Ama1 < Ay, for all m < v(Wh).

Proposition 3.1. For d € N the non-trivial eigenpairs of the operator Wy, =
Sd,sdTSd,sd are given by {(Xd,sd,ma $d,sd,m> ‘ m e M, = (Ml)d}, where

d

Xd,sd,m = 8q Xd,m = 84 H Am, and 5d,sd,m = \/S_dad,m NG ® Gy (3.2)

k=1

Proof. Since Sy,f = Saf for every f € F, (or Hy, respectively) we have
<Sd,sdf7 9> = (Saf,9) <f, Sq g> = Sq - <f, SdTg>g*d = <f, (Sd : SdT) g>ffd

for all f € F4 and g € Gq. Thus7 (2.4) and the uniqueness of the adjoint operator®
yield that Sg s, = s4- S, holds pointwise and, consequently, W, ,, equals s;- Wy as
a mapping. Hence, from Proposition 2.10 and the linearity of W; we conclude that
(3.2) indeed are eigenpairs of Wy ,,. Due to the factor \/s4 and the relation (3.1)
the eigenelements gd,s ,,m are properly normalized in JF.

It remains to show that there cannot exist eigenpairs other than (3.2). This
can be seen using arguments similar to them in the second part of the proof of
Proposition 2.10. To this end, note that due to (3.1) the inner product in F, equals
zero if and only if the elements under consideration are orthogonal in H,. |

Proposition 3.1 in hand, the rest of this section is straightforward. Namely,
we can use the bijections ¥ = ¥y from Section 2.4.2 to define the non-increasing
sequences (Ags,.i)ien by

deri = Xd7sd,w(i)a 1 <i<v(W)d+1,
" 0, otherwise,

for every d € N. The corresponding reordered eigenelements are denoted by ¢4 s, i
i < v(W1)%+ 1. Moreover, we again use Corollary 2.7 to see that for any d € N the
nth optimal algorithm for Sy ,, n € Ny, is given by

m1n{n,v(W1 }

n,d,sq * gjd — 9d7 f = Andsd(f) = <f gbdsd, > Sdsdgbdsd,

=1

A

20Note that, clearly, Sy s, is compact if and only if Sy is compact.
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It realizes the nth minimal worst case error in dimension d which equals

" (n, d; Sa,s,) = A(A} 45,5 Sdisa) = V Adsgnti- (3:3)

In particular, the case n = 0, i.e. the initial error

init __ _ d
€d = VAdsa1 =\ 8d AT,

will play an important role in what follows.

3.2 Complexity

Similar to Section 2.4 we proceed with the analysis of the information complexity of
scaled tensor product problems Sy = (Sa.s,)den in the worst case setting. We first
take a look at necessary and sufficient conditions for (strong) polynomial tractability
with respect to absolute errors. Afterwards, in Section 3.2.2, we complete these
assertions and investigate respective conditions for weak tractability and the curse of
dimensionality. Finally we will see in Section 3.2.3 that the obtained improvements
due to scaling are completely ruled out when we turn to the normalized error
criterion.

As usual A = (\;,)men denotes the (extended) sequence of squared singular
values of the underlying operator S;: H; — G;. To avoid triviality we assume
that Ay > 0 throughout the rest of this section. The reason for this assumption is
explicitly stated in Section 2.4.3.

3.2.1 Polynomial tractability

The next statement is originally based on Theorem 3.1 of WozZniakowski [Wo794b]
which provided the underlying idea for [NWO08, Theorem 5.5]. We extend the results
stated there to the case of scaled problems.

Theorem 3.2. Let Si) = (Sas,)aen denote a scaled tensor product problem in
the sense of Section 3.1. Assume Ay > 0 and consider the worst case setting w.r.t.
the absolute error criterion. Then the following assertions are equivalent:

(I) S(s) is strongly polynomially tractable.
(IT) S(s) is polynomially tractable.

(ITT) There exists 7 € (0,00) such that A € £, and supey 54 || £-]]* < 0.

(IV) There exists p € (0,00) such that A € ¢, and limsup,_, sil/d < %1

If one of these (and hence all) conditions applies then the exponent of strong
polynomial tractability is given by

p" = inf{27 | 7 fulfills condition (III)}.
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Proof. Step 1. Since (I) clearly implies (II) we start by proving “(II) = (III)”.
Therefore let S,y be polynomially tractable with the constants C,p > 0 and ¢ > 0.
Then Theorem 2.8 yields that for all o > p/2,

1/e
o

1
0< CQ = ZUN W Z (/\d,sd,i)g < 0.
€ i=[(1+C) 4]

Because of Ay, = sqAa; for any d,i € N due to (3.2), this particularly implies
1/e
that s; (Zﬁ:(HCW /\$n> < O, is finite and hence A = (A, )men € ¢,. Moreover,

we have

oo [(1+C)d9]-1
D (i) = A L)%Y, as well as > ) N+ 0)d,
=1 i=1

and therefore

c, d2a/p
Sd

o
IA6,]127 = X% (1 +C)d? < ( ) for all d e N. (3.4)

Now let 7 > ¢ and assume that (III) is violated for this 7. Then supgey Sq [|A| - ]|°
is infinite since A € ¢, and ¢, — ¢, with ||| 4;|| < |[|A|£,]]. That means, for any
Co € (0,00) there necessarily exists a sequence (di)reny C N such that for every

keN
Co < 54, A ‘ gTHdk = Sdy, IR ‘ g@Hdk /(tQ,T)dka

where we set t,, = |[A[4,| /IX|£-]| > 1. Hence, at least for all k larger than a

certain ko € N, we conclude that Cy < sg, [|A] £,]|* /sz/p. In particular, we can
choose Cy > C, such that 0 < Cy = C,/Cy < 1. Therefore (3.4) implies

IN[ Lol e% = A§% (1 4+ C)dl < CF [N €)™ . k> ko,
which leads to

di
A R A T T T PP
1 _— < il =212 <0y dl?

m=1

for all & > kg and some Cy = (1+C)/(1 — C}) > 0. Since Ay > 0 and ¢ > 0 this is
a contradiction and thus we have condition (III) for every 7 > p/2. Note that this
also shows that

inf{27 | 7 fulfills condition (III)} < p*.
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Step 2. Next we show that (I) follows from (III). Let 7 > 0 be given such
that (III) holds true and set p = ¢ = r = 0, as well as C' = 1. Then, with

f(d) = {C (min {s4 \{, 1})_p/2 dqw =1, we have

1/
R ;
C, =sup - E (Adsysi) =sup sy A ngd < 0.
deN 70 deN

Once more we apply Theorem 2.8 to obtain

(e, d; Sqs,) < (1+CI)e™® forall ¢(0,1] andevery d € N.

abs

Thus S(,) is strongly polynomially tractable and
p* <inf {27 |7 fulfills condition (III)}.

Step 3. The implication “(III) = (IV)” can be seen as follows. Assume (III)
to be valid for some 0 < 7 < 0o and set 9 = 7. Then, clearly, A € ¢,. If we now

assume (IV) to be violated then for any 6 > 0 there needs to exist a sequence
(di)ken C N such that for all &

sl > 1/(\ +9).

Hence, sq, [|A] 6" > (A 6:]] /(A +6))™ tends to infinity (as k — oo) if we
take ¢ small enough so that A\; + ¢ < ||A| ¢, ||. Since 7 € (0, 00) and

A < (AT MDY <IN 4] < oo

there needs to be some a, € (0,00) such that [|A|4,|| = A1 + a,. Choosing e.g.
d = /2 gives the needed contradiction.

Step 4. Finally we have to show that conversely (IV) also implies (IIT). Therefore
assume that we have (IV) for some g € (0, 00). Then there exist constants dy € N
and 0 > 0 such that

sé/dgl/()\1+5) for all d > dp.

Furthermore note that the function N(7) = ||\|¢,] is strictly decreasing and
continuous on the interval [p, 00| and that N(g) > A\ = N(o0) because of the
ordering of A = (A, )men. Hence there necessarily exists some 7 € [p, 00) such that
N(1) < A\ 4+ 6/2, say. Thus, A € £, and for every d > dy we obtain

A +6/2\¢
A< (B2 <1
salla el < (352 <
Since the term on the left is also finite for any d = 1,...,dy this completes the
proof. |
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3 Problems on Hilbert spaces with scaled norms

Observe that Theorem 3.2 is not very surprising. Indeed, the second assertion
in condition (IV) is equivalent to the fact that the dth root of the initial error gt
is asymptotically strictly less than 1. Hence if S;: H; — G; (and thus also the
sequence \) is given then we need to select scaling factors s; such that et — 0,
d — 00, in order to obtain polynomial tractability. More advanced illustrations

will be given in Section 3.3.

3.2.2 Weak tractability and the curse

To formulate necessary and sufficient conditions for weak tractability w.r.t. the
worst case setting and the absolute error criterion we need some additional notation.
Therefore let Si) = (Sa,s,)den denote a scaled tensor product problem between
Hilbert spaces as explained in Section 3.1 and assume Ay > 0. Then for fixed d € N

and 0 < € < it = 33/ A2 formula (3.3) implies
n(e,d) =min{n € No | Ags,nt1 <2} =#{J €N |sg- A - ..o Ny, > €2}
A, Y e \?
=#{jeN | . T . 35

By counting the number of indices equal to one we conclude that

sd—1+z<) { = (j1, .- Gw) € (N\ {1})F le_J (t>2}

Now we distinguish two cases. First assume that A\; = Ay. Then, obviously, each
the sets in the latter equality contains at least one element. Otherwise, in the
case A1 > Ao, some of these k-dimensional sets might be empty if £ is larger than
some kg(€). The reason is that Ay > Ay > A, for m > 2 implies that every factor in
Hle Aj, /A1 is strictly smaller than 1. In detail, (6/5”’“) > (Ag/A\1)" is equivalent
to

k> ko) = [W (& fe) ] -

Hence, denoting ay(e) = min {d, k4(¢)} we have
k

n(e, d) —1+Z ( ) {g e (N\ {1})* Hi\\_]l > (gi;t)Z} (3.6)

fordeNand 0 <e < 81““ If \{ = A9 then the same equality remains true when
we formally set kq(e) = 00, i.e. a4(e) = d. Moreover, for d € N we have a4(¢) = 0 if
and only if ¢ > (Ay/A)"? it If so, then we obtain n(e,d) = 1 as long as & < g™t
and n(e,d) = 0 otherwise.
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3.2 Complexity

Finally the following statement relates the decay properties of the univariate
sequence of the squared singular values A with the growth behavior of the infor-

wor

mation complexity n(e,d) = n¥%(e,d; Sas,). It generalizes an assertion given in
Novak and Wozniakowski [NW08, p. 178].

Lemma 3.3. Let S(5) and A = (\,)men be given as before. Then, for all 3 > 1,
A €o(In* n), asn— oo, ifandonlyif Inn(t’,1)€o(1/t), ast — 0.

Proof. Assume 8 > 1 to be fixed and let t € (0, (s;\2)/?#). Then (3.5) yields
that for d =1

n:n(tﬂ,l):min{nENo‘sl-/\nH §t26} > 2.

Thus we have s; - A\y51)41 < 26 < 5 - Apes,1) and % n > 1/45 . lnw(n +1).
Combining both these estimates we conclude

51 )‘n(tﬁ,l)-i-l < (lnn(tﬁ, 1))% < 81 —)\n(tﬁ’l)
48 M Bnes 1) +1) -\t PP s 1)

Since the one-dimensional information complexity n(e, 1) is an increasing function
in 1/e taking the limit for ¢ — 0 proves the claim. |

Now we are well-prepared to present necessary conditions for weak tractability
based on the representation of the information complexity given in (3.6).

Proposition 3.4. Weak tractability of S,y implies

In Y04 ()

Inn (et g /it 1)

li —= =0 d li =0. (3.7
z—:—liﬁdnﬂoo el +d o 6—1J1rrdnﬁoo el +d ( )
If so, then \, € o(In"?n), as n — oco. Furthermore, we have

In(ef) € o(d), as d— oo, (3.8)

since otherwise S, suffers from the curse of dimensionality. If, in addition, Ay = Ay
init

then we need to claim limg_, e;** = 0 to avoid the curse. Moreover, in this case
weak tractability even yields

et c o(1/d), as d— . (3.9)

Proof. Step 1. We start by proving the necessity of the first limit condition in (3.7)
and study its consequences. To this end, recall that due to the definition of ay(e)
we know that all the sets in (3.6) contain at least one element. Consequently, for
general \; > X\, we have

aq(€) aq(€)
d d init
n(e,d) > 1+ E (k) = E (k‘) for deN and 0<e<el™  (3.10)

k=1
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3 Problems on Hilbert spaces with scaled norms

Now assume the existence of some subsequence (d;);eny C N such that the initial er-
ror eii“‘t grows at least exponentially in d; for [ tending to infinity. That is, we assume
the condition (3.8) to be violated. Moreover, consider ¢ = ¢, € (0, 1][1f{<€”“t [ € N})
to be fixed. Then for any [ € N and some « € (0,1/2) the term ag,(g¢) is bounded
from below by |ad;]. Accordingly, (3.10) implies n(eop, d;) > (Ladclllj) for all [ € N.
Using similar calculations as in [NW08, p. 178] we see that this lower bound
grows exponentially in d;. This proves the curse of dimensionality for the scaled
problem S, and thus it contradicts weak tractability.

If we assume in addition that A\; = Xy then, as already noticed, aq(¢) equals d
because of kg() = co. Thus we obtain 3¢ (¢) = 24 in this case. Therefore the
existence of a sequence (d;);en such that 5”1“ is larger than some C' > 0 for all [ € N
would again imply the curse of dlmenswnahty since then we could fix € = g9 = C/2,
say. Moreover a4(¢) = d shows that the first part of (3.7) equivalently reads

li d
1m
e~ltd—oo €71 +d

— 0. (3.11)

Observe that in any case the term d/(™! + d) is equivalent to the minimum of 1
and €d (up to some absolute constants). Hence, (3.11) holds true if and only if

Iim ed=0

e~ 14d—oo

which in turn is equivalent to e* € o(1/d) for d — oo. To see this last equivalence,
remember that due to Section 1.4 the domain of the sequences ((eg, di))ren for the
limit e~! + d — oo is restricted per definition to those for which g, < z—:‘mt.

Step 2. We turn to the proof of the second point in (3.7). Again we dlstinguish
the cases A\ = Ay and A\; > \y. For the latter case keep in mind that a4(e) > 1 if

and only if & < (), /\)/2. If so, then (3.6) shows that

2
n(5>d) > 1+ (611) #{] > 2 %> (gfut) }
1 d

=1+d- #{j > 2‘51)\ > ( init /€1n1t) } > n( init €/€1n1t 1)

On the other hand, if € € [e%(Xy/A;)/2, elit) then n(el - £/, 1) is no larger
than n(eMt(\y/ )\1)1/ 2.1) which is an absolute, positive constant. Thus, as claimed
in (3.7), we conclude

< Inn (it . g /enit) 1) < max lnn(e,al)7 Inn (e (Ay/A1)12,1)
el+d el +d el +d

} —0 (3.12)

for e7! 4 d tending to infinity in the above sense. In the case \; = Ay we have
aq(e) = d which is trivially bounded from below by 1 for any ¢ € (0,7). The
assertion now follows using the same arguments as in the first part of the previous
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3.2 Complexity

case. To complete the proof it finally remains to show that A, € o(hrf2 n), as
n — oo. Let us consider the case d = di, = 1 in (3.12). Then we obtain

< Inn(e, 1)

1 init init 1
<2 nn(e™ /el )—>O, as & ' — o0.
g1 et+1

In other words, weak tractability yields Inn(e, 1) € o(e') which is equivalent to
the claimed assertion due to Lemma 3.3. [ |

Let us add some comments on the latter necessary conditions.

Remark 3.5. First of all note that from (3.7) we concluded (3.8) which is equivalent

to the fact that limsup,_, 3}/ 4 <1/A;. Aside from that (3.7) also implies another
condition which we will need later on; namely

Inn (glf“t (5/8“”) 1/2 , 1>
lim

=0.
e~ l4+d—oo el 4+d

Conclusively we stress that the second point of (3.7) already indicates a certain
trade-off between the decay of the sequence (A,)nen and the growth of the initial
error et Indeed, if (\,)nen decreases almost logarithmically then n(t, 1) increases
subexponentially as ¢ tends to zero. Consequently (3.7) can be fulfilled only if et
is polynomially bounded in d. On the other hand, if the (squares of the) singular
values tend to zero like the inverse of some polynomial, say, then n(¢,1) grows
polynomially in 1/t and hence it is enough to assume that the initial error is
subexponentially bounded in d to fulfill (3.7). O

We complement the necessary conditions in Proposition 3.4 by the follow-
ing sufficient conditions for weak tractability of scaled tensor product problems
S(s) = (Sa,s,)den- For the proof we essentially follow the arguments of Papageor-
giou and Petras [PP09] for the unscaled case which are based on estimates from
Wozniakowski [Woz94b].

Proposition 3.6. Let S(,) and aq(e) be defined as before and assume that Ay > 0.
If the condition (3.7) from Proposition 3.4 holds true and if we have

a (5) nn( et . 6/51111'5 1/2 .1
lim ’ ( o ) )

=0 3.13
e~ l4d—o0 el +d ( )

then S(,) is weakly tractable.

Proof. Given d € N and ¢ € (0, (Aa/\ )1/2 eMit) consider the representation (3.6)
and keep in mind that for larger  the information complexity n(e,d) is trivially
bounded by 1 because then aq(¢) = 0. For every k € {1,...,aq(¢)} we have

k

) -\ 2 o aq(e) 2
| | 1 — < . Nad € | | J
)\1 > (gbmt ) — # J € P /\ ( init )

=1

4 {j e (N\ {1})*
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3 Problems on Hilbert spaces with scaled norms

since A;,/A1 < 1 for all m € N. Hence we concentrate on all the multi-indices
J = (J1,- -, Jag()) that fulfill

s () 319

=1

Clearly the largest possible index jr(&a)m which can appear in those j € N%(®) g

bounded because the sequence (\,)nen tends to zero as n — oo. Indeed, using the
arguments given in [PP09] we conclude that

2
£ g
init init
S1Ant1 < (51 m) (51 Elnit’l)'
d d

More generally, in [PP09] it was noticed that, using the same reasoning, we can
bound the ith largest index jr(ﬁzlx in (3.14) by

]gz‘x < TL< init (6/81111‘5)1/7'7 ) .
We use this estimate for ¢ = 1 and 2 to conclude the upper bound
. aq(e)—1
ad(ﬁ) . ( init 5/5mlt 1) (611111‘5 (5 gilmt)l/2,1) d

for # {j € N%©) | j fulfills (3.14)}. Note that due to & < i both the univariate
complexities in the latter bound need to be at least 1. Therefore we can extend the

jmax

(1) Smin{nGNo

estimate by adding an additional factor n(ellmt (/elt) 12 : 1) and replacing aq(¢)

by d. In summary we have

ar(e)  2ale)
n(e,d) < d-n(e™ /e, 1) - (511““ (e 52““)1/2 , 1) “ Z (Z) (3.15)

k=0

for each d € N and all & € (0, (Aa/A;) "/ enit) Because of n(e,d) = 1 if £ belongs

to [(Ag/A1)"/? et nit) the estimate (3.15) remains valid for every e € (0, ™).
Proceeding as in [PP09] we take the logarithm and divide by e~ + d to conclude

Inn(e,d) < In(d)  Inf[n (e - /et 1)]

el+d —el4+d el 4+d
X init init 1/2 >:| aq(e
. aq(e) ln[ (51 - (g/elit) 1 ) a(e) ()
el+d el +d

For weak tractability it suffices to show that each of these fractions tends to zero
as e~ + d approaches infinity. Obviously, for the first one this is true without any
further conditions. For the second and fourth fraction the assertion follows from (3.7).
Finally the third fraction tends to zero due to the additional condition (3.13) we
imposed for this proposition. |
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3.2 Complexity

To illustrate the obtained results the following theorem considers several cases
for the behavior of the initial error et
Theorem 3.7. Let S(,) = (Sa.s,)aen denote a scaled tensor product problem in
the sense of Section 3.1. Assume that Ay > 0 and consider the worst case setting
w.r.t. the absolute error criterion.

e Let In(el") ¢ o(d), as d — oo.
Then S(,) suffers from the curse of dimensionality.

o Let e € ©(d*), as d — oo, for some a > 0.
— If Ay = X then S, suffers from the curse of dimensionality.

— In the case A\; > A; the problem Sy is weakly tractable if and only if

An € 0<1n_2(1+°‘) n) , as n — 00. (3.16)

e Let e — 0, as d approaches infinity.
Then we never have the curse of dimensionality. Moreover, S is weakly
tractable if and only if

i) Mt =X and A\, € o(In"?n), as n — oo, and e € o(1/d), as d — o0,
d
or

(il) Ay > Ay and N\, € o(ln_2 n), as n — 0o.

Proof. Step 1. In this first step we handle the assertions concerning the curse of
dimensionality. From the proof of Proposition 3.4 we know that S, suffers from
the curse if either In(e*) ¢ o(d), or if A\; = Ay and limy_,., 7 £ 0. Of course the
latter condition is fulfilled particularly if the initial error grows polynomially with
the dimension d, i.e. if e € ©(d®) for some o > 0. Furthermore the fact that we
cannot have the curse of dimensionality as long as € tends to zero is clear from
the definition.

Step 2. Next we show that weak tractability implies (3.16). Therefore we note
that et € ©(d*) implies the existence of some ¢ > 0 such that we have et > ¢ d“
for all d € N. Moreover we see that there is some dy € N such that 1/c < d'* for
every d larger than dy. Setting ¢ = 1/d now yields

€ 1 1

6idnit = dite

<1 forall d>dy

and e ™' +d = 2d — oo, as d — oo. Hence, the sequence ((1/d, d))g>q, is admissible
for the second limit condition of (3.7) in Proposition 3.4. On the other hand, we
have

Inn(ePit. /it 1)

/ 14+«
st mn((@/a))
e

GO

!
>
-2
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3 Problems on Hilbert spaces with scaled norms

where we set ¢/ = (1/c)"/(17®) Thus weak tractability implies Inn(t'**,1) € o (1/t)
for t — 0. Now the assertion follows from Lemma 3.3.

Step 3. For the case of polynomial initial errors it remains to prove the converse
implication, namely that (3.16) is also sufficient for weak tractability provided that
A1 > Ag. To this end, we first show that for all d € N, every ¢ € (0,&") and for
some C' > 0,

efitfe < C - (e 4 d)te (3.17)

To see this, we notice that e € ©(d*) implies the existence of some C' > 0
such that Mt < C'd* for all d € N. If & = 0 then (3.17) is obvious. For the case
a > 0 we apply Young’s inequality?’ and obtain et/ < C'(d't® + (71)1).
Now the inequality (3.17) follows from the relation ||| {11a| < || [ 41]], @ > 0, for
(two-dimensional) sequence spaces.

We want to conclude weak tractability from Proposition 3.6. Hence we have to
check the limit conditions stated in (3.7) and (3.13). In what follows we abbreviate
the notation and set

t=t(e,d) ="' +d.

Given (3.17), as well as the definition of a4(¢) in front of formula (3.6), it is easy
to see that

aq(e) € O(In(t)), as t — oo.

In particular, we have aq4(e) < [ |t] /2], if ¢ is sufficiently large. Moreover note that
d < t implies (Z) < (LZJ) for all k € {0,1,...,a4(e)} such that (aité)) is an upper

bound for each of those binomial coefficients (Z) Consequently,

ln§? (Z) < 1n((ad—|— 1)- (aité))) < In(2aq(e) (e [t]))

) <In2+1In(aq(e)) + aq(e) - (1 + In(t))
€ O(In?(t)) C o(t),

for t — oo. In other words, the first part of condition (3.7) is fulfilled. Also the
second limit condition in (3.7) can be shown easily using (3.17). Indeed, due
to the assumption in (3.16) (or its equivalent reformulation due to Lemma 3.3,
respectively) we conclude that

Inn(eft - g/emit 1) < Inn(eMt C (et 4+ d)~F) 1) 1 Inn((C'/t)F,1)

e+ d = e +d Co (O

21Recall that Young’s inequality states that a,b > 0 and p,q > 1 with % + % = 1 yields that
ab < %ap + %bq. We use this assertion for a =d* b=ctand p=1+1/a, ¢ =1+ a.
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tends to zero as €' + d (and therefore also ¢/C") approaches infinity. Finally,

C” (1+O¢)/2
ad(8)~lnn( init (5/gmlt)1/2 ) <ad( ).lnn<<€_1+d> ,1

€ O(Int) - O(t/?) C oft)

for t = 7! +d tending to infinity. Hence we have shown (3.13). Now the application
of Proposition 3.6 completes the proof for the case of polynomial initial errors.

Step 4. In this last step we consider the case of initial errors which tend to zero
for d tending to infinity. We already know from Proposition 3.4 that A, € o(In"?n),
n — oo, (or equivalently Inn(t,1) € o(1/t), as t — 0) is necessary for weak
tractability, independent of the relation of the two largest (squares of the) singular
values \; and )y to each other. Moreover Proposition 3.4 states that e € o(1/d),
d — 00, is a necessary condition when we assume A\; = Ag, in addition. It remains to
show that these conditions are also sufficient for weak tractability in the particular
situations.

If Ay > Xy then we can exactly follow the lines of Step 3 with a = 0 in order
to conclude the assertion. Hence we are left with the case Ay = Ay. Similar to the
previous step we want to apply Proposition 3.6 and thus we need to check the
conditions in (3.7) and (3.13). Setting

d

=uled) ==y

(3.18)

we note that (due to (3.11) in the proof of Proposition 3.4) u tends to zero if
~1+d — oo. This follows from 2 € o(1/d), as d — o0, and, on the other hand, it

1mphes the first condition in (3.7) because Y%, © ( ) equals 2¢. Since, in particular,
gt < C for some C' > 0, we have C' = C'/ 511““ > 0 and thus we obtain

init init init . (1 -1
Inn(e™ - e/ef* 1) < Inn(e™/C-€,1) < Inn((C"- (et +d))~", 1)

et +d - el+d - ¢’ (et +d)

— 0,

as e +d — oo due to Inn(t,1) € o(1/t), t — 0. In other words, we have shown
the second condition in (3.7). To see that also (3.13) holds true we once more use
et € 0(1/d) C O(1/d) as well as Young’s inequality to conclude

ini 1/2 1/2 -1
< L = < —.
( € ) =G d d € -2 d

with some C; > 0. Hence, using (3.18) we have £t- (¢ /et)1/2 > Oy 4 and therefore

d-1 init init\1/2 1 1
nn(e” - (€/eq™) ) (Cyu) -Inn(Cou,1) =0 ifet +d— oo,

g1 +d B CQ
because then Cyu = Cyu(e, d) tends to zero. Since ag4(e) = d this yields (3.13) and
we are allowed to conclude weak tractability from Proposition 3.6. |
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Before we turn to normalized errors we want to stress the point that Theorem 3.7
contains at least two surprising results. At first, we can have weak tractability
even if the initial error of S, grows with increasing dimension. Hence, although
the performance of the zero algorithm gets steadily worse for d — oo we are not
necessarily faced with the curse of dimensionality. In contrast, remember that we
need decreasing initial errors in order to conclude polynomial tractability. Secondly,
it seems to be quite surprising that also in the case \; = Ay we can break the curse
by imposing only moderate additional conditions on the scaling sequence s. Indeed,
it is enough to guarantee that e = /s;\¢ € o(1/d) for d — oco.

3.2.3 Normalized errors

We complete our studies of the complexity of scaled problems S5y = (Sg,s,)aen by
investigating tractability properties with respect to the normalized error criterion.
This can be done by analyzing the information complexity of a related problem
w.r.t. absolute errors.

Let A = (Ay)nen and s = (Sg)aen be fixed and define a tensor product problem
T = (Ty: Hqy — S4) gy out of the building blocks 77 = (1/4/A1 S1): Hi — Gy as
described in the proof of Theorem 2.12. Then the extended sequence of squared
singular values of Ty, based on the univariate sequence gt = (ftm)meny = (Am/A1)mens

reads
)\d,i> ( )\d,sd,i ) ( )\d,sd,i )
d,1,i)ieN = (Udi)ieN = =\ 7 = ini .
(ao)ierw = (paien ()‘d,l ieN SaAd1 ) jen (ed™)? iEN

Here the second subscript in p4;,; indicates that 1" can be seen as a trivially scaled
tensor product problem. Furthermore, e = y/s;\¢ denotes the initial error
of Sgs,. Thus, from (3.5) applied to 7" and S(,) we conclude

neer(e,d; Ty) = min {n e Ny ‘ M 1nt1 < 82} (3.19)

abs
= min {n e Ny ‘ Asynt1 < (- €idnit)2} =nypi(e - eidnit, d; Sas,)-

By definition this also equals n) (e,d; Sqs,), i-e. the information complexity

of Sqs, w.r.t. to the normalized error criterion. This relation in hand, we can use
our results from the previous subsections to prove the following assertion.

Theorem 3.8. Let S(;) = (Sas,)den denote a scaled tensor product problem in
the sense of Section 3.1. Assume Ay > 0 and consider the worst case setting w.r.t.
the normalized error criterion.

e Let A\ = Ay. Then S, suffers from the curse of dimensionality.

e Let Ay > Ay. Then S(, is not polynomially tractable. Moreover, in this
case Ss) is weakly tractable if and only if A, € o(In"*n), as n — oo.
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Proof. Note that for all d € N the initial error of T, is 1 since pq, as well as the
scaling parameters, equal 1. Thus, obviously, condition (IV) in Theorem 3.2 is
violated and therefore T is polynomially intractable w.r.t. to the absolute error
criterion. Moreover, the second point of Theorem 3.7 with o = 0 shows that T’
suffers from the curse of dimensionality if uy = po. Otherwise, i.e. if py > po, the
problem 7' is weakly tractable if and only if pu, € o(In"*n), as n — oco. Since
we set fy, = Am/A1, m € N all these conditions on p = (p,)men are fulfilled if
and only if the corresponding assertions holds true for the sequence A = (A,)men-
Equation (3.19) finally shows that every complexity assertion for 7" w.r.t. absolute
errors is equivalent to the corresponding statement for S¢,) and the normalized
error criterion. This simple observation completes the proof. |

In conclusion the scaling sequence s = (s4)4eny does not have any influence on
the complexity of Sy, as long as we consider normalized errors. So the advantages
of scaling are completely ruled out in this setting.

3.3 Examples

In this last part of Chapter 3 we briefly discuss two applications of the com-
plexity results obtained in the previous section. We start by proving that our
assertions reproduce the known facts for unscaled tensor product problems studied
in Theorem 2.11 and Theorem 2.12.

Example 3.9 (Unscaled problems). Let Si) = (S4.s,)den denote a tensor product
problem between Hilbert spaces in the sense of Section 3.1 where all the scaling
factors s4 equal 1. As usual we assume Ay > 0 and consider the worst case setting.
Then for every d € N the operators Sy s, coincide with Sy as defined in Section 2.4.1.
Since we already saw that for the normalized error criterion the conditions stated in
Theorem 3.8 exactly match the assertions of Theorem 2.12, it remains to consider
the absolute error criterion. Here et is given by A2 Hence there are three
scenarios for the behavior of the initial error depending on the largest squared
singular value A\; of the underlying operator 5;.

From Theorem 3.2 we know that strong polynomial tractability and polynomial
tractability are equivalent; see (I) and (II), respectively. Moreover, condition (IV)
shows that this holds if and only if Ay < 1 and A = (A\,)men € ¢, for some
7 € (0,00). In this case the exponent of strong polynomial tractability is given by

o 1/7
su )\de<oo}:inf 27 A )T <1
sup A (Z( ) ) <

m=1

p* = inf {27‘

In turn, A; > 1 yields polynomial intractability. More precisely, if A\; > 1 then
the initial error grows exponentially in d and S = S(,) suffers from the curse of
dimensionality due to the first point of Theorem 3.7. Setting o« = 0 the second point
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3 Problems on Hilbert spaces with scaled norms

of the latter theorem describes the case of constant initial errors which corresponds
to the case \; = 1 in the unscaled situation. In detail, if Ay = A; = 1 then we are
faced with the curse again. In contrast, if Ao < 1 then we have weak tractability if
and only if

A €o(In?n), as n — oo. (3.20)

Finally the initial error tends to zero exponentially fast if \; < 1. The last point of
Theorem 3.7 thus shows that in this case the curse of dimensionality is not possible
and that (3.20) is necessary and sufficient for weak tractability.

Altogether these results exactly match the conditions stated in Theorem 2.11.
Hence, scaled tensor product problems indeed yield a generalization. O

So let us turn to a more advanced application. To this end, recall the definition
of Sis,: Fa — Ga in Section 3.1. There we constructed the source spaces JFy by
scaling the norm in the tensor product space Hy = H; ® ... ® H;. Alternatively
we can think of F; as the successively taken tensor product of some building
blocks H®) k =1,...,d, in the sense of Section 2.4.1, where we define H® to be
the univariate space H; scaled by some factor s*) > 0. That is, let

1
<'7 '>H(k) = m <'7 '>H1 )

Then the scaling factor s; in dimension d is given by HZ:1 s} > 0. The following
example illustrates how the behavior of the generator sequence (s%)en effects the
complexity of S).

Example 3.10. Because scaling has no influence on assertions for normalized
errors we restrict ourselves to the absolute error criterion in what follows. For
simplicity we further assume that A\; > Ay > 0 and that the generator sequence is
non-increasing, i.e.

s> > >0 > >0 keN.

Then Theorem 3.2 states that S, is strongly polynomially tractable if and only if
the geometric mean of the first d elements s*) is asymptotically strictly smaller
than 1/\;, provided that A € ¢, for some 7 > 0. This holds iff at most finitely many
of these generators are bounded from below by 1/A;. Moreover, from Remark 3.5
we know that we need

d 1/d
1
lim sup slli/d = lim sup H s < —
d—o0 d—o0 kel )\1

in order to obtain weak tractability. Therefore let the generators be given by

1
s = = . (1+68), keN,
A1

20



3.3 Examples

with a non-increasing null sequence (0x)ren and note that then some elementary
calculations yield

d d
. 1
exp (g . E 5k> < e <exp (5 . E (5k> ; d e N,

k=1 k=1

where ¢ = In(1+6;)/d; < 1. Furthermore this observation shows that et € ©(d%),
as d — oo, for some o > 0 implies that

1
b= g ez 1]
Conversely, from the existence of L it follows that for any § > 0 there is some
dy = dp(9) such that
gt ¢ [d™,d**] for all d > do,

where ay = ¢+ L/2 — 6 and o = L/2 + 6. Hence, if L is sufficiently small then
the initial error £ behaves like a polynomial of small degree and thus a quite
slow decay of the sequence (\,),en is enough to conclude weak tractability using
Theorem 3.7. O
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CHAPTER 4

Problems on function spaces with weighted norms

In [NWO09] it is shown that the approximation problem defined on C*°([0, 1]%) is
intractable. In fact, Novak and Wozniakowski considered the linear space F,; of all
real-valued infinitely differentiable functions f defined on the unit cube [0, 1]¢ in d
dimensions for which the norm

1f | Fall = sup |[D*f|Loo([0,1])]] (4.1)

aeNg‘

of f € F, is finite. In this case the (uniform) approximation problem is given by
the sequence of solution operators S = (Sg)aen,

Sy =1idg: Fy = Lo([0,1]%), fide(f)=f, deN, (4.2)

defined on the unit ball ﬁd = B(F},) of F;. The authors studied this problem in the
worst case setting using algorithms from the classes A" and A" as defined
in Section 1.3.

The initial error of this problem is given by &t = e"r(0, d;idy) = 1, the
norm of the embedding Fj; — L, since Ay 4 = 0 is a valid choice of an algorithm
which does not use any information of f; see Proposition 2.4. This means that the
problem is well-scaled such that there is no difference in studying the absolute or
the normalized error criterion.

Now [NWO09, Theorem 1] yields that the nth minimal worst case error of
Loo-approximation defined on Fy satisfies

eV (n,d;idg) =1 forall n=0,1,...,2%2 1 (4.3)

Therefore, for all d € N and every € € (0, 1), the information complexity is bounded
from below by

" (e, d;idg) > 2192,

Hence the problem suffers from the curse of dimensionality; in particular it is
intractable. One possibility to avoid this exponential dependence on d, i.e. to break
the curse, is to shrink the function space F,; by introducing weights.
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4 Problems on function spaces with weighted norms

In the present chapter we follow this idea. We show that turning to spaces
equipped with product weights can dramatically improve the tractability behavior
of certain problems such as uniform approximation. In Section 4.1 we formally
introduce the concept of weighted spaces by considering the examples of weighted
Banach spaces of smooth functions and of weighted reproducing kernel Hilbert
spaces. Uniform approximation in the latter class of spaces then is studied in
Section 4.2. Afterwards, in Section 4.3, we show how to use the obtained upper
error bounds for the L.-approximation problem defined on scales of smooth
functions. Moreover we prove corresponding lower bounds on the information
complexity which enable us to give necessary and sufficient conditions for several
kinds of tractabilities in terms of the used weights. Most of the results stated in
this chapter are published in the article [Weil2b].

4.1 The concept of weighted spaces

The idea to introduce weights directly into the norm of the function space appeared
for the first time in a paper of Sloan and WoZniakowski in 1998; see [SWO98].
They studied the integration problem defined over some Sobolev Hilbert space,
equipped with so-called product weights, to explain the overwhelming success of
QMC integration rules. Thenceforth weighted problems attracted a lot of attention.

For example it turned out that tractability of approximation of linear compact
operators between Hilbert spaces can be fully characterized in terms of the weights
and the singular values of the operators if we use information operations from the
class A, The proof of this kind of assertions is once again based on the singular
value decomposition; see Section 2.3. One such result is given in Section 4.4 below.

But first let us illustrate the concept of weighted spaces by modifying the
space F; we introduced before.

4.1.1 Weighted Banach spaces of smooth functions
A closer look at the norm given in (4.1) yields that for f € B(Fy) we have

|D*f|Loo([0,1])|| €1 forall a€Ng. (4.4)

Hence every derivative is equally important. In order to shrink the space, for
each a € N we replace the right-hand side of inequality (4.4) by a non-negative
weight v,. For a with || = 1 this means that we control the importance of every
single variable. So, the norm in the weighted space F) is now given by

1 (04
If|EJ|l = sup — || D*f | Lo ([0, 1]%)
aceNp 'Ya

, (4.5)

where we demand D f to be equal to zero if 7, = 0. It is clear from the construction
that we indeed shrink the space if all vy, are chosen strictly less than one.
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4.1 The concept of weighted spaces

Since this approach is quite general we restrict ourselves to so-called product
weights (with uniformly bounded generators) in what follows. Thus we assume that
for every d € N there exists an ordered and uniformly bounded sequence

Cy > Y1 = Va2 > - = Yaa = 0.
Then for d € N the product weight sequence v = (”Va)aeNg is given by

d
Yo = H (a5)", €N (4.6)

j=1

Note that the dependence of x; on f is now controlled by the so-called generator
weight 74 ;. Since 74 = 0 for some j € {1,...,d} implies that f does not depend
on xj,...,rqy we assume that 44 > 0 in the rest of this chapter. Moreover observe
that the ordering of 74 ; is without loss of generality. Later on we will see that
tractability of our problem will only depend on summability properties of the
generator weights.

Among other things, we show in Section 4.3.3 that for the L..-approximation
problem defined on the Banach spaces F] with the norm given above and generator
weights v4; =79 € © (j7°) we have

e intractability for § =0,
e weak tractability but no polynomial tractability for 0 < 8 < 1,
e strong polynomial tractability if 1 < 5.

Furthermore, we prove that for § = 1 the problem is not strongly polynomially
tractable.

4.1.2 Weighted Hilbert spaces and weighted RKHS

Let us briefly discuss the idea of weighted norms in the case of Hilbert (function)
spaces, before we turn to weighted RKHSs. Our approach is based on a general-
ization of the so-called ANOVA?? decomposition of d-variate functions f, where d
is an arbitrary large integer. For the ease of presentation we follow the lines of
[NWO08, Section 5.3.1]. Thus, we focus our attention on Hilbert function spaces
constructed out of tensor products and equipped with some assumptions that
can be significantly relaxed. For further information on more general settings the
interested reader is referred to [KSWW10b] and the references therein.

Given a d-fold tensor product space H; = Hy ® ... ® Hy, d € N, as well as an
orthonormal basis {e; |i € N} of the underlying univariate Hilbert space*® H; that

22analysis of variance.

23We assume H; to be separable and infinite-dimensional to keep the notation as short as possible.
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4 Problems on function spaces with weighted norms

contains the constant function e; = 1, it is easy to see that every f € H,; can be
represented as

f: Z fu‘
}

uC{l,....d

In this decomposition the (formally d-variate) functions f, solely depend on the
variables z; with index j € u. The main advantage of this kind of representation
is that for fixed f the collection of all f,, u C {1,...,d}, can be taken mutually
orthogonal w.r.t. the inner product (:,-), in Hy. Therefore the norm of f € H,
can be expressed by

IFILH? = > fl P = ) [l fu

ug{lvvd} ug{lvyd}

2
Hy ||,

where f,1 equals f, interpreted as an element of the |u|-fold tensor product
space Hy, of the closed subspace

H{ = {h € Hy| (h,e1),, =0} C Hy

with itself. That is, in the unweighted situation the contribution of each f, to the
norm of f € H, is the same.

Now suppose that we have some additional, a priori knowledge about the
importance of some (groups of) variables in dimension d. This can be modeled
by assigning positive®* weights 74, to each of the 2¢ subsets u of {1,...,d}. We
denote the collection of these weights by v(gy = {7vau|u € {1,...,d}}. Then it can
be verified that

<f7 g>7(d) = Z ! <fu:gu>Hd = Z ! <fu,1agu,1>H‘u‘ (47)

WC{Ldy WC{Ldy

defines an inner product on the tensor product space H; which implies an equivalent
norm depending on 7(4). The Hilbert space Hy endowed with this new inner product
will be denoted by Hg(d>. At this point we need to stress the fact that for general
weights ) these spaces are no longer tensor product spaces, although their
construction is based on Hy = H, ® ... ® H; and H},, respectively. To overcome
this problem we restrict ourselves to the case of product weights in the following.
Thus we assume

Vdu = H%l,k (4.8)

keu

for some positive y4x, k = 1,...,d, and every u C {1,...,d}. Then it can be
checked that indeed Hz(d) is again a tensor product space. For the study of other

24 Also zero weights are possible but for reasons of simplification we do not discuss this more
complicated situation in the present brief introduction to weighted Hilbert spaces.
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4.1 The concept of weighted spaces

types of weights such as finite-order, finite-diameter, order-dependent or the recently
developed POD?® weights we refer to Novak and WoZniakowski [NW08, Section
5.3.2] and to Kuo, Schwab and Sloan [KSS11].

In the last decade it turned out that weighted norms provide a powerful
tool to vanquish the curse of dimensionality that we are often faced with. Since
the H;(d)’s are still Hilbert spaces the complexity analysis of weighted problems
Sa = (S B(H,) — Gg)aen again is based on the singular value decompo-
sition presented in Section 2.3.1; at least in the cases where the target spaces G,
are also Hilbert spaces. Fortunately, the introduced weights enter the spectrum

of the operator W; @ — (SQ;(UD)Jr S;(d) in a straightforward way. Therefore in many
cases tractability properties of S can be fully characterized in terms of the singular
values and the introduced weights.

For our purposes weighted Hilbert spaces that possess a reproducing kernel are
of particular interest. Typical examples of such weighted RKHSs are the following
unanchored Sobolev spaces endowed with product weights which will play an im-
portant role in our further argumentation; see also Sloan and Wozniakowski [SW02].
Instead of applying the presented approach which is based on decompositions we
use the common procedure and define them directly.

Example 4.1 (Unanchored Sobolev spaces H}). As usual we start with the
definition for d = 1 and « > 0. Then the space H] is nothing but the Sobolev space
of all absolutely continuous real-valued functions f defined on the unit interval [0, 1]
whose first derivative®® f’ belongs to the space Ly([0, 1]). The difference to the
classical Sobolev space is the inner product which here depends on the parameter :

{f, 9>ﬂ{7 = (/. 9>L2(01}) +y7H (S, 9/>L2 ([0,1] (4.9)

)
/f 7) Az +7‘1/f (@) AN(2), g €],

For the sake of completeness we define the space H? as the limit of H] for v — 0.
Consequently the derivatives of f € H? need to vanish Al-almost everywhere
on [0, 1] which implies that the space H? only consists of constant functions. This
coincides with the common convention 0/0 = 0.

Note that the univariate space H] algebraically coincides with its anchored
analogue H] where the term (f, 9)1,(0.) 10 (4.9) is replaced by f(a)- g(a) for some
anchor point a € [0,1]. For details we refer to [SW02] and [Weil2b]. Finally we
mention that for positive parameters v all these definitions imply equivalent norms
on the classical Sobolev space W3 ([0, 1]).

Once more the d-variate spaces 3 for d > 1 are defined by a tensor product
construction similar to Section 2.4.1. We set H] = ®Z:1 H™*, where now ~y

25product and order-dependent.
26in the weak or distributional sense
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4 Problems on function spaces with weighted norms

denotes a (subset of a) product weight sequence (Va)aefo,13¢ induced by some
generator weights 4, k = 1,...,d; see (4.6). Remember that at the beginning of
this chapter we assumed ;4 > 0 for all d € N. That is, we avoid to take the trivial
spaces HY) as factors in the definition of H.

How does the inner product of H looks like? Following the lines of Section 2.4.1
it is uniquely determined by the coordinate-wise inner products of the factors of
simple tensors f = ®Z:1 frand g = ®Z:1 gk, where fi, gp € /™ fork=1,...,d.
Consequently,

d d
1
(f, g>9{g = H fr> gr) gk = H (<fk79k:>L2([0,1]) + % <fi;a91;>L2([071]))
k=1 k=1

= > H H<f1§’9l/c>L2<[o,u>‘ II o

)

uC{1,.. ,}kEu keu Jje{1,...,d}\u
= 3 M) e 1 ) o) e
WC T d} ke Tk S04 5 jefl,.d\u
olulf olulg
= dn?
S s / @ g @ ),

uC{1,....d

where we used (4.8) and the shorthand notation oM /(9z,) for [],., 8/(0zy). Note
that this representation resembles (4.7) from the general approach to weighted
Hilbert spaces introduced at the beginning of this subsection. For our purposes it
is more convenient to rewrite the subsets u C {1,...,d} in terms of multi-indices
a=(ai,...,aq) € {0,1}%. In detail, we set o, = 1 if and only if k € u and ay =0
otherwise. Then we can express the norm of any f € 3 by

FIECTEED Dy MU RN (1.10)

ac{0, 1}d

since then v, = v4. The inner products of the multivariate anchored spaces, ’JTC},
can be found by a similar reasoning; see [Weil2b, p. 67| for the final result.

It is known (cf. Micchelli and Wahba [MW81]) that the univariate spaces 3/
are reproducing kernel Hilbert spaces for any v > 0. Consequently, this property
is transferred to the multivariate tensor product space. To stress this fact we
write H(K ) for ) in what follows. Equation (5) in [WWO09] now states that the
reproducing kernel K7: [0,1]¢ x [0,1]? — R in dimension d > 1 is given by*’

Kj(z,y)
Y ) AT V3

Pl smh( ’deg)

cosh(y/Fax (1 — max {@y, yx})) cosh(y/Aar min{zk, yi}) ,

2"Here sinh and cosh denote the hyperbolic sine and cosine functions, respectively.
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4.2 Uniform approximation in reproducing kernel Hilbert spaces

x,y € [0,1]¢. For d = 1 this kernel formula follows from Thomas-Agnan [Tho96,
Corollary 2] whereas the higher-dimensional generalization for product weights
results from the tensor product structure; see (2.20) in Section 2.5. In particular
we note that K is continuous (and thus also bounded) along its diagonal

{(a:,y) € [0, 1]* ‘ T = y} .
Moreover, from [WW09, Lemma 4.1] we know that for v > 0 the set
Ei(y) = {e14: [0,1] = R|i € N}

with e;,1 =1 and

2y .
() = —1Dz) -y | ———, 0,1, > 2,
e11,4() = cos((i — 1)a) \/ e e T ST

builds an orthonormal basis in the univariate space H(K7]). Applying the arguments
from Section 2.4.1 this leads to an ONB Fy(7) of H(K}) = ®%_, H(K]**) that
consists of tensor product functions

d

Canam = Q) lapeme: M= (m,...,my) €N (4.11)
k=1

For a direct proof of this result we refer to [NW08, Appendix A.2.1]?® and to [WW09,
Lemma 4.2]. Actually, these proofs show a little bit more; namely that the func-
tions €g4.~,m together with

d

d

~ Vd,k d

Ay, :”/\L m :” : m € N (4.12)
o Pl TR oy Ydk T+ w2 (my — 1)2

describe the full set of eigenpairs { (Xd,%m, Carm) | m € N} of the operator W] =
(SNTST where S7: H] < Ly([0,1]%) denotes the solution operator of the Lo-
approximation problem on H = H(K))). O

4.2 Uniform approximation in reproducing kernel
Hilbert spaces

The main result of this section is based on a paper of Kuo, Wasilkowski and
Wozniakowski [KWWO08]. In contrast to the presentation given in [Weil2b] we
decided to apply this result to the case of the unanchored Sobolev Space introduced
in Section 4.1.2 instead of the anchored analogue studied in [KWWO08]. This opens

ZNote the missing factor 1/2 in [NWO08, p. 351, line 5.
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4 Problems on function spaces with weighted norms

up the opportunity to explain the underlying ideas without literally repeating
the proof given in [KWWO08] while obtaining a result which is (according to our
knowledge) not published elsewhere so far.

We start with an upper error bound which remains valid for any reproducing
kernel Hilbert space H(Kj) of real-valued functions f on [0, 1]¢ with

ess-sup Ky(x, x) < oo. (4.13)
x€[0,1]4

This condition guarantees that H(Kj) is continuously embedded into L. ([0, 1]¢)
since the reproducing property (2.17), together with the Hahn-Banach theorem
(cf. [Yos80, IV.6 Cor.2]), yields that [[idg|£(H(Kq), Lao([0,1]9))|| is given by

sup || f|Loc([0,1]%)|| = ess-sup  sup | f(w)]
FEBO(KL)) wel0, 1)1 FEBOU(K,))

= ess-sup  sup ‘(f, Kq(-, 33)>:H(Kd)
z€[0,1]¢ feB(H(Ka))

= ess-sup Ky(z, z)'/2.

x€(0,1]¢

Now the mentioned upper bound reads as follows:

Proposition 4.2. For d € N consider a RKHS H(K,), where K, fulfills (4.13),
i.e. H(K4) — Loo([0,1]9). Furthermore, suppose = = {;: [0,1]¢ — R | j € N}
to be some orthonormal basis of H(K,) and let n € Ny. Then the algorithm
AS €AY (A2 given by

fr A f = Zfé} o i),

for uniform approximation on H(K,) fulfills

1/2

> &G0 0,1 . (4.14)

j=n+1

A (AZ gridas BIH(KL)) = Lao([0,1]%)) <

—_

Proof. Since = builds an ONB we may represent any f € H(Ky) by its basis
expansion, f = Z;’il (f, §j>9{( Ky §;. Therefore Parseval’s identity implies

Z (f, €j>9{(Kd) &()

j=n+1

= <f, > &) §j>
Jj=n+1 H(Ky)

|f(a:) - Aidf(w)l = |(f - Aidf)(wﬂ =
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4.2 Uniform approximation in reproducing kernel Hilbert spaces

which can be estimated from above using the inequality of Cauchy and Schwarz.
Thus we obtain

(@) = AL uf ()] < |1f [H(Ka)| ‘ Z &(@) & | HU(Ka) (4.15)
o 1/2
= IF[H(Ka)] - Z éj(w)2>

for every f € H(K,) and all fixed « € [0, 1]%. Taking the (essential) supremum
with respect to @ in the d-dimensional unit cube and the supremum over all
f € B(H(K,)) gives the desired result. |

We note in passing that we can easily prove more than we stated in the latter
assertion. In what follows we only need the given upper error bound such that we
restrict ourselves to some brief comments on further results in the next remark.

Remark 4.3. For fixed = € [0, 1]¢ we see that the function f* = C- i Si(@)§;
with C' > 0 gives equality in (4.15). Of course, we can choose the constant C' such
that || f*|H(K,)|| = 1 provided that & is not a common root of ¢; for all j > n.
Hence, the upper bound in (4.14) is sharp.

Moreover, [KWWO08, Theorem 2] shows that the nth minimal worst case error
for Lo.-approximation on H(K,) is given by
1/2

" (n,d;idg: B(H(Ka)) = Loo([0,1]9)) = _ inf AZ &) | Lao([0,1]%)

=={¢; |jeny |4

where the infimum is taken w.r.t. all orthonormal bases = C H(K,). Thus, any
clever choice of the basis = in Proposition 4.2 leads to algorithms Ai 4 With almost
optimal worst case errors. [

Next we apply Proposition 4.2 to the weighted unanchored Sobolev spaces H
introduced in Section 4.1.2 using the basis = = E4(v) given in (4.11). Since the
ordering of the basis functions £ € = is essential for our application we rearrange
them non-increasingly with respect to their L.,-norm:

165 | Lo ([0, 1D || = [|€551 | Lo ([0,1]%)]|  for all j € N, (4.16)

We obtain an estimate which resembles the corresponding result for the anchored
case studied in [Weil2b, Proposition 2.

Corollary 4.4. For n € Ny and d € N there exists an algorithm A} ; € A paly
for uniform approximation on K such that for every 7 € (1/2,1)

d
AY(Ay giida: B(ICG) — Lao([0,1]9)) < ay exp (bT Z('Yd,k)7> (=)
k=

1

where the constants a,, b, > 0 are independent of v, n, and d.
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4 Problems on function spaces with weighted norms

Proof. To keep the notation as short as possible we abbreviate the L.-norm in d
dimensions, ||| Lo ([0, 1]%)|], within this proof.

Following our plan we fix n € Ny, as well as d € N, and take A% ; = A%, defined
in Proposition 4.2 with = = E,(y) as above. From (4.11) we conclude for d = 1
and any v > 0 that

2y 2y .
Heiw,l‘h =1 and Hei'y,iHl = m < o (i—1)7% i>2

Moreover, for every simple tensor [ = ®Z:1 fr € H(K)) we clearly have

||f||d—Hka||1 and  f(z ka o)?, oz € [0,1]"

Consequently, for any j € N and all 7 € (1/2,00) the ordering of = given in (4.16)
implies

i€l < z leln =3 18wl = HZHeW

meNd k=1 i=1
T . 294k
> s —27
_H(1+ 1><1_[<1+(7T2) > (i—1) )
k=1 =2
= H (1+cevin)

k=1

el’deZ

where we set ¢, = (2/7%)7 ((27). Hence, if 7 € (1/2,1) then

> &

j=n+1

0 00 d 1/7
< 3 Jel < 3o (H <1+c7»y;,k>) .
k=1

d j=n+1 j=n+1

Since the first factor is no larger than fnoo VT AN (2) = 7/(1 — 1) - n~ =7/ and
the second factor can be bounded by exp (cT /T Zizl(%,k)7> we conclude

~ 1/2
> &) | L((0,1]%)

j=n+1

d
< a, exp (b-r Z(Wd,k)7> .~ (A=7)/(27)
k=1

with a, = \/7/(1 —7) and b, = ¢./(27) = (2/7%)7 ((27)/(27). Now the claim
follows from (4.14) in Proposition 4.2. [
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4.3 Uniform approximation in Banach spaces of smooth functions

4.3 Uniform approximation in Banach spaces of
smooth functions

Our derivation of necessary and sufficient conditions for various kinds of tractability
for the Lo.-approximation problem defined on the weighted spaces F)] introduced
in Section 4.1.1 is based on simple embedding arguments. To this end, we consider
a whole scale of Banach spaces F (where F]] is a special case of). Then we first
study lower bounds on the nth minimal error on a space P} — JF] which consists
of d-variate polynomials of low degree. Afterwards, in Section 4.3.2, we use the
results for H <= F) from Section 4.2 to conclude corresponding upper bounds.
Finally we discuss a couple of concrete examples in Section 4.3.3.

4.3.1 Lower bounds for spaces of low-degree polynomials

Following the lines of [Weil2b, Section 4] we use Proposition 2.2 to obtain a lower
bound for the L..-approximation error for the space
d .
:PZI/ = Span {pz [07 1]d - Ra pl(m) =a' = (:L‘j)lj 1= (ila s 7id) S {07 1}d}
j=1
of all real-valued d-variate polynomials of degree at most one in each coordinate
direction, defined on the unit cube [0, 1]¢. We equip this linear space with the

weighted norm

I£173] = _max ,— || D% [ Los([0.11%)

. fe?, (4.17)
similar to (4.5), where 7y is a product weight sequence as described in (4.6), and
study the worst case setting.

Theorem 4.5. For d € N and n € Ny assume A, 4 € A" U Ag’adapt to be an
arbitrary algorithm for the uniform approximation problem defined on P). Then
we have

AV (A a;ida: Br(P)) — Lo ([0, 1)) > 7 forall 7 >0

provided that n < 2%, where s = s(v,d) € {0,1,...,d} is some integer such that

2_|_ C, (Z%l] > : (4.18)

Proof. The proof of this lower error bound consists of several steps. First we fix
d € N and construct a partition of the set of coordinates {1,...,d} into s+ 1 parts
which we will need later and with s = s(v, d) satisfying (4.18). In a second step we
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4 Problems on function spaces with weighted norms

define a special linear subspace V' C P} with dim V' = 2°. Step 3 then shows that V/
satisfies the assumptions of Proposition 2.2. The proof is completed in Step 4.
Step 1. For k € {0,...,d} let us define inductively mg = 0 and

t
mp=inf <t € N{my_1 <t <d, with 2 < Z Vd,j
Jj=mg_1+1

with the usual convention inf ) = co. Note that the infimum coincides with the
minimum in the finite case, since then m; € N. Moreover we set

s=max{k € {0,...,d}|my < oo}.

We denote I = {my_1 +1,mp_1+2,...,my} for k=1,... s. Thus, this gives a
uniquely defined disjoint partition of the set

{1,...,d} = <OIk>U{m5+1,...,d},

k=1
and my, denotes the last element of the block I,. For all k =1,...,s we conclude
2< Z%l,j <24 Yam, <24 C,,
J€ly

where (), is the uniform upper bound for v, ;; see Section 4.1.1. Finally, summation
of these inequalities gives

d s
Z’Yd,j < ZZ%{J +2<(24+0C,)s+2,
j=1

k=1 j€Iy

and (4.18) follows immediately.

If s = 0 then we can stop at this point since the initial error is 1 as the norm
of the embedding P} < L., (cf. Proposition 2.4) and the remaining assertion is
trivial. Hence, from now on we can assume that s > 0 and thus m, > 1.

Step 2. To apply Proposition 2.2 we have to construct a linear subspace V' of
F = P} such that the condition (2.1) holds for the target space § = Lo ([0, 1]%), the
embedding operator S = idg, and a = 1. Note that we restrict ourselves to the set

gr:{ferf\ f depends only on z1, ...,z },

since we can interpret T as the space P], by a simple isometric isomorphism.

We are ready to construct a suitable space V' using the partition from Step 1.
We define V' as the span of all functions g¢;: [0,1]™ — R, ¢ = (iy,...,is) € {0,1}*,
of the form

gi(x) = H (Z Vd,j -xj> , x e X=][0,1]".

k=1 \jEI,
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4.3 Uniform approximation in Banach spaces of smooth functions

Clearly, V' is a linear subspace of P}, and with the interpretation above it is also
a linear subspace of . Moreover it is easy to see that we have by construction

lg|FI = ||g| P,

and (g | Lu(X)] = [lg| Lool0. 1Y) for g€ V.

Finally we note that dim V' = #{0,1}* = 2°. It remains to show that this subspace
is the right choice to prove the claim using Proposition 2.2.
Step 3. The proof of the needed condition (2.1),

lg| P2

< llg| LX) forall geV,

is a little bit technical. Due to the special structure of the functions g € V', the
left-hand side reduces to max {7,' ||D*¢ | Ls(X)||| @ € M}, where the maximum
is taken over all multi-indices ¢ in the set

Zajﬁlforallkzl,...,s}.

Je€lk

M = {a e {0,1}™

This is simply because for e ¢ M we have D*g = 0 and then the inequality is
trivial. To simplify the notation let us define

T:{0,1}" = N;, a—~T(a)=0=(01,...,0s),
where

ak:Zaj for k=1,...,s.

JEIk

Note that T'(M) = {0, 1}". Moreover, for every g =} ;1o 1s ¢i 9i(-) € V we define
a function

— R, z > hy(z) = Z cif[z,i’“: Z i 2*

i€{0,1}s k=1 1€{0,1}s

hy: Z =X lo,zm

k=1 ]GIk

Hence, h,(z) = g(x) under the transformation « — z such that

2 = Zvdﬂwj forevery k=1,...,s andevery x € X.
JElk

The span, W, of all functions h: Z — R with this structure is a linear space, too.
Furthermore, easy calculus yields that

(DZg) (®) = (H (m)‘”) (DX hy) (2) (4.19)

Jj=1
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forall g € V, a € M and * € X. Here the  and z in D§ and DZ(O‘) indicate
differentiation with respect to & and z, respectively. Since the mapping  — 2z
is surjective we obtain |[D?g| Lo (X)|| = 7a || DT hy | Lo (Z)|| by the form of
given by (4.6). Thus,

1 «@ o
max 1D%9 | Loo(X)ll = max [[D7hg [Loo(Z)]]

Observe that (4.19) with o = 0 particularly yields that ||g | Loo (X)|| = [|hg | Lo (2)]|.
Therefore the claim reduces to

max | D7hy [ Loo(Z)]| < [l [Loc( 2)]] - for every g€ V.
oc0,1}5

We show this estimate for every h € W, i.e.,
ID7h | Loo(Z)|| < [|h|Loo(Z)|| for all o € {0,1}°. (4.20)

We start with the special case of one derivative. That is, we first consider o = ey,
for a certain k € {1,...,s}. Since h is affine in each coordinate we can represent it
as

h(z) = a(z(k)) - 2 + b(zaw)

with functions a and b which only depend on zwy = (21,. .., Zk—1, Zht1,- - -, Zs)-
Hence we have (D®*h)(z) = a(z@)) and we need to show that
} : (4.21)

This is obviously true for every z € Z with a(z)) = 0. For a(zx)) # 0 we can
divide by |a(z(k))’ to get

if we set t = —b(zw))/a(Z@)). The last maximum is minimal if both of its entries
coincide. This is for t = % > jer, Va,j- Consequently, we need to ensure that

2< Z%z,j

JEIk

)

a(z(k)) . Z ’Yd,j + b(Z(k)>

JEI

}G(Z(k))| S max { ‘b(Z(k))

Z%,j —1

Jjelk

1 §max{|t|,

to conclude (4.21) for all admissible z € Z. But this is true for every k € {1,..., s}
by definition of the sets Iy in Step 1. Thus we have shown (4.20) for the special
case o = ey, for all k € {1,...s}.
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4.3 Uniform approximation in Banach spaces of smooth functions

The inequality (4.20) also holds true for every o € {0,1}® by an easy inductive
argument on the cardinality of |o|. Indeed, if || > 2 then o = 6’ + e, with |o”’| =
lo| — 1. We now need to estimate || D7 *erh | Loo(Z)||. Since (D®h)(z) = a(zx))
has the same structure as the function h itself, we see that || D7 *erh|L.(Z)||
equals HD"Ia(z(k)) ‘ Lo (Z)|| and the proof of (4.20) then is completed by the
inductive step.

Step 4. Collecting the previous equalities and estimates we obtain

lg| Pyl = [lg| P,

1
= — [|[D%g | Lo (X)|| = Dh, | Lo (Z
amax 1D%g | Lo (X)) Jmax 1D hg | Loo(Z) ||
T(x)€{0,1}°

< g | Loo(2)] = llg [ Loo(X)]| = [|g | Lo ([0, 1]%)
for every g € V', where V' is a linear subspace of F = P} with dim V' = 2°. Therefore
Proposition 2.2 with a = 1 yields that for n < dim V' the worst case error
AV (A, g;idg: BA(P)) — Lao([0, 1]%)

of any algorithm A, 4 from the class A%™ U A2 is lower bounded by 7, the
radius of the centered ball B, (P)). [

4.3.2 Complexity results via embeddings

Keeping in mind the assertions shown in the previous sections, we are ready to
give conditions for tractability of the uniform approximation problem

App = (Appglaen,  Appg: B(F3) = Loo((0,1]%),  Appy(f) =idu(f) = f.
We suppose (F))qen to be a sequence of Banach spaces of real-valued functions f

defined on the unit cube [0, 1]%. We further assume that this sequence depends on
product weights 7 = (Va)aeng and fulfills one of the following simple assumptions:

(A4.1) P} — F) with norm
Cig<c-d" forall deN

and some absolute constants ¢, ¢; > 0,

(A4.2) F] — 3} with norm

d
Chq < a-exp (b : Z(W)t> forall deN (4.22)
j=1
and some absolute constants a > 0, b > 0, as well as a parameter ¢ € (0, 1]
independent of d and .

Here the spaces P) and H) = H(K) are defined as in Section 4.3.1 and Sec-
tion 4.1.2, respectively.

To simplify the notation we use the commonly known definitions of the so-called
sum exponents? for the product weight sequence v = ('ya)aeNg, d € N, induced by

ZNote that some authors use the name decay for 1/p(-).
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uniformly bounded generator weights 0 < v4; < C,, j =1,...,d; see (4.6). We set

d—o0

p(y) = inf {/-i >0|P(y) = limsupz (a)" < oo} ,

J=1

as well as

= inf >
q(y) =in {/@_0 msup = a1

d Ak
Qx(v) = hmsupM < oo} ,

with the usual convention that inf () = oo.
The following necessary conditions for (strong) polynomial tractability slightly
generalize Theorem 2 of [Weil2b].

Proposition 4.6 (Necessary conditions). Assume that (A4.1) holds true with
some ¢; > 0. Consider Lo-approximation over (F))4en in the worst case setting
with respect to the class of algorithms A" U A% and the absolute error
criterion. Then

d
1 1
wor (o - A — N —— - 4.2
n“ (e, d; ppd)>2 <2+C”Z_;7‘“> (4.23)

for all d € N and every ¢ € (0, C’i;). Hence,
e if the problem App is polynomially tractable then ¢(v) <1,
e if ¢; = 0 and the problem is strongly polynomially tractable then p(y) < 1.

Proof. Let d € N. Due to (A4.1), every algorithm A,, 4 € A%™ U A" for L-
approximation defined on F) also applies to the embedded space P). Furthermore
the embedding constant C 4 implies that the ball B,(P)) of radius r = Cr. Jin P)
is completely contained in the unit ball B(F)) of F). Therefore,

A (A3 Appa: B(F]) = Leo([0,1])
> A (Al yosida: By(P)) = Luol[0,1]%)

From Theorem 4.5 we have that the latter quantity is lower bounded by r = C7 é
provided that n < 2%, where s = s(v,d) € {0,...,d} satisfies (4.18). Since this
lower bound holds for any such A, 4 it remains valid for the nth minimal error, i.e.

e (n,d; App,) > Ci; for all n < 2°.

Hence we obtain n“(e, d; App,) > 2° for all d € N and every ¢ € (0, ij) which
implies (4.23) using (4.18).
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4.3 Uniform approximation in Banach spaces of smooth functions

Now suppose the problem App = (App,)aen to be polynomially tractable. Then
there are constants C,p > 0 and ¢ > 0 such that

n"(e,d; App,) < Ce™d? forall deN and ¢€(0,1].

For any given d € N we can take, say, € = £(d) = 3 - min {1, C’l_’é} to conclude
1 d
2A<2 e ;W) < C' max {1,C},} d® (4.24)

for some C” > 0 independent of d. If we now assume that C; 4 € O(d?") then the
right-hand side of the last inequality belongs to O(dP?7%), as d — oo. Provided
that max{qi, g2} > 0 this is equivalent to the boundedness of Z;l:l Yaj/ In(d+ 1)
such that we arrive at ¢(y) < 1, as claimed.

Finally, the case of strong polynomial tractability can be treated similarly by
setting ¢; = ¢2 = 0 in the latter bounds. Then we obtain that Z;l:l Va,; 1s uniformly
bounded in d which implies p(v) < 1. |

Of course, the conditions ¢(y) < 1 and p(y) < 1 are also necessary for polynomial
and strong polynomial tractability with respect to smaller classes of algorithms
such as, e.g., A2 (A1),

Observe that one of the improvements compared to [Weil2b, Theorem 2| is
the possibility to choose the uniform upper bound for the generator weights, C.,
different than 1. Moreover, now we have weaker conditions on the embedding
constant C 4. For the application we have in mind we will see that there still
C1.4 = 1. But we note in passing that the stated conclusions for (strong) polynomial
tractability are only special instances of the more general bound (4.24) obtained in
the latter proof which we will not investigate further.

We next assume (A4.2) and show that slightly stronger conditions on the
product weights v than in Proposition 4.6 are sufficient for polynomial and strong

polynomial tractability, respectively. This is stated in the next assertion which can
be found as Theorem 3 in [Weil2b].

Proposition 4.7 (Sufficient conditions). Suppose that (A4.2) holds true with
some ¢ € (0, 1]. Consider Lo,-approximation over (F))sen in the worst case setting
with respect to the class of linear algorithms A7"™(A*!) and the absolute error
criterion. Then

e ¢(v) <t implies polynomial tractability,
e p(7y) < t implies strong polynomial tractability.

Proof. Due to (A4.2), the restriction of the algorithm Aj ; in Corollary 4.4 from
H) to F is admissible for Lo-approximation over J. Furthermore, due to the
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linearity of A7, ;, we have

[ = A af | Lo ([0, 1]%) | < A™(A] grida: B(HG) — Loo([0,1]%)) - |1 f [ 3]
< AYN(A] gridas B(HG) = Leo([0,1]%)) - Coa - 1 [T

for all f € F. Therefore we can estimate the nth minimal error by

e (n, d; Appg) < A (A% 4l 3 Apby: B(F]) = L([0,1]))
< Caq - AV (AL gidg: B(H]) — Lao([0,1]%)

d d
<avac-esp (135 ) 483 o)) )
j=1 j=1

where 7 is an arbitrary number from (1/2,1). Choosing n such that the right-hand
side is not greater than a given ¢ € (0, 1], we obtain an estimate for the information
complexity with respect to the class of linear algorithms,

d

d
" (e, d; App,) < ¢y &2/ 077 L exp < > (ag) e ) (Wy) B

j=1 j=1

where the non-negative constants c;, co and c3 only depend on 7, a and b.
Suppose that ¢(y) < t. Then Q.(7) is finite for every x > ¢(). Taking k =t
we obtain

o (ag)'
In(d+1)

for every 6 > 0 whenever d is larger than a certain ds € N. This means that the

‘In(d+1) < (Qu(y) +6) - In(d + 1) = In(d + 1)+

factor exp <02 Z;l:l(yd,j)t) in (4.25) is polynomially dependent on d. On the other
hand, we can choose 7 € (max {q(7),1/2},1) such that Q.(v) is finite and thus
the factor exp (Cg ijl(fyd,j)T) in (4.25) is also polynomially dependent on d. So,

for this value of 7 we can rewrite (4.25) as
n" (e, d; Appy) € O (6727077 (d+ 1)),

with ¢4, as well as the implied factor in the O-notation, independent of d and ¢
which means that the problem is polynomially tractable, as claimed.

Suppose finally that p(y) < t. Then the sums Ejzl(yd,j)t and Zj:1(’7d,j)7 for
7 € (max{p(v),1/2},1) are both uniformly bounded in d. Consequently (4.25)
yields strong polynomial tractability, and completes the proof. ]

The conditions in Proposition 4.7 are obviously also sufficient if we consider
larger classes of algorithms such as, e.g., A% U A" Moreover note that the
given proof also provides explicit upper bounds for the exponents of tractability.

Let us briefly discuss the different roles of the assumptions (A4.1) and (A4.2)
in the following remark.
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4.3 Uniform approximation in Banach spaces of smooth functions

Remark 4.8. Assumption (A4.1) is used to find a lower bound on the information
complexity for the space F) as long the space P} is continuously embedded in F)
with an embedding constant which grows at most polynomially with the dimension d.
Such an embedding can be shown for several different classes of functions.

On the other hand, assumption (A4.2) is used to find an upper bound on the
information complexity for the space F) as long as it is continuously embedded in
the unanchored weighted Sobolev space K = H(K ) with an embedding constant
depending exponentially on the sum of some power of the generators «,; of the
product weights . This considerably restricts the choice of F). We need this
assumption in order to use the linear algorithm A ; defined on the space K and
the error bound given in Corollary 4.4.

Obviously, we can replace the space H) in (A4.2) by any other space which
contains at least P} and for which we know a linear algorithm using n linear
functionals whose worst case error is polynomial in n~! with an explicit dependence
on the product weights ~. O

We now show that the assumptions (A4.1) and (A4.2) allow us to characterize
weak tractability and the curse of dimensionality.

Theorem 4.9 (Weak tractability and the curse of dimensionality). Suppose that
for a sequence of Banach spaces (F))4en equipped with product weights « the
assumptions (A4.1) and (A4.2) hold true with some parameter ¢ € (0, 1]. Consider
the L..-approximation problem App in the worst case setting and with respect to
the absolute error criterion. Then the following statements are equivalent:

(i) The problem is weakly tractable with respect to the class A7 (A1),

(ii) The problem is weakly tractable with respect to the class A7 ™ U Ag’adapt.

)

)
(iii) There is no curse of dimensionality for the class Ag’lin(/\an).
(iv) There is no curse of dimensionality for the class A" U AZ’adapt.
)

(v) For all k > 0 we have Jim : ijl (va4)" = 0.
(vi) There exists k € (0,t) such that dlggo Cll Z;l:l (7a;)" = 0.

Proof. We start by showing that (vi) implies (i), i.e.,

L I d: Appy)

=0
e 1+d—o0 e~l+d ’

where the information complexity is taken with respect to the class Ag’lin(/\an) of
linear algorithms that use continuous linear functionals. By the arguments used
in the proof of Proposition 4.7 we obtain estimate (4.25) for all € in (0, 1], as well
as for every d € N, and all 7 € (1/2,1), due to assumption (A4.2). Clearly, for
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€ (0,t) as in the hypothesis and t € (0, 1] as in the embedding condition, we find
€ (1/2,1) such that x < min {¢,7}. So, since v4,; < C,, we can estimate

d d s d d
> () —Ci'Z(%) <crr Zvd,j <C Zm ,
=1 j=1 =1 =1

where s either equals ¢ or 7 and C' = max {1, C,,}. Therefore the right-hand side of
(4.25) can be estimated from above and thus

d K

In (n“°" (e, d; App,)) In(c;) 27 In(e7h) Zj:l (Va,5)
< . . m S =S -

el +d T T e

tends to zero when e~! + d approaches infinity, as claimed.

Clearly, (i) = (ii) = (iv) and (i) = (iii) = (iv). Moreover the implication
from (v) to (vi) is obvious. Hence, it only remains to show that (iv) = (v).

From (A4.1) we have estimate (4.23). Then the absence of the curse of dimen-
sionality implies

Jim — Z%J =

Now Jensen’s inequality yields that

d d 1/k

1

[ZZ J—( Z(%m)) for 0<k<1,
o g

because f(y) = y" is a concave function for y > 0. This shows

d
.1
hmaz Ya;)" =0 foral 0<k<I1.

d—o0

Finally, for every x > 1 we can estimate vq; > C17"% (74,)" since 74; < C, for

j=1,...,d. Therefore limy_,o, d! Z?Zl(yd,j)"‘ = 0 also holds true for x > 1, and
the proof is complete. |

4.3.3 Conclusions and applications

In this last part of the current section we give some examples to illustrate the
obtained complexity results. To this end, we only have to prove the corresponding
embeddings, i.e. we need to verify assumption (A4.1) and/or (A4.2) from the
beginning of Section 4.3.2.
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Example 4.10 (Limiting cases P} and H)). To begin with, we check the case
where F) = P} for every d € N. Then (A4.1) obviously holds with Cy 4 = 1, i.e.
c¢=1and ¢, = 0. To prove (A4.2), note that the algebraical inclusion F) C K] is
trivial by the definition of H) = H(K) given in Section 4.1.2. For f € F) = P
we calculate

11307 < %/[OIWHD"‘fL (0, 19* axl(@) < IF 1F31° - > e

ac{0,1}¢ ac{0,1}¢

using (4.10), as well as (4.17). Hence the norm of the embedding F; — H is
bounded by

1/2

d 1/2 1 d
Y e = <]1;[1(1 +’Vd,j)> < exp <§;’Yd,j) -

ae{0,1}4

So, with a =1, b =1/2, and ¢t = 1 the assumption (A4.2) is also fulfilled and we
can apply the stated assertions from Section 4.3.2 for the spaces F) = P}, d € N.

We now turn to the case F) = K. Unfortunately, the estimate above indicates
that (A4.1) may not hold for F] = K] with C,, € O(d”) without imposing
additional conditions on the product weights . Nevertheless, in this case assump-
tion (A4.2) is trivially true with Cy 4 =1, ie., a =1, b =0, and ¢ = 1. Therefore
we can apply Proposition 4.7 for this space. Thus the problem is polynomially
tractable if ¢(y) < 1 and we have strong polynomial tractability if p(y) < 1. It can
be shown that these conditions are also necessary; see Section 4.4. OJ

Next we discuss a more advanced sequence of Banach function spaces.

Example 4.11 (C+Y), For every d € N consider the space
= {f: 0,1 > R[f e CtD([0,1)), where ||f[F7] < oo}

of functions which are once continuously differentiable in every coordinate direction,
where

«
1£1930 = max — =D [Le(f0, 1%
Since P} is a linear subset of F) and, due to (4.17), the norm |- |P]|| is simply
the restriction of |- | FJ|| we have P} < F) with an embedding factor Cy4 = 1
and hence (A4.1) holds true. For the norm C5 4 of the embedding F) < H], the
same estimates hold exactly as in the previous example and, moreover, the set
inclusion is obvious. Therefore also assumption (A4.2) is fulfilled and we can apply
the propositions and theorems of Section 4.3.2 to the sequence (F))aen- O

Our last example F) = F, for all d € N, finally shows that even very high
smoothness does not improve the conditions for tractability.
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Example 4.12 (C*). For d € N and product weights v let
)= F] = {: 0.1 > R| f € C(0,1]%) with [ f|F]| <oc}.

where the norm is given by (4.5). Obviously, P} C C*°, because functions from P)
are at most linear in each coordinate. This moreover implies that D*f = 0 for all
a € N¢\ {0, 1}%. Therefore, once again we have

1 «
1£1230 = max,— [DF [La((0. 1)) = 17|53 forall €
Together this yields P) — F) with an embedding constant C 4 = 1 for all d € N.
In addition, also (A4.2) can be concluded as in the examples above. So, even
infinite smoothness leads to the the same conditions for tractability and the curse
of dimensionality as before. O

Note that in the latter example we do not need to claim a product structure
for the weights according to multi-indices @ € N¢ \ {0, 1}¢. Furthermore, this
example is a generalization of the space Fy studied in [NW09]. For v, = 1 we repro-
duce the intractability result stated there because then F)] equals F, for each d € N.

In conclusion we discuss the tractability behavior of uniform approximation
defined on one of the spaces F] above using a special class of product weights y
which are independent of the dimension d. That is, for the generator weights we
claim that

va; =79 € ©(;7%) for some B >0, (4.26)

and all j and d € N. The imposed polynomial behavior of v9) is a typical example
in the theory of product weights. Clearly, p() is finite if and only if 8 > 0, and if
so then p(v) = 1/8. For details see [NWO08, Section 5.3.4].

If 8 = 0 then the Ly-approximation problem App = (App,)4en is intractable
(more precisely it suffers from the curse of dimensionality) due to Theorem 4.9,
assertion (v), since then d=! Z?:l%l,j does not tend to zero. For f € (0,1),
easy calculus yields ¢(v) > 1. So, using Proposition 4.6 we conclude polynomial
intractability in this case. On the other hand, for all 4 and k with 0 < d < k <1,
we have

d P—K d ‘—k J—(14+6) d -—(149)
A N T
and if k > 1 then the most left fraction obviously tends to zero, too. Hence
condition (vi) of Theorem 4.9 holds and the problem is weakly tractable for all
8> 0.

For f =1 we use inequality (4.23) from Proposition 4.6 and estimate

d
Z’Yd,j >c-In(d+1)

J=1
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for some positive c¢. Therefore, for every ¢ € (0,1) the information complex-
ity n(e, d; App,) is lower bounded polynomially in d € N. This proves that strong
polynomial tractability does not hold for 5 = 1. Moreover, it is easy to show that in
this case the sufficient condition ¢(«y) < 1 for polynomial tractability is not fulfilled.
So, we do not know whether polynomial tractability holds or not.

Finally, consider 5 > 1 in (4.26). Then we easily see that p(vy) = % <1l=t
Thus Proposition 4.7 provides strong polynomial tractability in this situation.

In summary, we proved all the assertions we claimed at the end of Section 4.1.1.

4.4 Possible extensions and further results

Note that the main result of this chapter, the lower bound given in Theorem 4.5,
can be easily transferred from [0, 1]% to more general domains ; C R?. Indeed, the
case Qy = [y, CQ]d, where ¢; < ¢y, can be immediately obtained using the presented
techniques. It turns out that in this case we have to modify estimate (4.18) by a
constant which depends only on the length of the interval [¢1, ¢5]. Consequently,
the general tractability behavior does not change.

Another extension of the obtained results is possible if we consider L,-norms
(1 < p < o0) instead of the Lo-norm. In Section 4.4.1 we briefly discuss these
norms for the unweighted case. Then the modifications for the weighted case are
obvious and thus we leave it for the interested reader. In passing we correct a small
mistake stated in [NW09].

Finally, in Section 4.4.2, we show that the algorithm studied in Corollary 4.4
is essentially optimal for the uniform approximation problem on the unanchored
weighted Sobolev space H(K)) defined in Example 4.1.

4.4.1 L,-approximation

As in [Weil2b, Section 7] we follow Novak and Wozniakowski [NW09] and define
the spaces

Fop = {f € C([cr, 2]

U 1l = s 19 )] < o

for 1 <p < oo and d € N, where we assume that [ = ¢; — ¢; > 0. In what follows
we want to approximate f € F,, in the norm of L,. That is, we modify (4.2) and
consider the problem S? = (S%)4en given by

Sq = id: B(Fup) = Ly([er, o)), f = idf(f) = f.
Hence we try to minimize the nth minimal worst case error

e;)"or(n,d; id}) = inf sup Hf — Ana(f) ‘ Lp([01,c2]d>H
An.d feB(Fy,)
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4 Problems on function spaces with weighted norms

which now depends on the additional integrability parameter p. Observe that,
without loss of generality, we can restrict ourselves to the case [c1, co] = [0, {].

In order to conclude a lower bound analogue to (4.3) and Theorem 4.5, i.e.,
ey (n, d;idj) > 1 for n < 2°, we once again use Proposition 2.2 with F = F;, and

G = L,([0,1]%).3° The authors of [NW09] suggest to use the subspace V.\*) ¢ F,,,
defined as

7;,
s ik J

Vd(k) =span{ gi: [0, = R, & — g;(x) = H Z T i€{0,1}°

j=1 \m=(—1)k+1

where s = |d/k] and k € N such that kI > 2(p + 1)'/?. Hence, if I < 2(p + 1)/?

then we have to use blocks of variables with size k& > 1, in order to guarantee (2.1).
That is, to fulfill the condition

lg| Fapll < |lg| Lp([0, 09| for all g V. (4.27)

Therefore Novak and Wozniakowski defined k = [2(p + 1)'/7/], but this is too
small as the following example shows.

Example 4.13. For d > 4 take [ = 1, i.e. [c1, co]? = [0,1]¢, and p = 1. Then k = 4
should be a proper choice, but for ¢*(x) = (z1 + 2 + x3+ x4) — 2 it can be checked
(using a computer algebra system) that

This obviously contradicts (4.27). O

dg*

o2 (o119

L1([0,1]Y)| = <!

g :

50|

For an exhaustive proof of an assertion which states that a slightly larger choice
of k € N suffices to conclude the desired intractability result we need to show the
following technical lemma first. Its proof is based on some well-known arguments
from Banach space geometry.

Lemma 4.14. Let p € [1,00) and k € N. Then

p

dAf(z) > C, - kP2 (4.28)

k

e |
' [-1/2,1/2) Z

m=1

“m

with some C, > 1/[(2v/2)?(1 + p)] independent of k.

30Note that it is sufficient to restrict ourselves to the case r = 1 since now we do not need to
take care of embedding constants as in the proof of Proposition 4.6.
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4.4 Possible extensions and further results

Proof. For k = 1 we easily calculate J;, = 1/[2”(1 + p)]. Hence, without loss of
generality we can assume k£ > 2 in what follows.
To abbreviate the notation, let us define

k
f=fRF SR z=(z,... %) f(2) =) 2 (4.29)

m=1

for any fixed k& > 2. Moreover, for given vectors z,y € R¥, let (z,y) denote the inner
product Z]:n:1 Zm¥m in R*. In the special case y =€ =1/VEk - (1,...,1) € SF!
it is (z,€) =t for a given ¢t € R if and only if f(z) = tv/k. Furthermore note that
every y in the k-dimensional unit sphere S¥=! C R* uniquely defines a hyperplane
yt = {z c Rk ‘ (z,y) = O} perpendicular to y which contains zero. Therefore, for
y = € and every ¢t € [0,00), the set

=€+t E={2eR"| (2,6 =t}

describes a parallel shifted hyperplane in R* with distance ¢ to the origin. Using
Fubini’s theorem, this leads to the following representation:

Tip = P dAF :2~/ P dAF
o [ @@ =2 [ et

(2,6)>0

:2-kp/2-/ tP </ 1 d?\k(z)> dAL(t).
0 [—1/2,1/2]kN$H,

Now we see that the inner integral describes the (kK — 1)-dimensional volume
v(t) =A1([-1/2,1/2]" N 5,)

of the parallel section of the unit cube with the hyperplanes defined above. Because
of Ball’s famous theorem we know that v(0) < /2 holds independently of k; see,
e.g., Chapter 7 in the monograph of Koldobsky [Kol05]. Moreover taking £, = &+
provides a central hyperplane section of the unit cube. From this observation we
conclude that

/Ooov(t) AN (1) = % A((=1/2,1/2) = %

because of the symmetry of [—1/2,1/2]% w.r.t. $o. In addition, by Brunn’s theorem
(cf. [Kol05, Theorem 2.3]), the function v is non-negative and non-increasing on
the interval [0,00). Thus v is related to the distribution function of a certain
non-negative real-valued random variable X, up to some normalizing factor, i.e.
v(t) = v(0)-P({X > t}). Using Holder’s inequality®! we obtain E(X!*7) > (EX)!*?
and, respectively,

Jpp = kP2 2/000 tPo(t) dAL(t) > kP2 m (/OOO ot d?\l(t))1+p

31Gee also [Kol05, Lemma 7.5].
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4 Problems on function spaces with weighted norms

by integration by parts.
In summary we have shown (4.28) and hence the proof is complete. ]

Now the mentioned intractability result reads as follows:

Proposition 4.15. Let 1 < p < oo and [ > 0. Moreover, choose k € N such that
k> kp = [8(p+1)7/1%]. (4.30)

Then condition (4.27) holds for Vd(k) C Fy,. Hence the Ly-approximation problem
SP = (id: Fy, — Ly([0,1]%))gen suffers from the curse of dimensionality since

ey (n,d;id)) > 1 for all n < 2L*
and every d € N.

Proof. Due to the structure of the functions g from Vd(k), it suffices to show that
HDO‘g ‘ L, ([0, l]ks)H < Hg ‘ L, (0, l]kS)H for all ¢ € Vd(k) and every o« € Mék),

where the set of multi-indices M((jk) is defined by

M((jk): a=(a,...,0p) € {0, 1} Zamgl forall j=1,...,s

mEIj

and I; = {(j — 1)k +1,...,jk}. Observe that Mglk) depends on d via s = |d/k].
Similar to the proof of Theorem 4.5, we only need to consider the case o = e; €
{0,1}* with ¢ € I;. The rest then follows by induction.

Given t € ]j for some j € {1, RN s} we can represent every fixed g € Vd(k),
as well as its partial derivative D®tg, by some functions a,b: [0,/]F¢~) — R
(depending on g and j) such that

g(x) = a(x) Z Ym +0(Z) and (D%g)(x) = a(z), =« €[0,]]".

Here we split the ks-dimensional vector © = (xr,,...,®r,_,, Y, 1,1, T1,)
into € = (..., Tr_,, 14, %1,) € [0, 0% and y = (y1,...,yx) €
[0,1]%, where = 1, denotes the k-dimensional block of components z,, in & with

coordinates m € ;. Using this representation we can rewrite the inequality
HDetg ‘ Lp([oal]ks)H < Hg ‘ Lp([oal]ks)H as

/ / @) dAk(y) ANCD(F)
[O,l]k(s_l) [O,Z]k

< o),
[O,Z]k(s_l) [O,I]k

p

A(Z) Y ym +b(@)| AN (y) DNV (E)

m=1
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4.4 Possible extensions and further results

such that it is enough to prove a pointwise estimate of the inner integrals for
(A*=D_almost every) fixed € [0,1]*¢~Y with a = a(x) # 0. Easy calculus yields
p

/ Wy =t |
[0, [-1/2,1/2]*

for some constant &’ € R that depends on b = b(x). Note that the right-hand side of
the latter equality is minimized for &’ = 0. Therefore we can estimate the left-hand
side from below by

p

dA*(2)

k

@y Ym+b
m=1

k
aszer’

m=1

k p k p
[ o vt )= oy | on| AN (2)
[O,l}k m=1 [—1/2,1/2}’“ m=1
k p
:/ af? d?\k(y).lp./ S s dN(2).
0. 121/ | A

To complete the proof it remains to show that our choice of k > k,;, with x,;
given in (4.30), implies that

Zm
/ [~1/2,1/2]% |- Z

but this easily follows from Lemma 4.14 above. |

d)\k ) > 17 (4.31)

Actually, using other proof methods we can slightly improve the lower bound
for C, in Lemma 4.14 and thus also &, in formula (4.30) of Proposition 4.15. This
is the subject of our final remark within this subsection:

Remark 4.16. Let Y = (Y7,...,Y}) denote a random vector of k € N independent
copies of some uniformly [—1/2,1/2]-distributed random variable Y. Then Jy , can
be interpreted as the pth absolute moment E(|fx(Y)[”) of fi(Y), where f;. again is
given by (4.29). In the case of even p = 2N, N € N, this can be calculated exactly
using the multinomial theorem. For £, N € N we obtain

k

i B 2N 1
Jean =E (|fk<Y)‘2N) =27 Z (le 2jk) H 2 + 17
o g ey m=1 m

where we used the independence of the Y,,’s and fact that
1/2 0, ifn=2j+1,
E(Yy) = / yr AN () =9 .
~1/2 (25 +1)" 1272 if n =2y,

and j € Ny. In particular, we conclude

1 1 2 1
Tpo = -k d Jpa=—-"klk—=)2> k2
Ik2 2.3 an Ika 13 ( 5) = 515
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4 Problems on function spaces with weighted norms

Since T, = ||fk‘Lp([—1/2,1/2]k)||p we can use the monotonicity of the
Lebesgue spaces in order to estimate C), for the remaining powers p. For k£ € N
and 1 < ¢ < p < oo we obtain Jy, > (Jp,)P/? > (C)P/9kP/2 ie. C, > (C,)P/1,
provided that Jy,, > C, k%2. Consequently, we can take

- [12/1?], if2<p<4,
| [4vB/?], ifd<p

to fulfill (4.31) in the proof of Proposition 4.15. This clearly improves the bound
k> Kk, in (4.30). O

Nevertheless, we want to stress the point that also with these improvements
the lower bounds on k are not sharp since we know from [NW09] that in the
limit case p = oo we can take k = [2/l]. On the other hand, we note that
Hoeffding’s inequality implies the existence of some universal constants Cj, such
that Jy, < CJ kP/% for all p € [1,00) and every k € N. Thus the estimates on the
integrals Jj , are of the right order in k& such that we need other proof techniques
to obtain a better dependence of k on [ = ¢y — ¢4.

4.4.2 Uniform approximation in the weighted Sobolev space

To show that the linear algorithm A} ; studied in Corollary 4.4 is essentially optimal
for Lo,-approximation on the unanchored Sobolev space H} = H(K ) in the worst
case setting we study (weighted) Lo-approximation on a related Banach space JFy
in the average case setting; see Example 2.15 for details. The relation of these two
problems is given by the assertion below which follows from [KWWO08, Theorem 1].

Proposition 4.17. For d € N let H(K,) denote a RKHS induced by a kernel
Kg:[0,1]% x [0,1]¢ — R that satisfies (4.13).32 Moreover, define the set of non-
vanishing probability density functions ¢ on the unit cube by

@d:{Q; [0,1]d—>[0,oo)/[OMdQ(a:)d)\d(m):l and Q>0(7\d—a.e.)}.

Then, for every n € Ny and all d € N,

" (n, d;idg: B(H(K4)) = Loo([0,1]%)
> sup e8(n,d;id4: F4 — L§([0,1]%)) .
0€Dy

Here the nth minimal errors are taken with respect to all algorithms from the class
Ag,lin(Aall)'

32Note that (4.13) clearly implies that f[o 14 Ky(z,x) o(z) dA%(x) is finite for every probability
density function ¢ on [0,1]%.
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4.4 Possible extensions and further results

In particular, it follows that the (nth minimal) worst case error for L..-
approximation on the unit ball of the Sobolev space H] is lower bounded by the
average case error of unweighted Lo-approximation on the corresponding Banach
space. That is, we set K; = K] and ¢ = X[o,1)¢ € Dq in the following.

In turn we have (strong) polynomial tractability for the uniform approximation
problem w.r.t. the worst case setting only if average case Lgp-approximation is
polynomially tractable, as long as we consider the absolute error criterion. Due to
[NWO08, Theorem 6.1] we know that the latter holds true if and only if there exist
a positive constant ¢;, non-negative ¢, g and 7 € (0, 1) such that

1/7
)

1
Cy = Sup — Agi)” < 00,
? deg de \ Z ( d’)
i=[c1 d91]

where (Ag;)72, denotes the sequence of eigenvalues of the correlation operator C,,
with respect to a non-increasing ordering. Moreover we have strong polynomial
tractability if and only if this holds with ¢; = ¢, = 0.

Because of the observation at the end of Example 2.15 it suffices to consider
the eigenvalues of W, = (S7)"S7: H) — K], where S] describes the embedding
H] < La([0,1]%). Recall that these eigenvalues are given by

d d
T Vd,k
)\d, m — /\1, Mg .
{ o g T H Yap + 72 (my — 1)

k=1

m:(ml,...,md)eNd};

see (4.12) at the end of Example 4.1. Thus we only need to reorder this set
appropriately using a rearrangement 1;: N — N¢ such that

)\d,i = Xd,7,¢d(i) > Xdﬁﬂbd(ﬂ-l) forall 7€ N.

Given d € N, 7 € (0,1), as well as ¢; > 0, and ¢; > 0 we estimate

[Cl dql]fl

> 0= Y (o) = Y O

i=[c1dn ] meNd i=1
d
> [T ()™ = Q) (ferd®] = 1)
k=1 meN
d o0 ’y T
dk
> 1+ ’ —cpd™,
A2 ) )
since A\g1 = de(l,_”,l) = szl Adqar1 = 1. Due to the boundedness of the

generator weights v, < C, for every k € {1,...,d}, we can further estimate the
sum by

3 ik ’ T S Y T INT
Z </de + 772(m — 1)2> = Y.k Z 2T Vdk (Cw) C(QT)a

m=2
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4 Problems on function spaces with weighted norms

where we set C!, = (C,, + 7%)~". Because of In(1+y) > y/(1 4 y) for all y > 0 we
conclude that for £ =1,...,d and some positive C' depending on C, and 7

(€))7 ¢(27)

In (1497, (C))¢(21)) > — Vg = O Vi
( d,k( 7) ( )) 1+7d7k (C'Y)T 6(27-) d.k d,k

Consequently, this yields

o0

d d
Z (Aai)" > H exp (C-vgy) — 1 d™ =exp (CZ 7§’k) — ¢ d7.

1=[c1d91] k=1 k=1

Therefore, polynomial tractability implies ¢(7) < 1 and strong polynomial
tractability is possible only if p(y) < 1. Here p and ¢ describe the sum exponents
of the product weight sequence ¥ = (Ya)qend: d € N, defined at the beginning of

Section 4.3.2.
Together with Proposition 4.7 this finally proves

Theorem 4.18. Consider the uniform approximation problem defined on the se-
quence of unanchored Sobolev spaces (H)qen, where the product weight sequence y
is constructed out of a uniformly bounded generator sequence C, > vq1 > ... > Va4,
d € N. We study this problem in the worst case setting and with respect to the
absolute error criterion. Then we have

e polynomial tractability if and only if ¢(y) < 1 and

e strong polynomial tractability if and only if p(vy) < 1.
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CHAPTER 5

Problems on Hilbert spaces with (anti)symmetry conditions

In this last chapter we describe an essentially new kind of a priori knowledge
which can help to overcome the curse of dimensionality. As in Section 2.4, we
study compact linear problems S = (S;)4en defined between tensor products of
Hilbert spaces but now we restrict our attention to problem elements which fulfill
certain (anti)symmetry conditions. After investigating some basic properties of the
related subspaces of (anti)symmetric problem elements in Section 5.1 we construct
a linear algorithm that uses finitely many continuous linear functionals and show
an explicit formula for its worst case error in terms of the eigenvalues A = (A, )men
of the operator W; = S, Moreover, in Section 5.2 we show that this algorithm
is optimal w.r.t. a wide class of algorithms. Next we clarify the influence of different
(anti)symmetry conditions on the complexity, compared to the case for the classical
unrestricted problem studied in Section 2.4.3. In particular, we give necessary
and sufficient conditions for (strong) polynomial tractability of (anti)symmetric
problems in Section 5.3. Apart from the absolute error criterion we also deal
with normalized errors. Finally, in Section 5.4, we discuss several applications.
Section 5.4.2 particularly indicates how to apply our results to the approximation
problem for wavefunctions.

Most of the results stated in this chapter are already published in the articles
[Weill] and [Weil2al]. At some points we improve the known results and/or proof
techniques slightly. In particular, the presented results also hold for problems
defined on finite-dimensional or on non-separable source spaces.

5.1 Basic definitions related to (anti)symmetry

The aim of this section is to introduce the notion of (anti)symmetry in Hilbert
spaces. In order to illustrate this concept we mainly deal with function spaces. For
this purpose in Section 5.1.1 we start by defining (anti)symmetry properties for
functions which will lead us to orthogonal projections, mapping the whole space
onto its subspace of (anti)symmetric functions. In Section 5.1.2 it will turn out
that these projections applied to a given basis of a tensor product Hilbert function
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5 Problems on Hilbert spaces with (anti)symmetry conditions

space lead us to handsome formulas for orthonormal bases of the subspaces. Finally
we generalize our approach and define (anti)symmetry conditions for arbitrary
tensor product Hilbert spaces based on the deduced results for function spaces.
Section 5.1.3 is devoted to this generalization.

5.1.1 Hilbert function spaces

Following Hamaekers [Ham09, Section 2.5] we use a general approach to (anti)sym-
metric functions which also can be found in [Weil2a]. Consider H to be a (possibly
non-separable) Hilbert space of real-valued multivariate functions f defined on
some domain €2 in R?%, where we assume d > 2 to be fixed. Furthermore, take an
arbitrary non-empty subset of coordinates I C {1,...,d}. For every such subset
we define the set

S = {7?: {1,...,d} = {1,...,d} | 7 bijective and W‘{l AN id} (5.1)

of all permutations on {1,. .., d} that leave the complement of I fixed. To abbreviate
the notation we identify 7= € §; with the corresponding permutation 7’ on R,

7 RT - RY, x = (x1,...,2q) = () = (Ta), - Tr(a))-

For an appropriate definition of partial (anti)symmetry of functions f € H we
need the following simple assumptions. Given any 7 € 8; we assume that

(A5.1) x € Q implies 7 (x) € Q,
(A5.2) f € H implies f(m(+)) € H and
(A5.3) there ex. ¢; > 0 (independent of f) such that || f(w(:))| H|| < c: || f| H]|-

A function f € H is called partially symmetric w.r.t. I (or I-symmetric for short)
if any permutation m € 8; applied to the argument & does not affect the value of f.
Hence,

f(x) = f(m(x)) forall x=e€Q andevery we€S8;. (5.2)

Moreover, we call a function f € H partially antisymmetric w.r.t. 1 (or I-
antisymmetric, respectively) if f changes its sign by exchanging the variables x;
and x; with each other, where 4, 7 € I. That is, we have

fx) = (=DI"f(mw(x)) forall € Q andevery =€, (5.3)

where |7| denotes the inversion number of the permutation 7. The term (—1)

therefore coincides with the sign, or parity of m and is equal to the determinant
of the associated permutation matrix. In the case #1 = 1 we do not claim any
(anti)symmetry, since then the set 8; = {id} is trivial. For I = {1, ..., d} functions f
which satisfy (5.2) or (5.3), respectively, are called fully (anti)symmetric.
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5.1 Basic definitions related to (anti)symmetry

Note that, in particular, formula (5.3) yields that the value f(x) of I-antisym-
metric functions f equals zero if x; = x; with ¢ # j and ¢, 5 € 1. For I-symmetric
functions such an implication does not hold. Therefore the (partial) antisymmetry
property is a somewhat more restrictive condition than the (partial) symmetry
property with respect to the same subset . As we will see in Section 5.3 this will
also affect our complexity estimates.

Next we define the so-called symmetrizer G and antisymmetrizer A¥ on H
with respect to the subset I by

G- H - H, f—&Hf #5 > fm ()

TES

and

AL H - H, f—Al(f #SZ DI f (e (+)).

TEST

If there is no danger of confusion we use the notation &; and 2; instead of 6?
and A respectively. The following lemma collects some basic properties. It
generalizes Lemma 10.1 in Zeiser [Zeil0).

Lemma 5.1. For () # I C {1,...,d} both the mappings P; € {&,2(;} define
bounded linear operators on the Hilbert space H with P? = P;. Thus, &; and 2;
provide projections of H onto the closed linear subspaces

S;(H)={f € H| f satisfies (5.2)} and A;(H) = {f € H| f satisfies (5.3()} |
5.4

of all partially (anti)symmetric functions w.r.t. I in H, respectively. If, in addition,
Fr()g(m(u= (o) forall fge H andevery me8; (55)

then the operators are self-adjoint and hence the projections are orthogonal. Con-
sequently,

H=6(H)® (&1(H))" = A (H) & (A (H))". (5.6)

Proof. Obviously P; € {&,2;} is well-defined due to the assumptions (A5.1)
and (A5.2). The linearity directly follows from the definition and, using (A5.3), we
see that the operator norm of Py is bounded by max {c, |7 € 8,}.

To show that the operators are idempotent, i.e. that P? = P;, we first prove
that A;(f) satisfies (5.3) for every f € H. Therefore, we use the representation

(A () () = #8 PIC I ICICIONE #8 > (FDPHTEA)

o€8y AEST

= (=1)"(=A:(f))()
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5 Problems on Hilbert spaces with (anti)symmetry conditions

for every fixed m € 8;. Here we imposed A = 0 o € §; and used that
Xom ™ =\l + |77 = A + |«

Hence we have shown 2(;(H) C {f € H | f satisfies (5.3)}. In a second step, it is
easy to check that for every function g € H which satisfies (5.3) it is 2;(g) = ¢.
Thus, {f € H| f satisfies (5.3)} C 2;(H) and 2; is a projector onto A;(H). Since
the same arguments also apply for the symmetrizer & this shows (5.4), as well as
PIQ = P; for P; € {61,9[[}.

To prove the self-adjointness of P; we need to show that for f and ¢ in H we
have (Prf, )y = (f, Prg) ;- To this end, note that (5.5) is equivalent to the fact
that

(w9 = fr9le())y, figeH, med,

where we set 0 = 771 and used (A5.2). Now the claimed assertion follows from the
bilinearity of the inner product (-, -) ;. Moreover, orthogonality and the decomposi-
tions stated in (5.6) are simple consequences. |

We note in passing that (5.5) already implies (A5.3). Furthermore, the notion
of partially (anti)symmetric functions can be easily extended to more than one
subset I. Therefore, consider two non-empty subsets of coordinates I, J C {1,...,d}
with I N J = (). Then we call a function f € H multiple partially (anti)symmetric
w.r.t. I and J if f satisfies (5.2), or (5.3), respectively, for I and J. Since I and J
are disjoint we observe that moo = o omx for all m € §; and o € §;. Hence the
linear projections Pr € {&,A;} and Py € {&;,2(,;} commute on H. That is, we
have Py o P; = Pjo P;. Further extensions to more than two disjoint subsets
of coordinates are possible. We will restrict ourselves to the case of at most two
coordinate subsets, because in particular wavefunctions can be modeled as functions
which are antisymmetric w.r.t. I and J = I¢, where [ denotes the complement
of I'in {1,...,d}; see, e.g., Section 5.4.2.

5.1.2 Tensor products of Hilbert function spaces

In the previous subsection the function space H was a somewhat abstract Hilbert
space of d-variate real-valued functions. Indeed, for the definition of (anti)symmetry
we do not need to claim any product structure. On the other hand, it is also
motivated by applications to consider tensor product function spaces; see, e.g.,
Section 3.6 in Yserentant [YselO]. In detail, it is well-known that so-called spaces
of dominated mixed smoothness, e.g. WQ(L“"I)(RSd), can be represented as certain
tensor products; see Section 1.4.2 in Hansen [Han10].
Anyway, let us take into account such a structure, i.e. let us assume that

H=H;,=H,®...® H (d>2 times),
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5.1 Basic definitions related to (anti)symmetry

where H; is a suitable Hilbert space of functions f: D — R; see also the con-
structions given in Section 2.4.1. There it is stated that we can construct an
orthonormal basis F4 of Hy out of a given ONB E; of Hy; see (2.13). Since now we
deal with function spaces, the d-fold simple tensors in Ej; are d-variate functions
eq;: D? — R. More precisely, they are given by

ej (7)), where = (vy,...,74) € D* and j€I,;= ()",

E&

edj(x
=1

provided that F; = {e,,: D — R|m € J;} denotes the underlying ONB in H;. To
exploit this representation we start with a simple observation.

Let d € N. Moreover assume j € J; and £ € D, as well as a non-empty
subset I of {1,...,d}, to be arbitrarily fixed. If we define 0 = 7! € 8 then

eaj(m(x)) Hejl Trqy) = H ej, 0 (T1) = o) (). (5.7)

For simplicity, once again we identified w(j) = 7(j1, ..., ja) With (jrq),-- -, Jr@)
for j €94 = (Jl)d. Since £ € D¢ was arbitrary and |r| = |77 !| = |o| we obtain

1
Sreq; = #S Z o) and RAreq; = #51 Z(_l)‘aled,a(j) (5.8)

€8y oESy

for all j € J;. Besides this, (5.7) can be used to verify that (5.5) in Lemma 5.1
always holds true for (unweighted) tensor products of Hilbert function spaces.

Note that in general, i.e. for arbitrary 3 € J; and o € 8, the tensor products
€4,0(j) and eq 4 do not coincide, because taking the tensor product is not commuta-
tive in general. Therefore &; is not simply the identity on the set of basis functions
Eq;={eaj |7 € Ja}. On the other hand, we see that for different j € J; many of
the functions Greg ; coincide. Of course the same holds true for 2;eq 4, at least up
to a factor of (—1).

We will see in the following that for P; € {&, 2} a linearly independent subset
of all projections {Preq ;| j € Jq} equipped with suitable normalizing constants can
be used as an ONB of the linear subspace P;(Hy) of I-(anti)symmetric functions
in Hy. For the application we have in mind, we need this result only in the case
where the underlying space H; is separable. Without loss of generality, we can thus
assume that3?

leMlz{mEN\m<d1mHl—|—1}

and consequently J; = My = (M;)?¢ C N¢. Clearly, in the most interesting case the
set J; equals N9,

33Note that also the case of abstract, countable index sets J; can be reduced to this form by the
application of some simple isomorphism.
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5 Problems on Hilbert spaces with (anti)symmetry conditions

To state the claimed assertion, we need a further definition. For fixed d > 2
and I C {1,...,d}, let us introduce a function

M;= Mg N* = {0,... #I}*

which counts how often different indices occur in a given multi-index 7 € N¢ among
the subset I of coordinates, ordered with respect to their rate. To give an example
let d =7and I = {1,...,6}. Then M, applied to j = (12,4,4,12,6,4,4) € N7
gives the #I = 6 dimensional vector My 7(3) = (3,2,1,0,0,0), because j contains
the number “4” three times among the coordinates ji, ..., jg, “12” two times, and
so on. Since in this example there are only three different numbers involved, the
fourth to sixth coordinates of My 7(j) equal zero. Obviously, M; is invariant under
all permutations 7 € 8; of the argument. Thus,

M;(j) = Mi(w(j)) forall jeN’ and 7€8;.

In addition, since My(j) again is a multi-index, we see that |[Mj(j)| = #I and
M;(j)! are well-defined for every j € N¢. Prepared with this tool, we are ready to
prove the following

Lemma 5.2. Assume E; = {eq; | 7 € My} to be a given orthonormal tensor
product basis in the space Hy and let ) # I = {i,...,i4/} C {1,...,d}. Moreover,
for Pr € {&y,2;} define the functions &;: D — R by

[ #8
§ = %‘Pﬂ@d,j) for 7 € M.

Then the set 5 = {& | k € V4} builds an orthonormal basis of the partially
(anti)symmetric subspace Pr(H,), where V, is given by

Vd:{{kGMd kilﬁkmﬁ---ﬁk’i#,}, ifP[:GI’

. (5.9)
ki1<kig<~--<ki#[}a lfP[IQ[[.

{kEMd

Proof. To abbreviate the notation, we suppress the index Hy at the inner products
(), in this proof.

Step 1. We start by proving orthonormality. Therefore let us recall (5.8) and
remember that now J; = My. For P, = 2; and 3,k € V, easy calculations yield

731
VM (5)! - My (k)! Whr(eag), Ar(ear))

1
= : (=)l (eg n iy, Caoy) -
#SI\/MI(J)!'MI(k)!ﬂ,UZE;sI ’

<§j7 €k> -

Of course, up to the factor controlling the sign, the same is true for the case
P; = &;. Now assume that there exists [ € {1,...,d} such that j; # k;. Then the
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5.1 Basic definitions related to (anti)symmetry

ordering of 3,k € V, implies that 7 (j) # o (k) for all o, 7 € 8§, since 7 and o
leave the coordinates [ € I¢ fixed. Hence, we conclude that we have w(j) = o (k)
only if 5 = k.

At this point we have to distinguish the antisymmetric and the symmetric
case. For P; = 2(; the only way to conclude 7w (j) = o (k) is to claim j = k and
7 = 0. Furthermore we see that in the antisymmetric case we have M(j)! =1
for all 3 € Vg4, because then all coordinates j;, where [ € I, differ. Therefore, in
this case the last inner product coincides with d; - 0, because of the mutual
orthonormality of the elements from E; = {eq; |J € M}. Hence we arrive at

1

75 > (=164 =05, forall j, k€ Vg,

TES]

<£J ) fk)

as claimed.

So, let us consider the case P; = &; and 5 = k € V, since we already saw that
otherwise ({;,&k) equals zero. Then for fixed o € 8; there are My(g)! different
permutations m € 8 such that w(j) = o(j). This leads to

> M) =1

o€EST

(€5:&5) = #5——7\/—’1(3)'

and completes the proof of orthonormality.

Step 2. It remains to show that the span of =; = {&x | k € V4} is dense in Pr(Hy)
for Pr € {&;,2;}. Note that every multi-index j € My can be represented by a
uniquely defined multi-index k € V,; and exactly M (k)! different permutations
7 € 8y such that j = w(k). Assume that f € A;(H,), i.e. f € H, satisfies (5.3).
Then (5.7) together with (5.5) yields

(freaz) = (=D {f eqni)) forall jeMy; and w€8;. (5.10)

Now expanding f with respect to the basis functions in E; C Hy gives

F=> (feajdeaj=>_ > f ecﬁfzk)e;iﬂ(k)

JEMd kEVdT(ES]
= Z M; (k:)' Z f €dk> €d, (k)
kevy TES]
#31 #31
Af,ear) A == -Us(e
1(k)! {J, ea) M;(k)!

keVy

where we used (5.8) for the last equality. Furthermore, due to the self-adjointness
of 2y, we have (f,eqr) = (Arf,ear) = (f,Arear), such that finally f € A;(H,)
possesses the representation

F=> (&) &

keVy
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5 Problems on Hilbert spaces with (anti)symmetry conditions

since § = /#81/My(k)! - Ar(eqr) per definition. This proves the assertion for
the case P; = 2;. The remaining case P; = G can be treated in the same way. W

Observe that in the antisymmetric case the definition of §; for j € V,; simplifies,
since then My(7)! = 1 for all j € V,;. Moreover we see that in this case V is
trivial if d > #M;. Hence we should assume that dim H is infinite in order to work
with antisymmetric tensor products for arbitrarily many building blocks. We note
in passing that the square of the normalizing factor, #8;/Mj(j)!, coincides with
the multinomial coefficient ('%; 8;‘) which is quite natural due to combinatorial
issues. Furthermore, in the special case I = {1,2,...,#I} we have

Py(Hq) = Pr <® H1> ® (@ Hl) .

mel mé¢l

That is, we can consider the subspace of I-(anti)symmetric functions f € H, as
the tensor product of the set of all fully (anti)symmetric #-variate functions with
the (d — #I)-fold tensor product of Hy. If #I = 1, i.e. if we do not claim any
(anti)symmetry, then Pr(H,) = Hy and thus we have Vi = My, as well as =, = Ej.
Modifications in connection with multiple partially (anti)symmetric functions are
obvious.

5.1.3 Arbitrary tensor product Hilbert spaces

Up to now we exclusively dealt with Hilbert function spaces. However, the proofs
of Lemma 5.1 and Lemma 5.2 yield that there are only a few key arguments in
connection with (anti)symmetry such that we can cut out this restriction. We
briefly sketch the points which need to be changed.

Starting from the very beginning we have to adapt the definition of /-(anti)sym-
metry due to (5.2) and (5.3) in Section 5.1.1. Of course it is sufficient to define this
property at first only for basis elements. Therefore, if E; = {eqx |k € (J1)% = I}
denotes a tensor product ONB of H; and () # I C {1,...,d} is given then we call
an element egp = ®7:1 ex, partially symmetric with respect to I (I-symmetric), if

€d.k = €dx(k) for all 7€ 8y,

where 8; and w(k) = (kzq),...,kr@) € Jq are defined as before. Analogously,
we define I-antisymmetry with an additional factor (—1)I". Finally, an arbitrary
element in Hy is called I-(anti)symmetric if in its basis expansion every element
with non-vanishing coefficient possesses this property.34

Next, the antisymmetrizer 2A; is given as the uniquely defined continuous
extension of the linear mapping

. 1
Ql[ﬁ Ed — Hd, €d k _#8 E (—]_)ITr'ed,ﬂ-(k) (511)
1

TEST

34Note that even in the non-separable case any such expansion only has countably many terms.
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5.2 Optimal algorithms for (anti)symmetric problems

from Ey to Hy. Again the symmetrizer Gy is given in a similar way. Hence, in the
general setting we define the mappings using formula (5.8) which we derived for the
special case of function spaces. Note that the triangle inequality yields || P;|| < 1,
for P; € {6[,2[]}.

Once more we denote the sets of all I-(anti)symmetric elements of H, by Pr(Hy),
where P; € {S;,2;}. Observe that this can be justified since the operators Py
again provide orthogonal projections onto closed linear subspaces. That is, a
generalization of Lemma 5.1 remains valid also in the more general case of tensor
products of arbitrary Hilbert space which we consider here. This can be shown
using (5.11) and its analogue for &;, as well as with the help of some simple
extension arguments. Moreover, also the proof of Lemma 5.2 can be adapted to the
generalized setting. Indeed, the only difference is the conclusion of formula (5.10) in
Step 2. Now, for arbitrary Hilbert spaces, this simply follows from our definitions.
Then the rest of the proof transfers literally.

Finally and without going into details, we stress the point that further gener-
alizations are possible. Here we can think of tensor products of arbitrary Hilbert
spaces with multiple partial (anti)symmetry conditions or of scaled tensor products
in the sense of Chapter 3. Since the corresponding calculations are straightforward
we leave them to the reader.

5.2 Optimal algorithms for (anti)symmetric
problems

Keeping the definitions and assertions from the previous Section 5.1 in mind, we are
ready to study algorithms for linear problems defined on (anti)symmetric subsets
of tensor product Hilbert spaces.

Let S;: Hy — G4 denote a tensor product problem in the sense of Section 2.4.
It is constructed out of a compact linear operator S7: H; — G between arbitrary
Hilbert spaces H; and G; via a tensor product construction; see Section 2.4.1. Hence,
let Hj = H, ® ...® H; in what follows and refer to the problem of approximating
S = (Sq)aen as the entire d-variate problem. Note that we completely solved this
problem in Section 2.4. In detail, the nth optimal algorithm Aj ;, given by (2.16),

was related to a certain subset {eq; = gd,j ‘ J € My} of a tensor product ONB.
In contrast, now we are interested in the approximation of the restriction

Sa1, = Sd’PId(Hd): Pr,(Hg) = G4

of Sy to some (anti)symmetric subspace Pr,(H,) as defined in Section 5.1.3, where
Pr, e {6,,2;,} and 0 # I, C {1,...,d} for d € N. We refer to S; = (Sq.1,)den as
the I-(anti)symmetric problem. Using the notation from Section 1.2 we thus have
F4 = Pr,(H,) and, consequently, grd = B(P,(Hy)).

Due to (5.10) it is quite clear that A} ; cannot be optimal in this restricted
setting since it calculates redundant pieces of information. Hence we need to go
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5 Problems on Hilbert spaces with (anti)symmetry conditions

beyond this naive attempt to solve I-(anti)symmetric problems efficiently. On the
other hand, Pr,(Hg) equipped with the inner product of Hy, (-, )y, again is a
Hilbert space. Therefore we basically know how to construct an optimal algorithm;
see Section 2.3.2. If #1I; = 1 then our new algorithm should resemble A}, ;, because
then we do not claim any (anti)symmetry and thus we deal with the entire tensor
product problem.

Before we state the main assertion of this section we present an auxiliary
result which shows that any optimal algorithm A* for S, needs to preserve the
(anti)symmetry properties of its domain of definition. The following proposition
generalizes Lemma 10.2 in Zeiser [Zeil(0] where this assertion was shown for the
approximation problem, that is for Sy, = id: P;,(H4) — Ga.

Proposition 5.3. Let d > 1 and 0 # I C {1,...,d} be arbitrarily fixed. Further-
more, for X € {H, G} let P denote the (anti)symmetrizer P; € {&,2;} on X,
with respect to I. Then we have

(Sao P{')(g) = (Pf o S4)(g) forany g€ Hy. (5.12)

Moreover, for all A: PH(H;) — G4 and every f € PH(H,),

2 2
1Sarf = AF|Sall® = ||Sarf — PF(AS) [ Sal|” + |Af = PP(AS) [Sal|- (5.13)
Hence an optimal algorithm A* for S;; preserves (anti)symmetry, i.e.
A*f e P{(Gy) forall fe PH(H,).

Proof. The proof is organized as follows. First we show that the tensor product
operator S, and the (anti)symmetrizer P; commute on Hy, i.e. it holds (5.12). In
a second step we conclude (5.13) out of this. The (anti)symmetry of A*f for an
optimal algorithm A* then follows immediately.

Step 1. Assume E; = {eq; | € 4} to be an arbitrary tensor product ONB
of Hy, as defined in (2.13). Then, for fixed j € J,4, formula (5.11) and the structure
of Sy =951 ®...®.5 yields in the case P; = ;

Sd(mllq@d,j)) (#81 Z ‘ﬂl ® eh(z))

TEST
1
=75 2" ®Sl ) = A (Suleas))

TEST

Obviously the same is true for P; = &;. Hence, (5.12) holds at least on the set of
basis elements Ey of Hy. Because of the representation g = Zjeﬂd (g, 6d,j>Hd -eq,j of

g € Hy, as well as the linearity and boundedness of the operators P/, P19 and Sy,
we can extend the relation (5.12) from E, to the whole space Hy.
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5.2 Optimal algorithms for (anti)symmetric problems

Step 2. Now let f € PH(H,) and let Af denote an arbitrary approximation
to Sqrf. Then Sy1f = Se(PH f) = P{(Saf), due to Step 1. Using the fact that P}
provides an orthogonal projection onto P7(G,), see (5.6) in Lemma 5.1, we obtain
(5.13), i.c

1Surf — AF|Sal® = ||[PE(Saf) — [PSCAS) + (id° = PY)(AS)]| Sl
= ||PY(Saf = AS)|Sal|” + |4 = PP)(AS)| Sl
= ||Surf = PECAS) | Sa|” + ||AS = PECAR) | S,

as claimed. [

Apart from this qualitative assertion, we are interested in an explicit formula for
the optimal algorithm, as well as in sharp error bounds. To this end, let d € N and
0+ Iy={ir,...,ix1y C{1,...,d}, as well as P € {&,2}. Furthermore, consider
the singular value decomposition of S;: H; — G;. That is, let {(A\n, o) | m €
M;} denote the non-trivial eigenpairs of W; = S;1S;; see Section 2.3.1. Due to
Proposition 2.10 in Section 2.4.2 we know that for d > 1 the (tensor) product
eigenpairs {()\dm, gbdm ‘ m € My} of Wy = S4'S; are given by (2.15). Moreover,
E;, =&, = {(bdm ‘ m € My} builds an tensor product ONB in H;. Hence, we
can apply Lemma 5.2 to eq; = gbdg, J € My, in order to obtain an orthonormal

basis 24 = {& ‘ k € V4} of the partially (anti)symmetric subspaces Pr,(Hy). More
precisely, for k € V; we define

_ 45 d 3 -
e = M;(li)! - P, (SXB %l) € Pi(Hy) and Aag=][A >0, (514)

where V; is given by (5.9). Similar to the approach in Section 2.4.2, let
WV =1y {iGN‘Z‘<#Vd+1}—>Vd

denote a bijection which provides a non-increasing ordering of {Xdk ‘ k € Vy} and
set A\g; = Xd,w), as well as &;; = EW) for i < #V4+ 1. Finally, if #V, is finite
then we extend the sequence of \’s by setting A\g; = 0 for i > #V,.

Given this bunch of notations we are well-prepared to prove our main theorem
of this section. For every d € N it provides a linear algorithm A;, ; which uses at
most n continuous linear functionals on the input to approximate the solution
operator Sy s, of a given I;-(anti)symmetric tensor product problem between Hilbert
spaces. Since the worst case error of this algorithm coincides with the nth minimal

error of the problem, A;% 4 1s optimal in this setting; thus it cannot be improved by

n,adapt
A pt,

any other algorithm from the class A% U : see Section 1.3. The assertion

reads as follows.
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5 Problems on Hilbert spaces with (anti)symmetry conditions

Theorem 5.4. Assume S; = (S4.1,)den to be the linear tensor product problem S
restricted to the ;-(anti)symmetric subspaces Pr,(Hy) of the d-fold tensor product
spaces Hy. Then for every d € N the set

{(Nais &a)

1<i<#Vg+1)= {(Xd,k,@ \ ke vd} (5.15)

denotes the eigenpairs of Wy, = deldTSde: P, (Hy) — Pr,(Hy). Thus, for every
n € Ny and all d € N the linear algorithm A} ;: Pr,(Ha) — P1,(94) given by

min{n7#vd}

AL af = Z (f8ai) g, * Sabas (5.16)

i=1

is nth optimal for Sy, w.r.t. the worst case setting. Furthermore we have

" (n, d; Pr,(Hq)) = A" (A 4 Pr,(Ha)) = /Adn1- (5.17)

Proof. Since S; is a compact problem between Hilbert spaces it is enough to
prove that for d € N the eigenpairs of Wy, = Sy 1) s, 1, are given by (5.15). The
remaining assertions then follow from Corollary 2.7. Indeed, we only need to show
that Wd Idfk = )\dk fk for every k € V, because we already know that the set

2y = {§k ‘ k € V,} builds an ONB in Pj,(H,). Hence there cannot be more than
these eigenpairs.
To prove the claim, observe that from the first part of Proposition 5.3 it follows

Sd,1; = Sa © P{j P9 0Sq which implies that Sgz,: P, T(Hy) — P " (Sa)-

Moreover, due to the self-adjointness of the projectors (see Lemma 5.1), it is easily
seen that this yields

Sa,1) = P}Z 0S4 =S40 PI?; such that Syl Pfi(Sd) — P}Z(Hd).
Consequently, we have
War, Pil = (PP SS) (Sa P Pl = P! (S{P}) Sq= P! (5{54) = P! W,

because of (P;\)? = P;¥, where X € {H,§}. Since for every j € My the simple

tensor ggdyj is an eigenelement of W, with respect to the eigenvalue Xd,j, we conclude
War, (P}j ¢d,j) = Aaj - (P}Z ¢d,j>

from the linearity of PIZI . In particular, this is true for every 5 = k € V4 C M,.

But now we note that & equals PIZI ad,k’ at least up to some normalizing constant.
Hence, using linearity once again, we have proven the claimed assertion. ]

We conclude this section by adding some final remarks on the above theorem.
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Remark 5.5. Obviously, our former result for the entire tensor product problem
S = (Sq: Hqg — G4)aen in Section 2.4.2 is also covered by Theorem 5.4. We simply
have to choose I; such that #1; = 1 for every d € N and obtain 4], ; = A7, ;. As in
this case, the worst case error can be attained by the element &;,; provided that
n < #V4. Otherwise it trivially equals zero.

It should be clear to the reader how to generalize the results of this section to the
case of multiple partially (anti)symmetric problems where we claim (anti)symmetry
w.r.t. more than one subset of coordinates I. Recall that this definition is given at
the end of Section 5.1.1.

Finally we want to mention that we decided to give a different proof of Theo-
rem 5.4 than in [Weill] and [Weil2al, respectively. The reason is that the usage
of the self-adjointness of the projections P, seems to be more elegant than again
repeating the arguments used for Corollary 2.7 in Section 2.3.2. Furthermore, now
we can handle also problems defined on non-separable or on finite-dimensional
source spaces H,. Thus we slightly generalized our old results. O

5.3 Complexity of (anti)symmetric problems

Encouraged by the exact formula for the nth minimal worst case error in The-
orem 5.4 the intention of the present section is to investigate the information
complexity of (anti)symmetric tensor product problems. We restrict our attention
to the study of polynomial and strong polynomial tractability in what follows. The
aim is to find necessary and sufficient conditions for these properties in terms of the
univariate sequence A = (A, )men and the number of (anti)symmetry conditions
we impose. From the definition of V, in (5.9) it is quite clear that antisymmetric
problems are significantly easier than their symmetric counterparts. Therefore,
after proving some general assertions, we handle these cases separately in order to
conclude sharp conditions. Moreover, we distinguish between the absolute and the
normalized error criterion.

Let us fix the basic notation for this section. As before, assume S; = (Sy1,)den
to denote a tensor product problem S = (S;: Hy — G4)aen, restricted to some
sequence of (anti)symmetric subspaces Pr,(H,), where P € {&,2}, of the tensor
product Hilbert spaces H; = H1®...®Hy, d € N. Here for every d € N the elements
are (anti)symmetric w.r.t. the non-empty subset I; C {1,...,d} of coordinates.
The cardinality of these subsets will be denoted by ay = #1; and we set by = d — aq
for the number of coordinates without (anti)symmetry conditions. Finally, for
d € N the non-increasingly ordered eigenvalues \;; = de(i), 1 € N, are given by
(5.14) and (5.15), respectively. They are constructed out of the squared singular
values A = (A, )men of the underlying solution operator S;: H; — Gi.

As an immediate consequence of (5.17) we see that the initial error of approxi-
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mating Sy s, on the unit ball F, = B(Pr,(Hy)) is given by

VAL if P =6,

VM A, TP =2

e = (0, d; Pr(Ha)) = /Aay = {

Clearly, we need to assume that this initial error is strictly positive for any reason-
ably large d € N because otherwise we have (strong) polynomial tractability by
default. In particular, if the number of antisymmetric coordinates a, grows with
the dimension then this condition implies that the whole sequence of univariate
eigenvalues A need to be strictly positive. Moreover, similar to the entire tensor
product problems studied in Section 2.4.3, we always assume that Ay > 0 in order
to avoid triviality. Consequently, we have #M; > 2.

Now we are ready to conclude a first general condition which is necessary for
(strong) polynomial tractability of both symmetric and antisymmetric problems as
long as we deal with the absolute error criterion. It is independent of the concrete
choice of the (anti)symmetry conditions we impose.

Lemma 5.6 (General necessary conditions, absolute errors). Let P € {S,2} and
consider St = (S4.1,)aen as defined above, where I, is arbitrarily fixed for every
d € N. Then the fact that S; is polynomially tractable with the constants C,p > 0
and g > 0 implies that A = (A, )men € £, for all 7 > p/2. Moreover, for any such 7
and all d € N the following estimate holds:

1 ~ \T 27\ [d*/P\"
— A < (1+C)d?+ C*/P (-)( ) .
(Aa1)” Z ( d’k> = ) ¢ D A1

keVy

Proof. From Theorem 2.8 we know that for any 7 > p/2 and r = 2¢/p polynomial
tractability yields

1/7
1 oo
sup —- Z (Aai)” < 00, (5.18)
T Ni=r@

where the function f: N — N is given by f(d) = [(1 + C)d?]. This particularly
implies that the sum in the brackets converges for every fixed d € N. Therefore,
especially for d = 1 the tail series >3 ) (Mi)" = 220711, o (Am)™ needs to be
finite which is possible only if A = (A\;,)men € 5.

So, let us turn to the second assertion. Obviously (5.18) implies the existence
of some constant C; > 0 such that

> (i) <Cid7 forall deN.
i=1(d)
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Indeed, Theorem 2.8 yields that we can take C; = C?*7/P((27/p). Due to the
ordering of (Ag;)ien the rest of the sum can also be bounded easily for any d € N
by

fld)-1
Z (Aai)” < (M) - (f(d) = 1).
i=1
Since » ey, (Xdk)T = >, (Aa;)7, it remains to show that f(d) —1 < (1 + C)d?
for every d € N which is also obvious due to the definition of f. |

5.3.1 Symmetric problems (absolute errors)

Apart from the general assertion A € £, we focus our attention on further necessary
conditions for (strong) polynomial tractability in the symmetric setting. The
following proposition yields a slight improvement compared to the corresponding
assertion stated in [Weil2a] which can be obtained without using essential new
ideas.

Proposition 5.7 (Necessary conditions, symmetric case). Let St = (Sq.1,)den be
the problem considered in Lemma 5.6 and set P = &. Moreover, assume A\; > 1.

e If Sy is polynomially tractable then b, € O(Ind), as d — oc.

e If S; is strongly polynomially tractable then b; € O(1), as d — oo, and
)\1 =1> )\2.

Proof. Assume A\; > 1 and let 7 be given by Lemma 5.6. Then, independent of the
amount of symmetry conditions, we have A\g; = A{ > 1 and there exist absolute
constants » > 0 and C' > 1 such that

1 T )
Wk; (Ad,k) <Cd, deN, (5.19)

due to Lemma 5.6. In the case of strong polynomial tractability we even have r = 0.
For d > 2 we use the product structure of Ak, k € Vg, provided by (5.14). That
is, we split the sum w.r.t. the coordinates with and without symmetry conditions.
Hence, we conclude

#My ba
S s X, Y - (m) S 3. 620)
m=1

k=(h,j)eVg4 je(My)la he(My)ed, heMa,,
h1< <had h1<...<ha,

for d = a4 + by > 2 which leads to

#My 7\ b ag T
)\m )\hl
E — E — ) <Cd.
( < A ) ) < A1 ) B
= heM,,, =1

m=1
h1<...<ha,
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In any case the second sum in the above inequality is bounded from below by 1.
b
Thus, using #M,; > 2 we conclude that (1 + \5/A\])% < <Z#j§ AT /)\I) " needs

to be polynomially bounded from above. Since we always assume Ay > 0 this leads
to the claimed bounds on b,.

It remains to show the assertions on the two largest univariate eigenvalues
in the case of strong polynomial tractability. To this end, assume for a moment
that A\; > 1. Then, because of Ay > 0, there need to exist some K € Ny such that
A2 > (1/X)¥. Now it is easy to see that (independent of the number of symmetry
conditions) there are at least 1+ [d/(K + 1)] different k € V4 such that gz > 1.
Namely, for l =0,...,|d/(K + 1)] we can take the first d —[ coordinates of k € V4
equal to one. To the remaining coordinates we assign the value two and obtain

Xagk = AL > MK > 1

In other words, we have Aj14|q/(x+1)] = 1. On the other hand, strong polynomial
tractability implies Z;’;HC] Agi < €1 for some absolute constants 7,C,Cy > 0
and all d € N; see (5.18). Consequently, for every d > dy = (2 + C)(K + 1) we
obtain 1+ [d/(K +1)| > [1+ C and thus

1+|d/(K+1)]|

Cr> Y A= YA,
i=[14C1 i=[1+C]
> Apsa/ (1)) 2+ [d/ (K + 1) = [1+C1)
d
> — (1 .
2 g+ 10O

Obviously this is a contradiction and we conclude A\; = 1. Finally, we need to show
that we necessarily have Ay < 1. Assuming that \; = Ay = 1 leads to K = 0 in the
discussion above and hence we obtain the same contradiction as before. Therefore
the proof is complete. |

Note in passing that independent of the number of symmetry conditions the
information complexity n¥or (e, d; Sqr,: B(S1,(Hg)) — Ga) needs to grow at least
linearly in d if we assume A; > 1 and A\, > 0.

We continue the analysis of I-symmetric problems with respect to the absolute
error criterion by proving that the stated necessary conditions are also sufficient
for (strong) polynomial tractability. For this purpose we need a rather technical
preliminary lemma. For the convenience of the reader we include a full proof that

uses only elementary induction arguments.

Lemma 5.8. Let (f,m)men be a non-increasing sequence of non-negative real
numbers with p1 > 0 and set psp, = [[_; i, for k € N° and s € N,
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5.3 Complexity of (anti)symmetric problems

Then, for all V € Ny and every d € N, it holds

d
Z Mg < (p)*d” [ 1+V + Z ()" Z pp o |- (5.21)
L=1

keNd, = I eNE,
1<k1<...<kgq V+2§]§L)§§]2L)

Proof. Step 1. By induction on s we first prove that for every fixed m € N

E Psie = (pm)® + E (fm)* ™ E o forall seN. (5.22)
keN?, =1 FWeN,
m<k1<...<ks m+1§j§l>§...§jl“)

Easy calculations show that this holds at least for the initial step s = 1. Therefore,
assume the assertion (5.22) to be true for some s € N. Then

Z Hs+1,6 = Z Hoky Z Hs.h

keNstl ki=m heNs,
m<k1<...<kst1 k1<h1<..<hs
= HUm E Hs.h + E Hs+1 k-
heN?| keNst1,
m<hi1<...<hs m4+1<k; <..<ksyi

Now, by inserting the induction hypothesis for the first sum and renaming k

to j**1) in the remaining sum, we conclude that Y jpens+1,  flsy1k equals
m<hy <...<hoir

(#m)8+1 + Z(Mm)SH_Z Z Hy 5@ + Z Hsy1,j(s+1)-

=1 j(l)ENZ, j(s+1)€NS+l,
mt1<iV << m1<i T <<l

Hence (5.22) also holds for s + 1 and the induction is complete.

Step 2. Here we prove (5.21) via another induction on V' € Ny. Therefore, let
d € N be arbitrarily fixed. The initial step, V' = 0, corresponds to (5.22) for s = d
and m = 1. Thus assume (5.21) to be valid for some fixed V' € Ny. Then, by using
(5.22) for s = L and m =V + 2, we see that the right-hand side of (5.21) equals

L

d
) d | 1V 3 ) | (v + )Y o
L=1 =1 FDeN,
v4+2)+1<0 <. <50
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5 Problems on Hilbert spaces with (anti)symmetry conditions

Now we estimate 1+ V by d (14 V'), take advantage of the non-increasing ordering
of (ftm)men, and extend the inner sum from L to d in order to obtain

d
Z pag < (p)*dV 1+ (V+1) + Z Z M, 5@
I=1

keNd, Fi®en
1ski<...<kq (V4+1)+2<50<.<i®

Since this estimate corresponds to (5.21) for V' + 1 the claim is proven. |
Now the sufficient conditions read as follows.

Proposition 5.9 (Sufficient conditions, symmetric case). Let P = &, assume S
to be the problem considered in Lemma 5.6, and let A = (A,)men € €5, for some
To € (O, OO)

o If \; <1 then S; is strongly polynomially tractable.
o If \; = 1> Xy and by € O(1) then S} is strongly polynomially tractable.

e If \; =1 and by € O(Ind), as d — oo, then S} is polynomially tractable.

Proof. Step 1. We start the proof by exploiting the property A € ¢, ; namely we
use the ordering of (A;)men to conclude that

MAR S AP+ AR < DA = Al | < o0 forany meN.
=1

Hence, there exists some C, > 0 such that ), is bounded from above by C;, -m™"

for every r < 1/7y. Therefore there is some index such that for every larger m € N
we have )\,, < 1. We denote the smallest of these indices by mg. Similar to the
calculations of Novak and WozZniakowski [NWO08, p. 180] this leads to

> cr 1
Z Ay, < DAL, +CF / AN (z) = (p+ DA, + —

m=m mo—+p Tr—1 (mo +p)TT71

for every p € Ny and all 7 such that 7r > 1. In particular, with r = 1/7y we obtain
for all 7 > 19 and any p € Ny the estimate

o _ 7(1/170—=1/7)
1/7 C«i/(l/To 1/7)
S )™ < (1) (my)™ + ° .

Note that for a given o > 0 there exists some constant 71 > 7y such that for all
T>m7 itis 1/(1/79 — 1/7) € (70,70 + 9). Hence, if p € Ny is sufficiently large then
we conclude that for all 7 > 7

o) o + 5 Cl )T/(To+5)
M) < (p+1) (M) + ;
PILOETER (-
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5.3 Complexity of (anti)symmetric problems

where we set Cj = max {1, CZS“} < myg + p. Finally, since \,,, < 1, both the
summands tend to zero as 7 approaches infinity. In particular, there need to exist
some T > 71 > Tg such that

Y () <

m=mg

DO | —

Step 2. Now all the stated assertions can be seen using the second point of
Theorem 2.8. Indeed, for polynomial tractability it is sufficient to show that

o0

S (Xd,k)T =Y ()" <Cd7 forall deN (5.23)

keVy =1

and some C, 7 > 0, as well as some r > 0. If this even holds for r = 0 we obtain
strong polynomial tractability.

In the case A\; < 1 we can estimate the sum on the left of (5.23) from above by
(o> AT)? since clearly V; € My C N Using Step 1 with mg = 1 we conclude
that > pcv. (Xd,k)T < 274 for some large 7 > 7y. Hence the problem is strongly
polynomially tractable in this case.

For the proof of the remaining points we assume that A\; = 1. In any case we
have

2 (Xl»k)T <D ()™ = (A £ < o0
m=1

kevy

for all 7 > 7 because of A € ;. Therefore we can assume d > 2 in the following.
Recall that we can split the first sum in (5.23) w.r.t. the coordinates with and
without symmetry conditions. That is, for d = a4 + by > 2 we use (5.20).

If Ay < 1 and b, is universally bounded then the first factor in this splitting can
be bounded by a constant and the second factor can be estimated using Lemma 5.8
with V' = 0, d replaced by aq and p replaced by A™.3° Consequently, for any 7 > 7,

L
T ad ~ T ad o
> (an) =143 > (uyw) g1+Z<Z(A;)) - (5.24)
heMad, L=1 j(L)eNL, L=1 \m=2
h1<...<ha, 2<;P<..<j ()

Now, with the help of Step 1 and the properties of geometric series, we see that
if 7 is large enough then (5.24) can be estimated further by 14+ > 77 277 =2.In
summary also g (Aas)™ is universally bounded in this case and therefore the
problem S} is strongly polynomially tractable.

To prove the last point we argue in the same manner. Here the assumption
by € O(Ind), as d — oo, yields that the first factor in the splitting (5.20) is

350bserve that this choice particularly implies that s, = 0 for any m > #M;.
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5 Problems on Hilbert spaces with (anti)symmetry conditions

polynomially bounded in d. For the second factor we again apply Lemma 5.8, but
in this case we set V' = mgy — 2, where mq denotes the first index m € N such that
Am < 1. Keep in mind that this index is at least two because of A; = 1. On the other
hand, it needs to be finite, since A\ € ¢,,. Therefore, due to the same arguments as
above, the second factor in the splitting (5.20) is polynomially bounded in d, too.
All in all, this proves (5.23) and thus S; is polynomially tractable in this case. W

We summarize the results obtained for /-symmetric tensor product problems
St = (Sa1,)den in the following theorem.

Theorem 5.10 (Polynomial tractability of sym. problems, absolute errors). Let
S1: Hy — G1 denote a compact linear operator between two Hilbert spaces and let
A = (An)men be the sequence of eigenvalues of W, = S'S; w.r.t. a non-increasing
ordering. Moreover, for d > 11let 0 # I, C {1,...,d} and assume S; = (S4.1,)den
to be the linear tensor product problem S = (S;)4en restricted to the I;-symmetric
subspaces &p,(H,) of the d-fold tensor product spaces H,. Consider the worst case
setting with respect to the absolute error criterion and let Ay > 0. Then S; is
strongly polynomially tractable if and only if A € £, for some 7 € (0,00) and

e )\ <1, or
e 1 =X > X and (d—#I1;) € O(1), as d — .

Moreover, provided that A\; < 1 the problem is polynomially tractable if and only
if A € ¢, for some 7 € (0,00) and

e )\ <1,or
e A\ =1land (d—#I,;) € O(Ind), as d — 0.

Note that we do not have sufficient conditions for polynomial tractability in
the case when A\; > 1. We only know that (d — #1;) € O(Ind), as d — oo, is
necessary in this situation. Anyway, we completely characterized strong polynomial
tractability of symmetric problems. In this respect we improved the results known
from [Weil2a]. Moreover, we have shown that the stated results also hold for
finite-dimensional and for non-separable source spaces Hj.

Before we turn to the complexity of antisymmetric problems we briefly focus on
the normalized error criterion for the I-symmetric setting in the next subsection.

5.3.2 Symmetric problems (normalized errors)

Due to (2.10) and (5.14) the information complexity of I-symmetric problems
St = (Sar,)den in the worst case setting w.r.t. the normalized error criterion is

given by
Xdk : ()\kl) N2
— = — | > (e
A1 H A1 (=)

=1

Mhorm (€ 5 &1,(Ha)) = # {k €Vy
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5.3 Complexity of (anti)symmetric problems

for ¢ € (0,1) and d € N, since we have (¢"*)?2 = X\;; = A{ for any kind of
symmetric problem. In contrast, for the absolute error criterion (2.9) yields that

nr(e, d; 1, (Ha)) = # {k € V4 ‘ Nag =TTl My > €2}, where = > 0 and d € N,
Hence, using the ideas in the proof of Theorem 2.12 it suffices to study a scaled
tensor product problem Ty: &;,(Hy) — Gq4 w.r.t. the absolute error criterion in
order to obtain tractability results for S; in the normalized situation. To this end,
recall that the squared singular values of T} equal pt = () men With fi, = A\ /A1
such that we always have p; = 1. Furthermore, we obviously have p € ¢, if and

only if A € /.. This leads to the following theorem.

Theorem 5.11 (Polynomial tractability of symmetric problems, normalized errors).
Consider the situation of Theorem 5.10. We study the the worst case setting
with respect to the normalized error criterion. Then S; = (S4,)den is strongly
polynomially tractable if and only if

A€ l; for some 7 € (0,00) and A > Ay and (d— #I;) € O(1), as d — .
Moreover, the problem S; is polynomially tractable if and only if

A €l for some 7 € (0,00) and (d— #I3) € O(Ind), as d — oc.

5.3.3 Antisymmetric problems (absolute errors)

We start this subsection with sufficient conditions for (strong) polynomial tractabil-
ity which slightly improve the results stated in [Weil2a, Proposition 5].

Proposition 5.12 (Sufficient conditions, antisymmetric case). Let P = 2, suppose
St = (Sa1,)den to be the problem considered in Lemma 5.6, and let A = (Ap,)men €
¢, for some 74 € (0, 00).
e If \; < 1 then S; is strongly polynomially tractable, independent of the
number of antisymmetry conditions.

e If Ay > 1 and if there exist constants 7 > 71y, dg € N, as well as C' > 1,
and ¢ > 0 such that for the number of antisymmetric coordinates a4 in
dimension d it holds that

In (aq!) N In (C'd9)
d d

then the problem Sy is polynomially tractable. If this even holds for ¢ = 0
then we obtain strong polynomial tractability.

>1In(||A]|4-]|7) forall d>dg (5.25)

Proof. Like for the symmetric setting, the proof of these sufficient conditions
is based on the second point of Theorem 2.8. We show that under the given
assumptions for some 7 > 75 the whole sum of the eigenvalues

> (Xd7k>7 = i(kdﬂ-)T (5.26)

keVy, =1
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5 Problems on Hilbert spaces with (anti)symmetry conditions

is universally bounded, or polynomially bounded in d, respectively. Note that since
we deal with the case P =2 now, the set V, is given by the second line in (5.9).
Moreover observe that for d = 1 there is no antisymmetry condition at all. That is,
we have V; = M; C N and the sums in (5.26) equal ||A]| £-]|" < [|A |4, ]|” in this
case. Therefore, due to the hypothesis A € ¢, the term for d = 1 is finite.

Hence, let d > 2 be arbitrarily fixed. Without loss of generality we may reorder
the set of coordinates such that I; = {i1,...,4,,} = {1,...,as}. That means, we
assume partial antisymmetry with respect to the first a4 coordinates. For s € N
with s > d let us define cubes of multi-indices

Qd,s = {1, e ,S}d.

Furthermore, let Uy, s = {J € Qa5 | J1 < J2 < ... < Ja,} denote the a4-dimensional
projection of ()4, which reflects the assumed antisymmetry conditions. With this

notation we obtain
> (hue) =tm > (A

keVy keV,de’S
where the set of multi-indices under consideration V4N Qg s can be represented as
a subset of Uy, s X Qp,s. We will assume by = d — ay > 0 in what follows to ensure

this splitting to be non-trivial. Because of the product structure of Xd,k, keVyg,
this implies

2 (Xdﬂkyf > ﬁ%ﬁ > ﬁA; - (5.27)

k:(jui)evded,s jeUu,d,s =1 iEde,s =1

Since the sequence A = (A;)men is an element of £, < £, we can easily estimate
the second factor for every s > d from above by

ba b s s by 0o 1/7bg-T
> HA2=HZA;=<ZA%) S(Zm) N
m=1 m=1

€Qy,,s I=1 =1 m=1

(5.28)

To handle the first term we need an additional argument. Note that due to the
structure of U,, s we have

ad

aq aq aq
ST = Do TIXN +at Y. TN =a > ]

jEQad‘S =1 jEQad,S =1 jEUad,S =1 jEUad’S =1
Jk,m: jr=Jm

Consequently, using the same arguments as in (5.28), this yields the upper bound
A% /(aq!) for the first factor in (5.27). Once again this bound does not
depend on s > d. Hence, due to d = a4 + by, we conclude that

Z (Xdk)T = SILIEO Z <Xd,k>7 < aid! IA] €T||Td for every d €N

keVy kEVaNQa,s
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5.3 Complexity of (anti)symmetric problems

and any choice of 2A;,. Of course, for every d < dy this upper bound is triv-
ially less than an absolute constant. Thus, to prove the second assertion of this
Proposition 5.12 it is enough to show that

1
MG < Cdt forall d > dy,
Qq:

as well as for some C' > 1 and some ¢ > 0. But this is equivalent to our hypothesis
stated in (5.25). Hence the condition (5.25) implies (strong) polynomial tractability
of Sy, independently of the value of ;.

Note that now it suffices to show that \; < 1 already yields (5.25) with ¢ =0
and C' = 1 in order to complete the proof. To see this, observe that (due to Step 1
in the proof of Proposition 5.9) we know that there exists some 7 > 73 such that
N[ 6A" =D _ AL is strictly less than 1. Thus the right-hand side of (5.25) is
negative in this case, whereas the left-hand side is non-negative for every choice
of ag. [ |

Let us briefly comment the latter result. Clearly, for any ¢ > 0 the term
In(C'd?)/d in (5.25) tends to zero as d approaches infinity. Hence there is not
much difference in the stated sufficient condition for strong polynomial and for
polynomial tractability. Moreover, we need to mention that Theorem 2.8 allows us
to omit the largest f(d) — 1 eigenvalues \y;, where f(d) may grow polynomially in
(M)~ with d, but we did not use this fact in the above proof.

The next example investigates how fast aq needs to grow with the dimension d
in order to fulfill the condition (5.25).

Example 5.13. For any d € N and some v > 0 let

%:[‘1W. (5.29)

Indv
Then Stirling’s formula provides that a4 1n(aq/e) < In(aq!) < In(ag) — aq+ aqln(ag)

if d (and hence also aq) is sufficiently large. Consequently,

In(ay!) S 3 In(ag/e) S 1
d — d “ Ind y

.ln (d- —eﬁnd> 1 (1 B ln(e'ylnd)) y. 1
Ind v’

as d — 0o. On the other hand, we have a;/d < 1/(vInd) + 1/d and thus

In(aq!)  In(aq) —aq 1 1 2In(aq) —aq 1 In(ag) 1
-1 = —- < —.
7 < a4 "\ Gmatg) e i 5 hd =5

So we see that v in (5.29) needs to be strictly smaller than In"*(||A|£,||") in order
to fulfill (5.25) with ¢ = 0. In particular, it follows that assumptions like ag = {dﬁ]
with 8 < 1 are not sufficient to conclude tractability using the second point of
Proposition 5.12. 0
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5 Problems on Hilbert spaces with (anti)symmetry conditions

Now we turn to necessary conditions. As in the symmetric setting Lemma 5.6
yields that A € £, is needed for polynomial tractability. In addition, we will see that
we need a condition similar to (5.25), particularly if we deal with slowly decreasing
eigenvalues .

Proposition 5.14 (Necessary conditions, antisymmetric case). Let P = 2( and as-
sume St = (54,1, )den to denote the problem considered in Lemma 5.6. Furthermore,
let S7 be polynomially tractable with the constants C,p > 0 and ¢ > 0. Then, for
d tending to infinity, the initial error £ tends to zero faster than the inverse of
any polynomial. Moreover, A = (\;,)men € £, for every 7 > p/2 and there exists
some d* € N, as well as Cy > 1, such that

1 & MET\  In(Cydar/»
a;m(” A%H )+ n(@d )zln(H)\MTHT) forall d>d*. (5.30)

Thus we either have A\ < 1, or limy_, ag = 00.

Proof. Step 1. For the whole proof assume 7 > p/2 to be fixed. Then Lemma 5.6
shows that A € £;. Like in (5.20) for the symmetric case, we can split the sum of
the eigenvalues such that for all d € N

~ T #Ml bd ~ T
5 () = (S0) % () s,
m=1

keVy jGMad,
J1<...<Jay
Hence Lemma 5.6 together with the fact that Agp = A% - A ... \,, gives
||Ae7||f)bd ) (%) (d%/p)T
) <A+ 0)dr 0T . 5.31
< AT ( ) ¢ p Ad,1 (5:31)
In what follows we will use this inequality to conclude all the stated assertions.
Step 2. Here we prove the limit property for the initial error e = |/X\;1, i.e.
we need to show that for every fixed polynomial P > 0
A1 P(d) — 0, as d— 0. (5.32)

Since A\g1 < )\Iid A" = M\ we can restrict ourselves to the non-trivial case A\; > 1 in
the following. Assume that there exists a subsequence (dj)gen of natural numbers,
as well as some constant Cy > 0, such that A\, ; P(d) is bounded from below by Cj
for every k € N. Then for every d = dj, the right-hand side of (5.31) is bounded
from above by some other polynomial P;(dy) > 0. On the other hand, due to the
general condition Ay > 0, the term ||| £.||" /AT is strictly larger than one. Thus it
follows that there exists some C; > 0 such that

b, < Cyln(dy) for every k€ N.
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5.3 Complexity of (anti)symmetric problems

Therefore we obtain that a4, = di — by, — 00, as kK — oo. Moreover, the assumed
boundedness of Ay, 1 P(dy) leads to

CoP(d)™ < Agpa < AT XN, =AM N

adk adk

since A\; > 1. In the first step of the proof of Proposition 5.9 we saw that A € £
yields the existence of some C; > 0 such that \,, < C,m~'/" for every m € N.
’Tadk

Indeed, this holds for C- = [[A[£-]] > L. Hence AT -...- Al < C7 (ag,!)~" which
gives

(%)™ < a1 < (€T Pafdy) forall k€N

(&

and some other polynomial Py > 0. If £ is sufficiently large then we conclude that

g, < ag, 111(6&897—) < ln(?g(dk))7

T

since aqg, — oo implies a4, /(e CT) > e for k > ko. Therefore the number of
antisymmetric coordinates agy needs to be logarithmically bounded from above for
every d out of the sequence (d)r>k,. Because also by, was found to be logarithmically
bounded this is a contradiction to the fact d, = aq4, + bg,. Consequently, the
hypothesis Ay, 1P(di) > Cp > 0 can not be true for any subsequence (dy,)x. In other
words, it holds (5.32).

Step 3. Next we show (5.30). From the former step we know that there needs
to exist some d* € N such that 1/A\;1 > 1 for all d > d*. Hence, (5.31) together
with 7 > p/2 implies

ALY PN Co > :
<T <G5 = — for d>d,
1 d,l )\1 . )\1 S ee e " )\ad

where we set Co = 1+ C + C*/P((27/p). Therefore we obtain

aq )\ KT T
crmr [T > e
k=1 k

for all d > d*, which is equivalent to the claimed estimate (5.30).

Step 4. It remains to show that A\; > 1 implies that limgy_,, a4 is infinite. To
this end, note that every summand in (5.30) is strictly positive. If we assume for
a moment the existence of a subsequence (dj)ren such that ag, is bounded for
every k € N then the left-hand side of (5.30) is less than some positive constant
divided by d;. Hence it tends to zero if k approaches infinity. On the other hand,
the right-hand side of (5.30) is strictly larger than some positive constant, because
of Ay > 1 and Ay > 0. This contradiction completes the proof. |
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5 Problems on Hilbert spaces with (anti)symmetry conditions

As mentioned before there are examples such that the sufficient condition (5.25)
from Proposition 5.12 is also necessary (up to some constant factor) in order to
conclude polynomial tractability in the antisymmetric setting. Now we are ready
to give such an example.

Example 5.15. Consider the situation of Lemma 5.6 for P = 2 and assume the
problem S; to be polynomially tractable. In addition, for a fixed 7 € (0, 00), let
A = (Am)men € ¢; be given such that A; > 1 and assume the existence of some
mgo € N such that

ALl
me/T

Then we claim that there exist constants d € N, C' > 1, and r > 0 such that

In(aqg!)) In(Cd)
R

Recall that due to Proposition 5.12, for the amount of antisymmetry a4, it was
sufficient to assume (5.34) with a = 1 in order to conclude (strong) polynomial
tractability; see (5.25). Moreover keep in mind that we know from Example 5.13
that In(ag!)/d tends to 1/ if we assume aq to be given by (5.29). Hence in the
present example we have strong polynomial tractability if v < In~'(||A]£]7),
whereas the problem is polynomially intractable if v > o/ In(||A | -||7).

Before we prove the assertion it might be useful to give a concrete example
where (5.33) holds true. Therefore set \,, = 1/m? 7 =my =1, and a = 3. Then
it is easy to check that |\ |4, || = ¢(2) = 7%/6 and we obviously have \; = 1.

To see that (5.34) holds true we can use Proposition 5.14 and, in particular,
inequality (5.30). Since A\; > 1 we know that limgay = 0o, i.e. ag > my for every d
larger than some d; € N. Furthermore, note that (5.33) is equivalent to

Am =

for all m >mg and some a > 1. (5.33)

>In(|[A|4.]]7) forall d>d. (5.34)

AT
ln(H)\—TH> < aln(m) forall m > my.

m

Hence if d > d; then we can estimate the sum in (5.30) from above by

|/\\€ I” EYAAEEERS Cy |, In(ad!)
< . = — < —= .
dzl( S T T 2 mlm)<TFda =7

m=mo-+1

Obviously, for d larger than some dy € N the term C) + In(Cy d?7/?) is less than
In(C'd"), where C' > 1 and r > 0. Here r = 0 if and only if ¢ = 0 in (5.14), i.e
if the problem is strongly polynomially tractable. Consequently we can conclude
(5.34) from (5.30) by choosing d = max {d;, dy, d*}. O

Although there remains a small gap between the necessary and the sufficient
conditions for the absolute error criterion, the most important cases of antisym-
metric tensor product problems are covered by our results. Let us summarize the
main facts.
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5.3 Complexity of (anti)symmetric problems

Theorem 5.16 (Tractability of antisymmetric problems, absolute errors). Let
S1: Hy — G1 denote a compact linear operator between two Hilbert spaces and let
A = (An)men be the sequence of eigenvalues of W; = S4S; w.r.t. a non-increasing
ordering. Moreover, for d > 11let O # I, C {1,...,d} and assume S; = (Sq.1,)den tO
be the linear tensor product problem S = (S;)4en restricted to the I;-antisymmetric
subspaces ;,(H,) of the d-fold tensor product spaces Hy. Consider the worst case
setting with respect to the absolute error criterion and let Ay > 0. Then for the
case \; < 1 the following statements are equivalent:

e S} is strongly polynomially tractable.
e S; is polynomially tractable.
e There exists a constant 7 € (0, 00) such that A € £,.

Moreover, the same equivalences hold true if \; > 1 and #1; grows linearly with
the dimension d.

At this point we mention that for the case of fully antisymmetric problems, i.e.
for #1; = aq = d, an explicit formula for the information complexity w.r.t. the
absolute error criterion is known. Furthermore, simple examples can be constructed
which show that we cannot expect the same nice tractability behavior if we deal
with normalized errors. For further details the interested reader is referred to
[Weill, Proposition §].

5.3.4 Antisymmetric problems (normalized errors)

Up to now every complexity assertion in this chapter was mainly based on Theo-
rem 2.8 which dealt with the general situation of arbitrary compact linear operators
between Hilbert spaces and with the absolute error criterion. While investigating
tractability properties of I-symmetric problems with respect to the normalized
error criterion, we were able to use assertions from the absolute error setting. Since
for I-antisymmetric problems the structure of the initial error is more complicated,
this approach will not work again. Therefore we recall Theorem 2.9 as a replacement
of Theorem 2.8 for the normalized setting. This in hand, we can give the following
necessary conditions for (strong) polynomial tractability.

Proposition 5.17 (Necessary conditions, antisymmetric case). Let St = (Sa.z,)den
denote an [-antisymmetric problem as defined at the beginning of Section 5.3 and
consider the worst case setting w.r.t. to normalized errors. Then the fact that S
is polynomially tractable with the constants C,p > 0 and ¢ > 0 implies that
A= (An)men € £, for all 7 > p/2. Moreover, for d tending to infinity, 7 tends to
zero faster than the inverse of any polynomial and by € O(Ind), as d — oo. Thus
we have limg o, ag/d = 1. In addition, if S} is strongly polynomially tractable then

by € O(1), as d = 0.
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Proof. From Theorem 2.9 it follows that there is some C; > 0 such that

; Z (Xd7k>7 = i (i\d’i>7 < CLd¥P for every deN (5.35)
i=1

(Aaa)” v, a1

and all 7 > p/2. Once more the index set V is given as in (5.9). Indeed, Theorem 2.9
yields that it is sufficient to take C; = 2(1 4+ C)*/?((27/p). As in the proof of
Lemma 5.6 it suffices to consider the case d = 1 in (5.35) to see that A € £, is
necessary for polynomial tractability. Moreover, like with the arguments of Step 1
in the proof of Proposition 5.14, it follows that

)\ ET T bd
(%) < C,d¥YP deN, (5.36)
1
since \g; = /\l{d “ A1 ... Agy. Due to the general assertion Ay > 0 we have

IA]£-]|” > AT and thus polynomial tractability of Sy implies the bound by < Cy In(d)
for some Cy > 0, i.e. by € O(Ind), as d — oo. Therefore we obviously have

aq bd Ind Ind
1>—-—=1-—-—2>1-0Cy-— — 1, d— o0.
=d md d = *d ’ >
The proof that strong polynomial tractability leads to by € O(1), as d — oo, can
be obtained using (5.36) with the same arguments as before and ¢ = 0. Finally we
need to show the assertion concerning 7. Here we refer to Step 2 in the proof of
Proposition 5.14. ]

5.4 Applications

This last section of the present chapter is devoted to applications of the theory
developed previously. In Section 5.4.1 we follow the lines of the introduction of
[Weil2a] and illustrate the power of imposing additional (anti)symmetry conditions
to linear tensor product problems by using simple toy examples. Afterwards, in
Section 5.4.2, we focus our attention to more advanced problems which we are
faced with in practice. There we briefly introduce wavefunctions and show how our
results allow it to handle the approximation problem for such classes of functions.

5.4.1 Toy examples

The aim of the following simple examples is to show that exploiting an a priori
knowledge about (anti)symmetries of a given tensor product problem can help to
obtain tractability, but it does not make the problem trivial in general.

Let S = (Sq: Hqg — G4)aen denote a tensor product problem between Hilbert
spaces. Remember that due to Section 2.4 for complexity studies it suffices to specify
the singular values of the univariate operator S;. To simplify the presentation we
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slightly abuse the notation and denote the information complexity of the entire
problem S by n®(e,d). We want to compare this quantity with the respective
information complexities of the restriction of S to the fully symmetric and the fully
antisymmetric subspaces of (Hg)gen. These numbers will be denoted by n™™ (e, d)
and n®Y (e, d), respectively.

Clearly, our results yield that in any case (as long as we deal with the worst
case setting and the absolute error criterion)

n*Y(e,d) < n™¥™(e,d) < n™(e,d) forevery €>0 andall deN,

where for d = 1 the terms coincide, since then we do not claim any (anti)symmetry.
To see that additional (anti)symmetry conditions may reduce the information
complexity dramatically consider the following three examples.

Example 5.18. Let us have a look at the simple case of a linear operator S; with
singular values o such that A\; = Ay = 1 and A; = 0 for 5 > 3. Then the information
complexity of the entire tensor product problem can be shown to be

n(e,d)=2% forall de€N and e<1.

Hence the problem suffers from the curse of dimensionality and is therefore in-
tractable.

On the other hand, our results show that in the fully symmetric setting we
have polynomial tractability, because

n¥e,d)=d+1 forall deN and e<1.

Moreover, it can be proved that in this case the complexity of the fully anti-
symmetric problem decreases with increasing dimension d and, finally, the problem
even gets trivial. In detail, we have

n*(e,d) =max{3 —d,0} forall deN and e<1
which yields strong polynomial tractability. 0

Example 5.19. Next let us consider a more challenging problem, where \; =
A= ...=Ap =1and \; = 0 for every j > m > 2. For m = 2 this obviously
coincides with the example studied above, but letting m increase may tell us more
about the structure of (anti)symmetric tensor product problems. In this situation
it is easy to check that for every d € N and all € < 1
n(e,d) =m?* and n*™(e,d) = {(d)’ a<m,

0, d>m.

Since (7)) > 24! for d < [m/2], this means that for large m the complexity in the
antisymmetric case increases exponentially fast with d up to a certain maximum.

Beyond this point it falls back to zero.
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The information complexity in the symmetric setting is much harder to calculate
for this case. However, it can be seen that we have polynomial tractability, but
n¥™ (g, d) needs to grow at least linearly with d such that the symmetric problem
cannot be strongly polynomially tractable, whereas this holds in the antisymmetric
setting. The entire problem again suffers from the curse of dimensionality. O

Example 5.20. For a last illustrating example consider the case A\; = 1 and
Ajy1 = j P for some 3 > 0 and all j € N. That means, we have the two largest
singular values o; = gy of S equal to one. The remaining series decays like the
inverse of some polynomial. If 5 = 0 then the operator S} is not compact, since the
sequence A = (A, )men does not tend to zero; hence all the information complexities
are infinite in this case.

For # > 0, any 6 > 0, and some C' > 0 we have

n™(e,d) > 24, nY(e,d) >d+1, and n*(e,d) < 067(2/6+5),

for all € < 1, as well as every d € N. Thus, again for the entire problem we observe
the curse, whereas the antisymmetric problem is strongly polynomially tractable.
Once more, the symmetric problem can be shown to be polynomially tractable.
Note that in this example the antisymmetric case is not trivial, because all \;
are strictly positive. If we replace j=° by log™(j + 1) in this example we obtain
(polynomial) intractability even in the antisymmetric setting. O

5.4.2 Wavefunctions

During the few last decades there has been considerable interest in finding approx-
imations of so-called wavefunctions, e.g., solutions of the electronic Schrodinger
equation. Due to the Pauli principle of quantum physics only functions with certain
(anti)symmetry properties are of physical interest. For a more detailed view see,
e.g, Hamaekers [Ham09], Yserentant [YselO], or Zeiser [Zeil0]. Furthermore, for a
comprehensive introduction to the topic, as well as a historical survey, we refer the
reader to Hunziker and Sigal [HS00] and Reed and Simon [RS78].

In particular, the notion of multiple partial antisymmetry w.r.t. two sets of
coordinates is useful for describing wavefunctions ¥. In computational chemistry
such functions occur as models which describe quantum states of certain physical
d-particle systems. Formally, these functions depend on d blocks of variables
yi = (@ s9) for i = 1,...,d, which represent the spacial coordinates (¥ =
(xgi), :L’g), x;(f)) € R? and certain additional intrinsic parameters s*) € C of each
particle y; within the system. Hence, rearranging the arguments such that * =
(2@ ... z@) and s = (s, ..., 5?) yields that

U: (R x 04 =R, (x,8) > Uz, s).

In the case of systems of electrons one of the most important parameters is called
spin and it can take only two values, i.e., s € C' = {—%, —l—%} Due to the Pauli
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principle the only wavefunctions ¥ that are physically admissible are those which
are antisymmetric in the sense that for 7 C {1,...,d} and I°={1,...,d}\ [

U(mw(x),7(s)) = (—)I"W(x,s) forall me8 USp.

Thus ¥ changes its sign if we replace any particles y; and y; by each other which
possess the same spin, i.e. s&) = sU). So the set of particles, and therefore also
the set of spacial coordinates, naturally split into two groups I, and /_. In detail,
for wavefunctions of d particles y; we can (without loss of generality) assume
that the first #1I, indices ¢ belong to the group of positive spin, whereas the
rest of the particles possess negative spin, i.e. [, = {1,...,#I } and I_ = I{ =
{#I, +1,...,d}.

In physics it is well-known that some problems, e.g., the electronic Schrédinger
equation, which involve (general) wavefunctions can be reduced to a bunch of
similar problems, where each of them only acts on functions W out of a certain
Hilbert space F; = F4(s). That is,

U, =U(.,8) € FyC {f: (R? = R}

with a given fixed spin configuration s € C?. Of course every possible spin configu-
ration s corresponds to exactly one choice I, C {1,...,d} of indices. Moreover,
it is known that &, is a Hilbert space which possesses a tensor product structure.
Therefore we can model wavefunctions as elements of certain classes of smoothness,
eg, FyCHy=H®...0 H = Wz(l""’l)((R3)d), as Yserentant [Ysel(] recently
did, and incorporate spin properties by using projections of the type 2 = 20;, o%A;_,
as defined in Section 5.1.1. In particular, Lemma 5.2 then yields that

Fa=A(Hy) =Ar, (Hpr, ) @A (Hyr )

and the system of all

&= V#S1, - #81 -Uler), k€ Vy,
with
Va={k=(i,5) e N** x N*\= |y < iy < ... <iyp and ji <...<jy}

builds an orthonormal basis of F; = 21(H,), where the set {e,, |m € N9} is once
again assumed to be an orthonormal tensor product basis of Hy = Hy ® ... ® H;
constructed with the help of {e,, | m € N}, an arbitrary orthonormal basis of H;.

Note that in the former sections the underlying Hilbert space H; always consists
of univariate functions. In contrast, wavefunctions of one particle depend on at
least three (spacial) variables, but we want to stress the point that this is just a
formal issue. Anyway, our approach radically decreases the degrees of freedom and
improves the solvability of certain problems S = (Sy)qen like the approximation
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5 Problems on Hilbert spaces with (anti)symmetry conditions

problem, i.e. S; =id: Hy — G4 for every d € N, considered in connection with the
electronic Schrodinger equation.

Theorem 5.4 provides an algorithm which is optimal for the Gs-approximation
of d-particle wavefunctions in &, with respect to all linear algorithms that use at
most n continuous linear functionals. Therefore we only need to choose the right
ONB {e, = ¢m | m € N} of H; which coincides with the eigenfunctions of the
univariate operator W, = S,7S,. Moreover, the error can be calculated exactly in
terms of the eigenvalues A = (A, )men of Wi.

Furthermore it is possible to prove a modification of Theorem 5.16 for problems
dealing with wavefunctions. In fact, for the mentioned approximation problem
polynomial tractability as well as strong polynomial tractability are equivalent to
the fact that the sequence A of the squared singular values of the univariate problem
belong to some /,-space if we consider the absolute error criterion. The reason
is that all the assertions in Section 5.3.3 can be easily extended to the multiple
partially antisymmetric case. In detail, if we denote the number of antisymmetric
coordinates ® within each antisymmetry group I Cgm) C{1,...,d} by ag,, with
m =1,..., M then the constraint a; + by = d extends to

ad71—|—...—|—ad7M—|—bd:d.

Here b; again denotes the number of coordinates without any antisymmetry con-
dition. In conclusion, the sufficient condition (5.25) in Proposition 5.12 transfers
to

M
> In(agm!) > |67, forall d > d,
m=1

ISR

which is always satisfied in the case of wavefunctions, since then M = 2 and the
cardinality aq,, of at least one of the groups of the same spin needs to grow linearly
with the dimension d.
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