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ABSTRACT

In this paper we discuss the static and dynamic behaviour of low-cost piezoelectric circular
unimorph actuators with the aim to use them as a vibration motor for miniaturized mobile
robots. The discussed example consists of two layers: a brass plate and a piezoelectric ceramic
layer. For the analytical description, the actuation system is modelled as a thin elastic plate,
which can be described with the help of the Kirchhoff hypothesis of plates and laminates. For
the numerical analysis, a finite element model was created and solved using the program
package ANSYS®. The results are compared with measurements using a scanning laser
vibrometer. It can be concluded that the studied piezoelectric low-cost unimorphs can be used
as vibration actuators in the considered frequency range, but that the static and dynamic
behaviour of individual unimorphs differs considerably due to manufacturing tolerances.

Index Terms — piezo actuator, unimorph, theory of plates, micro robot
1. INTRODUCTION

Piezoelectric unimorph actuators consist of a thin layer of piezoelectric material and a passive
layer, which are glued together. The study is conducted with the actuator presented in Figure
1. It is an example for similar circular unimorphs, which are available in a diameter range
from 10 mm up to 50 mm. The discussed actuator consists of a brass plate and a piezoelectric
ceramic layer with respective diameters of 50 mm and 30 mm and a height of 0.2 mm each.
For example, such actuators are used as audio signal devices (buzzers) or as active
membranes in miniaturized pumps. Because of their vibration characteristic and the low price,
they can be used as vibration motors for low-cost miniaturized robots, as presented in [1] or
[2]. Such robots perform locomotion due to resonant vibrations of elastic contact elements
between the robot and the ground. A high frequency (>1000 Hz ) excitation is performed by

actuators similar to the one displayed in Figure 1. Below, the index “P” points to the piezo
ceramic and “M” names the metal (brass).

Figure 1: Low-cost piezoelectric unimorph actuator (0 50mm)
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2. ANALYTICAL MODEL

The actuator is modelled, following [3], as a thin elastic laminate, see Figure 2, using the
Kirchhoff hypothesis of plates [4] for laminates, which is often named Classical theory of
laminates [5].

Az,3
h, ‘ E, j o Piezo ceramic
; e 7/ g Adherend
1
hy | s f >~ Neutral area
O
3 GV(Z) \Brass plate

Figure 2: Laminate of two thin elastic plates

h, and h,, are the height of the piezo and the metal layer. E, and E,, are the Young’s
moduli of the materials. It is assumed that the adherend is ideal, which means that the height
of it equals zero and there is no motion between the plates. The influences of the electrodes,
cables and soldering points to the static deflection w(r) are neglected. Furthermore it is
assumed, that the piezo ceramic and the metal have approximately the same Poisson’s ratioV .
For the use of the Kirchhoff hypothesis, the introduction of a strain- and stress-free area is
needed. The position of the neutral area can be calculated from the condition

. E
jG,dz =0, with 6, = 5 [w”+xw')z.
! l1-v r

2.1 Bending stiffness
Figure 2 shows the cross section of the laminate and the radial stress distribution G6,(z) using

cylindrical coordinates (r,¢,z ). If the distance between the adherend and neutral area is #,,,

it follows
1 v hy hy+hp
" 2(W”+—W' E, J zdz+ E, J zdz |=0,
-V 4 (i) y
and with the ratios of Young’s moduli and heights
E h
e=—1, a=—"+,
EM hM

the unknown /4, can be determined:

h, 1—ea’
hy =2 x—.
2 l+ea
Taking into account the inner moment
my = Jcr zdz,

for the bending stiffness of the laminate follows
2
4(1+ea3)(l+ea)—3(l—ea2)

Nows = No 1+ea ’ v
where
Eyhy
= 2
Do12(1-v?) @

is the bending stiffness of homogeneous metal plate of the height #,,.
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2.2 Piezoelectric bending moment
The electro-mechanical properties of piezoelectric materials are determined by two field
equations. For the description of the actuation effect is used

€=s"6+d"E,.
The sensing capabilities are not considered. € is the superposition of the mechanical and
electrical induced strain. s” gives the compliance in a constant electrical field Ee,. In

piezoelectric materials an applied electrical field Ed results in a mechanical strain, coupled

by the transposed matrix of piezoelectric moduli @ . Using a cylindrical coordinate system,
neglecting shear stress and considering the electrical field in the direction of the polarization,
see Figure 3 (a), the scalar equations follow:

€, =5/,0, +5,0, +5,0. +dy E

zel”?

_ E E E ¢
&, =5,0, +5,0,+5,0. +dy E

z.el’

€, =530, +5;0, + 5,0, +dy, E

z,el*

The numerical indices follow the standardised diction of DIN EN 50324-2. For the considered
problem the indices could be transformed: 1—-r, 2—>¢ and 3 — z. As the plate is

sufficiently thin it can be assumed

c,=0.
Piezoelectric materials for the considered actuators show an isotropic behaviour in the (7, ) -
plane:

E E
S5 = =VS)| .
For the used shear effect the effective Young’s modulus is
1
EP = R
Sll

Now (3) can be written as

1
€ p= £ (Gr,P —VG,p ) +d,E

z,el
P P

with the electrical field

1
€, =E—((5W —V0, ,)+dy E

z,el ?

With Hooke’s law

_E _E
6’_1—V2 (Sr"‘V%)a G“’_l—vz (8w+ve,)
and the condition of the equality of length of piezo and metal layer in the interval 0<r <R,

C, h,+06,,h,=0

n‘z,3 R, _
o N Az3 w N
Utc T T T v hP Mode]ing /,////////Pﬁ/[//////‘; C,,l. T -
Vi TNy _— 2
5 Ry, _ - Ry, .

Figure 3: (a) Piezoelectric actuator with direction of polarisation and applied voltage U,
(b) Mechanical model with piezoelectric bending moment
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can be determined the piezoelectric bending moment

rhelzjcs,,de=—d3lU Echy Ita . &
! l1-v 2a(l+ea2)

2.3 Deflection of the actuator
Further the actuator is modelled, as presented in Figure 3 (b). It consists of a circular plate
with the radius R, and the stiffness N,,,,, (1) , and a circular ring plate with R, <r <R, and
N, , (2). The determined momentr,, , (4), is applied. The deflection of the plate is described
by the Kirchhoff’s plate equation

AMw=L
N
In the considered rotationally symmetric case with

p=0

follows for the homogeneous equation

2 1 1
AAMW(r)=w""+=w"——=w"+—=w'=0.
r r r

The general solutions for the different intervals are:
0<r<R,: wu(r)=C+C,Inr+Cyr*+C,r’Inr,

R, <r<R,, : w,(r)=C,+C lnL+C7r2 +Cyr’ In—.
RM RM
With the boundary conditions of the problem

wp(0)=0,  wip(0)=0, wy(R,)=wy,(R,), Wy(R,)=w'(R,),
an(RP) = an (R, ), ﬁ/lr,P(RP) = ﬁ/lr,M (Rp,)+m,, an (R,)=0, ﬁ/lr,M (R,)=0,
where the shear force and the bending moment are

ér(r)z—N(w”%%w”—rizw’), ﬁar(r):—N(w”+%w'),

the unknown constants C,,..,C, can be calculated. The following ratios are used:

oo alhe L Ne R 1y
E, h,, N, R, 1+v
For the deflection of the piezoelectric actuator follows:
[ R 1 7
—-m l+y°K)—; or 0<r<R
2N, (1+V) T](1+X2K)+K(1—X2)( X )R; s !
w(r) =1 , ,
—m Ry ! 1+ Kt 2 I — |; for R,<r<R
“ON, (1+v) n(1+%7x) +x(1-x7) R, R, | PeeTw

The plot of w(r) in Figure 6 was done for the following material parameters.

Table 1: Parameters of the analytic solution

Metal (brass) Piezo ceramic Unit
Young’s modulus E, 100 E, 59.4 GPa
Density Py 8500 Pp 7760 kg / m’
Poisson’s ratio \% 0.355 \% 0.355
Piezo constant d,, —2.14x07" m/V
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3. FINITE ELEMENT MODELING

For the numerical analysis a finite element model was created and solved using the program
package ANSYS® Mechanical APDL 14.5. The model consists of two types of elements:
SOLIDS and SOLID186. The model is similar to the analytical and consists of two layers,
which are ideal glued together by merging the layer’s nodes. The actuator is fixed in the
middle. The parameters of the piezoelectric material were defined as given below.

The model was used to calculate the static deflection of the actuator. As presented in Figure 6,
the results agree with the plate theory and the experiments.

Table 2: Piezo material parameters of the numerical analysis

/com Piezo materiel Z-polarized

/com Stiffness

TB, ANEL, 1 , 1 , 0

TBDATA, 1, 1.0760E+11 , 6.3129E+10 , 6.3862E+10
TBDATA, 7, 1.0041E+11 , 6.3862E+10

TBDATA, 12, 1.0041E+11

TBDATA, 16, 2.2237E+10

TBDATA, 19, 1.9623E+10

TBDATA, 21, 1.9623E+10

/com Piezo matrix

TB, PIEZ, 1

TBDATA, 3, -9.5226
TBDATA, 6, -9.5226
TBDATA, 9, 15.1393
TBDATA, 14, 11.9702
TBDATA, 16, 11.9702

/com  Permittivity

EMUNIT, EPZRO, 8.85E-12
MP, PERX, 1 , 1111
MP, PERY, 1 , 1111
MP, PERZ, 1 , 825
/com Density

MP, DENS, 1 , 7760

4. MEASUREMENT OF STATIC DISPLACEMENT

To compare the analytical and numerical models with the actual actuators, the static
displacements of five actuators were measured. Using the measuring configuration displayed
in Figure 4 a) it was possible to measure displacements with a resolution of about 1um with
an applied voltage to the piezo up to 90 V. The actuator was fixed by a steel rod orthogonally
glued to the centre. This rod was mounted in a holder so the displacement of the centre was
zero at all times. The LD-1605-2 made by the Micro-Epsilon Messtechnik GmbH & Co. KG 1is
an optical sensor which uses a laser beam to measure relative displacements based on
triangulation. The actuators highly reflective brass surface is not suited for this sensor because
the laser beam would be reflected back to its source. To achieve a diffuse reflection, small
2x2 mm? pieces of white tape were put at the measuring positions shown in Figure 4 b).
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Figure 4: a) Measuring configuration, b) Positioning of measuring points on the brass surface

plate

The static displacements of five piezoelectric actuators were measured for nine voltages
ranging from 10 V to 90 V. Figure 5 shows the results for each piezo actuator at the outer

measuring points with an applied potential of 90 V.
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Figure 5: Displacements of five piezo actuators at the outer measuring points with an applied potential of 90 V

An ideal actuator would result in identical displacements for each measuring point. But, as

shown in Figure 5, the maximum displacement differs from 48 pm to 90 pum. It can be

concluded that the production tolerances for these low-cost piezoelectric unimorph actuators
are rather high and that the deflection cannot be considered as rotationally symmetric.

In the Figure 6, the averaged measurements are compared with the results of the analytical
and numerical models. On the left side the displacements are plotted over the radius and on
the right side over the applied potential.
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Figure 6: Comparison between analytical, numerical and experimental results

0

Both models are capable of reproducing the average displacements within the boundaries of
the measured standard deviation.
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5. VIBRATION MODES OF THE ACUTATOR: FEM AND EXPERIMENT

Using the described FE model, the first 27 normal modes of the actuator were obtained and
for eleven of these solutions, corresponding measurement results were found. The comparison
between the numerical results and the measurements is given in Figure 7, sorted by the
frequency of the numerical solutions. The used measuring configuration to display the mode
shapes is explained in Section 6. Since the number of possible measurements was limited due
to practical reasons, it is possible that some of the other 14 mode shapes also occur with the
real actuator but simply were not observed.

The results show that the model can be used to simulate the actuators behaviour with good
approximation. For frequencies above 1000 Hz the model seems to be stiffer than the real
actuators since the corresponding frequencies are considerably higher. But the data set of two
actuators may be too small in order to make a statement. Comparing the two actuators, it can
be seen that even equivalent actuators show huge differences for the frequencies of the
individual vibration modes with a local maximum of the deflection.

Normal mode Normal mode
solutions piezo | piezo 11 solutions piezo piezo Il
Nr. mode shape Nr. mode shape
2. 15.
4725 Hz 5575 Hz
4, 18.
4463 Hz 5112 Hz
7. 21.
1975 Hz 5575 Hz
11. 24.
3013 Hz 10413 Hz
13. 26.
4462 Hz 11534 Hz 7688 Hz
14.
5684 Hz 3475 Hz,

Figure 7: Comparison between numerical and measured normal modes
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6. MEASUREMENT OF DYNAMIC DISPLACEMENT

The dynamic behaviours of the piezoelectric actuators were studied. Knowledge about the
actuators natural modes can be useful for an energy-efficient usage e.g. in mobile robots. A
large displacement can be achieved with minimal energy input. To analyse the vibration
modes quantitatively, the Laser Doppler Vibrometer (LDV) PSV-300 made by the POLYTEC
GmbH was used. The measuring configuration can be seen in Figure 8 a). A function
generator and a PC for data analysis are part of the PSV-300 system. The function generator
was used to generate sinusoidal signals with frequencies up to 20 kHz with the amplitude of 2
V. This signal was then amplified to 24 V and used to excite the piezoelectric actuator. The
actuator was fixed the same way as for the static displacement measurements. With the LDV,
only one point can be measured at a time which is why many sequential measurements have
to be done. The individual measurements were synchronized using the excitation signal as a
trigger. In Figure 8 b) the net consisting of about 400 measuring points is overlaid on the
piezoelectric actuator. The intermediate areas were interpolated using the PSV-300 software.

a) b)
piezoelectric unimorph laser Doppler
,actuator vibrometer PSV 300

I ’ ‘ >, PC with software + ’ :

‘ for data analysis r

amplifier
am_plified high-frequency
Amgnal alternating
(u=24V) voltage (i = 2V)

Figure 8: a) Configuration for measuring the dynamic displacement b) Distribution of measuring points along
the surface

To determine the influence of different boundary condition, as they are present in the robots
described in [1] and [2], to the vibration modes, three comparisons were made. At first, two
equivalent piezoelectric actuators were compared to show differences that result from
manufacturing tolerances. After that, three 50 mm long legs, like the ones used for
piezoelectric driven micro robots, are attached to the actuator and the results are compared to
the same actuator without legs. In a final comparison, the three legs were brought into contact
with a glass surface and the results were compared to the actuator with free legs.

6.1 Comparison between two equivalent piezoelectric actuators

In Figure 9, the averaged velocity amplitudes of two equivalent actuators are shown for
frequencies up to 20 kHz. In this case the velocity was chosen over the displacement because
with this representation, peaks are easier to identify. Because of the harmonic oscillation the

displacement can be obtained with the correlation
o D

X =
2mf’
where X is the displacement amplitude, ¥ the velocity amplitude and f the frequency [6].
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Figure 9 reveals both similarities and differences between the two actuators. While both
curves show a peak at about 560 Hz, the peaks in the range between 4000 and 6000 Hz differ
considerably. This is probably due to the production tolerances which were mentioned in
Section 4.

|

—piezo |

l . _P
L | prezoll

velocity amplitude [mm/s]
SR NWHSRUITONN®R O o

T T T T T
12,5 2200  4387,5 6575 87625 10950 13137,5 15325 175125 19700
frequency [Hz]

Figure 9: Averaged velocity amplitudes of two equivalent actuators for frequencies between 12.5Hz and
20,000Hz

After comparing the averaged velocity amplitudes, several frequencies were selected to
measure the corresponding mode shapes. Figure 10 shows the mode shapes for three
frequencies. At 563 Hz, both actuators vibrate in their first normal mode. The measured
displacement of about 200 um verifies that a resonant frequency since the static displacement
for the used voltage was only 17 pm. The mode shapes for the other two frequencies differ
significantly between both actuators.

piezo | [ piezo Il piezo 1 [ piezo 11 piezo | ] piezo Il
563 Hz 1975 Hz 9625 Hz

pm

wm
" W —

200 W0 0 100 200

pm
", —

Figure 10: Mode shapes for two equivalent piezoelectric actuators

Figure 11 shows that similar mode shapes can be observed for different frequencies
depending on the actuator.
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Figure 11: Comparable mode shapes at different frequencies for two equivalent piezoelectric actuators

6.2 Comparison between a regular piezoelectric actuator and an actuator with
attached legs

After comparing two equivalent actuators, three 50 mm long legs were radially soldered onto

piezo II and the measurements were repeated. For this experiment, the legs were not brought

in contact with a surface but could vibrate freely in the air. The averaged velocity amplitudes

for both configurations are displayed in Figure 12. The differences suggest that the vibration

behaviour is influenced by the additional legs.

1

1 I —piezo Il

- l i | — piezo Il with legs
o LW ‘:@dﬁm

T T T T
12,5 2200 43875 6575 87625 10950 131375 15325 175125 19700
frequency [Hz]

velocity amplitude [mm/s]
O PN WS T N0 OO
B——

Figure 12: Averaged velocity amplitudes of a regular piezoelectric actuator and an actuator with attached legs
for frequencies between 12.5 Hz and 20,000 Hz

In Figure 13, the mode shapes for three different frequencies are compared. Although there
still is a peak at 560 Hz for both configurations, the mode shape for this frequency has
changed significantly. The mode shapes for the other two frequencies seem similar in general.
But it can be observed that the displacement amplitudes are considerably smaller at the points
where the legs (marked with red lines) are attached to the brass plate. In conclusion, it can be
noted that attaching legs to a piezoelectric actuator changes the vibration behaviour
significantly.
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Figure 13: Mode shapes of a regular piezoelectric-actuator and an actuator with attached legs

6.3 Comparison between a piezoelectric-actuator with legs and an actuators with legs
which are in contact with a glass surface

In a last comparison, the legs were brought into contact with a glass surface and the vibration

behaviour was compared with the previous configuration. This was made to model the real

constraints of a piezoelectric driven micro robot. The averaged velocity amplitudes are

displayed in Figure 14. It can be seen that both curves are very similar.

=Y

| r —piezo Il with legs

Wt J“ ks

12,5 2200 43875 6575 8762,5 10950 13137,5 15325 175125 19700
frequency [Hz]

piezo Il on glass

velocity amplitude [mm/s]
O R NWHAUUTLO N O o

Figure 14: Averaged velocity amplitudes of a regular piezoelectric-actuator and an actuator with attached legs
for frequencies between 12.5Hz and 20,000Hz

This observation was confirmed with the mode shapes for several frequencies. A sample of
three comparisons can be seen in Figure 15. Most of the analysed mode shapes were very
similar and not influenced by the contact with the glass surface.

625 Hz 2038 Hz 4013 Hz
free on glass free on glass free on glass

urn pm um
E 20 0 20 4 ” 20 -Jo 0 0 .-!'0 0 0

Figure 15: Mode shapes of a piezoelectric-actuator with attached legs and an actuator with attached legs which
are in contact with a glass surface
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7. CONCLUSIONS

It can be concluded that the studied piezoelectric low-cost unimorphs can be used as vibration
actuators in the considered frequency range. The experimental results show that the value of
the static deflection and the vibration modes for given frequencies differ considerably due to
manufacturing tolerances. For the prototypes discussed in [1] and [2] this behaviour is critical.
The possibility of a robot design with a priori defined frequency dependent locomotion
behaviour is limited. Anyway fast and cheap robots can be created with the studied actuators.
The relation between excitation frequency and motion of the robot needs to be obtained
individually for each robot. The analytical and numerical results of the static deflection agree
with the experiments.
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