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LINEAR RELATIONS AND THE KRONECKER CANONICAL FORM

THOMAS BERGER*, CARSTEN TRUNK' , AND HENRIK WINKLER'

Abstract. We show that the Kronecker canonical form (which is a canonical decomposition for
pairs of matrices) is the representation of a linear relation in a finite dimensional space. This provides
a new geometric view upon the Kronecker canonical form. Each of the four entries of the Kronecker
canonical form has a natural meaning for the linear relation which it represents. These four entries
represent the Jordan chains at finite eigenvalues, the Jordan chains at infinity, the so-called singular
chains and the multi-shift part. Or, to state it more concise: For linear relations the Kronecker
canonical form is the analogue of the Jordan canonical form for matrices.
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1. Introduction. Solutions of linear ordinary differential equations of the form
&(t) = Ax(t)

can be completely characterized by the eigenvalues and generalized eigenvectors of
the matrix A, i.e., by the Jordan canonical form of A. If E is an invertible matrix,
the same applies to the equation

Ei(t) = Az(t), (1.1)
and the solutions are encoded in the Jordan canonical form of
E A (1.2)

The situation is more challenging when FE is not invertible. Then (1.1) may con-
tain purely algebraic equations; for instance if E has a zero row, then the correspond-
ing equation does not contain any derivatives. Thus (1.1) is called a differential-
algebraic equation (DAE), see e.g. [10, 18, 20]. A characterization of the solutions
of (1.1) (see e.g. [6]) is done via the Kronecker canonical form (KCF). The KCF is
a canonical form for a matrix pair (E, A) (often considered in the form of a matrix
pencil SE — A) and, hence, a generalization of the Jordan canonical form. It has its
origin in [17], see also [15].

But even in the case of a non-invertible matrix E, the expression (1.2) can be
given a meaning. For this we use the theory of linear relations (or, what is the same,
of multi-valued mappings), see [1, 26] for instance. Each matrix (or linear mapping)
is considered via its graph as a subspace in C" x C". Addition and multiplication of
two subspaces are defined in analogy to the addition and multiplication of two linear
mappings, for details see Section 2. In the sense of linear relations, the inverse E—!
of a non-invertible matrix E is given as the subspace of all tuples (£%) in C™ x C™.
Then expression (1.2) has a natural meaning,

E'A={(z,y) €eC"xC" | Ar=Fy },
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2 T. BERGER, C. TRUNK, AND H. WINKLER

which was already studied in [4, 5]. An eigenvector at A € C of E~1A is a tuple of the
form (z,\z) € E7'A, z # 0, and thus satisfies Az = AEz. It follows that the (point)
spectrum of E~'A and the (point) spectrum of the matrix pencil sE — A coincide.
This shows a deep connection between the matrix pair (E, A) and the linear relation
E-1A.

It is the aim of the present paper to explore this connection. While the connection
between the (point) spectra (and the Jordan chains) of E~1A and the matrix pencil
sE — A is quite obvious and in a certain sense due to the “right” definition of Jordan
chains of E~1 A, another aspect is more stunning and the main objective of this paper:
The connection of the KCF of a matrix pair and the linear relation 4 represented
with the help of these matrices. For this we show in Section 3 that an arbitrary linear
relation A in C™ x C™can be represented with matrices A, F, F, G in the following way

A=GF '=ETA (1.3)

We restrict ourselves to the representation A = GF~! and show that the KCF of the
matrix pair (F, Q) is indeed a canonical form for the linear relation .A. We show that
each of the four entries of the KCF has a natural meaning for the linear relation A.
These are the Jordan chains at finite eigenvalues, the Jordan chains at infinity, the
singular chains and the multishifts. This is the main result of the present paper:

The Kronecker canonical form of a matriz pair (F,G)
is the canonical form for the linear relation A= GF~1.

This provides new geometric insight for the entries of the KCF. Moreover, as a byprod-
uct, we obtain a decomposition result for linear relations, which completes the con-
siderations in [24].

The present paper can be viewed as the link between two different fields in linear
algebra: linear relations and matrix pairs (or matrix pencils).

The paper is organized as follows: In Section 2 we give a short but self-contained
introduction to the theory of linear relations which covers all relevant notions like Jor-
dan chains, singular chains and multishifts. In particular, for readers not so familiar
with linear relations, we illustrate these concepts with simple examples. In Section 3
we show that any linear relation has a representation of the form (1.3) which is called
image and kernel representation, respectively. The KCF is recalled in Section 4 and
its block entries are related to some properties of linear relations. Using the KCF
of the image representation of a linear relation, we obtain a full characterization of
a linear relation in terms of its Jordan chains at finite eigenvalues, its Jordan chains
at infinity, its singular chains and its multi-shift part. As a byproduct, a canonical
decomposition for linear relations is shown. In Section 5 we recall the notion of Wong
sequences and exploit them to derive representations for the root and Jordan chain
manifolds of a linear relation.

2. Preliminaries: Linear relations. Let $ and & be linear spaces. A linear
relation A in $) X & is a (linear) subspace of §) x &. A linear relation A is usually
viewed as a multivalued mapping. We restrict ourselves to finite dimensional spaces
H =C" and & = C™. Moreover, if § and & coincide, i.e., if § = & = C", then we
briefly say that A is a linear relation in C™ instead of C™ x C™. Most of the definitions
below remain valid for infinite-dimensional spaces, see e.g. [13].

Linear mappings (e.g. given via a matrix) are always identified with linear re-
lations via their graphs. For the general study of linear relations we refer to the
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monographs [12, 16], see also [1, 26].

It is usual to write the elements of A as (z,y) for z € C™ and y € C™. In the
older literature it is also usual to write the elements of A as column vectors (3 ). Here,
we agree not to distinguish between these two notions.

By dom A and ran.A we denote the domain and the range of a linear relation A
in C" x C™,

domA={zeC" |JyeC™: (z,y) € A}
and ranA={yeC™ |JzecC": (z,y) €A }.

Furthermore, ker A and mul A denote the kernel and the multivalued part of A,
kerd={zeC" |(z,00€ A} and mulA={yeC™ |(0,y)e A }.

A linear relation A is the graph of an operator if, and only if, mul.4 = {0}. The
inverse A1 is given by

A1 ={(y,z) eC™" xC" | (z,y) € A }. (2.1)

For relations A and B in C™ x C™ the operator-like sum A+ B is the relation defined
by

A+B={(z,y+2)€C*"xC™ | (z,y) € A,(z,2) € B }.
and for A € C the relation AA is defined by
M={(z,\y) eC"xC™ | (z,y) € A },
We illustrate the above definitions by a simple example.

EXAMPLE 2.1. Let e1,es be the two linearly independent unit vectors in C2.
Define

A= span{((), 61), (61, 62)7 (62, 0)}7 B:= Span{(e% 61), (61, 0)}7
C :=span {(e1,2e1)} and D :=span{(e1,ea)},

which are subspaces in C? x C2, and hence linear relations in C2. We have

dom A = C? dom B = C? domC =span{e;} domD =span{e;}
ran A = C? ran B =span{e;} ranC =span{e;} ranD =span{es}
ker A = span{ez} kerB =span{e;} kerC = {0} kerD = {0}

mul A =span{e;} mulB = {0} mulC = {0} mul D = {0}.

Moreover, A is not the graph of an operator whereas B is the graph of the linear
mapping induced by the matriz [ §]. The relations C and D are the graphs of operators
which are defined only on the subset span{e;} C C? and map e to 2e1, resp. ey to

es. The inverses are given by

Ail = span{(O, 62)7 (62, 61), (61, 0)}7 B~!:= Spa'n{(oa 61)(61, 62)}7
C™:=span{(e1, 3e1)} and D' := span {(e2,e1)},
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and, the (operator-like) sum of A and C, the sum of C and 5D and the sum of C and
D~ are given by

A+ C =span{(0,e1), (e1,2e1 + e2)},
C + 5D =span {(e1,2e; + 5e2)}, and C+D~ ' ={0}.

For relations A in C* x C™ and B in CP x C™ the product AB is defined as the
relation

AB ={ (z,y) e C°P xC™ | (z,2) € B, (z,y) € A for some z € C" }. (2.2)

We recall the notion of eigenvalues, root manifolds and point spectrum of linear
relations. Therefore, let A be a linear relation in C™, i.e., m = n. Then, with the
notion of operator-like sum from above, the expression A — X stands for A — AI, where
I is the identity operator on C”,

A—A={(r,y— ) e C" xC" | (z,y) € A }.

A point A € C is called an eigenvalue of A if ker (A — A) # {0} and oo is called an
eigenvalue of A if mul A # {0}. The point spectrum o,(A) is the set of all eigenvalues
A € CU{oo} of A. The root manifolds Rx(A) and Ry (A) are defined by

Ra(A) = [Jker (A= N, Roo(A) = mul A",

ieN i€N

It is clear that ker (A — \)¥ C ker (A — A\)**! and mul A* C mul A**! for any k € N.
By [25, Lemma 3.4] and the fact that A is a linear relation in a finite dimensional space
C", there exists a natural number ny < n such that ker (A — A\)* = ker (A — \)**! for
all k > ng. A similar statement holds for mul A*. For z € ker (A—\)!\ker (A—\)'1,
1>1, we find (cf. (2.2)) x1,...,21—1 € C" such that

(@, z1-1), (T1-1, T1-2), -, (T2, 21), (71,0) € A= A
or, equivalently,
(@, 2i-1 + Az), (Ti—1, T1—2 + A1), ., (2, 71 + AT2), (1, A71) € A (2.3)

The vectors x1,...,x;—1,z € C" are linearly independent and (2.3) is called a Jordan
chain at A, see [24, Lemma 2.1]. Moreover, we say that it is a Jordan chain of length
[. Similarly, for y € mul A™ \ mul A™~!, m > 1, there are y1,...,ym—1 € C" such
that

0,91), (1,92)s -, Ym—2,Ym—1), (Um—1,y) € A. (2.4)

The vectors y1,...,Yn—1,y € C" are linearly independent and (2.4) is called a Jordan
chain at oo (cf. [24, Lemma 2.1]). Moreover, we say that it is a Jordan chain of length
m. Obviously, a chain of the form (2.4) is a Jordan chain at co (of length m) if, and
only if,

(yaymfl); (ymflaymf2); ) (y27y1); (yI; 0)
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is a Jordan chain of A=! at 0 (of length m).

EXAMPLE 2.2. For the linear relations B and C from Example 2.1 we have
op(B) = {0}, and 0,(C) ={2}.

In addition, for the linear relation B the chain (es,e1), (e1,0) is a Jordan chain of
length two at 0 and for C the chain (e1,2e1) is a Jordan chain of length one at 2 with

Ro(B) =C?, and R2(C) = span{e;}.
We define the Jordan chain manifold R ;(A) as the linear span of all root mani-
folds,
Rj(A) :==span { Ry(A) | A € 0g,(A) },

and the finite Jordan chain manifold Ry(A) as the linear span of all root manifolds
Ra(A) with X # oo,

Rs(A) :=span { Ra(A) | AeC }.

Obviously, if A is the graph of an operator in the finite dimensional space C", then
Rf(A) = Rj(A) = C". The converse is not true in general, which is illustrated by
the following example.

EXAMPLE 2.3. The linear relation A from Ezample 2.1 is not the graph of an
operator. Its chain (e1,e2),(e2,0) is a Jordan chain at 0 and (0,e1), (e1,€2) is a
Jordan chain at co. Therefore 0,00 € o,(A). We have Ro(A) = C? and Roo(A) =
C2?, thus

Ri(A) =Ry(A) = Cc2.
Moreover, we obtain

Ro(A) N Reo(A) # {0} (2.5)

In the following example we compute the point spectrum of the linear relation A
from Example 2.1.

EXAMPLE 2.4. From Ezample 2.8 we conclude 0,00 € 0,(A). For A € C\ {0}
we have

(e1 + A teg, dep +e2) = A0, e1) + (e1,e2) + A (ea,0) € A,
and, hence, e1 + A" les € ker (A — ). This implies \ € 0,(A) and we conclude
op(A) = CU {o0}.

It is well-known [24, Proposition 3.2 and Theorem 4.4] that it is the property in
(2.5) which is equivalent to o,(A) = CU{oco}. We recall this important fact from [24]
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in the following lemma.

LEMMA 2.5. Let A be a linear relation in C*. Then op(A) = CU {oo} if, and
only if, Ro(A) NReo(A) # {0}
In the sequel the set Ro(A) N Roo(A) is useful in the study of linear relations and it
is called the singular chain manifold,

Re(A) = Ro(A) NReo(A).
Moreover, A is called completely singular, if
A=AN(R.(A) x R.(A)). (2.6)

For any x € R.(A) \ {0} there exist linearly independent z1,...,z; € C™ (see [24,
Lemma 3.1]) such that z = x; for some j € {1,...,k} and

0,21), (1, 22), ..., (Tk—1,Tk), (x£,0) € A. (2.7)

A chain of this form is called a singular chain. Moreover, we say that it is a singular
chain of length k. A linear relation A is completely singular if, and only if, it is the
span of singular chains of the form (2.7), see [24, Section 7].

If R.(A) = {0} (and hence 0,(A) # CU {oco} by Lemma 2.5), then (see e.g. [24,
Theorem 4.6]) the number of eigenvalues in ¢, (.A) is bounded by the dimension of the
linear subspace A. If, in addition, the linear relation A consists only of Jordan chains
at the (finitely many) eigenvalues, then we call A a Jordan relation.

Apart from linear relations in C™ with finite point spectrum and with point spec-
trum equal to C U {oo} there exist also linear relations with no point spectrum.

EXAMPLE 2.6. For the linear relation D from Erample 2.1 we have mul D = {0}
and hence 0o ¢ o,(D). Moreover, for A € C,

D — X =span{(e1,e2 — Ae1)}.

As eq, eq are linearly independent unit vectors, we have e — Aey # 0 for all A € C,
thus A ¢ o,(A) which implies

op(A) = 0. (2.8)

We use property (2.8) for the definition of a subclass of all linear relations: A
linear relation A in C" with o, (A) = 0 is called a multishift (see, e.g., [24, Section 8]).

3. Image and kernel representations of linear relations. In this section
we derive two representations for a linear relation A in C™. It is well-known that if
there exists a complex number u with ran (A — u) = C™ and ker (A — p) = {0}, then
the inverse of A — pu is a linear mapping defined on C™, that is (A — p)~! can be
identified with a matrix in C**" and A admits a representation of the form (see, e.g.,
[14, Proposition 2.2])

A={ (A= 'o,(I + p(A—p) Hz) eC* xC" |zeC" }.  (3.1)
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DEFINITION 3.1. A representation of a linear relation A in C™ of the form
A={ (Fz,G2) €C"xC" | z€C? } =ran |1,
’ G
with d € N and matrices F,G € C"*? is called an image representation of A. A
representation of A of the form
A={ (z,y) eC"xC" | Ax = Ey } =ker[A,—E]

with matrices A, 2 € C"™*™ and r € N is called a kernel representation of A.

Observe that (3.1) is a special case of an image representation where d = n.

Let us consider a linear relation A in C™ with image and kernel representation as
in Definition 3.1. As usual, we identify the matrices F' and G with the corresponding
relations via their graphs,

F={(x,Fz)eC'xC" |zeC?} and G={(y.Gy)eC'xC" |yeC’}.
We have, see (2.1),F‘1:{ (Fy,y)G(C”x(Cd | y € C? } and with (2.2)

GF' = {(z,y) ‘ (v, 2 ' (z,y) € G for some z € C* }

= { z,Gz) | (2,2 GF(z Gz) € G for some z € C* } (3.2)

= {(F2,G2) |z€C! } =ran {g] — A

Similarly, if we identify A and F with the corresponding relations A =
{(z,Az) eC" xC" |z €C" }and F ={ (y,Fy) e C" xC" | y € C" }, then, with
E~'={(By,y) €eC" xC" | y € C" } and with (2.2), we obtain

E~'A { (@,y) | (x,2) € A, (2,y) € E~! for some z € C" }

(3.3)
= {(z,y) €C"xC" | Az = Fy } =ker[A,—E]| = A.

We have thus proved the following result.

LEMMA 3.2. Let A be a linear relation in C™ with image and kernel representation
as in Definition 3.1. Then we have

A=GF ' =FE'A.

In the following we show that for every relation in C™ an image and a kernel
representation exist.

THEOREM 3.3. Let A be a linear relation in C" with dim A = d. Then there
exist matrices F,G € C" % with

rk [F } —d (3.4)
such that

A={ (Fz,Gz)eC"xC" ‘ze@d}zran [g}:GFl. (3.5)
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Moreover, for r = 2n — d there exist matrices A, E € C"™*"™ with
tk[AE] =7
such that
A={(2,9) €C"xC" | Az =Fy } =ker[A,—E] = E"'A. (3.6)
Proof. The third equality in (3.5) and in (3.6) follows from Lemma 3.2. We have
A® AL =C" x C" and dim A+ = 7. Therefore, we find vector space isomorphisms
V:C*' 5 A and W:C" — At (3.7)

Denote by P; and P, the orthogonal projection in C™ x C™ onto the first and second
component, respectively. Then we obtain

_ PIV 1 P1W
A =ran |:P2V:| and A- =ran |:P2W:| (3.8)

and (3.5) is shown. In order to show (3.6) we continue with

P,W
= ker [(PW)*, (PW)*] = ker [W* Py, W* Py).

PlW + n n r * *
A= {ran ={(y,2)eC"xC" |VzeC": y"PWz+2z"P,Wz=0 }

O
The kernel representation (3.6) of a linear relation A was already considered
in [4, 5] using the notation

E\NA:={ (z,y) eC"xC" | Ax=FEy }.
However, Lemma 3.2 and Theorem 3.3 show
E\A=E"'A

REMARK 3.4. It seems natural to single out the cases when A allows an image
representation (a kernel representation) with square matrices F and G (A and E,
respectively). Obviously, if dim A < n, then we can choose in (3.7) a mapping V :
C™ — A such that V is surjective but not necessarily injective. Note that in this case
V is an isomorphism if, and only if, dim A = n. Then we obtain as in (3.8) an image
representation with square matrices. Conversely, if A has an image representaion
with square matrices F,G € C"*™, then

dim A = dimran [g} <n.

Therefore there exists an image representation of A with square matrices if, and only
if, dim A < n. By similar arquments, there exists a kernel representation of A with
square matrices if, and only if, dim A > n.
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4. Kronecker canonical form. In this section we recall the KCF and show
how it is related to the decomposition of an associated linear relation. We introduce
the following notation: Let a be a multi-index, a = (a,...,q;) € N'. As usual, the

absolute value of «a is |a] = 2221 a;. For k € N we define the matrices

0
N = |:1\:| E(Ckxk, Na:dia’g(Nal""vNal)G(Cla‘x‘al
10

For k € N, k > 1, we define the rectangular matrices

Ky = [1\0] » L = [O\\m] € clmie,

For some multi-index a = (a1, ...,0;) € N\, with a; > 1 forall j = 1,...,1, we define
Ko =diag (Ka,, ..., Ka,), Lo =diag (La,, ..., Lq,) € Clel=Dxlol, (4.1)
We extend the above notion to multi-indices a = (ay,...,0;) € N! where some

entries are equal to 1 but « # (1,1,...,1). In this case, we define K, and L, in the
following way: Collect in a multi-index «g all entries of a which are larger than 1,
ap = (ajy,...,0a,) with 1 <k <l—1. We have |ag| — k = |o] = and Ko, (La,) is
defined via (4.1) and is of size (Jag| — k) X |ag|. Then K, (L, respectively) is defined
by augmenting Ko, (Lq,, respectively) by |a| — |ag| zero columns without changing
the number of rows in such a way that to each entry a; =1 in o there corresponds a
zero column located at the j-th position. Then K, and L, are of size (|a| — 1) X |«].
As an example consider

01 00 00O
Kuz=1[0 1 0] and Kua13:=0 0 0 0 1 0 0
000 O0OO0OT1TO0

Moreover, we extend the above notion to the case a = (1,1,...,1) € N'| if K, and

L, are diagonal blocks entries of a larger matrix with other proper defined matrix
elements. For instance, let M € C™*" «a = (1,1,...,1) € N'. Then we define

diag (M, K4) := [M,0,,x1] € C™* 40 diag (Ko, M) := [0y, M] € C™* (4D,
diag (M, L) := [M,0,,5] € C™* 0 diag (Lo, M) := [0y, M] € C¥(2FD),
Similarly,

M

diag (M, K] ) := [0 } e Clmthxn diag (M, L]) := {M} c Cm+)xn,

Ixn Ol><n
Finally, we define for 8 = (1,1,...,1) € N\ and v = (1,1,...,1) € N™
diag (K3, K ) = Opxy € C™7E

Some of the properties of the matrices K,, L, and N, are collected in the following
lemma.

LEMMA 4.1. For a € N' we have

tk K, =rkL, =1k N, =|a| - L
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Furthermore, for all A € C,
tk(AKy — Lo) = o] — 1,
and in particular
ker K| =ker \K_| — L) = {0}.
Kronecker proved in [17] that any pair of matrices F, G can be transformed into
a canonical form, see also [8, 9, 15]. Here we refer to the version in [15].

THEOREM 4.2 (Kronecker canonical form). For any pair of matrices F,G € C™*¢
there exist invertible matrices W € C"*" and T € C%*? such that

I, 0 0 0 Ay 0 0 0
0o N, 0 0 |0 Iy 0 0

WFT = | o, Ky 0 and WGT = | o Ly 0 (4.2)
0 0 0 K 0o 0 o0 LI

for some Ay € C™0*™0 4n Jordan canonical form and multi-indices o € N"» 3 € N"8
v € N™ . The multi-indices o, B,y are unique up to a permutation of their respective
entries. Further, the matrix Ag is unique up to a permutation of its Jordan blocks.

The entries of the multi-indices «, 8, are called minimal indices and elementary
divisors and play an important role in the analysis of matrix pairs (F,G), see e.g. [8,
9, 21, 22, 23], where the entries of « are the orders of the infinite elementary divisors,
the entries of § are the column minimal indices and the entries of v are the row
minimal indices.

In what follows, we investigate the relationship between a linear relation A and
the KCF of the matrices F' and G from its image representation (cf. Definition 3.1).
Then with the notation from Theorem 4.2 we find

Ly 0 0 0
0 N 0 0
1 a
W= lo 0 Ky o
. 0 0 0 K
A =ran [G} =ran (4.3)
Ao O 0 0
0 I 0 0
-1 lex|
W0 0 15 0
I 0 0 0 LT

In the following proposition we collect some properties of the multi-index g from
Theorem 4.2 and obtain a characterization of the dimension of A in terms of the
indices which appear in the KCF (4.2).

PROPOSITION 4.3. Let A be a linear relation in C" with dim A = d > 1. Let
F,G € C? with rk [E] = d be such that A =ran [£] and let W € C"*", T € C?*4
be invertible matrices such that WET and WGT are in KCF (4.2). Then the following
statements hold.

(i) PEither ng =0 or 5; > 2 for alli=1,...,ng.
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(ii) The dimension of A satisfies dim A = ng + || + |B] + |7| — 1.

(i) We have dim A > n if, and only if, ng > n..

(iv) We have dim A < n if, and only if, ng < n,.

Proof. Since the entries of the multi-index § which equal 1 correspond to zero
columns in [£], statement (i) follows from rk[£] = d. In order to show (ii), observe
that for £ > 1

R—
Ky e C2k=1xk 4 Ky, € Q2kx(k=1)
Ly ]|
with
K, (K]
rk =k and 1k =k—-1.
Ly _LkT_

Therefore, for 8 € N and v € N™ and with (i) we see
rk [Kﬂ = |8 and 1k [K;r] = |y — n,.
Lg L]
Then (ii) follows from (4.3). As n is the number of rows in the KCF (4.2),
n=no+lal + 18] — ng + hl.
and a comparison with (ii) yields (iii) and (iv) O

The properties of the linear relation A are encoded in the different blocks of the
KCF. We start with the following simple example.

ExXAMPLE 4.4. Let A be a linear relation in C" in the form (4.3). Assume, for
simplicity, that W and T in (4.2) are equal to the identity map.
(i) Assume that in (4.2) only the first row appears, i.e. the matrices F' and G
are of the form

F=1, and G= Ao,

for some Ay € C™*"0 in Jordan canonical form. Then A is given by

A=ran [] =ran [ <L 2]

For A € C and xz € C™ \ {0} we have Aoz = Az if, and only if, (z, \z) € A.
This is equivalent to (z,0) € A — X, hence

e Cmo }

ap(A) = (Ao),

where o(Ag) denotes the spectrum of the matriz Ag. In particular, the point
spectrum of A consists of finitely many points.

(ii) Assume that in (4.2) only the second row appears, i.e., the matrices F and
G are of the form

F:Na and G:I\a|
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and we have

s 1] {5 e}

The matrix N, has only the eigenvalue zero. Hence

ereonfg] {1 e

has only the eigenvalue zero and A is a Jordan relation with only eigen-
value co.

Assume that in (4.2) only the third row appears and that the multi-index [
consists of one entry only, B =k for some k € N, k > 1,

F:Kk and G:Lk

. F o Kk . Kk$

A =ran {G] = ran {Lk] = { [ka}

For standard unit vectors e; € C* we calculate Krer, = 0 = Lrey and for
i=1,...,k—1 we denote the unit vectors in C¥=1 by &; and obtain

Then

xzeCF }

Kre; =e;, Lgeiy1 =¢;.
Therefore,

(0,ex—1) = (Krex, Lrey) € A,
(€k—1,€r—2) = (Krex—1, Lrer—1) € A,

(€2,€1) = (Kgez, Lyea) € A,
(e1,0) = (Kye1, Lrer) € A,
which is a singular chain in A.

Finally, assume that in (4.2) only the fourth row appears and that the multi-
index 7y consists of one entry only, v =k for some k € N, k > 1,

F:K,;r and G:L;

K; K;y o1
= yeC .
Ly Ly

For A € C we have (z,Ax) € A with x # 0 if, and only if, there exists
y € CF=1\{0} withx = K;] y and A\x = L} y. This is equivalent to ker (\K, —
Ll) # {0}. But Lemma 4.1 implies ker (\K, — L]) = {0} for all X\ € C,
thus

Then

A =ran [g} =ran

ker (A — A) = {0}.

Similarly, x € mul A if, and only if, there exists y € C*~1 with 0 = K,/ y and
x = Lly. But Lemma 4.1 implies ker K,/ = {0} and hence mul A = {0}.
Therefore, op,(A) =0 and A is a multishift.



LINEAR RELATIONS AND THE KRONECKER FORM 13

Example 4.4 indicates that in the first block of the KCF the (finite) eigenvalues of
A =ran [£] are encoded. The second block represents the eigenvalue oo, the third
block the singular chains and the fourth the multishifts. This relationship is exploited
in all details (i.e., with emphasis on the number and length of the chains of different
types) in the next theorem which is the main result of this paper. In what follows
two chains are called linearly independent if their entries are linearly independent.

THEOREM 4.5. Let A be a linear relation in C" with dimA = d > 1. Let
F,G € C® with tk[£] = d be such that A = ran [£] and let W € C™*", T €
C%4 be invertible matrices such that WFT and WGT are in KCF (4.2) with o =

(Oél, cee aana)7 6 = (617 cee 75715)7 and Y= (717 v ”y/n/'y)'
(i) For the singular chain manifold we have

Ro(A) = W1 ({0}"0 x {0}l x ClAl=na {O}M) .

Moreover, AN (RC (A)xR, (.A)) is spanned by ng linearly independent singular
chains of lengths f1 — 1,82 —1,...,Bn, — 1.
(ii) For the root manifold at co we have

Roo(A) = W1 ({O}no % Clel w ¢lBl=ns « {0}|v\> .

Moreover, AN (Roo(A) X Roc(A)) is spanned by na +ng linearly independent
chains with ng singular chains of lengths 1 — 1,82 —1,...,Bn, — 1 and ng
Jordan chains at co of lengths o, a, ..., an, .

(iii) For the finite Jordan chain manifold we have

= (€ < e« 1)

Moreover, AN (Rf (A) x Ry (.A)) is spanned by a set of linearly independent
chains consisting of ng singular chains of lengths B1—1, B2—1,..., Bn,—1 and
the Jordan chains constituted by the Jordan chain vectors of the matriz Ag.
In particular, we have o(Ag) C 0, (A).

(iv) For the Jordan chain manifold we have

Ry(A) =W (@no x Clol 5 ClBl=ns x {o}lv\) .

Moreover, AN (Rf (A) x Ry (.A)) is spanned by a set of linearly independent

chains consisting of ng singular chains of lengths 81 — 1,82 — 1,..., By, — 1
and nq Jordan chains at oo of lengths a1, aq, ..., oy, and the Jordan chains
constituted by the Jordan chain vectors of the matrixz Ag.

Proof.

Step 1. We show (i). Let © € R.(A) \ {0}. Then there exists a singular chain
of the form (2.7) with linearly independent zi,...,z, € C” and z = z; for some
j€{l,....k}. By A=ran [£] there exist z1,..., 2511 € C? such that

(0,1‘1) = (le,Gzl),
(x1,22) = (Fz2,Gz9),

z (1.4)
(Tp—1,21) = (Fzk, Gzp),

(25,0) = (Fzpq1, Gzrgr).
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For i € {1,...,k + 1} define y; = T~'2;. Partitioning y; = (y;':I, e ,y;';l)—r with
yi1 € C™, ;0 € Clol gy, 5 € CIPI gy, 4 € CIY=7 according to the decomposition (4.2),
we obtain from the first equation in (4.4) that

I,, O 0 0 Y1,1
B - 4l 0 N, O 0 Yy

B - X L . . 1,2

O0=Fzu1 =W " (WFT)T 21 =W 0 0 Ksg O Y13

0 0 0 K| \ya

and hence y;,; = 0 and KVT?J1,4 = 0, thus, by Lemma 4.1, y; 4+ = 0. Furthermore,

1 = Gz = Wﬁl(WGT)Tilzl
Ao 0 0 0 Y11 0
— w-1]9 Lo 00 vz | 1| w2 | (4.5)
0 0 Lg 01 |ys Lgy1.3
0 0 0 LT \yis 0
The second equation in (4.4) gives
Ino 0 0 0 y271
_ _ 10 Neo0o 0| |y
— — 1 1, _ 1 a ,

xr1 = FZQ = W (WFT)T zZ9 = W 0 0 Kﬂ 0 y273
0 0 0 K,;r y274

and a comparison with (4.5) yields y2; = 0 and KvaQA — 0, thus, by Lemma 4.1,
y2,4 = 0. Furthermore,

r9 = Gz = Wﬁl(WGT)Tfle
Ao 0 0 0 Y2.1 0
_ 0 I 0 0 Y2.2 _ Y2,2
= W1 | ) =Ww-1 )
0 0 Lg O Y2.3 Lgys,s
0 0 0 Lj| \yu 0
Proceeding in this way, we see
0
wi=W | Y2 =1,k (4.6)
Lgyi,s
0

From the last equation in (4.4) we conclude that

Ao 00 0 fyrt1a
0 I 0 O
0=G =W tWGT)T ! —w! || Yk+1,2
. ( ) . 0 0 Ls O Yk+1,3
0 0 0 LI Yk+41,4

and hence yi41,2 = 0 and LkaﬂA = 0, thus, by Lemma 4.1, yy41,4 = 0. Further-
more,

xry = Fzpp = W_l(WFT)T_12k+1
I, O 0 0 Yk+1,1 Yk+1,1
410 N, O 0 Yk+1,2 _ 0
— W 1 ’ = W 1
0 0 Kz 0 Yk+1,3 Kpyri1,3

0 0 0 K| \Urr1a 0
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Proceeding in this way gives

Yi+1,1
0
-1
T; = =1,...,k,
’ Kgyit1,3
0
and together with (4.6) we find
0 Yit+1,1
1| Y2 _ 1 0
Lpyis ’ Kpyit1,3
0 0

for all s =1,..., k. This implies that

0

0
Lpy;s

0

=1z, =W" e w1 ({0}"0 x {0}l x Clfl=ms {O}M) :

Conversely, let us start with the case that K3 and Lg consist of one block only.
That is, ng = 1 and 8 = k with some k € N, k > 2, cf. Proposition 4.3. Define

0

1
0 : 0
Y1 = y Y2 1= 0 ’ y Yk = G(Ck' (47)
0 1 0
1 0 0
Then 0 = Ky, Lyyr = 0, and
0 1
k-1 0 k-1
Ly, = Krys = 0 eC™ ., Liye1r = Ky = | . | €C7 (4.8)
1 0
Set
xg:=0, x; := W_l(0,0, (kai)T,O)T, fori=1,...,k—1, and xzy:=0.
As WFT, WGT are in KCF (4.2), we find that, invoking (4.8),
[ _Ino 0 0 0 i
0 N, 0 0
1 a
4 0 0 Ky 0 0 0
T
Ti—1 - 0 0 0 K’y 0 F 0 F
)= _—GT _GranG:A
i A9 0 0 0 %Z %
e |0 T 00
0 0 Ly O
I o 0o o LT] |

15



16 T. BERGER, C. TRUNK, AND H. WINKLER

fori=1,...,k, and hence

(Oa 1'1)7 (xlv 1‘2), sy (xkf% xkfl)a (l‘k,hO) €A (49)
We see from (4.8) that Liyi,...,Lryr—1 are the unit vectors in CF-1. Hence,
Z1,...,2—1 are linearly independent and (4.9) constitutes a singular chain as in (2.7).

Therefore, if the multi-index /8 has only one entry and if this entry equals k, then (4.9)
is a singular chain of length & — 1 and in particular

Re(A) = W1 ({0} x {0}l x C~1 x {0}
This, (4.3), and the fact that [yg,...,y1] = I, € CF*¥ yield

AN (Re(A) x Re(A))

0 0
0 0
w-t w1
Kk [kak—la"'7ka170]
0 0
=ran : [Yk, - -, y1] = ran : :
0 0
0 0
w-t w1
Lk [O)Lk‘yk—la"'aLk‘yl]
(- (- O - (- - 0 - -

= span{(0,21), (z1,22), ..., (Xx—2, Tk—1), (Tx—1,0)}.

In the general case € N™ with ng > 1 we have ng decoupled blocks in K and
Ls and for each block the above construction leads to a singular chain of A. In this
manner we obtain ng linearly independent singular chains of lengths 81 — 1,82 —
1,...,Bn, — 1, resp., which span AN (R¢(A) x Re(A)).

Step 2. We show (ii). Let y € Roo(A). Then there exists a Jordan chain at oo
of the form (2.4) with linearly independent y1,...,ym—1,y € C*. Set y,, :=y. As in
the proof of (4.6) it follows that for some 21 9,...,2m2 € Clel, 21355 2%m,3 € CAl
we have

0
-1 2,2 .
Yy =W Lites | i=1,...,m.
0

This proves y € W1 ({0} x Clel x ClAI=ms x {0}17]).
Conversely, let zo € Clol, 23 € ClIAI="8 and set x := W~1(0, 25 , 24 ,0) . Tt follows
from (i) that

W=10,0,25,0)" € Re(A) € Roo(A).

Assume that N, consists of one block only. That is, n, = 1 and o = k for some
k > 1. Choose y1, ...,y as in (4.7). Then

0= Niy1, 1 = Niya, -+, Ye—1 = Nk (4.10)
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Set z¢ := 0, x; := W~1(0,,,0,0)T fori=1,...,k, we obtain with (4.2) and (4.10),

I T,, 0 0 0
_ 0 N O 0
1
o 0 Ks o0 . .
0 0 0 KT
Ti_1 - v Yi F Yi
. = ) ol = la T 0 € ran
¢ Ay 0 0 0 0 0
1|0 I 00
0 0 Ls O
I 0o 0 o LT
for i =1,...,k and therefore
(0,21), (w1, 22), ..., (Tp—2,Th—1), (Tp—1,2x) € A. (4.11)

The vectors y1,...,yx in (4.7) are linearly independent and then the same holds
for 1,...,z,. Thus, (4.11) constitutes a Jordan chain of A at oo of length k. In
particular, since zo € span {y1,...,yr} it follows that € R.(A) + span{z1,...,zr}
and thus we have shown that

Roo(A) =W ({0}"0 < Ck x ¢lBl=ms « {O}WI) )

This and the first step of this proof yield

AN (Roo(A) X Roo(A)) = ran

= AN (Re(A) x Re(A)) + ran [k -1l

where we used that [yg,...,y1] = I, € C*** and A+ B denotes the direct sum of two
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subspaces A and B with AN B = {0}. Therefore

AN (R (A) x Roo(A))

0

W*l [ykfla"'aylao]
0

0

= AN (Re(A) x Re(A)) + ran

0
W*l [yka v 7y2ay1]
0
0

=AnN (RC(A) X RC(A)) + span{(O, 1'1)7 (xlva)a SR (xkflvxk)}a

Hence, (ii) is proved in the case n, = 1 and @ = k. In general, if & € N™ then
there are n, decoupled blocks in N,. For each block the above construction leads to
a Jordan chain of A at co and we obtain n,, linearly independent Jordan chains at co
of lengths ay, ..., an,, respectively, which lead, together with the singular chains, to
the span of AN (Roo(A) X Roo(A)).

Step 3. We show (iii). Let z € Ry(A). Since R;(A) has a finite basis, there
exist k € N and pairwise distinct Aq,...,A\x € C such that

k

v €Y Ra(A).

i=1
Therefore, we find
v; Eker (A —X\)", i=1,...k,

such that = vy +...4+vj. We show that v; € W~ (C™ x {0}lel x ClBl=ms % {O}M)
for all ¢ = 1,...,k. For simplicity, let v := v; and A := \; for some ¢ € {1,...,k}.
By (2.3) there exist v!,...,9"~1 € C" such that

(0, 0" 4+ ), (ML e 4 ), L (0R et W), (vh Wt € A,
where, for simplicity, we do not assume that the vectors v!,...,v" ! v are linearly
independent. Set v" :=v. We obtain from A = ran [£] the existence of z1,..., 2, €

C4 such that

(™, 0" 4 ") = (Fz,, Gzy),
(00" 2 4 ) = (Fzor, Goaoa),

(v, 0! + M?) = (Fz, Gzo), (4.12)
(', ') = (Fz1,Gzy). (4.13)

Define y; := T~z for i = 1,...,n. Partitioning y; = (y;':I, . ,y;';l)—r with y;, € C",
yio € Clol g, 3 € CIAI y; 4 € CI="7 according to the decomposition (4.2), we obtain
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from (4.13)
I, O 0 0 Y1,1
v 8300 [
0 0 0 KVT Y14
and
A 0 0 0] fy1a
0 0 0 LI Y14
Therefore,

(ANo = Lja)y12 =0 and  (AK] — LJ)y14=0,

thus, by invertibility of AN, — | and Lemma 4.1, y1 2 = 0 and y; 4 = 0. Similarly
(4.12) gives

(ANo = Ljo))y2,2 = —Nay1,2 =0 and (AK;F - LI)y2,4 = _K;rylA =0,

and hence y22 = 0 and y24 = 0. Solving the remaining equations successively, we
obtain finally y, 2 = 0 and y, 4 = 0, which implies

Yn,1
0
Kpgyn,3
0

v=0"=Fz, =W™! ew! ((C”U x {0}l x ClBl=ms {O}M)

and Ry (A) C WL (Cmo x {0}l x CIFI=ms x {0}171) follows.
We prove the converse inclusion. From (i) it follows

WL ({037 x {03! x CIFI=m9 5 {0}11) = R (A) € Ro(A) € Ry (A).

We show W1 (Cm x {0}l x {0}/#I=ms x {0}"]) C Ry(A). The space C™ has a
basis consisting of Jordan chains of the matrix Ay. Let vy,...,v; be a Jordan chain
of Ag at A € C of length k. Then vy, ..., v, are linearly independent and satisfy
(Ag=A)vg = v—1, (Ao—A)vr—1 = Vp—2, ..., (Ao—A)va = v1, (Ag—A)vy = 0. (4.14)
Set
zj =W ((v;)7,0,0,0)7 forj=1,... k.

Then we obtain

3’\(
o

LL‘j:W_l =FT

oogo
cocof
cocof

0
0
0

:
K’Y

o O O
OQNOO
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and we see with (4.14) that for j = 2,.

)\’U] + Vj—1 AO'Uj
)\Ij +xj_1 = w1t 0
0
0 0 ’l)j ”Uj
0 I 0 0 0 0
_ w1 o _
=W 0 0 Lg O 0] GT 0
L0 0 0 LJ]\O 0
and for j =1
)\’1)1 A()’Ul
_ 0 _ 0
Ary = W1 o | =" ! 0
0 0
[Ag 0O 0 0 VU1 U1
110 I‘a| 0 0 0] _ 0
=W 0 0 Lg O 0] GT 0
(0 0 o0 LJ|J\oO 0

Therefore, for j =2,...,k,
&€ F I F
(ij +xj_1> € ran [G} and ()\:U1> € ran {G] ,

(g, A + 1), (Th—1, ATl—1 + Tp—2),y . . ., (T2, A2 + 21), (21, A21) € A, (4.15)

hence

The vectors 1, ...,z are linear independent because W is invertible and the vectors
v1,...,0; are linear independent. Therefore, (4.15) constitutes a Jordan chain of A
at A of length k. Since the Jordan chain vy, ..., v, was arbitrary we have shown that

R (€ < e 1)

The remaining statements of (iii) follow from (i), the construction of (4.15) above and
the observation that

AN (Ry(A) x Ry (A))
I T, 07 I 7] ]
o o o
L T 0 L
0 0 0
=ran = AN (Re(A) x Re(A)) + ran
_A() 0 _A()
Lo o o
LA LA
i 0 0] | i o] |

In particular, we see that o(Ag) C op(A).
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Step 4. We show (iv). Since Rj(A) = Reo(A) + Rs(A) it follows from (i)
and (iii) that

Ry(A) =W (€% x Tl x =m0 {o}).

The remaining statements of (iv) follow from

AN (Ry(A) x Ry(A))

[I,, O 07 ] _ (L] ]
0 N, 0 0
—1 o 1
w 0 0 Kg w 0
| 0 0 0 | 0
= ran i = AN (Ry(A) x Ry(A)) + ran i
Ao 0 0 Ag
0 I 0 0
-1 | -1
w 0 0 Lg w 0
i | 0 0 0] | i 1 0] |
and the same arguments for the Jordan chains of Ay as in Step 3. o
COROLLARY 4.6. With the notation from Theorem 4.5 we have
no =dimR;(A) — dimR.(A),
|a] = dim R (A) — dim R.(A),
|8] — ng = dimR.(A),
[v] =n — dim R ;(A).
COROLLARY 4.7. With the notation from Theorem 4.5 we have
C U {00}, if ng # 0,
o(Ag) U {0}, ifng=0andn 0
op(A) = (o)1 oo} f ’ -7 (4.16)
o(Ao), ifng=n, =0
0, ifng =ng =m0 =0.

Proof. First observe that by Lemma 2.5, 0,(A) = C U {oo} if, and only if,
Rc(A) # {0}. By Theorem 4.5 and Proposition 4.3, this is equivalent to ng # 0 and
the first line in (4.16) is shown.

For the rest of the proof we assume ng = 0. A complex number A € C belongs
to op,(A) if, and only if, there exists x € C™ \ {0} with (z, \z) € A. Equivalently, by
Theorem 4.5, there exist y; € C™0, y, € Clel and Yq € Cl1=7y such that at least one
of them is non-zero, with

(7 Aoy1
z=W='| Nyya and Az =W~ Y2
Kva4 Ljy4

With Lemma 4.1 we see that this is equivalent to y2 = y4 = 0, y1 # 0 and Agy1 = Ay1,
or, what is the same, A € 0(Ap). Hence, in the case ng = 0, we have

op(A) \ {00} = o(Ao). (4.17)



22 T. BERGER, C. TRUNK, AND H. WINKLER

It remains to consider the point co. By definition, co € 0,(A) if, and only if,
Roo(A) # {0} which is, by Theorem 4.5, equivalent to n, # 0. This and (4.17) show
the second and third line in (4.16), whereas the last line in (4.16) is now obvious. 0O

Using Theorem 4.5 we may derive a characterization for A being completely
singular, a Jordan relation or a multishift.

ProprosITION 4.8. With the notation from Theorem 4.5 we have that the linear

relation A is

(1) completely singular (see (2.6)) if, and only if, no = no =0 andy = (1,...
(ii) a Jordan relation if, and only if, ng =0 and v = (1,...

(ili) @ multishift if, and only if, no = no =ng = 0.
Proof. We show (i).
AN (R:(A) X Re(A)). Invoking Theorem 4.5 and (4.3) this is equivalent to

r T, O 0 071 I (07 7
0 N 0 0 0
—1 a -1
Wl 0 Ks; o Wk,
0 0 o0 KJ 0
ran = ran ~
[Ag 0O 0 0 0
0 I 0 0 0
-1 || -1
W 0 0 Lg O w Lg
I | 0 0 0 LI ] i 1 0] |

This is true if, and only if,

ng=n,=0 and ~v=(1,...

1),

51);

1)

By (2.6) A is completely singular if, and only if, A =

We show (ii). By definition (cf. Section 2), A is a Jordan relation if, and only if,
Re(A) ={0}and A = AN(R;(A) xR ;(A)). Invoking Theorem 4.5 this is equivalent

to ng = 0 and
[ [I,, O 07 ] [ (L., 07 ]
0 N 0 0 N,
-1 o -1 «a
W 0 0 0 W 0 0
| 0 0 KﬁyT | 0 0 |
ran =ran
[A4p 0 0 [Ag 0]
0 I 0 0 I
-1 la -1 la
W 0 0 0 W 0 0
i [0 0 Lj| | i |0 0] |

Similar to (i), this is true if, and only if, ng = 0 and v = (1,...,1), thus (ii) follows.
We show (iii). By definition, A is a multishift if, and only if, o,,(A) = (). Then
(iii) follows from Corollary 4.7.

O

The KCF leads to a decomposition of a linear relation .4 in a natural way. For this
we introduce the following notion. Here “+” stands for the direct sum of subspaces.
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DEFINITION 4.9. Let A be a linear relation in C". A decomposition A = A; +
...+ Ag, k € N, of a linear relation A is called completely reduced, if there exist
subspaces V1, ...,V of C" such that

i) Vi+...+ Ve =C" and

(i) Aj=ANnV; xV;) forallj=1,... k.

In [24] it is shown that any linear relation can be decomposed into a direct sum
of a Jordan relation, a completely singular relation and a multishift. However, this
decomposition is in general not completely reduced. The KCF resolves this problem.

PROPOSITION 4.10. With the notation from Theorem 4.5 define

0 I, 0
0 0 N,
-1 -1 o
W K, L
0 0 0
Ag :=ran i , Aj:=ran i o,
[0 (A9 0]
0 0 1
-1 -1 ||
w Lg w 0 0
I | 0 ] I 1 0 0] |
_ F 0T
0
-1
w 0
K
Ay :=ran )
[0
0
-1
w 0
a
L [ Ly ] ]

Then Ag is completely singular, Ay is a Jordan relation, Ay is a multishift and
A=As+ A+ Au

is a completely reduced decomposition.
Proof. We show that the decomposition is completely reduced. Set

Vi = Re(A) = W ({07 x {0}/ x €7 < {0} 1),
Vo =Wt (C”U x Clol x {0}/8l=ns {O}M) ,
Vg i= WL ({0} x {0312 x {0}P1=n2 s ).
Then it is clear that Vi + Vs + V3 = C™ and
As=ANMW x V1), A;=An(Vax V), Ay =An(VsxVy).
It is clear that R.(Ag) = R.(A) = V; and hence Ag is completely singular. Fur-

thermore, R.(Ay) = {0} and R;(As) = Vs, thus A is a Jordan relation. Finally, it
follows from Corollary 4.7 that o, (A ) = 0 and hence Ay is a multishift. O
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5. Wong sequences. Recently, see [7, 8, 9], Wong sequences are used to prove
the KCF and compared to the proof by Gantmacher [15] they provide some geomet-
rical insight. The Wong sequences have their origin in Wong [27]. Wong sequences
are also useful to describe the different parts of a linear relation. In this section we
derive representations for the root and Jordan chain manifolds of a linear relation in
terms of the Wong sequences.

For E, A € C"™*" the Wong sequences are defined as the sequences of subspaces

(Vi) and (W),

V():(Cn, Vi+1:{x€C”|A:c€EVZ—}, iGNo,
WQZ{O}, Wi+1={$€Cn|EI€AWi}, 1 € Np.

The limits of the Wong sequences are denoted by

Vo=V and W =] W

i€Np i€Np
ng F.G € C™*% alternative Wong sequences are defined by the sequences (91) and
Wi),
Vo =Cn, Vir={ Fo |zec! GoeV }, iem,
)7\70:{0}, V/\ZH:{GQC‘:EG(Cd,FxGV/Vi}, 1 € Ny,
with corresponding limits

V= ﬂ]z and W* = LJV/\7Z

1€Ng 1€Ng

THEOREM 5.1. Let A be a linear relation in C" with dim A = d and let A, E €
Cr*n ¢ =2n—d, with tk[A, E] = and F,G € C"*?% with tk[5] = d be such that

A=ker[A, —E] =ran [£].

Then we have

VEAOWE = Vv = R(A),
Veo= Vr = Rs(A) = dom A",
Wr = Wr = Roo(A),
VAW = VWt = Ry(A).

Proof. We show that, for all ¢ € Ny,
dom A* = V; =V, (5.1)
mul A" = W; = W, (5.2)

We prove the first equality in (5.1) by induction. For ¢ = 0 the statement is true, so
assume that it holds for some 7 € Ng. Then

domAi“:{xeC” |3y€(C": (z,y) € A=ker[A,—E] and y € dom A’ }
={zeC" |JyeC": Az =Fy and yeV;, } = V1.
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The second equality in (5.1) follows from

~

domAi'H:{xe(C” JyeC": (z,y) € A=ran [£] and yedomAiZVi}

={xe(C”

JyeCt3zeC?: 2 =Fz and y=Gz and yeﬁl}

:{xG(C”

J2eC?: z=Fz and GZG]Z- }:9i+1~

The proof of (5.2) is analogous and omitted. From (5.1) and (5.2) and the fact that,
by finite dimensionality, V* = V,,, V* = V,,, W* = W,,, W* =W, it now follows that

dom A" = V* =V*  and Reo(A) = W* = W,

Next we show that V* = Rs(A). To this end, let W € C™*", T € C4*< be invertible
matrices such that WFT and WGT are in KCF (4.2). We prove that

Vie Ny D= W (€% xran N x €% x ran(N] ).

For i = 0 the statement is true. Assume that the statement is true for some i € Ny.
We obtain

9i+1:{FCE ‘:L'E(Cd, Gxeﬁi}

Ay O 0 0
0 I 0 0 =
— -1 ||
= FTy | W 0 0 Ly 0 yEV;
0 0 0 LT

Now, by assumption, V; = W~1 (Cmo x ran N, x ClAI=ms x ran(N])") and we have

I, 0 0 0 Y1 4
Vg = W1 0 No O 0 Yo y1 € C", yo €ran NV},
i+1 0 0 Kg O Y3 ys € CIPl, LTy, € ran(N] )i
0 0 0 KJ Ui

—w! ((Cno « ran NitL x Cll-ms ran(N;r)i‘H) |
where for the last equality we need to show that
{ K]ys | L]ys €ran(N) )" } =ran(N] )"

Observe that N;'—LI = KI and N;FK;'— = KIN;';I, where y—1 = (y1—1,..., 7, —1)

and if v; = 1 for some j € {1,...,n,}, then we define
N,Y,1 = dlag (N'Yl7 ceey N’ijl, N»Yj+1, ceey N’Yn—y)'

Furthermore, we have that for any j,k € N, k > 2 andv € C*¥~1 v = (vy,...,v5-1)"

Liveran(N) ) «— Vpej=...=041=0 = wvE€ ran(N,| )7,
from which it follows that

{ v e Chl=m L;rv € ran(N;r)j } = ran(N;'ll)j.
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Now we are in the position to infer that

rzm(NAYT)iJr1 = ran(NwT)”lLI = ran(NﬁyT)iKﬁyT
= ranKvT(Nval)z ={ KVTU | LIU € ran(NvT)Z }.

Since N¥ = 0 and (N, )" = 0 it now follows with Theorem 4.5 that
dom A" = V" = W~! (@no x {0}l x ClBI=ns {o}lv\) = R (A).
The remaining statements can now be concluded from Theorem 4.5. o

Equations (5.1) and (5.2) provide a direct connection between the Wong sequences
and the corresponding linear relation A. In [8] it is shown how the Wong sequences
can be used to define a basis transformation which puts the matrix pair (F, G), where
A =ran [£], into KCF. Moreover, in [8, 9] it is shown that certain Wong sequences
completely determine the KCF. In this sense, the KCF of F' and G is completely
determined by the linear relation A = ran [£].

6. Conclusion. We have shown how the Kronecker canonical form provides a
natural decomposition of a linear relation into a completely singular relation, a Jordan
relation and a multishift. Furthermore, the KCF can be used for a complete descrip-
tion of the structure of a linear relation up to the structure of the multishift part.
In this sense we have derived an analogue to the Jordan canonical form for matrices;
this is new for linear relations. On the other hand, the KCF of a given matrix pair is
completely described by the corresponding linear relation, which can be established
using Wong sequences.

The KCF is widely used in the study of matrix pairs or, what is the same, in the
investigation of DAEs. A famous unsolved problem in the theory of matrix pairs is the
distance to the nearest singular pair, see [11]. It is possible to characterize regularity
and singularity in terms of the induced linear relation. For linear relations, the effect
of perturbations can be studied using the gap metric, see [3, 19], or by utilizing results
for finite dimensional perturbations, see e.g. [2]. In future research one may use the
deep connection between linear relations and matrix pencils presented in the present
paper. In particular, existing perturbation theory for linear relations is now available
for the study of matrix pencils and DAEs.
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