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Abstract

Set optimization with the set approach has recently gained increasing interest due
to its practical relevance. In this problem class one studies optimization problems
with a set-valued objective map and defines optimality based on a direct comparison
of the images of the objective function, which are sets here. Meanwhile, in the lit-
erature a wide range of theoretical tools as scalarization approaches and derivative
concepts as well as first numerical algorithms are available. These numerical algo-
rithms require on the one hand test instances where the optimal solution sets are
known. On the other hand, in most examples and test instances in the literature
only set-valued maps with a very simple structure are used. We study in this paper
such special set-valued maps and we show that some of them are such simple that
they can equivalently be expressed as a vector optimization problem. Thus we try
to start drawing a line between simple set-valued problems and such problems which
have no representation as multiobjective problems. Those having a representation
can be used for defining test instances for numerical algorithms with easy verifiable
optimal solution set.

Key Words: Order relations, Set optimization, Set approach, Test instances, Vector opti-
mization

Mathematics subject classifications (MSC 2010): 26E25, 49J53, 54C60, 90C29, 90C30

1 Introduction

Set optimization problems can be considered as a significant generalization and unification
of scalar and vector optimization problems and have numerous applications in optimal
control, operations research, and economics equilibrium (see for instance [2, 13]). Especially
set optimization using the set approach has recently gained increasing interest due to its
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practical relevance. In this problem class one studies optimization problems with a set-
valued objective map and defines optimality based on a direct comparison of the images
of the objective function, which are sets here. Hence one needs relations for comparing
sets. A large number of such relations is proposed in the literature [12]. Examples are
the possibly less or the certainly less order relation. However, the [-less order relation,
the u-less order relation, and most of all the set less order relation are considered to be of
highest interest from the practical point of view. For the latter relation one says that a
set A is less or equal than a set B if any element of the set A has an element in the set
B which is worse and if to any element of the set B there exists an element of the set A
which is better. Therefore one also needs a way to compare the elements of the sets. Thus
one assumes in general that the space is equipped with a partial ordering.

It is obvious that it is numerically difficult to compare sets. For convex sets Jahn has
proposed in [10] to use a characterization with supporting hyperplanes. For numerical
calculations he proposes to do a single comparison based on the optimal values of 4000
linear optimization problems over these convex sets. This illustrates that the development
of numerical algorithms for set optimization problems is very challenging. Nevertheless,
meanwhile some first algorithms have been proposed in the literature.

The first algorithm for unconstrained set optimization problems and the [-less order
relation was presented by Lohne and Schrage [17]. This approach is for linear problems
only and requires an objective map F' with a polyhedral convex graph and a representation
by inequalities of this graph. Recently, a derivative free descent method was proposed by
Jahn [11] based on the comparison mentioned above. This was extended for nonconvex sets
by Kébis and Kébis [14]. Both methods aim on the determination of one single minimal
solution of the set optimization problem.

Clearly, set optimization problems, as vector optimization problems, have in general an
infinite number of minimal solutions. Hence, one is not only interested in finding one of
these solutions but in finding a representation of the set of all optimal solutions. By varying
the starting points in the above methods a representation of the set of optimal solutions
can be determined. For such approaches it is important to have also test instances to verify
whether such a representation was successfully obtained.

In the following we study set optimization problems which are such simple that they
have an equivalent reformulation as a vector optimization problem. They can be used to
construct new test instances.

In Section 2 we state the basic definitions and concepts from set optimization which
we need in the following. We also recall a result by Jahn which is helpful for some of
the following proofs. Set optimization problems being reducible to vector optimization
problems are defined and studied in Section 3. Based on this we make in the final Section
4 some suggestions how the results can be used for the construction of set-valued test
instances based on vector-valued or scalar-valued optimization problems.

2 Basics of vector and set optimization

Throughout this paper we assume that Y is a locally convex real linear space which is par-
tially ordered by a pointed, convex, and closed nontrivial cone C'. Recall that a nonempty
subset C' of Y is called a cone if y € C' and A > 0 imply \y € C. A cone C is called



pointed, if C' N (—=C) = {0y }. We denote by Y* the topological dual space of Y and by
C*={teY*| l(y)>0Vy e C}
the dual cone of C'. For the partial ordering introduced by C' we write
y'<cy* eyt -yt eCforallyt,y?cy.

Later, for more specific results, we will often assume that Y is the finite dimensional space
R™ partially ordered by some pointed convex cone or even just by the nonnegative orthant,

ie. C =R
+
We denote an element ¢ of a nonempty set M C Y nondominated w.r.t. C' if

{9} —C)n M = {g}.

This implies the definition of optimal solutions of a vector optimization problem. Let S
be a nonempty set and let f: S — Y be a given vector-valued map. Then z € S is called
an efficient solution w.r.t. C' of the vector optimization problem

min f(z) (VOPys)
if f(z) is a nondominated element of f(S) :={f(x)| =z € S} wr.t. C, ie., if

f(x) <c f(2), v € S = f(z) <c f(2) (1)
holds. Clearly, since C' is pointed, (1) can be formulated as

f(z) <c f(Z), v € S = f(T) = f(x).

The main topic of our paper are set optimization problems with the set approach. We
use the following three set order relations [5, 15, 18, 19]:

(a) the Il-less order relation w.r.t. C is defined by: A<\, B« BC A+ C,
(b) the u-less order relation w.r.t. C'is defined by: A ¢, B:< A C B —C, and

(c) the set less order relation w.r.t. C'is defined by: A <% B 1< A <L, B and A <% B.
Obviously it holds by definition
ALB & VbeBJacA: a<cb and AL B & VYac A eB: a<ch.

Based on these set relations we can easily define minimal elements of a family A of
nonempty subsets of Y. A set A is a minimal element of A w.r.t. the order relation ¢
and x € {l,u, s} if ) )

A A Ace A= AE A

Thus for a set optimization problem

min F(x). (SOPrs)

zesS
with feasible set S and set-valued map F': S = Y with F(z) # 0 and F(x) # Y for all
xr € S, we denote € S a minimal solution w.r.t. the order relation <}, with x € {l, u, s} if
F(z) x5 F(2), v € S= F(2) ] F(2) (2)

holds.
The following theorem gives an important characterization of these set relations by
using supporting hyperplanes.



Theorem 2.1. [10, Theorem 2.1] Let A and B be nonempty subsets of Y.

(i)
ASp B = VEe " \{0y-}: inf ((y) < inf ((y).
Yy

yeB
A<t B = YeC "\ {0y} supl(y) <supl(y).
yeA yeB

(i1) If the set A+ C' is closed and convex, then
AL B & Ve C*\ {0y} infl(y) < inf {(y).

yeA yeB

If the set B — C is closed and convex, then
AbE B & Y eC*\{0y+}: supl(y) <supl(y).

yeA yeB

(111) If the sets A+ C and B — C are closed and convex, then

AL B & WeC"\{0y}: infl(y) <infl(y) and supl(y) <supl(y).
yeA yeB yeA yeB

If we apply these characterizations to (2) then we obtain the following corollary:

Corollary 2.2. [10, Corollary 2.2] Let (SOPps) be given and let for all x € S the sets
F(z) + C and F(x) — C be closed and convex. Then T € S is a minimal solution of
(SOPps) w.r.t. the order relation ¢ if and only if there is no x € S with

Ve e C*\{0y.}: inf ((y)< inf £(5) and sup L(y) < sup £(y)
YyeF () yer(z) yeF(x) yEF(2)

and

e C*\ {0y} : inf Uy) < inf ) or sup {(y) < sup ().
yeF (x) yeF (x) yEF (2) YEF (%)

Based on this corollary Jahn proposed in [10] a vector optimization problem which is
equivalent to the set optimization problem (SOPpgg). This vector optimization problem
requires the introduction of a new linear space which is defined by maps. This special
space is partially ordered by a pointwise ordering, see the next theorem.

Theorem 2.3. [10, Theorem 3.1] Let (SOPpg) be given and let for all x € S the sets
F(z) + C and F(x) — C be closed and convex. Then T € S is a minimal solution of
(SOPps) w.r.t. the order relation <&, if and only if T is an efficient solution of the vector
optimization problem

min v(F(x)) (3)

zeS

where v(F(z)) is for each set F(x) a map on C*\ {Oy+} which is defined pointwise for each
e C*\ {0y+} by
inf /(y)
L yEF ()
WF@)0 = | "0,

yEF (x)
and the partial ordering in the image space of the vector optimization problem (3) is defined

by
v(F(z) < o(F(2%) & o(F(2"))(0) <gz v(F(2?))(f) VL€ C*\ {0y }.
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Note that even if the original set optimization problem (SOP¢) is a finite dimensional
problem (for instance if S C R™ and Y = R™) the associated vector optimization problem
(3) is an infinite dimensional problem. It can then also be interpreted as a multiobjective
optimization problem with an infinite number of objectives (two for each £ € C* \ {0Oy+}).
Moreover, for solving (3) an infinite number of scalar-valued optimization problems would
have to be solved. This is due to the fact that according to Theorem 2.1 (iii) in general
already for comparing just two sets F(x') and F(z?) with 2!, 2% € S using the set less
order relation ¢, all (normed) elements ¢ of C* \ {0y} are needed. In [11] Jahn showed
that (under additional assumptions) this is not the case if ¥ = R™ and the sets F'(x) are
polyhedral for all z € S:

Theorem 2.4. [11, Theorem 2.2] Let S be a nonempty subset of R", Y = R™, C be
polyhedral, and let F': S =Y be a set-valued map defined by

F(z) ={y e R" | A(z) -y < b(x)} forallzeS

where A: S — RP*™ and b: S — RP are given maps such that F(z) is compact and
nonempty for all x € S. Moreover let for all x € S and i € {1,...,p} the i-th row of the

matriz A(x) be denoted by a'(x) and let L be the finite set of all normed extremal directions
of C*. Then for all z*, 2% € S it holds

F&) <5 F(?)
& Vie{l,...,p} with ' := —a'(z') € C*\ {Ogm} : bi(x!) > max —(¢)Ty,

yEF (22)
Vie{l,...,p} with 7 := —a/(2%) € C*\ {Ogm} : max (#/)Ty < max (#)Ty, and
yeF(21) yeF (22)
Ve Ll: min {Ty< min ¢y and max (Ty < max (7.
yeF(zl) yeF (x2) yeF (z1) yeF(z?)

Note that in case the cardinality of the set of all rows of the matrices A(x) with z € S
is infinite, still an infinite number of functionals ¢ € C* and their associated scalar-valued
optimization problems have to be considered when all elements F'(z) should be comparable
by using just the optimal values of these functionals over the sets. For that reason Jahn
proposes in [11] a descent method which uses direct comparisons of two polyhedral sets
only.

In contrast to the previous results we aim in the following on suitable “simple” set
optimization problems, such that equivalent reformulations as vector optimization problems
in the same or a similar image space or even (for some special cases) as multiobjective
optimization problems with a finite number of objectives can be given. In the latter
case this allows to make the problems numerically tractable as known techniques from
multiobjective optimization can then be applied.

3 Set optimization problems being reducible to vector
optimization problems

In this section we discuss several classes of set optimization problems for which we can
show that they are equivalent to vector optimization problems. In all cases we can show
that we can reduce the problems to comparatively simple vector optimization problems.



3.1 Set-valued maps based on a fixed set

We start by examining set-valued maps with the most simple structure: those where the
images F'(x) are determined by a constant nonempty set H C Y which is only moved
around in the space by adding f(z) with f: S — Y some vector-valued map. This means
we are interested in set-valued maps with the structure

F(x)={f(x)}+ H={f(x)+h|he H}forallz €S (4)

for some nonempty set S, a nonempty subset H of Y, and f: S — Y.

Such a map was for instance studied as a test instance by Koébis and Kébis in [14] for
evaluating the properties of their proposed numerical algorithm and was motivated as the
basis of the Markowitz stock model.

Example 3.1. [14, Example 4.7] Let S =Y = R?, the vector-valued map f be defined by

2 2
T+ 75

2(5(71 + LL’Q)
the set H be given by

H = {i(i:j;((?) ) € R2 tE{O,%W,...,?w}},

and the set-valued map F: S = R? be defined according to (4). Using the forthcoming

Theorem 3.4 the set of all minimal solutions of the corresponding set optimization problem

(SOPps) w.r.t. the order relation <%, with x € {l,u, s} is given by {T € R* | 7 = 7, < 0}
+

(see the forthcoming Example 3.5).

f: 8 = R* with f(x) :z( ) for all x € S,

Also Herndndez and Lépez have studied in [8] special set-valued maps of the type (4).
To be more concrete they have considered the following special cases:

e [1: S5 =R"™ with
Fi(z) = {fx)}+H

for a given nonempty set H C R™ and a linear map f: R* — R™.
[ ] FQZ Sij Wlth

By(x) = {f(2)} +{ g eR™ | A0, 1]}
= M)+ A =N (f(x) +q¢) eR™[Ae[0,1]}

for a given map f: S — R™ and ¢ € R™.

[ ] F3Z Sij Wlth

Fy(x) = {f(@)} +{y e R | [yl <r}

for a given map f: S — R™ and r € R,.



For these special classes they have studied basic properties of the set-valued maps
as semicontinuity and convexity in a finite dimensional setting. They also mention that
for instance F} appears in the literature in the context of Hahn-Banach theorems or in
subgradient theory and F3 is of course related to interval optimization. The map Fj
appears in approximation theory and viability theory (cf. [8]).

We first state a result on the direct comparison of two sets {y'} + H and {y*} + H with
yhy?ey.

Lemma 3.2. Let H be a bounded nonempty subset of Y. If y', 4> € Y and the sets A and
B are defined by
A={y"Y+H and B = {y°} + H.

Then it holds
ALB & ALB & AU B & y' <oy’

Proof. Tt is easy to see that the assumption y! < 32, ie. ¥ € {y'}+C and y' € {y?} —C,
is sufficient for the other statements. Thus we now assume that A <., B. By Theorem
2.1.(i) it follows

inf £(y) < yl][eljf3 ((y) for all £ € C*\ {Oy+}

yeA

which is equivalent to

((y") + inf £(h) < £(y?) + gnlffﬁ(h) for all £ € C*\ {Oy+}.
€

heH

As H is nonempty and bounded it holds
—oo < inf {(h) < supl(h) < oo for all £ € C* \ {Oy+}.

heH heH

Hence, we obtain
U(y? —y') >0 forall £eC*

and thus, since C is closed, by [9, Lemma 3.21 (a)] y* <¢ y*
Using similar arguments we obtain

A<t B=y <c v
and we are done. O
For the proof we need that
inf {(h) # —oo and supl(h) # o

heH heH
holds for all £ € C*\ {Oy+}. Clearly, this is true in the case H is bounded. Note that for
an unbounded set the result of Lemma 3.2 might not be true. For instance for H =Y this
can trivially be seen. Additional examples with sets H unequal to the whole space Y are
given in the following.

Example 3.3. Let Y = R*, H' :={y e R? | y1 <0, yo =0}, H> :={y e R* | y; >
0, yo = 0}, and H® := {y € R? | yo = 0}. Then for y* = (2,1)" and y* = (1,2)" it holds
v fer v Y+ H <SG {07+ HY Ay 4 B S {y?} o+ B2 and {y') + P <G
{y*}+ H°.



Lemma 3.2 directly implies that set optimization problems with set-valued maps defined
as in (4) are equivalent to vector optimization problems.

Theorem 3.4. Let the set optimization problem (SOPpg) be given with an objective map
F as defined in (4), i.e.

F(z)={f(x)} + H for all x € S,

and let the set H be a bounded and nonempty subset of Y. Then & € S is a minimal solution
of the set optimization problem (SOPpg) w.r.t. the order relation <% and x € {l,u, s} if
and only if T is an efficient solution of the vector optimization problem (VOPyg) w.r.t. C,
i.e. of

min f(x)

€S

w.r.t. the ordering cone C'.

Using Theorem 3.4 we can verify the set of all minimal solutions of the set optimization
problem stated in Example 3.1.

Example 3.5. We consider again the set optimization problem (SOPpg) defined in Ex-

ample 3.1. Let T € S = R? be a minimal solution of (SOPrg) w.r.t. the order relation

<k2 and x € {l,u,s}. By Theorem 3.4 this is equivalent to that T is an efficient solution
+

win (1(0)) ®)

w.r.t. RE and fi, fo: R? = R with fi(x) := 21 + 23 and fo(x) := 2(x1 + 22) for all x € R?.
If 7, > 0 or Ty > 0 then it is easy to see that for & = (—|%,|,—|%2|)" # T it holds
fi(@) = fi(x) and f2(Z) < fo(®) — contradicting that T is an efficient solution of (5).
Hence, we derive T1 < 0 and Ty < 0 for any efficient solution of (5). If additionally
T1 # To holds, then it follows for

.
1
= 7 (—\/z% +:E§,—\/:E% +£§) #I

also f1(z) = f1(Z) and fo(z) < fo(x). Thus we obtain Ty = Ty < 0. Let finally ¥’ =
(2, 2T, 2" = (2", 2")7, and w.l.o.g. o' < 2" < 0. Then it holds fi(Z') > fi(z") and
f2(Z') < fo(Z"). Hence, the set of all minimal solution of (SOPpg) w.r.t. the order relation
4]1*& and x € {l,u,s} and the set of all efficient solutions of the corresponding vector

of the vector optimization problem

optimization problem defined by (5) w.r.t. R is given by {T € R* | Z; = &y < 0}.

Finally we relate the result of Theorem 3.4 to some other results from the literature.
In [6] the following set-valued optimization problems have been studied: Let F': S = R™
be defined by
F(z) ={f(x+2)eR" |z € Z}

where S C R is some nonempty set, Z C R" is a compact set with 0 € Z, and f: R" — R™
is a given vector-valued map. It was assumed that the linear space R™ is partially ordered
by some pointed convex closed cone C' with nonempty interior. These problems arise in

8



the study of multiobjective optimization problems which have some uncertainties in the
realization of solutions and when a robust approach is chosen. For the set optimization
problem the u-less order relation was used. In [6, Section 5.1] linear objective functions f
have been studied. Then one obtains F(z) = {f(x)} + H with H := {f(2) e R" | z € Z},
which is a bounded nonempty set and Theorem 3.4 can be applied.

Other set-valued maps with a simple structure using a constant nonempty set can be
defined by multiplication with a scalar-valued function. Thus we are interested now in
set-valued maps with the structure

F(z) :=p(x)H ={p(x)h |he H} forall z € S (6)

for some nonempty set S, a nonempty subset H of Y with H # {0y}, and ¢: S — R. We
show that such set optimization problems (under strict additional assumptions on the set
H) can be formulated equivalently even as scalar-valued optimization problems.

In analogy to Lemma 3.2 we want to formulate results on the direct comparison of two
sets aH and fH with o, € R. However, the following example shows that

ofl G H & a < p (7)
with x € {l,u, s} does not hold in general even for a compact set.

Example 3.6. Let Y =R and H := [—1,1]. Then it holds vH = [—|7],|y|] for all v € R
and we obtain oH <5, BH < |a| > |8, aH <§, fH < |of < |B], and oH <3, fH <
la| = |B| for all o, 5 € R. See also the forthcoming Lemma 3.12 for additional results for
this type of set-valued maps.

The following lemma formulates additional assumptions under which (7) can be guar-
anteed.

Lemma 3.7. Let H be a bounded nonempty subset of Y with H # {0y}, let o, 5 € R, and
let the sets A and B are defined by

A:=aH and B := SH.
Then the following holds:
(i) If H C C and a < 3, then it holds A X% B with = € {l,u, s}.

(ii) If H C C and there exists an { € C*\ {Oy+} such that }12[{; ((h) > 0, then it holds
ALB & ALB & A<YUB & a<B.

(1)) If H C —C and o > B, then it holds A X B with x € {l,u, s}.

(iv) If H C —C' and there exists an { € C* \ {Oy+} such that sup £(h) < 0, then it holds
heH

AiB & ALB & A<YB & a>8.



Proof. We restrict ourselves to the proofs of (i) and (77). Hence H C C and note that

0 < inf ¢(h) <supl(h) < oo for all £ € C*\ {0y+}. (8)

heH heH

For the proof of (i) let a < 3. For any b € B there exists h € H C C' with b = Sh. For
a:=ahe€ Aitholds b—a = (8—a)h € C. Hence a <¢ b and A <L, B is shown. Using
similar arguments we obtain A <¢ B which proves the assertion.

For (ii) it remains to show that a < [ is also necessary for A <% B with x € {l,u,s}. If
A <L B then it holds by Theorem 2.1.(i)

. - " )
ﬁglf{ al(h) < ﬁglf{ pL(h) for all £ € C*\ {0y~}. (9)

For a > 0 and 8 > 0 it is easy to see that (9) is equivalent to

a inf £(h) < Bgnlfiﬁ(h) for all £ € C*\ {Oy~}
€

heH

and we obtain «infrey £(h) < Binfhuey £(h). By using infhey €(h) > 0 and (8) it follows
a<p. Ifa>0and f <0 then (9) is equivalent to

a inf ¢(h) < Bsupl(h) for all £ € C*\ {Oy«}

heH heH

and it follows by (8)

a inf ((h) = Bsupl(h) =0 for all ¢ € C* \ {Oy+}

heH heH

which contradicts 8 sup,ep @(h) < Binfrey @(h) < 0. Incase a <0 and >0 then a < 8
holds trivially. For v < 0 and § < 0 we obtain as an equivalent formulation of (9)

asup (h) < Bsupl(h) for all £ € C*\ {0y}
heH heH

and o < § follows immediately by using supjcy £(h) > infheq £(h) > 0 and (8) again.
Using similar arguments we obtain

A<t B=a<p,
and we are done. []

Remark 3.8. The existence of an { € C* \ {Oy+} with infrey £(h) > 0 can be guaranteed
for instance if H is a nonempty, compact, and convezr subset of C" with Oy ¢ H. Since

—C' is closed and convez there exists in this case by a suitable separation theorem (cf. [9,
Theorem 3.20]) an £ € Y* such that

0=1((0y) < y?_%g(y) < Inf £(h) < o0

and ¢ € C* follows by standard arguments.

We note that for an unbounded set the result of Lemma 3.7 might not be true.
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Example 3.9. Let Y =R*> and H :={y e R? |y =(1+7n1+7r)", re R} CR2. Then
it holds aH <]IR2 BH for all a,8 <0 and aH <y, BH for all o, > 0.
T +

Lemma 3.7 directly implies that under the mentioned strict additional assumptions set
optimization problems with set-valued maps defined as in (6) can be formulated equiva-
lently as scalar-valued optimization problems. In the following theorem we restrict our-
selves to the case H C C.

Theorem 3.10. Let the set optimization problem (SOPp ) be given with an objective map
F as defined in (6), i.e.
F(z) = p(x)H forallx € S,

and let the set H be a bounded nonempty subset of C with H # {0y }. If there exists an
(€ C*\ {Oy+} such that infrey ((h) > 0, then & € S is a minimal solution of the set
optimization problem (SOPpg) w.r.t. the order relation <7 and * € {l,u, s} if and only if
Z 1s a minimal solution of the scalar-valued optimization problem

mi ().

3.2 Box-valued maps

The set-valued maps which we study in this section are assumed to have values F'(x) which
are boxes in Y. For this purpose let a,b € Y with a <¢ b and the corresponding box [a, b]¢
be defined by

[a,b]c = ({a} + C) N ({b} = C).

Obviously a box is a convex and closed set and we are now interested in set-valued maps
with the structure
F(z) = [a(z),b(x)]c for all z € S (10)

for some nonempty set S and two vector-valued maps a,b: S — Y with a(z) <¢ b(z) for
all z € S. In a finite dimensional setting, the properties as semicontinuity and convexity of
maps as in (10) have already been studied in [8]. If for some = € S it holds a(z) = b(x) then
the set F'(z) is a singleton. A simple example for such set-valued maps are the so called
interval-valued maps in the case Y = R and C' = R,. We use for reasons of simplicity
in the case Y = R™ and C' = R the usual notation [a,b] instead of [a, blgy. Another
example of such set-valued maps is given in the example below and was provided in [3].

Example 3.11. /3, Ezample 4.1] Let S = [0,1], Y = R?* C = R2, and F': S = R? be
defined by
Flz) ={y e R*|y1 =, y € [2,2 — a]}.

Then the tmages are boxes with
F(z) = ({(z,2)" } +R) N ({(z.2-2)"} = RY) = [(z,2)", (z,2 - 2)"].

It is easy to see (cf. for instance the forthcoming Theorem 3.13 or Corollary 3.15) that

T = 0 is the unique minimal solution of the set optimization problem (SOPpg) w.r.t. the

order relation <]le and the set of all minimal solutions of (SOPpg) w.r.t. the order relation
+

%TRi with x € {u, s} is given by the whole set S.

11



The following lemma formulates a result on the direct comparison of two boxes.

Lemma 3.12. Let two sets A and B in'Y be defined by
A= [a',bY]¢ and B := [a® b*]c
where a',a®, bY,b0* € Y with a* <¢ b and a® <c b*. Then it holds
AL Bead <cad® and ASY B &b <o b

Proof. If A <L, B then there exists a € A C {a'} + C such that a <¢ a* and thus
a € {a®} — C. Hence, there exist k', k? € C with a = a' + k' = a®> — k. It follows
a’ —a' = k' + k* € C and we obtain a' <¢ a®. Let now a' <¢c a* and b € B C {a*} + C
be arbitrarily chosen. Hence it holds a? <¢ b. By the transitivity of <c for a := a' € A it
follows a <¢ b and thus A <., B. Using similar arguments we obtain A <% B if and only
if bt <& b2, O

This result is also stated (without proof) in a finite dimensional setting in [8, Remark 1].
Lemma 3.12 directly implies that set optimization problems with set-valued maps defined
as in (10) are equivalent to vector optimization problems.

Theorem 3.13. Let the set optimization problem (SOPpg ) be given with an objective map
F as defined in (10), i.e.

F(z) = [a(x),b(x)]c for all x € S.
Then the following holds:

(i) T € S is a minimal solution of the set optimization problem (SOPpg) w.r.t. the order
relation <L, if and only if T is an efficient solution of the vector optimization problem
(VOPyg) w.r.t. C for f: S =Y and f(x) := a(x).

(i) T € S is a minimal solution of the set optimization problem (SOPpg) w.r.t. the order
relation ¢ if and only if T is an efficient solution of the vector optimization problem
(VOPyg) w.r.t. C for f: S =Y and f(x) := b(x).

(111) T € S is a minimal solution of the set optimization problem (SOPpg) w.r.t. the order

relation ¢ if and only if T is an efficient solution of the vector optimization problem
(VOP;s) wrt. Cx C:={(c',*) eYxY | teC, eC}forf: S—=Y XY

and f(z) = (a(;”)) i.e. of

w.r.t. the ordering cone C' x C.

As a consequence of Theorem 3.13 we obtain the following corollary, which confirms
the statement of Theorem 3.4 for a special case of the set H.

12



Corollary 3.14. Let f: S — Y be a given map, let ¢ € C, and let the set optimization
problem (SOPpg) be given with the objective map F defined by

F:S=Y and F(x) :={f(x)} + [0y, qlc = [f(x), f(z) + ¢lc for all z € S.

Then T € S is a minimal solution of the set optimization problem (SOPpg) w.r.t. the
order relation <5 and » € {l,u,s} if and only if T is an efficient solution of the vector
optimization problem (VOP;g) w.r.t. C.

Finally we study boxes which are defined by a multiplication of a scalar-valued function
and a fixed box to relate our results to those in Theorem 3.10. Let a,b € Y with a <¢ b,
H :=a,blc, p: S — R, and the set-valued map F': S =2 Y be defined according to (6) by
F(z) := p(x)[a,b]c for all x € S. Then it holds for the box-valued map F

[p(2)b, p(x)a]c, if p(z) <0
F(z) = for all z € S.

[o(@)a, p(x)b]c, if p(x) =0
An application of Theorem 3.13 to the corresponding set optimization problem (SOPp )
is possible only under the additional assumption that either ¢(z) < 0 or ¢(x) > 0 holds
for all z € S. While an application of Theorem 3.10 is only possible in case we have a
compact box [a,blc C H with Oy & H.

We end this subsection by applying Theorem 3.13 to the finite dimensional case with

the natural ordering:

Corollary 3.15. Let S be a nonempty subset of R", let a,b: R™ — R™ be given maps with
a;(x) < bj(z) foralli e {1,...,m} and x € S, and let the function F': R" =2 R™ be defined

by
F(z) = [a(z),b(x)] for all z € S.

Then & € S is a minimal solution of the set optimization problem (SOPgg) w.r.t. the order

relation #RT | ﬁf{w | %&T if and only if T is an efficient solution of the vector optimization

problem (VOP;g) w.r.t. RT|RT|R1’” for f: 8 — R™R™R2™ and f = alf = b|f = (Z)

3.3 Ball-valued maps

Let in this section (Y, (-, -)) be a Hilbert space and we write

((y) = ({,y)

for the dual pairing. The set-valued maps which we study next are assumed to have values
F(x) which are balls with variable midpoints and with variable radii. Therefore let

By(r):={yeY| llyl <r}

for r € Ry with |ly]| = +/(y,y). Thus, we are interested in set-valued maps with the
structure

F(z) :={c(x)} + By (r(z)) forall x € S (11)
for some nonempty set S, a vector-valued map c: S — Y, and a function r: S — R,. For
basic properties of such maps as well as for references to applications where such maps are

of interest we refer to [8]. Such a set optimization problem was for instance studied by
Jahn:
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Example 3.16. [10, Ezample 3.1] Let Y =R?*, C =R?%, S = [-1,1], and F: S = R? be
defined by

F(z) :={y e R*| (y1 — 22°)* + (y2 — 22%)* < (z* + 1)*} for all v € S.
Then the images are balls with
Fla) = {(20%26%) 7} + Baa(a? + 1)

and T = 0 is the unique minimal solution of the corresponding set optimization problem
(SOPp,s) w.r.t. the order relation <3 , cf. Example 3.24.
+

We need the following results:

Lemma 3.17. Let r € Ry and ¢ € C* with ||¢|| = 1. Then it holds

min f/(y) = —r and max f((y) =r.
yEBy (1) (y) y€EBy (1) (y)

Proof. Let r € Ry and ¢ € C* \ {Oy+} with ||¢|| = 1 be arbitrarily chosen. Then it holds
by the Cauchy-Schwarz inequality for all y with ||y|| < r

1)l = KE < el vl < r

and hence
—r < (l,y) <.

Since for y := —{r € By(r) and y := {r € By (r) it holds

((y) = (,y) = —r{l,l) = —r and L(7) = (£, 7) = r((, L) =
we are done. [

Using Theorem 2.1(ii) and Lemma 3.17 one can easily verify the following lemma:
Lemma 3.18. Let two sets A and B in'Y be defined by
A={y'} +By(r) and B := {y"} + By (r2) (12)
where yt,y?> €Y and ri,ro € Ry. Then it holds
AL B & YeC with ||f| =1:0y*—y')={,y* —y') >ry— 1 and
A4 B & Vel with ||t =1:0y*—y')=(l,y? —y') > —(ra — 11).

Using Lemma 3.18 we can now proof the following result on the direct comparison of
two balls regarding the set less order relation based on only a finite number of inequalities
in case the cone C' has a finitely generated dual cone.

Lemma 3.19. Let the two sets A and B be defined as in (12). If there exist (1, ... (% € C*
with [[01]] = 1 for alli € {1,...,k} such that C* = cone(conv({¢' | i € {1,...,k}})), then

AL Be (g —y')y > |y — 11| forallie {1,...,k}.
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Proof. By using Lemma 3.18 it holds

A<E B & Uy —y')y >|ro—ry| forall £ € C* with ||¢|| =1
= (0> —y')y > |ry—ry| forall ¢ i€ {1,... k}.

Thus we assume now (£%, y?> —y') > |ro—ri| foralli € {1,...,k}. Let £ € C* with ||| = 1.
Then there exist \; € Ry, 7 € {1,...,k} such that

k k k
i=1 A =1 i=1 =1
i=1
Finally it follows
1 k k
(€y* —y') = kiz)‘i<€lay2 —y1> > ZM\Q —ri| =rg =],
i=1 i=1

PV
i=1

In the case Y = R™ and C' = R it holds
C* =R = cone(conv({e’ | i€ {1,...,m}})),

where €', i € {1,...,m} denotes the i-th unit vector of R™. Using Lemma 3.19 in this
special case it follows:

Lemma 3.20. Let y',y> € R™ and ri,ro € Ry. Then the following holds:
{y'} + Brm(r1) <k {y?} + Brm(rs) < y2—yt > |ro—ri| foralli e {1,...,m}.

We use now this result for the formulation of an equivalent vector optimization problem
to a set optimization problem with such values of the objective map. For that we need the
ordering cone

C™i={y e R™ y; > |ymi1| Vie {1,...,m}}. (13)

It is easy to see that C™*! is a pointed, convex, and closed nontrivial cone and that
{y*} + Bgrm(r1) <im {y?} + Bgrm(ro) if and only if

1 2

Y Yy
< m .
(7”1) =cm (7”2)

Theorem 3.21. Let S be a nonempty subset of R™, let the maps c¢: S — R™ and r: S —
R, be given, let the set-valued map F: S = R™ be defined by

Hence we obtain:

F(x) :={c(x)} + Bgm(r(z)) for all x € S,

and let the pointed convex cone C™ be defined as in (13). Then T € S is a minimal
solution of the set optimization problem (SOPpg) w.r.t. the order relation %Ew if and only
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if T is an efficient solution of the vector optimization problem (VOP;g) w.r.t. C™ for

f:R* - R™! and f = (ﬁ), i.e. of
. (c(x)

The vector optimization problem in Theorem 3.21 is a finite dimensional problem but
the ordering cone is not the natural ordering cone. However, it is a finitely generated cone.
This can be used to formulate another multiobjective optimization problem to our set
optimization problem which is now with respect to the natural (componentwise) ordering.
For that let now

w.r.t. the ordering cone C™+1.

Km—i—l — (ﬁm _1111 ) e ]R2m><(m+1) (14)

where [, is the m-dimensional identity matrix and 1,, is the m-dimensional all-one vector.
It is easy to see that kernel(K™*!) = {0,,,1} and

Cm = {y e R™| K™y > 0},

i.e. O™ is polyhedral. Using [4, Lemma 1.18] or [16, Lemma 2.3.4] and Theorem 3.21 we
obtain our main result of this section, which will also be the main result which we use in
Section 4 for the construction of new test instances for set optimization.

Theorem 3.22. Let S be a nonempty subset of R™, let the maps c¢: S — R™ and r: S —
R, be given, let the set-valued map F: S = R™ be defined by

F(z) :={c(x)} + Brm(r(z)) for allx € S,

and let the matriz K™+ be defined as in (14). Then T € S is a minimal solution of the set
optimization problem (SOPp ) w.r.t. the order relation %EQT if and only iof T 1s an efficient

solution of the vector optimization problem (VOPyg) w.r.t. R for f: R" — R*" and

fi=Kmt! (fn), i.e. of

min K™ c(x)
TES

; 2m
w.r.t. the ordering cone RY™.

As a consequence of Theorem 3.22 we obtain the following corollary, which confirms
the statement of Theorem 3.4 for another special case of the set H.

Corollary 3.23. Let S be a nonempty subset of R™, let the map f: S — R™ be given, let
r € Ry, and let the set-valued map F: S = R™ be defined by

F(z) :={f(x)} + Bgm(r) for all z € S.

Then = € S is a minimal solution of the set optimization problem (SOPgg) w.r.t. the order
relation 4?&? if and only if T is an efficient solution of the vector optimization problem

(VOPf’S) w.r.t. RT .
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Proof. By Theorem 3.22 z € S is a minimal solution of the set optimization problem
(SOPp ) w.r.t. the order relation %Ew if and only if 7 is an efficient solution of the vector

wiy (f00570)

w.r.t. the ordering cone R3™. This is equivalent to that Z is an efficient solution of the
vector optimization problem

optimization problem

up )

w.r.t. R, and we are done. ]

Finally we use our results to verify the unique minimal solution of the set optimization
problem stated in Example 3.16 by using Theorem 3.22.

Example 3.24. We consider again the set optimization problem (SOPgg) defined as in

Example 3.16. Using Theorem 3.22 it holds that * € S is a minimal solution of the set

optimization problem (SOPps) w.r.t. the order relation <3 if and only if T is an efficient
+

solution of the vector optimization problem

32+ 1
. 32 +1

15

sty | 221 (15)
2 =1

w.r.t. the ordering cone RY. Now it is easy to see that the unique efficient solution of
(15) w.r.t. Ri and thus the unique minimal solution of the corresponding set optimization
problem (SOPps) w.r.t. the order relation <3, is given by T := 0.

+

4 Implication on set-valued test instances

In this section we make some suggestions on how the results of the previous Section 3 can
be used for the construction of set-valued test instances based on known vector-valued or
scalar-valued optimization problems in the case X = R", Y = R™, and C' = R’". In the
most cases we will restrict ourselves to m = 2.

Such instances for set optimization problems (SOPp g) using a set-valued map F': S C
R™ — R™ based on a fixed set H C R™ defined as in (4) or (6), i.e.

F(z)={f(x)} + H or F(x) = p(x)H for all x € S,

can easily be established by directly applying Theorem 3.4 or Theorem 3.10, respectively.
For this only a suitable set H C R in terms of the formulated assumptions in the cor-
responding theorem and a multi-objective optimization problem min,cg f(z) (ideally with
known set of all efficient solutions w.r.t. R7) or a scalar-valued optimization problem
min,es p(x) (ideally with known set of all minimal solutions) has to be chosen. Using
the statements of the mentioned theorems the set of all minimal solutions of the set opti-
mization problem (SOPgg) w.r.t. the order relation <kp and * € {l,u, s} is given by the
set of all efficient solutions of the chosen multi-objective optimization problem w.r.t. R
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or by the set of all a minimal solutions of the chosen scalar-valued optimization problem,
respectively.

Moreover, test instances for set optimization problems (SOPpg) using a box-valued
map F': S C R — R™ defined according to (10), i.e.

F(z) = [a(x),b(x)] with a;(x) < b;(z) for all z € S and i € {1,...,m},

can be defined by applying Corollary 3.15 and by choosing again a suitable multi-objective
optimization problem min,cg f(z). For instance, if f: S C R® — R?™ is a vector-valued
function such that f;j(z) < fiym(z) for all x € S and i € {1,...,m} and we define the
vector-valued maps a,b: S C R* — R™ by

fi(z) frm+1(2)
a(x) = : and b(x) := : for all x € S,

fon(2) fom(2)

then the set of all minimal solutions of the set optimization problem (SOPpgg) w.r.t. the
order relation ﬁ]lRT \ <km \ <fm Is given by the set of all efficient solutions of the vector
optimization problem min,eg a(z)| mingeg b(z)| mingeg f(z) w.r.t. R7 R R3™.

It takes more effort to construct test instances for set optimization problems (SOPp g)
with a ball-valued map F': S C R" — R™, i.e., see (11), with

F(z) :={c(x)} + Brm(r(z)) for all z € S

withc: S — R™ and r: S — R,. We need the following result, which follows with Theorem
3.22 and [1, Theorem 3.1(2)]:

Lemma 4.1. Let S be a nonempty subset of R™ and a map f: S — R™ be given. Moreover,
let the matriz K™ be defined as in (14), let o € R™ be a vector and H € R™ ™ be q
matrix such that

r(z) =o' f(z) >0 forallz € S, (16)
and such that the matriz H € RZ™™ with
r7 rom—+1 H
H:=K (QT) has full rank m, (17)
and such that B
{xeR™| Hz € R} =RT. (18)

Then & € S is a minimal solution of the set optimization problem (SOPgg) w.r.t. the order
relation <&m and with F': S = R™ defined by

F(z):={Hf(x)} + Bgm(r(z)) for allx € S,

if and only if T € S is an efficient solution of the vector optimization problem (VOPyg)
w.r.t. R

To illustrate how Lemma 4.1 can be used for the construction of test instances we
restrict ourselves to the case m = 2 and we choose the following matrices H € R?*? and
the following vectors ¢ € R?, which guarantee that (17) and (18) are fulfilled:
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2 - . (H 110 0\
1 — 2 2 (1 _INT L 3 .
(i) H = (5 ;), 0:=(5,—3) ,and thus H := K (gT = <0 01 1) .
(i) H := 03 0:=(0,—1)7, and thus H = K* HY_ (0101 :
(i) H := % 1 0:=(%,0)", and thus H := K3 HY_(1 100 !

Furthermore also in all three cases for a map f: S — R? it holds for all z € S
fi(z) > 0and fo(z) <0=r(x):=o' flx)>0.

To explain our approach we use in the following two examples which are slight modifi-
cations of the test instances from [4, p.145] and [7]. The reason for the slight modifications
is to guarantee r(x) > 0 for all # € S which is reached by subtracting a suitable constant
from the corresponding second objective function. Note that this kind of modification has
no influence on the set of all efficient solutions.

We start with an example where the image set of the chosen bicriteria optimization
problem is convex.

Example 4.2. Let S := {z € R? | 2] —4x1+22+1.5 <0}, Y = R?, and the vector-valued
map f: S — R? be defined by

flz) = <f1(93)> - ( Vit ) for allz € 8.

fo() 2?2 — 4z + 19

For the vector optimization problem min,eg f(x) the set of all efficient solutions w.r.t. R%

15 given by
x1€[2—m,2],3:220}. (19)

M = R?
{xe T 5

Moreover, fi(x) >0 and fa(x) < 0 is satisfied for all x € S.
If now H and o are chosen according to (i), (ii), and (iii) above, and the three test
instances Test 1, Test 2, and Test 3 are defined by

min {c(2)} + Bra(r(v))

with 28 = (}ﬁ) (ﬁgg) then we obtain for

(i) Test 1:

s |V1+ad+a -4z +
x) | = %_wl—i—x%—l—x%—llxl—i-xg_ ;
SIVI4 2 —af 4 day — 2
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(ii) Test 2:

% (22 — 4xy + 2]

r) | = %[2\/1+x%+x%—4x1+x2] , and

—% (2 — dxy + 2]

(iii) Test 3:

% [\/ 1 —I—[L’% —|—2{L’% — 8!13'1 —I—QZL'Q]
(
afe) | = i+
e

Using Lemma 4.1 for all of the three test instances Test 1, Test 2, and Test 3 the set
of all minimal solution w.r.t. the order relation <3, is also given by the set M defined in
+

(19). In Figure 1 we illustrate by the black circles the boundaries of F(x) for some x € M.

The image set of the chosen bicriteria optimization problem in the following second
example is nonconvex. An interesting property of this bicriteria optimization problem is
the arbitrary scalability w.r.t. the dimension n of the preimage space R™.

Example 4.3. Letn € N, S :=[—4,4]", Y =R?, and the vector-valued map f: S — R?
be defined by

forall x € S.

o ()

T
" 2
T e (b))
The set of all efficient solutions w.r.t. R2 for the vector optimization problem min,cs f(z)
is according to [7] given by

1
M::{xER” xle—[—l,l],xi:xl,ie{l...,n}}, (20)

Jn

and fi(z) > 0 as well as fo(x) <0 is satisfied for all x € S.
The test instances Test 4, Test 5, and Test 6 are defined analogously to Example 4.2 by

min {c(z)} + Br2(r(z))

xeS=[—44]

()
with c;(z) = (E) <f1($)) and again in consideration of (i), (ii), and (iii). This

leads to
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(b) Test 2

Figure 1: Boundaries of F'(z) for some x € M (black) and for some z € S\ M (grey) in
Example 4.2. 21



(i) Test 4:
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(ii) Test 5:

o)) = [ 2o (<5 (s 0~ (< 5 r )] | o

(iii) Test 6:

By Lemma 4.1 for Test 4, Test 5, and Test 5 the set of all minimal solution w.r.t. the
order relation <3, is given by the set M defined in (20). In Figure 2 we illustrate for some
+

x € M by the black circles the boundaries of F(x).
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Figure 2: Boundaries of F'(z) for some x € M (black) and for some z € S\ M (grey) in
Example 4.3. 23
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