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Chapter 1

Locally finite extensions and
(Gesztesy-Seba realizations for the Dirac
operator on a metric graph

Abstract

We study extensions of direct sums of symmetric operators S = @®,enS,. In general
there is no natural boundary triplet for S* even if there is one for every S, n € N. We
consider a subclass of extensions of S which can be described in terms of the boundary
triplets of S¥ and investigate the self-adjointness, the semi-boundedness from below and
the discreteness of the spectrum. Sufficient conditions for these properties are obtained
from recent results on weighted discrete Laplacians. The results are applied to Dirac
operators on metric graphs with point interactions at the vertices. In particular, we allow
graphs with arbitrarily small edge length.

Hannes Gernandt, Institut fiir Mathematik, TU Ilmenau, Postfach 100565, D-98694,
[lmenau, Germany

Carsten Trunk, Institut fiir Mathematik, TU Ilmenau, Postfach 100565, D-98694, Ilme-
nau, Germany and Instituto Argentino de Mathemaética "Alberto P. Calderéon" (CON-
ICET), Saavedra 15, (1083) Buenos Aires, Argentina

1.1 Introduction

We consider direct sum operators S = @ 5, in a direct sum Hilbert space H = @ H,

neN neN
associated to a family of closed densely defined symmetric operators {.S, },en, where S,
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is defined in the Hilbert space H,. It is easy to see that S is closed and symmetric.
Furthermore, if S, has self-adjoint extensions for all n € N, then also S has self-adjoint
extensions.

The direct sum operator S can be viewed as an diagonal operator matrix with infinitely
many entries. Its self-adjoint extensions are no longer diagonal. Here we are interested in
the spectrum and related properties. Setting H,, = {0} for all but for two or three entries
we end up with a 2 x 2 (3 x 3, respectively) operator matrix, see the books [30] and [14].

For the description of the extensions of closed symmetric operators and their spectral
properties we use boundary triplets and their associated Weyl functions, see [8, 9, 13, 18].
A boundary triplet {G, Ty, "1} consists of a Hilbert space G and a surjection (I'g,T';)7 :
dom S* — G x G that satisfies an abstract Green identity, cf. (1.3.1) below. Here the
closed extensions of S correspond one to one to the closed linear subspaces © C G X G
and the extension of S is given by

Se :={f €dom S* | (T'of,I'1f) € O}. (1.1.1)

In order to apply this approach to quantum graphs, we will write the extension (1.1.1)
of S in a different, more suitable way: given a closed subspace G,, of G and a closed
operator L with dom L C G, then a specific closed extension of S is given by

SL = {f € dom S* ‘ Lrof = Pgop Flf; Fof € Qop}. (112)

To illustrate the above abstract concept, we will briefly show how (1.1.2) looks like
for a d-type point interaction on a graph G with countable sets of vertices V' and edges F
and with the edge length function ¢ : E — (0,00). Consider H = L*(G) = @ L*(0,/(e))

ecl

with the operator
d2

-,
dz?

S=@S., domS, =W7*0,Le)), S.:=

eckE

(1.1.3)

where S, is the minimal operator on the edge e associated with the differential expression
above and W;*(0,£(e)) denotes the usual second order Sobolev space with boundary
values equal to zero. The operator S in (1.1.3) is symmetric with the adjoint S* defined

on W22(G) := @ W2%(0,4(e)).
ecE

A point interaction of 0-type on a graph is an extension H, of S. It is introduced for
finite graphs in [3, 4] and for infinite graphs in [10]. The domain of H, can be specified
with a real-valued sequence («(v)),ev by

dom H,, := {(@/Je)eeE c W*(G)NC(Q) ‘ Z sgn (e, )Y (tl(e)) = a(v)(v), v € V},

(est)el,

(1.1.4)

where C(G) is the set of continuous functions on G viewed as a metric space, 1(v) is the
evaluation of 1 at the vertex v and I, is the set of pairs (e,t) with e € E, t = 0,1. We
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have (e,0) € [, if v is an initial vertex of the directed edge e and in this case we set
sgn (e, 0) := 1. Furthermore, we have (e, 1) € I, if v is a terminal vertex of the directed
edge e and we set sgn (e, 1) := —1.

We show how (1.1.4) can be written in the form (1.1.2). First, we need a boundary
triplet for S*. It is well known [28, Example 15.3] that a boundary triplet {G., I'§, 's} for
S} is given by

2 p, . Pe(0+) @, . ¥.0+)
G =0 Towe:= <we<£<e>—>)’ e = (—wgwe)—))' (1.1.5)

If 0 < inf.epl(e) < sup,cp f(e) < oo, then it follows from [19] that a boundary triplet
for S* is given by the direct sum of the triplets (1.1.5),

{g,FO,Fl} = {@gea@r((]e)7@rge)}‘ (116)
ecE ecE ecE
Each entry of an element of G corresponds to a vertex of the decoupled graph, i.e. the
elements of G are sequences (Z(c))(ener with I := E x {0,1}. For ¢ € W*?(G) we write
Lot = (%) ener = ($e(t(€)))eer,
Fup o= (U9 ener = (sen (e, UL (H(E))) enrer.

Using this boundary triplet, the condition ¢ € C'(G) in (1.1.4) is equivalent to

(Féat)qu)e)(e,t)efv €g, = Span{lv}a 1, := (17 cee 1) S Cuvl’

for all v € V. Let degv := |I,| be the degree of v € V. Here and in the following we make
the (crucial) assumption, that the graphs are locally finite, i.e.

degv < oo forallveV.

The expressions in the equality in (1.1.4) are equivalent to

1
11,2
ST san(e Hul(H(e) - 1,

deg v (e,t)ely

Pgu (Fge’t)wehe,t)elv = ((Fg&t)we)(e,t)elm 111)(Cdegv1v

a(v)

= ng (F(()e’t)l/)e)(e,t)efv

Let ¢, be the natural embedding of elements of G, in the sequence space G. For the
operator

a(v)

L:=®yevL, with Ly,1, := —=,1,, dom L, = t,span {1,}
degv
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on Gy := @yevtyG, we have

Sy =H,

in the case 0 < inf.cp l(e) < sup,cp l(e) < oo.

In Proposition 1.3.1, we show that the extension S of S is self-adjoint, semi-bounded
from below and has discrete spectrum if and only if the operator L has this property. In
our point interaction example the operator L is just an infinite diagonal matrix, therefore
the above mentioned spectral properties translate easily to H,, see [10].

If inf.cg (e) = 0, then there is no natural candidate for a boundary triplet associated
to S* since the operators in (1.1.6) are in general not defined on dom S*. However, it
was shown in [19] that the triplet (1.1.6) is a so called boundary relation in the sense
of [7]. To obtain a boundary triplet for S* from (1.1.6) a regularization technique has
been applied in [5, 10, 19, 23, 24|. Here we apply in Theorem 1.4.1 below the technique
from [5] for operators where there exists A\g € R and € > 0 such that (A\g — &, Ao + €) €

> p(SE ). Then a (regularized) boundary triplet é, f(n), INREH given
n=0 nlkerT -y 0 -t 1
by

= ~(n W = DV = M, ()0
G:=g, T{" = IM)[Tg”, T == ||Mf((AO))||O’ (1.1.7)
n 0

where M, is the Weyl function of the boundary triplet {G,, Fén), Fg”)}. Again, one can
represent extensions of S in terms of an operator L (now with respect to the regularized
triplet {G, g, 'y} from (1.1.7)) in the form of (1.1.2),

S;={f €domS* | LTof = P T1f, Tof € Gop }, (1.1.8)

where L is defined on some subspace 50,, of G. Whereas in the example above the operator

L is just an (infinite) diagonal operator, now, in general, the operator L has a more
complex structure.

The operator L from above, that describes the extensions with respect to the regular-
ized boundary mappings, is studied in [5, 10, 19]. In [19] Schrédinger operators with point
interactions on the real line are considered. In this case, roughly speaking, the operator
L in (1.1.8) for a point interaction if (1.1.6) is a boundary triplet, is a diagonal operator,
whereas the operator L is a Jacobi operator and therefore a correspondence of extensions
describing such interactions and Jacobi operators is made in [19]. In particular, criteria
for self-adjointness, semi-boundedness from below and discreteness of the spectrum are
obtained from corresponding criteria for Jacobi operators. Later, in [5] the ideas of [19]
were extended to the case of Dirac operators with point interactions on the real line, so
called Gesztesy-Seba realzations, see [12]. Recently, in [10] the regularization is applied
to quantum graphs and Laplacians with point interactions are studied. In this case, the
operator L in (1.1.8) is a discrete Laplacians on a weighted ¢?-space, see [16, 17, 11] and
the references therein.



Here we consider a more general class of extensions of symmetric direct sum operators

S = é Sp: locally finite extensions S'°°. It turns out that the operator L from above
0

is also a weighted discrete Laplacian. The locally finite extensions of S are such that
they extend the quantum graph examples to more general structures. In particular, the
symmetric operators .S, may have an arbitrary but finite defect indices

We study properties of the extensions S¢ like self-adjointness, semi-boundedness

from below and discreteness of the spectrum in terms of the associated weighted discrete
Laplacian L to the extension Si°¢. We show that self-adjointness, semi-boundedness from
below and discreteness of the spectrum of L implies the same property for S¥¢. Sufficient
conditions for such properties for S are obtained recently in [11, 17].

In the case where (1.1.6) is not a boundary triplet, some recent approaches |26, 29|
without using the regularization technique, lead to a parametrization of the self-adjoint
extensions of S, but without explicit criteria for the above mentioned properties (like
(self-adjointness, semi-boundedness from and discreteness of the spectrum).

Moreover, the boundary triplet approach to quantum graphs was previously applied in
numerous works, see e.g. [2, 10, 20, 21, 25, 27]. In [2, 20, 21| finite graphs are considered.
Graphs with an infinite number of edges but with finite vertex degree were considered in
[25], under the assumption that ¢(e) =1 for all e € E, and assuming that inf.cgz (e) > 0
in [27]. The study of the operators S; was carried out in [2]| for star-graphs and for
quantum graphs satisfying inf.cg ¢(e) > 0 in [22].

The paper is organized as follows: First, we recall linear relations in Hilbert space
and boundary triplets. From the boundary triplet theory, we collect some results on
the properties of the extension Sy given by (1.1.2) which can be described terms of the
operator L and the Weyl function of an underlying boundary triplet for S*. In Section 1.4
we introduce locally finite extension S¥°¢ and construct an associated discrete Laplacian
Dy, such that roughly speaking 5% = Sp, holds in the sense of (1.1.8) with L = Dy.
From this relation, we obtain conditions for the self-adjointness, lower semi-boundedness
and discreteness of the spectrum of S°¢. These conditions only depend on the matrices
L,, the subspaces G, and the decoupled Weyl functions M,,. Finally, in Section 1.5 we
apply our results to Dirac operators with point interactions on infinite graphs.

1.2 Linear relations in Hilbert spaces

Let (H, (+,-)3) be a separable Hilbert space. A (closed) linear relation in H is a (closed)
subspace of H x H and the set of all closed linear relations in H is denoted by C| (H). For
a linear operator T' defined in H with values in H, the graph of 7" is a linear relation in
H. The set of all closed linear operators in H is denoted by C(H). For the subspace of

bounded linear operators defined on H we write L(H).
The domain, the range, the kernel, the multivalued part and the inverse of a linear



relation © in H are given by

dom© :={f e H | (f, f') € © for some f' € H},
ran®© = {f' € H | (f, f') € © for some f € H},
ker© :={feH | (f,0) € O},
mul® :={f' e H | (0, f) € O},

o~ ={(f,f)eH | (f,f) €O}

Recall that the (operator-like) sum of two linear relations ©; and O, in H is given by

01+ 0y :={(f fi+ fo) e H X H | (f fi) € Or, ([, [2) € Oa}.

Let © be a closed linear relation in H. The set of all A € C such that (6 — \)~! is the
graph of an operator from L£(H) is called resolvent set p(©) of ©. The complement of
p(0) in C is the spectrum o(0) of ©. The adjoint ©* of a linear relation © in H is defined
as

0" = {(.979/) € HQ ’ (f,7g)7-l = (f7 g/)H for all (f7 f,) € @}
A linear relation is called symmetric (self-adjoint) if © C ©* (resp. © = ©*).

For © € C(#H) we have
mul © = (dom ©*)F, mul©* = dom O+,

Given a self-adjoint linear relation ©, we can associate a self-adjoint operator on the
Hilbert space dom ©, see [1, Theorem 5.3]. Below, we present a somehow converse result.

Proposition 1.2.1 Let Ho, be a closed subspace of a Hilbert space H and consider a
densely defined operator L from Hop to Hep . Define

O ={(f,.Lf+g) | fedomL, geHy} CHxH. (1.2.1)
Then the following holds.
(a) We have ©% = Op-. If L is closable, we have O = O1.

(b) ©p is closed (symmetric, self-adjoint) if and only if L is closed (resp. symmetric,
self-adjoint).

(c¢) If L is_symmetric then all extensions © with ©, C © C ©71 are of the form O3,
where L is an extension of L.

(d) If L is self-adjoint, then p(L) = p(©r) and for all X € p(L)

(O —A) "= ((L _OA)I 8) € L(Hop & Hyp)-
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Proof. Let (f,g) € ©3. Then for all (f',Lf' +¢') € © with f' € dom L and ¢ € ij
we have

(9. f)=(f,Lf +9). (1.2.2)
Choosing f' = 0 we obtain f € H,,. Therefore, we conclude from (1.2.2)

(9, ) = (f,Lf")
for all f* € dom L. This implies that f € dom L* and Py, g = L*f. Hence,

(f7g) = (faP'Hopg+PH§pg) = (va*f+PH§pg> S @L*-

Assume conversely that (f, L*f + g) € ©p« with f € dom L* and some g € ij. Then
we have for all (f',Lf'+g¢') € ©p with f’ € dom L and ¢’ € H_,

(f L f+g)=(f L) = (Lf f) = (Lf +4.f)

and therefore (f, L*f 4+ ¢g) € ©%. Thus we have seen that ©F = O ..

Let (f,Lf + g) € O with f € dom L then there is a sequence ((fn, Lf,))nen Which
converges in H? to (f, Lf). But then (f,, Lf, +g) € O converges in H? to (f,Lf + g),
as n — oo, which implies (f, Lf + g) € O.

Conversely, let (f, ¢') € ©p then there exists a sequence (f,, Lf, +g,) € O with g, €
Hz, and f, € dom L which converges to (f,¢'). As H? = (Hop X Hop) ® (Ha, x He) we
have (fy, Lfn) = (f, Pu,, ¢') and (0,9,) — (0, Pyy ¢'), as n — oo. Therefore f € dom L
with Lf = Py, g'. Hence

(f.9) = (f.Lf + Pus ¢') € O1.
The assertion (b) is a consequence of (a). We show (c). Let © be an extension of €,
with ©, C © C O.. Obviously,
dom L = dom©;, C dom® C dom ;. = dom L*.

Set L := L*|dom ©. Then L is an extension of L. As © C ©,., every element (f,¢') € ©
satisfies f € dom © C dom L* and has a representation

(f.9)=(f,L"f+9)

for some g € H(fp. As L*f = Lf for f € dom©, (f,9') € ©5 follows. Hence, Oc O;.
The converse inclusion is obvious and (c) is shown.
For the last statement observe that we have for all A € C

(GL - /\)_1 = {((L - /\)f+g7f) | f € dOHlL, g€ Hép
From this (d) follows easily. Q.E.D.



1.3 Extension theory of symmetric operators with boundary
triplets

We review the boundary triplet theory following [8], see also [18].

Definition 1.3.1 For a densely defined symmetric operator A € C(H) in a Hilbert space
H we say that {G,Ty,T'1} is a boundary triplet for A* if (G, (-,-)g) is a Hilbert space,
(Do, T'y) " : dom A* — G? is surjective and the following abstract Green identity holds

(A f,9)n — (f, A"g)n = (L1 f,Tog)g — (Do f, T19)g- (1.3.1)

Boundary triplets are a standard tool to describe all closed extensions of a given symmetric
operator. For a densely defined symmetric operator A € C(#H), we fix a boundary triplet

{G,To,T'1} for A*. The extension Ag of A corresponding to a parameter © € C(G) is
defined as

dom Ag :={f e dom A" | (Tof,T1f) € O}, Aof:=A"f.
The correspondence between the closed linear relations © € Cf (G) and the closed extensions
Ag of A is bijective (see, e.g., [8]). The following two special self-adjoint extensions of A
will play a prominent role:

Ap = A{o}xg = A*\kerro and A = Agx{o} = A*|kerl"1
In [8] a correspondence of properties between © € C(G) and Ae € C(G) was established
using the concept of the v-field and the Weyl function.

71 p(Ao) = LH,G), v(N) == (Tolay) ™, Na(A) = {f € dom A" | A"f = Af},

M : p(Ag) = L(G), M(N) :=Ty(N).

Here we prefer the following description of the extensions. Let L be a densely defined
operator on a subspace G,, of G mapping into G,,. We consider the relation ©; from
(1.2.1) and the associated extension Ay := Ag, and therefore

domAL = {f € dom A* ’ Fof € dom L, Lrof = Pmrlf}, (132)

where Py is the orthogonal projection onto G,, = dom L since L is assumed to be
densely defined in G,,. Proposition 1.2.1 and some well known results on the relationship

between © € C(G) and Ag € C(H) from |8, 19| lead to the next statement. Here we use
the notation &,(#H) with p € (0, 00| for the two sided Schatten-von Neumann ideal and
we denote by ni(A) := dim Ny (A) the defect numbers of a symmetric densely defined
linear operator A.



Proposition 1.3.1 Let A be a densely defined symmetric operator in H with boundary
triplet {G,To, 1} for A* and let L be a densely defined operator in a subspace Gop of G
then the following holds.

(a) Ap is self-adjoint (symmetric) if and only if L is self-adjoint (resp. symmetric).
(b) Af = A_L, AL* = Az and ni(AL) = ni(L)

(c) If L is symmelric, then there is a bijective correspondence between the extensions of
L and the extensions of Ay,

(d) For X\ € p(Ap) we have X € p(Ay) if and only if 0 € p(©f — M(N)). In this case the
Krein resolvent formula holds

(AL =) = (Ao = N =N (O = M) (V)"

(e) Let (Ag— Xo)™' € &,(H) for some \g € p(Ag) and p € [1,00]. Then (A —\)~' €
S, (H) if and only if (L — N)7' € &,(G) for A € p(L).

Let A be a densely defined symmetric operator which is semi-bounded from below,
i.e. A > v for some v € R. Then there is a distinguished, in some sense maximal, semi-
bounded self-adjoint extension Ap > ~, which is called the Friedrichs extension of A, see
e.g. [28, Section 10.4].

Given boundary triplet {G,To,T'1} of A* with Weyl function M such that Ay equals
the Friedrichs extension Ag, then we use the notation M(\) = —oo for A — —o0 to
indicate that for any « > 0 there exists A\, with —M(\,) > 7.

We collect some results on nonnegative extensions from [8, 9], see also [28].

Proposition 1.3.2 Given a densely defined symmetric operator A € C(H), a boundary
triplet {G,To, 1} for A* with Ay = Ap > v for v > 0 and a self-adjoint operator L &
C(Gop) on a subspace Gop of G. Then the following holds.

(a) L — Pg,, M(X\o)lg,, =0 for \g <~y implies Ay, > .

(b) If M(\) = —o0 for A — —oo then Ay is semi-bounded from below if and only if L
is semi-bounded from below.

In the lemma below, we decribe the change of a boundary triplet {G,I'g,I';} under
unitary transformations of the space G.

Lemma 1.3.1 Let A € C(H) be a densely defined symmetmc operator with a boundary
triplet {G,To,I'1} for A* and a unitary operator U : G — G then {Q UTy,UT} is a
boundary triplet for A* with Weyl function A — UM (MNU* on p(A*|xerr,). Furthermore
the extension Ay given by (1.3.2) can be written with L := ULU* as

dom Ay = {f € dom A* | UTyf € domL, LUTof = P—UT\f}.

9



Proof. Since U is unitary, the mapping f — (UT'of, Ul'1f) from dom A* into G? is
onto and the abstract Green identity (1.3.1) holds. Hence {G\, UTy,UT} is a boundary
triplet for A* with A* |y, = A*|kervr, and Weyl function A — UM (AN)U* which is
defined for all A € p(A*|xerr,)- Given that f € dom Ay then we have I'gf € dom L and
LI'yf = Py f which is equivalent to

om L
UTof € Udom L, ULU*UT,f = UP——U*UT, f. (1.3.3)

om L

Furthermore, it is easy to see that
dom L = dom ULU* = dom LU* = Udom L. (1.3.4)

Moreover U Py, 7U* is an orthogonal projection, satisfying

UPiouzU" = Pvaomz = FPraomz = P (1.3.5)

dom L’
Rewriting (1.3.3) with (1.3.4) and (1.3.5) completes the proof of the lemma. Q.E.D.

1.4 Locally finite extensions of direct sums of symmetric
operators

In this section, we introduce direct sum operators and their locally finite extensions.
Throughout this section we consider a family of Hilbert spaces {H,, },en with inner product
(+,)%, and densely defined symmetric operators S, € C(H,) with boundary triplets
{G,., T\ T} for S* such that dim G, < oo, n € N. We introduce the direct sum Hilbert
space H,

H =P Hn:={r = (Tn)nen : Tn € Hp, (7, 1)y < 00}
n=0

with inner product

(Zn)nen, (Yn)nen)n == Z(xn,yn)’]-[n.

n=0

Acting on ‘H we introduce the direct sum operator S := é S, via

n=0

dOHlS = {(fn)neN ‘ fn S dom Sna Z ”Snfn”’?-[n < 00}7 S(fn)neN = (Snfn)neN
n=0

The case of a finite dimensional direct sum Hilbert space H is obtained by setting H,, :=
{0} and S,, := 0 for all n > N and some N € N. It is easy to see that S is densely defined,
closed with the adjoint

(é sn) ~-Ds:.
n=0 n=0

10



Since S, € S for all n € N it is easy to see that S is symmetric with ny(S) =
> on+(S,). To describe the extensions of S, the natural candidate for a boundary

triplet for S* is given by G := é G, with the boundary mappings I';, + = 1,2,
n=0

neN

dom T’ := {(fn>neN  fu € domT{", T IT 7 < oo}, Ll fudners = (111

n=0
which can also be written in the form
G:=PG, Li=@Pry”, =g (1.4.1)
n=0 n=0 n=0

In general, the operators I'y and I'y are only defined on a subspace of dom S* such that
(1.4.1) is not a boundary triplet for S*. However, it was shown in [19] that the triplet
{G,Ty,I'1} given by (1.4.1) forms a single valued boundary relation in the sense of |7].
We use a particular regularization from [5| for the direct sum triplet (1.4.1) for opera-
tors with a common real point in the resolvent set, i.e. we assume that for S, := S|, r(

there exist A\g € R and € > 0 such that (Ag — €, Ao +¢) C [),cn 2(Sno)- In the theorem
below we use [5, Theorem 2.12|, to provide a boundary triplet for the direct sum operator

S*.
Theorem 1.4.1 Let {S,}nen be a family of densely defined symmetric linear operators
Sn € C(H,) with boundary triplets {gn,F(()n),an)} for Sk and Weyl functions M, and

(Ao—e, Mo+¢e) S ey P(Sno) for somee > 0 and Ao € R. Then { ® G, O f(()n), D fg’”}
n=0 n=0 n=0
with
T~(n n T~(n -1 n n
= VIMOWITE, T = VGO (17 = M 001”)  (14:2)
1s a boundary triplet for S* = é Sy. The Weyl function M of this triplet is given by
n=0

M: p(S*|kerFo) — ﬁ(g), )\ — é Mn()\) U)Zth,
n=0

~ 1
M, = —————(M, — M,,(\)). (1.4.3)
M7, (o) |
The construction of this regularization implies that S|, . = Syl e and therefore
er 0 er 0
S er Ty = €D Sno- (1.4.4)
n=0

The remainder of this section is devoted to locally finite extensions. We assume that the
Hilbert space G is given as the direct sum Hilbert space

G=p6.= @Cd” with d,, < oo and G,, = C%.
n=0

n=0

11



The elements of G are sequences of the form x = (;);c; where
I'={(n,d) |neN, d=1,...,d,}.

In the following we will consider a partition of I into subsets I, where v is an element
of a countable index set V' such that the following conditions are fulfilled:

(1) o] < o0,

(i) I, NI, =0 for all v,w € V with v # w,

(iil) Upey Lo = 1.
Since an) fn € C%™ the sequence (I‘En) fr)nen, i = 0,1 is an element of x°°,C% but not
necessarily of the Hilbert space é Cdn. Thus, we can view it as sequence (I’ Z(-n’d) fn)m.ayer

n=0

where
rm D = @)y, 1<d<d, i=0,1

is the d-th entry of FZ(-”) fn. With this we introduce for f € dom S*

T f = (O f)wer, 1=0,1.

Before we continue with the definition of locally finite extensions, we illustrate the defi-
nitions from above with the quantum graph example from the introduction.

Example 1.4.1 Consider the densely defined symmetric operators Sy, ..., Sy with domains
dom S,, := W[)Q’Z(O,E(en)), n=1,...,N with Sy, = —!. Then a boundary triplet for
Srwithn =1,...,N is given by
{C2, (®n(0+), n(Clen) =) T, (5, (04), =05 (€en) =) T,
Hence d,, = 2 for all n and therefore
I={1,...,N} x{1,2}.

Consider the index set V- = {vy,...,on41}. We introduce I,, := {(i,1)} fori=1,...,N
and Iy, = {(4,2) - i =1,...,N}. It is easy to see that the conditions (i)-(iii) from
above are satisfied. For each indexi=1,..., N+ 1 there is an edge associated with it and
the sets I,,, describe which edges are glued together at the vertex v; which leads to a graph.
In this simple example all vertices v;, 1 =1,..., N corresponds so singleton sets I,,, i.e.,
only one vertex leads to v;, whereas in vyi1 we have N wvertices. Hence the underlying

graph is a star graph with N + 1 vertices and N edges. Purthermore, we have
L0 ()21 = ¥a(04), T1" ()75 = ¥, (04), n=1,...,N,
Lo ()75 = (V1 (€len) =), da(Elea) =), - on(Llen) =) T,
DY ()l = (=i (Lle) =), =5 (Lea) =), - ., =iy (Uen) =) T

12



Obuviously, one easily can construct examples with infinitely many vertices and edges.
Observe, as we only consider locally finite extensions, that always |I,| < oo holds, which
means, in the cases of graph-like constructions, that in each edge there are only finitely
many vertices.

Example 1.4.2 Here we give an example for a star graph with finite edges and vertices
but with infinite edge length. Consider the densely defined symmetric operators Sy, ..., Sy
from Ezample 1.4.1 and, in addition, dom Sy, := WOQ’Q(O, 00) with Sy41¥N+1 = =R, -
Then a boundary triplet for S’ withn =1,..., N s given as in Evample 1.4.1 and a triplet
for Sy 11 is given by {C, Yn41(04), ¥y, 1(04)}, see e.g. [28, Example 15.5]. Hence d,, = 2
foralln=1,...,N but dyy1 =1 and therefore

I=({1,...,N} x {1,2) U{(N + 1,1)}.

Consider the index set V = {vy,...,ony41}. We introduce I, := {(i,1)} fori=1,..., N,
Ly, =A{(,2) :i=1,..., N}U{(N +1,1)}. As above we have a star graph, but with
one vertex less, as the edge corresponding to N + 1 is a semi-axis,

Tor ()2 = 0, (0+4), Ty () = ¢l (04), n=1,...,N,
L™ ()75 = (a(Eler) =), ¥a(blea) =), - - o (Ulen) =) Pna (04) T,
DY ()70 = (—r(Een) =), =5 (ea) =), - =iy (Een) =), Yya (0)) T

Stmilarly, one can construct graphs with infinitely many vertices and edges. Moreover, we
stress that we are able to allow d,, > 2 with leads to structures which do no longer allow
an wnterpretation as a graph.

Now let G, be a subspace of C*! and consider the Hermitian matrix L, : G, — G,. We
introduce the locally finite extension S)°¢ of S

dom S¥¢ := {f € dom S* | L,T\f = Pg,TVf, I'of €G,, veEV},
IOCf —S*f

It is shown in Proposition 1.4.1 below that S¥¢ is the adjoint of the operator S™» C S*
with
dom S .= {f € dom SP° | supp (I'sf)wev, supp (Pg, IV f)vev ﬁnite}

where we used the support of a sequence x = (z;);c; € C! given by
suppz = {i € I | z; # 0}.
For its proof we need a variant of the abstract Green identity (1.3.1).

13



Lemma 1.4.1 Let f,g € dom S* then

(5°f.9) = (f,579) = > _(IVf,Tg) — (T5 £, T}g). (1.4.5)

veV

Furthermore, given v € V, yo € G, and y, € G- there exists g = (gn)nen € dom ST with
finite support such that the following equations hold

Fgg = Yo, 1"’!119 =MW + Lvy07

1.4.6
I'Yg=TYg=0, foralweV\{v} ( )

Proof. First, we show that for all f = (fu)uen; 9 = (Gn)nen € dom S*, the sum
Yo o(Sk fn, gn) converges absolutely. From Cauchy-Bunjakowski and Holder inequality,
we have

> 1Ss far 9l <D 1S fallllgnll < 1S £lllgll < oo
n=0 n=0

Next, using the abstract Green identity (1.3.1) for the operators S} and changing the
order of summation leads to

o0

(S°f,9) = (£:5°9) =Y (Sptfnrgn) = (fur Sign)

n=0

= (O £ T g0) — (067 0, T g0)

n=0
= (TV1.T4g) — (T4 £, TYg),

veV

where the last equality follows from J, oy £, = I.

For the proof of the second assertion we construct g = (g, )neny € dom ST satisfying
the equations (1.4.6). Consider n € N and the set I,. Given that (n,d) ¢ I, for all
d=1,...,d, then we set g, := 0. For (n,d) € I,, for some d =1,...,d,, the surjectivity
of (T, T™)T : dom 8% — G, x G, for all n € N implies that we can choose g, such
that the first and second equation in (1.4.6) hold. From the construction we also have the
lower system of equations in (1.4.6) hold. Q.E.D.

Next, we show that S)°° is the adjoint of ST,
Proposition 1.4.1 We have S = (S™n)* in particular S¥°¢ is closed.

Proof. Let f € (S™")* then we have from (1.4.5) for all g € dom Sn

0=(S"f,9) = (f,579) = Y _(T{},Tg) — (T £, TVg). (1.4.7)

veV
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For this equation we use (1.4.6) from Lemma 1.4.1 with yo = 0 and y; € G- which leads
to (I'§f,y1) = 0. Since y; was arbitrary, we conclude that I'j f € G, for all v € V. Choose
g € dom S that solves (1.4.6) for y; = 0 and arbitrary yo € G,. With (1.4.7) this leads
to

0= (TYf,90) — (T4, Luyo) = (Po,Tf — LuTif. o).

Since y € G, was arbitrary, we see Py, I'Vf = L,I'§ for all v € V this proves f € dom S°.
Assume conversely that f € dom S¥¢. For all g € dom ST we have

D (TVf.Thg) — (T4f,Tg) = > (Po, TV f.Thg) — (T4 f, Po,Tg)

veV veV
=Y (LL§f.Th9) — (T3 f. LTGg)
veV
=0
which implies with (1.4.5), f € dom (S™n)*. Q.E.D.

We prove the main theorem of this section that allows us to describe the extension
Slec with operators on ¢2(V) for a countable index set V. For this we use the notation

C’(‘?) = A{(fo)pep € 62(‘7) | supp f finite}.
Furthermore, for the subspaces G, of C!/*| we use the canonical embedding

Lo 0 Go = @nenC™, (Tma) mayer, = Ymd))maers

) Tm,a)s if (n,d) € [v,
Yind) = 0, otherwise.

Therefore ¢,(G,) is a subspace of G and we have an orthogonal sum decomposition

gV = @ ngv- (148)

veV

In the following, we consider an orthogonal basis {by},.p of the subspace Gy, which has

the property that each b, is an element of an orthogonal basis for some G, and Vis a
countable set of indices. In the theorem below we will make use of the unitary operator

~

U : Gy — (2(V) given by by, — ||by]|€w.

Theorem 1.4.2 Let {S,}nen be a family of densely defined symmetric linear operators
Sn € C(H,) with boundary triplets {gn,rg”>,1“§”)} for Sk and Weyl functions M, and
(Mo—&, o+¢e) SNy p(Sno) for some e >0 and N\g € R. Consider S)°¢ with Hermitian
matrices L,, subspaces G,, Gy given by (1.4.8) with orthogonal basis {b,},.p and the
operator L = ®,cv L, on Gy. Then the following holds.
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(a) The operator Ly, in EQ(V) with dom Ly, = C’(I//\') given as an infinite matrix
operator,

((L - @ MnO‘O))bva bw)

Lin = e , R:= @ VM, (Xo) g
n=0

[ £2o || Bbw |

v,weV

with dom R := U~'C(V), satisfies S™ = S, and 5% = Sp.

min min

(b) We have ny(ST™™) = ny(Lywm) and there is a bijective correspondence between the
self-adjoint extensions of Ly and the self-adjoint extensions of ST,

(c) Assume that é Spo = Sp > v with v > 0 and that M given by (1.4.3) satisfies

n=0
M(N) = —oc0 for A — —oo. Let L be a self-adjoint extension of Ly, which is
semi-bounded from below then St is semi-bounded from below.

Proof. For the proof of (a), we use the regularized boundary triplet {G, fo, fl} defined
in (1.4.2) for f = (fn)neny € dom S* as

Lof = (VIIMLOO)TS fu)nen,

Dif = (1ML (No)|TVA(TF — My(Mo)TS?) fu)nen.

Consider M = @ My (Xo) with dom M := U~'C(V) and let Ly, be given by
n=0

dom Ly := RUT'C(V),  Luwf := PR (L — M)R™'f.
We show that

dom S = {f € dom S*|LyinLof = Pe=gl1f> Lof € RUTIC(V), supp (Pg,IV)vey finite}.
(1.4.9)

Let f € domS* be in the set on the right hand side of (1.4.9). Obviously supp o f is
finite and rewriting the conditions on the right hand side of (1.4.9) we obtain

PranRR (L - M)RilR(F(()n)fn)neN = Zminf0f
= Poglaf
P Mo (M) [ 72T = My (A0)TE) fo)men
and therefore
PranRR_lL(F(()n)fn)nEN ranR(HM ()\O)H 1/2F fn)nEN (1410)
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Note that (|| M,(Ao)||"2T” f)nen € G, since T'1f € G and suppTof is finite. The
definition of R implies that {Rb,},.p is an orthogonal basis of ran R. Furthermore, we

have from (1.4.10) that for all w € V

(PR LY fo)nen, Rbw) = (Pag([|Ma(Xo) | Y208 fu)nen, Rby)

which is equivalent to
(LTEf)oers bu) = (LTS fadners buw) = (T fo)ners bw) = (Pou (T3 f )uer, bu)

for all w € V. Note that (Fg”)fn)neN and L(F(()”)fn)neN are in general not in G but the
formal scalar product of these sequences with b, exists, because the support of b, is finite.
Since for each v € V' there exists a subset of {b,},.p Which is an orthogonal basis for G,,,
we see that

L,Iof = Fg,I'Vf

for all v € V and all f in the set of the right hand side of (1.4.9). Moreover, To f e
RU’lC(‘A/), hence I'y f € U’lC'(V) and, by construction, I'j f € G, follows. Thus we have
proven that f € dom S,

Assume conversely that f € dom ST™ then we have that for finitely many v € V that

LszJ)f = ngl‘ﬂl), Fgf € Gy
and TUf = Pg,I'Vf = 0 otherwise. Obviously I'of € RU-'C(V) and supp (Pg, TV f)vev

is finite. Furthermore, it is also clear from the calculations in the first part of the proof,
that for all w € V

(P

= RTL(TS fo)er, Rbw) = (P (Mo (00) | 7/208 £ ) nen, Rby)

holds. Since span {Rb,}, i is dense in ran R we have

Lmznrof ran RF f

Thus the identity (1.4.9) holds.

We apply Lemma 1.3.1 to obtain a different representation of Sy in terms of the
boundary triplet {UG, UTy, UT1} where U : ran R — (2(V) is given by Rb, — || Rby||ew.
and with the operator L, = U Ly U* which is given by

(LuinRby, Rby) _ (PangR~'(L — M)R™'Rb,, Rb,,)

IRbo [ Rl 1720 ||| Rbw |
_ (RTN(L — M)by, Pazpltby)
[[ £y || F2bu |
(L = @ Mpn(Xo))bo, bu)

- nel - (Lmin)v,w

1120 || b |
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The assertion (b) follows immediately from (a) and Proposition 1.3.1. An application of
Proposition 1.3.2 (b) yields (c). Q.E.D.
Under the assumption that the direct sum triplet (1.4.1) is a boundary triplet for S*,
we have that é M, (X), R and R™! are bounded and we obtain the following special case
=0

of Theorem 1.4.2. For quantum graphs with edge length bounded from below, this result
was also obtained in [22].

Corollary 1.4.1 Assume that the triplet {G,Ty,T'1} given by (1.4.1) is a boundary triplet
for S*, then S has the following properties:

(a) Sk is self-adjoint.

(b) Assume that S*|xerr, = Sk > v with v > 0 and that é M, (\) = —o0, as A = —o0,
n=0

then S¥¢ is semi-bounded from below if and only if there exists C > —oo with
(Lyx,x) > C||z||* for allz € G, and allv € V.

Proof. Since SI°¢ is closed, it remains to show by Theorem 1.4.2 that L, is essentially
self-adjoint. Every L, is unitarily equivalent to a diagonal matrix and therefore the oper-

ator (%% wep is unitarily equivalent to a densely defined multiplication operator
on (2(V), and hence essentially self-adjoint. Since {g I'g,T'1} is a boundary triplet, [5,

Theorem 2.12] implies that the operators R, R~ and @ M,,(\o) are bounded. Therefore

Ly, is just a bounded and symmetric perturbation of : an essentially self-adjoint operator
and hence essentially self-adjoint according to the Kato-Rellich theorem [15, Theorem

V.4.4]. Assertion (b) is a consequence of the boundedness of R, R~! and of @ M, (M)
and follows from Theorem 1.4.2 (a). Q E.D.

Since (1.4.1) is in general not a boundary triplet, we use the results of [11, 17| to
provide conditions on the self-adjointness of SI°¢ and the discreteness of the spectrum
of all self-adjoint extensions in the theorem below. For this we associate with S°¢ the
formal discrete Laplacian D, on the weighted space

B7m) = {(a)cp € €7 | Lo < o0

with m(v) := ||Rb,||?, where b, is an element of an orthogonal basis of the subspace Gy
defined in (1.4.8) and the scalar product in ¢*(V,m) is given by

= Z m(v) T, Y.
veV
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We define an operator D, with domain dom Dy, := C(‘A/) via

1
(DLf)U = W(;b(v’w)(ﬁ) - fw) + C(”)fv)y

b(v,w) := ((é M, (M) — L)bv,bw) ., v#w, bv,v):=0, (1.4.11)

n=0
c(v) = ((L - @Mn()\o)>bv, bv) — 3 (v, w).
=0 weV
The elements of {b,}, . have finite support, and if b,, and b,, are elements of a basis for

Gw, and G, with w; # wy then supp b,, Nsupp b,, = 0. Also, the support of (é M, (Xo)—
n=0

L) b, (considered as a sequence) is finite. Hence, for fixed w € V we have b(v, w) # 0 for

only finitely many v € V. Asin [10, 16] we consider the weighted degree

~ 1
Deg:V — (0,00), v+~ e Z b(v, w). (1.4.12)
N wer

Theorem 1.4.3 Consider the operator S¥°° and the associated discrete Laplacian (1.4.11).
Assume that b(v,w) > 0 holds for all v,w € V. Then the following holds.

(a) The operator S¥¢ is self-adjoint if one of the following conditions holds.

(i) Assume that inf o % > —o0o and that for all sequences {vy }nen in V with
b(Vn, Uny1) > 0 for alln € N we have Y . | ||Rb,,||* = oo.

(ii) The weighted degree Deg is bounded.

(b) All self-adjoint extensions of ST are in one-to-one correspondence with the self-adjoint
extensions of Dp.

(c) All self-adjoint extensions S of S™0 satisfy (S — N)™' € &,(H) for some A € p(S)
if the following conditions hold.

(i) For all v,w € V there exists k € N and Vo, ..., U, such that vy = v, v, = w
and b(vi,vi1) >0 foralli=0,... k—1.

(ii) Let (@ Spo— )" € &1 (H) for A € p(@ Su).

neN
(i) Zet > blv,w)T <00, 3 g 1R < 00, inf,p s > —00.
v,weV,b(v,w)#0
(d) Assume that @ Sno = Sp > v with v > 0 and that M(X\) = —oo for A — —oo and
neN
ibnivev % > —oo then all self-adjoint extensions of S™" are semi-bounded from
elow.
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Proof. First, we prove the results for ¢(v) > 0. To prove (a), we use that by Proposition
1.4.1 the operator S¥¢ is closed. It remains by Theorem 1.4.2 (b) and Proposition 1.3.1 (a)
to show that the operator given by

(L = @ Mn(Xo))bu, bu)

(Lmin)v,w = ned
[ Ry ||| b |

is essentially self-adjoint on 0(17) A straight forward calculation shows that L, is
unitary equivalent via U : £2(V,m) — ¢2(V), (20) e = (IRby]|7y) e
The assumption in (i) on the sequences (v, )nen in V and the invariance D,C(V) C C(V)
allows us to apply [17, Theorem 6| which yields the essential self-adjointness of D on
C(V). This shows the essential self-adjointness of S™" = S, by Proposition 1.3.1 (a).
The assumption (ii) implies by [16, Theorem 11] that Dy given by Dy, with ¢(v) = 0 for
all v € V is bounded. Therefore Dy, on C (V) is the bounded and symmetric perturbation

to the operator Dry.

of the essentially self-adjoint multiplication operator (z,),.p (” Rg)v)IIQx“) cp on c(V)
hence essentially self-adjoint because of the Kato-Rellich theorem [15, Theorem V.4.4|.
The correspondence in (b) is a consequence of Theorem 1.4.2 (b).

The assertion (c) follows from [11, Theorem 5.1 applied to Dy, which shows that all
self-adjoint extensions of Dy, have resolvents in &1(¢2(V,m)). Note that the assumptions
of this Theorem 5.1 are satisfied because of > o m(v) =3, ¢ [ Rb,||* < o0 and (i) and
(iii), see also [11, Example 4.6]. The assumption (i) that (@ S — )\)71 € G1(H) for

neN

A€ p(@ Sno) together with Proposition 1.3.1 (e) imply that (S—X\)"! e &(H). This

proves (c)
Let SL be an extension of S™" and DL be an extension of Dy, on C’(V) with S, = S5, .

It was shown in [17, p. 206] that D;, has the same action as D;. For f € dom D, with
(f, f)m = 1 we see from b(v,w) > 0 that

(Drf, fm Z m(v)(Dpf)o o

’UEV
=5 Z b(v, w)lfs = ful> + ) c)|ful?
vaV velV
2 c(v) _ C(v)

Proposition 1.3.2 (a) applied to the regularized boundary triplet {G, T, fl} from Theorem
1.4.1 yields that Sz is semi-bounded from below. Here we used that due to (1.4.4) we
have S*|, .5, = SF-

Assume now that inf _; % > —o0 holds. Then the operator ﬁL is the bounded
perturbation of an operator ZA?Z where we replace c¢(v) with its positive part c(v)™ =
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max{c(v),0}. Therefore we can apply the previous arguments to ZA)Z“ By assumption,

Dy is a bounded perturbation of ZA?Z again the Kato-Rellich theorem shows that self-
adjointness is preserved which proves (a) and (c¢). Furthermore, (d) follows from Propo-
sition 1.3.2 (b). Q.E.D.

1.5 Gesztesy-Seba realizations of Dirac operators on
metric graphs
In this section, we define the Gestezy—éeba realization of Dirac operators on a locally

finite graphs given by a set of vertices V and a set of edges E. On each edge e € E with
finte length ¢(e) we consider the Dirac operator

A2 —ict | 2
D, = (_Z,Cd;;e —02/2) , dom D, := H;(0,¢(e)) ® C=,

where ¢ denotes the speed of light. It was shown in [5, Lemma 3.1| that a boundary triplet

for D} is given by
2 r(e) 1/)6,1 o ¢e,1(0+) r(e) we,l . 'L.mv/}e,Z(O_")
ge o (C ’ FO (¢e,2> o <i0¢e72(€(6)—)) ’ Fl (we,2> . <T/Je,1(£(€)—))

with the Weyl function for A € p(D}

|ker fée))

e L fel(V)sin(f(e)k(N) !
Me(A) = cos(£(e)k(N)) ( 1 (cki(A)~! sin(é(e)k()\))> ’

where we abbreviate

O = VRTEE ) = 3 =\ s

2

with /- such that k(z) > 0 for x > . Under the assumption that sup,.;¢(e) < oo,

C

it was shown in [5, Equation (3.56)] that for some £ > 0 we have (52 - 5,% +e) C
Mk A(D ] ) and

A 02) (O 1) A (Cz) i —W
M) = CoM () = 2,00 - 1.5.1
(2 1 f(e) > OLINTE SO (1.5.1)




To describe a point interaction on a graph, we consider the boundary triplet for D
given by a unitary transformation

1 0 0 0 Ve 1(0+)
Fée) — [Woo Wo f(()e) _ [0 0 0 4 ic)e2(l(e)—)
Fge) W Wi f‘ge) 0 0 10 ictbe2(0+)

0 — 0 0 we’lw(e)_)

with Woo, ng, W107 W11 € C2X2 and therefore

F(e) <we,1) _ ( we,l(o—i_) > F(e) (¢e,1) — ( ic¢e,2(0+) ) .
0 we,2 iqu)e,l(g(e)_) ’ ! 77Z}e,2 61/16,2(6(6)_)
It was shown in [6] that such a unitary transformation leads to a boundary triplet with
the Weyl function given by

Mc(N) = (Who + W11M6<)\))(W00 + WmMe()\))_l
_ k(Y (cosw(e)m» —i ) (15.2)
~ sin(l(e)k(N)) i —cos(l(e)k(N))

for all A € p(Di|, ) N p(Dl o).

Introduce the set I, with (e, 0) € I, if e € E and e has v as initial vertex and (e, 1) € I,
if e € F and e has v as terminal vertex. The vectors b, € G are given by

1, if (e,0) € I,
(bv)(&t) = i, if (6, 1) - Iv,
0, if (e,t) ¢ I,.

Let (a(v))vey be a real sequence. The operator GS,, is given by

dom GS, 1= ¢ (¢1,1,)" € @B D; - 1 eC(G), ic Z sgn (e, t)ea(tl(e)) = a(v)r(v), vEV } |

e€E (et)Ely

where C(G) is the set of continuous functions on G viewed as a metric space and v (v)
is the value of ¢); at the vertex v. We follow here [5| and call this operator Gestesy—geba
realization.

If sup,cp f(e) < oo, it can easily be seen from (1.5.2) that for some ¢ > 0 we have

(2 — 6,2 +¢) C Ny p(D:fker IY) and that

w(2)=aa ()
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~ -]
We also see from (1.5.2) and (1.5.1) with 7" := (Woo + Woi1 M, (%)) that

c? N ~ N
Mé <E> - WllMé <5> T - (Wl() + WllMe <5>) TWOlMé (E) T

1 L(e) il(e) i il(e)
_ ( £(e)c? + 3 T2 + £(e)c? + 3 )

and this implies

[ (5)] 200 (3) () = et 5 2 g 099

Furthermore, we define

Gy :=span{l,}, 1, := ((bv)(e,n))(ep)er, and L1, := 1,.

We have according to (1.4.11) for v # w

b(v, w) = ((@M (;) —L)bv,bw> _ (@M (;) bv,bw>

le)™ ife=wvweE,
0 ife=vw ¢ FE,

and we see for v e V

c(v) = ((L— P M, (;) )bv,@,) -y (@Me <02—2) bv,bw>

ekl weV,w#v \e¢€E

= (vava bv) = 04(1)).

As an application of Theorem 1.4.3, we have the following result on the self-adjointness
of the Gesztesy-Seba realizations.

Proposition 1.5.1 Consider a locally finite graph with set of vertices V and set of edges
E and let {a(v)}yey be a real-valued sequence. Then the operator GS,, is a locally finite
extension of @ D. and if sup,cp {(€) < 0o then GS,, is self-adjoint.

ecE
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Proof. We show that GS, is a locally finite extension of @ D.. Let I := FE x {0, 1},

eckE
then
Lot = (D6 (Y1, Yep)een)ener = (Pe1 (H(€)) eper,
' = (Fge’t) (Ve,1, Ve2)ecE ) (et)er = (Cil_t%,l(tf(e)))(e,t)el

and therefore

Pg(d}e,laweﬁ)eeE = (it¢e,1(t€<€))>(e,t)61va Fqu(q/)e,la ¢672)8€E = (Cil_td}e,Q(tf(e)))(e,t)EIv'

Since G, = span{1,} for all v € V| we see that ¢, € C(G) is equivalent to the condition
L8 (¢e1,%e2)ecr € Gy for all v € V. Moreover, it is easy to see that the sum condition in
the definition of dom GS, is equivalent to

1
ngFi)(@Z)e,h ¢e,2)eEE - ||1 ||2 (Fij(we’h 77Z)372)6€E7 ]'11)]-1)
1 D -
~ degv Z (Do) ey ci' e o (t(€)) Ly
(est)el,
i
= — > sen(e,altl(e))L,
eg
(et)Ely
a(v
B de(gzjwl(v)lv - LvFS(Wz,b we,2)eeE.

Thus, we have seen that GS,, is a locally finite extension of @ D..
eck

For sup,.p ¢(e) < oo, the assumptions of Theorem 1.4.2 are fulfilled. To see that GS,
is self-adjoint, we apply Theorem 1.4.3 (a). The estimate (1.5.3) implies that the weighted
degree (1.4.12) satisfies

S 0. 0) ey bow) S, Ue)

S = <00

D = = 5 <
=T T S S S

for all v € V, where the summation ), _, is taken over all edges e that contain v as a
vertex. Hence, according to Theorem 1.4.3, G\S,, is self-adjoint. Q.E.D.
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