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Abstract. We give a sufficient and a necessary condition for an analytic function f on the unit

disc D with Hadamard gaps, that is, for f(z) = § apz™ where nfl—:l >A>1forallk € IN,
k=1
to belong to the weighted logarithmic Bloch space B,

weighted logarithmic Bloch space B3 ., o, under some conditions posed on the weight function
w. Also, we study the relations between the class B ., and some other classes of analytic
functions by the help of analytic functions in the Hadamard gap class.

log s well as to the corresponding little
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1 INTRODUCTION

Hadamard gaps are known to study some classes and spaces of holomorphic and hyperholo-
morphic functions. A wide variety of characterization not only in the type of function spaces,
where functions are holomorphic and hyperholomorphic, but also in the coefficients which ex-
tend over Taylor or Fourier series expansions. It is one of the important tasks in the study of
function spaces to seek for characterizations of functions by the help of their Taylor or Fourier
series expansions. In the past few decades both Taylor and Fourier series expansions were stud-
ied by the help of Hadamard gap class (see [1, 6, 8, 9,10] and others).

In the present paper, we shall obtain a sufficient and a necessary condition for an analytic func-
tion f on the unit disc with Hadamard gaps to belong to the weighted logarithmic Bloch space
B 1o¢ as well as to the corresponding little weighted logarithmic Bloch space Bg,, o, under
some conditions posed on the weight function w.

Let D = {z : |z] < 1} be the open unit disk in the complex plane C. Recall that the well known
Bloch space (cf. [2]) is defined as follows:

B ={f: fanalyticin Dand sup(1 — |z|*)|f'(z)| < oo}
zeD

and the little Bloch space By (cf. [2]) is given as follows
lim (1 —[2*)|f'(2)] = 0.

|z|—1—

Recently, for given a reasonable function w : (0, 1] — (0, o), the weighted Bloch space B,, is
defined in [5] as the set of all analytic functions f on D satisfying

(1 =[2DIf ()] < Cw(l —|2]), z€D,

for some fixed C' = C'y > 0. In the special case where w = 1, BB,, reduces to the classical Bloch
space B.
The Dirichlet space is defined by

D = {f: f analytic in D and /D |f/(2)?dA(z) < oo},

where dA(z) is the Euclidean area element dzdy.
Let 0 < ¢ < oco. Then the Besov-type spaces consist of analytic functions on D such that

B = {f : f analytic in D and sup 5 If(2)|(1 — |z\2)q_2(1 — |pa(2)[})? dA(2) < oo},

a€eD

these classes are introduced and studied intensively Stroethoff (cf. [14]). Here, ¢, stands for

the Mobius transformation, where ,(2) = {==. In 1994, Aulaskari and Lappan [2] introduced

a class of holomorphic functions, the so called Qp-spaces as follows:
Qp = {f . f analytic in D and sup [ |f'(2)[*¢"(z,a) dA(z) < oo},
aeD /D

where the weight function
1—az

=1
9(z,a) = log|———

is defined as the composition of the Mdbius transformation ¢, and the fundamental solution of
the two-dimensional real Laplacian. Now, we give the following definitions:
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Definition 1.1 Let 0 < o < oo and w : (0,1] — (0, 00). For an analytic function f in D, we
define the weighted o-Bloch space B¢, as follows:

OOl ) 0

B = {f . fanalyticin D and || f||ge = sup
© z€D w(l - |Z|)

Also, the litile weighted o-Bloch space B, , is a subspace of B, consisting of all | € B} such
that

e (L= D))

ll-1-  w(l —|2])

~ 0. )

Miao [10] studied a gap series with Hadamard condition as in the following theorem:

Theorem 1.1 Let 0 < p < o0. If f(2) = § a2z is analytic on D and has Hadamard gaps,
k=1
that is, if

Nk+1
n

>A>1, (k=12...),
then the following statements are equivalent:

1) feB; (II) feBy (III) ki’f x| < 0.
=1

Remark 1.1 The expression || f|| e defines a seminorm while the natural norm is given by

[/l = LSO+ [1.f | -

With this norm the space B is a Banach space.

Definition 1.2 Let 0 < o < 0o and w : (0,1] — (0, 00). For an analytic function f in D, we
define the weighted logarithmic a-Bloch space B, , as follows:

(1= [zD*1f" (=)l
w(l —12])

,log

1
o = : Iyticin D and _— 1 < } 3
o log {f [ analyticin D and ||f||s=, sup BT, < 3)

Moreover, the little weighted logarithmic a-Bloch space BS ,, , is a subspace of B, consist-
ing of all f € B, such that
L— |z f 1
EEIer . W

(0] =
e R S ) R

Remark 1.2 The expression || f| s _defines a seminorm while the natural norm is given by

[/l pog.a = LF(O) + [I.f |2

w,log.

With this norm the space BZ ., is a Banach space.

;log



Note that, If « = 1 and w = 1, then logarithmic a-Bloch space B, reduces to the logarithmic
Bloch space Biog see [4]. The logarithmic Bloch space Bi,, first appeared in the study of bound-
edness of the Hankle operators on the Bergman and Hardy spaces followed by many authors.
For more details of the logarithmic Bloch space we refer to [4, (7,15, 16] and others.

For a pointa € D and 0 < r < 1, the pseudo-hyperbolic disk D(a,r) with pseudo-hyperbolic
center a and pseudo-hyperbolic radius r is defined by D(a, ) = ¢,(rD).

The pseudo-hyperbolic disk D(a,r) is also an Euclidean disk: its Euclidean center and Eu-
(1=r?)a (1—a[*)r
1-72|a|? 1—7r2|al?
Lebesgue area measure on D, and for a Lebesgue measurable set K1 C D, denote by | K| the

measure of K with respect to A. It follows immediately that:

(1-]aP)*
(1= r7al?)?

clidean radius are and

respectively (see [14]). Let A denote the normalized

[D(a, )| =

Now, we give a few facts about the Mdbius function ¢,, which will be used in Section 3. First,
the function ¢, is easily seen to be its own inverse under composition:

(paowy)(z) =2 forall a,z€D.

The following identity can be obtained by straight forward computation:

1— 2 1— 2
1— |pa(2)]* = ( :61”_)(6”‘2 121 forall a,z € D (see [14]).

A slightly different form in which we will apply the above identity is:

1 —[ipa(2)?

TR lpu(2)|  (see [14]).

For a € D, the substitution z = ¢, (w) results in the Jacobian change in measure given by
dA(w) = |, (2)[*dA(2).

For a Lebesgue integrable or a non-negative Lebesgue measurable function 4 on D we thus
have the following change-of-variable formula:

healw)dz) = [ n(e) (22O ga
D(0,r) D(a,r) 1— |z

Two quantities Ay and By, both depending on an analytic function f on D, are said to be
equivalent, written as Ay ~ By, if there exists a finite positive constant C' not depending on f
such that for every analytic function f on D we have:

1
—B; < Ay <CB;y.
oo == f

If the quantities Ay and By, are equivalent, then in particular we have Ay < oo if and only if
B F < 00.

In the present work, we shall obtain a sufficient and a necessary condition for an analytic func-
tion f on the unit disc with Hadamard gaps to belong to the weighted logarithmic Bloch space
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o log @S Well as to the corresponding little weighted logarithmic Bloch space Bg,, o, under
some conditions posed on the weight function w. Important properties of the weight function w
are also proved, then we give characterization of holomorphic functions in the weighted Dirich-
let space in terms of their Taylor coefficients, where the weighted Dirichlet space D, is the
collection of all analytic functions f in D, for which

1f'(2)
/D (1= o 4 < oo (5)

2 LACUNARY SERIES IN B2 AND B2 o

In this section we give some criteria for lacunary series belonging to 5., or B\, o- These
will be used to show some strict inclusions between B, or B, , and some other function
spaces in the next section. We first give necessary conditions on Taylor coefficients such that an

analytic function is in B¢, or B2 This may be of independent interest.

Jlog w,log,0"

Proposition 2.1 Let 0 < o < 00, w : (0,1] — (0,00), and let f(z) = § a,z" be an analytic
n=0

function on D.

() If fe B 10, then

logn
-«
hm sup n°~ %|ay| W(n) <elflls og"
(”) [f f € Bw ,log,07 then
1
lim sup n'~*|a,| —~ ogn = 0.
Proof: (i) It is easy to see that, forn > 1,
_ L 2m ! 0 1-n _i(1-n)0
a, = fi(re?)y r e de. (6)
2mn Jo
Thus,
al <5 [ 1 el s
— 2mn

”f”nglog /27r rl_”w(l—rz 50
2mn Joo (1 —r)*log =

s, e =)

w,log

n(l—r)*log 1;

Letr =1 — L we get forn > 1, that
n

HfHBMOg( — ) w(;)
|l :
nl—logn
So,
L g 1 1-n
hm sup n %ay| w( ) < Hf”Bﬁlog nhln sup (1 — - =e ||f||13§jlog :



(i1) By (6) we have

1 21 .
anl <5 [ 1f eI d.
0

- 21mn

«
Because f € B, 0

and 1 — r < 9, with

we know that every ¢ > 0, there is a 0 > 0 such that for every r € (0, 1),

|f'(re?)](L =) 1

1
o — 1) og <e

1—7r
Now, let 7 =1 — 1. Then n = -~ > }, and hence

1 1

e w1 D)
/ —df = —
o (1I—r)>log = nl=logn

||

So,
logn

w(3)

1
11—« 1-—n
. <e(l—=)t
n ’CL | Ef( n)

Because

1.,
lim (1— =)™ =e.
Jim (1= )" =e

There exists Ny > 0 such that for n > Ny, (1 — )" < e+ 1. Let N = max{3, No}. Then,
ifn >N,
logn

n'"%a,| @ < (e+ 1)
Thus 1
: _ ogn
lim sup n'~*|a,| — = 0.
s o(2)

The proof is complete.

We need the following lemma in the next

Lemma2.1 Let 0 < a < o0, and w : (0,1] — (0,00), continuous and nondecreasing
Sfunction. If "Z—:l > A> 1 forall k > 1, then for sufficiently large k, we have

W(ﬁ)”%ﬂ log ny

> A >1 7
w(n—lk)ng logngyy — @

Proof: Suppose (7) is not true. Then we have

w(=2-)n®,  logn
lim inf G f < (8)

k—o0 w(i)ng log ny.41

Let \, = "1’;—:1 Then A\, > A\ > 1. So,

1 1 N
lim inf - = lim inf —5**—— = lim inf —45 ak+1 L
k=00 (1+ 10gAk>“W koo w(p-)logngr koo w(so) ng logngr AR
log ng w(”lirl)
1 a
= i ot L ) MR o8 5
k—o0 AL w(é) ng logng, — A\



Hence

log M\ @) M@
lim sup(l—i— 08 k) (Tfl") =—>1,
k—o00 logn/w(;—=) S
N+1
w(- w(7-) log A A
hm Sup( (nl’“) + () log k>:>1
k=00 (m) w(nk+ ) log ny, S
Hence w is continuous, we obtain
1
wW(;-) log A e
@—l—hmsup (”1’“) SALNEAN )
w(0)  k—oo w(m) logng S
w log A A
1+ lim sup (nl’) OB _ 2 o
k—oo w(——)logny S
NE41
Hence,
w(n-) logh, M@
li Tk =——-1>0. 9
pee P w(G)logne S ©)
Let 7, = }gg 2k By (9) we know that, for 0 < ¢ < %a — 1, there exists a subsequence of {7},

for convergence, we still denote it by {74}, such that 7, > ¢ > 0 for all £ > 1. Now we have

log A\,
logn

1 n k fe%y
w(nk+1)nk+1 log ny Ag _ ( K ) _ Ty §

w(nk)nk log 141 (1+ log)\k> w(,%k) N (1+ log)\k) w(é) - (1+Tk>;(%

logn logn
8 Tk w(nk+1) 81k w(”k+l) nk+1)

Since 7, > € > 0 and n;, — 00 as k — 00, it is obvious that

nark
lim inf k_
k—o0 ( )

(1 +—7k) -

= OQ.

)

nk+1

Hence
o w(——)nj,, logny
lim inf

k—eo W(nlk )ni; 1og k4

Nk+1

This is contradiction to (8), and the proof is complete.

and B¢

. o s
Now we give the criteria for lacunary series in B¢ o log.0

,log
Theorem 2.1 Let 0 < a<oo, w: (0,1 — (0,00), continuous and nondecreasing function
and let f(z) = Z apz™ be an analytic function on D with Hadamard gaps, which means
>\ > 1f0rallk: > 1.
( ) f S Bw,log? U(‘and 07’lly lf‘

lo
klirn sup n; O‘]aklﬂ < 00. (10)

W(@)



(i7) f € B2

w,log,0” lf‘al’ld Ol’lly lf

log ny,
w (er)
Proof: (i) By Proposition 2.1 (i), we need only prove ” < ”. Suppose that f satisfies (10).
Without loss of generality, we may assume that n; > 1. Then by (10), there is a constant
M > 0 such that

hm sup n;,” | ag|

= 0. (11)

1
] < M (g me) o).

Hence

S 0w 1 < (S ol ) (3 1) (3 )
EEENEL) o

log ng

n=1 ‘nip<n n=

By Lemma 2.1, there is a constant K > 0 such that for every k£ > K,
) log ng ng

w(nk+1 >\C¥ > 1
w(n—k) log ng41 N

We may assume that K" > 3. Hence

me() _ niaela)

logn, — Alognpyi

(13)

Let ng, < n < ng, + 1. Without loss of generality, we may assume that &k, > K. Then, for
K<k< ko,

hole) el ey
logn, = Aeo=R) logng, = Aetko—k) logn
Therefore, we have
Bt _ntuth) B 1 () .
= logny, = logn S5 Aetko=k) = (1 — A*)logn

On the other hand, for 1 < k£ < K, since we have only finite terms, we can find a constant
M > 0 such that

npw(;-) i)
log ny, logn
Thus
K-1 po (L 3 a (1
G el (15)
= logmny logn
Combining (14) and (15) we know that there is a constant R > 0 such that
ntw(= (L
PO G o prowla) (16)

m<n logng T logn



From (12) and (16), notice that n; > 1, we have

I @, 1 MR<§M,2|n) ilzl")

1—|z] °1—|¢ “~ logn ~ n
oo ,m—1 kaw(l)
cur(S(E D) )
nz::g kz::g (n—k)logk
(L nw(L .
It is easy to see that, for 2 < k < n, klg‘;(,f) < ¢ logfj), where C' > 0 is a constant. Then

kw () < Cnw(2)
(n—Fk)logk — (n—k)logn

Hence
o kw(g) Cw(t)penl 1 Ciw(£)n*logn 1
< n = CLw(—=)n". 18
kz:; (n—Fk)logk — logn ,;n—k - logn 1w(n)n (18)
Thus, by (17) and (18), we have
|2f'(2)] 1 - 1 |z|w(1 = |2])
1 <C\MR ()" < Og—————2.
T[] BT < OMA 2 WG < G
Hence,
1—|z)" (1 —[2])*
sup | f'(z ( lo < 2%sup | /(2 lo <270y < o0.
N gy Ty < VP g e Ty < T
So f € B og-

(i1) By Theorem 2.1 (ii), we need only prove ” < ”. Suppose that f satisfies (11). Without loss
of generality, we may assume that n;, > 1. Denote A = sup lag|n, w™ (%) log ny. Then by
k>

(11), A < 400, and for every € > 0, there is a constant K K(g) > 0 such that for every
k> K, |ag|n, "w™ () log ng < &. Denote

n{w( 1)

MZ

logn,

Since the series has only finite terms, M < +o00. Thus

S hos < (Sl ) (3 1) (3 )

< AR ) (S (S )
(3 ) (SR (5 )
AM |z log 1 Lo G, ||

IR Sl A Rl £ (1= [z[)t+e



The second term of the right hand side is from the proof of (i). Hence

) AR SR E GV

1f'(2)] 0og < og + Cye.
wl —lz) 71— w(l —z) =1 -]
Since (1|2 )
lim lo =0,
- w1 — J2]) 81|
we can choose r, 0 < r < 1, such that for |z| > r,
1—|z?)® 1
a2 <e

wl—lz)) "1zl T

Hence, for |z| > r

by (L= 2%
| 2%(1 + C!
which means that (1| |2) .
lim |f'(z lo = 0.
A O a Ry e =y
Thus f € 83710&0.

In the end of Section 1, we have seen that
M(B) = M(By) = H* ﬂBw,log-

It is natural to ask that if it is true that /°° and B, 1o, are not included in each other. Since it
is well known that /> ¢ B,,, and by Lemma 2.1, B, o, C B,,, we see that > ¢ B, 1,,. The
following result show that B, 1, ¢ H> (note that B, 1050 C B 10g), and so H* and B,, 1oz are
indeed not included in each other.

Corollary 2.1 Letw : (0,1] — (0,00), s0 By 100 € H.

Proof: Let f(z) = S ap? = 3 (klogk)~*z%". Then
k=2 k=2

log 2% . klog 2
= lim sup

— — = 0.
w(zr) k= w(zp)klogk

lim sup |ay|
k—o0

Thus, by Theorem 2.1, f € B, 10g,0. Since

00 2k

,
li = li =
li 7 0)] =l 3 o = o

We know that f ¢ H*°, and the proof is complete.
Corollary 2.2 Letw : (0,1] — (0,00), s0 B, o ¢ H™.

Proof: The prove is very similar as Corollary 2.1.
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3 STRICT INCLUSIONS

In this section we study the relations between the space B, . and some other spaces. The

w,log
following result shows that the space B¢ . is quite close to the a-Bloch space B*. Anyhow,
they are not same.

;log

The following lemma is useful in our study

Lemma 3.1 /3] For0 <p <1, a € Dandz =re? inD,

/27r do < C
o |T—are?|? = (1—lalr)p’
where C' > 0 is a constant.

Theorem 3.1 Letw : (0,1] — (0,00) and 0 < o < oo. Then

U B € Buogo € Blios € By

0<o*<a

Proof: The inclusion BS,,, C B is proved in (see [12] Lemma 2.2). It is obvious that

;log

B 10s.0 C B jog- To prove the left hand side inclusion, let 0 < o < «, and let f € B2". Then
(1—lz)*
fllgar = sup |f'(2)]——""~ < 00
” HBw Z€D| ( )’w(l _ ’ZD
Hence,
) 1— |2]?)~ 1 ) 0t 1
lim |f/(z ( lo = o lim (1 —|2]5)** 1o =0.
Thus f € BS540-
Now we prove the strictness of the inclusions. First, let fi(z) = § aszk, where a;, =
k=1
27+1=)(klog k) ~'w(5 ). Then
log 2% log 2
. ky1—« _1; —
Jim sup [ag[(2") RES i Jim sup gk 0

Thus, by Theorem 2.1, f; € BS But for every o*, 0 < o < «

Jog,0°

<2k)1—a*
w(3r)

klim sup |ag| = klim sup 2847 (klog 2) 7 = oo.
So, by Corollary 2.2, f; & B%".

Next, let fo(z) = S a2, where ay = 27k(1=%) (klog 2) ~'w(5x ). Then
k=1

Jim sup [ag|(25)'

Thus, by Theorem 2.1, f, € B, \BS

w w,log,0*

11



Finally, let f3(2) = S a2, where ay = 27+01-) (log k)~'w(zx). Then
k=1

(2k)1—a

w(27) =0.

hm sup |ag|
So, we have f3 € B . But

_ klog2
= lim sup = 00
) k—oo log 2

log 2%

: k11—«
Jim sup fag | (27)—

—~
o
a-"—‘

So by Theorem 2.1, f3 & B ... The proof is complete.

The following is a direct consequence of Theorem 3.1.

Corollary 3.1 Letw : (0,1] — (0,00) and 0 < a; < ag < 00. Then B, ¢ B3, Bllogo
Bz%ogo

Following [13], We say that an analytic function f belongs to the space @), .,, 0 < p < o0, if

sup [ 7P LD a(z) < oo

a€D W( |Z|)

where g(z,a) = log|:=%| is the Green’s function of D with singularity at a. Similarly, an
analytic function f belongs to the space (), 0, 0 < p < 00, if

lim/\f 929 Ay~ 0.

jal—1 —[2])

We also recall that the weighted Dirichlet space D,, is the collection of the analytic functions f
for which

[ (2)|P———dA(z) < o0.
/ \Z )
An important tool in the study of D, space is the auxiliary function ¥, defined by
t
U, (s) = sup wis ), 0<s<l1.
o<t<1 w(t)

The following condition has played a crucial role in the study of D,, space:

a d
/1 \Ifw(s)s—j < o0 (19)

The function theory of D,, obviously depends on the properties of w. Given two weight functions
wy and wy, we are going to write w; < ws if there exists a constant C' > 0, independent of %,
such that w;(t) < Cwy(t) for all . The notation w; 2, ws is used in a similar fashion. When
w1 S wo Swo We Write wy &2 wy.

Lemma 3.2 If w satisfies condition (19), then the function

1
wr(t) = t/t wS) (where, 0 <t < 1),

12



has the following properties :

(a) w* is nondecreasing on (0, 1).

(b) %(t) is nonincreasing on (0,1).

(¢) w*(t) > w(t)forallt € (0,1).

(d) w'Swon(0,1).

If w(t)=w(l)fort > 1, then we also have

(e) w*(t)=w*(1) =w(l)fort >1,s0w* ~won(0,1).
Proof: Ift € (0,1), then a change of variables gives

ds

ww):tfw@ngiﬁgﬁ
w(t) /11 w(ts) ds < ) /11 qu(s)ﬁ.

w(t) s2 52

o

So condition (19) implies that w*(¢) < w(t) for t € (0,1). This yields property (¢) and shows
that w*(t) is well defined for all 0 < ¢ < 1.
Since

w*(t Lw(s
0 _ [,
t t 82

and w is nonnegative, we see that the function “’T(t) is decreasing. This proves (b). Property (e)
follows from a direct calculation.

Using the assumption that w is nondecreasing again, we obtain

mwzﬁff?@zmm)lﬁzu—wmw

t s2

for all 0 < t < 1. This proves property (c).

It remains for us to show that w* is nondecreasing. To this end, we fix 0 < ¢; < ¢t < 1 and
consider the difference

: : Lw(s) w(s)
Sl = w<t1)_w<t>:t1/t1 ?ds—t/t ?ds
Since w is nondecreasing and nonnegative, we have
ld ld
) [ L= —t)w) >o.

t1 32 t 52

Sl Z tlw(l)
This proves property (a) and completes the proof of the lemma.

Corollary 3.2 If w satisfies condition (19), then there exists a constant C' > 0 such that
w(2t) < Cw(t) forall0 < 2t < 1.
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Proof: For any ¢t > 0, we have

fe g
. 2 w(s s
s 2
wit) e gg T
" S

The desired estimate now follows from parts (c¢) and (d) of Lemma 3.1.

We begin with an estimate of the weighted Dirichlet integral interms of Taylor coefficients

Lemma 3.3 Letw : (0,1] — (0,00), then forany s > 1, a > 1 and 0 < < 1, we have

1 d 1 2 (1—q),(L)8
/ 7"&71(1 _r)fﬁ r ~ a1 Z ( a) (a) ’
0 wl=r) wiz)= sis—p)
where
l-a)=(0-0)2-a)B-a)...(s—a), s=1,
l—a)=1, 1—a#0.
Proof: Let . p
]:/ r Y1 — 7)™ !
0 w(l—r)
By a change of variables we have
1
I :/ (1 —t)a‘lt_ﬁﬂ.
0 w(t)

We write [ = I + I5, where

s dt
I :/ 1—petyB 4
1=, 0 w(t)

and

I = /11(1 - t)a—lt—ﬁwﬁ).

o

By part (¢) of Lemma 3.1, we have
o dt
I </ 1—t) P
Y= ( ) w*(t)

w*

According to part (b) of Lemma 3.1, the function # is decreasing on (0, 1), so
1 1
I < w*C(Y;)/OQO — 1) =By,
This together with part (d) of Lemma 3.1 shows that
1

1 1
I, < L/“ 1 — ) 1= gy,
EomA Y
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From [11], the binomial theorem states that

E (a—1D(a—=2)...(a—s)(—1)t°

RS>

|
5—0 S

which may be written

(EURIEEDS

= s!
Therefore, in factorial function notation,
2 (1 — a)gt®
1 _t a—1 — 1 _t 7(1704) — ( S
D Vs

It is easy to see that

1

—0 s! =
(-
L)

h< Oél)Z: 8!(8—%)

a/ s=1

Since w(t) is increasing function, we have

1
I, = /i(l_t)aflf(ﬁﬂ)r

L os-a)d)

RSP D payy

On the other hand, we have ) p
t
I>[ Q=) P —
- w(t)

«@

The assumption that w(t) is increasing gives

aQ

This complete the prove of the theorem.

15

> (1—a)(2—a)...(s—a)ts'

Y

> 2 (1 —a)gs 8t 1-—
/0(1—t)“*1t*(5+1>dt = /0 Z< @) dtzz(i



Theorem 3.2 Letw : (0, 1] — (0, 00) and
= Z anzn7
n=1

then
= (1 —=2n)4(5;)°

o Al
LIl G~ L

nlw s=1

sls

Proof: Let

e dAG)
N= [ Irer =g

1 p2m 2O dfdr
_ n—1|2
_/0 /0 |n§1nanz | w(l—r)
_ /1 /27r i 1|y [2r21 ddr
oJo = " w(l—r)"
> 1 dr
< 9 2., 2/ on—1
< 7T7;7”L|CL| T o =7
We apply Lemma 3.2 with § = 0 and o = 2n to obtain
& (1—2n)y(5,)°

I(f) <27r2n2|an|2 2” Z
n=1

s:l

Using polar coordinates one gets

sls

c- 2Ianl2 1 & (1 —2n)4(5,)°

2

1(f)

2
l\)
M

nlw )2n sls

It is well known that an analytic function f(z) = f a, 2" belongs to the weighted Dirichlet
n=1

(1—2n)s(

2)° < 00
sls .

space if and only if Z "“(“”) ioj
n’ s=1

It is easy to prove that pr =B,and Q0 = B, forallp, 1 <p < o0.

We give the relation between B2 |, and the @), o spaces.

Jlog

Theorem 3.3 Let M, up ul)](cl( ‘)||) < 00, we obtain that
€Dy

(i) If 0<a<%,then
wlogg’D - ﬂQPWO'

p>0
(ii) If % < a <1, then
w]og g Qw2a 1,0-

16



Proof: (i) In the view of Corollary 3.1, we need only prove B2 ,,, ¢ D,,. Let f € Bw log- Then
_ oy (L= 12P)2 1
||f||8é710g - ig‘g |f (Z)| ( ‘ZD og 1 — |Z| < 00.

Let

I_/ TAC |z| (/131 /D\D) m_h—i_b’

where D: = {z:]z] < 1}. Itis obvious that I; < M < oo. For I, we have

dA(z) 1 rdr
Jgfl/ 27Tf;/
2 = Wt Jow, T=Temo 27 = Wi,y T ros L
oo dt 2T
< sl | e
< wlfly [T = gl <

Sol =1+ 1, <ooandthen f € D,,.

To prove the strictness, let fy(2) = ioj apz? , where a;, = k™2 = 27 w(ik) and 0 < ¢ < 1.
k=1

Then

log 2F

hm supk = logZ—

hm sup |ak|2k(1_’)
W(Qk) oo

1
Hence, by Theorem 2.1, f4 & Blig,w' On the other hand,

o~ 2l §5 (1=20)s(5,)" _ 5 ()5 O 2me(a)

2 2 =2 K

n=1 w(Qk) s=1 sls 1 2 ot sls
So f €D,.

(i) Let f € |fllge , 3 <a<1. Then

w,log

AP, 1
DI [ BT =

1llsz,.. = suplf(2)
’ zeD

Let

_ A=l
@) = [ 1) <|m 4A(:)

= (b, o JrOF LI ) = 10) + Lo

Because 2o — 1 > 0, we have

lim [i(a) < lim M, (1 — |@a(2)]?)?1dA(2) =

la]—1— la]—1— D
2

17



On the other hand,

(1 - [pa(2)2)1dA()
(1 22 (log 122

Bla) < Il [
1

. dA(z)
. 200—1
“fHBW 1og( |a’ ) ~/D\D% (1 _ ’2‘2)(10gl%|2|)2‘1 _ &Z|4a72

1 rdr 2m de
2\2a—1
e e A e el e e

2

By using Lemma 3.1 when p = 2a — 1, we obtain

/27f do < C
o |1 —are®|2@e=1) = (1 —|a|r)2e-1"
So

Ir(a) < C| fllse

w,log

901 rdr
(=P o ot = e

[
(1=r)og5)* Jy =77

Because

-

2

for every € > 0, there is a §, % < 0 < 1, such that

1 dr
/5 = 1)(log L)° <e. (20)
Now
1 1— 2a—1 d
bla) < 7y, f, (g _||f||>) =g LT
- 1—|a| 201 dr
< 2? 1CHlesglog(/ /)( 1_ya|r> (1 —r)(log 1£)2
= 22710 fllse (Ji(a) + Ja(a)).
Then by (20),

J(a)—/l( L~ lal )2&_1 dr </1 dr <e
s\ = alr) (1=r)log)? = /s (1—r)(log)*
On the other hand,

e = /;<(11—_I|aal|r)>2a_1 (1— r)?lzg Iy = 1022 ((11__5||aa|l)>2a_1

Hence, if "a” is sufficiently close to 1, then J;(a) < e. Therefore,

Iy(a) < 2*°C||f]| =

wlog '

Thus lim I3(a) = 0, and so

la]—1—

lim I(a) = Ii(a) + I3(a) = 0.

la|—1~

18



Thus f € Q2a—1,0-

—1—¢

(o]
To prove the strictness, let f5(z) = > arz?’, where a, = k2
k=1

27H1=e)y(%), and
0 < e < 1. Then

i |ak|2k(1—(2a—1)) _ i k?_(1+€) < 0.

k=1 k=1

So f5 € QQ2a-1,0. On the other hand,

ylog ok
w ()

So, by Theorem 2.1, f5 ¢ B% .. The proof is complete.

w,log"

(-
2

. — . e)
khm sup |az |28 = khm sup k log 2 = 0.
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