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ABSTRACT: The topology of twisted molecular rings is characterized by the linking
number, which is equal to the sum of the twista local property of the molecular
frameand the writhea global parameter, which represents the bending of the
molecular ring. In this work, we investigate a number of cyclic all-trans C40H40
annulenes with varying twisting numbers for a given linking number and their dications.
The aromatic character is assessed by calculating ring-current strength susceptibilities
using the gauge-including magnetically induced currents (GIMIC) method, which
makes it possible to conduct a systematic study of the relation between the topology
and aromaticity of twisted molecules. We found that the aromatic properties of the
investigated Möbius twisted molecules are not only dependent on the linking number as previously suggested but also depend
strongly on the partitioning of the linking number into the twist and writhe contributions.

In topology, a closed ribbon that is not a knot is fully
characterized by its integer linking number Lk, which can

intuitively be understood as the number of half twists that one
end of an open ribbon has to undergo before it meets the other
end to form a closed ribbon loop. Closed ribbons with an even
Lk have two sides and two edges, whereas those with odd Lk,
such as the well-known singly twisted Möbius strip with Lk =
±1, have only one side and one edge.
A given closed ribbon can be embedded into the three-

dimensional (3D) Cartesian space in an infinite number of
ways. Two properties that characterize, but not uniquely define,
such an embedding are the writhe, or writhing number (Wr),
and the twist (Tw).

1,2 Wr is a nonlocal property of a closed
curve in 3D, which by convention is the curve lying in the
middle of the ribbon.3 In contrast, Tw is the path integral of the
local twist around the central curve.3 The linking number in eq
1 is obtained as the sum of the twist and writhe of the closed
ribbon with a given embedding.4−6 Tw and Wr can take any real
value, whereas the linking number is an integer. The twist,
writhing, and linking numbers multiplied by π yield the
corresponding angles in radians.

= +L T Wk w r (1)

The 3D embedding of a closed ribbon is always chiral when
either Lk, Tw, or Wr is nonzero because these parameters can
take the same positive or negative values. Equation 1 shows that
closed ribbons with nonzero Lk are always chiral, while ribbons
with Lk = 0 may be achiral. Ribbons with Lk = 0 are achiral only
when Tw = Wr = 0, which holds for planar rings without any
local twists, such as benzene.

The energy levels of Möbius twisted annulenes and
aromaticity rules can be qualitatively obtained by diagonalizing
the Hückel molecular orbital (HMO) Hamiltonian for the
molecular ring.1,7−9 For rings with even Lk numbers, the well-
known (4n + 2) Hückel rule for aromaticity holds at the HMO
level,10,11 whereas when Lk is an odd integer, molecules with 4n
π electrons are aromatic,7,12 which is valid only for monocyclic
systems. The opposite rules hold for antiaromatic molecules,
sustaining paratropic ring currents.13−17 It has been assumed
that aromatic properties are mostly independent of the
partitioning, that is, the Lk value determines the aromaticity
of Möbius twisted molecular rings.1,2,7−9,18−25 However, in
order to incorporate Tw and Wr effects, one has to go beyond
the HMO approximation because the HMO Hamiltonian does
not contain any information about the splitting of Lk into Tw
and Wr.
We chose all-trans annulenes as model systems because they

have roughly the correct bonding angles for large annulene
rings. The initial molecular structures of the annulenes with
varying twist and writhe were generated by first constructing a
circular polygon line in 3D. Depending on the chosen writhe, it
is twisted around the y axis, compressed along the x axis, and
rescaled to keep the total length constant. This backbone
approximately defines the writhe but not the twist or linking
number of the final structure. The atoms are then incrementally
placed such that they are uniformly twisted around the
backbone. Finally, we employ a primitive force field that
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considers only bond lengths, bond angles, and dihedrals. The
structural changes due to the force field optimization are very
small.
The initial molecular structures of the neutral and doubly

charged molecules were subsequently optimized at the density
functional theory (DFT) level using the BP86 functional as
implemented in TURBOMOLE.26−30 The def2-SV(P) basis sets
and the m3 grid were used in the structural optimization.31,32

Constraints were imposed in order to avoid relaxation to the
same lowest-energy structure during the course of the
optimization. The C−C and C−H distances of the initial
structures were optimized, while all angular degrees of freedom
were frozen. When the constrained optimizations converged,
the Cartesian coordinates of the carbon atoms were fixed and
the positions of the hydrogen atoms were fully optimized. The
optimization procedure yielded molecular geometries with the
same Lk number and about the same Tw and Wr values as the
initial structures. The exact Tw and Wr values were determined
for the optimized molecular geometries. The final structures for
the neutral molecule with Lk = 2 and the largest and smallest Tw
values are shown in Figure 1. The other Lk = 2 structures are
intermediates between the two extremes. The Lk = 0 and 1
structures are largely the nontwisted and singly twisted versions
of the Lk = 2 ones. The Cartesian coordinates of the studied
molecules are given in the Supporting Information.
The nuclear magnetic shielding constants were calculated at

the BHLYP level using the def2-SVP basis sets and the m5
integration grid.31−36 The magnetically induced current
densities were calculated with the gauge-including magnetically
induced current (GIMIC) method using basis set information
as well as the one-electron atomic orbital (AO) density matrix
and the one-electron magnetically perturbed AO density
matrices obtained in calculations of nuclear magnetic shielding
constants at the DFT level.37−41 Ring-current strength
susceptibilities were obtained by integrating the current-density
flow that passes a plane that intersects the molecular ring, as
shown in Figure 1. In the current-density calculations, the
molecular ring was oriented in order to maximize the projected
area of the molecular ring perpendicularly to the external
magnetic field because it is expected to yield the strongest ring
current.42−44 Figure 1 shows that the area of the molecular loop
projected in the direction of the magnetic field decreases with
the absolute value of Wr, which might be a contributing reason
for the decreasing current strengths for molecules with higher

Wr values. The figures were prepared using Gnuplot, VMD,
Paraview, and GIMP.45−48 The line integral convolution
method for the visualization of vector fields from Paraview
was employed.49

The BHLYP functional has been employed in the current-
density calculations because previous current-density calcu-
lations showed that DFT calculations at the B3LYP level have a
tendency to overestimate the degree of antiaromaticity for
strongly antiaromatic molecules,50 whereas B3LYP calculations
yield an accurate degree of aromaticity for aromatic
molecules.51,52 Current-density calculations on antiaromatic
porphyrinoids using the BHLYP functional yield ring-current
strengths that are in good agreement with the values obtained
at the second-order Møller−Plesset (MP2) level.
The generalized Hückel rules for Möbius molecules state that

monocyclic annulenes with an even linking number are
aromatic when they have (4n + 2) π electrons, and annulenes
with odd Lk values are aromatic when they have 4n π electrons.
The opposite rules hold for Möbius twisted antiaromatic
molecular monocycles. Thus, according to the generalized
Hückel rules, the aromatic character of a twisted molecular ring
should be independent of the partitioning of Lk between the
twist Tw and writheWr. One has to go beyond Hückel theory in
order to investigate how the aromatic character depends on Tw
and Wr for a given linking number. Because there is a linear
relation between hydrogenation enthalpies of aromatic
molecules and the strengths of magnetically induced ring
currents,53 we use the ring-current strengths for systematically
assessing the aromatic character of a number of Möbius twisted
all-trans C40H40 annulenes with Lk values of 0, 1, and 2 and
varying Tw.
The ring-current strength as a function of the Tw value for

the Lk = 0 annulenes is shown in Figure 2. The aromatic doubly
charged, and the antiaromatic neutral all-trans C40H40
annulenes exhibited lowest energy when Lk = Tw = Wr = 0.
For small Tw values, the neutral all-trans C40H40 annulene is
expectedly antiaromatic, sustaining a paratropic ring current of
−17 nA/T, which is about 50% stronger than the diatropic
ring-current strength of benzene.54 By twisting the molecular
ring and compensating for the twist by introducing writhe, the
C40H40 ring becomes less antiaromatic. There is a nearly linear
relation between the ring-current strength and the Tw value, as
shown in Figure 2. For the molecular structure with Tw = −1.68
andWr = 1.68, the ring is nonaromatic, sustaining a ring current

Figure 1. Molecular structure of the neutral molecule with Lk = 2 having (a) the largest and (b) the smallest Tw value. The integration plane for the
calculation of the ring-current strength is indicated in red, and the blue arrow is the magnetic field vector B.
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of only −0.4 nA/T. The optimized geometry of the doubly
charged C40H40 dication is planar. It is strongly aromatic,
sustaining a ring current of 66 nA/T, as also predicted from the
Hückel rule. Twisting the molecule leads to a weaker aromatic
character. For the ring with Tw = −1.7, the ring-current strength
is 9.4 nA/T, illustrating how changes in the twist significantly
affect the aromatic character.
The aromatic character of the singly twisted Möbius

annulenes (Lk = 1) follows the predictions of the generalized
Hückel rule. The neutral singly twisted C40H40 ring with 4n π
electrons is strongly aromatic, sustaining a net ring current of
38 nA/T, whereas the doubly charged one is strongly
antiaromatic with a magnetically induced ring-current strength
of −45 nA/T. The lowest energy is obtained for the least
deformed molecular structures with the largest Tw value. The
Tw and Wr values of the most twisted neutral and dicationic
annulenes with Lk = 1 are 1.13 and −0.13, respectively. The
ring-current strengths diminish systematically when the twist is
transferred to writhe. The molecules with the largest inspected
Wr value of 1.42 sustain ring currents with strengths of 3.4 and
−13.6 nA/T, for the neutral and dicationic ring, respectively.
There is a nearly linear relation between the ring-current
strength and the Tw value, except in the vicinity of Tw = 1,
where the degree of aromaticity and antiaromaticity increases
rapidly for larger twists. The ring-current strength as a function
of the Tw value is shown for the Lk = 1 species in Figure 3. A 3D
vector plot of the current densities is shown in Figure 4.
The doubly twisted annulenes also obey the generalized

Hückel rules. The neutral doubly twisted C40H40 rings with 4n
π electrons are antiaromatic, and the corresponding dications
are aromatic. The most twisted and least deformed rings sustain
the strongest ring currents. The ring-current strength for the
most twisted neutral ring with a Tw value of 2.31 sustains a
paratropic ring current of −8.4 nA/T. The corresponding
dication is strongly aromatic, sustaining a diatropic ring current
of 57 nA/T. The most deformed Lk = 2 rings with a Tw value of
0.66 are almost nonaromatic, sustaining ring currents of −1.4
and 2.4 nA/T for the neutral and doubly charged rings,
respectively. The degree of antiaromaticity of the neutral ring
decreases nearly linearly with decreasing Tw value. For the
dication, the degree of aromaticity increases rapidly with
increasing Tw value, especially when Tw is larger than 2. The
ring-current strength as a function of the Tw value is shown for

the Lk = 2 species in Figure 5. The lowest energy is obtained for
the least deformed molecular structures with the largest Tw
value and the strongest ring current. An interaction between the
two strands can be seen in Figure 6, where the current flow
entwines in the central region of the molecule.
The molecules with the smallest writhe are energetically the

most stable ones, which also holds for both the neutral and
dicationic species. The total energies as a function of Tw are
given in the Supporting Information. The neutral molecules
and the dications have almost constant gaps between the
energies of the highest occupied molecular orbital (HOMO)
and the lowest unoccupied molecular orbital (LUMO). The
HOMO−LUMO gaps depend very little on the topology and
the employed functional. They are somewhat larger for the
aromatic rings sustaining strong ring currents than for the ones
with weaker ring currents. For the antiaromatic rings, the
HOMO−LUMO gap is slightly smaller for the molecules
sustaining strong paratropic ring currents than that for the ones
with weak paratropic ring currents. Even though the differences
in the HOMO−LUMO gaps are small, the studied molecules
follow the general relation between ring-current strengths and
HOMO−LUMO gaps.55 Values for the HOMO−LUMO gaps
calculated at the BHLYP and HF levels as well as the harmonic
oscillator model of aromaticity (HOMA) index56 are reported
in the Supporting Information.
In this work, we have determined relations between the

degree of aromaticity and molecular topology by systematically
investigating a set of neutral and doubly charged all-trans
C40H40 annulenes using first-principle computational methods.
In order to assess the degree of aromaticity, we calculated
magnetically induced ring-current strength susceptibilities at
the DFT level using the GIMIC method. The obtained ring-
current strengths provide a reliable indicator for the aromatic
character. Molecular rings with different topology were
constructed with given Lk numbers of 0, 1, and 2 by varying
Tw. The aromatic character as judged from the direction and
strength of the magnetically induced ring currents was
determined as a function of Tw for neutral and doubly charged
molecular rings. The calculations show that the generalized
Hückel rules for Möbius twisted molecules qualitatively hold.
However, the degree of aromaticity depends strongly on the
partitioning of the linking number (Lk) between the twist (Tw)
and the writhe (Wr). The strongest ring currents were obtained

Figure 2. Ring-current strengths as a function of the twist number Tw
of the neutral, and the doubly charged dication of all-trans C40H40
annulene with Lk = 0. The topology for the two extreme structures is
also shown.

Figure 3. Ring-current strengths as a function of the twist number Tw
of the singly twisted neutral, and the doubly charged dication of all-
trans C40H40 annulene with Lk = 1. The topology for the two extreme
structures is also shown.
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for the most twisted molecules with the smallest Wr. The ring-
current strength declines rapidly with increasing Wr and
decreasing Tw. The most deformed molecular rings with the
largest Wr are almost nonaromatic. The most twisted aromatic
and antiaromatic molecular rings sustaining the strongest
diatropic and paratropic ring-current strengths, respectively,
were also found to be the energetically lowest structures. Our
findings do not completely agree with a previous study,1 where
one concluded that the maximum π-electronic stability is
obtained when maximizingWr for a given Lk. The energy trends
obtained in this work suggest that the energy penalty for
increasing Wr is larger than the loss of π-electron energy
stabilization favoring strongly twisted molecular structures with
small Wr values. The present results are supported by an
experimental study on a [36]annulene derivative, where the
molecular structure with a high twist and a low writhe was
found to be the energetically most favorable one.24

Figure 4. Current-density vector field illustrated using the line integral convolution (LIC) method for the neutral aromatic molecule with Lk = 1 and
twist number Tw = 1.13. (a) Horizontal slice perpendicular to the magnetic field. (b) Slice on a spherical surface. More LIC pictures are given in the
Supporting Information.

Figure 5. Ring-current strengths as a function of the twist number Tw
of the doubly twisted neutral and doubly charged dication of all-trans
C40H40 annulene with Lk = 2. The topology for the two extreme
structures is also shown.

Figure 6. Current-density vector field illustrated using 3D streamlines for the central region of the doubly charged molecule with Lk = 2 and Tw =
−0.31. The top view is shown in (a) and the side view in (b).
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Writhes. Chem. Commun. 2013, 49, 1254−1260.
(3) Klenin, K.; Langowski, J. Computation of Writhe in Modeling of
Supercoiled DNA. Biopolymers 2000, 54, 307−317.
(4) Cal̆ugar̆eanu, G. Sur les Classes d’Isotopie des Noeuds
Tridimensionnels et Leurs Invariants. Czech. Math. J. 1961, 11,
588−625.
(5) White, J. H. Self-Linking and Gauss-Integral in Higher
Dimensions. Am. J. Math. 1969, 91, 693−728.
(6) Fuller, F. B. The Writhing Number of a Space Curve. Proc. Natl.
Acad. Sci. U. S. A. 1971, 68, 815−819.
(7) Heilbronner, E. Hückel Molecular Orbitals of Möbius-Type
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Magnetically Induced Current Densities in Aromatic, Antiaromatic,
Homoaromatic, and Nonaromatic Hydrocarbons. J. Phys. Chem. A
2009, 113, 8668−8676.
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