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Abstract
We study the isotropic elastic wave equation in a bounded domain with
boundary. We show that local knowledge of the Dirichlet-to-Neumann map
determines uniquely the speed of the p-wave locally if there is a strictly
convex foliation with respect to it, and similarly for the s-wave speed.
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1. Introduction

Consider the isotropic elastic wave equation in a smooth bounded domain 2. We study the
following problem: can we determine the Lamé parameters A, p and the density p from the
knowledge of the Dirichlet-to-Neumann A (DN) map on the boundary? In fact, we are inter-
ested in the local problem: local recovery of those parameters from local or even microlocal
information about A. Our main motivation is the local seismology problem of recovery of the
inner structure of the Earth from local measurements on its surface of seismic waves.
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This problem is well studied for the wave equation (97 — A,)u = 0 related to a Riemannian
metric g with either full or partial boundary data. It is known that one can recover g up to an
isometry fixing 92 pointwise [5], using the boundary control method developed by [2]. The
latter relies on the unique continuation result of Tataru [26]. We refer to [13] for related results
and more references. Logarithmic type of stability is proved in [7, 14]. Holder type of stabil-
ity estimates with full data have been proven in [1, 6, 17, 22] and most recently in [25], under
some assumptions on the metric, for example absence of conjugate points.

In the elastic case, the results are less complete. Unique continuation holds [10] but the
boundary control method is not known to work, see, e.g. [4]. The reason is that it is not possible,
or at least not known how to decouple the elasticity system completely even though it is easy
to do that on the principal symbol level or even for the full symbol, see (21) below, but only
microlocally. A Lamé type of system having the same principal part which can be decoupled
fully was studied in [3] and the boundary control method was used for it for a unique recovery
of the two wave speeds locally with a local data. Numerical reconstruction is proposed in [15].

Rachelle [18] proved that one can recover the jet of A, p and p at 92 explicitly. In [19, 20],
she showed that one can recover those three parameters in €2 provided that A is known on the
whole boundary and assuming that the two wave speeds (2) are simple (strict convexity and no
conjugate points). The proof is based on recovering the lens relations related to the two speeds
and then applying known rigidity results. The recovery of all the three parameters in [20]
requires the study of the second order term and an inversion of the geodesic ray transform.
The second author and Hansen [11] studied this problem with a residual stress and without
the assumption of no-conjugate points or caustics and showed that one can recover both lens
relations and derive several consequences of that.

In this work we show that one can recover uniquely the two wave speeds ¢, and c;, see (2),
locally under the assumption of existence of a strictly convex foliation. This condition allows
for conjugate points, see, e.g. [16]. If €2 is a ball and the speeds increase when the distance to
the center decreases (typical for geophysical applications), the foliation condition is satisfied,
see section 6. To prove the main result, we show that one can recover the lens relations related
to the two speeds in an explicit way and then apply the results of the authors [23], see also
[24], about local recovery of a sound speed in the acoustic equation from the associated lens
relation, also known locally. Those works are based in particular on a method developed in
[29] to prove a uniqueness and a stability result for the linear problem of recovery of a func-
tion from its geodesic ray transform known locally.

That argument also implies stability as a consequence of the stability result in [23] but we
do not make this formal. It also implies a theoretical reconstruction following the procedure in
[29]. Also, we can apply the result if there is an internal closed strictly convex surface where
the coefficients jump, like in the elastic Earth model, and recover the two speeds between the
boundary and that surface. Indeed, for that we only need the lens relation along geodesics not
hitting that surface; and that can be extracted from the microlocal support of the DN map.
Note that we recover two quantities depending on the three parameters A, 1 and p. Recovery
of all three parameters would require analysis of the amplitude in the geometric optics con-
struction, similarly to what is done in [20].

2. Main result

The isotropic elastic system in a smooth bounded domain 2 C R? is described as follows. The
elasticity tensor is defined by

Cijit = A0ijon + (00 + dudjx ),

2
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where A > 0, 1 > 0 are the Lamé parameters belonging to C*° (). The elastic wave operator
is given by

(Eu)l- = p_] Z @»c,-jkla,uk,
jkt
where 0 < p € C>°(12) is the density and the vector function u is the displacement.
The operator E is symmetric on L*(€; C.p dx). It has has a principal symbol
A+
op(—E)o = 7“55 o+ %|£|2v, veC. ()

Taking v = £ and v L &, we recover the well known fact that that ¢, (—E) has eigenvalues

o =VA+20)/p, cs=/n/p 2

of multiplicities 1 and 2, respectively and eigenspaces R¢, and &*. Those are known as
the speeds of the p-waves and the s-waves, respectively. The eigenspaces correspond to
the polarization of those waves. The characteristic variety deto,(E) =0 is the union of
¥, = {1? = ¢5|¢]*} and %, := {72 = ?|¢|*}, each one having two connected components
(away from the zero section), determined by the sign of 7.

Let u solve the elastic wave equation

un_Eu:O lnRXQ,

ulrxo0 =f, 3)
uli<o =0,
with f given so that f = 0 for # < 0. The DN A map is defined by
(Af)i = (Nu)i = zjaij(u)l’j|ag’ “4)
where v is the outer unit normal on 952, and o;;(u) is the stress tensor
Uu(u) =)\V- M(Sij + ,u(@,-ui + 8iuj). 5)

Note that Eu = p~'§0(u), where § is the divergence of the 2-tensor o ().

We introduce the notion of a convex foliation with respect to some metric g now. Let ey
be an open domain containing {2 and extend the coefficients there in a smooth way; and let g
be a Riemannian metric there.

Definition 1. Let & : Qe — R be a smooth function which level sets x~!(g), ¢ < 1,
restricted to ©, are strictly convex viewed from x~!((—o0,q)) w.rt. g; dr # 0 on these
level sets, and £ ~1(0) N Q C 9. We call K~ 1(q) N €, g € [0, 1], a strictly convex foliation of
£~1([0, 1]) N Q with respect to g.

An example is shown in figure 1, where, for illustration purposes, level sets which are
Euclidean strictly convex should be assumed to be strictly convex w.r.t. g as well. One special
case is to take £k~ 1(0) = 9 if O is strictly convex w.r.t. g. We recall that an oriented hyper-
surface S is strictly convex w.r.t. g (when viewed from the side determined by the normals
consistent with the orientation) if the second fundamental form on S is positive. An equivalent
definition is to require every geodesic ~(f) tangent to S at v(0) € S to stay on that side (from
which we view S) for || < 1 with the distance to S satisfying dist(y(¢),S) > #*/C for |¢| < 1.

We introduce the lens rigidity problem next. For a compact manifold (M, g) with a bound-
ary, let the manifolds 04 SM consist of all vectors (x,v) with x € OM, v unit in the metric g,
and pointing outside/inside M. We define the scattering relation
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L:0_SM — 0,SM (6)

in the following way: for each (x,v) € 0_SM, L(x,v) = (y,w), where (y, w) are the exit point
and direction, if exist, of the maximal unit speed geodesic v, in the metric g, issued from
(x,v). Let

£:0_SM — RU

be its length, possibly infinite. If £ < oo, we call M non-trapping. The maps (L, ) together are
called lens relation (or lens data).

It is convenient to identify vectors in 9_SM with their projections on the unit ball bundle
B(OM); and similarly for 0;SM. Then we can view L and £ as maps from B(OM) to itself; or
from B(OM) to R N oo, respectively.

Below, we denote by L, and L, the lens relations in M = Q w.r.t. the metrics ¢, dx* and
¢y 2dx?, respectively. Similarly, we denote the corresponding £’s by ¢, and .

Theorem 1. Let p, \, j1 be smooth in Q. Let k~'(q), q € [0, 1] be a strictly convex foliation
w.rt. ¢, and let T' = k1([0, 1]) N 0. Then for every € > 0, ¢, is uniquely determined on the
foliation k~'([0,1]) N Q by knowledge, up to a smooth function, of the kernel A(t2, 3,11, x1)
of Aon (0,T) x T x (0,e) x T, if T is greater than the length of all geodesics, in the metric
¢ 2dx?, in Q having the property that each one is tangent to some of the hypersurfaces in the
foliation.

The same statement remains true for c, replaced by c;.

We refer to figure 1 for an illustration of the set where we can recover the speeds. Note that
we do not require to know the actual (localized) DN map; we just need to know where the
singularities of the kernel are in space and time, see also figure 2.

We only need microlocal information about A, wee remark 5.1. Also, since (Lp, Zp) and
(L, £5) are part of the wave front set of the kernel of A, we can argue that they can be recov-
ered stably form it; and in fact, they are directly observable in seismic experiments. Then one
can apply the stability result in [23] to conclude that ¢, and ¢, are stably recoverable from A.
We will not make this statement more precise in this paper.

3. Preliminaries

3.1. An invariant formulation

We have

(Eu); = p™! ;(@)\3}%‘ + Opdjui + Ojudu). )
This can also be written in the following divergence form.

Eu = p~"(d\ou + 26 ud*u), (8)

where d'u = (Qju; + Ou;)/2 is the symmetric differential, and § = —(d*)* is the divergence
of symmetric fields.

To prepare ourselves for changes of variables needed in the analysis near surfaces that we
will flatten out, we will write E in invariant way in the presence of a Riemannian metric g. We
view u as an one form (a covector field) and we define the symmetric differential d* and the
divergence ¢ by
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Figure 1. The foliation related to either ¢, and ¢y, and the part I" of 00 where A is
known. We can recover the speed in M.

(ta, xa)

(t1,21)
(to =0, z0) /u/\
I

Figure 2. The bicharacteristic v (projected to the base).

1 . .
(dsu),j = 5 (V,»uj + Vju,-) , (50),‘ = VJ'U,'j, ou = V’ui,

where V is the covariant differential, V/ = g¥V,, u is a covector field, and v is a symmetric
covariant tensor field of order two. Note that d* increases the order of the tensor by one while
6 decreases it by one. Then we define E by (8). The stress tensor (5) is given by

o(u) = Mou)g + 2ud’u, 9)

and then Eu = p~'60(u). The Neumann boundary condition Nu at 9 is still given by pre-
scribing the values of o;;(u)v/ on it as in (4). The operator E, defined originally on C5°(£2)
extends to a self-adjoint operator in L?((2, pdx). This extension is the one satisfying the zero
Dirichlet boundary condition on R x 9. In particular, this shows that the mixed problem
(3) is solvable with smooth data f at least since one can always extend finside and reduce the
problem to solving one with a zero boundary condition and a non-zero source term; and then
use the Duhamel’s principle for the latter.

We show next that the data (u, Nu) on the boundary is equivalent to knowing the Cauchy data
on it, see also [18, section 3.1]. In next lemma, we use semigeodesic coordinates x = (x’, x3) to
a given hypersurface S, with x* > 0 on one side of it, defining the orientation. The Euclidean
metric then takes the form g in those coordinates with g,3 = 43 forl < a < 3.
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Lemma 1. For every hypersuiface S, the pair (u, Nu)|s determined uniquely the Cauchy
data (u, O,u)|s. More precisely, in semigeodesic coordinates, the normal derivative of u on S
can be obtained from u|s and Nuls by the relations

1
Ot =—(Nu) o, — Oqiz + 2FJlf3ua, a=1,2,
g (10)
Osu3 :ﬂ ((Nu)3 — A(du)),

where Ff; are the Christoffel symbols of the Euclidean metric in semigeodesic coordinates.

Before presenting the proof, we want to emphasize that u is also transformed in the new
coordinates (as a covector), and ¢ is the divergence w.r.t. the transformed metric. Also, in more
invariant terms, (10) takes the form

1
Vg =—(Nu)o — Vauz, a=1,2,
1

| (11)
631/!3 :Z ((Nu)3 - )\(51,{)) .
where V is the covariant derivative, and we used the fact that Viuz = Osus.

Proof. In those coordinates,

(Nu)j = A((Su)éﬁ +u (8314]' + aju3 — 2Ff3uk) .

Setting j = 3, we get the second formula in (10) because I'{; = 0. Taking j = 1,2, we get the
first one one. O

4. Geometric optics for the elastic wave equation

We recall the well known geometric optics construction for the acoustic and the elastic wave
equations, see, e.g. [27, 28].

4.1. The Cauchy problem with data at t = 0 in the acoustic case

We start with the scalar acoustic case which we use in the analysis of the elastic one. We work
in arbitrary dimensions n > 2 here. Details can be found in [27, 28], for example. In fact, for
the elastic case, we need to study (12) for vector valued functions with a first order ¥DO term
and this case is considered in [27]. While the leading order amplitude depends on the subprin-
cipal term of the equation; the geometry of the problem, i.e. the propagation of singularities
is the same as that for (12).

We recall briefly the geometric optic construction for the acoustic wave equation

(07 — *Ag)u=0 (12)

with Cauchy data (u, Qu) = (hy, hy) at t = 0. Here, go is a Riemannian metric that we include
in order to have the flexibility to change coordinates easily; and A, is the Laplace—Beltrami
operator. Up to lower order terms, ¢, coincides with A, with g := ¢~2gy. We are looking
for solutions of the form
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) = @n) " 3 [ €050 (a0 in(6)
o=t (13)

el asa (6.5, €)a(€) ) de,

modulo terms involving smoothing operators of /; and h,, defined in some neighborhood of
t = 0, x = xp with some xj. This parametrix differs from the actual solution by a smoothing
operator applied to h = (hy, hy), as it follows from standard hyperbolic estimates.

Here, a; » are classical amplitudes of order zero depending smoothly on ¢ of the form

k .
oSl a2 0
k=0
where a](’lf,) is homogeneous in £ of degree —k for large |£|. The phase functions ¢ are posi-

tively homogeneous of order 1 in ¢ solving the eikonal equations

O £ C(x)|vx¢|go =0, ¢i|t:0 =x-¢&. (15)

Such solutions exist locally only, in general.
Equate the order 1 terms in the expansion of (97 — czAgo)u to get that the principal terms
of the amplitudes must solve the transport equation

((062)0 - 6§(0:62)0; + €1 ) a2 =0, (16)
with appropriate initial conditions and
2Cs = (0] — Ag) 9 (17)

Equating terms homogeneous in £ of lower order we get transport equations for a}k) j=12,...

.0’

with the same left-hand side as in (16) with a right-hand side determined by a,(fa_ D

The transport equations are ODEs along the zero bicharacteristics, which are just the geo-
desics of the metric g lifted to the phase space, with vectors identified by covectors by the
metric. The integrals appearing in (13) are Fourier integral operators (FIOs) either with #
considered as a parameter, or as ¢ considered as one of the variables. In the former case, sin-
gularities of (hy, h,) propagate along the zero bicharacteristics. More precisely, for every ¢,

WEFE(u(z,-)) = C4(t) o WF(h) U C_(¢) o WFE(h), (18)
where u := (u,u;), h = (hy, hy) and

C(0)(x.&) = (Vae/1el, (1) 1€]e& e 161, (1)) -

C-()(%€) = (Ve—e/le], (1)s —1€le&Fr—e/1¢1, (1) = C(=1)(x,€),

and for (x,7) € T*R*\ 0, 7., is the geodesic issued from x in direction g~'7).
On the other hand, considering ¢ as one of the variables,

WEF(u) = C4 o WF(h) U C_ o WF(h), (19)
where

Ci (%,6) = { (1. 116l (05 =€ g [€l 8w 16, (1) 5 7 € R},
Co(x,8) = {(t:Yae/1el, (1), |Elgs 1€l g8 Hu—es1el, (1) € R}
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In the analysis below, we will consider C+ only.

The construction above can be done in some neighborhood of a fixed point (0, xp) in gen-
eral. To extend it globally, we can localize it first for h with WF(h) in a conic neighborhood
of some fixed (xo,£°) € T*R?\ 0. Then u will be well defined near the geodesic issued from
that point but in some neighborhood of (0, x() in general. We can fix some ¢ = #; at which u
is still defined, take the Cauchy data there and use it to construct a new solution. Then we get
an FIO which is a composition of the two local FIOs each one associated with a canonical
diffeomorphism, then so is the composition. Then we can use a partition of unity to conclude
that while the representation (13) is local, the conclusions (18) and (19) are global. In fact, it
is well known that both h — w and h — (¢, -) with 7 fixed are global FIOs associated with the
canonical relations in (18) and (19).

In particular, if S is a smooth hypersurface, and 7, ¢(7) hits S for the first time 7 = #(x, &)
transversely locally, then h — u|g is an FIO again with a canonical relation as C+ above but
with 7 = #(x, £) and 7 replaced by its tangential projection 7’ := %'. Notice that 7 = —[¢|, < 0
for C+ and 7 = ||, > 0 for C_. Also, |7'| < |n|, with equality for tangent rays which we
exclude.

4.2. The Cauchy problem at t = 0 and propagation of singularities in the elastic case

Consider the elastic wave equation
Uy — Eu :0,
(u, ;)] i=0 =(h1, h2)

with Cauchy data h := (hy, hy) at = 0. We want to solve it microlocally for 7 in some interval
and x in an open set.

We recall the construction in [27]. The principal symbol o,(—FE) of —E has eigenvalues
of constant multiplicities. Near every (xg,£%) € T*Q \ 0, one can decouple the full symbol
o(—E) fully up to symbols of order —oc. In other words, there exist an elliptic matrix valued
UDO U of order 0 microlocally defined near (xo, £°), so that

UlEU<P O> 1)
0 S

modulo $~°° near (xo, £°), where P is scalar, and S is a 2 x 2 matrix symbol, with principal
symbols 0, (P) = ¢;|¢]%, 0, (S) = ¢}|€|% In other words, P is scalar and S is principally scalar.
The inverse U~ ! above stands for a microlocal parametrix. In fact, U can be chosen to be uni-
tary in microlocal sense [21]. As an example, the principal symbol of U can be chosen to be

(20)

& =& 0
o) =" & & &
&E 0 =&

when & # 0. It then follows that microlocally, the elasticity system decouples into two wave
equations of the kind (22), the first one scalar, and the second one a 2 x 2 system. Indeed, set
(Wpows) =U ~ly with wy, scalar and w, two-vector valued. Then, microlocally, in the conic set
where (21) holds, (20) reduces to

(87 — A —Ry)wp € C®, (8} — ;A —Ry) € C™, (22)

where R, and R, are YDOs of order one, with Cauchy data at = 0 which can be obtained
from that for u. The system (22) is coupled in the smoothing part only which is moved to the

8
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right hand side above. The first equation has ¥, as a characteristic manifold, while the second
one has ¥;. Now, we can apply the propagation of singularities results, and more specifically
those in [8, 27] reviewed in section 4.1. Then we conclude that singularities in those neighbor-

hoods propagate along the zero bicharacteristics of 7% — cf,|§ | and 72 — c2|£[%, respectively.

This implies a global result, as well. We get a bit more: (22) is microlocally equivalent to (20).

5. Proof of the main results

The following theorem is a local version of the statement that given A, we can recover the lens
relations (L, ¢,) and (L, £), see [11, 19] for the global version.

Theorem 2. Let I' C 0N) be relatively open and let T > 0. For 0 < ¢ < T, assume that
Sor every f with a singular support in (0,¢) x ', Af is known on (0,T) X T', up to a smooth
function. Then the lens relations (L,, £,) and (Ly, {s) are determined uniquely on the open sets
of (x,v) with x € I so that the unit speed geodesic issued from (x,v) (i.e. unit speed in the
direction of v) in the metric c,; 2dx?, respectively ¢ 2dx?, is transversal at x and hits ) again,
transversely, at a point in I’ at a time not exceeding T.

Proof. By [18], the jets of p, A, v at " are uniquely determined by the kernel of A known on
[(0,€) x T']? for any fixed € > 0. Since the proof is based on applying A to highly oscillatory
functions, any smooth addition to that kernel would not change the reconstruction.

Using this, we extend p, A, & smoothly to some small neighborhood U of T in the exterior
Qexc of Q in a way determined uniquely by the data in the theorem.

Choose (; := (t1,x1,71 = —¢,|€!], &) € T*((0,€) x Q) \ 0 (which is characteristic for
the Hamiltonian related to c,), with x; € 9Q and &' pointing into . Assume that the null
bicharacteristic v in Q (actually, T*(R x )) through (; is transversal at that point, and hits
T*(R x 0Q) again transversely at some (5 := (t2, X2, T2, £2) with x, € 9€2. Extend ~y outside the
domain on the side of ¢; until it hits {# = 0} at some point {p := (t = 0,x0, 70 = —¢,[£°], £°).
If 0 < e < 1, this short segment will be outside Q,i.e. x ¢ Q, see figure 2.

Let u{, be an outgoing (smooth for ¢ < 0 in £2) microlocal solution in (0, 7) X Qe related
to (p, A, 1), with a wave front set in X, only, the latter supported in a small conic neighbor-
hood of ~. This solution can be constructed by choosing suitable Cauchy data at t = 0 near
Xo as explained in the previous section. We think of u{, as a microlocal p-wave propagating
along ~. We cut smoothly u, so that its support is concentrated near ; call the result ug. Then
(0?7 —E)ug = v € C®((0,T) x Qexr) and up = Gyup = 0, v = 0 in € for 7 near 0.

The trace f of uy on the boundary can be naturally written as f = f; 4 f,, where f; have
wave front sets in small conic neighborhoods of the projection of v on T*(R x 912), i.e. close
to Cj’ = (4, x;, 75, (& 7", j = 1,2, where the prime stands for a tangential projection. Note that
the role of uy was to generate fi, giving rise to microlocal p-waves only.

Let u solve (3) with f = fi (i.e. f> is replaced by zero). The singularities issued from f; will
propagate to the future only and before they hit 02 again, ug and u differ by a smooth function.
When they hit 052, they will reflect at 92 and there will be a possible mode conversion. We are
not going to build a parametrix for the reflection. Instead, it is enough to prove that J,u has a
non-empty wave from set in a conic neighborhood of ¢j.

Let w be u extended as zero t0 Qey. Then (87 — E)w = —p~!(Nu) @ 8y, where &y is the
delta function on R x 99 on the boundary, see (4). Assume ¢} ¢ WF(Nu); then at (#2, x2), the
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wave front set of —(Nu) ® J, on the plane 7 spanned by ¢} and the conormal to the bound-
ary can be only along the conormal, as it follows by the calculus of the wave front sets. In
particular, (7,,&?) (the fiber component of  at that point) cannot be in the wave front set of
(Nu) ® dy, because the latter is in 7; and (72, £2) is certainly not conormal, being characteristic.
By the propagation of singularities theorem (with a source term having a wave front set away
from the microlocal region of interest), each point of v must be a singularity for w, or none is.
This is a contradiction since w is singular on ~y in the domain, and non-singular on y outside
it. Therefore, ¢} € WF(Nu).

We can take a sequence of f’s as above with shrinking wave fronts sets to ¢; (or take f with
WE(f1) on the radial ray through (;) to conclude that A determines the p-lens relation (L, ¢,)
at (p. Since the part of « between (p and (; is uniquely determined by the data, conclude that
(Lp, £y) is uniquely determined at ¢; as well.

To show that A determines the lens relation (L, ¢;) related to the s-waves on Gy, we argue
as above. O

Remark 5.1. The proof actually shows that we only need to know the wave front set of the
kernel of A microlocally at ((¢1,x1, 71, —(£")’), (2, %2, 72, (§?)’) only for ¢, and similarly for
¢s» in order to decide if (x1, (€')’,x2, (€?)’, 1, — t1) belongs to the graph of the p-lens relation
with an identification of covectors and vectors by the metric ¢, 2dx?. Here, (t2,x2, 2, (£2)') is
the image of (¢1,x,71,&") (recall that (£') is the projection of ¢') under the bicharacteristic
flow until it hits the boundary; and then projected there.

Proof of theorem 1. Consider ¢, first. By theorem 2, we can recover the lens relation
(Lp,£,) on the foliation. By [23], this recover ¢, in the region covered by the foliation, as
claimed. The proof for ¢ is the same. O

6. The Herglotz and Wieckert and Zoeppritz condition

We formulate generalized version of the Herglotz [12] and Wieckert and Zoeppritz [30] condi-
tion on a speed ¢(x) in the ball B(0, R):

9 r
or ¢(r,w)

where x = rw, |w| = 1 and we work in R" in this section. The original condition in [12, 30]
is about radial speeds ¢(r) only. In particular, (23) holds when d,c¢ < 0, i.e. when the speed
decreases in depth. This inequality was shown on [23] to be equivalent to the requirement the
Euclidean sphere |x| = r to be strictly convex with respect to ¢ ~2dx?. If 9 is flat locally, the
convexity condition is that ¢ increases with depth. We formulate those two conditions formally
in the following.

>0, for0<r=|x|<R, (23)

Lemma 2.

(a) The Euclidean spheres S, = {x € R"; |x| =r}, R <r < Ry, form a strictly convex
foliation in some set with respect to the metric c~>dx?, viewed from the exterior, if and
only if (23) holds for such r and for x = rw in that set.

(b) The Euclidean hyperplanes {x € R"; X" = C}, C; < C < C, form a strictly convex
foliation in some set with respect to the metric ¢c~>dx?, viewed from x* > C, if and only
Oc/0x" > 0 in that set.

10
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r r

A

Figure 3. The shaded region is where we can recover the speed if the speed increases
with depth, illustrating lemma 2 (a) and (b), respectively.

Part (a) is proved in [23]. Those two statements are a partial case of the following more
general one. Recall that strict convexity of an oriented hypersurface S in a Riemannian mani-
fold is defined as a positivity of the second fundamental form; and if that form in non-negative,
we will call § convex. If the second fundamental form vanishes at some point of S, we call this
point flat, which is a special case of convex. Under this definition, totally geodesic hypersur-
faces are still convex.

Lemma 3. Let the oriented hypersurface S be strictly convex w.r.t. the metric g at some
point xg. Fix a smooth ¢ > 0. Let 8/0v be the unit normal derivative at xy pointing to the
convex side. If Oc/Ov < 0, then S is strictly convex w.r.t. the metric ¢~%g at xo.

If S is flat at xo, then Oc/Ov < 0 is an if and only if condition for strict convexity.

Proof. We work in semigeodesic local coordinates near xy so that S is given locally by
x" = 0 and the convex side is x" > 0. We need to show that the second fundamental form re-
lated to ¢ =g on hyperplane x" = 0 is positive when that related to g is. Denote the Christoffel

symbols of g by 1"{; and those of ¢~2dx? by f‘f; Using the relationship between Christoffel
symbols of conformal metrics, we get

~ 1
Fz = Fz + icz (6jkax, + 6f‘8xj — gijﬁxk) C_2.

On T{x" = 0}, which implies &" = 0 in particular, the second fundamental form of g and ¢ ~2g
on x" = 0 are related by

n « n a 1 —
—T7 56787 = T 56767 + §c2|£'|§,8xnc 2

where Greek indices run from 1 ton — I and &' = (£ L f"’l). Therefore, that form is posi-
tive if dnc < 0; and when the form on the right vanishes, then this is an if and only of condi-
tion. O

Lemma 2(b) then follows from lemma 3 since the Euclidean hypersurfaces are convex by
our definition (they are flat). Using the fact that the Euclidean spheres are strictly convex, we
can derive strict convexity in lemma 2(a) under the weaker condition d,c < 0. One can check
directly the the Euclidean spheres are flat for the metric |x| ~2dx?, which implies lemma 2(a)
in its full strength.

Part (b) and theorem 1 in particular provide uniqueness for the local seismology problem
when the surface of the Earth is modeled as the plane x> = 0 in R?, and the Earth itself is given
locally by x* > 0, under the conditions 0, ¢y > 0 and 03¢y > 0, see figure 3(b). For deeper
regions, the spherical model can be used and then condition (23) guarantees existence of a
strictly convex foliation. Those conditions are satisfied in the upper mantle, at least, according

1
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to the popular preliminary reference Earth model (PERM) [9]. In fact, the stronger condition
0r¢ < 0 holds, and figure 3(a) illustrates typical regions where the uniqueness holds.
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