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Notation

Here is some common mathematical notation, some of which will be used at various
points in the book.

e 7 (the set of integers)

e Q (the set of rational numbers)
e R (the set of real numbers)

C(

. the set of complex numbers)

:= or = (defined as)
o 3 (there exists)

.. (therefore)

o VY (for all)

€ (an element of) for example, x € M means x is an element or member of
the set M

f:X =Y (fis a function from the set X to the set Y; f is also called a map
or mapping)

idx : X — X (the identity map from X to X)
A = B (A implies B)

A < B (B implies A)

A <= B (A and B are equivalent)

iff (if and only if)

P—‘I
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Part 1

Basics
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Chapter 1

Linear Systems & the Gauss
Jordan Method

1.1. Linear Equations

Our entry point into Linear Algebra will be linear equations. Linear equations
appear frequently in such fields as physics, engineering, computer science, and eco-
nomics. Hence, knowing how to solve systems of linear equations and being able
to determine when a system has a unique solution, infinitely many solutions, or
no solution turns out to be quite important. With that said, we begin with the
definition of a linear equation:

Definition 1.1. A linear equation in n variables x1,...,T, is any equa-
tion of the form
a1, + asxy + -+ + apxy, = b,

where ay,...,a,,b € R are constants.

Example 1.2. z; +4z9 = 12 is a linear equation in 2-variables. Note that
if we are only dealing with 2 variables, we usually use © and y as variables
in place of ©1 and xo. The names of the variables are not mportant here.
What is important is the number of variables. Hence, we can also write
r1+4x9 =12 as x + 4y = 12.

\lI



8 1. Linear Systems & the Gauss Jordan Method

Example 1.3. z + 4y + 0z = 12 is a linear equation in 3-variables. Since
the coefficient of z (i.e., the number multiplying z) is 0, we can abbreviate
this equation as x — 4y = 12 provided that we remember that a solution
to this equation is a triple (a,b,c) which satisfies x + 4y + 0z = 12. For
example, (4,2,0) and (4,2,10) are both solutions since

4+ 4(2) +0(0) = 12
4+ 4(2) +0(10) = 12.

Example 1.4. 3zy + y2 = 1 is not a linear equation. In a linear equation,
the variables are never multiplied together. In other words, a linear equa-
tion is a polynomial of degree 1. An equation which is not linear is called
nonlinear.

At this point, you might be wondering why linear equations are called “linear”? It
turns out that if you plot all solutions to a linear equation in n variables

a1r1 + asrs + - -+ + apr, = b,

the result will be an (n — 1)-dimensional plane and a plane is just a higher dimen-
sional version of a line. At this point, do not worry about the exact meaning of
dimension. Roughly speaking, the dimension refers to the number of degrees of
freedom of the equation. So if you have one equation with n-variables, then n — 1
of the variables can take on any value. However, this fixes the remaining variable
since it has to satisfy the equation. Hence, n —1 degrees of freedom. To make more
sense of this, let’s look at planes in dimension 0, 1, and 2.

Example 1.5. An equation in 1-variable is 2x = 6. There is only one
solution to this equation: © = 3. Hence, the solution is just a single point
located at © = 3 on the real number line.

Example 1.6. An equation in 2-variables is x —y = 0. Rearranging the
equation, we see that the solution is the diagonal line y = x in the xy-plane
which passes through the origin (0,0) and through the point (1,1). A line
is a 1-dimensional object. (The dimension is one since one only needs one
parameter or “degree of freedom” to describe it.)
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Example 1.7. An equation in 3-variables is 0x + Oy + z = 0. The solution
to this equation is the set {(a,b,0) | a,b € R}. In other words, the solution
is the entire xy-plane (i.e., a flat, infinitely thin table at z = 0 of infinite
length and width).

From the above examples, the solution to a linear equation in 1-variable is just
a single point; a solution to a linear equation in 2-variables is a straight line; and
a solution to a linear equation in 3-variables is a 2-dimensional plane. In these
examples, the solutions were either a line or some generalization of a line. This
provides some motivation for why linear equations are called “linear”.

1.2. The Gauss Jordan Method

A natural problem in linear algebra is finding the solution to a system of linear
equations. A system of linear equations is just a collection of linear equations where
all the equations use the same set variables. In general, the number of equations
are not equal to the number of variables. For now, we will deal with the case when
the number of equations in the system is equal to the number of variables. As an
example, here is a linear system of two equation in two variables:

o — 3y = —2
3x+2y =14

This particular system is very easy to solve using basic algebra. In this case, the
system has exactly one solution: =z = 2, y = 4. Now suppose that you have to
solve a system with n equations and n variables where n > 2. Naturally, things
are more complicated now. For this reason, we would like to have a systematic
way of solving a system of linear equations. In this section, we will introduce the
famous Gauss Jordan method which provides a very nice way of solving all systems
of linear equations (and not just the ones where the number of equations equals
the number of variables).

The basic idea of the Gauss Jordan method is to use a combination of three
basic transformations to transform a system of linear equations into an equiva-
lent system, one where the solution can be literally read off from the transformed
system. Before we describe what the three transformations are, we need to define
what it means for two linear systems to be equivalent.
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Definition 1.8. Let A and B be two linear systems which use the same set
of variables. A and B are equuialent if every solution of A is a solution of
B and every solution of B is a solution of A.

The three transformations used by the Gauss Jordan method does not alter
the solution set of a linear system. In other words, it preserves the content or
information about a linear system. Here are the three basic transformations of the
Gauss Jordan method:

1. swapping the order of two equations
2. multiplying (or scaling) any equation by a nonzero number
3. adding a multiple of one equation to a different equation

Exercise 1.9. Prove that applying any combination of the three basic trans-
formations to a linear system will not alter the solution set of the original

system.

When we apply the Gauss Jordan method, we express the linear equations as
an augmented matrix. For example, for the linear system

2z 4+ 4y =10
7I+y:727

the augmented matrix is

2 4 10
-1 1 =2 )

Note that the first row is simply the first equation and the second row is the second
equation. The first column are the coefficients of the x-variable; the second column
are the coefficients of the y-variable; and the last column are the numbers appearing
to the right of the equal sign.

Exercise 1.10. A linear system in 3-variables x, y, and z has the following

augmented matrix:

1 4 -3 -8
2 0 -7 2
-3 5 -8 6

Write down the equations for this linear system.
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Since we work with augmented matrices when applying the Gauss Jordan
method, the three basic transformations for a linear system are expressed as three
row operations:

1. swapping any two rows (swapping rows ¢ and j will be denoted as
R, < R])

2. scaling a multiple of a row by a nonzero number (scaling row ¢ by ¢ # 0
will be denoted as cR; — R;)

3. adding a multiple of one row to a different row (adding ¢ times row i
to row j will be denoted as cR; + R; — R;)

We now illustrate the Gauss Jordan method with two examples. The first
example is a linear system in 2-variables and 2-equations and the second is a linear
system in 3-variables and 3-equations.

Example 1.11.
4z + 5y =6
r+4y=—4

The first thing we do is express the above system as an augmented matriz:

4 5 6
1 4 —4 )

The goal is to use a series of basic transformations to transform the above
augmented matrix into one that looks like this:

1 0 a
01 b /)

The above matriz is said to be in reduced row echelon formHere is one way

to do this:
1 4 —4
4 5 6 '

1. Rl A d RQ

2. We now use the left-most 717 in the first equation to zero out everything
below it. This “1” is called a pivot. In other words, we apply —4R; +
Ry — Ry which gives

1 4 -4

0 —-11 22 /°
1 4 —4
01 -2 )°

h _TllRQ — Ry
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4. Use the middle “1” in the second equation to zero out everything above
it. This “1” is also a pivot. In other words, we apply —4Rs+ R1 — Rj:

1 0 4
01 -2 )°

An augmented matrix of the above form is in reduced row echelon form.
The last augmented matrix represents the following linear system:

z+0y=4

Or +y = -2,
Hence, the solution is x = 4, y = —2.
Example 1.12.

2c+y+2=4

z+y+42z=0

3xr+2y+32=6

As before, we express the system as an augmented matriz

2 1 1 4
1 1 40
3 2 3 6
Here is one way to put the augmented matriz in reduced row echelon form:

1. Ri & Ry
1 1 40
2 1 1 4
3 2 3 6

2. Use the left most “1” in the first row as a piwot: —2Ry + Ry — Ry and

—3Ry + R3 — R3
1 1 4 0
0 -1 -7 4
0 -1 -9 6
2. —Rz — R2

1 1 4 0
0 1 7T -4
0 -1 -9 6




1.2. The Gauss Jordan Method 13

3. Next we use the leftmost “1” in the second row as a pivot to zero out
everything above it and below it. —Rs + Ry — R; and Ry + Rz — R3
1 0 -3 4
01 7 —4
00 -2 2
4. —%R3 — R3
1 0 -3 4
01 7 -4
00 1 -1
5. Use the leftmost “1” in the third row as a pivot. 3R3 + Ry — R; and
—T7R3 + Ry — Ro
1 0 0 1
01 0 3
00 1 -1
We now have the augmented matrix in reduced row echelon form. The
solution is x = —1, y = 3, and z = —1. Note that once we have the
solution we can substitute it back into the original linear system and
check that it actually works.

In Examples 1.11 and 1.12, the augmented matrix in reduced echelon form took
the following forms respectively

1 0 a
(01 b)and

These observations motivate the following definition:

o O =
o = O

Definition 1.13. The n X n matriz

01 - 0
I, =

is called the identity matrix of size n. (In components, I, is the n X n
matriz whose (i, j)-entry is I;; = 0 for i # j and whose (i,1)-entry is I;; =

1.)

The reason for calling I,, the identity matrix will become clear when we discuss
matrix multiplication later on. At this point, we have used the word “matrix” in
reference to the augmented matriz of a linear system and the identity matriz. Let’s
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take a moment to formally define it before continuing:

Definition 1.14. An n x m matriz is an array of numbers consisting of
n rows and m columns. If n = m, that is, the matriz has the same number
of rows and columns, the matriz is called a square matriz. If m =1 and
n > 1, then the matrix is called a column vector of sizen. If n =1 and
m > 1, then the matriz is called a row vector of size m.

At this point, do not worry about the meaning of the word “vector” appearing in
Definition 1.14. We will get to vectors soon enough.

Example 1.15.

1. A 2 x 3 matriz:

3

(3

1
=2

=1
4

)

2. A 2 x 1 matriz (or column vector of size 2):
(+)

3
Remark 1.16. [t is not always true that a linear system will have a unique
solution. A linear system with n-equations and n-variables will have a unique
solution if and only its augmented matrix can be transformed into a matriz

of the following form:
(In )
where b is a column vector of size n.

We conclude this section with a simple example of a linear system whose augmented
matrix cannot be expressed in the form given by Remark 1.16:

Example 1.17.
—3r+2y =2
6r —4y =14
The augmented matriz is

(%%

Let’s try to put it in reduced row echelon form and see what happens.

2
—4

2
—4
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We apply the following row operation: 2R; + Ry — Ro

-3 2 2
( 0 00 ) ’
The new augmented matrix shows that the original system is actually de-
fined by one equation: the line —3xz + 2y = 2. Hence, every point on the

aforementioned line is a solution to the original system. The solution set is
the infinite set

{(@,3a+1) |acR).

1.3. More Gauss-Jordan

In this section, we consider a few examples of linear systems which have infinitely
many solutions or no solution.

Example 1.18.
T+2y—Tz=-7
—2r+y+4z=—6
—T+y+z=-95

The augmented matriz is

1 2 -7 -7
-2 1 4 -6
-1 1 1 =5

Let’s put it in reduced echelon form (REF):
1. 2R1 + Ry — Ry and Ry + R3 — R3
1 2 -7 -7
0 5 —-10 -20
0 3 -6 -12

2. %RQ — Ry
1 2 -7 -7
01 -2 -4
0 3 -6 -—12
3. —2Ry+ Ry — Ry and —3R2+ R3 — R3
10 -3 1
01 -2 —4

00 0 O
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The new system (which is equivalent to the original) has two equations:
x—32 =1 and y — 2z = —4. Note that given an arbitrary value for z,
the values of x and y are uniquely given by x = 32 + 1 and y = 2z — 4.
Hence, the solution set for the original system is © = 3a + 1, y = 2a — 4,

z = a where a is any real number. In set notation, the solution set is
{Ba+1,2a —4,a) | a € R}.

Exercise 1.19. Put the following augmented matriz in reduced echelon form
(REF):

00 2 -2 2
3 3 =3 9 12
4 4 -2 11 12

Example 1.20. Consider the linear system
T+ 2y+z=1
r—y+2z=-1

20 +y+ 3z = 2.

The augmented matriz for this system is then

1 2 1 1
1 -1 2 -1
2 1 3 2

Let’s try to put the augmented matriz in REF:
1. =Ry + Ry — R3 and —2R; + R3 — R3

1 2 1 1

0 -3 1 -2

0 -3 1 0
2. —Ry+ R3s — R3

1 2 1 1

0 -3 1 -2

0 0 0 2

The last row of the transformed augmented matrixz represents the equation
0z + Oy + 0z = 2 which has no solution. Hence, the original system has no
solution.
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form
a1x1 + asxrs + - -+ apx, =0

where ay,...,a, € R.

Definition 1.21. A linear system in n-variables xy, ..
neous if every equation is set equal to zero, that is, every equation has the

.,Zn s homoge-

Note that every homogenous linear system in n-variables has at least one solution,

namely, t1 =zo = --- =x, =0.

Once a value of x4 is chosen, all the other

Example 1.22. Let’s find the general solution for the homogenous system
whose augmented matriz is
1 1 1 3 0
01 -1 4 0
21 0 -1 0
Here is one way to put it in REF:
1. —2R; + R3s — R3
1 1 1 3 0
o 1 -1 4 0 |.
0 -1 -2 -7 0
2. =Ry + R1 — Ry and Ry + R3 — R3
10 2 -1 0
01 -1 4 0 ].
00 -3 -3 0
3. —3R3 — R3
10 2 -1 0
01 -1 4 0 ].
0 0 1 1 0
4. —2R3 4+ Ry — Ry and R3 + Ry — Ro
10 0 =3 O
01 0 5 0
001 1 O
The augmented matriz is now in REF. The linear system representing the
transformed augmented matrix is
r1 —3x4 =0, 2o+524=0, x3+2x4=0.
FEvery equation contains 4.
variables are uniquely determined. So a general solution for this system is
1 =3r, xo=-—0r, Tx3=-—r, T4=T,

VreR
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Chapter 1 Exercises

Solve the following linear systems by the Gauss-Jordan Method. If a system has
infinitely many solutions, give the general form of the solution. If a system has no
solution, then write no zolution and give a brief explanation why.

1.
or —y+ 2z =17
20 +2y+2=5
r+y+2z=17
2.
2x1 4+ 4xo + 8x3 — 214 = —6
31‘17I2+21‘371‘4:2
T1+ 29+ x3+T4 =2
4$1+3$2+21‘3+1‘4:3
3.
r+2y+32=14
2t —y+2=3
r—3y—2z=1
4.
T +4$273$3*7£L’4:*8
3r1 —x9 —x3+2x4 =5
2x1 + 229 — bxg 4+ 224 = —8
5.
T, 4+ 229 +3x3 — x4 =1
1 +To+x3—T4 =2
21’1—31’2+2$3+$4:3
201 — 2x9 + 223 — x4 =4
6.

r+2y+32=0
r4+4y+9z =—-4
x4+ 16y + 81z = —64
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7.
v+w+zr—5y+4z2="7
2042w+ —-8y+52=9
v+2w—x—-2y—z=-4
8.
dr+2y+22=0
rz+2y+2=0
r—4y—2=0
9.
r+2y+22=95
3z —4y+z2=-10
r+y+z=2
10.
1+ X2+ 23 — 624 — 225 =5
T, + 2x9 +x3 — Txg — 325 =9
LE1+2’I2+2I’379$472£L’5:9
11.
w+r+y+z=>5
2w+ +3y —4z2= -5
w+2x+2y+2==06
w—r+y+z="7
12.

T+ 23+ 14 =2
201+ a9+ 13+ 24+ 75 =2
3rs + x4+ 225 =1
drs + x4 + 25 = —4
T+ 2x4 + 25 =3

Express each augmented matrix as a system of linear equations.

13.
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14.
1 -2 3 -4 5
—6 1 2 9 7
0 2 1 4 10
3 0 5 0 1
15.
1 -1 1 2
2 -1 1 5
1 2

Put each augmented matrix in reduced row echelon form:

16.
11 4 -1
2 2 8 -2
31 6 -5
17.
1 2 3 2
1 4 9 6
1 16 81 66
18.

NN W~
N W NN
DN = =W
|
—_
— =



—
Chapter 2

R"™ as a Vector Space

2.1. Some Motivation

Some quantities in everyday life require only one real number for a complete de-
scription. For example, one number is needed to describe the height or weight of a
person. Some quantities, on the other hand, require more than one real number for
a complete description. One example is the wind. What information is required to
describe the wind? Well, for one thing, you need to know its speed and direction.
For a complete description, you also need to know its location. For the moment, we
will put that third piece of information aside and focus only on the first two pieces
of information which define the wind velocity. In other words,

wind velocity = wind speed + wind direction.

Wind velocity is an example of a vector. If we knew the wind velocity at every
point or location of a space, then we would have a vector field which would provide
a complete description of the wind. Vector fields are objects which you encounter
in a calculus IIT course or a physics course on electricity (think electromagnetic
field). Since this is a book on linear algebra, we are going to steer clear of vector
fields and just focus on vectors. From our point of view then, we are interested in
what is happening at only one point in space as opposed to worrying about what
is happening at every location of space.

Let’s return to our wind velocity example. To make things even simpler, let’s
suppose that the wind direction is parallel to the ground (this is how the wind is
described in the wind forecast). How might we depict the wind velocity at some
fixed point O in, say, Central Park? One way is to represent the wind velocity as an
arrow in the zy-plane. The length of the arrow will equal the wind speed and the
direction of the arrow will (naturally) represent the wind direction. If we take the
coordinates (0,0) as representing the point O, then we can indicate that the wind

21



22 2. R™ as a Vector Space

velocity is at point O by drawing the arrow with its tail at (0,0). An example of
this representation is given in Figure 1. There the arrow has been labeled as @. It
begins at O and terminates at the point P(4,3). Using the Pythagorean theorem,
the length of the arrow is 5. If we work in units of miles per hour (mph), then
the arrow (or vector) u in the xy-plane represents a 5 mph wind at a point O in
Central Park which is blowing in a north easterly direction (if we take the positive
y-axis as north).

NN

P(4,3)

Figure 1. wind velocity at a point O in Central Park represented as an arrow
in the zy-plane

So the take away from this example is that an arrow in the zy-plane whose
tail is located at the origin (0,0) is an example of an object called a vector. In this
chapter, all vectors are going to be arrows whose tails are located at the origin.
Since the tail of a vector is (0, 0), a vector is completely determined by the location
of the head of the arrow. The zy-plane, the set of all arrows with two components,
is an example of a vector space. However, its not just a set. It has a structure
to it which allows two vectors to be added to produce a new vector. Moreover,
vectors can also be scaled, which has the effect of altering their length. All of this
will be made precise in the next section.

When we talk about the xy-plane as a vector space, its more common to call
it R2. (More formally, R? is the Cartesisan product of two copies of R.) As a set,
R? is simply

R? :=R xR = {(a,b) | a,b € R}.
Once again, this is just the zy-plane. R? is an example of a 2-dimensional vector
space. The set of real numbers R! := R is an example of a 1-dimensional vector
space and
R? =R xR xR = {(a,b,¢) | a,b,c € R}

is an example of a 3-dimensional vector space (see Figure 2.1). Intuitively, the
dimension of a vector space refers to the number of independent directions of the
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space. In R!, one can only move left-right; in R?, one can move left-right and
up-down; and in R3, one can move left-right, up-down, and front-back. Of course,
having only an intuitive definition (while helpful) is not sufficient from the point of
view of mathematics. We will come to the precise meaning of dimension later in
this chapter.

Since we live in a world of 3-dimensions, it’s very hard, if not impossible, to
visualize more than 3-dimensions. However, from the point of view of algebra, there
is nothing to stop us from adding more components to a vector and considering n-
dimensional vector spaces like R™ for any positive integer n. While we may no longer

Figure 2. zyz-coordinate axis system

be able to visualize these higher dimensional spaces, we can still understand and
work with them using algebra, which is precisely what we will do in this chapter.

2.2. The Vector Space Structure of R"

R™, for an integer n > 1, is the Cartesian product of n copies of R. As a set, R™ is
given by

R™:= {(alaa%"'aan) | al?"'7an€R}'

If w is a point of R™ and we wish to regard it as an “arrow” which runs from the
origin of R™ to the point u, we will emphasize this view by denoting the w as . This
arrow is an example of what we call a vector and R™ (which contains all vectors
with n components) is an example of a real n-dimensional vector space. (We
will give the precise definition of dimension later.) The vector space structure on
R" is defined as follows:
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Definition 2.1. Let
ﬁ:(al,ag,...,an), ﬁ:(bl,bg,...,bn)
be vectors in R™. R™ has two natural operations:

1. wvector addition
U+ 7 := (a1 +b17a2+b2,...7an—|—bn)
2. scalar multiplication

ri := (ray,rag,...,ra,) forr eR.

To develop some geometric intuition, we sketch vector addition and scalar multi-
plication for R? in Figures 3 and 4. From Figure 3, we see that i + ¥ is obtained

<)

Figure 3. Vector addition in R?

by moving the tail of ¥ (in a parallel manner) to the head of @. Of course, one can
also obtain @ + ¢ by moving the tail of @ (in a parallel manner) to the head of v.

In Figure 4, we see that scaling a vector « by a number r > 0 results in a vector
ru which points in the same direction as u, but has a length of rL. On the other
hand, if » < 0, then r# points in the direction opposite of & and has a length of
|r| L.

Definition 2.2. The zero vector of R" is the element 0 € R" defined by
0:=(0,0,...,0).

The next result follows easily from the defintion of vector addition and scalar mul-
tiplication in R™:
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F 8

y

Figure 4. Scalar multiplication in R?

—

Proposition 2.3. Let 4, U, @ € R" and let r,s € R. Then

(1) U+ 0=0+14d (commutativity)
(2) (@ + V) + @ = @+ (V4 W) (associativity)
0 + U = (zero property)

(6) (r+ s)u =rd+ st (distributive property 2)

(7) r(sw) = (rs)u (associativity of scalar multiplication)
(8) 0i =0 (scalar multiplicatin by 0)

(9) 14 = @ (scalar multiplication by 1)

Remark 2.4. Proposition 2.3 is literally the blueprint for the definition of
an abstract vector space. More formally, a real vector space is a set V with
a zero element Oy and a vector addition operation

VXV -V, (uv)—u+tv
and a sclar multiplication operation:
RxV =V, (ru)—ru

which satisfies conditions (1)-(9) in Proposition 2.3. We will return to ab-
stract vector spaces later on.

Definition 2.5. Let v € R™. U is a linear combination of vectors
U1, U, . .., Uy € R™ if there exists c1,ca,...,cm € R such that

U= ciUy + colip + - -+ + Cpp U, -
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Example 2.6. Let @ = (2,—1,3), ¥ = (-3,2,2), and & = (—4,3,7). Then
W s a linear combination of © and U since W = u + 2.

Exercise 2.7. Let @ = (1,0,0), ¥ = (0,1,0), and & = (1,3,7). Show that
W is not a linear combination of @ and vU.

Given a vector ¥ € R™ and a set of vectors i, ..., € R™, a natural question
to ask is whether ¢/ is a linear combination of iy, ..., %,,. Answering this question
amounts to solving a system of linear equations in m variables and n equations.
Hence, we can use the Gauss Jordan method to solve these types of problems.

Example 2.8. Determine if ¥ = (2,—6,9) is a linear combination of @y =
(1,-1,2) and iy = (2,2,—1). If so, find c1,¢co € R such that ¥ = ¢yt +catia.

SOLUTION: If ¥ is a linear combination of W1 and s, then
(27 _6) 9) = Cl(]-7 _13 2) + 02(27 27 _1)

for some c1,co € R. Comparing the components of the vectors on the left
and right sides of the equations gives the linear system

c1+2c =2
—c1 +2¢p = —6
201 — C2 =09.

The augmented matriz for this system is

1 2 2
-1 2 —6
2 -1 9

We now put it in reduced row echelon form:
1. Ri+ Ry — Ry, —2R1 + R3 — R3

1 2 2
0 4 -4
0 -5 5
2. 1R, > R,
1 2 2
0 1 -1

o
|
o
(o5
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3. 2Ry + Ry — R1, 5Ry + R3 — R3

1 0 4
0 1 -1
0 0 O
Hence, the system has a (unique) solution ¢; = 4 and ¢; = —1 which shows

that ¥ is a linear combination of u; and us. Specifically, v = 44y — us.

2.3. Subspaces of R"

Definition 2.9. A subspace of R™ is a subset V of R™ which is closed
under vector addition and scalar multiplication, that is,

(1) T+ W eV foralv,0eV

(2) ro eV forallr eR and 0 € V.

Example 2.10. Let V := {(a,b,a + 2b) | a,b € R}. To show that V is a
subspace of R?, we need to check that V is closed under vector addition and
scalar multiplication. So let U7 = (a1,b1,a1 +2b1) and U = (as, b, as +2bs)
be arbitrary elements of V.. Then

U1 + Uy = (CL1 + ag, by + bo, (a1 A 012) I 2(b1 I bg))
Setting a = a1 +as and b = by 4+ bs in the defintion of V, we see that v + U
is an element of V. Also, for r € R, we have

rvy = (ray, rby,ra; + 2rby).

Setting a = ra; and b = rby in the definition of V, we see that rv, € V.
Hence, V is a subspace of R3.

Example 2.11. Let Z be the set of integers. For any integers m,n, we
have m +n € Z. This shows that Z is closed under the vector addition
of R. However, Z is not closed under scalar multiplication. For example,
%2 = % ¢ 7. From this, we conclude that 7 is not a subspace of R.
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Example 2.12. Let V := {(a,a?) | a € R}. We now verify that V is not
closed under scalar multiplication. To see this, let @ = (1,1) € V. It’s easy
to see that 24 = (2,2) cannot lie in V. Indeed, if it did, there must exist
exist a number a € R such that

(2,2) = (a,d?).

The above equation implies a = 2 and a® = 2 which is ridiculous. Hence,
24 ¢ V, which shows that V is not a subspace of R2.

Recall that a homogeneous linear system in n-variables x1, zo, ..., z, is a linear
system where the linear equations are all set to zero. In other words, every linear
equation is of the form

ai1xry + asxs + -+ apx, =0

where ai,...,a, € R. An equation of this form is called a homogeneous linear
equation. The following result shows that the space of solutions of a homogenoeous
linear system is subspace.

Theorem 2.13. The solution space of a homogeneous linear system in n-
variables is a subspace of R™.

Proof. Let L be the set of linear equations of a homogeneous linear system in

n-variables z1,...,z,. Let S C R" be the set of solutions for the homogeneous
linear system L. Note that S is not empty since it contains the zero vector 0=
(0,...,0) € R™. Suppose @ = (uy,us,...,u,) and ¥ = (v, va,...,v,) are solutions

of this system. For S to be a subspace, we need to show that

Uu+v€eS, riesS VreR.

Let ajx1 + -+ - apx, = 0 be any linear equation of the system, that is, it is an
arbitrary element of L. Since ¢ and ¥ are solutiions to this system, we have
a1uy + agug + - - + apu, =0
ai1v1 + asvs + - - - + apv, = 0.
Substituting
U4 U= (up +vi,us +v9, ..., Uy + Vp)
into the equation a1z + - - - apx, = 0 gives
ar(ur +v1) + -+ an(un +vn) = (@1ur + -+ + apuy) + (a1v1 + - + anvy)
=0+0
=0.
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Hence, @ + ¥ is a solution to ayx1 + - - - anx, = 0. Since this equation was chosen
arbitrarily from L, it follows that « + ' is a solution to every equation in L. Hence
u+ves.
In addition, for r € R, we also have
ar(rut) + - + an(ruy) = rlajus + - + anuy]
=70
=0.

Hence, ru is also a solution to ajx1 + - - - a,z, = 0 and therefore a solution to every
equation in L. In other words, @ € S. This completes the proof. (]

For convenience and later use, let us also define the “subspace of a subspace”:

Definition 2.14. Let V' be a subspace of R™. A subspace of V is a subset
W of V such that

(i) W+ €W for all W' € W

(i) rwi € W forallr e R, we W.

Exercise 2.15. Show that if W is a subspace of V and V' is a subspace of
R™, then W is also a subspace of R™.

When we introduce the general definition of a vector space, we will see that there
is really only one definition of a vector subspace.

2.4. Linear Independence, Bases, & Dimension

For the remainder of this chapter, we will use the term “vector space” to mean any
subspace of R™. Since R"™ is also a subspace of itself, the term “vector space” also
includes R™. Later on in Chapter 5, when we finally give the general definition of
a vector space, we will see that R™ and all its subspaces are simply examples of
vector spaces (albeit important ones). Not every vector space is R™ or one of its
subspaces. This is why linear algebra has a wide range of applicability in so many
areas of mathematics, physics, statistics, and engineering. We can think of R"
and its subspaces as a concrete “warm-up” for the general theory of vector spaces.
Indeed, all of the key ideas and results about vector spaces are on full display by
working with R™ and its subspaces. For this reason, Chapter 5 will feel very much
like déja vu as we revisit all the essential definitions and results of the previous
chapters and put them in a more general setting.

Ok, that was a rather long digression! Its time to get back to business. We
begin this section with the idea of linear independence which is fundamental to
general theory of vector spaces.
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Let V be a vector space (i.e. V is a subspace of R™ for some m > 1) and
let v1,...,U, € V. Then ¥y,...,4, are called linearly independent if

a U1 + agUs + -+ a,ty, =0

only when a;y = a3 = --- = a, = 0. Otherwise, ¥y,...,¥, are called
linearly dependent.

Example 2.16. Let &, = (1,0) and é; = (0,1). It is easy to see that & and
€> are linearly independent. Indeed, since

a€h + bes = (a, b),

it follows that aé, + bés = 0 if and only if a = b = 0. Hence, & and & are
linearly independent.

Example 2.17. Let v; = (1,1,0), U2 = (—1,1,0), and 95 = (0,2,0). Since
Uy + Uy — U3 =0,

it follows that U1, U, and U3 are linearly dependent.

Definition 2.18. Let V be a vector space. v1,...,0U, is said to span V if
for any v € V there exists ay,...,a, € R such that

a1U1 + agUs + -+ + a, v, = U.

In other words, every element of V is a linear combination of vy,...,Uy,.
When a set of vectors {U1,...,U,} span a vector space V, we write

V = span{vy, ..., 0, }.

Example 2.19. The vectors €1 and € in Example 2.16 span R2.

Example 2.20. The vectors v7 = (1,1,0), v = (—1,1,0), ¥5 = (0,2,0),
and vy = (0,0,2) span R3. Indeed let @ = (a,b,c) be an arbitrary vector of
R3. Then

1 . 1 . . c_, .

§(a +b)v1 + §(b —a)Us + 003 + Q=1

Since we do not actually use ¥3, the following is also true:

V= span{ffl, 172, 173, 64} = span{z_)’l, 172, 174}

For completeness, we also point out the following fact:
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Proposition 2.21. Let U1, ¥s, ..., 0 be vectors in R™. Define
SE= {alﬁl +~~-|-ak17k | A1y ...,0k GR}

Then S is a subspace of R™. In particular, S = span{vi, ..., U}

Proof. Let u,v € S. By definition of S, we have

U= a0 + -+ apU

U=b171 + - + by,
for some ay,...,ak,b1,...,br € R. Then

U4 T = (a1 + b))ty + -+ (ap + by) Vi € S.
Also, for r € R, we have
ri = (ray)vy + - - + (rag)vy € S.

Hence, S is a subspace of R". O

Next, we introduce the notion of a vector space basis which is another fundamental
idea in the theory of vector spaces:

Definition 2.22. Let V' be a vector space. A basis of V is an ordered set
{U1,...,0,} such that

(i) {U1,...,0Un} is linearly independent

(ii) V = span{0y,..., U}

Proposition 2.23. Let V be a vector space and let {¥1,...,0U,} be a basis
on V. Then every element of V is a unique linear combinaton of the basis
elements {U,...,0,}.

Proof. Let ¢ € V. Since a basis spans V', we can express ¢ as a linear combination
of the basis elements:

U= a1 + ag¥s + - - - + a, Uy
for some aq,as,...,a, € R. We must show that the a;’s are in fact unique. So let’s
suppose that ¢ can also be expressed as

= b0y + botip + - - - + by,
for some by,bs,...,b, € R. We now show that a; = b; for ¢ = 1,...,n. Indeed,
from the equation

101 + ag¥s + -+ - + apty, = U = b1T1 + batly + - - - + by Uy,

we see that
(a1 — bl)ﬁl + -4 (an - bn)ﬁn = 0
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Since a basis in also linearly independent, the only way the left side of the above

equation can sum to zero is if a; —b; = 0 for ¢ = 1,...,n. Hence, a; = b; for
i =1,...,n. This completes the proof. (|
Example 2.24. The vector space R™ has a natural basis {€1,€,...,€n}

where €; is the vector in R™ whose components are all zero except for trhe
i-th component which is 1. This basis is typically called the standard basis
on R™.

Exercise 2.25. Verify that the standard basis on R™ is indeed a basis on
R™, that is, show that it is linearly independent and spans R™.

Note that a vector space has many different bases (actually infintely many). The
following example provides a simple demonstration of this:

Example 2.26. Consider the vector space R? and let {€1,&} denote the
standard basis on R2. Then for any a € R,

{51, €2 —+ aéi}
is also a basis on R2. Note that since a basis is an ordered set, the basis

{@,, e1} is actually different than the basis {€1, ez} (even though both contain
the same basis elements).

While a vector space has many different bases, it turns out that the number of
elements in each basis is always the same. We state this important fact formally
with the following theorem:

Theorem 2.27. Let V be a vector space. Every basis on V has the same
number of basis elements.

We will prove this theorem shortly. In Chapter 1, we gave a vague definition of
vector space dimension as somehow being the number of “independent directions”
(or degrees of freedom) of a vector space. Here, at last, is the precise definition of
vector space dimension:

Definition 2.28. Let V be a vector space. The dimension of V' (denoted
as dim V') is the number of elements in a basis of V' (i.e., the cardinarlity
of the basis).

Note that for the definition to make sense (or be well defined), the definition
requires any two bases of V' to have the same number of basis elements. This is
why Theorem 2.27 is critical to the definition of vector space dimension. To prove
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Theorem 2.27, we need to introduce a technique of proof called proof by inductiion.
This technique works as follows: let P, be a property which depends on an integer
n. We wish to prove that this property holds for all integers n > K where K is
some integer (which in practice is typically 0 or 1). The strategy has two steps.
The first step is to prove that Pk is true. The second step is to prove that if P, is
true (for some arbitrary n), then P,41 must also be true. The last step is called the
inductive step. In this way, one has proven that P, holds for all integers n > K.
Indeed, if one completes these two steps, then one has shown that Py is true
which in turn implies that Pg o is true which in turn implies that Px3 is true
and so on and so on. The following definitions will prove useful in establishing
Theorem 2.27.

Definition 2.29. Let X :={1,2,...,n}. The set S, of permutations of X
is the set of all one-to-one and onto maps o : X — X.

Remark 2.30. Recall that o : X — X is one-to-one means that if o(i) =
a(j) for somei,j € X, then i = j. The statement that o is onto means that
for any k € X, there exists an i € X such that o(i) = k.

Definition 2.31. Let V be a vector space and let B := {0y, ..., U, } be a basis
of V.. A reordering of the basis B is a new basis B, := {Uy(1), Us(2)s - - - » Ug(n) }
where o is some element of S,,.

Remark 2.32. Note that if B, is a reordering of a basis B of a vector space
V', then B, and B contains the same set of basis elements, but the order of
those elements are different. Recall that a basis is defined to be an ordered
set. Hence, changing the order of a basis results in a different basis.

Example 2.33. Consider the standard basis {€1,€,é3} of R3. Then
{€3,€3,e1} is a reordering of the standard basis. Note that the permuta-
tion o € Sz associated with this reodering is given by o(1) = 2, 0(2) = 3,
o(3) =1.

Theorem 2.27 is a direct consequence of the following well known theorem:
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Theorem 2.34 (Replacement Theorem). Let V' be a vector space. Let
B := {01,7a,...,U,} be a basis on V and let U := {dy,...,Un} be a linearly
independent subset of V.. Then m < n and there is a reordering B, of B
such that a new basis By, can be obtained by replacing the first m basis
vectors of By by those of U. In other words,

Ba’,m = {U17u27 <oy Umy Vg (mAt1)y - - 7va(n)}

s a basis of V.

Proof. We prove this by induction on the cardinality of Y. First, consider the case
where U = {1 }. Since B is a basis, we have

17:1 = a117'1 +a2172 + - +an17n

for some (unique) a; € R, i = 1,...,n. Since u; # 0, there must be some a; # 0.
Let o € S,, be any permutation such that o(1) = i. Then a,(1) = a; and we can
reorder the above sum as

U1 = Ug(1)Us(1) T Co(2)Ts(2) T+ Qo(n)Us(n)- (1)

Since aq(1) = a; # 0, we can solve for U,(1):

~ I~ G Ao (n) -
Vo(1) = U — Uo(2) = '~ Vo (n)
Ao (1) Ao (1) U (1)
Since
BC, = {170(1), 1?0(2), e ,170(n)}
is a basis of V' and ¥, (;) is a linear combination of w1, T,(2), .., Us(n), it follows
that
V= span{ﬁl, ’170(2)7 N 71_):.,(n)}.
Let By1 := {t1,Up(2), -+ Us(n)}- We now show that B, is linearly independent.
So suppose that
c1uy + Cgl_fg(g) + -+ Cn’l_fa(n) =0. (2)

Consider first the case where ¢; = 0. Then

Calp(2) + + + Calip(ny = 0.

Since Uy (2), - - -, Ug(n) is linearly independent, it follows that c = c3 = -+ =¢, = 0.
Now suppose that ¢; # 0. Then we can divide both sides of (2) by ¢; to obtain

iy + hUp(a) + + gy =0, (3)
where ¢}, = ¢;/c1 for k =2,...,n. Now let us substitute (1) into (3):

aa(l)ﬁ'o’(l) + (CIQ + aa(2))17a(2) + 4+ (C’II’L + a’o’(n))ﬁa(n) = 6

Since the vectors in the above sum are linearly indpendent, we have aq 1) = 0.
However, this is a contradiction since a, (1) = a; # 0. From this, we conclude that
c¢1 = 0, which in turn implies that ¢ = ¢3 = --- = ¢, = 0 by the first case. This
proves that B, ; is linearly indpendent and hence is a basis.
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We have now verified that the Replacement Theorem holds when U/ has car-
dinarlity 1. Suppose now that the Replacement Theorem holds for all linearly
independent sets of cardinality m where m < n. If m = n, then there are no more
basis vectors to replace and hence nothing to prove. So let us suppose that m < n.
Now let U be a linearly independent set of cardinality m + 1:

U ={t,ta,...,0n+1}
By the induction hypothesis, there exists a permutation o € .S,, such that
Bom = {1, ..., Um, Us(mt1)s -+ s Vo(n) }
is a basis on V. Since B, , is a basis, we have
Umg1 = C1U1 + -+ + Cplim + Cng 1V (m1) T+ Cnls(n) (4)

for some (unique) ¢; € R, i = 1,...,n. Since U is a linearly independent set, it
follows that there must be some j > m + 1 such that ¢; # 0. (If not, & would
not be linearly independent!) Choose any permutation 7 € S,, such that 7(:) = i
for i < m and 7(m + 1) = j. Let p € S,, be defined by p = o o 7. Consider the
reordering

By = {T1), Up(2)> - - - s Up(m) Up(m+1) - - - » Up(m) }-
Observe that
V(i) = Usor(i) = Up(sy fori <m (5)
and
Tpi) € {Ts(mt1)s -+ Uomy} fori>m 41 (6)

where U (;,41) = Ugor(m+1) = Ug(j)- In other words, the first m vectors of B, and
B, are exactly the same and the last n —m vectors of B, is simply a reshuffling of
the last n — m vectors of B,. Using these observations, we can rewrite (4) as

ﬁm-&-l = Clal +--+ Cmﬁm + C‘r(m+1)6p(m+1) + -+ C‘r(n)ﬁp(n)' (7)

Since Cr(m+41) = Cj # 0, we can express Up(m+1) 85 @ linear combination of the
vectors

Bp,m-{-l = {1217 se . 76771; ﬁm-‘rla ﬁp(m+2)7 sy ﬁp(n)}
Also, note that (5) and (6) imply that the set
{ﬁla-~-7a’m7ﬁp(m+1)v---7’Up(n)} (8)

is a basis on V. (This is just B, ,, with the last n —m vectors reshuffled.) This in
turn implies that

V =span B, m41-

We now show that B, y,41 is linearly independent. So suppose

Oflﬁl + -+ Olm—‘,—ldm-i-l + O[m+26p(m+2) + .+ O‘nﬁp(n) — 6 (9)



36 2. R™ as a Vector Space

for some ay,...,a, € R. If a1 = 0, then the linear independence of (8) implies
that a; = 0 for all 4. So suppose that a,,1+1 # 0. By dividing (9) by @41, we may
assume that ay,+1 = 1. Let us now substitute (7) into (9):

(o1 + 1)ty + - + (qm + Cm)Um
+ c’r(m+1)6p(m+1) =+ (am+2 + CT(m+2))’Up(m+2) + (an =+ C‘r(n))ﬁp(n) = 6

By the linear independence of (8), it follows that all of the coefficients in the above
sum are zero. In particular, ¢ (1) = 0. However, this is a contradiction since
Cr(m+1) = ¢j # 0. Hence, we must have a,,11 = 0. As we saw earlier, this implies
that a; = 0 for all ¢ in (9) which in turn proves the linear independence of B, 1.
Hence, B, m+1 is the desired basis. This proves the induction step.

Lastly, we show that if & = {u,...,d,,} is a linearly independent set of m
vectors, then m < n. Suppose, on the contrary, that m > n. Let U’ := {dy, ..., U, }.
The above work implies that we can obtain a new basis by replacing the original
basis {71, ..., U, } with all the elements of U’. In other words, U’ is a basis. Since
U' is a basis, this implies that @,11 is a linear combination of the elements of U’,
which contradicts the fact that I/ is a linearly independent set. Hence, we must
have m < n. This completes the proof. ([

The proof of Theorem 2.27 is given below and follows readily from the Replacement
Theorem.

Proof. Let B; and By be two bases on V of cardinalities n; and no respectively.
Since Bj is a basis, Theorem 2.34 implies that ny < n;. On the other hand, since
Bs is a basis, we also have ny > ny. This proves that ny = no which completes the
proof. ([

Example 2.35. The standard basis on R™ consists of the vectors €1, ..., €y,
where €; is the vector whose components are all zero except for the ith com-
ponent which is 1. Hence, the dimension of R™ is n. In particular, any basis
on R™ must consist of exactly n vectors.

Corollary 2.36. Let V' be a vector space of dimension n and suppose V =
span{¥y, ..., U} for some vectors v; € V, i =1,...,n. Then {¥1,...,0,}
must be a basis on V.

Proof. Let S := {#1,...,0,}. To prove Corollary 2.36, it only remains to show
that S is linearly independent. We will prove this by contradiction. So let us
suppose that S is linearly dependent. Then there exists a reordering

Sy 1= {ﬁ(r(l)v s 7170(n)}
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such that for some k < n, T := {vg(l), - ,va(k)} is linearly independent and the
vectors Uy (k41); - - - » Us(n) are all linear combinatiions of the elements of T'. However,
this means that V' = span T'. Since T is also linearly independent, this implies that
T is a basis of V' of cardinality & < n. By Theorem 2.27, all bases of a vector
space have the same cardinality and the dimension of a vector space is defined to
be the number of elements in a basis. This implies that dim V' = k # n, which is a
contradiction. Hence, S must be linearly independent. O

Corollary 2.37. Let V' be a wvector space of dimension m and suppose
{V1,...,0,} is a linearly independent subset of V. Then {¥y,...,0,} must
be a basis on V.

Proof. This is a direct consequence of the Replacement Theorem (Theorem 2.34).
Since dim V' = n, any basis of V' must contain precisely n elements. Let B :=
{#1,...,%,} be a basis on V. Since {¢4,...,9,} is linearly independent, the Re-
placement Theorem implies that a new basis can be formed by replacing every
vector of B with all the elements of {¥1,...,7,}. However, the resulting set after
the replacement is simply {#1,...,0,}. Hence, we conlcude that {¢7,...,9,} is a
basis. O

Let V be a vector space of dimension n and suppose we would like to ver-
ify if a set of n vectors is a basis on V. Corollary 2.37 shows that we only need
to check that the vectors are linearly independent to determine if they form a basis.

Exercise 2.38. Consider the vectors v7 = (2,1,—1), vo = (0,1,1), ¥5 =
(1,0, —1) in R3. Determine if 01,0, T3 is a basis on R3.

Exercise 2.39. Consider the vectors v7 = (2,1,1), v = (1,4,-1), U5 =
(—3,2,-3) in R3. Determine if ¥, Us, 03 is a basis on R3.

We conclude this section with an important example.

Example 2.40. Consider the subset V' of R™ consisting only of the zero
vector 0. Since 0+0 = 0 and r0 = 0 for all v € R, we see that V is a
subspace of R™. What is the dimension of V2 Clearly, it must be zero.
Indeed, V' (which consists only of 6) has no linearly independent subsets
since 10 = 6f0r all € R. The only nonempty subset of V.= {0} is V itself
and 10 = 0. Hence, V' has no linearly independent subsets. V is called the
trivial vector space.
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2.5. The Dot Product

The dot product will provide us with a way of computing the angle between two
vectors in R™. The dot product is formally defined as follows:

Definition 2.41. Let @ = (uq,...,u,) and 0 = (vy, ..
in R™. The dot product of u and v is given by

., Up) be two vectors

U= g W;V; = ULV] + UV + -+ - + UpUpy
i=1

Proposition 2.42 (Properties of the dot product). Let @, v, @ € R™ and
c € R™. Then

(1) @-T=70 1

(2) (@+7) G=a - 0+7-0

(3) @ (G+7) =@ -d@+@ T
(ct) - v

where the first and third qualities follow from (1) and the second equality follows
from (2).
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(4): The first part follows from the associativity of the multiplication on R:

n n

(ctl) - U= Z(cui)vi = Zc(uivi) = cZuwi = (- V)

i=1 i=1 i=1
The proof of the second part is similar:

n n

(cti) -0 = Z(cui)vi = wu(ew;) =4~ (cb).

i=1 i=1

(5): The dot product @ - @ is necessarily non-negative since it is a sum of squares

n
- o 2
U-U= E uy.
i=1

Also, @ -4 = 0 if and only if every term in the above sum is zero. This implies that
u; =0fori=1,...,n. Hence, © = 0. O

Definition 2.43. Let V' be a vector space. The norm (or length) of a vector
U= (v1,...,0,) €V is defined by

0] := VU -T=/vi+ -+ 02

The motivation for this definition comes from the fact that if V' is a subspace
of R? or R3, then the norm ||#7]| of a vector ¥ € V is just the usual Euclidean length
of the arrow #. From Figure 5, the length of a vector (a,b) € R? is easily obtained
by one application of the Pythagorean theorem:

[l(a,b)|| = Va2 + b2

Similarly, from Figure 6, the norm (or length) of a vector (a,b,c) € R? can be
computed by using two applications of the Pythagorean theorem:

||(a'a b,C)” = \/UQ +U2 = \/CL2 + b2 + c2.

The above formulas are just special cases of Definition 2.43.

Figure 5. a vector (a,b) in R? has norm ||(a,b)|| = Va2 + b2
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Figure 6. a vector (a,b,c) in R3 has norm ||(a, b, c)|| = Va2 + b2 + ¢2

Definition 2.44. A wvector 4 € R"™ is callled a unit vector if it has norm
1, that is, ||| = 1.

Let @ be any nonzero vector. We now show that the vector @ := ¢/ ||¥] is a unit
vector:

Definition 2.45. Let U be a nonzero vector. Then ¥/ ||U| is called the
normalized vector associated to . (U/|U||is also called the direction
of U since it points in the same direction as v.)

Example 2.46. The direction of the vector v = (1,—1,2) is

7 1 1 -1
T s S 1,7172 =\—7= /7=
191l \/1+1+4( )= 6" \/6

Sl
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Let v and v be two points in R™. How shall we define the distance from the
point u to the point v? For starters, let’s think of u and v as vectors (or arrows) in
R™. Then we can define the distance from u to v, which we will denote as d(u,v),
as the norm of the vector @ = 4 — -

d(u,v) = || — 0| = \/(ul —v1)2 4+ (ug —v2)2 + -+ (up, —vp)2  (10)

The above definition agrees with our usual notion of distance when we consider the
distance between points in R? (or R3) (see Figure 7).

Y
A

" N

- N
N\
AN
v
v

= 3

Figure 7. distance between two points u and v in R?

Example 2.47. The distance from the point v = (—1,1,2,0) to the point
y=(0,1,0,1) in R* 4s

d(z,y) = |12 -7 = V(102 + (1 - 1)2+ (2-0)2+ (0 — 1)2 = V6.

Next, we will use the dot product to define the angle between two vectors in
R™. In order to motivate the definition, we first consider how to express the angle
between two vectors in R? in terms of the dot product. Let 0 < # < 7 denote the
angle between the vectors ¥ and ¢ in Figure 7. Consider the triangle formed by
the vectors u, ¢, and ¢ — v in Figure 7. Using the Law of Cosines, we can relate 6
to the norms (or lengths) of the vectors making up the sides of the aformentioned
triangle:

@ — @ = a@|* + [17]* - 2 || ]| cos . (11)
Since the square of the norm of a vector is just the dot product of the vector with
itself, we can rewrite the above expression as

(G =) (=) =i~ d+-7— 2| || 5] cosb. (12)
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The left side of the above equation expands as
U-U—2U-0+7-7. (13)

Substituting (13) in to (12) and simplifying gives

-7 =|dll 7] cosb. (14)
From (14), we obtain
-7
COSQ = TS S (15)
[l 7]

The same argument applied to two vectors in R3 yields the same angle formula as
(15). This motivates the following definition:

Definition 2.48. Let © and U be two non-zero vectors in R™. The angle
0 <0 <7 between @ and U is defined by the following relation:

- =

u-v
N iy

cosf =

Since | cos 0| < 1, Definition 2.48 is sensible only if

u-v
< 4oy (16)
[l [1]]

for any vectors @, v € R™. The inequality (16) is an immediate consequence of the
following result:

Theorem 2.49 (Cauchy-Schwartz Inequality). |@ - o] < ||d||||7]] for any
vectors @,V € R™. Moreover, if i and U are nonzero, then @ - v = ||@|| ||¥] if
and only if 4 = AU for some positive \ € R.

Proof. Let w and 2 be unit vectors. Then

0<(Wd—2) - (W—-2)
<w-d-20-Z+7-Z
<2-20-Z2

The last inequality implies
w-Z2<1

Similarly, we have

<TG+ 2T FHFE
<2423 7.

The last inequality implies

L
IN
g
8y
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Combining these two inequalities gives
-zl < 1. (17)

We now use (17) to prove the Cauchy-Schwartz inequality. First, note that if @ = 0
or 7 = 0, we see that the Cauchy-Schwartz inequality automatically holds. So let
us assume that @ and ¥ are non-zero vectors. Let @ = @/ ||| and Z = ¥/ ||¥]|. Then
(17) implies

u U
-2 == | S L
| ] IIvII‘
The above inequality can be rewritten as |@ - ] < ||@]| ||¥]|, which is the Cauchy-

Schwartz inequality.
For the last statement, let @ and ¢ be nonzero vectors. Suppose that © = AU
for some A > 0. Then
- S L2 I o o
[ |7]] = (A [[7]] = [A[ D))" = A@ - 7) = (M) -0 =i - 0.

On the other hand, suppose that @ - ¥ = ||d|| ||0]]. Let & = @/ ||@|| and Z = 9/ ||7|.
Then @ and 2" are unit vectors such that @-Z = 1. Snice w-w = 2’- Z = 1, it follows
that

W (W—2)=72-(0d—2)=0.
This in turn implies that (@ — 2) - (@ — Z) = 0. From this, we conclude that @ = 2.
The definition of « and z implies that

Il 5

U=~ 1.
191l

ll<]l

Since = > 0, this completes the proof. a

Definition 2.50. Two (nonzero) vectors i,v € R™ are orthogonal if the
angle between them is 90°. We will denote this condition with the notation:
a1 9.

Corollary 2.51. Two non-zero vectors @,V € R™ are orthogonal if and only
ifu-v=0.

Proof. Let 0 < 6 < 7 be the angle formed by @ and ¥. By Definition 2.48, 8 € [0, 7]
is uniquely determined by the following equation:

-

u-v
il l19°

From the above equation, we see that cosd = 0 if and only if @ - ¥ = 0. Since 6
is restricted to the interval [0, 7], the statement that cosf = 0 is equivalent to the
statement that § = /2. This completes the proof. O

cosf =
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Example 2.52. Let’s calculate the angle between @ = (1,0,1) and ¥ =
(1,0, —1). Using Definition 2.48, we have
w-v 1 1

IZiall — vave 2

cosf =

which implies that 0 = /3.

We conclude this section with a well known result called the triangle inequality:

Theorem 2.53 (Triangle Inequality). Let @, v € R™. Then

@+ @ < [lall + [|9]]

Proof. Using the properties of the dot product and the Cauchy-Schwartz inequality
(see Theorem 2.49), we have

= [|@|* + 2@ - & + ||7)?

-2 — — =12
@)™ + 2 {la] |]] + (|7
Al -+ 171)?, (18)

where the second to last line follows from the Cauchy-Schwartz inequality. Taking
the square root of both sides of (18) gives

<
<

1@ + 3| < @]l + [|9]] -

O

Intuitively, the triangle inequality is obvious for vectors in R? (and R?). How-
ever, since we deal with vectors in R™ for n > 1, it is worthwhile to prove it for the
general case.

The proof of the triangle inequality leads to the generalized pythagorean theo-
rem:

Corollary 2.54 (Generalized Pythagorean Theorem). Let @ and U be or-
thogonal vectors in R™. Then ||@ + 7||° = ||| + ||7]|>.

Proof. By direct calculation, we have

@+ 7)° = (@+7) - (@+ )
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=)

Figure 8. For vectors @, € R?, it is intuitively clear that ||@ + 7| < ||d|| +
[|[7]]. The proof of the triangle inequality shows that this relation holds in
general for vectors in R™ for n > 1.

where the last equality follows from the fact that « and ¢ are orthogonal which is
equivalent to the statement that « - v = 0. O

2.6. Orthogonal Projection & the Gram-Schmidt Process

In this section, we continue to explore some of the consequences of the dot product
and the notion of orthogonality. To do this, we need to first introduce several
definitions that are essential to this goal.

Definition 2.55. Let {¥1,...,U;} be a set of vectors in R™. {U,...,0x} is
called an orthogonal set if v; # 0 fori=1,....k and ¥; - v; = 0 for all
1<i<j<k.

In other words, a set of vectors in R™ form an orthogonal set if they are all nonzero
and mutually orthogonal to one another.

Example 2.56. The vectors 7 = (1,—1,1) and @ = (2,2,0) in R3 form an
an orthogonal set.

Proposition 2.57. Let {¥1,...,0;} be an orthogonal set in R™. Then
{T1,...,Tx} is a linearly independent set.

Proof. Suppose that

UL+ -+t = 0.
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Let i € {1,...,k} be arbitrary and take the dot product of both sides of the equation
with ;:

—

’/‘1171 '1}¢+"'+7‘k17k"(7i :6"(71'
L2
ri |7 =0
where the second equality follows from the fact that ¥; - @; = 0 for all j # 7. Since

#; # 0 (by definition of an orthogonal set), we have r; = 0/]@]|> = 0. This
completes the proof. [

Corollary 2.58. Let {t',...,Tx} be an orthogonal set in R™. Then k < n.

Proof. By Proposition 2.57, {¥1,...,0} is a linearly independent set. Since
dimR™ = n, any linearly independent set contains at most n elements. Hence,
k <n. O

For the remainder of this section, let V' be vector space and let n = dim V.
(Recall that in this chapter, vector space means a fixed subspace of R™ for some
m > 1.) As we saw previously, given an arbitrary basis {¥1,...,7,} on V and an
arbitrary vector ¥ € V, one must use the Gauss Jordan method to calculate the
coefficients rq,...,r, so that

U1 + roUs + +++ + 10Uy = U.

If n is large, a good bit of work is needed to compute these coefficients. On the other
hand, if one works with an orthogonal basis (or even better an orthonormal
basis), computing the coefficients r1,...,r, is a simple matter. This is one of the
advantages of the notion of orthogonality. Naturally, one defines an orthogonal
basis and an orthonormal basis as follows:

Definition 2.59. Let {¥1,...,U} be a set of vectors in R™. {U,...,0x} is
called an orthonormal set if {v4, ..., U} is an orthogonal set and ||v;]| = 1
fori=1,... k.

Definition 2.60. Let B := {¢},...,0,} be a basis of V.. If B is an orthogo-
nal set, then B is called an orthogonal basis. If B is an orthonormal set,
then B is called an orthonormal basis.

Example 2.61. The standard basis é€4,...,€, on R™ is an orthonormal
basis.
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Theorem 2.62. Let {u1,...,4,} be an orthonormal basis on V. Let v € V.
Then
17: 1"1?11 +7’2ﬁ2 + -4 Tnﬁn.
where r; =V -u; fori=1,...,n.
Proof. Since {iy,...,u,} is a basis, we can express ¢ € V as

U =1r1Uy + rotls + - + rply,

for some (unique) r; € R,i=1,...,n. Let i € {1,...,n} be arbitrary and take the
dot product of both sides of the above equation with ;:

—

-ty = ryty - U + 1oty - Ui + -+ oty - Uy
= 7t - Uy
=r
where the second equality follows from the fact that ; - 4; = 0 for j # 4 and
il; - #; = 1. This completes the proof. |

Example 2.63. Consider the basis
. I | L1
i = (0,1,0), s = 13(5,0, 12), s = 13( 12,0,5).

of R3. By inspection, we see that this basis is actually orthonormal. Let
v =(1,2,3). Using Theorem 2.62, we have

U = Tty + Tolis + 33
where

41
13’

—

7”1:’17'17122, T2=17~UQ

After introducing the idea of an orthonormal basis, the natural question is
how does one actually find an orthonormal basis for V? The answer is the Gram-
Schmidt process. Central to the Gram-Schmidt process is the idea of orthogonal
projection which we now describe.

Consider two vectors ¥ and 4 in R™. Orthogonal projection addresses the
following question: how “much” of the vector U lies in the direction of W7 More
precisely, we wish to find a decomposition of ¢’ of the form

T=a+b
where @ points in the same direction as @ and b is orthogonal to @. The vector @
is the component of ¥ which lies in the direction of « and is called the orthogonal
projection of U onto U (see Figure 9).
Note that if @ is known, then b = ¢ — @ is uniquely determined. There are two
natural questions here: (1) is @ unique? (2) if so, how does one actually compute
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=

k\

Figure 9. The orthogonal projection of ¥ onto # is the vector @

a? These questions are answered by the following result:

Theorem 2.64. Let ¥ and @ be vectors in R™ with @ # 0.

(1) There are unique vectors a, b € R™ such that ¥ = @+ b where @ points
in the direction of @ (or —i) and @ and b are orthogonal.
(2) @ is given by the following formula:
U1

5:
12
1<l

a. (19)

Proof. Suppose there exists vectors @ and b such that
T=d+b (20)

where @ points in the same direction as « and b is orthogonal to @. Since @ points
in the same direction as , @ must be of the form

a=ku

for some k € R. This implies that bis orthogonal to #. Taking the dot product of
both sides of (20) with @ gives

Solving for k gives

1
1

A

— 1 =n2”

]|

This shows that @ (if it exists!) is uniquely given by the formula in statement (2)
of Theorem 2.64:

<y
S

i=—i. (21)

112
il
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The uniqueness of @ then implies that bis uniquely given by b= 7—q. This proves
the uniqueness claim of Theorem 2.64.

To prove the rest of Theorem 2.64, we let @ be defined by (21) and b = 7 — a.
Clearly, we have ¥ = a + b. Moreover, since @ is a multiple of u, @ also points in
the direction of @ (or -@ if k < 0). To complete the proof, it remains to show that
@ and b are orthogonal. The following calculation verifies this:

—2 4
4] 4]
_ (@a? (0w
- 2 2
4] ]|
=0.
This completes the proof. O

The orthogonal projection of ¥ onto « will be denoted as follows:
Lo UT
Projzv = ﬁu
4]

Example 2.65. Let ¥ = (v1,vs,...,v,) and let é1,¢,...,¢€, denote the
standard basis on R™. For i < n, the orthogonal projection of U onto €; is
simply

., U-€ -
projz v = TH;ei = v;€;,
€;

which agrees micely with our intuition.

Example 2.66. Let ¥ = (1,2) and let © = (1,—1). The orthogonal projec-
tion of U onto U is

proja? = ——i = —(1,-1) = (~1/2,1/2).

Setting

b= 7 — proj;7 = (3/2,3/2),
we obtain the unique decomposition U = projzv + b where Projgv points in
the direction of —t and projzU and b are orthogonal:

proja- b= (—1/2,1/2) - (3/2,3/2) = —3/4+ 3/4 = 0.
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Example 2.67. Let U be a non-zero vector. The orthogonal projection of U
onto U is then

St

— 17 i
= o2

gl
as we would expect. On the other hand, if U is any non-zero vector which is
orthogonal to v, then the orthogonal projection of U onto U is

v=17

projgv

Projpv = %a =0u = 6,

1]l

which again agrees with our intuition. If ¥ and U are orthogonal, then we
expect nothing of U to lie in the direction of u.

We are now in a position to describe the Gram-Schmidt process:

The Gram-Schmidt process
Let V' be a subspace of R™ for some m > 1. The Gram-Schmidt process
generates an orthogonal basis from an existing basis on V. Once one obtains
the orthogonal basis, one can normalize it to obtain an orthonormal basis.
Let B = {t},7s,...,0,} be any basis on V. We obtain an orthogonal basis

B/ = {51, 52, ey gn}
as follows:
1. Define 51 =1
2. For k =2,...,n, define
k—1

by := U — g projgivk
i=1

The corresponding orthonormal basis is then {uy, s, ..., U, } where
b
Wy 5= f , 1=1,...,n

Theorem 2.68. Let V' be a subspace of R™ for some m > 1 and let
B ={th,02,...,U,}

be any basis on V. Then the set B := {51,52, . ,gn} giwen by the Gram-
Schmidt process is an orthogonal basis for V.

Proof. We will prove Theorem 2.68 by induction on the dimension of V. Suppose
first that dimV = 1, that is, B = {71}. It follows from Definition 2.55 that
B is an orthogonal set in a trivial way. Indeed, if B contains only one non-zero
element ¢, then there are no other vectors in the set for ¥; to be orthogonal
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to. Consequently, the condition of orthogonality is satisfied by default. (This is
analogous to a basketball game where only one team shows up for the game and
wins by default.) With dim V' = 1, the set generated by the Gram-Schmidt process
is B' = B = {#1} which is an orthogonal set (albeit in a boring way). Hence, the
result holds for the dim V =1 case.

Now suppose that the Gram-Schmidt process works for all n-dimensional sub-
spaces and let V' be a subspace of dimension n + 1 with basis

B = {th,TVa,...,Un, Unt1}

Let U be the subspace spanned by the first n-elements of B. In other words, U has
basis

Bl == {1717/1727"'7/1777,}'

Since dim U = n, our induction hypothesis implies that we can apply the Gram-
Schmidt process to the basis B} to obtain an orthogonal basis

—

By = {by,ba,...,bn},

for U where 51 ;= 77 and

N

-1
bk = _‘kf projgi’t_}‘k, k:2,...,n.

=1

Let us define

n

bn+1 = 6n+1 — E projgif)'?Hl.
=1

Consider the set

BI = {gla 527 ceey gnv En+1}'

Since B} is an orthogonal basis, B] is also an orthogonal set. Hence, b; # 0 for
i=1,...,nand b; - b; =0 for 1 <i < j <n. We will now show that B’ is also an
orthogonal set. First, since

U = span B; = span By,

it follows that #,,41 ¢ U. Also, since

bi " Un+1 7

pI'O.]B‘i’Un_;'_l = 2 i

—

bi

—

for ¢ = 1,...,n, the definition of l;n_H implies that l;n_H #* 0. (Indeed, 5n+1 =0
would imply ¥,+1 € U, which is a contradiction.) Next, we show that b,,1 is
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orthogonal to Ek for k =1,...,n. This follows by a direct calculation:

n

bn+1 : bk = (Un+1 - projgiﬁn+1) . bk

i=1

n
= 77n+1 . bk — Z {pr0j5i6n+1:| . bk

i=1

" - biUpi1 | = =
:UnJrl'bk_Z ——— | bi - b

=1 bz
(et )
= Upy1 - b — BT by, - by,
bi,
L Bk T | g |2
= Upy1 - b — BT by,
b

- ’Un+1 . bk - bk . 17n+1

where the fourth equality follows from the fact that B} is an orthogonal set. Hence,
bi by =0 fori < n and i # k. This proves that B’ is an orthogonal set. By
Proposition 2.57, any orthogonal set is also linearly independent. Since B’ has
cardinality n + 1 and dim V = n + 1, it follows that B’ is also a basis for V. This
completes the proof. O

Example 2.69. Let V be the subspace of R* defined by
V ={(a,a—2b,b+c,c) | a,b,c € R}.
Let us find an orthonormal basis for V' using the Gram-Schmidt process. To

apply the Gram-Schmidt process, we first need to find a basis on V. This is
easy to do. An arbitrary element of V' decomposes as

(a,a —2b,b+ ¢,¢) = a(1,1,0,0) + b(0,—2,1,0) + ¢(0,0,1,1).
From this, we see that the vectors
1 =(1,1,0,0), ¥, =(0,—2,1,0), v3=(0,0,1,1)
span V. In addition, a simple calculation shows that the vectors Uy, Uz, and
U3 are also linearly independent. Hence, {¥1, Vs, V3} is a basis on V. Let us

now apply the Gram-Schmidt process to this basis to obtain the orthogonal
basis {by,be,bs}, where
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by =@ = (1,1,0,0)
- by - o

b2 = 172 — pI"Ojgl’l_)b = 172 — ﬁbl = (1, —1, 1,0)
|

- . . bi-T3e  byeT3e 1
bs = U3 — projz U3 — projy, Us = U3 — ———=by — ——=by = g(—l, 1,2,3)
(1

Normalizing the above basis gives the orthonormal basis:
1 1

i = ——b = —(1,1,0,0)
by V2
1 - 1

fiy = ——by = —(1,—1,1,0)
by V3
1 - 1

ﬁ3 — b3 = (_1a15273)

Exercise 2.70. Let W be the subspace of R* defined by
W ={(a+2b,a —b,a+c,2¢) | a,b,c € R}.

Find an orthonormal basis for W.

2.7. Orthogonal Complements & the Direct Sum

Intuitively speaking, when one thinks of the angle between two vectors @ and v in
R™, one expects 4 and ¥ to have nonzero lengths. In other words, our intutition
tells us that « and ¢ should be nonzero vectors. In fact, the formula defining the
angle between two vectors @ and ¢ (Definition 2.48) only makes sense if || ]| # 0 and
|7]] # 0. Even so, it is convenient to define the angle between any vector @ € R™
and the zero vector 0 € R” to be 90° especially in light of Corollary 2.51. Taking
this view, we introduce the following definition:

Definition 2.71. Let W be a subspace of R™. The orthogonal comple-
ment of W is defined as

Wt ={TeR"|7-w=0, Vu&ecW}

The meaning of the word “complement” will be justified later on in this chapter.
For now, we have the following simple observation:
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Proposition 2.72. Let W be a subspace of R™. Then W is a subspace of
R™.

Proof. Let i@, 7 € W= and let » € R. Then for all % € W, we have

and

This shows that @ + ¢ € W+ and 74 € W+. Hence, W+ is a subspace of R".

O

Example 2.73. Let W be a subspace of R which is spanned by the vector
w=(1,3,1). In other words,

W = {rw | r € R}.
Let us determine what W is. By definition of W+, a vector @ = (a, b, c) is
in W+ if and only if
a-(rd) =r(@-wW)=0 VreR
The above condition is of course equivalent to the requirement that
U-w=a+3b+c=0.

Hence, to compute W+, we only have to find the general solution to the
above linear system. Since the system consists of a single equation, there
really is no need to apply the Gauss Jordan method to solve this system.
We have one equation in the three variables a, b, and c. Hence, two of the
variables are “free” (i.e. they can take on any value) provided that the third
remaining variable is chosen to satisfy the above equation. Let b and c be
free variables and let us solve for a in terms of b and c:
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%)

a=—3b—c.
Hence, W+ is given by
Wt ={(=3b—c,b,c) | bc €R}.
An arbitrary element of W+ decomposes as
(=3b—¢,b,¢) = (—3b,b,0) + (—¢,0,¢) = b(—3,1,0) + ¢(—1,0,1).

Since b and c are arbitrary real numbers, we see that W is spanned by the
vectors (—3,1,0) and (—1,0,1). In addition, its clear that these two vectors
are also linearly independent. Hence, (—3,1,0) and (—1,0,1) form a basis
for W+. From this, we conclude that dim W+ = 2.

Observe that in Example 2.73
dim W + dim W+ = dimR®* =1+ 2 = 3.

Also, note that w0 together with the basis vectors (—3,1,0) and (—1,0,1) of W+
form a basis of R3. As you might have guessed, this is far from a coincidence. The

following definitions will prove useful in helping us understand why.

Let V be a vector space. (Recall that in this chapter, this means that V is a

subspace of R™ for some m > 1.)

Definition 2.74. Let Wy and Wy be two subspaces of V' (recall Definition
2.14). Define the sum of Wy and Wo by

Wi+ Wy = {’LUl + Woy | W € Wh, Wey € WQ}

Proposition 2.75. Let Wy and Wy be two subspaces of V.. Then Wi + Wy
is a subspace of V.

Proof. Let u,4 € Wy + W,. Then
U = Wy + Wa
U = W) + Wy
for some Wy, W] € Wy and ws, Wy € Wy. Hence,

4+ u = (W + ) + (e + ).

Since W7 and W5 are subspaces of V', we have w; + @ € Wy and Wy + Wy, € Wh.
From the definition of W7 + W, it follows that @+ 4’ € Wi+ Ws. Lastly, let r € R.

Then

ri = rwy + rws.

Again, since Wy and W5 are subspaces of V', we have rij; € Wy and ry € Wy

which implies that rit € Wy + Wh.

O



56 2. R™ as a Vector Space

The following result will prove useful in a moment:

Lemma 2.76 (Basis Extension Lemma). Let V' be a vector space of dimen-
sion n and let W be a subspace of V.. Let {Wy,..., W} be a basis of W.
Then there exists W41, ..., W, € V such that

{W,..., U, Wgy1,..., 0}

is a basis of V.

Proof. Let B := {¥y,...,0,} be any basis on V. By the Replacement Theorem
(Theorem 2.34), there exists a reordering of B,

B, = {’Ua(l)a ce- 7"70(71)}’

such that {wy, ..., Wk, Uy(kt1),--->Vs(n)} i a basis of V. Setting w; := ¥,(;) for
j=k+1,...,n proves the lemma. O

The following result is often useful in computing the dimension of a subspace.

Proposition 2.77. Let W1 and W5 be subspaces of V.. Then

(i) W1 N Wy is also a subspace of V
(ZZ) d1m(W1 + Wg) = dim W7 + dim W5 — dim W7 N Ws

Proof. (i): Let &, 5 € Wi N Ws. Since Wi and W5 are both subspaces, it follows
that Z + ¥ lies in both Wy and Ws. In other words, £ + i € W1 N Ws. Likewise, if
r € R, it follows that rZ € W1 N Ws. This proves that W7 N W5 is a subspace of V.

(ii): Suppose first that W; N Wy = {0}. Let
Bl = {gla-“»ﬁa}, 82 = {1717"',1_)}7}

be bases on W7 and W, respectively. Clearly, Wy + Wy = span By U By. To see
that By U B is linearly independent, suppose that

iy + -+ agily + P11+ + Byl = 0.
We can rewrite this as
alﬁl + -+ aaﬂa = 761{)‘1 - = ﬂbgb- (22)

Let & := @y + -+ + a,t,. Note that the left side of (22) is an element of W;
while the right side is an element of Wy. Hence, & € W7 N Wy = {0}. Since B
is linearly indpendent, this impllies that a; = --- = o, = 0. Likewise, since Bs is
linearly independent, this implies that 8; = --- = 8, = 0. This shows that B; U Bs
is linearly independent. From this, we conclude that By UB5 is a basis for Wy + Ws.
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Hence,

dlIIl(Wl + WQ) =a + b
= dim W; + dim W»
= dim Wy + dim Wy — dim W1 N Ws,
where in the last equality we use the fact that dim Wy N Wy = dim{0} = 0 (see
Example 2.40).

Now suppose that W3 NWs, # {0}. Let a := dim W; and b := dim W5. Also, let
{1, ..., W} be a basis on W7 N W,. Since W1 N W is a subspace of both W7 and
Wa, the Basis Extension Lemma (Lemma 2.76) implies that there exists elements
T1,...,Tq—k of W7 and elements ¥, ...,k such that

— —

{W,..., W, &1,..., Ta—i}
is a basis on W7 and
{wlv"‘vwkaylw"aybfk}
is a basis on W5. Let
B:={W,..., W, T1,..., Ta—ksY1s---> Yok}

Note that W7 + Wy = span B. We now show that B is also linearly independent.
So let us suppose that

QW) + -+ + il + Brd + o+ BaekFak YL+ Yoorlook =0 (23)
for some «;’s, B;’s, and ~;’s in R. Let
W= Wy + -+ oWy € Wi N Wy
7= 1T+ A+ BakTar €W
¥i=+nt+ -+ kYo € Wo.
Then (23) can be rewritten as
W+ y=—= (24)

Note that the left side of (24) belongs to W; while the right side belongs to Wa. This
implies that —Z (and hence Z) belongs to W1 NW,. Then there exists r1,...,7x € R
such that

7“11171 —+ -+ Tklﬁk =7 (25)

Expanding Z in terms of the basis elements Z1,. .., Zq—, (24) can be rewritten as
P Ay — Bidy — o — BakTa—y = 0. (26)

Since W, ..., Wk, Z1,...,Te_k is a basis on W7, it follows that all the r;’s and 3;’s

are zero. Using this fact, (23) can be rewritten as

Wy + -+ -+ by + N8+ YorThk = 0.
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Since w1, ..., Wk, Y1, ---,Yp—k 1S a basis on Wh, it follows that all the «;’s and ~;’s
are also zero. This proves that B is linearly independent and hence a basis on
W1 + Ws. Hence,
dim(W1 + Wg) = |B|
=k+(a—k)+(b—k)
=a+b—k
= dim W; + dim W5 — dim(W; N Wa).

This completes the proof. O

Definition 2.78. Let V' be a vector space and let W1 and Wy be subspaces
of V.. V is said to be a direct sum of Wy and Wy if the following conditions
are satisfied:

(i) V=W + W,

(i) W1 N Wy = {0}.

When V is a direct sum of W1 and Wa, one replaces the “+7 symbol with
the direct sum symbol “®” and writes V. =W & Ws.

Here are some equivalent characterizations of the direct sum:

Proposition 2.79. Let V' be a vector space and let W1 and W be subspaces
of V.. The following statements are equivalent:
(1) V=W, &W,
(2) Every ¥ € V can be expressed uniquely as U = W, + Wy for some
w1 € W1 and Wy € Wy
(3) dimV = dim W, + dim Wy and W, N W, = {0}

Proof. (1) = (2): Suppose that V. = Wy @ W5 and let ¥ € V. By definition of
the direct sum, there exists w; € Wy and Wy € Wy such that v = Wy + wWs. To
prove this direction, we must show that w; and ws are the only elements in W;
and W respectively which sum to ¥. Suppose that we are given another Z; € W;
and ¥y € W such that v = &1 + Z>. This implies that

Wy + Wp = Ty + T,
which in turn implies that

W — T = To — Wa.
Since the left side of the above equation is an element of W; while the right side
is an element of W5, we conclude that w; — #; and &3 — Wy belong to Wy N Wa.

However, Wi N Wy = {6} This implies that &1 = wo and Z» = ws which proves
the uniqueness claim.
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(1) < (2): Suppose that statement (2) holds. Then we immediately have
V = Wi 4+ Ws. For V to be a direct sum of W7 and W, it only remains to show
that WiNWy = {6} Let @ € W1 NWs. Since w0 is also an element of V', statement
2 says there exists unique w; € W; and unique wo € Wy such that @ = Wy + ws.
Since W belongs to both W and W5, one can take w, = w and wy = 0 and obtain
W = Wy + we. On the other hand, one can take w; = 0 and Wy = @ and again
obtain @ = W + wWy. However, statement (2) says there is only one way to express
w0 in the form @ = Wy + ws for some wW; € Wy and ws € W. From this, we conclude
that @; = 0 and @, = 0, which implies that @ = 0. Since @ was arbitraily chosen
from W7 N Wa, it follows that Wy N Wy = {6}

(1) = (3): Suppose that V = W @ Ws. From the definition of the direct sum,
we automatically have Wi N Wy = {0}. Using Proposition 2.77, we have

dimV = dim(W; + Wa)
=dim Wi + dim W5 — dim W, N Wy
= dim W; + dim W,
where the last equality follows from the fact that W7 N W5 is the zero vector space,
and thus, has dimension zero. This proves (3).

(1) < (3): Suppose that dim V' = dim Wy 4+ dim W5 and Wy N W, = {6} Let
Z1,...,T, be a basis on Wy and let 4, ..., ¥, be a basis on W5. We now show that

B = {fla"wfaag'l;-'wgb} (27)
is a linearly independent set. So suppose that
a1y + -+ Qoo + Brfi + -+ + Bl = 0.

Let © := an@1 4+ -+ + ag@y and ¥ = B1y1 + -+ + BpYp. Then the above equation
can be rearranged as

T =—1. (28)
Since the left side of (28) belongs to W while the right side belongs to Ws, it follows
that £ and —g belong to W1 N Ws. Moreover, since Wy N Ws is also a subspace by
Proposition 2.77, we also have § € Wy NW,. However, WiNW, = {0} by hypothesis
which implies that £ = ¢ = 0. Since #1, ..., Z, is a basis on W, (and hence linearly
independent), it follows that a; = - -+ = a, = 0. Simiilarly, 8y = --- = 8, = 0. This
proves that B is linearly independent. However, the number of elements in B is
equal to a + b = dim W7 + dim Wy = dim V. The Replacement Theorem (Theorem
2.34) now implies that B is in fact a basis on V. Hence, every element ¢ € V is of
the form

T=1r1T1 ++ +Taq + S151 + - + Solp
= Wy + Wa
for some r1,...,74,81,...,8, € R, where W =1 &1 + -+ + r.Zq € W7 and Wy =

S1Y1 + -+ + spyp € Wo. This shows that V. = Wy 4+ Ws. Since we already have
WinWy = {6}, we see that V = W, @ W5 as required. O
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We conclude this chapter with the following result which will explain the results of
Example 2.73:

Theorem 2.80. Let W be a subspace of R™ and let W be its orthogonal
complement. Then

(i) Rr=WaWwt

(ii) dim W+ =n — dim W

Proof. (i): Let # € W N W+ be an arbitrary element. Since # belongs to W+,
we must have (by definition) Z is orthogonal to every vector in W. In other words,
Z-w = 0 for all W € W. However, & also belongs to W, which implies that - Z = 0.
This in turn implies that Z = 0. Since Z was an arbitrary element of W N W+,
we conclude that W N W+ = {0}. To prove (i), it only remains to show that
R™ = W + W+, that is, every element @ of R" can be expressed as ¥ = Z + ¢/ for
some ¥ € W and i € W+. Using the Gram-Schmidt process, we can construct an
orthogonal basis on W. Let

{gla"'agk}

denote an orthonormal basis on W. For ¢ € R", define & € W by
& = proj; U+ proj;, U+ - -+ + proj; U

Note that since projgiz')' is a multiple of b; and b; € W for i = 1,...,k, it follows
that Z is indeed an element of W. Now let ¢y = ¥ — Z. Clearly, we have v = & + ¢/
where & € W. We have to check that 7 € W=. Since the b;’s form a basis on W,
every element of W is a linear combination of the bi’s. Hence, to show that i € W+
is equivalent to showing that ¢ is orthogonal to b; for i = 1,...,k. The following
calculation verifies this:

— —

j-b = (F-@) -5,

I
<
<
S
|
-
—
e
=
e}
—
0‘
L
o
S

Jj=1
=7- (prOJb
=v-b 17
=0.

This shows that ¢ € W+, which in turn proves that R” = W + W=. Since we have
already shown that W N W+ = {0}, we have proven that R” = W @ W+.
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(ii): Using part (3) of Proposition 2.79 and the fact that R* = W @ W+, we
have

dimR" = dim W + dim W+.

Solving for dim W+ and using the fact that dim R™ = n gives dim W+ = n—dim W
as required. 0

Part (i) of Theorem 2.80 and part (2) of Proposition 2.79 immediately imply the
following:

Corollary 2.81. Let W be a subspace of R"™. For every v € R"™, there
exists a unique element £ € W and a unique element §j € W+ such that
U =2+ 7y. This element & is called the orthogonal projection of U onto
the subspace W and is denoted by projy,v.

The proof of Theorem 2.80 does more than simply prove the existence and unique-
ness of projy,v. It also tells us exactly how to compute it!

Calculating proj, ¢

Let W be a subspace of R™ and let ¥ € V. Also, let 51, .. .,gk be any
orthogonal basis on W. Then

projy v = projglﬁ—l— projz, v+ -+ projgkﬁ.

Example 2.82. Let V be the subspace of R* defined by
V ={(a,a—2b,b+¢,c) | a,b,c € R}.

Find the orthogonal projection of @ = (1,2,2,1) onto V.. To compute proj,d,
we first need an orthogonal basis of V. Fortunately, we already found one
in Example 2.69:

b = (1,1,0,0)

by = (1,-1,1,0)
.1

by = g(_1’1’273)

Note that 3b; = (=1,1,2,3) is also orthogonal to by and by. Since any
orthogonal basis will do, let’s use the basis 51, gg, and 353 instead so we can
avoid that pesky factor of 1/3. From this point forth, we set by = (—-1,1,2,3).
The projection of @ onto V is then given by
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projya = projglc_i + projI;zEL’ + projggc_i

by @~ by-@- by-d-
! 5 i =F i 2b2+ i 2b3
I 11

7

d = projya + y.
This, of course, is simply
(_Sa 37 67 _6)

= = . A
= — (0] = —
Y = a—projya 10

Gb1=0
Fby=0
7 bs = 0.

This shows that i € V* as required.

3 3 1 11 8 8 16
_(5757070)+(57_§7§» )"’_(_Bvﬁaﬁaﬁ)
_ 1317 14 24,
© 1107107107 15
= —(13,17,14,16).

10( 37 77 ) 6)

At the same time, we compute the element of 4 € V1 such that

If our calculation is correct, 3 should be orthogonal to V. This is equivalent
to showing that ¥ is orthogonal to any basis of V. Let’s verify this by
computing the dot product of § with the basis vectors by, b, and bs:

2.8. Orthogonal Projection & Distance to a Subspace

In Section 2.5, we defined the distance between two points u and v in R™ by

d(u, v) = || — |

(Recall our notation: when we regard an element of R™ as a point and not a vector,
we drop the arrow symbol.) As we saw in Section 2.5, the above formula generalizes
the distance between two points in R', R?, and R3. In this section, we generalize
things even further by considering the distance between a point v of R™ and a
subspace W of R™. Naturally, this distance should be defined to be the smallest

distance from v to a point in W. In other words, the distance is

d(v, W) := inf{||7 — @] | & € W}.

(29)
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The “inf” in (29) is short for infimum, which is defined as the greatest lower
bound of a set of numbers. As an example, consider the set

1
S={an|an:=2+—, n=1,2,... }.
n

The infimum of S is the largest number « for which a,, > xk forn =1,2,....
A moment’s thought shows that the infimum of S is inf S = 2.

Naturally, we are interested in computing this distance. In addition, we would
like to know which point in W is closest to v. The answers to these questions is
given by the following result which relies crucially on orthogonal projection:

Theorem 2.83. Let v € R"™ and let W be a subspace of R™. Then

= 2 . o2
4@ W) = /171 = l[proj 71*
In addition, d(U,w) = d(v, W) if and only if & = projy, 0.

Proof. By Corollary 2.81, we can decompose the vector ¢ (uniquely) as
U= projy v +y (30)

where ¢ € W+. Let @ be an arbitrary element of W. Using (30), we expand the
square of d(v,w) and obtain an upper bound for this quantity:

= ||8|* = 2(projy 7 + §) - @ + |||
=12 PR - -2
= [[711" = 2(projyv) - & + |||
=12 PR - -2
> [|9]]” = 2 [[projy v| ||| + [|@]]”, (31)

where the last inequality follows from the Cauchy Schwartz Theorem (Theorem
2.49). Since 7 is a fixed vector, the right side of (30) only depends on the value
of ||W||. What value of ||&|| will minimize the right side of (30)? To answer this
question, let

2 .o
F(&) = 19”2 [|lprojyal| ¢ + ¢*.
The graph of f(¢) is a quadratic which attains an absolute minimum value at
t = [[projy, ] . (32)

Hence, the absolute minimum value of f is

Fllprojiwdl) = 171* — Iproju ol - (33)
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Using (31) and (33), it follows that for any w € W, we have
112 . (12
d(v,w)* > 7] — [[projy vl (34)
From the calculation for (31) and (32), we see that w € W satisfies
112 . (12
d(v,w)* = [|7]|" — [[projy 7|

if and only if (projy,?) - @ = ||projy ¥ ||| and ||@]] = ||projy, ¥]|. The Cauchy
Schwartz Theorem implies that @ = projy ¥ is the only element of W which satisfies
both of these conditions. Hence,

. 12 L2
(v, projuy#) = /9% ~ Jprojy 411
From the inequality (34) and the above discussion, we see that if & € W and
W # projyU, we have d(v, w) > d(v, projy,¥). From this, we conclude that projy, v
is the element of W closest to v and
L2 . 2
(o, W) = /1717 = Iprojuy .

This completes the proof. (I

Example 2.84. Let V be the subspace of R* defined by
V ={(a,a—2b,b+¢,c) | a,b,c € R}.
Let d = (1,2,2,1). From Ezample 2.82,
1
Projy,a = 1—0(13, 17,14, 16).

By Theorem 2.83, projy,d is the element of V closest to d. The distance
from a to'V is

= 2
(@, V) = \/|Ei||2 - HpmjvdH ~ 0.949.
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Chapter 2 Exercises

1.

Determine if @ = (—4,6,1) is a linear combination of @ = (1,0,—1) and
¥ =(1,-11,3). If so, then express W as a linear combination of @ and .

Determine if the vectors (3,2,0), (=3,0,1), and (1,1, —9) span all of R3. Do
these vectors form a basis?

Let @ = (1,1,—1) and ¢ = (2,1,3). Determine if @ = (7,6,3) is a linear
combination of # and ¥. If so, express W as a linear combination of & and 7.

Let
T =(2,-1,3,1), 7y = (1,0,-1,1), 73 =(0,1,4,2).

(i) Determine if Z1, Z5, and &3 are linearly independent. Justify your answer.

(ii) Determine if ¥ = (2,—1,3,1) is a linear combination of ¥, #2, and Zs.

If so, express ¥ as a linear combination of &1, T2, and Z3. If not, justify
your answer.

(iii) Determine if @ = (1,0,0,1) is a linear combination of Zy, T3, and Z3. If

S0, express U as a linear combination of ¥y, ¥, and F3. If not, justify
your answer.

Consider the following subset of R*:
W :={(a —b,4a,2b+ 3¢,b—¢) | a,b,c € R}.

Determine if W is a subspace of R*. If W is a subspace, find a basis for W
and state its dimension. If W is not a subspace, explain why.

Consider the following subset of R3:
U:={(a+b4ba+b—1)]|a,beR}.

Determine if U is a subspace of R3. If U is a subspace, find a basis for U and
state its dimension. If U is not a subspace, explain why.

Solve the following homogeneous linear system in 3-variables:

r+y—z2=0
r+3y+22=0
-3 —y+62=0.

Let W C R3 denote the solution space for the above homogenous system.
What is the dimension of W as a subspace of R3? Find a basis for W.
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8.

10.

11.

12.

13.

14.
15.

16.

Solve the following homogeneous linear system in 5-variables:

Ty + 2x9 — 2203 — 624 + 325 =0
2x1 + 519 —x3 —4zy 4+ 225 =0
—x1 — X2 + 6x3 + 1724 — 425 = 0.

Let U C R® denote the solution space for the above homogenous system.
What is the dimension of U as a subspace of R?? Find a basis for U.

Let @ = (1,—1,0) and 7 = (1,2,1).
(i) Verify that @ and ¢ are linearly independent.
(ii) Extend the set {i, 7} to a basis on R? (i.e. find a vector w € R? such
that {@, v, @} is a basis of R?).

Let @ = (1,0,—1,1) € R* Extend % to a basis of R*, that is, find vectors
Ty, To, T3 € R* such that

{Ga 51752753}
is a basis of R*.

Determine if the following set of vectors form a basis of R3.

{(1,1,-1), (0,2,1), (1,-3,—3)}.

Normalize the following vectors:

(a) 7= (1,-1)

(b) @w=(1,2,2)

(¢c) w=(1,-1,1,-1)
Find the distance between the following vectors:
(a) 41 = (1,0,—1) and 1y = (1,2,1)

(b) ¥4 =(1,1,—1,—1) and ¥, = (0,1,0,—1)

Give an equation for a sphere in R3 centered at the origin and with radius r.

To the nearest hundredth in radians, calculate the angle between the following
pairs of vectors:

(a) (1,1) and (2,5)

(b) (1,2,—1) and (1,1,1)

(¢) (1,0,—1,2) and (—1,1,2,2)

Let a;,b; € R be positive numbers for ¢ = 1,2,...,n. Is the following equality

(50) <(5%) (5%

If so, explain why. If not, give a counterexample.

true?
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17. Are the two vectors orthogonal?
2 2
3 , -1
-5 3
18. Show that @ = (2,—4) and ¥ = (8,4) is an orthogonal basis of R?. Express
(=3,1) as a linear combination of @ and .
19. Determine ¢ such that the two vectors
-3 1
t -3

-1
are orthogonal.

20. Consider the vector ¥ = (1, 1,2, —1).
(a) Let W be the subspace of R* consisting of all vectors orthogonal to .
(b) Give a basis for W.
(c) What is the dimension of W?

21. Compute the orthogonal projection proj;v for each case:
(a) u=(1,-1), 7= (2,3)
(b) u=(1,2,1), ¥=(0,1,1)
(¢c) u=(2,1,1,1), v =(1,-1,—-1,1)
22. Apply the Gram-Schmidt Process to the following basis of R3:
{(1,1,1), (-1,1,-1), (0,1,2)}
23. Consider the subspace V of R* given by
V={(a+2c,a+b—3c,c—a,a+4c) | a,b,c € R}.

(a) Construct an orthonormal basis of V.
(b) Express the orthogonal complement V- as a set. Also, give a basis for
Vi,
24. Use the Gram-Schmidt process to find an orthogonal basis of the subspace of
R? spanned by the vectors: (1,3, —2) and (1,5,1).
25. Use the Gram-Schmidt process to find an orthogonal basis of the subspace of
R* spanned by the vectors:
{(L 727 17 1)a (07 717 73» 1)}

26. Show that @ = (—2,5,2) and ¥ = (2,2 — 3) are orthogonal. Find a third
vector 10 that together with @ and ¥ make an orthogonal basis of R?. Express
(—=1,-3,1) as a linear combination of @, ¢ and .

27. Consider the subspace W of R* given by
V ={(a,a+ 2b,b,a) | a,b € R}.

(a) Construct an orthonormal basis of W.
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28.

29.

30.

31

32.

33.

34.

35.

(b) Express the orthogonal complement W+ as a set. Also, give a basis for
W,

Suppose that W is the subspace spanned by

{(5,1,4), (1,3,-2)}.
Find a basis of W+ .
Let W, and W5 be subspaces of R* given by

Wy :={(a,2b,a+c,c) | a,b,c € R}
and
Wy :={(a,2a,b,a) | a,b € R}

(a) Does W + Wy = R*. Justify your answer.
(b) Does Wy & Wy = R%. Justify your answer.

Let U; and Us, be subspaces of R? given by
Uy :={(a,b,a+2b) | a,b € R}
and
Us :={(a,a,2a) | a € R}.
(a) Does Uy + Uy = R3. Justify your answer.
(b) Does U; @ Uy = R3. Justify your answer.

Find the orthogonal projection of (—2,5,1) into the subspace of R3 defined
by
W= Span {(_]-7 1, 2)7 (_]-7 274)}

Let W be the subspace of R3 given by

W :={(a,a+b,b) | a,beR}
(a) Find the projection of ¥ = (1,0,2) onto W.
(b) Calculate the distance from ¢ to W.
Let W be the subspace of R* given by

W= {(a,a,a+0b,b) | a,b € R}.

(a) Find the projection of ¢ = (1,2,0,1) onto W.
(b) Calculate the distance from ¢ to W.
Find the distance of (—1,2,4) to the subspace of R? spanned by the vectors
(=2,—4,1) and (—3,2,0).
Find the distance of (—2,1,0) to the plane 3z —y + 2z =0.
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Chapter 3

Matrices

3.1. Basic Definitions

As we saw in Chapter 1, a matrix is simply an array of numbers arranged in rows
and columns. Recall that a matrix

aiil a2 - A1n

azi Q22 - a2n
A=

Am1 Am2 e Amn

with m rows and n columns is said to be of size m x n. The matrix A is then
called an m x n matrix. The individual numbers making up the matrix are called
the entries or elements of A.

Example 3.1. The matriz shown below is an example of a 2 X 3 matriz:
1 2 5
1 15 —10/°

The individual numbers making up the matrix are called the entries or ele-
ments of the matrix. For an m x n matrix A, the element in the ith row and jth

column is called the (i, j)-th element or (4, j)-the entry and is typically denoted in
one of the following ways:

aij, Qi j, Aij, Ajj.
In this book, we will typically denote the (4, j)-th element of a matrix A as a;; or

A

ij-
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Example 3.2. The matriz A shown below has size 3 X 4:

9 7 4 0
A=|-4 27 12 8],
2 2 —4 1

The number in red is its (1, 3)-entry, which we can write as

a1z = 4.

To further simplify notation, an m x n matrix A is sometimes denoted as (a;;) with
the understanding that 1 <i<mand 1 < j <n.

Naturally, a matrix whose entries are elements of R is called a real matrix while
a matrix whose entries are elements of C is called a complex matrix.

Example 3.3. For instance, the matriz in Ezample 3.1 is a real matriz
while the following is a complex one of size 3 X 2:

7T+ 27
-9 -51 )
6+:1 —10¢

Remark 3.4. So far, every matriz in this book has been enclosed with paren-
theses. For the sake of completeness, we also point out that another common
notation is to use square brackets in place of parentheses.

For example, the 2 x 3 matrix from FExample 3.1 would be written as
11 2 5
1 15 —-10|°

In this book, we primarily use parentheses to enclose matrices.

From Chapter 2, we recall the following definition:

Definition 3.5. A matriz with exactly one row is called a row vector while
a matriz with exactly one column is called a column vector.
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Example 3.6. A (real) row vector of size 1 x 3:
(2 9 6)eR®
A (complex) column vector of size 4 X 1:
3+ 21
—3i
2—-Ti
10

eC*

Whether one depicts the elements of R™ (or C™) as row vectors or column
vectors is a matter of taste. However, once we introduce the idea of linear
transformations, it becomes more natural to express vectors as column
vectors.

As we saw in the previous two chapters, we denote row vectors and column
vectors typically as lower case letters with a little arrow overheard (e.g., i,
v). We typically denote matrices which are neither row or column vectors
with capital letters.

Definition 3.7. A matriz with the same number of rows and columns is
called a square matrixz. A square matriz of size n X n is said to have
order n.

Example 3.8. A square matriz of order 4:

2 1 -12
10 2 V2 8

6 -1 4 —15
2 2 e -3

3.2. Matrix Addition and Scalar Multiplication

The goal of the next few sections is to generalize the four basic operations of ad-
dition, subtraction, multiplication, and division to matrices. We begin this section
with the definition of matrix addition:
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Definition 3.9. Let A and B be two matrices m X n matrices. The sum of
A and B is the m x n matrizc A+ B whose (i, j)-element is given via

(A —+ B)” = Aij —+ sz

Example 3.10. Let
A =2 1 0 . B- 5 3 1
4 -3 2 2 6 -1

-24+45 143 0+1) (3 4 1
442 -346 2—-1/) \6 3 1 /)°

Then

A+s=(

The definition of matrix addition is quite natural. We just add the matrices
component wise. However, we stress that matrix addition is only defined for ma-
trices of the same size. We now introduce the natural idea of the zero matrix:

Definition 3.11. The m X n zero matriz is defined to be the m X n matriz
whose entires are all zero. We denote this matriz as 0,,x,-

To simplify notation, we will drop the indices m,n from 0,,x, and denote the
zero matrix as 0. The size of the matrix will be clear from the context in which
it is used. For example, if A is an m X n matrix, then the statement A + 0 only
makes sense if 0 denotes the m x n zero matrix. Observe that for a matrix A, we
have the following identity: A + 0 = A.

The next operation we introduce is the notion of scalar multiplication for ma-
trices. The definition is quite obvious, but let’s state it formally anyway:

Definition 3.12. Let A be an m X n matriz and ¢ a scalar (if A is real,
then c € R; if A is complex, then ¢ € C). The scalar multiplication of c
on A is the m x n matriz cA whose (i, j)-entry is given by

(CA)” o= CAij °

Example 3.13. Consider the square matriz of order 2:
4 -1
A= .
()

2A<i ‘2) (36)

Then
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In light of the zero matrix, we make the following definition:

Definition 3.14. The additive inverse of a matrixz A is the matrix

—A:=(-1)A.

The name additive inverse comes from the simple fact that A+ (—A) = 0. Armed
with the additive inverse, we define the difference between two matrices A and B
of the same size to be

A—B:=A+ (-B).

Of course, this is exactly how we define the difference of two real (or complex)
numbers.

Example 3.15.

5 =2 A =2 14 -2
41 -1 -2 | =3[ 5 1 = -19 -11
1 0 4 -1 -8 3

We conclude this brief section with a summary of the basic properties of matrix
addition and scalar multiplication. All of these properties follow mmediately from
the associativity, commutativity, and distributive properties of real and complex
numbers.

Basic Properties of Matrix Addition & Scalar Multiplication
Let A, B, and C be m x n matrices and let ¢ be a scalar.

o (A+B)+C = A+ (B+ C) (Associativity)

e A+ B = B+ A (Commutativity)

o A+ 0= A (Additive Identity)

e A+ (—A) =0 (Additive inverse)

e ¢(A+ B) = cA + ¢B (Distributivity of the scalar)

3.3. The Transpose

By definition, a matrix is a rectangular array of numbers. This fact leads to the
idea of the transpose:
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Definition 3.16. The transpose of an m X n matriz A is the n X m matriz
AT formed by interchanging the rows and columns of A. In other words, AT
is the m X n matriz defined via

(AT)ij = Ajs.

Example 3.17.

The following result summarizes the basic properties of the transpose as it relates
to matrix addition and scalar multiplication. This result is very straightforward,
but lets work it out anyway since it provides practice with the definitions of matrix
addition, scalar multiplication, and the transpose.

Proposition 3.18. Let A and B be m X n matrices and let ¢ be a scalar.
Then

(i) (A+B)" = AT + BT
(ii) (cA)T = cAT
(iii) (AT)" = 4

Proof. For (i), we have

[(A+ B)"] ;= (A+DB)ji
= Aji + Bji
= (AT)i; + (BY);.
This in turn implies (A + B)T = AT + BT Likewise for (ii), we have
[(CA)T] ij = (CA)jl
= CAji
= c(AT)y;
= (CAT)”
This gives (cA)T = cAT. Lastly, for (iii), we have

[(AT)T],; = (AT
= AZ]

Hence, (AT)T = A. O
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The transpose applies to both real and complex matrices alike. However, in the
case of complex matrices, there is a variation of the transpose that has greater use.
This variation is called the conjugate transpose. First, let us recall that the
conjugate of a complex number z = a + b is defined by

Z:=a—1b.

The conjugate transpose is then defined as follows:

Definition 3.19. Let A be an m X n matriz. The conjugate transpose is
the n x m matrix A* whose (i, j)-element is given by

(A")ij = Aji.

In other words, to obtain the conjugate transpose of a complex matrix A, we first
conjugate every element of A, and then take the transpose of the resulting matrix.

Example 3.20. Consider the 2 x 3 matriz

A 243 1—4 442
a 2 3 3440 )

Then
2—-31 —2i
A* = 1+74 3
4—27 3—4

Example 3.21. Of course, if A is a real matriz, then the conjugate trans-
pose and the ordinary transpose coincide:

A*:AT

In fact, a matriz A is real if and only if the above condition is satisfied.

We will give some motivation for the transpose and the conjugate transpose when
we get to matrix multiplication in the next section. For now, here is the complex
version of Proposition 3.18:

Proposition 3.22. Let A and B be m x n matrices and let ¢ be a scalar.
Then
(i) (A+ B)* = A* + B*
(ii) (cA)* =cA*
(iii) (A*)*=A
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Proof. The proof is very similar to the proof of Proposition 3.18. In proving
Proposition 3.22, one has to remember the following conjugation identities:

21+ 20 =21 + 2o, 2122 = 2129, V 21,29 € C.

By definition, the transpose takes an m x n matrix and transforms it into an n x m
matrix. Hence, in general, the transpose alters the size of the matrix. On the other
hand, if 4 is an n x n matrix, then A7 is still an n x n matrix. We can take things
one step further by considering matrices which are left completely unchanged by
the transpose. This idea leads to the following definition:

Definition 3.23. Let A be an n xn matriz. The matriz A is a symmetric
matriz if AT = A.

Example 3.24. Let

4 -1 2
A= -1 3 5
2 5 0

Then AT = A. Hence, A is a (real) symmetric matriz.

For complex matrices, one has the following variation of a symmetric matrix which
has greater use:

Definition 3.25. Let A be an n xn matriz. The matriz A is a Hermitian
matriz if A* = A

Example 3.26. Let

1 2+43i
A_<2—3i 5 >

Then AT = A. Hence, A is a Hermitian matriz.

At this point, we are going to introduce a very important type of matrix:
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Definition 3.27. Let A be an n xn matriz. A is called a diagonal matriz
if Aij =0 for all i # j. The elements A;; fori =1,...,n are called the
diagonal elements of A. The set of diagonal elements

A117 A227 ° o0 '7Ann

1s called the main diagonal of A.

Example 3.28. The 3 x 3 matriz

A:

S O N

is a diagonal matrix.

Proposition 3.29. Let A be a Hermitian matriz. Then its diagonal ele-
ments are all real numbers.

Proof. Consider the diagonal element A;;. Since A* = A, we have
(A%)is = Aii = Asi.
The above equality implies that the imaginary part of A;; is zero. In other words,

A;; is real. O

For the sake of completeness, we will introduce other types of symmetries associ-
ated to the transpose and the conjugate transpose:

Definition 3.30. Let A be an n X n matriz.

1. A is a skew-symmetric matriz if AT = —A.
2. A is a skew-Hermitian matriz if A* = —A.

Proposition 3.31. Let A be an n X n matriz.
(1) If A is a skew-symmetric matriz, then its diagonal elements are all
zero.
(2) If A is a skew-Hermitian matriz, then its diagonal elements are all
1Maginary.

Proof. (1): Let A be a skew-symmetric matrix. Since AT = —A, we have
Aji = —AZ]

In particular, A;; = —A;; for all 1.
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(2): Let A be a skew-Hermitian matrix. Since A* = —A, we have
Zji = —AZ]
In particular, A;; = —A;;. Write A;; = a + by/—1. Then the aforementioned

condition implies that
a—bv—1=—a—-0by—1.

From this, we see that a = 0. Hence, A;; is imaginary. (I

Example 3.32.

1 7 3
o Symmetric Matrix: 7T 4 =5
3 =5 6
0 2 -1
o Skew-symmetric Matriz: -2 0 4
1 4 0
2 2+: 4
e Hermitian Matriz: 2—1 3 1
4 - 1

3 1+2i 2—3¢
Skew-Hermitian Matriz: 1-—2¢ 2 3+ 4i
2+3i 3—4 1

Exercise 3.33. Identify each of the following as symmetric, skew symmet-

ric, or neither.

1 -3 3
(a) -3 4 -3
3 3 0
0 -3 -3
w3 o 1
3 -1

@(270)

3.4. Matrix Multiplication

In this section, we define matrix multiplication and study its properties. It will
become apparent right away that matrix multiplication does not behave like the
usual multiplication of real or complex numbers in one key respect.
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Definition 3.34. Let A be an m X n matriz and let B be a n X p matrix.
Then the product of A and B is the m X p matriz AB whose (i, j)-entry is
given by

(AB);; = Z AirBrj = A Bij + Ajgboj + -+ - + Ay B
k=1

From the above definition, the product AB is only defined if the number of
columns of A is equal to the number of rows of B. Hence, if AB is defined,
then it is not necessarily true that BA is defined. This is one key difference between
matrix multiplication and the usual multiplication of real and complex numbers.

Remark 3.35. Definition 3.34 may seem a little mysterious at this point.
The reader may be wondering why matriz multiplication is not defined com-
ponentwise like matriz addition. The reason why matriz multiplication is
defined the way it is has to do with a type of map called a linear map
which will be defined in Chapter 5. In Chapter 6, we will see that these
linear maps can be represented as matrices! Moreover, we will see that ma-
trix multiplication, as defined in Definition 3.34, is exactly what is needed
to represent the composition of two linear maps! However, all of this will
have to wait for Chapter 6.

At this point, its time to look at some examples:

Example 3.36. Let

Then
3
AB=(2 5 4)[ 7 | =@@)+(B)(7)+ (4)(1) = 45.
1

As expected, since A is a 1 X 3 matriz and B is a 3 x 1 matriz, AB is a
1 x 1 matriz, i.e. a number.

Note also that BA is also defined. The end result is a 3 x 3 matrix:

3 6 15 12
BA=| 7 |(2 5 4)=| 14 35 28
1 2 5 4
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Example 3.36 demonstrates that even when one has two matrices A and B for which
AB and BA are defined, one in general, has

AB # BA.

This result is a far cry from the usual multiplication of numbers! The technical
term for this is to say that matrix multiplication is noncommutative. In other
words, when it comes to matrix multiplication, order matters. Interestingly, this
feature of noncommutativity of matrices enters prominently in quantum mechanics
and leads to the famous Heisenberg Uncertainty Principle, which says that it is
impossible to measure both the position and velocity of a particle simultaneously
with arbitrary accuracy.

Here’s a few more examples:

Example 3.37. Let

0 4
a=( 2 23) a5
3 2

Let’s compute, for example, the (2,2)-entry of AB:
(AB)22 = (=2)(4) + (=1)(-1) + (5)(2) = 3.
Here is the full calculation for AB:

0
1 2 3 19 2
as - ( s = )=(w3)
-2 -1 5 3 9 10 3

Example 3.38. Let

(14+d 2 (42
A_( 3 2+3i>’ B_(li 2@)'
Then

A — 14+¢ 2 44 2 _( —246i 642
a 3 2430 1—4 =2 ) \ 5413 12—4i

The following example is a very convenient result to keep in mind:
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Example 3.39. Let @, € R™ be column vectors. Then the dot product of &
and U can be expressed in terms of matriz multiplication and the transpose:

U-T=uivy + ugvg + - + upvn,
U1
(%]
= ( ul u2 ... un )
Un
= @17

We now look at some of the basic properties of matrix multiplication. We begin by
proving the associativity of matrix multiplication:

Theorem 3.40. Let A, B, and C be matrices such that AB and BC are
defined. Then
(AB)C = A(BQC). (37)

Proof. Let A be an m x n matrix, B an n X p matrix, and C a p X ¢ matrix. Lets
compute the (4, j)-element of the left side of (37) and see what happens:

I
NE

(4B)C],,

i (AB)ikCh;

(Z AirBrk> Crj

r=1

el
Il
—

I
M=

=
Il
—

P

I
M:

Air By Cy;j

i
Il
-
B
Il
-

I
M:

p
Air (Z Brkaj>
1 k=1

Air(BO)rj

r

I
l s
o

Il
Ei

Sy
=

=
<.

From this, we conclude that (AB)C = A(BC). O

Next we verify that matrix multiplication is distributive with respect to matrix
addition and scalar multiplication:
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Theorem 3.41. Let B and C be matrices of the same size and let A and
D be matrices such that AB, AC, BD, and CD are all defined. Also, let o
be any scalar. Then

(a) A(B+C)=AB+ AC

(b) (B+C)D=BD+CD

(¢) a(AB) = (aA)B = A(aB).

Proof. Let B and C' be m x n matrices and let A and D be [ x m and n X p
matrices respectively. Then

NE

[A(B + C)]i; Aix(B + C)y;

>
Il
—

M-

Aii(Brj + Cyj)

=
Il
—

AirBrj + AirCi;j

NE

k=1
= (AB);; + (AC);;
— (AB + AC),;.

Hence, A(B + C) = AB + AC. This proves (a).

The proof of (b) is entirely similar to (a) so we omit it and leave it as exercise
for the reader.

For (c), we have

[a(AB)]

Il
2
N
5

ij

At this point, lets check the above results against some examples:
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Example 3.42. Let

5 —2
3 1 =2 0 2
a=( o) (3)
1 4 3 (_1 _4) -1 3

Then
5 —2
3 1 -2 0 2
(AB)C — < ) 3 4 ( )
1 4 3 1 _4 -1 3
(20 6 0 2
S\ 14 2 -1 3
([ —6 58
S\ =2 34
and

—= W
—_
\
w N
~~_
—
/
|
— W Ot
| |
=R DN
\_/
7 N\
|
= O
w N
N~
1

Example 3.43. Let

6 3 -1 1 4 3 -2 4
A(? 5)’ B<232>’ C<42 3)

Then
asro=( S s )+ 28
(235)(3 1Y)
(% i)
and

6 3 -1 1 4 6 3 3 -2 4
AB+AC<2 5><2 3 2)*(2 5)(4 3 3)
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[ -12 15 18 N 30 —18 33
a -8 13 -—18 14 -6 7
(18 -3 51
B 6 7 —11

The next result is used numerous times during the course of the book.

Proposition 3.44. Let A be an m X n matriz and let B be an n X p matrix.
Let b; denote the jth column of B. Then

AB:(AEl Aby - A5n>.

Proof. The (i, j)-entry of AB is
(AB)j; = amb; = (Ab;);,
k=1
where (Agj)i denotes the ith element of Agj. Hence, the jth column of AB is
Ab;. O

We now look at the relationship between matrix multiplication and the transpose
and the conjugate transpose.

Proposition 3.45. Let A and B be matrices such that AB are defined.
Then

(a) (AB)T = BT AT
(b) (AB)* = B* A*

Proof. Let A be an m x n matrix and B be an n X p matrix. For (a), we have

[(AB)T],, = (AB);;
= Z Ak B
k=1
= Bridjk
k=1
- Z [BT]ik [AT]kj
k=1

= [(B7A7]

ij’
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which implies (AB)T = BT AT. The proof of (b) is similar so we leave it to the
reader as an exercise. O

Example 3.46. Let

(2 )
Then
T
apr=( 3 3)(5 5)=(a o) =(s5 2 )
(20 )-(0 )

At this point, we now introduce the matrix-equivalent of the number 1:

and

Definition 3.47. The identity matrix of order n is the n X n diagonal
matriz whose diagonal elements are all 1, that is,

10 -+ 0

01 --- 0
I, := .

0 0 1

The name “identity matrix” is justified by the following result:

Proposition 3.48. Let A be an m x n matriz. Then I,,A = AL, = A.

Proof. By direct calculation, we have

m

(ImA)ij = Z(Im)ikAkj

k=1

= Z(Im)ikAkj + I Ay
ki

= 0Ay; + 14,
ki

= Aij.
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Hence, I,,A = A. Likewise, we have

k=1

= Aullm)is + Aij(In) 5
K]

= A0+ Ayl
K]

= A'ij-

Exercise 3.49. Let A be a square matriz. Show that ATA and AAT are
both symmetric.

Some Motivation for the Conjugate Transpose

Consider a complex number z = a + ib € C. Since a complex number has
two components, a real and an imaginary part, we can identify C with R2.
Explicitly, we regard the complex number z = a + b with the real vector

7= (a,b) € R%

The square of the length of this vector is conveniently given by the dot
product: Z - 2. However, this same quantity can also be computed using
conjugation:

ZZ=Z%-2=a’ L b
From Example 3.39, the dot product of two real column vectors u, v € R™
(can be expressed in terms of the transpose via

T-T=ualv.

Recall that one of the properties of the dot product is that @ -« > 0 for all
real vectors @ and zero precisely when @ = 0. Geometrically, @- @ represents
the square of the length of the vector @. Suppose now that we wanted to
construct a “complex dot product” and we want our “complex dot product”
to have properties similar to the real dot product. In particular, we would
like our “complex dot product” to satisfy the condition # - @ > 0 for all
@ € C" and to be zero only when @ = 0. Naively, we might define our
complex dot product in terms of the ordinary transpose (just like the real
case). However, this does not work. In fact, it does not even yield a real
number.
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At this point, you probably know exactly how to fix this problem. We simply
replace the ordinary transpose with the conjugate transpose.

* —

07 = (u)"0.
Its a simple exercise to see that (@)*@ > 0 for all @ € C™ and zero precisely

when @ = 0. The above dot product is called the standard Hermitian
inner product on C". This is an idea we will cover later in this book.

3.5. The Inverse of a Matrix

In the last section, we introduced the identity matrix I,, (of order n), which plays
the same role as the number 1 for R and C with regard to multiplication. If a is a
nonzero number, then there exists a number ¢! such that

Given a matrix A, we would like to know where there exists a matrix A~ such
that

AAT = ATTA =T, (38)
Equation (38) implies that A and A~! are both square matrices of order n. The
matrix A~! (if it exists) is called the inverse of A. Before we consider how to
compute the matrix inverse, we first prove a basic result about A1,

Proposition 3.50. Let A be an n X n matrix.

(i) The matriz inverse of A (if it exists) is unique.
(ii) If A=Y emists, then (A=1)~1 = A.

Proof. (i): Suppose that A;' and A; ' are both inverses of A. Then
ATt = AT,
= A7 (447"
= (A7 A)4y!
=I,A5"
= AL
(ii): This is immediate. If A~! exists, then AA~! = A='A = [,,. Hence, A is

an inverse of A~!. Moreover, by statement (i), this is the only inverse of A=1. This
proves (ii). O

For the sake of concreteness, we are going to assume that all matrices in this section
are real. However, we point out that all the arguments given in this section work
equally well for complex matrices. The question of when the inverse of a square
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matrix exists is answered by the following result:

Theorem 3.51. Let A be a square matriz of order n. Let a; denote the ith
column of A. Then A™' exists if and only if

{@1,...,0n}

s a basis of R™.

Proof. (=) Suppose A~! exists. Let @; denote the ith column of A=!. Then
AAT'=A(a dy -+ d, )= (Adr Ads - Ad,)
Let €; denote the ith standard basis of R™ (expressed as a column vector). Observe
that
Li=(é& & - & ).
Since AA™! = I,,, it follows that
Ad; = €. (39)
Since Ad); is a linear combination of the columns of A, it follows from (39) that
R™ = span {Ady, ..., Ad,}
= span {di,...,d,}. (40)
Since dim R™ = n, it follows from (40) that {d1,...,d,} is a basis of R™.

(<) Suppose that the columns of A form a basis of R™. Hence, for any vector
¥ € R™, there exists (unique) ¢y, ..., ¢, € R such that

016_1:1 —+ 0262 + e+ cn&’n = 7. (41)

Let ¢ € R™ be the column vector whose ith component is ¢;, (41) is equivalent to
the matrix equation

Ac=1. (42)
In particular, for each standard basis vector €;, there exists a vector l_)'i such that
Ab;é;. (43)
Let B be the n x n matrix whose ith column is b;. Then (43) implies
AB = 1,.
We now show that we also have BA = I,,. To do this, note that
A=1,A=(AB)A = A(BA). (44)
(44) implies that
A(I, — BA)=0. (45)

Let & denote the ith column of I,, — BA. Then (45) implies that
A =0 (46)
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for i = 1,...,n. Since the columns of A are a basis of R™ (and hence linearly
independent), it follows that ¢ = 0 for i = 1,...,n. This proves that I,, — BA = 0.
In other words, BA = I,,. We have thus constructed a matrix B satisfying AB =
BA = I,,. By definition, B is the (unique) inverse of A. a

Definition 3.52. A matriz whose inverse exists is said to be invertible
(or nonsingular).

The following result will prove useful:

Corollary 3.53. Let A be an n x n matrix. If there exists an n X n matriz
B such that AB = I,,, then A is invertible and A~! = B.

Proof. Suppose there exists a square matrix B of order n such that AB = I,.
Let b; denote the ith column of B. As we saw in the proof of Theorem 3.51, the
equation AB = I,, implies that

{Aby, ..., Ab,}

is a basis of R™. This in turn implies that the columns of A form a basis of R”. By
Theorem 3.51, A~! exists. Hence,

A '=A"', =A"'AB=1,B = B.
O

Corollary 3.53 (and the proof of Theorem 3.51) give us a strategy for computing
the inverse of an n X n matrix A (assuming it exists). To find the inverse of A, it
suffices to find an n x n matrix B satisfying

AB =1,.
Let l_); be the ith column of B. The above equation amounts to solving the following
n matrix equations:
Al;izéi, fori=1,2,...,n.
FEach matrix equation is just a linear system of n equations in n variables. Hence,
we can use the Gauss-Jordan method to solve for each column b;. The good news

is that we can solve all n matrix equations simultaneously. To do this, we form the
augmented n X 2n matrix:

A= ( A I, )
The idea now is to put the first n columns of A’ in reduced echelon form. If we can
transform A’ into the following form

(In B)
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via row operations, then A has an inverse and the inverse is A~! = B. Let’s put
this strategy to the test with a simple example:

Example 3.54. Let

2 1
A= .
(5 2)
Now we form the augmented matriz
, (2 1 10
A<3 2 0 1)

Now apply Gauss Jordan to A’

1. —R1 + Ry — Ry:
2 1 1 0
I __
A(l 1 -1 1)

, (11 -1 1
A_(21 10)

2. R1 A d R2

3. —2R1 + Ry — R»

4. Ro+ Ry — Ry
5. —Rz — R2

From this, we conclude that

N (ol
ao=( 271

Let’s check that AA™! = A=1A = I,:

a8 )= 1)
ca=(2 )00

The need to calculate the inverse of a 2 x 2 matrix happens quite often. For this

—_

—_

reason, the following result is convenient to keep in mind:
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Proposition 3.55. Let

a0 2

Then A is invertible if and only if ad — bc # 0 and
1 d —b
A= .
ad — bc ( —-c a >

Exercise 3.56. Check Proposition 3.55.

The quantity ad — bc in Proposition 3.55 is called the determinant of the 2 x 2
matrix A. The determinant is an extremely important idea in linear algebra. We
will study determinants in more detail in Chapter 4.

Example 3.57. Let

0 2 0
A= 4 0 -2
2 0 O
As before, form the augmented matriz A’ :
02 0100
A=140 -2 0 1
20 0001

Now apply Gauss-Jordan to A':
1. —2Ry + Ry — Rs:

0 2 0 1 0

A = 0 0 -2 1 -2

2 0 0 0 1
2. R1 — RQ.‘
3. Ry - Rs3 :

A=

o
—

o o
N oo

[

[\

o

[

[

[\

HOO\L
o
&)

4. %Rl —>R1, %RQ —>R2, —%

1/2

—
~
[\
&)
o

=
|
v O O
(RN}
|
o o N
o~ o
c o
|
o — o N

1
A=1|0
0

o = O
o
=

1/2
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Hence,
0 0 1/2
AT 172 0 0
0 1 1/2

We leave it to the reader to check that the above matrix is indeed the inverse

of A.

Example 3.58. Let

1 -1 1
A= -1 -1 1
1 1
The augmented matriz is
1 -1 11 0 0
A= -1 -1 1010
1 1 1 0 0 1

Now we apply Gauss-Jordan to A’:
1. Ri + Ry — RQ, —Ry + R3 — Rg,'
1 -1 1 1 00
0 -2 2 1
0 2 0 -1 0 1

—_

2. R3+ Ry — Rs:

o o

o o

o

|

—_
—_

3. Ry < Rg.'
1 -1 1 10
0 2 0 -1 0
0 0 2 01

4. 1/2R2+R1 — Ry, —1/2R3+R1 — Ry:

100 1/2 —1/2 0

0 2 0 -1 0 1

0 0 2 0 1 1
. 1/2R2 —)Rz, 1/2R3 — R3

100 1/2 -1/2 0
01 0 —1/2 0 1/2
00 1 0 1/2 1/2
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Hence,
1/2 —1/2 0
A= -1/2 0 1/2
0 1/2 1/2

We conclude this section by revisiting systems of linear equations. Consider
the following system of n equations and n variables:

11T + - -+ a1 Ty = by
a21%1 + -+ + G2pTn = bo

Ap121 + -+ AppTn = bn

One of the nice features of matrices is that we can use them to transform a system
of linear equations into a single concise matrix equation (as we saw earlier). In this
case, let A be the n xn matrix whose (¢, j)-element is a;;, let Z be the column vector
whose ith component is x;, and let b be the column vector whose ith component
is b;. Then the above linear system is completely encapsulated by the following
matrix equation:

AT =1b. (47)

From here, we obtain the following result:

Theorem 3.59. Let A be an n x n matriz and let b € R™ be any column
vector. Then the matriz equation AT = b has a unique solution if and only
if A is invertible. Moreover, the solution is & = A~'b.

Proof. If A is invertible, then multiplying both sides of (47) from the left by A~}
gives

= A"1p.

Now suppose that (47) has a unique solution. In particular, AZ = 0 has a
unique solution. This implies that the columns of A are linearly independent.
Since A has n columns, the columns of A must form a basis of R™. By Theorem
3.51, A is invertible. O
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Example 3.60. Consider the linear system

T—Yy+z2=5
—Tz—y+z=2
r+y+z=4.
Setting
1 -1 1
A= -1 -1 1
1 1 1

We already encountered the matriz A in Example 3.58. Its inverse was found

to be
1/2 -1/2 0

A7t = —1/2 0 1/2
0 1/2 1/2
Hence, the (unique) solution to the above system is
1/2 -1/2 0 5 3/2
T=A"%=| —-1/2 0 1/2 2 | =1 -1/2
0 1/2 1/2 4 3

3.6. Elementary Matrices

Back in Chapter 1, we introduced the following three elementary row operations:

1. R; & Rj
2. ¢cR; = R; (¢ #0)
3. cRi+R; = R; (i#7)
It turns out each of these row operations can be achieved by matrix multiplication.

The matrices that are associated to these basic row operations are called elemen-

tary matices:

Definition 3.61. An elementary matrixz of order n is a matriz E which
differs from the identity matrixz I,, by a single elementary row operation.
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Example 3.62. Here are some examples of elementary matrices:
1.
0 1
(10)
2.
1 0 0
0 1 5
0 0 1
&
1 0 00
0 -4 0 O
0O 0 1 0
0 0 0 1

The following result shows how elementary matrices induce elementary row opera-
tions:

Theorem 3.63. Let A be an n X n matrix and let E be an elementary
matrix obtained by applying row operation X to I,,. Then EA is the matrix
obtained by applying row operation X to A.

Proof. Let é7,...,¢€, be the standard basis on R™ expressed as columns vectors.
Then
é
I, = :
én

Lets consider each of the three basic row operations one by one.

case 1: X is R; <+ R;. If i = j, then the row operation X leaves the matrix
unchanged. With i = j, we have E = I, and FA = [, A = A. Now let us suppose
1 < j. Then
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and

FA=

Since €} A is the kth row of A, we see that FA is A with rows i and j swapped.
case 2: X is cR; — R; with ¢ # 0. In this case,

Then

FA= ceT A

This is almost A with the one difference being that the ith row has been scaled by
c. This proves case 2.

case 3: cR; + R; — R;. Without loss of generality, take ¢ < j. Then
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and

EA=

:W,%

Once again, since €1 A is just the kth row of A, it follows that FA is the matrix

obtained by applying the row operation cR; + R; — R; to A. O
Example 3.64. Let
1 2 3
A= 5 6
7T 8 9
and let
1 0 0
E=10 01
0 10
Then
1 0 0 1 2 3 1 2 3
EA=1]1 0 0 1 4 5 6 |=[7 8 9
010 7T 8 9 4 5 6

In light of Theorem 3.63, it is a very simple matter to calculate the inverse
of an elementary matrix. Think about it. Suppose F; is an elementary matrix of
order n. For concreteness, take F; to be the elementary matrix associated to the
row operation cR; + R; — R;. Then what is the inverse of E47 The answer, of
course, is that it must be the elementary matrix associated to the row operation
which undoes cR; + R; — R;. In this case, the inverse is the elementary matrix Es
associated to the row operation —cRR; +R; — R;. Undoing the single row operation
associated to Fj yields I,,. So by Theorem Theorem 3.63, we have

EyEy = I,,.

Corollary 3.53 implies By = E; 1 or equivalently, ET L' — E,. In this way, we have
proved the following:

Corollary 3.65. Let Fy be an elementary matriz of order n associated to
a row operation Xy. Let X5 be the row operation which undoes X1. Then
Efl = Fs, where Ey is the elementary matrixz of order n associated to X.
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Example 3.66. Consider the elementary matriz

1 0 5
Ei=101 0
0 0 1

The row operation associated to F1 is 5R3 + Ry — Ri. The row operation
which undoes this is —5R3 + R1 — Ry1. Hence, the inverse of E is

1 0 -5
Ey=1 0 1 0
0 0 1

By direct calculation, we find E1Es = EsFEq, = I3.

Example 3.67. Consider the elementary matriz

0 0 1
Ei=101 0
1 0 0

The row operation associated to Fy is Ry <> Rs. The row operation which

undoes this is again Ry <> Rs. Hence, the inverse of Fy is itself: Fo = Fj.

By direct calculation, we have
2

00 1 00 1 00 1 100
F2F=1010]| =010 010 |=]010
100 100 100 00 1

We conclude this section with the following definition, which turns out to be
relevant to the existence of the matrix inverse (as well as the notion of the deter-
minant as we will see in Chapter 4):

Definition 3.68. Two square matrices A and B of order n are said to
be row equivalent if there exists a finite number of elementary matrices
FEr, ..., Ex of order n such that

A=E Ey- E.B.

Of course, using Theorem 3.63, Definition 3.68 simply means that B can be trans-
formed into A via a series of row operations. So what does this have to do with the
matrix inverse? Well, lets recall how we compute the inverse of a square matrix A
of order n. The first step is to form the augmented matrix

A=(A 1,).
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Then we apply the Gauss-Jordan method to A’ to transform A’ into the following
form:

(I, B).

The inverse of A is then B. In other words, the inverse of A exists if and only if
A can be transformed into I,, via row operations. We have thus proven the following:

Corollary 3.69. An n x n matriz A is invertible if and only if it is row
equivalent to I, .

3.7. The Trace of a Matrix

In linear algebra, there are two well-known operations which transform a square
matrix into a single number. The first, and most important of the two, is the
determinant (which we will cover in Chapter 4). The second is the trace of a
matrix. In fact, one can actually use the determinant to compute the trace of a
matrix. We will see how part of the story behind this in Chapter 4.

We will not do much with the trace in this book. However, for the sake of com-
pleteness, we are going to define it and prove some of its basic properties. Formally,
the trace of a matrix is defined as follows:

Definition 3.70. Let A be a square matriz of order n. The trace of A is
then Tr(A) := Y1 | Ay

Example 3.71. Let

1 -4 3
A= -2 0
4 7 6

Then Tr(A) =1+ (-2)+6 =5.

Example 3.72. In the case of the identity matriz I,,, we have Tr(I,) = n.

Proposition 3.73. Let A and B be an n X n matriz and let ¢ be a scalar.
Then
(i) Tr(cA) = cTr(A)
(i) Tr(A+ B) = Tr(A) + Tr(B).
(1ii) Tr(AB) = Tr(BA).
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Proof. We will prove statement (iii) only. Statements (i) and (ii) are left to the

reader as a very simple exercise.

From the definition of the trace, we have

n

Tr(AB) = ) (AB)y

=1

Il Il
M- 1M
M- I
oF

L 3

Chapter 3 Exercises

1. Let
3 1 8 -2 0 5 10 3 2
A(21 2)’ B< 959)’ C<514)'

Compute the following:
(a) 2A4+5B -C

(b) —B —4C

(c) =3A+5B+C

2. Calculate the sum/difference of matrices
(a)
123y (456
4 5 6 1 2 3

1474 1 3 n 0 5—¢ 141
-2 343 2—-4 2 =3 -4
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3. Let

() e (e)
C=(2 -1 4), D:(_Z).
(a) Which of the following matrix multiplications make sense?
AB, BA, Ac, Ac*, BD, c¢D, DC, DTA DTB, A'B
(b) Compute all the matrix multiplications in (a) whose multiplication is de-

fined.

4. Calculate the product of matrices

(a)

-2 2 4 3 8 2
-1 6 0 4 -1 -3
5 1 7 5 —2 —4
(b)
1 1\"
0 1
(c)
a 1 0\"
0 a 1
0 0 a
5. Let
2+3i 1 1 142
A< 2 51’)’ B<12i 2 )

(a) Compute AB.
(b) Compute B*B.
(¢) Compute B*A*.

6. If A is a 2 x 2 matrix, find all possible A such that
A=A

7. Suppose A is an n x n real symmetric matrix such that A2 = 0. Show that
A=0.
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10.

11.

12.

13.

14.

15.

Let A be an n X n matrix and suppose that A commutes with every n x n
matrix B, that is, AB = BA. Show that A = kI,, where k is a scalar.

Recall that two matrices A and B are called commutative if AB = BA. Let

(1)

Find all matrices which commute with A.

Let @y, is,..., U be any set of k orthonormal column vectors in R™. Let @
be the n x k matrix whose ith column is @;. What is QT Q?

Let A be a square matrix.

(a) Show that A4 AT is symmetric and A — A7 is skew symmetric.

(b) Prove that there is one and only one way to write A as the sum of a
symmetric matrix and a skew-symmetric matrix.

What is the inverse of the following matrix (if it exists):
2 -1
A= .
(5 73)

Use the Gauss-Jordan method to compute the inverse of the following matrix
(if it exists):

1 -1 1
A= -1 -1 1
0 2 4

Use the Gauss-Jordan method to compute the inverse of the following matrix
(if it exists):

\
I\

Use the Gauss-Jordan method to compute the inverse of the following matrix
(if it exists):

1 0 1 -1
A 0 -1 2 1
2 2 0 1
0 1 -1 1
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16. Let A be an invertible matrix.
(a) Prove that the inverse of AT is the transpose of A~!. In other words,
show that

(AT)fl _ (Afl)T'
(Due to this result, one often denotes the inverse of AT by A~T.)
(b) Show that if A is also symmetric, then A~! is also symmetric.
(c) Let n be a positive integer. Prove that the inverse of A" is (A1),
17. Let A be a n x n matrix. Show that if A¥ = 0, then I,, — A is invertible. Then
find its inverse.

18. Let A, B, and C be n x n matrices satisfying Tr(A+ B) =4, Tr(A+2C) = 3,
and Tr(A — B+ C) = 1. Find Tr(A), Tr(B), and Tr(C).

19. Let
1 -1 1
A=1 0 2 3
3 1 -2

Let E be an elementary matrix and suppose that

1 -1 1
EA=1 5 -3 8
3 1 -2

(a) What is E? What elementary row operation does it correspond to?
(b) What is E~'? What elementary row operation does it correspond to?

20. Consider the following linear system:

x1t+ax3— x4 =2
—xo+ 234+ x4 =5
201 4+ 220 + x4 = —1

To— T3+ x4 =1

S

(a) Express the above system as a matrix equation of the form AZ =
Specifically, specify A and b.
(b) Use your calculation from Problem 15. to solve the above system.
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21. Use the matrix inverse to solve the following linear system
xr1 — To + 2:1?3 =1
1 — 21‘2 =1

71314’.1‘24’173:2

22. Let I,, denote the n x n identity matrix. Does there exist a pair of n x n
matrices X and Y such that

XY -YX =17

If so, find such a pair. If not, then prove that there are no n x n matrices X
and Y satisfying the above relation.



—
Chapter 4

The Determinant,
Eigenvalues, and Eigenvectors

4.1. The Determinant

In Chapter 3, we alluded to the determinant as an operation which takes a square
matrix and transforms it into a scalar. In this way, the determinant is similar to the
trace of a matrix. Like the trace, there is an explicit formula for the determinant.
However, the formula for the determinant is much more complicated than that of
the trace. Fortunately, one can define the determinant recursively and this turns
out to be a good deal simpler than the explicit formula and much more practical
from a computational standpoint. We will give an alternate view of the determi-
nant in Chapter 10 which leads to a proof of the equivalence between the recursive
definition and the explicit formula for the determinant. We begin with some nota-
tion:

Notation 4.1. Let A be an n x n matriz. Let Ali,j] be the (n—1) x (n—1)
matriz obtained by deleting the ith row and jth column of A.

105
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Example 4.2. Let

Then

We are now in a position to define the determinant.

Definition 4.3. Let A be an n x n matriz whose (i, j)-element is a;;. The
determinant of an 1 X 1 matriz A = (a11) is just itself:

det(A) = aiy-

For n > 2, the determinant of an n X n matrix is

n

det(4) = Z(—l)j+la1j det(A[L, j])

g1

Definition 4.3 tells us that we can compute the determinant of an n X n matrix by
knowing how to compute the determinant of an (n — 1) x (n — 1) matrix. Since
the determinant of a 1 x 1 matrix has been explicitly defined in Definition 4.3, we
know how to compute the determinant of a 2 x 2 matrix which in turn means that
we can compute the determinant of a 3 x 3 matrix and so on and so on. Before
we do any examples, it will prove convenient to introduce the following terminology:

Definition 4.4. Let A be an n X n matriz.
1. The (i,j)-minor of A is defined to be

Ml‘j o= det(A[Z,jD
2. The (i,j)-cofactor is defined to be
Cij = (—1)i+jMZ‘j.

We can now express the definition of the determinant a little more concisely using
the above terminology:

det(A) = a11 M1 — a12Mig + a13Miz — araMia + - - + (*UnﬂMln
and

det(A) = a11C11 + a12C12 + a13C13 + a14C14 + - - - + Cip.
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Example 4.5. Consider the 2 X 2 matriz

a b
a=(2 )
The determinant of A is then
det(A) = a;1 My — My,
= adet(d) — bdet(c)
= ad — be.
In other words, to compute the determinant of a 2 X 2 matriz, we just cross

multiply and take the difference. This is a simple formula that is used re-
peatedly and is easily memorized.

Example 4.6. Consider the 2 X 2 matriz

(3 7)

Then det(A) = (1)(4) — (=2)(3) = 4 — (=6) = 10.

Example 4.7. Consider the 3 x 3 matrix

2 3 -1
A= -1 3 1
3 1 =2

Then
det(A) = a11 M1y — a12 M1z + a13M13

3 1 =1l 1 -1 3
—2det<1 _2>—3det( 5 _2)+(—1)det( - 1)

=2(=7) = 3(=1) + (=1)(-10)
—

From the above examples, we see that its not hard to actually compute the deter-
minant, but it does get progressively more tedious to compute it as the size of the

matrix increases. Lets try one more example:
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Example 4.8. Consider the 3 x 3 matriz
-1 2 1
A= 2 5 2
4 1 1
Then
det(A) = a11 M11 — a12 M1z + a13M3

:(—1)det<? 3)—2det(z i)-l—(l)det(i i’)

= (=1)3) = 2(-6) + (1)(-18)
= -9.

We conclude this section with the following observation:

Proposition 4.9. det(I,) = 1.

Proof. We prove this by induction on n. For the n =1 case, I,, = 1 and det([,,) =
1. Now suppose that the result holds for I,, for some n > 1. Consider the identity

matrix of order n + 1:
1 0
I =
n+1 < 0 In ) 5

where 0 is an n X 1 matrix consisting entirely of zeroes. Since the first row of
1,41 is entirely zero except for the first element, Definition 4.3 and the induction
hypothesis implies

det(Ini1) = 1det(I,) = 1(1) = 1.

4.2. Properties of the Determinant

In this section, we familiarize ourselves with the properties of the determinant. We
postpone the proofs for Chapter 10. For the time being, we settle for “proof” by
example. The first result is quite useful from a practical standpoint:

Theorem 4.10 (Cofactor Expansion Theorem). Let A be an n X n matriz.
Then for any i,j € {1,...,n}

(1) det(A) = ai1Ci1 + ai2Ciz + - + ainCin

(2) det(A) = a1;C1j + a2;Coj + -+ + ay;Chj
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The expression (1) in Theorem 4.10 is called the cofactor expansion of det(A)
along the ith row while (2) is called cofactor expansion of det(A) along the
jth column.

Example 4.11. Consider the 3 x 3 matriz

-1 2 1
A= 2 5 2
4 1 1
In Example 4.8, we calculated det(A) = —9. Let’s compute the cofactor

expansion along the second row and see what happens:

det(A) = a21Ca1 + a22C2 + a23Cas

:—(2)det( f 1 )+5det< _41; 1 >_(2)det< _411 i )
= —2(1) +5(=5) — (2)(-9)
- 9.

Let’s now try a cofactor expansion along the the third column:

det(A) = a13C13 + az3C23 + a33Cs3

:(l)det(i E{)—Qdet<_i f)+(1)det<_; g)

= (1)(=18) = 2(-9) + (1)(-9)
= —9.

One immediate application of Theorem 4.10 concerns the determinant of upper
triangular matrices, whose definition is given as follows:

Definition 4.12. A matriz A is said to be upper triangular if it takes
the following form:

a1l aiz aiz -+ Gin

0 ax a3 -+ az,

A= 0 0 azz --- azn
0 0 0 - anpn

In other words, A = (a;;) is upper triangular if a;; = 0 whenever i > j. A
18 said to be strictly upper triangular if A is upper triangular and all of
its diagonal elements are zero. In other words, a;; = 0 whenever i > j.
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The next result shows that the determinant of an upper triangular matrix is in-
credibly easy to calculate.

Corollary 4.13. Let A be an n x n upper triangular matriz whose (i,7)-
element is a;;. Then the determinant of A is the product of its diagonal
elements:

det(A) = 11022 " " Qpn-

Proof. We prove this by induction on n. For n = 1, we have det(A) = det(a11) =
a11 by Definition 4.3. Hence, the result holds for n = 1. Let us suppose that the
result holds for all n x n upper triangular matrices A for some n > 1. Let A be an
(n+1) x (n+ 1) upper triangular matrix:

aiy @12 G13 - Qlpgl

0 a2 a3z -+  aznpt1

A= 0 0 azz -+ aznt1
0 0 0 e An41,n+1

If we compute det(A) via cofactor expansion along the first column, we obtain:

det(A) =a11C11

G2 A23 - a2 n41
0 aszz -+ aznt1
= dall det
0 0 ot Op4ln4l

= Q11022 *** An+41,n+1,

where the last equality follows from the induction hypothesis. O

Example 4.14. Let

oS O © =
O O = W
O NN
w = O

Then det(A) = (1)(4)(2)(3) = 24.

The next result shows how the determinant behaves under row and column opera-
tions:
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Theorem 4.15. Let A be an n X n matriz and let R; and C; denote the ith
row and column of A respectively.

(1) Let Ay be the matriz obtained from A under R; <+ R; or C; < C; for
i # j. Then det(A;) = —det(A).

(2) Let Ay be the matriz obtained from A under cR; — R; or cC; — C;
for any scalar c. Then det(As) = cdet(A).

(3) Let Az be the matriz obtained from A under cR;, + R; — R; or cC; +
C; — Cj for i # j. Then det(As) = det(A).

Theorem 4.15 now implies the following:

Corollary 4.16. Let A be an n x n matriz and let R; and C; denote the
ith row and column of A respectively.
(¢) If R; = cR; or C; = cC; for some i # j and scalar ¢, then det(A) = 0.
(b) det(cA) = ™ det(A).

Proof. (a): Suppose that R; = cR; for some ¢ # j. Let A; be the matrix whose
kth row for k # j is equal to Ry and whose jth row is R;. Then one obtains A from
A; by scaling the j row of A; by c. Statement (2) of Theorem 4.15 implies that

det(A) = cdet(Ay).

Since the ith and jth rows of A; are equal, swapping these two rows does not alter
A;. Statement (1) of f Theorem 4.15 now implies

det(Al) = — det(/h) = det(Al) =0.
From this, we conclude that det(A) = 0. The case when C; = cC; is proved
similarly.

(b): In the matrix cA, all n rows of A have been scaled by c. Statement (2) of
Theorem 4.15 applied to det(cA) n times gives

det(cA) = " det(A).
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Example 4.17. Let

-1 2 1
A= 2 5 2
4 1 1

From Ezample 4.8, det(A) = —9. Let Ay be the matriz obtained from the
row operation R +> Rg3.
4 1 1
A = 2 5 2
-1 2 1
According to Theorem 4.15, we should have det(A1) = 9. Lets check this:

det(A1) = a11011 + a12C12 + a13C13

:(4)det( g f )—(1)det< _f f >+(1)det( _i Z )
= (4)(1) — (1)(4) + (1)(9)

=9.
Let Ay be the matriz obtained from A wvia the column operation 2Cy — Co
-1 4 1
Ay = 2 10 2
4 2 1

From Theorem 4.15, we should have det(As) = —18. Lets verify this:
det(A) = a1:C11 + a12C12 + a13C13

~naer( 192 a2 2 ) a2 19)

= (=1)(6) — 4(—6) + (1)(—36)
= —18.
Lastly, let Az be the matriz obtained from A by applying the row operation
Ry + R3 — Rs:
-1 2 1
Az = 2 5 2
6 6 3
By Theorem 4.15, there should be no change, that is, det(As) = det(A) =
—9. By direct calculation, we have

det(A) = a11C11 + a12C12 + a13C13

=(—1)det<2 ;)—Qdet(z §)+(1)det(z 2)

= (=1(3) = 2(-6) + (1)(-18)

= =0
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Theorem 4.15 also provides an efficient way of computing determinants of larger
matrices. Given an n X n matrix A, the idea is to apply row operations to A to
transform A into an upper triangular matrix in such a way that the determinant of
the new matrix at each stage is det(A). Lets consider an example:

Example 4.18. Let

7 10 4 6
1 5 4 3
A_5325
7 6 5 7

1. *7R2 I Rl — Rl, *5R2 I R3 — Rg, *7R2 = R4 = R4
0 —25 —-24 -15
1 5 4 3
0 —22 —-18 -—10
0 —29 —-23 -—-14

A:

2. Rl < R2, —Rl — Rl
-1 -5 -4 -3

A-| 0 -2 24 15

| o -2 —-18 -10

0 —29 —-23 —14

3. —22/25R2 + R3 — Rs, —29/25R2 + Ry — Ry
—iL = = -3

4| 0 -2 -24 -I5

0 0 78/25 16/5
0 0 121/25 17/5

4. —121/78R3 + Ry — Ry

-1 -5 —4 —3

0 —-25 —-24 —15
0 0 78/25 16/5
0 0 0 —61/39
Using Corollary 4.13, we obtain

det(A) = (—1)(—25)(78/25)(—61/39) = —122.

A:

Perhaps the most remarkable property of the determinant is the fact that the de-
terminant is multiplicative:

Theorem 4.19. Let A and B be n x n matrices. Then det(AB) =
det(A) det(B).
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Example 4.20. Let
3 -1 2 5
=(12) o= (i 2)
3 -1 2 5 5 13
AB_(l 2 )(1 2)‘(4 9 >
Hence, det(AB) = 45 — 52 = —7. On the other hand,
det(A) det(B) = (7)(—1) = —T.

Then

Example 4.21. Let

-1 2 1
A= 2 5 2
4 1 1
From Ezample 4.8, det(A) = —9. By direct calculation, we have
-1 2 1 -1 2 1 9 9 4
A? = 2 5 2 2 5 2 |=|16 31 14
4 1 1 4 1 1 2 14 7
Then
31 14 16 14 16 31
2y _ —
det(A)—9det(14 7) 9det< 5 7)+4det( 5 14)
=9(21) — 9(84) + 4(162)
=81
= det(A)%

We conclude this section with the following results:

Proposition 4.22. Let A be an invertible n x n matriz. Then det(A™!) =
1/det(A).

Proof. Using the multiplicative property of the determinant, we have
1 = det(I,) = det(A™*A) = det(A™") det(A).

From this, we have det(A~1) = 1/det(A). O

Theorem 4.23. Let A be an n x n matriz. Then det(AT) = det(A).
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Proof. We prove this by induction on n. For n = 1, we have A7 = A which
immediately gives det(AT) = det(A). So let us suppose that the result holds for
(n —1) x (n — 1) matrices for some n > 2.

Let A be an n x n matrix and let B = AT and let b;; denote the (i, j)-element
of B. Observe that

Bli,j] = A™[i, j] = Alj,i]". (48)
Using (48) and the induction hypothesis, we have
det(B) =b1y det(B[l, 1]) — b1o det(B[l, 2]) + -+ (—1)nb1n det(B[l, n])
= ap; det(A[1, 1]7) — agy det(A[2, 1]T) + - - - 4 (=1)"ay det(A[n, 1]7)

= a1 det(A[1,1]) — agy det(A[2,1]) + - - - + (=1)"an1 det(Aln, 1])
= det(A),

where we note that the second to last equality is the cofactor expansion of det(A)
along the first column. O

Example 4.24. Let
-1 2 1

A= 2 5 2
4 1 1
From Ezample 4.8, det(A) = —9. The transpose of A is then

-1 2 4
AT = 2 5 1
1 2 1

Lets compute the transpose of AT by applying row operations to AT to bring
it to upper triangular form without changing det(AT) in the process. By
Theorem 4.23, we should find det(AT) = —9.
1. 2R + Ry —>R2, R1+R3 —>R3
-1
AT = 0
0

= O N
NeJ

2. —4/9R; + Rs — Rs

-1 2 4
AT = 0
0 0 1

Hence, det(AT) = (—1)(9)(1) = —9.

NeJ
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4.3. The Determinant and the Matrix Inverse

Now that we know how to compute the determinant, its well past time to ask the
following question: what does the determinant do? This is the question that we
will answer in this section. We begin with the following definition:

Definition 4.25. Let A be an n X n matriz. Let
Ci; = (—=1)""7 det(A[3, 5])

be the (i, j)-cofactor of A. Let C be the n x n matriz whose (i, j)-element is
C;j. C is called the cofactor matriz . Let adj(A) := CT. adj(A) is called
the adjugate matrizx.

The first clue that the determinant is linked to the matrix inverse is the following
result:

Proposition 4.26. Let A be an n X n matriz. Then
det(A) 0 0
0 det(A) --- 0
A adj(A) = adj(A) A= . . )
0 0 <o det(A)

Proof. Let B = Aadj(A). For i = 1,2,...,n, we have

(Aadj(A))s = Zaik [adj(A)]ki
k=1

I
[M]=

airCik

I
o, >
a
=+ =
—
b
S—

since the second equality is just the cofactor expansion of det(A) along row 4.
Let 4,5 € {1,2,...,n} with i # j. Then

(Aadj(A))ij = Y ain[adj(A)],,
k=1

I
NE

aitCir

=~
Il
_

[
NE

(1) *ag det(A[j, k]). (49)

~
Il
—
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We now show that the above sum is actually zero. Let Ry denote the kth row of A
fork=1,2,...,n. Let A be the matrix obtained from A by replacing the jth row of
A with R;. Since A has two identical rows, Corollary 4.16 implies that det(ﬁ) =0.
Let dj; denote the (k,I)-entry of A. Note that

ay =ay  ifk#j

and
aj; = a.
Also, note that
Alj, K] = Alj. K]

Let us compute the cofactor expansion of det(g) = 0 along the jth row of A:

-~

0 = det(A)

(—1)7%G;, det(A[j, k])

I
M=

E
Il
-

(1) a, det(A[j, k]). (50)

[
NE

~
Il
=

Comparing (49) with (50), we conclude that (Aadj(A));; = 0 for ¢ # j. Hence,
Aadj(A) is a diagonal matrix whose diagonal elements are all equal to det(A).
The proof that adj(A) A is also a diagonal matrix whose diagonal elements are
all equal to det(A) is extremely similar to the above proof. We leave the minor
modifications to the above proof to the reader. O

Exercise 4.27. Modify the proof of Proposition 4.26 to show that adj(A) A
is a diagonal matriz whose diagonal elements are all equal to det(A).

The following result provides an answer to the question posed at the beginning of
this section:

Theorem 4.28. Let A be an n x n matriz. Then A~' exists if and only if
det(A) # 0. Moreover, if A=1 exists, then

- 1

~ det(A)

A1 adj(A).

Proof. Suppose A~! exists, then using Theorem 4.19 and Proposition 4.9, we have
1 =det(I,,) = det(AA™") = det(A) det(A™1), (51)
which implies that det(A) # 0.
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Now suppose that det(A4) # 0. Let
1

B = det(A)ad‘](A)'
Proposition 4.26 now implies
1
AB = Aadj(A
det(A) H2di(4)
det(A) 0 0
1 0 det(A) 0
~ det(A) : :
0 0 det(A)
1 0 0
0 1 0
0 0 1
From this, we conclude that A~! = B. O

Example 4.29. Let

a b
A= .
(¢ 4)
In Proposition 3.55, we introduced the formula for the inverse of a 2 X2 ma-
trix. Lets derive that formula using the more general result of Theorem 4.28.

First, lets compute the cofactor matrix:
Cnu=d, Ci2=-c¢ Cun=-b Cn=a

Hence, the adjugate matriz is

adj(A) = OT = ( d b )

—C a

The inverse of A is then

1 1 d —b
ATt = (A) = .
det(A) adj(A) ad — be ( —c a )

Example 4.30. Let

=1 2 1
A= 2 -1 2
0 1 2

Lets calculate the adjugate of A and then the inverse (if it exists).
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To calculate adj(A), we first need to calculate the cofactor matrix:

—4 -4 2
C= -3 -2 1
5 4 =3
The adjugate of A is then
—4 -3 5
adjA)=CT=| -4 -2 4
2 1 -3

Taking a cofactor expansion along column 1, we compute the determinant
of A:

det(A) = (—1)det(A[1,1]) — 2det(A[2,1]) = (=1)(—4) — 2(3) = —2.
Hence, the inverse of A exists. By Theorem 4.28, we have

2 3/2 -5/2
A7l = 2 1 =2
-1 -1/2  3/2

We conclude this section with Cramer’s rule.

Corollary 4.31 (Cramer’s rule). Let A be an n x n invertible matriz and
let b € R" be any column vector. Let B; be the matriz obtained from A by
replacing the ith column of A with b. Then the unique solution to AxX = b is
given by

YT et (A)

where x; is the ith component of T fori=1,2,..

.M.

Proof. Since A~! exists, we have
7= A"1h.

By Theorem 4.28,
1 1
-1 : T
= ——adj(A) = ——~C
et () = G ¢
where C' is the cofactor matrix. From this, it follows that the ith component of &
is

T, = detl(A) Z(CT)ikbk = detl(A) Zbkai = detl(A) ;(_1)k+ibk det(A[kvi])~
(52)
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Let B; be the matrix obtained from A by replacing the ith column of A with b;.
Then

Bilk,i] = Alk,1].
Hence, (52) can be rewritten as
1 ;
i = —1)¥*7by, det(B; [k, i
= ) 2o et Bk ) (53)

However, the summation appearing in (53) is simply the cofactor expansion of the
determinant of B; along column 4. Hence,

o det(Bi)
~ det(A)

Xg

Example 4.32. Consider the matrix equation AZ = l_;, where
A 2 -1
3 5
- 3
b= .
()

To solve this system using Cramer’s rule, we form the matrices

3 -1 2 3
B = B = .
From Cramer’s rule, we have

= det(Bl) - E o = det(Bg) - —19
T det(A) 13 YT det(4) T 13

and

4.4. Linear Transformations

The idea of a linear transformation is essentially the model or prototype for the
general notion of a linear map (or linear homomorphism) which we will intro-
duce in Chapter 5. In what follows, all vectors in R™ and C™ are always expressed
as column vectors unless stated otherwise.
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Definition 4.33. Let A be an m X n matriz.

(i) If A is a real matriz, then associated to A is the map
Tsq:R" - R™
given by Ty (V) := AU for 0 € R™.
(ii) If A is a complex matriz, then associated to A is the map
Ty :CP—C™
given by Ty (V) := AU for v € C".

The map T4 is called a linear transformation associated to A.

For the sake of simplicity, we will assume all matrices to be real unless stated
otherwise. All of the results we discuss in this section apply equally well to linear
transformations associated to complex matrices.

Proposition 4.34. Let A be an m x n matriz. Then the linear transfor-
mation T : R™ — R™ satisfies the following properties:

(i) Ta(cV) = cTa(7V)

(ii) Ta(U+ @) = Ta(V) + Ta(@)
for all c e R, v,u € R™. Moreover, if B is a p X m matriz, then Tg oT4 =
Tpa.

Proof. Properties (i) and (ii) follow immediately from the basic properties of ma-
trix multiplication that were discussed in Chapter 3. For the last property, let
7 € R™. Then

Hence, Tg o Ty =Tga. [l

From Definition 4.33, an m x n matrix A acts naturally as a map from R" to R™.
At this point, we are going to consider a few very simple transformations from R?
to itself.
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I. Reflections

Lets find a matrix A whose linear transformation maps a vector 7 € R? to its
reflection across the z-axis (see Figure 1). This type of linear transformation
is called a reflection across the x-axis. More precisely, given a vector

. a
U= b )
we seek a matrix A such that

- (3)

This is very easy. Its quite clear that the matrix which accomplishes this is

=(o 1)

Likewise, to reflect a matrix across the y-axis, we use the matrix

-(11)

The linear transformation associated to B sends ¥ to

~(3)

orignal vector

W

reflected vector

Figure 1. Reflection of a vector across the z-axis
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II. Contractions\Dilations
Given a vector ¥ € R™ and a scalar r > 0, we seek a linear transformation
which simply sends ¥ to rv. Of course, the matrix which accomplishes this
is
rl,.
If 0 < r < 1, then the associated linear transformation is called a contrac-
tion. If » > 1, then the linear transformation is called a dilation.

III. Rotations

Given a vector ¥ € R?, we seek a linear transformation T4 which rotates ¢
by an angle 6 without changing its length. Lets find the matrix A which

a b
A= .
Let ¥ = (v1,v2)T. Then the transformed vector is

TA0) = 47— ST ).

cvy + dug

accomplishes this. Let

This vector should satisfy two conditions. The first is that its length or
norm is the same as v. Hence, we require

12 -y
| AT]" = (|5
If we expand the above equation, we have
(a® 4+ )i + 2(ab + cd)vivy + (b* + d?)vs = v? + v3.

The above equation must hold for all vectors & € R2. Hence, by replacing ¢
with (1,0)7 and (0,1)T, we arrive at the following identities:

a+F=+d =1

This in turn implies that
ab+ cd = 0.

The second requirement is that the angle between Av and ¢ must be 6.
Hence, we require

(AD) - T = || AT ||7]| cos 0 = ||7]|* cos 6.
Expanding the above equation gives
avi + (b4 c)vivg + dvs = v} cos § + vZ cosb.

Once again, this must hold for all vectors in R?. By substituting v = (1,0)7
and 7 = (0,1)T, we arrive at the following identities:

a=d=cosf.
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Combining this with the above identities implies b = —c and one of the
following possibilities:

b= —sinf), c=sinb, or b=sinf, c¢=—sinf

The matrix which does not alter the length of ¢ and gives a counterclock-
wise rotation for 6 > 0 is

cosf —sinf
Ay = .
o < sinf  cosd )
Using the other choice for b and ¢ would not have altered the length of ¢
also, but would have given a clockwise rotation for 6 > 0.

Example 4.35. Let us find a matriz A for a linear transformation from
R2 to itself which first reflects a vector across the x-axis, then rotates it by
30°, and finally scales it by a factor of 2.

Let us consider the respective matrices which accomplishes each transfor-
mation.

For the reflection, we take

1 0
a=(1 )
For the rotation, we take @ = /6 and the rotation matriz is
A = cos(m/6) —sin(n/6) \ _ [ V3/2 —1/2
=\ sin(r/6) cos(n/6) )\ 1/2 V3/2 )"

For the dilation by a factor of 2, the corresponding matriz is
2 0
215 = .
= (5 2)
Hence, the desired linear transformation is

Ta =To1,Ta,Ta, =Tor,404, = To4,4,,

where

amanen =2 (5 ) (6 1) -0 -a)

Exercise 4.36. Let Ay be matriz associated to the linear transformation
which rotates a vector by 20° without changing its length. Calculate (Ag)°.
(Hint: think geometrically.)
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Example 4.37. Let 61 and 02 be two angles and let Ag, and Ay, be the
matrices associated to the linear transformations which rotate vectors by an
angle of 01 and 0y respectively without altering their norms. Of course, if
one applies these linear transformations one after the other, we obtain a
rotation of 61 + 05. This implies that

Ao, +9, = Ao, A92 = A92A91'
Using the formula for the rotation matriz, we have

COS(Gl + 02) — sin(91 + 02)
sin(fy + 602)  cos(61 + 62)

(S oo ) () oo )

Comparing the matrixz entries on the left and right gives the following
trigonometric identities:

cos(61 + 62) = cos(f1) cos(f2) — sin(fy) sin(f2)
sin(f + 63) = sin(61) cos(0z) + cos(6) sin(62).

The matrix

cos) —sinf
Ao = ( sinf  cosf >

which rotates a vector by an angle § without changing its length satisfies the fol-

lowing condition:

T, cosf sinf cosf —siné
Ay Ao = ( —sinf cosf ) ( sind  cosd
cos? 0 + sin® 6 — cos 0 sin @ + cos 0 sin 6
—cos fsin 0 + cos 6 sin 6 cos? § + sin? 0

(61)

Likewise, AgAg = I,. Hence, Agl = Ag. This observation leads us naturally
the next definition:

to

Definition 4.38. Let A be a real n X n matriz. A is called an orthogonal
matriz if A7 = AT,

Theorem 4.39. Let A be an n X n matriz. Then A is an orthogonal matriz
if and only if the columns of A form an orthonormal basis on R™.
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Proof. Let @; denote the ith column of A. Then the (i, j)-element of AT A is
(ATA)y; = dj d; = a; - dj. (55)

If A is an orthogonal matrix, then (55) implies

1 ifi=yj
d; - d; = . 56
i 4 {0 i (56)
This in turn implies that {d;, da,...,d,} is an orthonormal basis on R”.

On other hand, if {d;,ds,...,d,} is an orthonormal basis on R™, then (55)
implies that ATA = I,,. Corollary 3.53 mplies that (A7)~! = A which in turn
implies that A=t = AT, O

Here is the complex version of Definition 4.38:

Definition 4.40. Let A be a complex n X n matriz. A is called a unitary
matriz if A7 = A*.

Here is the complex version of Theorem 4.39:

Theorem 4.41. Let A be an n X n matriz. Let {d,ds,...,d,} be the
columns of A. Then A is a unitary matriz if and only if
SN 1 ifi=j
) d; = TR 57
@ya={ o 52 (57)
foralli,j =1,2,... n.

Proof. The proof of Theorem 4.41 is very similar to Theorem 4.39. Essentially
one simply swaps out the ordinary transpose in the proof of Theorem 4.39 and the
proof still works as before. O

Example 4.42. The matriz
V3/3  /6/3 0
A=| -v3/3 VB/6 v2/2
V3/3 —V6/6 Vv2/2

is orthogonal.
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Example 4.43. The matriz

=
+
<
I~
=
+
<
—

S8
<52

A:

18 unitary.

4.5. Eigenvalues and Eigenvectors

In this section, we introduce the idea of eigenvalues and eigenvectors which ap-
pear in such areas as ordinary differential equations and quantum mechanics. Here
is the formal definition:

Definition 4.44. Let A be a real (complex) n x n matriz. An eigenvector
of A is a nonzero vector v € R™ (v € C™) which satisfies an equation of the
form

AU = \J (58)
for some scalar A € R (A € C).

The scalar X appearing in (58) is called an eigenvalue of A. To be more
precise, the nonzero vector ¥ in (58) is called an eigenvector of A asso-
ctated to the eigenvalue ).

Given the above definition, the following question is quite natural: How does one
go about finding these eigenvalues and eigenvectors? The following definition will
prove key to this question:

Definition 4.45. Let A be an n X n matriz. The characteristic polyno-
mial of A is the degree n monic polynomial

pa(z) := det(xl, — A).

Here is the relevance of this definition to our question:

Theorem 4.46. Let A be annxn matriz. The eigenvalues of A are precisely
the roots or zeroes of its characteristic polynomial.

Proof. Let A be an eigenvalue of A. By definition, there exists a nonzero vector ¥
such that Av = A\v. This equation can be rewritten as

(M, — A)7 = 0.
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Since ¥ # 0, it follows that the columns of A— I, are linearly dependent. Theorem
3.51 now implies that the inverse of A\I,, — A does not exist. From Theorem 4.28,
we conclude that

pa(A) :=det(A\, — A) = 0. (59)

Hence, A is a root of py(x).

On the other hand, suppose A is a root of p4(x). Then pa(N\) = det(A, —A) =
0. By Theorem 4.28, AI,, — A is not invertible. This implies that the columns
of A, — A are linearly dependent by Theorem 3.51. Hence, there must be some
nonzero ¥ for which (M, — A)7 = 0. This implies that @ is an eigenvector of A.
Hence, A is an eigenvalue of A. O

Before we consider some examples, we introduce the following related definition:

Definition 4.47. Let A be an n X n matriz and let X be an eigenvalue of
A. Define E) to be the set of all vectors U satisfying AU = . E) is called
the eigenspace of A associated to \.

Note that O (which is not an eigenvector) also belongs to Ey since A0 =0 = A0.

Exercise 4.48. Show that E) is a subspace.

=(32)

Lets find all the eigenvalues and the corresponding eigenspaces for each

Example 4.49. Let

etgenvalue.

By definition, the characteristic polynomial is given by

pa(x) = det(zls — A)

rx—1 =%
_det( —9 x—l)

=(x—1)2-4
=z -2z -3
= (x+1)(z —3).

Hence, the eigenvalues of A are —1 and 3. To find E_1, we have to solve
the matrixz equation
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AV = —v.

We can rewrite this equation as

(A+Iz)6=(§ §><Z>:<8>

The above matrix equation is just a homogeneous linear system of two equa-
tions in two variables. The general solution to this system is clearly

E_i ={(a,—a)" | a € R}.

For E5, we solve the matrix equation

a-smr=( 73 5 )(5)=(0):

The general solution is clearly

Es = {(a,a)T | a € R}.

Example 4.50.

a=(10)

Lets find all the eigenvalues and the corresponding eigenspaces for each
etgenvalue.

The characteristic polynomial is

pa(x) = det(zlz — A) = det ( Si _; > =z +1.

If we regard A strictly as a real matriz, then A has no eigenvalues and we
are done.

However, since R C C, we can make things more interesting by viewing A
as a complex matriz. The roots of pa(x) are then i and —i.

To find E;, we solve the matrix equation:

—i 1 a 0
A—il)v = =
a-mr=( 5 5)(5)-(0)
where a,b € C now. From this, we conclude that
E; = {(iz,—2)T | z € C}.

For E_;, we solve
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and obtain

E_; ={(iz,2)T | z € C}.

Example 4.51. Let

72 1/2 -1
A= 172 72 1
-3/2 -1/2
The characteristic polynomial of A is
pa(x) = det(zls — A)
x—17/2 —1/2 1
= det -1/2 z-7/2 -1
3/2 1/2 -3

=(x—=7/2)((x=7/2)(x —3)+1/2) +1/2(—1/2(z — 3) + 3/2)
+(=1/4—3/2(x —7/2))

=23 — 1022 + 32z — 32

= (z — 4)*(z - 2).

Hence, the eigenvalues of A are 4 and 2. Lets find a basis for By and Es.
For E4, we consider the matriz equation

-1/2  1/2 -1 a 0
(A—4I3)5 = 1/2 -1/2 1 b =0
-3/2 -1/2 -5 ¢ 0

Using Gauss-Jordan, we find a general solution
Ey={(-3r,—r,7)T | r € R}.

Hence, a basis for By is {(=3,—1,1)T}. For E,, we consider the matriz

equation
3/2 1/2 -1 a 0
(A—2I3)0 = 1/2 3/2 1 b 0
-3/2 -1/2 1 c 0

In this case, By = {(r,—r,7)T | » € R}.

{@,-1,1)7}.

Hence, a basis for Ey is
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Example 4.52. Here is a small application of eigenvectors and eigenvalues.
Consider the first order system of ordinary differential equations.

21(t) + 22(t) = 7 (1)
221 (t) + x2(t) = xh(2).

The first thing we can do here is rewrite the above system as a (differential)

matriz equation:
(2 1)(oe ) =28 ):

One way to make progress with differential equations is to guess the form
of the solution and see where it leads. In this case, we guess

Z‘l(t) = ae>‘t, x?(t) = bekta

Substituting this into the above matriz equation and simplifying gives

GH)-()

In other words, finding a solution to the above first order system amounts
to finding an eigenvalue and eigenvector of the matriz

1 2
A= .
(2 1)

We calculated the eigenvalues and eigenspaces of this matriz in Ezxample
4.49. Using the calculation from Example 4.49, we obtain two sets of solu-
tions (one for each eigenvalue):

(L‘l(t) = C’left, xg(t) = 7Cleit
and

z1(t) = Cae3?, xo(t) = Cae3?,
for any C1,Cy € R. With a little bit of thought, it becomes clear that we

can simply add the two sets of solutions together to produce a more general
solution:

z1(t) = Cre™t + Che®, zo(t) = —Cre™t + Cye®

We conclude this section by introducing an important idea which we will make use
of in the next section.

Definition 4.53. Let A and B be n X n matrices. A and B are simzilar
matrices if there exists an invertible matriz P such that

B=P AP
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The significance of similar matrices is summarized by the following result:

Theorem 4.54. Let A and B be similar n xn matrices. Let P be the matriz
relating A and B, that is, B = P"YAP. Then
(i) Tr(A) = Tr(B)
(i) det(A) = det(B)
(iti) pa(x) = pp(x). In particular, A and B have the same eigenvalues.
(i) If X is an eigenvalue of A (and hence of B) and U is an eigenvector of
A associated to A, then P~¥ is an eigenvector of B associated to \.

Proof. (i): Using Proposition 3.73, we have
Tr(B) = Tr(P~'AP)
= Tr(APP™!)
= Tr(A).

(ii): Using the multiplicative property of the determinant, we have
det(B) = det(P~*AP)
= det(P~1) det(A) det(P)

- detl( 5 det(4) det(P)
= det(A),
where the third equality follows from Proposition 4.22.
(iii): From the definition of the characteristic polynomial, we have
pp(z) = det(xl, — B)
= det(zI, — P"'AP)
=det(P~!(zI,)P — P~ AP)
= det(P~(zI, — A)P)
= det(P~1) det(z1I,, — A) det(P)
= det(aI, — A)
=pa(x).
(iv): Suppose AU = Av. Then
B(P7'%) = (P~*AP)(P~'%)
=P AV
“H(AD)
= AP~'¥
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Hence, P~ 17 is an eigenvector of B associated to \. O

4.6. Diagonalizable Matrices

We begin this section by collecting some elementary facts about diagonal matrices:

Proposition 4.55. Let D be an n X n diagonal matriz with diagonal ele-
ments D;; == X\; fori=1,2,...,n.

(i) pp(z) = (z = A1) (z = A2) -~ (2 = An).

(ii) The eigenvalues of D are A1, Aa, ..., \p.
(iti) Dé; = \;€; where &; is the ith standard basis vector.

Proof. (i): By definition,

pp(x) = det(zl, — D)
T — N\ 0 e 0
0 T—Ay - 0
= det ) ) .
0 0 T = A
=(x—A)(x—A2) - (z = Ap),
where the last equality follows from Corollary 4.13.

(ii): This follows immediately from (i).

(iii): Immediate. O

Here is the main definition for this section:

Definition 4.56. Let A be an n x n matriz. A is called a diagonalizable
matriz if it is similar to a diagonal matriz, that is, P"*AP = D for some
diagonal matrix D and some invertible matriz P.

The following result provides one answer to the question of when a matrix is diag-
onalizable.



134 4. The Determinant, Eigenvalues, and Eigenvectors

Theorem 4.57. Let A be a real (complex) n x n matriz. Let P be ann xn
invertible matrixz and let p; be the ith column of P.
(i) P~YAP is a diagonal matriz if and only if p; is an eigenvector of A for
1=1,2,...,n. In other words, A is diagonalizable if and only if there
exists a basis of R™ (C™) such that each basis vector is an eigenvector

of A.
(ii) If P~YAP is a diagonal matriz whose ith diagonal element is \;, then
Ap; = \iDs.-

Proof. (i) and (ii): Suppose

M 0O -+ 0
0 X - 0
pltAP=D=| . | (60)
0 0 An
Let {é1,¢é5,...,€,} denote the standard basis. Then D can be rewritten as
D= ( A€l Aoy oo A€ )

Multiplying both sides of (60) by P gives

AP = PD
((Apr Aps -+ AP, )= ( MP& P& - A\Pé,)
(Apy Apy -+ APn ) =( NP1 XoPa -+ AnPn )- (61)

Since the columns on both sides of (61) must match, we conclude that Ap; = \;p;
for i =1,2,...,n. Hence, each column of P is an eigenvector of A.

On the other hand, if each column p; of P is an eigenvector of A, then the above
calculation implies that P~'AP is a diagonal matrix whose ith diagonal element is
the eigenvalue of A corresponding to p;. O
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Example 4.58. Consider the matrixz A from Exzample 4.49:

(1)

From Example 4.49, A has eigenvalues —1 and 3.

From Theorem 4.57, A is diagonalizable if and only if R? has a basis which
consists entirely of eigenvectors of A. FExample 4.49 shows this to be the
case with basis

ﬁl - (17 _l)Ty 52 - (17 1)T7
where Py 18 an eigenvector associated to —1 and ps is an eigenvector
associated to 3.

By Theorem 4.57, the matriz

r=(1)

will transform A into a diagonal matrix. Lets verify this:
_ 1/2 —-1/2 1 2 1 1
PlAP=
(1/2 1/2)(21)(—11)
(-1 0
N 0 3
Example 4.59. Consider the matriz A from Example 4.50:

4=( 1 5)

As in Example 4.50, we will regard A as a complex matriz. The eigenvalues
of A are i and —i. In this case, we have a basis of C? made up of the
etgenvectors of A:

ﬁl = (27 _1)T7 ﬁz = (’La 1>T7
where p1 is associated to i and ps is associated to —i. The matriz which
transforms A into a diagonal matrix is

i1
P= .
Lets verify this:

prrar=( T ) (1) (1)
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There are two special classes of matrices which are always diagonalizable: real sym-
metric matrices and Hermitian matrices. We will work out the details for the real
symmetric case explicitly. The results and proofs for the Hermitian case are similar.
We will comment on this briefly.

Proposition 4.60. Let A be a real symmetric matriz.

(i) All eigenvalues of A are real.
(i) If A1 and Ao are distinct eigenvalues of A and U; € Ey, fori = 1,2,
then ’171 0 ’172 =0.

Proof. (i): Since R C C, lets regard A as a complex matrix. Suppose X is an
eigenvalue of A. Let ¥ be an associated eigenvector. Then

U AT = T (A\D)
= \T" . (62)
On the other hand, since A is real and symmetric, we have A* = AT = A. Hence,

AT = 7 AT

= \T*7. (63)
Since ¥ # 0, we have o7 > 0. Comparing (62) and (63), we conclude that A = .
This implies that A is real.

(ii): Suppose A; and Ay are distinct eigenvalues. Let @7 and ¥ be eigenvectors
associated to A\; and A respectively. Since Ay and Ay are real, v} and v can be
taken to be real vectors. Then

Tl Ay

T (Aaty)
= Aot} . (64)
Using the symmetry of A, we also have
7T Avy = o1 AT,
= (AT,
= M\ ] . (65)

Since A1 # Az, (64) and (65) imply that o] o, = 0. Of course, the latter can be
rewritten as vy - Us = 0. O

Corollary 4.61. Let A be a real symmetric matriz. Then A has at least
one eigenvalue.
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Proof. Let ps(z) be the characteristic polynomial of A. Clearly, ps(z) is a real
polynomial, that is, its coefficients are all real numbers. Since R C C, we pa(x) is
also a complex polynomial. There is a famous result from abstract algebra called
the Fundamental Theorem of Algebra (which we will formally state in Chapter 5)
which says that any complex polynomial always has a root. In particular, p4(z) has
a root. However, from Proposition 4.60, any eigenvalue of A is always real. Since
the roots of p4(x) and the eigenvalues of A are one and the same, we conclude that
A has at least one eigenvalue. (|

Theorem 4.62. Let A be a real n X n matriz. Then A is a symmetric
matriz if and only if there exists a real orthogonal matriz Q such that QT AQ
1s a diagonal matriz. In particular, A is diagonalizable and R™ has an
orthonormal basis which is made up of the eigenvectors of A.

Proof. (<) Suppose there exists a real orthogonal matrix @ such that QT AQ is
diagonal. Let D = QT AQ. Then A = QDQT and

AT = (QDQ™)T
=(@"TDTQ"
=QDQ"
= A.

(=) Now suppose that A is a real n x n symmetric matrix. We show by
induction on n that there exists a real orthogonal matrix @ such that QT AQ is a
diagonal matrix. For n = 1, A is both symmetric and diagonal. Moreover, there
are only two real 1 x 1 orthogonal matrices: 1 and —1. Taking @ = 1 or —1, we
have QT AQ = A which proves the result for n = 1. Now let us suppose that the
result holds for all real (n — 1) X (n — 1) symmetric matrices for some n > 2.

Let A be a real n x n symmetric matrix. By Corollary 4.61, A has at least one
eigenvalue (which must be real by Proposition 4.60). Let A; be any eigenvalue of
A. Let ¢4 € R™ be any normalized eigenvector of A associated to A;. Using the
Gram-Schmidt process, extend ¢; to an orthonormal basis on R"

q1, V2, ..., Up.
Let P be the n x n matrix defined by
P:((Tl Ty - 'I_jn)

and let P; be the n x (n — 1) matrix given by
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Note that
HAG = AT
= (AQ)" ¢
= Mg @
=)\ (66)
and

U (AQ) = 5 (M)

= MG @
= MUk Q1
=0 (67)
for k =2,...,n. Using (66) and (67), we expand the matrix PTAP:
@
v
PTAP = . (Aqy Ad, -+ AG,)
o7
A1 0 0
0
= (68)
PLAP
0
Note that the (n — 1) x (n — 1) real matrix P{ AP; is symmetric. Indeed,
(PFAP)T = PTAT(PI)T = PTAP;.
By the induction hypothesis, there exist an orthogonal matrix 1 such that
Qi (P AP)Q: = D, (69)
for some (n — 1) x (n — 1) diagonal matrix D;. We can rewrite (69) as
(P1Q1)" A(P1Q1) = Dy. (70)
The matrix P;Q is of size n x (n — 1). Let &, ..., 7, denote the n — 1 columns of
PIQI- Let
Q=(a & - @ )- (71)
Since the columns of P; are orthogonal to ¢, it follows that
@PQ=(0 - 0).
Hence,
fa =0, for k=2,...,n. (72)

Also, note that
(PQ)TPQ=QT (PIP)Q1 = QT 1,,-1Q1 = Q1 Q1 = I, 1. (73)
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This implies that
g =1, fork=2,...,n (74)
Fa=0,  fork#j (75)
From this, it follows that Q7 Q = I,,, that is, @ is an orthogonal matrix.
Lastly, let us compute QT AQ. From (72), we have
VA, = (AQ) TG = M@l G =0 fork=2,...,n. (76)

Using (76), we have

S5

QTAQ=| . |[(A¢@ A% -+ Ag.)

Dy

0
where the last equality follows from (70). Since D is an (n — 1) x (n — 1) diagonal
matrix, we conclude that Q7 AQ is a diagonal matrix. This completes the induction

step. (I

Theorem 4.62 shows that any real symmetric matrix A is not only diagonalizable,
but diagonalizable by an orthogonal matrix. Here is the general strategy for con-
structing the orthogonal matrix ) in Theorem 4.62 for a real symmetric matrix A:

1. Find all the eigenvalues of A. Let A1, Aa,..., \; denote the distinct
eigenvalues of A.

2. Find the corresponding eigenspace Ey, for ¢ =1,2,...,k.

3. Using Gram-Schmidt, construct an orthonormal basis B; of E), for
i=1,2,... k.

4. By Proposition 4.60, any element of B; is orthogonal to any element of
B; for i # j.

5. The set B := B; U--- U By, is an orthonormal basis of R™ made up of
the eigenvectors of A.
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6. The desired orthogonal matrix @) is the n X n matrix whose columns
are the elements of B.

Example 4.63. Let

2 1 -1
A= 1 2 1
-1 1 2

The characteristic polynomial of A is pa(x) = x(x — 3)2. Hence, the eigen-
values of A are 0 and 3. The eigenspace of A associated to 0 is

Eo :={(r,—r,7)T | r e R}.
The eigenspace of A associated to 3 is
By :={(r+s,s,—r)T | r,s € R}.
An orthonormal basis of Eq is
Bo = {(1/v3,-1/V3,1/v/3)"}
and an orthonormal basis of E3 is
Bs = {(1/v2,0,-1/v2)". (1/v6,2/v/6,1/V6)"}.

The orthogonal matriz Q is

IR T
Q= Y =%
2
V3 V2 V6
Then
QTAQ =
R U IR T
28w\ 21N w A
% 0 —% 12 1 e 0 =
a2 O 11 2 R T I
Ve Ve V6 V3 V2 V6
000
=10 3 0
0 0 3

Here is the complex version of the above story:

Proposition 4.64. Let A be a Hermitian matriz.
(i) All eigenvalues of A are real.
(i) If A1 and Ay are distinct eigenvalues of A and U; € Ey, fori = 1,2,
then (171)*172 =0.
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Theorem 4.65. Let A be a complex n x n matriz. Then A is a Hermitian
matriz if and only if there exists a unitary matriz U such that U* AU is a di-
agonal matriz. In particular, A is diagonalizable and C™ has an orthonormal
basis which is made up of the eigenvectors of A.

The key point here is that for C™ and its subspaces, two vectors ¥ and ¢ in C" are
said to be orthogonal if (@)*¢' = 0. With this notion, the Gram-Schmidt process
can be generalized to C™ and its subspaces. Unlike the real case, (@)*V # (V)*d
for u,v € C™. Hence, some care has to be used in extending the Gram-Schmidt
process to the complex case. The proofs of Proposition 4.64 and Theorem 4.65 are
very similar to the real case given above. We leave the proofs as an exercise for the

reader.

In Chapter 9, we will give alternate proofs of the diagonalizability of real sym-
metric matrices and Hermitian matrices in the general setting of inner product
spaces. We conclude this section with the following observation:

Proposition 4.66. Let A be an n X n diagonalizable matriz and let
A1, A2, ..., A be the eigenvalues of A with multiplicities. Then Tr(A) =

Yo A

Proof. By definition, there exists an invertible matrix P such that D := P7'AP is
a diagonal matrix. Let A1, Ao, ..., A, be the diagonal elements of D. By Proposition
4.55, these are the eigenvalues of D. Since D and A are similar matrices, it follows
from Theorem 4.54 that the eigenvalues of A are also A1, Aa,..., A, (counted with
multiplicity). Once again, by Theorem 4.54, we have

Tr(A) = Te(D) = i i
. O

It turns out that the above result holds for all complex n x n matrices. We will
prove this fact in Chapter 13.

Chapter 4 Exercises

1. Let
1 -2 3 1
-1 4 2 1
A=
0 6 8 1
0 0 -2 5

(a) Compute det(A) by transforming A into upper triangular form using a
suitable choice of elementary row operations.
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(b) Compute det(A) by doing a cofactor expansion.
2. Let
1 -1 2
A= 3 2 1
0 1 4
Calculate
(a) det(A)
(b) det(AT
(c) det(A~1)
3. Let A, B, and C be 3 x 3 matrices such that det(AB) = 50, det(—2B) = —80,
and det(—AC) = 15. Find det(A), det(B), and det(C).
4. Find the adjugate matrix of
1 -3 3
A= 2 3 1
1 1 1
Does the inverse of A exist? If so, compute it using adj(A).
5. Find the adjugate for each of the following matrices. Also, determine if the
matrix is invertible. If so, compute it using the adjugate.
(a)
0 1 2
1 -5 4
2 -1 0
(b)
1 2 3 4
2 3 1 2
1 -2 2 -1
0 3 -2 -1
6. Find a matrix A for a linear transformation from R? to itself which first re-
flects a vector across the z-axis, then rotates it by 135° (counterclockwsie),
and finally scales it by a factor of v/2/2.
7. Find the matrix A associated to a linear transformation from R? to itself which

rotates a vector by 30° (counterclockwise) and then scales it by a factor of 2.
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10.

11.

12.

13.

14.

Also, what is A%? (Hint: think geometrically.)

Let
3 —15 15
A= -18 10 —22
-3 7 -19

Find the eigenvalues of A and their corresponding eigenspaces.

Let A be an n X n matrix and let A be an eigenvalue of A. Let ¢ be a scalar.

(a) Show that c) is an eigenvalue of cA.

(b) Show that if ¥ is an eigenvector of A associated to A, then ¥ is also an
eigenvector of cA associated to the eigenvalue c\.

Let A be an n x n invertible matrix.
(a) Show that if X is an eigenvalue of A, then A\ # 0.
(b) Show that if ) is an eigenvalue of A, then 1/ is an eigenvalue of A1
(c¢) Show that if ¥ is an eigenvector of A associated to A, then ¥ is also an
eigenvector of A~! associated to 1/\.

Let
3 -1 -1
A= 0 2 0
-1 1 3

(a) Find the eigenvalues of A and their corresponding eigenspaces.
(b) Determine if A is diagonalizable. If so, find a matrix P for which P~*AP
is a diagonal matrix.

Suppose A is a nonzero n x n matrix such that A¥ = 0 for some positive
integer k. Show that A is not diagonalizable. (Hint: consider the eigenvalues
of A.)

Consider the symmetric matrix

13 0
A= 3 1 0
0 0 -2

(a) Find the eigenvalues of A and their corresponding eigenspaces.
(b) Find an orthogonal matrix @ for which Q7 AQ is a diagonal matrix.

Consider the symmetric matrix

-7 1 0
A= 1 -3 2
0 2 -7
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(a) Find all the eigenvalues of A and their corresponding eigenspaces.
(b) Find an orthogonal matrix  which diagonalizes A.
15. Suppose

16.

17.

18.

A:

o o

1
0
1

(= )

has three eigenvalues 0, 1,2. Find a, b, c.

Determine the values of A\ for which the linear system
1-Nz+y=0
z+(2-Ny=0

has nontrivial solutions, that is, solutions other than £ = 0 and y = 0. What
is the significance of these values?

2¢ =1 2cd
2cd  2d* -1
is reflection of R? about the line through (c,d) and (0,0) where
A+d*=1.

The matrix

Find the eigenvalues and corresponding eigenspaces of the above matrix.

Let M be a square matrix.

(a) Show M and its transpose M7 have the same characteristic polynomial.
Conclude that M and M7 have the same eigenvalues.

(b) Let X be an eigenvalue of M (and hence also of M7). Let E\ and E}
be the eigenspace of M and M7 associated to A respectively. Show that
dim E) = dim EY. Give an example to show that in general Ey # E.
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Chapter 5

The General View

In this chapter, we give the general definition of vector spaces and linear maps and
recast the results of the previous chapters in this more general light. Hence, much
of this chapter will feel like déja vu and rightly so. Of course, several important
concepts will be introduced along the way (so pay attention!). As discussed in
Chapter 2, R™ and its subspaces are merely examples of vector spaces. In other
words, not every vector space is R™ or one of its subspaces. This is the reason
why linear algebra has numerous applications in science and engineering. Roughly
speaking, a vector space is a set with an addition operation and a scalar multiplica-
tion whose algebraic properties are identical to those of R™ and its subspaces. We
can think of general vector spaces as algebraic objects which have been modeled
after the algebraic properties of R™ and its subspaces. Unlike R™ and its subspaces,
general vector spaces do not come with a natural dot product. The dot product,
as we recall, provides R™ and its subspaces with a geometric structure in the sense
that one can compute the lengths of vectors, the distance between points, and the
angle between pairs of vectors. For a general vector space to have its own geometric
structure, one must supply the vector space with its own generalized dot product.
This generalized dot product is called an inner product and will be discussed in
Chapter 9.

5.1. A word on scalars

Before we give the general definition of a vector space, we need to comment on the
scalars of a vector space. For R™ and its subspaces, the set of scalars is R. R is an
example of an algebraic object called a field.

145
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Definition 5.1. A field is a set F with an addition operation and a multi-
plication operation. Let a,b € F and let a+ b denote the sum of a and b and
ab denote the product of a and b. Then these operations satisfy the following
conditions for all a,b,c € F:
a+b=>b+ a (additive commutativity)
(a+b)+c=a+ (b+c) (additive associativity)
ab = ba (multiplicative commutativity)
(ab)e = a(be) (multiplicative associativity)
a(b+ c) = ab + ac (distributivity)
In addition, F contains a zero element (which we denote as 0) and a unit
element (which we denote as 1) such that

e a+0=0+a=a (additive identity)

e la = al = a (multiplicative identity)

Also, for every a € F, there exists an element b € F such that a+b=b+a =
0. This element b is denoted —a and is called the additive inverse of a. If
a 1s nonzero, then there also exists an element x € F such that xra = ax = 1.
The element x is denoted as a=' or 1/a and is called the multiplicative
inverse of a.

In linear algebra, there are two primary examples of fields: the field R of real
numbers and the field C of complex numbers. Recall that

C:={a+ib|a,beR},
where i = /—1. The addition and multiplication on C are the obvious ones:
(a+1b) + (c+id) = (a+c) +i(b+d)
(a+ib)(c + id) = ac + iad + ibc + i2bd = (ac — bd) + i(ad + bc).

The zero element of C is obviously 0+ 40 which we denote simply as 0 and the unit
element is 1 4 70 which we denote as 1. Following this simplified notation, the field
R can be naturally regarded as a subset (or, to be more precise, a subfield) of C
by identifying an element a € R with the complex number a + 0 € C.

Exercise 5.2. Check that R and C satisfy all the conditions of Definition
5.1.

In this book, the only fields we work with are R or C. Hence, the symbol F
will always be understood to mean R or C. As you might have guessed, there
are other fields besides R and C. For instance, there are fields with only a finite
number of elements. A more detailed discussion of fields would take us into the
realm of abstract algebra, and last we checked, this is a linear algebra book. For
more on fields and other algebraic objects, we refer the curious reader to the classic
reference [1].
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We conclude this section by recalling an important result from abstract algebra
which we will need later. The proof of this result is beyond the scope of this book
so we omit it.

Theorem 5.3 (Fundamental Theorem of Algebra). Any polynomial in one
variable with complex coefficients whose degree is at least 1 always has a root

in C.

5.2. General Vector Spaces

Here at last is the general definition of a vector space.

Definition 5.4. A vector space over a field F is a set V' equipped with
two operations: an addition operation

+: VXV >V, (uv)—utwo
and a scalar multiplication
FxV =V, (rv)—r

which satisfy the following conditions:
(1) u+v=uv+u for allu,v € V (commutativity of addition)
(2) (u+v)+w=u+(v+w) for allu,v,w € V (associativity of addition)
(3) there exists an element 0 € V' called the zero vector such that v+0 = v
for allv € V (identity element of addition)
(4) for all uw € V, there exists an element —u such that u + (—u) = 0
(existence of the additive inverse of a vector)
(5) (r+ s)u =ru+ su for allr,s € F and u € V (distributivity of scalar
multiplication with respect to field addition)
(6) r(u+v) =ru—+rv for allr € F and u,v € V (distributivity of scalar
multiplication with respect to vector addition)
(7) (rs)u = r(su) for all r,s € F and u € V (compatibility of scalar
multiplication with field multiplication)
(8) 1u=wu for alluw € V (identity element of scalar multiplication)
The elements of V are called vectors and the elements of F are called
scalars. A wvector space over R is called real vector space and a vector
space over C is called a complex vector space.
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Remark 5.5. The astutue reader will notice that the properties (or azioms)
of a general vector space in Definition 5.4 are virtually identical to the vector
space properties of R™ in Proposition 2.3. As we stated previously, this is
not accidental. The definition of a general vector space is modeled after the
algebraic properties of R™.

Notation 5.6. For a point v € R™, we used the arrow symbol ¥ when we
wanted to emphasize that v was to be regarded as a vector, that is, as an
arrow in R™ whose tail was located at the origin and whose head was located
at v. We will reserve this notation only for the vector space R™ and its
subspaces.

Notation 5.7. The only special notation that we use for a general vector
space V is with regard to its zero element which we denote as 0 to distinguish
it from the zero element of the field of scalars F. More advanced books do
not bother with this additional notation and simply refer to the zero element
of the wvector space and the zero element of the field by the same symbol:
0. One determines whether 0 is an element of V' or the field F by context
alone. For example, if v € V, then the zero in the expression v + 0 must
be the zero vector since a vector and a scalar cannot be added together. On
the other hand, the zero in the expression Ov must be the zero scalar since
vectors cannot be multiplied together.

Before giving examples of vector spaces which are different than R™ or its subspaces,
we first prove some basic results about general vector spaces.

Proposition 5.8. Let V' be a vector space over F. Then

(i) the zero vector 0 € V is unique, that is, ifu € V and u+v = v for all
v eV, thenu=0.

(ii) 0v =0
(iti) —v = —1v
(iv) c0=0

forallveV and c €F.

Proof. (i): Suppose u is an element of V' with the property that v + v = v for all
v € V. Setting v = 0, we have u + 0 = 0. However, from axiom (3) of Definition
5.4, we also have u + 0 = u. From this, we conclude that v = 0.

(ii): Let v € V be arbitrary. Using axiom (5) of Definition 5.4, we have
0v = (0+0)v = 0v + Ov. (77)
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Adding the additive inverse of 0v to both sides of (77) and using axioms (2), (3),
and (4) of Definition 5.4 gives
0v + (—0v) = (0v + 0v) + (—0v)
0 = 0v + (Ov + (—0v))
0=00+0
0 = Ov,
which proves (ii).
(iii): Using axioms (3), (5), and (8) of Definition 5.4 and part (ii) of Proposition
5.8, we have
v+ (=1lv) = lv + (—1v)
=(1+(-D)v
= Ov
=0.
Since we also have v + (—v) = 0 by axiom (4) of Definition 5.4, we have
v+ (—1lv) = v+ (—v)
(=0) + (04 (~10)) = (=0) + (v + (~0)
((=v) +v) + (=1v) = ((=v) +v) + (—v)
0+ (—1v) =0+ (—v)
—lv=—v
as required, where the third equality follows from axiom (2) of Definition 5.4 and

the fourth and fifth equalities follow from axioms (4) and (3) of Definition 5.4
respectively.

(iv): Let c € F. If ¢ = 0, then ¢0 = 0 by part (ii) of Proposition 5.8. So let us
suppose that ¢ # 0. Let u = ¢0 and let v € V' be arbitrary. Then

u+v=c0+v
=c0+ 1v
=c0+ (cc™ M
=0+ c(cv)
=c(0+c ')
=c(c )
= (cc™ M
=1v
=

where the second and last equality follow from axiom (8) of Definition 5.4, the third
equality follows from the fact that ¢ # 0, the fourth and seventh equalities follow
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from axiom (7), the fifth equality follows from axiom (6), and the sixth equality
follows from axiom (3). Hence, we have shown that u+v = c0+v =v for allv € V.
Part (i) of Proposition 5.8 now implies that ¢0 = 0. This completes the proof. O

At last, here are a few examples of vector spaces which are not R™ or one of its
subspaces.

Example 5.9. Let X be an arbitrary non-empty set and let F = R or C.
(Choose a field and fix it!) Let F(X) be the set of all F-valued functions
on X. In other words, an element of F(X) is a map f : X — F. F(X) is
naturally a vector space over F. For vector addition, let f,g € F(X). We
define f + g € F(X) pointwise:

(f+9)(z):=f(x)+g(x)eF, VzelX

For scalar multiplication, let ¢ € F. Then c¢f € F(X) is defined again
pointwise:

(cf)(x):=cf(x)eF, VzelX.
The zero vector 0 € F(X) is the zero function, that is, the function 0 :=
fo : X = F defined by fo(xz) := 0 for all x € X. The additive inverse
of an arbitrary element f € F(X) is the function —f : X — F defined by
—f:=—1f. (See Proposition 5.8-(iii)).

Exercise 5.10. Verify that the set F(X) with vector addition and scalar
multiplication as defined in Example 5.9 is truly a vector space over I, that
is, it satisfies axioms (1)-(8) of Definition 5.4.

Example 5.11. Let M,, ,(F) be the set of m x n matrices whose entries
lie in F. Then My, ,(F) equipped with the usual addition of matrices and
scalar multiplication of matrices turns My, (F) into a vector space over F.
The zero vector 0 is just the m X n zero matriz. The additive inverse of A €
M, n(F) is just —A = —1A. Note that the real vector space R™ = M ,,(R)
and the complex vector space C" = M ,,(C) are special cases of this.

Exercise 5.12. Verify that M,, ,,(F) in Example 5.11 is truly a vector space
over F, that is, it satisfies axioms (1)-(8) of Definition 5.4.
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Example 5.13. Let Flx] be the set of all polynomials in the variable x whose
coefficients lie in F. In other words, an element of F[x] is a polynomial

p(z) = anz™ + Ap 12" - arr + ag
where a; € F for i = 0,1,...,n. Flx] is naturally a vector space over F
with vector addition given by the usual addition of polynomials and scalar
multiplication given naturally by
ep(z) = (can)z™ + (can_1)z" 4+ - + (cay)z + cagp
for ¢ € F. The zero vector is the constant polynomial 0 € F. The additive
inverse of p(x) is just —p(x) = —1p(z).

Exercise 5.14. Verify that Flx] in Example 5.13 is truly a vector space over
F, that is, it satisfies axioms (1)-(8) of Definition 5.4.

The following definition will no doubt be quite familiar to you. (As stated above,
F is always understood to be R or C.)

Definition 5.15. Let V' be a vector space over F. A subspace of V is a
non-empty subset W of V' such that

(a) w+w €W for all w,w' € W

(b) cweW forallceF, weW.

Proposition 5.16. Let V' be a vector space over F. A subspace W of V is
necessarily a vector space in its own right with vector addition and scalar
multiplication inherited from V.

Proof. Equip W with the vector addition and scalar multiplication from V. We
now verify that W satisfies axioms (1)-(8) of Definition 5.4. Let w,w’,w” € W
be arbitrary. Axioms (1) and (2) (the commutativity and associativity of vector
addition) follows immediately from the fact that these axioms hold for V', the fact
that W C V, and the fact that vector addition is closed on W (i.e. condition (a)
of Definition 5.15).

For axioms (3) and (4) of Definition 5.4, let w € W be arbitrary. By condition
(b) of Definition 5.15, 0w € W and —1w € W. However, by Proposition 5.8, 0w = 0
and —1lw = —w. Hence, W contains the zero vector and the additive inverse of all
of its elements. This implies that W satisfies axioms (3) and (4) of Definition 5.4.

Axioms (5)-(8) follow immediately from the fact that these axioms hold for V/,
the fact that W C V, and from conditions (a) and (b) of Definition 5.15. O
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Example 5.17. Let F[z], be the set of polynomials of degree d or less. Then
Flx]q is a subspace of the vector space of polynomials Flx] (see Ezample
5.18). Indeed, adding two polynomials of degree d or less gives another
polynomial of degree d or less. In addition, multiplying a polynomial of
degree d or less by a constant leaves the degree of the polynomial unchanged
(unless the constant is zero in which case one obtains the zero polynomial).
By Definition 5.15, Flx]q is a subspace of F[z].

Example 5.18. Let sl(n;F) be the set of all n X n matrices whose entries
belong to F and have trace zero. Then sl(n;F) is a subspace of the vector
space M, ., (F) (see Example 5.11). Indeed, if A, B € sl(n;F), then

Tr(A+ B) = Tr(A)+ Tr(B) =0+ 0 = 0.

Also, for ¢ € F, we have Tr(cA) = c¢Tr(A) = 0 = 0. By Definition 5.15,
sl(n;F) is a subspace of My, »(F).

To make things a bit more concrete, we are going to work with real
vector spaces until stated otherwise. Hence, when we say “V is a vector space
..., we understand this to be a vector space over R. (We will be forced to work with
complex vector spaces later in Chapter 9.) Even though we will be working with
real vector spaces for much of this chapter, all of the definitions and results of
this chapter apply equally well to complex vector spaces.

5.3. Linear Independence, Bases, & Dimension revisited

The notions of linear independence, bases, and dimension generalize quite naturally
to general vector spaces. All of the definitions and results that we state in this
section are essentially identical to those of Section 2.4. More than that, the
proofs given in Section 2.4 carry over to general vector spaces without
modification! The reason for this is that the proofs of Section 2.4 never relied on
the fact that the vectors were elements of R™. They only relied on axioms (1)-(8)
of Definition 5.4 (which are of course satisfied by the vector space structure on R”
given in Chapter 2). Hence, in this section, we will merely restate the definitions and
results of Section 2.4 for general vector spaces. Some of the results (especially the
lengthier ones) will be stated without proofs since the proofs can be found in Section
2.4. We will point this out when we do it. As usual, we will provide a number of
examples along the way. We begin with the following (familiar) definition:

Definition 5.19. Let V' be a vector space. A wvector v € V is a linear
combination of vectors vi,...,vx € V if there exists ai,...,ar € R such
that

V=a1v1 + -+ agpvg.
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Example 5.20. Consider the vector space of real polynomials R[x] and let
f=x2-2x+1, g =222+1, and h = 22+2x. Then f is a linear combination
of g and h since f = g — h.

Example 5.21. Consider the vector space of real polynomials R[x] and let
f=-10z+1, g=22>—-2x+1, and h = 322 + 42 + 2. Let us determine if
f s a linear combination of g and h. Suppose then that

f =ag+bh

for some a,b € R. Since two polynomials are equal if and only if their

coefficients are equal, the above equation implies the following system of
linear equations:

a+3b=0
—2a +4b = —10
a+2b=1

We express the above system as an augmented matriz and use the Gauss-
Jordan method to solve it:

13 0
2 4 -10
1 2 1

Using Gauss Jordan, we solve the above system:
1. 2R1 + Ry — RQ, —R, +R3 — R3

1 8 0
10 -10

0 -1 1
2. iRy — Ry

17 38 0

0o 1 -1

0o -1 1
8. —3Ry+ Ry — Ry, Ry + R3 — R3

1 0 3

0 1 -1

0 0 0

Hence, a =3 and b = —1. From this, we have f = 3g — h.
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Example 5.22. Let
1 2 11 -1 2
w=(o 2) 2=(51) »-(3 1)
Let us determine if
-2 9
A=
(%)

is a linear combination of Ay, As, and As. So suppose then that
A= ClAl I 02A3 G 03A3.

Equating components on the left and right sides of the above equation we
arrive at the following system of linear equations:

c1+cyg—c3=-—2
2c1 +co+2c3=9
3co + 2¢c3 =3

—c1 +4co +c3 =—3

We can solve the above system using the Gauss Jordan method. The aug-
mented matriz is

1 1 -1 -2
2 1 2 9
0 3 3
-1 4 -3

1. —2Ry + Ry — Rs,R1 + Ry — Ry

0 -1 4 13
0 3 2 3
0 5 0 -5
2. 7R2 = R2
1 1 -1 =2
0 1 —4 -13
0 3 2 3
0 5 0 -5
3. —Ry+ R1 — Ry, —3Rs + R3 — R3, —bRs + Ry — Ry
1 0 3 11
01 —4 -—-13
0 0 14 42

0 0 20 60
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4. ﬁRg — R3, 2—10R4 — Ry

1 0 3 11

01 —4 -13

0 0 1 3

0 0 1 3

5. —3R3+ Ry — Ry, 4R3+ Ry — Ry, —Rs + Ry — Ry
1 0 0 2
0 1 0 -1
0 01 3
0 0 0 O
Hence, ¢; = 2, ¢ = —1, and ¢3 = 3. From this, we conclude that A =

2A1 — As + 3A3.

Definition 5.23. Let V' be a vector space. Vectors vy, ..., vy, €V span 'V
if for all v € V| there exists ¢y, ...,cm € R such that

V=1cCV + -+ Cnm

The set {v1,...,vm} is called a spanning set of V.

If {v1,...,v} is a spanning set of V, one often denotes this by

V =span {v1,...,vm}.

Proposition 5.24. Let V' be a vector space and let vy, ..., v, be any vectors
in V. Define

W ={civ1 + -+ cmom | c1,...,cm € R}
Then W is a subspace of V. and W = span {v1,...,vm}.

Proof. Let wy, wy € W. We need to show that wy + we € W and rw; € W for
r € R. By definition of W, w; and wy can be expressed as

w] =C1v1+ -+ Cnm
and
wo = divy + -+ + dpUm,
for some ¢;,d; € R, 1 <4,5 < m. From this, we have
wy +wy = (c1 +dy)vr+ -+ (Cm + dim)Vm
which is clearly in W. Likewise for r € R, we have

rwy = (rep)vy + - 4 (rem)vm
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which is again in W. Lastly, from the definition of W, every element of W is a
linear combination of vy, ..., v, and every linear combination of vy,...,v,, is in
W. Hence, W = span {v1, ...,y }. This completes the proof. |

Here is the definition of linear independence (which is exactly the same as it was
for R™ and its subspaces):

Definition 5.25. Let V' be a vector space. A set of vectors vi,...,vx € V
are linearly independent if the condition

i1+ -+ v =0

is satisfied only if c; = co = --- = ¢ = 0. If this condition is not satisfied,
V1,...,0 €V is said to be linearly dependent.

Example 5.26. Let us determine if the polynomials 222 + 1, 5z +2, x + 1
are linearly independent. So let us suppose that

c1(22? +1) + (5 +2) +c3(x+1) =0
for some cq,co,c3 € R. We need to show that c1, co, and c3 must be zero.
The above equation implies the following system of linear equations

261 :0, 502+Cg :O, Cl+262+03:0

The above system has only one solution (as the reader can easily check):
c1 = ¢ = c3 = 0. Hence, we conclude that 22% 41, 5x+2, x+1 are linearly
independent.

Exercise 5.27. Show that the polynomials 2z% + 1, 5z + 2, x + 1, and x>
are linearly dependent.

Example 5.28. Let V' be a vector space and suppose vi,vs are linearly
independent. Let uy := v1 +vg and us := vy — vs. Let us show that uy,us 1s
also linearly independent. Again, suppose that
ciuy + coug =0
for some c1,co € R. We must show that ¢c; and co are necessarily 0. From
the definitions of uy and us, we have
61(7)1 + ”UQ) + 02(U1 — ’UQ) = (Cl -+ 02)U1 —+ (Cl — CQ)’UQ = 0.

Since v1 and vy are linearly independent, we must have ¢; + co = 0 and
c1 —co = 0. The only solution to this system of linear equations is ¢y = ca =
0. This shows that uy and ug are linearly independent.

At this point, we can now give the definition of basis for general vector spaces:
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Definition 5.29. Let V' be a vector space. A set {v1,...,v,} is a basis for
V' if the following two conditions are satisfied:

(a) {v1,...,v,} is linearly independent
(b) V = span {vy,...,v,}

Exercise 5.30. Let M, ,(R) be the vector space of m xn real matrices. Let
E;; be the m x n matriz whose entries are all zero except for its (i, j)-entry
which is 1. Show that {E;; | 1 <i<m, 1 <j <n} is a basis on M, »,(R).

Proposition 5.31. Let V' be a vector space and let {v1,...,v,} be a subset
of V.. The following statements are equivalent:

(a) {v1,...,vn} is a basis on V.

(b) Every v € V can be expressed as a unique linear combination of

{’Ul, oo ,’Un}.

Proof. (a) = (b). Suppose {vi,...,v,} is a basis on V and let v € V. Since
{v1,...,v,} is a basis, v can be expressed as a linear combination of these elements:

V=C01 + -+ CrUp

for some cy, ..., c, € R. We would like to show that the above expression is unique.
So let us suppose that we can also express v as

v=djvy +---+dyo,

for some dy, . ..,d, € R. Equating these two expressions, we arrive at the following:
(c1 —di)vi+ -+ (e —dp)vy, = 0.
Since {vy,...,v,} is linearly independent, we must have ¢; —d; =0 fori =1,...,n.
Hence, ¢; = d; for i = 1,...,n, which shows that the expression for v is unique.
(a) < (b). Condition (b) implies that V' = span {v1,...,v,}. We only need to

show that {v1,...,v,} is linearly independent. Suppose then that

c1v1 + -+ cpv, = 0.

Since we also have Ovy +- - -4 0v,, = 0 and condition (b) implies that every element
of V' (including 0) can be expressed as a unique linear combination of {vy,...,v,},
we conclude that ¢y = ¢ =+ =¢, =0. Il

You might recall that the Replacement Theorem (Theorem 2.34) was one of
the main theorems of Section 2.4. The theorem for the general case is virtually
identical. The only difference is that the vector space is no longer limited to being
R™ or one of its subspaces of R™. Without further adieu, here is the Replacement
Theorem for general vector spaces:
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Theorem 5.32 (Replacement Theorem). Let V' be a vector space and let
B={v1,...,u,} be a basis on V. Let U = {uy,...,un} be a linearly inde-
pendent set on V. Then m < n and there is a permutation o of {1,2,...,n}
so that the set

Ba,m = {ula <oy Umy Vg (mt1)y - - - 7Ua(n)}

is also a basis of V.

Proof. The proof is identical to the proof of Theorem 2.34. (]

As in Section 2.4, the Replacement Theorem leads to the following important result:

Theorem 5.33. Let V' be a vector space. Then every basis on V has the
same number of elements.

Proof. The proof is identical to the proof of Theorem 2.27 given in Section 2.4. [

The above theorem implies that the following definition is well defined:

Definition 5.34. Let V' be a vector space. The dimension of V is the

number of elements in a basis of V. The dimension of V is denoted as
dim V.

Example 5.35. Let M,, ,(R) be the vector space of m x n real matrices.
FEzercise 5.30 implies that dim M, ,(R) = mn.

Corollary 5.36. Let V be a wvector space of dimension n and let
{v1,...,um} be any set of m vectors of V- where m > n. Then {v1,...,vm}
must be linearly dependent.

Proof. Suppose (for a moment) that {v1,...,v,,} is linearly independent. Then
certainly the subset {v1,...,v,} is also linearly independent. Let B := {z1,...,z,}
be any basis on V. By the Replacement Theorem, one can obtain a new basis by
replacing n elements of B with {v1,...,v,}. Since B has n elements, the new basis
is simply {v1,...,v,}. However, this means that v, is a linear combination of
{v1,...,v,} which is a contradiction. Hence, {v1,...,v,,} must be linearly depen-
dent. d
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Exercise 5.37. Let Sym,,(R) be the set of n x n symmetric matrices. Recall
that an n x n matriz A is symmetric if AT = A.

(i) Show that Sym,,(R) is a subspace of M, ,(R).

(ii) Find the dimension of Sym,, (R).

Theorem 5.38 (The Extension Theorem). Let V be a vector space

of dimension n and let {v1,...,vx} be a linearly independent set of V
with k < n. Then there exists vectors vi4i,...,vn of V such that
{v1, ..., U, Vkt1,---,Un} 8 a basis on V.

Proof. Let B := {x1,...,2,} be any basis on V. By the Replacement Theorem
(Theorem 5.32), there is a reordering of B

B, = {xo(l), CER xo(n)}

where ¢ is some permutation of {1,2,...,n} such that a new basis can be formed
by replacing the first k& elements of B, with v, ..., v;. In other words,

{Ula <oy Uk T (k41)5 - -+ 7'750(71)}
is a basis on V. Setting v; := z4(;) for i = k +1,...,n completes the proof. O

Example 5.39. Let R[z]s be the vector space of polynomials of degree 3
or less. Consider the elements p1(z) = = + 1 and p2(z) = bz + 3. It is
easy to see that pi(x) and pa(x) are linearly independent. By the Extension
Theorem. (Theorem 5.38), there exists a basis of R[x]s which contains p1(z)
and pa(x) as its first two elements. Let us find such a basis. Using the
proof of Theorem 5.38 as a guide, let us start by choosing a basis of R[x]s.
Clearly, {1,z,22, 2%} is a basis on R[x]3. Since p1(x) and p2(z) are degree
1 polynomials, our intuition suggests that we should replace 1 and x with
p1(x) and pa(z) to obtain a new basis. We leave it to the reader to verify
that
{pl ([E),pg(fl)), z2’ xB}
is also a basis on Rlz]s.

We conclude this section with the following result:

Corollary 5.40. Let V' be a wvector space of dimension n > 0 and let
{v1,v9,...,v,} be a subset of V' which spans V. Then {vi,va,...,v,} is
a basis of V.

Proof. Let S := {v1,va,...,v,}. We need to show that S is linearly independent.
Let’s suppose (for a moment) that S is not linearly independent and let’s observe
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what happens. Let & be the maximum number of linearly independent elements in
S. Since 1 < dimV =n and V = span S, we have 1 < k < n. Let us reorder the
elements of S so that the first k£ elements of the reordering are linearly independent.
In other words, we choose a permutation o of {1,2,...,n} such that

Sl = {Ua(l)v ‘e 7'Uo—(k)}

is linearly independent. Consider the set S1 U {v,(;y} where ¢ > k. Since k is the
maximum number of linearly independent elements in S, this set of k 4 1 elements
cannot be linearly independent. Hence, there exists c¢i,...,cx11 € R (which are
not all zero) such that

ClUg(1) +  F CkVo(k) + Cht+1V5(3) = 0.

If ¢xy+1 = 0, then the linear independence of S; implies that c¢q,...,c, are zero
as well. Hence, cy11 # 0. This implies that v,;) can be expressed as a linear
combination of the elements of Sy for i > k. Now let V7 := span S;. Then V;
is a subspace of V' by Proposition 5.24. We have just seen that v, € Vi for
i > k. Since v,(;) € S1 for i < k, we actually have v; € V; for j =1,...,n. Since
V =span S, it follows that V3 = V. Hence, S; is a linearly independent set which
spans V. In other words, S; is a basis of V. By Theorem 5.33, every basis of V' has
the same number of elements and the dimension of V' is simply the cardinality of any
basis. Since dim V =n and S has k < n elements, we have a clear contradiction.
This contradiction arose from our assumption that S was linearly dependent. From
this, we conclude that S is actually linearly independent. (I

5.4. Linear Maps

In Chapter 3, we considered maps from R™ to R™ that were defined in terms of
matrix multiplication. Specifically, given an m x nm matrix A, we expressed the
vectors of R™ and R™ as column vectors (as opposed to the more usual row vectors
as we did in Chapter 2). With this point of view, we obtain a map A : R® — R™
which takes a (column) vector ¢ € R™ to a (column) vector Av € R™ by multiplying
the m x n matrix A by the n x 1 matrix . We called this type of map a linear
transformation and it has the following two properties:

(i) A(u+v) = Au+ Av for all u,v € R"
(ii) A(cv) = cAv for all c € R and ¥ € R”

Properties (i) and (ii) above motivate the more general notion of a linear map
between general vector spaces.
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Definition 5.41. Let V and W be vector spaces. A linear map (or linear
homomorphism) is a map ¢ : V.— W which satisfies the following two
conditions:

(1) o(u+v)=pu)+ ) for alu,veV

(ii) p(cv) = cp(v) for all c € R

Example 5.42. A linear transformation from R™ to R™ is just a special
case of a linear map.

Example 5.43. Let R[z] be the vector space of polynomials with real coef-
ficients. Define ¢ : Rlx] — R[z] be the map defined by differentiation:

o(p(a)) = - plz).

Then for any p(x), q(z) € R[z] we have

P(p(z) +4(z)) = = (p(z) + a(2))

= 2 p(a) + <a(o)
= o(p()) + »(q(z)).

Also, for ¢ € R, we have

plep(a) = ~-epl)

d
= C%p(x)

= cp(p(x)).

Hence, ¢ is a linear map.

Notation 5.44. Given two vector spaces V. and W, we will denote the zero
vector in 'V and W using the same symbol: 0. Technically, one should use
different symbols to denote the zero vectors of V- and W. For example, one
can denote the zero vector of V' by Oy and the zero vector of W by Oy .
However, to keep the notation simple, we will avoid doing this. In fact,
virtually all linear algebra books (and abstract algebra books) do not bother
to use additional notation to distinguish the zero vector of one vector space
from the zero vector of another. The reason for this is that the reader can
easily distinguish the zero vector of one vector space from the zero vector of
another by context alone.
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Proposition 5.45. Let ¢ : V — W be a linear map. Then ¢(0) = 0.

Proof. Using the linearity of ¢, we have

©(0) = (0 +0) = p(0) + ¢(0) = 2¢(0).

The above equation implies that ¢(0) = 0. O

The following result is intuitively clear, but we prove it anyway for completeness.

Proposition 5.46. Let ¢ : V — W be a linear map. Let vy,...,vx € V be
a finite collection of vectors. Then

por 4+ o) = @(v1) + - - + p(vk)-

Proof. We prove this by induction on k. When k = 2, the result holds from the
definition of a linear map. Suppose then that the result holds for a sum of k vectors.
We now show that it holds for a sum of k + 1 vectors. Let vq, ..., v, vg11 € V and
let v=1v1 4+ -+ vg. Then

v+ + vg1) = (v + V1)
o(v) + @(vi+1)
vy + -+ k) + ©(vrt1)
=@(v1) + -+ (k) + @(vit1),

where the second equality follows from the definition of a linear map and the last
equality follows from the induction hypothesis. This completes the proof. O

Exercise 5.47. Let R[z] be the vector space of polynomials of real coef-
ficients. Fiz a polynomial g(z). Define ¢ : Rlz] — R[z] by ¢(p(z)) =
g(x)p(x). Show that ¢ is a linear map.

The definition of a linear map implies that a linear map is completely deter-
mined once one specifies the values of the map on a basis of the domain. Specifically,
one has the following:

Proposition 5.48. Let V' and W be vector spaces. Let {vi,...,v,} be a
basis on 'V and let {wy,...,w,} be any vectors on W. Then there exists a
unique linear map ¢ : V. — W such that p(v;) = w; fori=1,2,... n.

Proof. Let v € V. Then v can be expressed as a unique linear combination of the
basis {v1,...,v,}:

U = 11 + CaU2 + -+ - + CprU,.-
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Define

n

p(v) == Z c;Wj.

i=1

From the above definition, it follows that ¢(v;) = w; for j = 1,...,n since z; =
i, civ; where ¢; = 0 for i # j and ¢; = 1. Now we verify that ¢ satisfies the
conditions of a linear map. With v € V as before, let u € V and express u as a
linear combination of {v1,...,v,}:

u = dlvl +d21)2+~~+dnvn.

Then
n
) = Zdzwl
i=1
Since
v+u=(c1+di)vy+ -+ (cn + dpn)vn,
we have

(¢; + dy)w

=2
Z: Wi + Z:dwZ
e(v) + ().

Also, since rv = Y7 (r¢;)v; for r € R, we have

This proves that ¢ is a linear map.

For the uniqueness part, suppose ¥ : V. — W is another linear map such that
Y(v;) =w; fori=1,...,n. Let v e V. Then v = > ", ¢;v; for some ¢; € R. Since
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1) is linear, we have

Hence, ¥ = . This proves that there is exactly one linear map from V to W which
maps the basis element v; of V' to an element w; of W for i =1,...,n. ]

Exercise 5.49. Suppose one replaces basis in Proposition 5.48 by span-
ning set. Ezxplain why the conclusion of Proposition 5.48 will fail in general.

The condition of linearity is quite strong. Proposition 5.48 shows that given a
basis B := {v1,...,v,} of V and a map ¢ : B — W, there is only way to extend it
to a linear map on all of V. From now on, when we have a map ¢ : B — W and
use the words extend by linearity, we are referring to the unique linear map from
V to W whose restriction to the basis B is precisely the map ¢ : B — W. We will
denote this unique linear map with the same symbol: ¢ : V — W.

Example 5.50. Let R[z]; be the vector space of polynomials of degree d or
less. Then {x%, 2971 ... x,1} is a basis of R[zx]q. Let ¥y,..., 0441 € R™.
By Proposition 5.48, there exists a unique linear map ¢ : R[x]q — R™ such
that

:L,d+17i) — ’Ui

o(
fori=1,2,....d+1.

Next we introduce two natural subspaces associated to a linear map.

Definition 5.51. Let ¢ : V. — W be a linear map.
(i) The kernel (or null space) of ¢ is the subspace of V' defined by

ker o :={v eV | p(v) = 0}.
(i) The image (or range) of ¢ is the subspace of W defined by
imp:={weW | I veV such that p(v) = w}.
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The image of ¢ : V — W is also denoted as ¢(V) since
im o ={p)|veV}

The next result shows that ker ¢ and im ¢ are indeed subspaces.

Proposition 5.52. Let ¢ : V — W be a linear map. Then ker ¢ and im ¢
are subspaces.

Proof. Let v,v" € ker ¢ and let ¢ € R. Then
p(v+0") =p(v) + (') =0+0=0

and
p(cv) = ep(v) = c0 = 0.

From the definition of ker ¢, we conclude that v + v’ and cv are both elements of
ker ¢. This shows that ker ¢ is a subspace of V.

Next let w,w’ € im ¢. By definition of im ¢, there exists v,v’ € im ¢ such
that ¢(v) = w and ¢(v') = w’. Hence,

w+w' = @) + o) = p(v+v) € im .
Also, for ¢ € R, we have
cw = cp(v) = p(cv) € im .

From this, we see that im ¢ is a subspace of W. ]

For completeness, we also make the following definitions:

Definition 5.53. Let o : V — W be a linear map. Let V; be any subset of
V and let W1 be any subset of W. The image of Vi under ¢ is the set

(V1) :=={e(v) | v € V1 }.
The pretmage (or inverse image) of W1 under ¢ is the set

o 1 (W) :={v eV | p(v) € W1}

In Definition 5.53, note that (V}) is a subset of W and ¢~!(W;) is a subset of V.

Exercise 5.54. Let ¢ : V. — W be a linear map. Show that if Vi is
subspace of V and Wy is a subspace of W, then o(V7) is a subspace of W
and ¢~ Y (W1) is a subspace of V.
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Example 5.55. Let m : R? — R be the map defined by w(x,y) = x. It’s
easy to see that m is actually a linear map. The preimage of 7~ 1(1) is the
set of all (x,y) € R? such that w(z,y) = 1. From the definition of w, it’s
clear that

(1) :={(Ly) |y eR}.

Example 5.56. Let R[x] be the vector space of polynomials and let ¢ :
R[z] — R[z] be the linear map defined by ¢ = L (see Ezample 5.43). The
kernel of ¢ are all the polynomials p(x) such that

plp(a)) = ~-pla) = 0.

As we know from the Mean Value Theorem from calculus, a function which
is differentiable on (—oo, 00) differentiates to zero if and only if the function
is a constant. Hence, the kernel of ¢ consists of the constant polynomials,
that is,

ker ¢ = {p(z) € R[z] | p(z) = c € R}.
The image of ¢ is the subspace

im o= {2 p(z) | plz) € Rle]} C Rla]

Actually, from calculus, its quite clear that im ¢ = R[z]. Indeed, let p(z) be
any polynomial of © and let

which is again a polynomial in x (the constant of integration is not impor-
tant). Then

Pla(x)) = 2 g(x) = pla).
This shows that p(z) € im ¢. Since p(x) was an arbitrary polynomial, it
follows that im ¢ D R[z|, which in turn implies that im ¢ = R[z].
Hence, ¢ := % is a linear map which is surjective, but not injective.

Example 5.57. Let T : R? — R3 be the linear map defined by
T($7ya2’) = (x—y,y—z,m—z).
Let’s find the kernel and the image of T. The kernel of T is the set of all

vectors (z,y,z) € R® such that T(z,y,2) = 0. In other words, the kernel is
the solution to the linear system

z—y=0, y—2=0, z—2z=0.

The solution to this system is easily found to be
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ker T = {(a,a,a) | a € R}.
From the definition of T, the image (or range) of T is
im7T={(z—y,y—z,2—2) | z,y,z € R}.

However, we can simplify the above expression by noting that T'(z,y, z)
decomposes as

T(x,y,2) =2(1,0,1) + y(—1,1,0) + 2(0, -1, —1).
Hence, im T is the span of the vectors @; = (1,0,1), @2 = (—1,1,0), and
i3 = (0, —1,—1). Note that @; and sy are linearly independent and 3 is a
linear combination of @; and iy (explicitly @3 = —; — 2). Hence, im T is
the span of 4; and . More precisely, %1, and s is a basis for im 7". This
in turn implies that

imT ={(z—y,y,2) | z,y € R}.

In Example 5.57, we have the following relationship between the domain of T
(i.e. R3), ker T, and im T

dimR? = dimker T + dimim T

where we observe that dimker T'= 1 and dimim 7" = 2. This is not a coincidence,
but a consequence of a result called the Rank-Nullity Theorem, which we will state
and prove in a moment. First, we need to define the terms rank and nullity.

Definition 5.58. Let ¢ : V — W be a linear map. The nullity of ¢ is
Nullity(p) := dimker ¢

and the rank of ¢ is
Rank(p) := dim im .

For convenience, we also prove the following result which we will use in the proof
of the Rank-Nullity Theorem:

Proposition 5.59. Let ¢ : V. — W be a linear map. If V =
span{vy,...,vm}, then

im o = span{ip(v1), .., p(vm)}.

Proof. By definition, im ¢ := {p(v) | v € V}. Since V is spanned by the vectors
V1,...,U;, and ¢ is linear, it follows that

im ¢ = {p(a1v1 + -+ amom) | a1,...,am € R}
={arp(v1)+ -+ amp(vm) | ar,...,am € R}
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The last equality means that im ¢ is spanned by the vectors ¢(v1),...,©(vm),
which completes the proof. ([

Theorem 5.60 (Rank-Nullity Theorem). Let ¢ : V. — W be a linear map.
Then
dim V' = Nullity(¢) + Rank(p).

Proof. By Proposition 5.52, ker ¢ and im ¢ are subspaces of V' and W respectively.
Let
n:=dimV, k:=dimker .

Let vy, ..., v be a basis of ker . By the Extension Theorem, we extend vy, ..., vg
to a basis vi,..., vk, Vk+1,--.,0, o0 V. By Proposition 5.59, im ¢ is spanned by
the vectors

30(1)1)’ SRR @(vk)a Sp(vk-i-l)v ERR) @(UH)'

Since vy, ..., v € ker ¢, we have ¢(v1) = -+ = ¢(vr) = 0. Hence, the spanning
set of im ¢ can be reduced to

P(Vkt1), - p(vn).
We now show that these n — k vectors is actually a basis on im (. So suppose that
c1(Vks1) + -+ + Cnpp(vn) = 0
for some c1,...,c,—i € R. By the linearity of ¢, we can rewrite this as
o(c1vp41 + -+ Cngvn) = 0.

This implies that cjvg41 + -+ + cp—gxvn € ker @. Let v = g1 + -+ + cp—kUn.
Since v € kerp and vy,...,v, is a basis on kerp, we can express v as a linear
combination of these vectors:

v=dyv1 + - + dyvg.

Subtracting the two expressions for v gives

divy + - -+ dpvg — Vg1 — - — Cp—gUy = 0.
Since v1,. .., Vg, Vk41,.-.,Un is a basis on V, it follows that
di=--=dy=c1=-=cp =0,
which in turn proves that o(vky1),...,9(vy,) is a basis on im . In particular, this

implies that
dim im ¢ =n — k =dim V — dim!ker ¢.
Rewriting this expression gives
dimV = dimker ¢ + dim im ¢ = Nullity(¢) + Rank(y).

This completes the proof. ([
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5.5. Linear Isomorphisms

When are two vector spaces essentially the “same”? This is the question we will
give a precise answer to in this section. We begin with the following definitions:

Definition 5.61. Let o : V — W be a linear map.
(i) @ is injective if it is one-to-one, that is, if p(v1) = w(va) for some
v1,v9 €V, then v1 = vs.
(ii) ¢ is surjective if it is onto, that is, for any w € W, there existsv € V
such that p(v) = w
(iti) ¢ is bijective if it is both injective and surjective.

Proposition 5.62. Let ¢ : V — W be a linear map.
(i) ¢ is injective if and only if ker ¢ = {0}.
(i) ¢ is surjective if and only if imp = W.

Proof. (i). Suppose ¢ is injective. Let v € ker ¢. Then ¢(v) = 0. However, since
© is linear, we also have ©(0) = 0. Hence, ¢(v) = ¢(0). The definition of injective
map now implies that v = 0.

On the other hand, suppose that kero = {0}. If ¢(v;) = ¢(vs) for some
v1,09 € V, then

0 = p(v1) — p(v2)
= p(v1 — v2).

Hence, v; — v2 € ker ¢ and since ker ¢ = {0}, we have v; — v9 = 0, which in turn
implies that v; = vy. This shows that ¢ is injective.

(ii). Immediate from the definition of surjective and imep. d

The notion of an “identity map” is ubiquitous in mathematics. We will need
this notion shortly in order to define when two vector spaces are “equivalent”.

Definition 5.63. Let X be a set. The tdentity map on X is the map
idx : X = X defined by idx(x) :=x for all v € X.

Let X, Y, and Z be any sets and let f : X - Y and g: Y — Z be any maps. We
denote the composition of g and f by g o f, that is, g o f is the map from X to Z
which sends z € X first to f(x) € Y and then sends f(x) to g(f(z)) € Z. As a
diagram, one expresses g o f as follows:

X=Y > Z
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Exercise 5.64. Let f : X — Y be any map between two sets. Verify that
idyof = f and foidx = f whereidy o f (foidx) denotes the composition
of idy and f (f andidx ).

Exercise 5.65. Let V' be a vector space. Show that the identity map on V,
idy : V. =V, is a bijective linear map.

The following two definitions gives the precise meaning of what it means for two
vector spaces to be the “same”.

Definition 5.66. A linear map ¢ : V — W is a linear isomorphism if
there exists a map ¢ : W — V such that ¥ oo = idy and g o =idy. The
map 1 is called the inverse of ¢ and is typically denoted by @~ ".

To emphasize that ¢ : V' — W is a linear isomorphism, one often uses the following
notaton:

0 VS W

Definition 5.67. Two vector spaces V. and W are said to be isomorphic
if there exists a linear isomorphism from V to W. The condition that V' and
W are isomorphic is denoted as V ~ W.

From the point of view of linear algebra, two vector spaces are the “same”
if they are isomorphic. Naturally, this leads to the following question: when are
two vector spaces isomorphic? The answer is actually quite simple. But before we
answer this question, we take a moment to collect some basic facts about linear
isomorphisms.

Proposition 5.68. Let o : V. — W be a linear map. Then ¢ is a linear
isomorphism if and only if p is bijective.

Proof. Suppose ¢ is a linear isomorphism. Let ¢! : W — V denote the inverse
of ¢. Suppose vy, v € V such that ¢(v1) = ¢(vg). This implies that

plop(u) =9 op(vs)
idv(vl) = idv(UQ)

V1 = V2.
Hence, ¢ is injective. Now let w € W and let v = ¢~ (w). Then
p(v) = p oy~ (w) = idw(w) = w,

which shows that ¢ is also surjective. Hence, ¢ is bijective.
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Conversely, suppose that ¢ is bijective. Define v : W — V as follows. Let
w € W. Since ¢ is both injective and surjective, there exists a unique element of
V', which we will denote as v,,, such that ¢(v,,) = w. Define ¥(w) := v,,. From the
definition of 1, we have

pop(w) = p(vw)
=w.
From this, we conclude that ¢ o ¥ = idywy .
Now let v € V and let w := ¢(v). Then
Pop(v) = p(w)
= Uy
In order to show that ¥ o ¢ = idy, we need to show that v,, = v. To do this,
recall that v,, € V is the unique element of V' which is defined by the condition
©(vw) = w. At the same time, we also have w = p(v). Since ¢ is injective, we

conclude that v,, = v, which proves that ¥ o ¢ = idy. By Definition 5.66, ¢ is a
linear isomorphism. O

Proposition 5.69. Let o : V — W be a linear isomorphism. The inverse
map ¢~ : W — V is unique and linear. In particular, =*
isomorphism and the inverse of p~1 is . In other words, (p=1)~! = ¢.

is also a linear

Proof. Suppose that ¢ : W — V and 95 : W — V are both inverses to ¢. Then
1 =idy o1
= (P20p) o
=20 (p o)
= g oidy
= 2.
This shows that inverse map is unique.

1

Next we show that ¢~ : W — V is linear. Let wy,ws € W. First, we show

that
¢~ Hwi +wa) = o7 H(wr) + ¢ (wa).
To do this, let v; = ¢~} (w) and vy = ¢~ (ws). Since ¢ is linear, we have
p(v1 +v2) = p(v1) + @(v2)
=pop H(w) +popt(ws)
= idw (w1) + idw (wa)
= idw (w1 + w2)

= o (w4 wy).
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Since ¢ is bijective (in particular injective) by Proposition 5.68, the above equality
implies that
o (w1 4+ w2) = vy + V2
= Hwr) + ¢~ (wa)

where we use the definition of v; and vy in the last equality. Now let ¢ € R and let

1

w € W. To complete the proof that ¢~ is linear, it remains to show that

o (ew) = e~ ().
Since ¢ is linear, we have
g (w)) = cp o9~ (w)
= cidw (w)
= idw (cw)
=pop ! (cw).
Again, using the fact that ¢ is bijective, the above equality implies that ¢~ (cw) =

cp~1(w). This completes the proof that p~!
1

is linear.

Since ¢~ : W — V is a linear map and ¢ : V — W is a map which satisfies
o Yoy =ridy and pop~! = idy, it follows by Definition 5.66 that »~! is a linear
isomorphism with inverse ¢. This completes the proof. O

Exercise 5.70. Recall that we write V >~ W if there exists a linear isomor-
phism from V to W. Use Proposition 5.69 to show that V ~ W is equivalent
toW ~V.

Here is the answer to the question posed above: when are two vector spaces iso-
morphic?

Theorem 5.71. Two vector spaces are isomorphic if and only they have
the same dimension.

Proof. Let V and W be isomorphic vector spaces. By definiton, there exists a
linear isomorphism from V' to W (or equivalently from W to V). Let ¢ : V 5 W
be any linear isomorphism. By Proposition 5.68, ¢ is bijective. Hence, ker ¢ = {0}
and im ¢ = W. Let n = dimV and let vy, ..., v, be a basis on V. Since vy, ...,v,
spans V', Proposition 5.59 implies that

span{p(v1),...,¢(vn)} =im o = W.
Now suppose that
cp(ur) +--- + enp(vn) = 0

for some cy,...,c, € R. Since ¢ is linear, the above equality can be rewritten as

o(civr + -+ cpu,) = 0.
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Hence, civ1 + -+ + ¢cyv, € ker . Since ker ¢ = {0} and vy,...,v, is linearly
independent, we conclude that ¢; = --- = ¢, = 0. This shows that ¢(v1),...,p(vs)
is also linearly independent. Since these vectors also span W, it follows that they
form a basis on W. Hence, dimW =n =dimV.

Conversely, suppose that dim V' = dim W = n. Let B := {vy,...,v,} be a basis
on V and let {wy,...,w,} be a basis on W. Define a map

p:B—=>W

by ¢(v;) := w; for i =1,...,n. By Proposition 5.48, we can extend ¢ by linearity
to a linear map from V to W. We now show that ¢ is bijective. Let v € ker ¢ and
express v in terms of the basis B:

V=1CU + -+ CcpUp.

Then
p(v) = c1p(v1) + - + cngp(vn)
=clwy + -+ cpwy,.
Since ¢(v) = 0 and wy, ..., w, is a basis on W, it follows that ¢; = --- = ¢, = 0.

This shows that v = 0, which implies that ker ¢ = {0}. Proposition 5.62 implies
that ¢ is injective.
Now let w € W and express w in terms of the basis wq, ..., wy:

w=dywy + -+ dywy.
Define v € V' by

v=div1 + -+ dpv,.
Then

e(v) = dip(v1) + -+ + dnp(vn)
:dlwl ++dnwn

= w.

This shows that ¢ is surjective. We have now shown that ¢ is bijective. Proposition
5.68 implies that ¢ is a linear isomorphism. Hence, V' ~ W. This completes the
proof. (]

The following result follows directly from the proof of Theorem 5.71.

Corollary 5.72. Let V and W be vector spaces of dimension n. A linear
map from V to W is a linear isomorphism if and only if it maps a basis of V
to a basis of W. In particular, if vi,...,v, is a basis on 'V and wy, ..., wy,
is a basis on W, then the linear map ¢ : V. — W which is (uniquely) deter-
mined by the conditions ¢(v;) = w; fori=1,...,n, is a linear isomorphism.
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Given two vector spaces V and W of the same dimension, Corollary 5.72 implies
that there are infinitely many isomorphisms between V' and W. An isomorphism
between two arbitrary vector spaces V and W of the same dimension is determined
by choosing a basis on both V' and W and then pairing up each basis element of V'
with a basis element of W. In general, one does not have a natural or canonical
isomorphism between two vector spaces of the same dimension. A canonical iso-
morphism between two vector spaces is one that does not depend on an arbitrary
choices of bases.

On the other hand, if one has two vector spaces which are not arbitrary, but
are related to one another in some way, one usually has a canonical (i.e. natural)
linear map between the vector spaces. Moreover, if the vector spaces are related
and of the same dimension, the canonical linear map is usually an isomorphism. We
will study a special class of vector spaces called quotient vector spaces later in
Chapter 11 which will provide us with some of the most common (and important)
examples of canonical isomorphisms between vector spaces.

5.6. The Direct Sum Revisited

We conclude this chapter by generalizing the notion of the direct sum to arbitrary
real vector spaces of finite dimension. At the same time, we stress that everything
discussed in this chapter works equally well for complex vector spaces. The proof
of every result in this section is identical to the proofs given in Section 2.7 for
the vector space R™ and its subspaces. For this reason, we omit all proofs in this
section. The only difference between Section 2.7 and the current one is that we
make no mention of orthogonal complements. The reason for this, of course, is that
in order to define the orthogonal complement of a subspace W of a vector space V,
one requires that V' has its own “dot product”. An arbitrary vector space does not
come equipped with a natural dot product. One must specify one first. Only then
can one define orthogonal complements. A dot product for a general vector space
is called an inner product and is the subject of Chapter 9.

Throughout this section, let V' be a real vector space of dimension n > 1. We
begin this section with the following definition:

Definition 5.73. Let W1 and Wy be subspaces of V. The sum of W1 and
Wy is the subspace of V' defined by

Wi+ Wy = {w1 =+ wo | wy, € Wy, wy € WQ}

Exercise 5.74. Show that Wy + Ws is indeed a subspace of V.
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Proposition 5.75. Let Wi and W5 be subspaces of V.. Then
(i) W1 N Wy is also a subspace of V/
(ZZ) dim(W1 + WQ) =dim Wi + dim W5 — dim(W1 M WQ)

Proof. See the proof of Proposition 2.77. O

Definition 5.76. Let Wi and Wy be subspaces of V. V is a direct sum
of W1 and Wy if the following conditions hold:

(i) V=W + W,

(ZZ) WinWy = {0}
When V is a direct sum of W1 and Wa, one replaces the “+” symbol with
the direct sum symbol “®” and writes V. =W, & Ws.

Proposition 5.77. Let W1 and Wa be subspaces of V. The following state-
ments are equivalent:
(1) V=W, & W,
(2) Every v € V can be expressed uniquely as v = wy + wy for some
w1 € Wi and we € Wy
(3) dimV = dim Wy + dim Wy and W7 N W,y = {0}

Proof. See the proof of Proposition 2.79. (]

Example 5.78. Let M5(R) denote the vector space of 2 X 2 matrices whose
entires are real numbers. Let sly(R) be the subspace of Ma(R) consisting of
all 2 x 2 real matrices whose trace is zero. Let

s=(03) = (0 8) (3 %)

Then {E, F,H} is a basis on sla(R). Indeed, an arbitrary element of sla(R)
decomposes uniquely as

(C @ )zaE+bF+cH.
b —c

Hence, dimsly(R) = 3. Let I denote the 2 x 2 identity element and let
D := span {Is}. Then dim D =1 and sly(R) N D = {0}. Since

dim My(R) = 4 = dimsly(R) + dim D,
Proposition 5.77 implies that M>(R) = sla(R) @ D.
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Chapter 5 Exercises

1. Let Rlz]2 be the vector space of all real polynomials of degree 2 or less. De-
termine if the set

{1+z+22 3—2% 20 +22)

is a basis of R[z]s.

2. Determine if the set of polynomials
{1,2,1 —22% -3z +22%}

is a basis of R[z]3 (the vector space of real polynomials of degree 3 or less).

3. Let M, (R) be the vector space of n x n matrices. Let A, (R) C M,(R) be
the subset of all skew-symmetric matrices. Recall than a matrix A is called
skew-symmetric if AT = —A.

(a) Show that A, (R) is a subspace of M, (R).
(b) Find dim A, (R).

4. Find a basis for the subspace of all skew-symmetric 3 X 3 real matrices as a
subspace of all real 3 x 3 matrices.

5. Express the polynomial p(x) = 2® + 322 + 22 + 1 as a linear combination of
the polynomials

563+2, x2+x, 3x+1, 2x + 1.

6. Let M5(R) be the vector space of real 3 x 3 matrices. Let S3(R) C M3(R) be
the subset consisting of all symmetric matrices.
(a) Show that S3(R) is a subspace of M3(R).
(b) Give a basis for S3(R). What is the dimension of S3(R)?
(¢) Extend the basis in part (b) to a basis on M3(R).

7. Let M, (R) be the vector space of real n x n matrices. Let p(z) € R[z] be a
real polynomial of degree k:
p(x) = cnx® + 12"V ez + o
For a matrix A € M, (R), define a matrix p(A4) € M, (R) by
P(A) = cuA¥ e AP 4 At ol

Show that for any A € M, (R), there exists a nonzero real polynomial p(z) €
R[z] such that p(A) = 0. (Hint: consider dim M, (R).)
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8.

10.

11.

12.

13.

Show that the subset
{real polynomials f(x) of degree <3| f(2) =0}

is a subspace of R[z]4, the vector space of real polynomials of degree 4 or less.
Find a basis of this subspace and determine its dimension.

Is the line y = 3z — 4 a subspace of R?? Is the unit disk {(x,y) | 2% +y* < 1}
a subspace of R? ? Justify your answers.

Let sl3(R) denote the subspace of all 2 x 2 real matrices whose trace is zero.
Let

0 1 0 0 1 0
Let ¢ : slx(R) — sl3(R) be a linear map which satisfies the following condi-

tions:

o(E—2F)=H, @E+H)=F, @F—-H)=E+F.

(a) Find (E), ¢(F), and ¢(H).

(b) Find ker ¢

(¢) Find im ¢

(d) Based on (b) and (c), is ¢ an isomorphism?
Let

1 2 -1
A= ( 1 -4 2 )

and let T4 : R? — R? be the linear transformation associated to A, that is,
T (V) := Av.

(a) Find ker T4 and give its dimension.

(b) Find im T4 and give its dimension.

(¢) Verify the Rank-Nullity Theorem (Theorem 5.60) for T4, that is, check

that
dimR? = dimker T4 + dimim T4.

Find the nullity and rank of the linear map T : R? — R? given by

T(al,ag,ag) = ((11 + as, —a3).

Let
2 1 2
A= 2 -3 1
-2 -5 -3

and let T4 : R3 — R3 be the linear transformation associated to A.

(a) Find ker T4 and give its dimension.
(b) Find im T4 and give its dimension.
(c) Verify the Rank-Nullity Theorem (Theorem 5.60) for T4.
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(d) Is T4 is an isomorphism?

14. Suppose that T : R? — R? is a linear transformation such that 7(—1,0) =
(1,4) and T(1,2) = (2,5) . Determine T'(3,4). Is T one-to-one?

15. Let M, (R) be the vector space of all real n x n matrices.
(a) Show that the trace

Tr: M,(R) —» R

is a linear map.

(b) The kernel of Tr is simply the subspace of M, (R) consisting of all real
n X n matrices with zero trace. This subspace is typically denoted as
50, (R). Apply the Rank-Nullity Theorem (Theorem 5.60) to determine
the dimension of s, (R).

16. Let M, (R) be the vector space of all real n x n matrices and let sl,,(R) be the
subspace of all real n X n matrices with zero trace. Suppose W is a subspace
of M,,(R) of dimension n such that

M, (R) = sl,(R) + W.
Find dim W N sl, (R).

17. Let M, (R) be the vector space of all real n x n matrices and let
F: M,(R) = M,(R)
be the map defined by
F(A) = %(A + AT).

(a) Show that F' is linear.
(b) Find im F and give its dimension. What type of matrices make up im F?
(c¢) Find ker F' and give its dimension. What type of matrices make up ker F'?

18. Let M, (R) be the vector space of all real n x n matrices. Let S,,(R) and A,,(R)
denote the subspaces of real n X n symmetric and skew-symmetric matrices
respectively. Determine if

Justify your answer.

19. Let V be a vector space and let ¢ : V' — V be a linear map. A subspace W of
V is called @-invariant if (W) C W. Show ker ¢ and im ¢ are ¢-invariant.
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Chapter 6

Return to R"... Sort of

After Chapter 5, you might be nostalgic for the days when a vector was just an
element of R™ (expressed either as a row or column vector) and a linear map was
just a matrix which mapped column vectors of R™ to column vectors of R™ by
matrix multiplication. It was so much simpler back then!

Well, it turns out that any (real) n-dimensional vector space can be regarded
as the vector space R™ and any linear map between (finite dimensional) vector
spaces can be regarded as a matrix. However, there’s a catch. Before explaining
what the catch is, let me explain what is meant by the word regarded here. Saying
that we can regard any n-dimensional vector space V as R™ means that we have
a way of representing each vector in V' as a unique vector in R™. More precisely,
we have a one-to-one correspondence between V' and R™. Likewise, we have a
way of representing any linear map between finite dimensional vector spaces as
a matrix. The catch is that this representation is very far from being unique.
The representation depends on a choice of basis or bases. Even so, the idea of
representing general vectors as vectors in R™ or linear maps as matrices turns out
to be mathematically fruitful. For example, the matrix representations of a linear
map ¢ : V — V with respect to two different bases turn out to be related to
one another in a very simple way. As we will see later, this simple form allows
one to extend the idea of the determinant from square matrices to any linear map
@ :V — V in a manner which is completely independent of a choice of basis on
V. In addition, there is also a computational benefit from being able to express
vectors as column vectors of R™ and linear maps as matrices.

For the sake of concreteness, we work with real vector spaces throughout this
chapter. However, if we replace R™ with C™ and all real vector spaces by complex
ones, all the definitions, results, and proofs of this chapter work exactly as before.
In short, everything in this chapter applies equally well to the complex case.

179
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6.1. Coordinate Vectors

Let V be a vector space of dimension n. For concreteness, we will also take V' to
be a real vector space, but we could just as easily take V to be a complex vector
space. For the rest of this chapter, we will always regard the vectors of
R™ as column vectors. We begin with the main definition of this section:

Definition 6.1. Let B = {vy,...,v,} be a basis on V. The coordinate
vector of a vector v € V with respect to B is the unique column vector

[U]B = (alu az, ..., an)T €R"™
where a1, as, . ..,a, are defined by the condition

V= a1V + agv2 + - - - + anv,.

Example 6.2. Consider the vector space V.= R2. Let B = {41, U} be the
basis on V. with vy := (1,1)T and %2 = (0,1)T. Let ¥ = (2,3)T € V. Let
us compute the coordinate vector [U]p of U with respect to B. By definition,

[0]p is the column vector
Ppp— al
s = ()

where a1 and ag are uniquely defined by the condition
U = a191 + as¥s.
The above equation is equivalent to the following linear system:
a; =2
a1 +as = 3.

The solution to the above system is a1 = 2 and ax = 1. Hence, ¥ = 207 + Us.

[17]Bi=<i>~

It is important to remember that a basis is an ordered set. Hence, changing
the order of the vectors in a basis will result in a new basis. For instance,
let B = {Us,v1}. Then B' # B and the coordinate vector of U with respect
to B’ is

From this, we conclude that

m@(;>¢mg

The following result follows directly from the definition of the coordinate vector:
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Proposition 6.3. Let V' be a vector space of dimension n and let B =
{u1,...,un} be a basis on V. Then the coordinate vector of u; with respect
to B is [u;]g = €; where €; is the it" standard basis vector on R™.

Proof. Let u; € B. Then u;, as a linear combination of the basis B, is (of course)

n

Uj: E c,-jui

i=1
where ¢;; = 0 for all ¢ # j and ¢j; = 1. By definition, we have
)T

[U,j]BZ(Clj,ng,...,an :(%.

Proposition 6.4. Let S := {é1,...,€,} denote the standard basis on R™.
For any vector v € R"™, the coordinate vector of U with respect to S is simply
itself, that is, [U]s = 0.

Proof. Recall that €; € R™ is the vector whose components are all zero except for
the ith component which is 1. Let ¥ = (vy,...,v,)T € R®. With respect to S, v
decomposes as

U = v1€1 + V2€ + -+ + U, En-

It follows from this that the coordinate vector of ¢ with respect to S is

[W]s = (v1,...,v,)T = 7.
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Example 6.5. Let R[z]y denote the vector space of polynomials of degree
less than or equal to 2 whose coefficients are real numbers. A basis for R[z],
is B = {22, 2,1}. Hence, for a real polynomial p = axx® + a1x + ag, the
associated coordinate vector with respect to B is
[pls = (a27a1,a0)T-
Another basis on R[z]y is
C={z>-1,z+1,z—1}.

Let us compute the coordinate vector of p with respect to C. This amounts
to solving the following equation

p=>bi(z?> —1) +by(x+ 1) + b3(z — 1)
for by,bs,b3 € R. The above equation is equivalent to the linear system:
b1 = as
bo + b3 = a;

bg—bg—blzao.

The solution to this system is easily found to be

ag +ay + as a; —ag — as
b1 = ao, bQZTv bSZT

Hence,

apt+a; +azx ay —ap—az

T
2 ’ 2 )

[P]c = (a27

Example 6.6. Consider the vector space R* and let B = {iiy, i, i3} be the
orthonormal basis on R? defined by

iy = (1,0,0)7, iy :=(0,5/13,12/13)T, i3 := (0,12/13,—5/13)7.
Let 7 = (1,2,3)T € R3. Since B is an orthonormal basis, it follows from
Theorem 2.62 that

T = (- i)ily + (0 i)y + (7 - il3)ils

=uy + EUQ aF 1—3u3.

Hence, [0]s = (1,46/13,9/13)7.

We conclude this section with another (basic) observation:
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Proposition 6.7. Let V' be a vector space of dimension n and let B =
{u1,...,un} be a basis on V. Let v,w € V and ¢ € R. Then the following
identities hold:

(1) [v+wlp = [v]s + [w]s

(i) [cv]g = c[v]s

Proof. Suppose that

[v]g = (a1,...,an
and

[w]g = (by,...,by)T.

From the definition of the coordinate vector, we have
V= a1u1 + aguo + - - - + apuy

and
w = biuy + baus + - - - + b uy,.
This in turn implies that
v+ w = (a1 + b1)uy + (az + ba)us + - - + (an + bp)y.

Hence,

[v+w]|g = (a1 +br,as +ba, ... an +b,)T = [v]p + [w]s.
This proves (i). For (ii), we have

cv = (car)uy + (cag)ug + - - + (cap)uny,

which in turn implies that
)T

[cv]p = (cay,cag, ..., can)’ = clv]p.

This completes the proof. ([l

6.2. The Transition Matrix

Let

B={uy,...,un}, B ={v,...,0n}
be bases on V. Given any vector v € V, we would like to determine how vz and
Ups are related to one another. This will lead us to the notion of a transition

matrix. Since B’ is a basis, we can express every element of B as a (unique) linear
combination of the elements of B':

ujzzcij@i, forj=1,...,n. (78)
i=1
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Let Pg/p be the n x n matrix

Py = oo (79)
Cpn1 - Cnn

The matrix Pp/p is called the transition matrix or change of basis matrix
from B to B’. The motivation for this name will become clear in a moment. Now
let v € V and suppose that

[v]g = (a1,...,an)", [v]g = (b1,...,b,)T.
By definition, this means that
v = Z a;u; (80)
i=1
and
n
v = Z bi’Uz’. (81)
i=1
Substituting (78) into (80) gives
v = Zaj (Z cijm) = Z Z CijQj V;. (82)
i i=1 \j=1

Since B’ is a basis, the scalars appearing in (81) are unique. Hence, by comparing
(81) and (82), we see that

bi = Zcijaj. (83)
j=1

However, the right side of (83) is simply the ith component of the column vector
Prip[v]p. In other words, we have proven the following:

Theorem 6.8. Let V' be a vector space and let B and B’ be any bases on
V. For any v € V, the coordinate vectors [v]p and [v]g are related by the
following equation:

[v]g = Pps[v]s.

Theorem 6.8 justifies the name transition matrix (or change of base matrix) for
the matrix Pg/g. Indeed, the transition matrix Pg g tells one how to transform a
coordinate vector in the B-coordinates to one in the B’-coordinates.

The following result shows that the transition matrix can be conveniently ex-
pressed in terms of coordinate vectors:
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Proposition 6.9. Let V' be a vector space of dimension n and let
B={uy,...,u,} and B ={vi,...,v,}

be bases on V. Then the i column of the transition matriz Pgpg is the
coordinate vector of u; with respect to the basis B'. In other words,

Pgp = ([ul]B’a [U’?]B” 0oy [un]B’) (84)

Proof. For j =1,...,n, let us express the basis vector u; as a linear combination
of the basis B':

U; = Zcijvi. (85)
=1

Equation (85) implies that the coordinate vector of u; with respect to B’ is

[l =1 . |- (86)

an

On the other hand, from the definition of the transition matrix (equations (78) and
(79)), we have

€11 = Cin
Ppp = TR (87)
el Com
Comparing (86) and (87), we see that the j* column of Pg/pg is precisely [u;]s.
Hence, we can rewrite Pg/3 as
P = ([ualg, [uzls ..., [un]s).

This completes the proof. O

Proposition 6.10. Let B = {¢},...,7,} be any basis on R™ and let S =
{€1,...,8n} denote the standard basis on R™. Then

Psp = (U1, U2, -..,Tn).

Proof. From Proposition 6.4, we have [¢]s = ¢ for any vector ¥ € R™. By Propo-
sition 6.9, we have

Psp = ([t1]s, [V2]s, --., [Un]s)

= (Vh, V2, ..., Tp).
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Example 6.11. Let us consider a simple “test” of Theorem 6.8. Let B =
{1, U2} be the basis on R? given by

= (17 71)Ta Uy = (47 *S)T
and let S = {€1,é} be the standard basis on R?. By Proposition 6.10, we

have
1 4
Psp = (U1, ¥2) = < 1 _3 ) .

Let © € R™ be the vector whose coordinate representation with respect to B
18

[#]s = (-2,5)".
In other words, ¥ is given by

¥ = —20) + 5t = (—2,2)T + (20, -15)T = (18, -13)7.

By Proposition 6.4, [Z]s = Z. By Theorem 6.8, we should obtain the same
exact answer. Let us verify that this is indeed the case:

PsplZ]s = ( _11 _43 ) ( ;2 > = ( _lfg ) =7 = [7]s.

The next result will prove useful for computing the transition matrix between two

arbitrary bases B and B’ on a vector space V.

Theorem 6.12. Let V' be a vector space of dimension n and let B, C, and
D be bases on V. Then

(a) Pgp = I,, where I,, is the n X n identity matriz

(b) Ppg = PpcPen

(¢) Peg = Psc

Proof. Let
B = {ul,...,un}.

(a): By Proposition 6.3, we have [u;]p = €; for i = 1,...,n. By Proposition
6.9, we have

(b): Let v € V be an arbitrary vector. Using Theorem 6.8, we have

[v]p = Ppglv]s
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However, we also have
[v]p = Ppcv]c
= Ppc (Pes[v]s))
= (PpcFes) [v]s-
This shows that
Ppg[vls = (PpcFes) [v]s. (88)
Setting v = u; for any ¢ € {1,...,n} in (88), we obtain
Ppgeé; = (PpcFeg) €; (89)

where we use the fact that [u;]g = €; (by Proposition 6.3). Equation (89) implies
that the ith column of Ppg and PpcPep are equal for i = 1,...,n. This in turn

implies that

Ppp = PpcFes.
(c): Using (a) and (b), we find that
PgcFep = P = In

and
PepPpe = Pee = 1.

This implies that PC_B1 = Ppe.

For convenience, we recall that for an invertible 2 matrix

a b
()

its inverse is given explicitly by

1 d —b
At = .
ad — bc ( —c a )
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Example 6.13. Consider the vector space R?. Let B and C be the bases on
R? given by

B={(-1,2)7, (2,5)}
and

c={(23)7T, 4,-1T}.
Let us compute the transition matriz Peg using Theorem 6.12. To do this,
let S = {€1,¢E} denote the standard basis on R%. By Proposition 6.10, we

have
-1 2
P:
- (2 5)

2 4
Psc = .
=5 4)
Using Theorem 6.12, we have

FPe = PesPss

= Ps¢ Pss
(s 202 )(5 %)

:(jﬁ2igﬁ>'

Let’s try a simple test of the above transition matriz. Let © € R? be the
vector whose coordinate vector with respect to B is

(65 = (2,3)".

and

By definition, this means that
7=2(-1,2)T +3(2,5)7 = (4,19)".
Using the transition matriz Peg, we compute [U]c:
[dlc = Pesld]s = (40/7,-13/7)T.

Let us verify that this is indeed the coordinate vector of U with respect to the

basis C:
40

7

(2,37 - 24, -1)7 = (4,19)7 =7

Example 6.13 generalizes easily as follows:

Corollary 6.14. Let B and C be any bases on R™. Then

Peg = ngPSB~
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Exercise 6.15. Consider the following bases on R3:
B={2-1,1)7, (0,-1,1)7, (1,-1,0)T}

and
C={(1,1,07, (1,0,1)7, (0,1,1)T}.

Compute the transition matriz Peg.

6.3. Matrix Representations of Linear Maps

In section 6.1, we showed that by fixing a basis on a vector space V', we were able
to identify vectors of V' with vectors of R” (where n = dim V). In this section, we
apply the same idea to linear maps. This will allow us to represent a linear map
@ : V. — W as a matrix once we have fixed a basis on both V and W. With that
said, we now introduce the main definition of this section:

Definition 6.16. Let ¢ : V. — W be a linear map. Let
B = {vla"'7vn}

be a basis on V' and let

C={wi,...,wn}
be a basis on W. The matrix representation of ¢ with respect to the bases
B and C is the m X n matriz

a1x  ai2 - Qin

21 Q22 - Q2p
[ples =

am1 Am2 - Amn

where the entries are a;; for 1 <i <m and1 < j < n are defined as follows:

o(v;) = aijw;.
=1

The matrix representation of a linear map can also be expressed in terms of coor-
dinate vectors:
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Proposition 6.17. Let ¢ : V. — W be a linear map. Let
B={u,...,vn}

be a basis on V and let
C= {wl,"'7wm}

be a basis on W. Then the jth column of the matrixz representation [¢|cs is
the coordinate vector [p(v;)]c, that is,

[ples = ([p(v1)le, [p(v2)le,-- -, [p(vn)le)-

Proof. The proof follows directly from Definition 6.16. Indeed, the elements of the
matrix representation [¢]cp are the coefficients appearing in the equation

m
o(vj) = aiwi.
=1

The above equation implies that the coordinate vector of the vector ¢(v;) € W
with respect to the basis C is

aij
a2;
[p(vj)le =1 .
Qmyj
which is simply the jth column of the matrix representation [¢]cs. (I

Example 6.18. Let R[z]y be the vector space of polynomials of degree 2 or
less and let Rlz]; be the vector space of polynomials of degree 1 or less. Let

D : Riz]; — Rz]x
be the map which sends a polynomial p(z) € Rlz]z to the polynomial

Dp(x) :== Z—i(m) € Rlz];.
Example 5.48 implies that D is a linear map. Let B = {2? x,1} and
C = {x,1}. Then B is a basis on Rlx]y and C is a basis on R[x];. Let
us compute the matriz representation [D]ep. To do this, we apply D to each

basis element of B:
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Dz? =2z =2z + (0)1
Dr=1=0x+1
D1 =0 =0z + (0)1.

D= (5 ). wale=( 7). wue=( g ).

Proposition 6.17 implies that
2 00
Dles = .
Dles= (5 0 9 )

The next result shows that by fixing a basis on its domain and range, a linear

Hence,

map o : V — W can be computed in terms of matrix multiplication involving its
matrix representation and coordinate vectors on V:

Theorem 6.19. Let ¢ : V — W be a linear map and let B and C be bases
on'V and W respectively. Then

[leslvls = [p(v)]e, VYveW

Proof. Let

B={v1,...,un}
and let

C=A{wy,...,wn}.

Let v € V and express v as a linear combination of the basis B:

n
v = E ij'Uj.
j=1

By definition, we have
[V = (1,0, ...,00)%.
Let [¢]cp denote the matrix representation of ¢ with respect to the bases B and C

and let a;; denote the (i, j)-entry of [p]cp. Let us now apply ¢ to the vector v:

v) = Zajso(vj)
Za a;jW;

i=1

I
NERD

<.
Il
-

n

Q05 | Wi

@
Il
—

Jj=1
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The above equality implies that the ith component of the coordinate vector [p(v)]c
is the sum Z?Zl aijoy. At the same time, the sum Z?:1 aijo; is precisely the ith
element of the column vector obtained by multiplying the matrix representation
[¢]les with the coordinate vector [v]s. In other words, the sum Z?=1 a;;jo; is the
ith element of the column vector [p]cg[v]s. This implies that [¢]es[v]s = [¢(v)]e,
which completes the proof. (I

Example 6.20. Let D : R[z]y — R[z]y be the linear map induced by ordi-
nary differentiation from Example 6.18 and let B = {22, 2,1} and C = {z,1}
be bases on [R][x]2 and R[x]; respectively. From Ezample 6.18, we found that

pea=(2 0 0).

Let us “test” Theorem 6.19. Consider the polynomial p = 522 — 3z + 2.
According to Theorem 6.19, we should find that

[Dleslpls = [Dplc- (90)

Let us verify that this is indeed the case. For the left side, we first note that
5
pls=| -3
2

Then the left side of (91) is
Dlestla = (1 ).

To compute the right side, we first note that Dp = 10z — 3. Given the basis

[Dplc = < i(; )

Hence, we conclude that [D]cgpls = [Dplc (as expected from Theorem 6.19).

C, we immediately see that

Example 6.21. Let V be a 2-dimensional vector space with basis B =
{v1,v2} and let W be a S-dimensional vector space with basis C =
{wi,we,w3}. Let T : V. — W be the unique linear map whose values on
the basis B is

T(’Ul) :2w1+3w27w3, T(’Ug) = w1 — W2 + wWs.

From this, we see that
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Let us try another test of Theorem 6.19. Let

v = 3v; + 5vg
We now verify that
[Tleslvls = [T(v)]c- (91)
For the left side of (91), we have
2 1 3 11
[T]CB[U]B = 3 -1 ( 5 ) = 4
-1 1 2

To compute the right side of (91), we evaluate T'(v):
T(v) = 3T (v1) + 5T (v2)
= 3(2wy + 3wy — w3) + 5(wy — wa + w3)
= 11wy + 4dws + 2ws.

This in turn implies that

TWle=| 4 |,

which shows that [T]eglv]s = [T(v)]c-

Next, let ¢ : V' — W be a linear map. Also, let B and B’ be bases on V and
let C and C’ be bases on W. A natural question then is the following: how are
the matriz representations [T|cs and [T|cipr related to one another? The answer
is given by the next result:

Theorem 6.22. Let o : V. — W be a linear map. Also, let B and B’ be
bases on V and let C and C' be bases on W. Then

[plers = PerelelesPrs (92)

where Pgp: (resp. Peic) is the transition matriz from B’ (resp. C) to B
(resp. C).

Proof. Let v € V be arbitrary and let [v]g and [v]p be the coordinate vectors of
v with respect to B and B’. Also, let [p(v)]c and [p(v)]cs be the coordinate vectors
of ¢(v) with respect to C and C’. By Theorem 6.8, we have

[v]s = Ppp [v]s (93)
and
[p(v)]er = Perclp(v)]e (94)

By Theorem 6.19, we have
[pleslvls = [p(v)]e (95)
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and
[Pl [v]s = [p(v)]er (96)
Multiplying both sides of (95) from the left by Pe/¢ and substituting (93) and (94)
gives
PeelelesPs [v]s = [p(v)]e- (97)
Equations (96) and (97) imply
[plers [v]s = PerelglesPapr[v]s - (98)
Since v € V is arbitrary, equation (98) implies that
[ple's = PerelplesPosr (99)
which completes the proof. O
Of particular interest to us is the special case of linear maps whose domain and
range are the same vector space. A linear map
p: V=2V

is commonly called an endomorphism of V. When computing the matrix repre-
sentation of an endomorphism ¢ : V' — V' one typically chooses a single basis B
of V and considers the matrix representation [¢]sg. To simplify things a little, we
will use the following notation:

The next result is a special (yet important) case of Theorem 6.22:

Corollary 6.23. Let ¢ : V — V be a linear map and let B and B’ be bases
on V. Then

[¢ls: = PeslelsPss = Pgpi¢)sPss: -

Proof. Apply Theorem 6.22 to the linear map ¢ : V — V with C = Band C' = B'.
In the last equality, we use the fact that Pgé, = Pg'g by Theorem 6.12. (I

Recall from Chapter 3 that two n x n matrices A and B are similar if there exists
an invertible n x n matrix C such that B = C~'AC. From Corollary 6.23, we see
that [¢]p and [p]p: are similar matrices. One can say more:

Corollary 6.24. Let V' be a vector space of dimension n and let ¢ : V. — V.
be a linear map. Let B be any basis of V and let A := [p]p. For any invertible
n x n matriz C, there exists a basis B of V such that [p|gr = C~LAC.

Proof. Let B = {u1,us,...,u,} be any basis on V and let C' = (¢;;) be any
invertible n x n matrix. Let

B, = {UlaUQ) . '?U’Vl}
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be the basis on V' defined by

n
’Uj = E cijui
=1

for j = 1,2,...,n. By the definition of the transition matrix, we have Pgp = C.
Corollary 6.23 then implies

lpls = PgglelsPses = C~TAC.

This completes the proof. O

Example 6.25. Let T : R2 — R? the linear map defined by

e (2,)
z+y

for @ = (z,y)T. Let S = {&1,&} denote the standard basis and let B =
{ty, Uz} where

i = (-2,3)", = (1,-1)7.
Let us compute [T|p. First, we compute the matriz representation of T with
respect to S (i.e. [T]s := [T)ss). This is easily computed using Proposition
6.17 and Proposition 6.4:

[T]s = ([T(e1)]s, [T(e2)ls)

(27)

Next, we compute the transition matriz Psp with the help of Proposition

6.10:
-2 1
Psp = ( A )

Using Corollary 6.23, we have
[T]s = Ps5(T)sPss

-(32) (YD) )
(2 5)

Let’s put the above result to the test. By Theorem 6.19 the following equality
should hold for any vector T € R?

[Ts[v]s = [T(9)]s- (100)

For the test, let ¥ be the vector whose coordinate representation with respect
to B is
65 = (2. 1)7.
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Hence, ¥ is given by
¥ =2y + iy = (—3,5)7.
Hence,
T(%) = (10,2)T.
Let us first compute the right side of (100). Using the transition matrix
Pgs, we have

[T'(V)]s = Pss[T'(V)]s
= PpsT(?)

(1 1\ (10

D32 2

12

S\ 34 )7

For the left side of (100), we have
T =2 2
hstils = (o 5 ) (3 )

12
34 )7

g

which is the desired result.

6.4. More on Matrix Representations

In this section, let V' and W be any (real finite dimensional) vector spaces and
define Hom(V, W) to be the set of all linear maps from V' to W. It should be clear
to the reader that Hom(V, W) has a natural vector space structure. Indeed, for
any two linear maps ¢, ¥ € Hom(V, W) and any scalar ¢ € R, we simply define
¢+ ¥ € Hom(V, W) and cp € Hom(V, W) pointwise, that is,

(e +¥)(v) =) +¢(v), VveV
and

(cp)(v) :==cp(v), VveW

Exercise 6.26. Verify that the above operations turns Hom(V, W) into a
vector space.

The above vector space structure transforms very nicely when taking matrix rep-
resentations:
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Proposition 6.27. Let o : V — W and ¥ : V. — W be linear maps and
let B and C be bases on V and W respectively. Then the following relations
hold:

(i) [+ Yles = [¢les + Wles

(i) [reles = r[eles for allr € R

Proof. (i): Let v € V. Using Theorem 6.19 and Proposition 6.7, we have the
following:

Since v € V is arbitrary, the above equation implies that

[ +Yles = [ples + [Y]es-

This completes the proof of (i).

(ii): Once again, using Theorem 6.19 and Proposition 6.7, we have the following:

The above equation then implies

[roles = r(¢les,

which completes the proof of (ii). O



198 6. Return to R™... Sort of

Example 6.28. Let R[z]y denote the vector space of polynomials of degree
4 or less. Let

B:={z* 2% 22 z,1}
and let Dy and Do be the endomorphisms on R[z]4 given by

d d
D =0 1 D = 0—
V=51 Diple) = 5-p(e) + (o)

and d? d d? d
D=2 % Dypla) =2 pa) - =
2T da? da’ 2p(7) da? p() dxp(m)
for all p(x) € R[z]y. Its a simple matter to verify that D1 and Do are indeed
linear maps. Since

Diz* = 2* 4 202°
D1x3 =23 + 1522
D1w2 =22+ 10z
Diz=x2+4+5
Di1=1
and
D2x4 = —423 + 1222
Dox® = —32% + 62
Doa® = 2z + 2

DQJZ =-1
D21 =0,
it follows that the matriz representation of D1 and Dy with respect to B is
1 0 0 0 0
20 1 0 0 O
[D1]g = 0 15 1 0 0
0 0 10 1 0
0 0 0 5 1
and
0O 0 0 00
-4 0 0 00
[Dog=| 12 -3 0 0 0O
0 6 -2 0 0
0 0 2 -1 0

where we recall that [D1]p and [Ds]p are short for [Di|gs and [Ds]pg re-
spectively. By Proposition 6.27, we conclude that the matrix representation
Of D1 + D2 18
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[D1 + Ds]p = [D1]s + [D2]s

1 0 0 0 0

6 1 0 0 O
=112 12 1 0 O
0 6 8 1 0

0 0 2 4 1

Let’s try a simple test of our calculation. Let p(z) = 2% — 2% + 22 — 2 + 1.
Applying Dy + D5 to p(x) gives

(D1 + D2)p(z) := Dip(z) + Dap(z)
= (z* + 1923 — 1422 + 9z — 4) + (—42> + 1522 — 82 + 3)
=zt + 1523 + 2+ 2 - 1.
From this, we see that
(D1 + D2)p(a)]s = (1,15, 1,1, =)
By Theorem 6.19, we have
(D1 + D2)p(x)]s = [D1 + Da]s[p(z)]s-

Let us verify that the right side does indeed match the left side. Using our
calculation for [D; 4+ Ds]p, we have

1 000 0 1
16 1 0 0 0 —1l
[Dy + Doglp(z)ls=1] 12 12 1 0 0 1
0 6 8 1 0 -1
0 0 2 4 1 1
1
15
= 1
1
—il

which is the desired result.

The next result relates the composition of linear maps to matrix multiplication
(and thus reveals the significance of matrix multiplication):

Proposition 6.29. Let o : V. — W and vy : W — U be linear maps. Let B,
C, and D be bases on V., W, and U respectively. Then

[¥ 0 plps = [Y]pclples

where the right side of the equation is matrixz multiplication.
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Proof. Let v € V. By Theorem 6.19, we have

Since v € V is arbitrary, the above equation implies [¢) o ¢]pg = [¥]pc[¢]es. This
completes the proof. ([

Example 6.30. Let R[z]4 be the vector space of polynomials of degree 4 or
less. Let Dy and Dy be the endomorphisms on Rlx]y defined by

d d
D, = 5% +1, Dip(z):= 5%])(90) + p(x)

and ) )
d d d d
Dyi=2 % Dopla) = Lo p(z) — Lp(a).
2 dz? dx’ 2p(%) dep(x) dxp(x)
Consider the basis B = {x*, 23,22, 2,1} on R[x]4. Using the calculation from
Ezxample 6.28 and Proposition 6.29, we compute the matriz representation
of Dy o Dy with respect to B (recall that [D1)p is short for [D1]gg):

[D1 o Dyl = [D1]5[D2]5

1 0 0 0 O 0o 0 0 00
20 1 0 0 O -4 0 0 00
= 0 15 1 0 O 12 -3 0 0 0
0 0 10 1 O 0 6 -2 0 0
0 0 0 5 1 0o 0 2 -1 0
0 0o 0 00
—4 0 0 00
=1 48 -3 0 0 O
120 =24 -2 0 O
0 30 -8 -1 0

Let us put this calculation to the test. Let p(z) = x* + 2°. Then
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(D10 Do)p(x) = D1(Dap(z))
= Dy (—42® + 927 + 62)
= —42® — 5122 + 96z + 30.

Hence,

[(D1 o Do)p(z)]s = (0, —4, 51,96, 30)7 .
We computed [D; o Ds]p using Proposition 6.29. If our calculation of this
matrix representation is correct, then by Theorem 6.19, we should observe

(D1 o D2)p(2)]s = [D1 © Da]s[p(z)]s-

We now verify the above identity:

0 0 0 0 0 1
—4 0O 0 00 1
[DioDslglp(x)ls=| —48 -3 0 0 0 0
120 —-24 -2 0 0 0
0 30 -8 -1 0 0
0
—4
=] -5l
96
30

This verifies the above identity (and suggests that our calculation of [D; o
D5] is indeed correct).

6.5. Determinants, Eigenvalues, and Eigenvectors for Linear Maps

Recall from Chapter 3 that the characteristic polynomial of an n x n matrix A is
defined by

pa(z) = det(zl, — A).

The eigenvalues of A are then defined to be the roots of its characteristic polynomial;
an eigenvector of A associated to an eigenvalue A of A was then defined to be a
nonzero vector ¥ € R™ satisfying Av = A\v.

Let V' be a vector space over a field F (where F, as usual, is understood to be
R or C). In order to generalize these ideas to an endomorphism ¢ : V' — V., we
first need to generalize the notion of the determinant.

Definition 6.31. Let B be any basis on V. The determinant of a linear
map ¢ : V =V is defined as det(p) := det([¢]s)-
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For Definition 6.31 to be well defined, det(y) cannot depend on the choice of basis
B. The next result shows that this is indeed the case.

Theorem 6.32. Let ¢ : V. — V be a linear map and let B and C be any
bases on V. Then det([¢]g) = det([¢]c)-

Proof. By Corollary 6.23, we have

[Ple = Pge ol Poc-

Using the multiplicative property of the determinant (see Chapter 3), we have

det([¢]c) = det(Pga [¢]5Psc)
= det(Pge )det([¢]s)det(Psc)

—_

= Wdet([gp]g)det(ﬂgc)

= det([#]p)-

This completes the proof. (I

Example 6.33. Let A be an n X n matriz. Recall from Chapter 3 that
A naturally defines a linear endomorphism of R™ via matriz multiplication.
Explicitly, we associate to A the linear map @4 : R™ — R™ which is defined
by
va(V) = AV.

In Chapter 3, we used the term “linear transformation” for linear maps
of this kind. Let S denote the standard basis on R™. Since the matrix
representation [pals = A, it follows from Definition 6.31 that

det(pa) = det(A).

Hence, the determinant of the linear transformation associated to an n X n
matriz A is precisely the determinant of A.

Example 6.34. Let R[x]s denote the vector space of real polynomials of
degree 2 or less. Consider the linear map

D Rlelz - Rlzls, p(+) = -p(z).

Let B = {2% x,1}. Then the matrixz representation of D with respect to B is
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[D]B =

S N O
= o O
e e 9

From this, we have
det (D) = det ([D]z) = 0.

Using the notion of determinants for endomorphisms, we can now introduce the

following definition:

Definition 6.35. Let ¢ : V. — V be a linear map. The characteristic
polynomzal of ¢ is the polynomial

Po(z) := det(x - idyv — ),
where idy : V — V is the identity map on V.

As the reader might have guessed, we have the following nice result:

Proposition 6.36. Let ¢ : V. — V be a linear map and let B be any
basis on V. Then the characteristic polynomial of ¢ is exactly equal to the
characteristic polynomial of the matriz representation [¢]s.

Proof. Let n = dim V. Using Proposition 6.27, we have

Po(x) = det(x - idy — @)
1= det([z - idy — ¢]B)
= det(z[idv]s — [¢]B)
= det(x1n — [¢]B)
= Plyls-

This completes the proof.

Example 6.37. Let D : Rlz]s — R[z]s be the linear map defined in Example
6.34 and let B = {x?,z,1}. From Ezample 6.3/, we have

00 0
Dlz=( 2 0 o0 |,
01 0

Proposition 6.36 implies that the characteristic polynomial of D is simply
the characteristic polynomial of [D]p. Using this fact, we find that
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pp = det(zI3 — [D]p)
T 0 0
=det | -2 0
0 —1
=23
Using Definition 6.35, we can now generalize the notion of eigenvalues and eigen-

vectors to endomorphisms.

v € V satisfying
p(v) = Av.

the eigenspace of X. This subspace is denoted by EY or by Ey.

Definition 6.38. Let ¢ : V — V be a linear map and let p,(x) denote its
characteristic polynomial. The eigenvalues of ¢ are the roots of p,. An
etgenvector of ¢ associated to an eigenvalue \ of ¢ is a nonzero vector

The subspace of V' spanned by all the eigenvectors associated to X\ is called

18 Pp = z3

only eigenvectors of D are the constant polynomials:
d
Dc = %c =0=0c
for all ¢ € R C R[z]s.

Example 6.39. Let D : R[z]o — Rz]s be the linear map from Ezample
6.34. From Example 6.37, we found that the characteristic polynomial of D
. Hence, the eigenvalues of D are all zero. By inspection, the

In general, how does one go about finding the eigenvectors of a general endomor-

phism ¢ : V' — V. The next result says that this problem is equivalent
all the eigenvectors of any matrix representation of ¢.

to finding

V.
(i) ¢ and [p]p have the same eigenvalues.
A

associated to X. Let v, € V be the unique vector satisfying [v,]
Then v, is an eigenvector of ¢ associated to the eigenvalue .

Theorem 6.40. Let o : V — V be a linear map and let B be any basis of

(i) Let X be any eigenvalue of ¢ and let v be an eigenvector of ¢ associated
to . Then [v]p is an eigenvector of [p|g associated to the eigenvalue

(iii) Let X be an eigenvalue of [plp and let & be an eigenvector of [¢]

B=T.
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Proof. (i): By Proposition 6.36, ¢ and [p]s have the same characteristic polyno-
mial. Since the eigenvalues of ¢ and [p]g are just the roots of its characteristic
polynomial, we conclude that ¢ and [¢]s have the same eigenvalues.

(ii): Let v € V. By Theorem 6.19, we have

[p]slvls = [p(v)]s. (101)

Suppose now that v is an eigenvector of ¢. By definition, v # 0 and p(v) = Av.
This together with (101) implies

lplslv]s = [p(v)]s
= [\v]g
= )\[U]B,

where we have applied Proposition 6.27 in the last equality. This shows that [v]g
is an eigenvector of the matrix [¢]s. (Note that [v]z # 0 since v # 0.)

(iii): Suppose that & is an eigenvector of [p]s associated to an eigenvalue .
Let v, € V be the unique vector defined by [v,] = Z. (Note that since & # 0, we
also have v, # 0.) By Theorem 6.19, we have

le(va)ls = [¢lBlva]B
= [¢|pT
=\
= AvzlB
= [Avg]
The last equality implies ¢(v,) = Av,. This completes the proof. O

We conclude this section by introducing the notion of diagonalizable linear maps,
which turns out to be strongly related to the idea of diagonalizable matrices.

Definition 6.41. A linear map ¢ : V — V is diagonalizable if there exists
a basis of V' such that every element of the basis is an eigenvector of .
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Example 6.42. Let sl(2;R) be the vector space consisting of 2 X 2 real
matrices with trace zero. (See Example 5.18.) Let

v :8l(2;R) — sl(2;R)

be the linear map which sends a matriz

( ‘é _2 ) € sl(2;R)

0 2b
( o 0 ) € sl(2;R).

(It is a simple exercise to verify that ¢ is indeed linear.) The reader can

to the matrix

verify that sl(2;R) is a 3-dimensional vector space with basis

(50 (3 ) -(00)
Observe that
©(H) =0H, ¢(E)=2E, @(F)=—2F.

Hence, ¢ is a diagonalizable linear map.

Theorem 6.43. Let ¢ : V — V be a linear map and let B be any basis on
V. Then the following statements are equivalent:

(i) ¢ is diagonalizable.

(i) The matriz representation [p|p is diagonalizable.

Proof. Let n =dim V.
(i): Suppose that ¢ is diagonalizable. By definition, there exists a basis

{v1,...,v,} of V such that v; is an eigenvector of ¢ for i = 1,...,n. Let \;
be the eigenvalue of ¢ associated to v; for i = 1,...,n. Theorem 6.40 implies that
[v1]B, ..., [vn]B
are also eigenvectors on [¢]g. Note also that since {v1,...,v,} is a basis on V,
it follows that {[vi]g, ..., [vn]B} is & basis on R™. Let C be the matrix whose ith

column is [v;]p for i = 1,...,n. Then
AN -0
CllelsC=| = ot (102)
0 ... M\

(ii): Now suppose that [p]p is diagonalizable. Then there exists an n x n
matrix C satisfying (102). Let Z; denote the ith column of C. Equation (102)
implies that [p]pZ; = \i@;. For i = 1,...,n, let u; € V be the unique vector
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defined by [u;]g = Z;. Theorem 6.40 implies that ¢(u;) = A;u;. Moreover, since
T1,...,T, is a basis on R™, it follows that uq,...,u, must be a basis on V. Hence,
@ is diagonalizable. This completes the proof. ]

Chapter 6 Exercises
1. Let R[x]s be the vector space of real polynomials of degree 2 and let
By = {z? 2,1}, By = {a® + x,2x + 3,1},
Compute the transition matrix Pg,5,. Use Pg,5, to give the coordinate vector

with respect to Bs for each of the polynomials given below:

(a) 5x? +2z+1
(b) —22 -3z +1
)

)

For (a)-(d) above, use the coordinate vector you computed to recover the orig-
inal polynomial.

Lastly, what is the polynomial p(x) whose coordinate vector with respect to
BQ is [p(z)]Bz = (17 72v2)T'

2. Consider the vector space R2. Let

B={(1,1), (1,-1)}.

Let S = {€1, €2} denote the standard basis on R%2. Compute the transition
matrix Pgs. Use Pgs to compute the coordinate vector with respect to B for
each of the elements of R? given below:

(a)
(b)
()

(2,1)

g 8

N
—
“)—‘

vl -

LW

~—

For (a)-(c) above, use the coordinate vector you computed to recover the orig-
inal vector.

Lastly, what is the element @ € R? whose coordinate vector with respect to B
is [ = (2,5)7.

3. Consider the vector space R? and the following bases:

Bi = {(17 1)7 (1’ _1)}7 By = {(27 1)’ (1a2)}7
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(a) Compute the transition matrix from By to Bs: Pg,p,. (Hint: use the

following relation:
Pg,s, = Ps,sPsp, = Psg, Pss,,

where S is the standard basis on R?.)

(b) Compute the transition matrix from By to By: Pg,p, (Hint: Pg,p, =
Py,

(c) Suppose [v]s, = (5,1)T. Find [v]p, using the appropriate transition
matrix.

(d) Find ¢ first using [¥]p, and then using [0]p,. (If your work is correct,
both coordinate vectors will yield the same vector.)

4. Consider the vector space R? and the following bases:

B, = {(273)7 (L _1)}a By = {(173)’ (_2’4)}7

(a) Compute the transition matrix from B; to Ba: Pg,g, -

(b) Compute the transition matrix from By to By: P, p,.

(c) Suppose [v]z, = (1,2)T. Find [#]p, using the appropriate transition
matrix.

(d) Find ¢ first using [¢]g, and then using [0]z,.

5. Find the matrix representation of the linear map 7" : R? — R? defined by
r(*)_ —x
Y T+ 2y
on R? with respect to the standard basis €7, &5 .

6. Find the matrix representation of the linear map 7 : R? — R? defined by

T T — 3y
T| vy = T—z
z —y + 2z

with respect to the standard basis €}, &, 3 of R3.

7. Let U be a vector space with basis B = {u;, us} and let V be a vector space
with basis C = {v1,v2}. Let T : U — V be the linear map defined by

T(ul) = 2v1 + 3vs ,T(UQ) =] — Vg .

Find the matrix representation [T]¢s.

8. Let U be a vector space with basis B = {u1,us,us} and let V be a vector
space with basis C = {v1,v2}. Let T : U — V be the linear map defined by

T(u1) =wv1 — bve , T(ug) =201 +v2 ,T(ug) = v1 — va .
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Find the matrix representation [T)cp.

9. Let M3(R) be the vector space of real 2 x 2 matrices. Let

2 1
c=(2 1)
Let Le : M(R) — M3(R) be the map defined by Lo(A) := CA for A €
M5 (R).
(a) Verity that L¢ is linear.
(b) Let E;; for i,j € {1,2} be the 2 x 2 matrix which is 1 in the (4, j)-entry
and zero everywhere else. Verify that

B = {E11, E12, Eo1, Eo}
is a basis of M3(R).

(c) Compute the matrix representation of Lo with respect to B: [L¢]s.

(d) Verify that L' = L.

(e) Compute [Lo-1]p and verify the following identity by direct calculation:
[Le-1ls = [Le']s = [Lels'-

In other words, check that [Lo-1]g[Le]s = 4.

10. Let R[z]2 be the vector space of polynomials of degree 2 or less and let
D : Riz]s — R[z]2
be the linear map defined by

2
D(p(x)) = 3p(a) + 2 p(z) + plx).

Let B = {z%,x,1}.
(a) Compute the matrix representation of D with respect to B: [D]g.
(b) Use [D]g to compute the coordinate vector of

plr) =2® -2z +1

with respect to B.
(c) Compute the characteristic polynomial pp of D.
(d) Find the eigenvalues of D and their corresponding eigenspaces.

11. Let V be a 3-dimensional vector space and let B; and By be bases on V' whose
transition matrix is given by

2
Pgp =0 -1 1
1
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Suppose ¢ : V — V is an endomorphism of V' whose matrix representation
with respect to By is

01 3
[Wls,=( 1 0 1
111

Find the matrix representation of ¢ with respect to Bs.
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Chapter 7

More on Linear Systems

In Chapter 1, we introduced the Gauss Jordan method for solving systems of linear
equations. We saw examples of systems with a unique solution, no solution, or mul-
tiple solutions. In this chapter, we apply the theory of vector spaces to determine
which of the aforementioned three camps a given linear system falls into.

7.1. Row Space & Column Space

The following definitions will prove quite relevant towards the main goal of this
chapter.

Definition 7.1. Let A be an m x n matrixz. Let 7; denote the ith row of A
(expressed as a row vector) fori=1,...,m and let ¢; denote the jth column
of A (expressed as a column vector) for j =1,...,n. The row space of A
is defined by

Row(A) := span{ri,...,7m}t CR™
The column space of A is defined by

Col(A) := span{cy,...,Ch} CR™.

We would like to point out a small nuisance associated with this definition. For
an m x n matrix A, Row(A) is a subspace of R™ and Col(A) is a subspace of R™.
Since Row(A) is spanned by row vectors, we regard R™ as the vector space of row
vectors. Similarly, since Col(A) is spanned by column vectors, R™ is regarded as
the vector space of column vectors. If A is now a square matrix with m = n, then
the elements of R™ are expressed as both row vectors and column vectors depending

211
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on the context. For convenience, we define
Row(A)" := {77 | # € Row(A4)} = Col(AT)

and
Col(A)T :={¢T | € Col(A)} = Row(AT).

Example 7.2. Let I,, denote the n X n identity matriz. The columns (and
rows) of I, consist of the standard basis {€1,...,é,} of R™. Hence,

COl(In) = RO’U}(In)T — Span{é‘h . 7€n} — R™.

2 3 -1
A= .
( 1 4 6 )
The column space of A is

o=l (2): (2): (1))

and the row space s

Row(A) = span{(2,3, 1), (1,4,6)}) #R3

Example 7.3. Let

7.2. Matrix Rank

The row space and column space of an m x n matrix A look quite different. After
all, Row(A) is a subspace of R™ while Col(A) is a subspace of R™. Hence, the
following result may seem a little surprising:

Theorem 7.4. For any matriz A, dim Row(A) = dim Col(A).

Proof. Let A be an m x n matrix and let a;; denote the (i, j) element of A. Let

7 € R™ for i = 1,...,m denote the ith row of A:
7 = (Qi1y - -+, Qin). (103)
Let k = dimRow(A). Let 4,...,0; € R™ be a basis of Row(A). Let
0= bty -y bim), 1=1,... k. (104)
Express r; for i = 1,...,m as a linear combination of ¥y, ..., U:
7 = 101 + -+ - + Qg U (105)

Comparing the components of (103) and (104) to those of (105) leads to the fol-
lowing;:
aij = aibyy; + by + - + by (106)
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Let ¢; € R™ for j =1,...,n denote the jth column of A. Then
&= (arj,- am;)t. (107)
Also, define @; € R™ for I =1,...,n by
ap = (o, 01, -y )T (108)
Then (106) can be written more compactly as
¢ = b1jd1 + byl + - - - + by (109)
Since Col(A) := span{é, ..., }, equation (109) implies
Col(A) C span{d, da, ..., 0} (110)

This in turn implies that dim Col(A) < k. Since k := dim Row(A), we have shown
that

dim Col(A) < dim Row(A). (111)
Now consider the matrix A”. By the above argument, we have
dim Col(AT) < dim Row(A™). (112)
However,
Col(AT) = span{7T, ..., 7} = Row(A)T (113)
and
Row(A”) = span{¢’,...,&'} = Col(A)T. (114)

Since the transpose operation does not alter the dimension of the subspace, the
above two observations along with (112) gives

dim Row(A) < dim Col(A). (115)
The inequalities (111) and (115) then imply dim Row(A) = dim Col(A). This com-
pletes the proof. O

With Theorem 7.4 in hand, we now introduce the following definition:

Definition 7.5. The rank of a matriz A (denoted Rank(A)) is defined to
be the dimension of the column space of A or, equivalently, the dimension
of the row space of A.

Example 7.6. Let

01 3 -1 5
A= < -1 15 8 -2 >
Its clear that the rows of A are linearly independent. Hence, the row space
of A has dimension 2. From this, we conclude that Rank(A) = 2.
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We now prove two results which will be useful for calculating the rank of a matrix.
For these results, recall that two matrices are row equivalent if one can be trans-
formed into the other using nothing but elementary row operations.

Theorem 7.7. Let A and B be row equivalent matrices. Then Row(A) =
Row(B). In particular, Rank(A) = Rank(B).

Proof. Let A and B be m xn matrices. Suppose that A can be transformed into B
by a series of elementary row operations. Let N be the number of elementary row
operations needed to transform A into B. Let Ay := A and let A1, As,..., Ay := B
denote the gradual transformation of A into B by elementary row operations. In
other words, for £ = 0,1,...,N — 1, Apy1 is obtained from Ay by applying a
single elementary row operation. Let us consider the effect on the row space of
Ay, after applying one of the three elementary row operations. Recall that the first
row operation involves swapping two rows of a matrix; the second row operation
involves scaling a row by a nonzero scalar; and the third row operation involves
adding a scalar multiple of one row to that of a another row. Clearly, the new
matrix obtained from Ay by applying any of these row operations has the same row
space as Aj. Hence, Row(Ay) = Row(Ag41) for k =0,1,..., N — 1. From this, we
conclude that

Row(A) = Row(A4p) = Row(A;) = Row(Az2) = --- = Row(An) = Row(B).

This completes the proof. ([

Theorem 7.8. Let A be a matriz and let E denote A in reduced row echelon
form. Then the nonzero rows of E form a basis for Row(A). In particular,
Rank(A) is equal to the number of nonzero rows of E.

Proof. By Theorem 7.7, Row(A) = Row(E). Let 7,...,7 denote the nonzero
rows of E where 77 is the ith row of E. Since the zero rows of E contribute nothing
to its row space, we have

Row(E) = span{71,...,7i}.

To complete the proof, we just need to show that 771, ...,7 is linearly independent.
We do this by induction on [. If [ = 1, then we clearly have a linearly independent
set. So suppose that linear independence holds for all matrices in reduced echelon
form with exactly [ — 1 non-zero rows, where [ > 2.

Now let E be a matrix in row reduced echelon form with non-zero rows 7, . . ., 77,
where 7 is the ith row of E. Suppose that

01F1+CQF2+"'+Clﬂ=0.
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Since E is in reduced row echelon form, the leftmost non-zero component in 7
is a 1 and no other row has a non-zero number in this position. It follows from
this that ¢; = 0. Let E’ be the matrix with [ — 1 rows 7,...,7 (in this order).

Then E’ is in reduced row echelon form. By the induction hypothesis, 75, ..., 7] is
linearly independent. This implies ¢ = --- = ¢; = 0. Hence, 71,75, ...,7 is linearly
independent. This completes the induction step. (I

Example 7.9. Let

2 1 10
A= 3 2 17
11 7

Let us find a basis for Row(A). By Theorem 7.8, a basis for Row(A) is
simply the nonzero rows of A in reduced row echelon form. Applying the
Gauss Jordan method to A, we obtain

1 0 3
0 1 4
0 0 0

Hence, a basis for Row(A) is
{(1,0,3), (0,1,4)}.

To find a basis for Col(A), we simply find a basis for Row(A”) and use the fact
that Col(A) = Row(AT)T.

Example 7.10. Let

4 2 1
A= -2 4 1
-16 2 -1

Let us find a basis for Col(A). The problem then is equivalent to finding a

basis for the row space of

4 —2 —16
AT=| 2 4 2
1 1 -1

Using the Gauss Jordan method, we put AT in reduced row echelon form:

1 0 -3
0 1 2
0 0 0

Hence, a basis for Col(A) is
{(1,0,-3)", (0,1,2)7}.
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Example 7.11. Let V be the subspace of R* spanned by the vectors
v :=(1,2,3,4), v, =(1,-2,1,-3), u3=(1,10,7,18).
Let us find a basis for V. It is clear that Uy and Us are linearly independent.

However, is U3 a linear combination of U1 and vo? We can answer this
question by regarding U1, Vs, and U3 as the rows of the 3 X 4 matriz

1 2 3 4
A=|1 -2 1 -3
1 10 7 18

and then computing a basis for the row space of this matriz using Theorem
7.8. If the reduced row echelon form of this matrix has exactly two non-zero
rows, then U3 must be a linear combination of ¥1 and Us. Otherwise, Uy, Vs,
and U3 are linearly independent and thus form a basis for V.

Using the Gauss Jordan method, we find that the reduced echelon form of A

s given by
1 0 2 1/2
A= 0 1 1/2 7/4
0 0 0 0

From this, we conclude that {Uy, U} is a basis on V. Alternately, by The-
orem 7.8, the first two rows of the above matriz also constitute a basis for

V.

7.3. The null space of a matrix

Let V and W be vector spaces (over R) and let ¢ : V' — W be a linear map. Recall
from Chapter 5 that the null space (or kernel) of ¢ is defined as

ker p:={veV |pl)=0}CV
and the image of ¢ is
ime:={pw)eW|veV}CW.

Also recall that the nullity of ¢ (denoted by Nullity(y)) is the dimension of ker ¢
and the rank of ¢ (denoted by Rank(¢)) is the dimension of im ¢. The Rank-Nullity
Theorem (Theorem 5.60) says that the rank and nullity of ¢ are related by

Nullity(¢) + Rank(y) = dim V.

We will now apply these ideas to the row and column space of an m x n matrix A.

As we saw in Chapter 3, A induces a natural linear map
YA : R™ — R™
by ¢4 (U) := AU, where the right side is matrix multiplication. Let

{¢1,..., ¢}
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denote the columns of A and let 7= (vq,...,v,)T € R™ be arbitrary. Then
©A(T) =018 +vala + -+ - + VpCp.

From this, we see that
im o4 = Col(A4),
which in turn implies

Rank(p4) = Rank(A).

This relationship is also the original motivation for the definition of the rank of a
linear map. Also, the kernel or null space of ¢4 is given by

ker pq = {7 €R" | pus(7) =0} = {7 € R" | AT = 0}.

This observation leads to the following definition:

Definition 7.12. The kernel or null space of an m xn matriz A (denoted
ker(A) or N(A)) is the subspace

{7eR" | AT=0} CR"
The dimension of ker(A) is denoted as Nullity(A).

Applying the Rank-Nullity Theorem (Theorem 5.60) to the linear map w4 gives

Corollary 7.13 (Rank-Nullity Theorem (matrix version)). Let A be an
m x n matriz. Then Rank(A) + Nullity(A) = n.

Example 7.14. Let

1 4 1
A= 0 2 2
-1 -5 -2

Let us compute the null space of A. Let v = (v1,v2,v3)T and suppose that
AT =0. Ezpanding this matriz equation, we obtain the homogeneous linear
system:

v1 +4vy +v3 =0
2ug +2v3 =0
—v1 — bvy — 2v3 = 0.
Solving the above linear system, we obtain the null space or kernel of A:
N(A) = {(3r,—r,r)T | r € R}.

Since dim N(A) = 1, it follows from the matrixz version of the Rank-Nullity
Theorem that Rank(A) = 2.
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7.4. Solutions of linear systems: a closer look

In this section, we use the notion of rank to determine when a system of linear
equations admits a unique solution, many solutions, or no solution.

Theorem 7.15. Let A be an mxn matriz. For the matrixz equation AT = l;,
let A’ be the augmented matriz defined by

A=(Ab).

(a) If Rank(A’) = Rank(A) = n, then the solution to AZ = b is unique.

(b) If Rank(A') = Rank(A) < n, then there are many solutions to AZ = b.
In fact, there are infinitely many solutions.

(¢) If Rank(A’) # Rank(A), then AT = b has no solution.

Proof. Let @; denote the ith column of A and let & = (z1,...,2,)7. Then the
matrix equation AZ = b expands as

Hence, AZ = b has a solution if and only if b € Col(A). The question of whether
the solution is unique then depends on whether b is a unique linear combination of
A1y eyl

For (a), let us suppose that Rank(A’) = Rank(A) = n. From the definition of
rank, we have

dim Col(A) = dim Col(4") = n.

This implies that dy,...,d, is linearly independent and hence a basis for Col(A).
Also, since

-

Col(A") = span{ay, . ..,dyn, b},

it follows that b is a linear combination of @y, ...,d,. (If not, then dim Col(A’) =
n + 1 which would be a contradiction.) Since dy,...,d, is a basis of Col(4), it
follows that b is a unique linear combination of @y, ...,d, which (from the above

remarks) implies that AZ = b has a unique solution. This completes the proof of
(a).

For (b), let us suppose that Rank(A’) = Rank(A) < n. As in (a), this implies
that b is a linear combination of ai,...,d,. Hence, AT = b has a solution. By the
matrix version of the Rank-Nullity Theorem (Corollary 7.13), we have

Rank(A) + Nullity(A4) = n.

Since Rank(A) < n, it follows that Nullity(A4) > 0. In particular, N(A) # {0}. Let
T be any solution to AZ = b. Then &) + 7 is also a solution for any 7@ € N(A).
Indeed,

A(Zg+ 1) = AZg+ Al =b+0 = b.



Chapter 7 Exercises 219

Since N(A) # {0}, N(A) has infinitely many elements. From the above observation,
it follows that AZ = b has infinitely many solutions. This completes the proof of
(b).

For (c), let us suppose that Rank(A’) # Rank(A). Since A’ is spanned by
the vectors dy, ..., dy,, l_;, it follows that Rank(A’) = Rank(A) + 1. In particular, b
cannot be a linear combination of the column vectors of A. From (116), it follows
that AZ = b has no solution. This completes the proof of (c). O

Chapter 7 Exercises

1. Given

A—

N W =
S 00 N
W =

find dim Col(A) and dim Row(A). Then compare these two dimensions.

2. Let V be the subspace of R* spanned by the vectors
1 = (1,0,2,3),02 = (2,-1,0,4),73 = (0, —1,—4, —2)

Find a basis for V.

3. Find row space and column space of
1 -1 0
A= (2 -1 2>

4. Calculate the rank of matrix

o O
o o v
co o w
© 0 =1

5. Find a basis for the null space of
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6. Compute the null space of

_ o O O
— = N
|
[\
|
[N}
[aw]

and use Rank-Nullity Theorem to evaluate the rank of A.

7. Suppose A is a n X n matrix, and rank(A) = 1. Show
ai
a2
(a) A= . (bl b2 s bn)
Qn
(b) A% = kA, where k is a scalar.

8. For any matrices A, x,, and B,,xs, Show

rank(AB) < min(rank(A), rank(B))

9. Let A and B be m x n matrices. Show that

rank(A + B) < rank(A) + rank(B)

10. Let A and B be n X n square matrices. If AB = 0, show that

rank(A) + rank(B) < n

11. Let
1 2 -1 2
A= 3 7 -2 5
0 1 1 -1
(a) Find a basis for Row(A). What is the dimension of Row(A)?
(b) Find a basis for Col(A). What is the dimension of Col(A)?

)
)
(c) Find a basis for ker(A). What is the dimension of ker(A4)?
(d) Verify the matrix version of the Rank-Nullity Theorem.



Chapter 7 Exercises 221

12. Let
2 -1 -1 0
1 1 0 1
A= 1 -2 0 0
0 -3 0 0 -1

1 -1 -4 -1 -3

(a) Find a basis for Row(A). What is the dimension of Row(A)?
(b) Find a basis for Col(A4). What is the dimension of Col(A)?
(¢) Find a basis for ker(A). What is the dimension of ker(A)?
(d) Verify the matrix version of the Rank-Nullity Theorem.

13. Using your calculations from problem 11., determine if the following system
has a solution. If the system has a solution, is it unique? Justify your answer.

w+2r—y+2z=2
3w+ Tr —2y+5z=4
TH+y—z=-2

14. Using your calculations from problem 12., determine if the following system
has a solution. If the system has a solution, is it unique? Justify your answer.

4+2w—z—-—y=1
vt+wtar+z=2
v—2w+z=1
—Jw—z=1

—v—w—4r—y—3z=1

15. Determine how many solutions the following system has

(a)

T, — 229 +3x3 —4xy =4
To— T3+ x4 =3
1+ 3T0 + x4 =2
—Txo 4+ 3x3 + 44 =1

—x1 + 310 — 3wz + 4wy = —1
3I1 — 212 + 2$3 — 31‘4 =2
2x1 4+ 319 — 3x3 + by = =3

21‘171’2+.’E373’JJ4:4
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Chapter 8

The Dual Space

In this very short chapter, we introduce the idea of the dual space, which turns
out to be a very important idea in mathematics (especially in differential geometry
which is the branch of mathematics which applies calculus to curved spaces). We
will need the idea of the dual space later on in Chapter 9. Throughout this chapter,
we let F =R or C and every vector space is a finite dimensional vector space over
IF unless stated otherwise.

8.1. The Dual Space

The dual space is formally defined as follows:

Definition 8.1. The dual space of a vector space V is the vector space V*
which consists of all linear maps from V into F. The vector space structure
on V* is the natural one which is defined by pointwise addition and scalar
multiplication. Fxplicitly, for f,g € V* and ¢ € F, vector addition and
scalar multiplication are defined by

(f+9)(w) = f(v) +9(v), (cf)(v) :=cf(v)
for all v € V. The elements of V* are sometimes called covectors or 1-
forms.

We now collect some basic facts about the dual space.

Theorem 8.2. Let V be a (finite dimensional) vector space. Then dim V* =
dim V.

223
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Proof. Let n = dimV and let {b1,bs,...,b,} be a basis on V. Let 6 € V* for
i=1,...,n be the unique linear map from V to F defined by the condition:

i 1 ifi=j
9(63){0 if i # j.

(Recall from Chapter 5 that any linear map is completely determined once its values
on a basis are known.) We now show that {#!,...,0"} is a basis on V*. Let f € V*
be arbitrary and let

From the definition of 6%, we have

| |
\h
/—\
h

N

:f(b) 7 (b;)
f(b5).

Hence, fy and f agree on a basis of V. This implies that fy and f must be the
same linear map, i.e., fg = f. This shows that {6%,... 6"} spans V*. We now

show linear independence. Suppose that for some c1,...,¢c, € F, we have
10" + 0% + -+, 0" = 0. (117)
Evaluating the left and right sides at b; gives
0= (ci0' 4 -+ c,0™)(by)
=c10'(b;) + -+ + ¢, 07 (by)
= ¢;0'(by)
=c.
This proves that {6!,...,0"} is a basis of V*. From this, we conclude that dim V* =
n=dmV. (]

The proof of Theorem 8.2 motivates the following definition:

Definition 8.3. Let V' be a vector space and let B = {by,...,b,} be a basis
on V. The dual basis of B is the basis

B* = {0, ...,0"}
on V* where 0° : V — T is the unique linear map satisfying 0°(b;) = 1 and

0i(b;) = 0 for j # i.
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Remark 8.4. The notation for the dual basis varies greatly in the literature.
If B={by,...,b,} is a basis on V, the dual basis of B is sometimes denoted
by

B* = {b],...,b}
or by

B ={v,...,b"}.

For convenience, we record the following result:

Corollary 8.5. Let V' be a vector space and let B = {b1,...,b,} be a basis
on V. Also, let B* = {6',...,0"} denote the dual basis. Then

(i) f=f(b1)0 + -+ f(b,)0™ for all f € V*

(ii) v =0 (v)by + -+ + 0" (v)b, for allv e V.

Proof. Statement (i) was already proved during the proof of Theorem 8.2. For
statement (ii), let v € V and express v as (a unique) linear combination of the basis

B:
v=qai1by + -+ anby (118)
Applying the dual basis element #° to both sides of (118) gives
91(’[)) = alei(bl) + -4 Oéntgz(bn) = aﬂl(bl) = ;.
This proves (ii). O
Consider a vector space V. Since V* is also a vector space, one can also take the
dual of V*. This new space is the vector space (V*)* and is called the double dual

of V. So what do we get by taking the dual twice? The next result provides an
answer to this question (at least for the case of finite dimensional vector spaces).

Theorem 8.6. Let V be a (finite dimensional) vector space. Then (V*)* is
canonically (i.e. naturally) isomorphic to V. Specifically, the isomorphism
associates a vector v € V. with the element p, € (V*)* defined by ¢,(f) :=
f) forall f € V*.

Proof. Let v € V and let ¢, : V* — F be the map which sends f € V* to f(v) € F.
We now quickly verify that ¢, is a linear map. Let f,g € V* and let ¢ € F. Then

eo(f +9) = (f+9)(v)

= f(v) +g(v)
= (pv(f) + (pv(g)
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and

pu(cf) = (cf)(v)
=cf(v)
= cpu(f).
This proves that ¢, : V* — F is a linear map. In particular, this means that
v € (V7).
Next, let ¢ : V. — (V*)* be the map which sends v € V to ¢, € (V*)*. In

other words, ¢(v) := ¢,. We now show that ¢ is a linear map. To do this, let
v,w eV and f € V*. Then

Potw(f) = flv+w)
= f(v) + f(w)
= @u(f) + w(f)
= (pv + w)(f); (119)
where the second equality follows from the fact that f : V* — F is a linear map

(by definition) and the last equality is the definition of vector addition on (V*)*.
For ¢ € F, we also have

= cpu(f)
= (cpo)(f) (120)

where the second equality again follows from the linearity of f. Since f € V* was
arbitrary, (119) and (120) then imply

‘P(U + w) = Putw
= @Yy + Puw
= ¢(v) + p(w)

and

go(cv) = Pev
= CPy
cp(v).
This proves that ¢ : V' — V* is a linear map. Moreover, note that ¢ is canonical or

natural since its construction does not depend on arbitrary choices such as a choice
of basis on V for example.

Lastly, we prove that ¢ is an isomorphism. In other words, we have to show that
 is one-to-one and onto. First, we verify that ¢ is one-to-one, that is, dim ker ¢ = 0.
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To do this, let {b1,...,b,} be any basis on V and let {#',...,0"} denote the dual
basis. By Corollary 8.5, any vector v € V' decomposes as

v =0"(v)by + 6*(V)by + - + 0™ (v)by.

Now let v € ker p. Then for all f € V*, we have ¢,(f) = f(v) = 0. In particular,
setting f = 0%, we have 6°(v) = 0 for i = 1,...,n. From the above decomposition,
this implies that v = 0. Hence, dimker ¢ = 0.

For the onto part, first note that by Theorem 8.2, we have
dim(V*)* =dimV* =dim V.
Since dim ker ¢ = 0, the Rank Nullity Theorem (Theorem 5.60) implies
dimV = dimker ¢ + dimim ¢ = dimim ¢.

This implies that im ¢ has the same dimension as (V*)*. However, im ¢ is also a
subspace of (V*)*. From this, we conclude that im ¢ = (V*)*. Hence, ¢ is onto.
This completes the proof. O

For the case of finite dimensional vector spaces (which is what we focus on in this
book), most people simply blur the distinction between V and (V*)* and simply
regard them as being one and the same. In other words, one identifies the vector
v € V with the element ¢, € (V*)* by setting v(f) := f(v) for all f € V*. One
emphasizes this point of view by writing (V*)* = V. This is the point of view
we will adopt in this book. Strictly speaking, of course, what we really have is an
isomorphism (albeit a natural one). Hence, the correct expression is (V*)* ~V as
opposed to (V*)* =V.

Here are some basic examples to consider.

Example 8.7. Let sl3(R) be the vector space of 2 X 2 real matrices with zero
trace. An arbitrary element X € sly(R) is of the form

X:(Z _‘C‘> (121)

for a,b,c € R. As we have seen several times, a convenient basis for sly(R)

s=(32). £=(20). #-(2 2)

Let {0g,d0F,0m} denote the dual basis. Then

18
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5[2(R)* = span{(SE,(SF,(SH}
={a1dg + a20F + aszdy | a,b,c € R}
Let f = a10g + a2dp + azdy be an arbitrary 1-form and let X € sl3(R) be

an arbitrary element of the form (8.7). In other words, X = aF + bF + cH.
Then

f(X) = ara + asb + asc.

Example 8.8. Consider the vector space R™ with vectors expressed as col-
umn vectors. Let S = {€1,...,€,} denote the standard basis on R™ and let
f € (R™)* be an arbitrary element. Since f is a linear map from R™ to R,
it follows that f is just a linear transformation associated to some unique
1 x n matriz Ag. In other words,

f@) =AsFeR

for all v € R™, where the right side is evaluated by matriz multiplication. To
compute Ay, let us apply f to some arbitrary vector ¥ = vi€q + - - - +vp€p €

R™:

U1

Un

From this, we see that

Ap = (f(€1),-.., f(n)).
Conwversely, the linear transformation associated to any 1 x n matriz A is
also an element of the dual space (R™)*. This shows that if we regard R™ as
the vector space of column vectors with n components, then (R™)* can be
naturally identified with the vector space of row vectors with n components.

8.2. The Dual of a Linear Map

Definition 8.9. Let o : U — V be a linear map. The dual of ¢ is the map
©* : V* = U* defined by p*(f) := fop e U* for f e V*.

Before stating the next result, recall that the composition of two linear maps is
again a linear map. This fact implies that ¢*(f) : U — F in Definition 8.9 is a
linear map. In other words, ¢*(f) is indeed an element of U*.
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Proposition 8.10. The dual of a linear map is also a linear map. Moreover,
ifo:U—=V and ¢ : V — W are linear maps. Then (¢ o ¢)* = ¢* o yp*.

Proof. Let ¢ : U — V be a linear map. To show that ¢* : V* — U* is linear, let
f,g € V*and let ¢c € F. Then for all u € U, we have

O (f+9)(u) == (f +9)op(u)

= fop(u)+gop(u)
= (" (M) + (" (9))(w)
= ("(f) +#"(9)(u) (122)

and

(u). (123)
Since u € U is arbitrary, (122) and (123) imply
e (f+9)=¢" (/) +¢"(9), ¢ (cf) =™ (f).

This proves that ¢* is linear.

For the last part, let ¢ : V. — W be a linear map. Then for all h € W*, we
have

= (hot)oyp

=@ (hot)

= ¢ (" (h))

= (" 09")(h).
Since h € W* is arbitrary, we conclude that (¢ o p)* = ¢* o9p*. This completes the
proof. ([

The next result concerns the matrix representation of the dual of a linear map:

Theorem 8.11. Let ¢ : V. — W be a linear map and let B be a basis on V
and let C be a basis on W. Let B* and C* denote the dual bases of B and C
respectively. Then the matriz representations [¢*]|p«c and [¢|cp are related

by [‘P*]B*C* = [@]gB-
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Proof. Let B={v,...,v,} be a basis on V and let C = {wy,...,w,} be a basis
on W. Also, let a;; denote the (i, j)-element of the matrix representation [¢]cg.
By definition, we have

plvg) = D aiswi (124)

Let B* = {0',...,6"} and C* = {6,...,6™} denote the dual bases of B and C
respectively. Let b;; denote the (4, j)-element of the matrix representation [¢*]g+c.
Once again, by definition, we have

O (67) = by, (125)
=1

From (125), we have

9" (%) (vi) = ) by (v3)
k=1
= b;; (126)
On the other hand, using the definition of ¢*, we also have
¢ (87)(vi) = 7 (p(v))
=4 (Z akﬂ%)
k=1
= Z arid’ (wy)
k=1
= aj. (127)
(126) and (127) now imply [¢*|p+c~ = [¢]¢g. This completes the proof. d

Theorem 8.11 is the reason why the dual of a linear map is also called the trans-
pose of a linear map and the notation ¢ is used in place of *.
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Example 8.12. Let Rlz]s denote the vector space of polynomials of degree
2 or less. Let D : Rlx]o — R[z]a be the linear map defined by
d? d
Dp(z) = @p(ﬂﬂ) + 3@1’(@ +p(x), Vop(z) € Rzl
Let B := {2% x,1}. Then B is a basis on R[z]y and the matriz representation
of D with respect to B is
1 0 0
[Dlg=| 6 1 0
2 3 1
Let B* be the dual basis of B. By Theorem 8.11, the matrixz representation
of D* with respect to B* is

)
oy
%

I
S
(M|

I

O O =
S = O
— W N

Chapter 8 Exercises

In the problems below, let F = R or C and assume all vector spaces are finite
dimensional and over F unless stated otherwise.

1. Let T : R® — R? be the linear map defined by
T(Ivya Z) = (5‘7: - 3y7y =+ Z)

Let S3 denote the standard basis on R3 and let Sy denote the standard basis
on R?. Also, let S and S; denote the corresponding dual bases. Compute
the matrix representation [T*]s;s; of the dual map 7% : (R?)* — (R?)* with
respect to the aforementioned dual bases.

2. Let R[z]2 be the vector space of polynomials of degree 2 and let B denote the
basis {z2,2,1} on R[z]y. Let

D: R[l‘]g — R[Z‘]Q

be the linear map defined by

d? d
D =3— —4— — .
p(z) =3 5p(e) —4- p(z) - p(z)
Let B* denote the dual basis. Compute the matrix representation of the dual

linear map D* with respect to 5*.

3. Let V be an infinite dimensional vector space over F. Also, let ¢ : V — (V*)*
be the linear map which sends v € V to the linear map ¢, : V* — F defined
by ¢,(f) := f(v). Show that ¢ is injective, but not surjective. In particular,
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 is not a vector space isomorphism.

4. Let ¢ : V. — W be a vector space isomorphism. Show that (¢*)~1 = (p~1)*.

5. Let V be a vector space of dimension n and let f1, fa,..., fi € V* with k < n.
Show that f1, fo,..., fr is linearly independent if and only if

dim(ker fy Nker foN---Nker fz) =n — k.
In particular, fi,..., f, € V* is a basis if and only if
ker f1 Nker fo N ---Nker f, = {0}.

Hints: Consider the map v : V — F* defined by ¥ (v) := (f1(v), ..., fx(v)).
Also, for a basis {b1,...,b,} on V, consider the n x k matrix

¥(b1)

¥(b2)

¥(bn)

6. Free Vector Spaces. Let F be a field. Let A be a set. Define a vector space
F(A) to be the set of all functions f : A — F that equal 0 almost everywhere
in the sense that f(a) = 0 for all but finitely many a € A. For f,g € F(A)
and ¢ € F, define

(f +9)(a) := fla) +g(a),  (cf)(a) :=cf(a)
for all a € A.
(a) Show that F'(A) is a vector space over F.
(b) Show that for any vector space V over F | the set of linear maps F(A) — V
are in bijection with the set of functions A — V.

7. Show that R™ is naturally isomorphic to the free real vector space F(n) on a
finite set n. Thus, for any real vector space V , linear maps R™ — V are in
bijection with functions n — V.

8. Show that the polynomial vector space F[z] and the free vector space over a
field F on the set of natural numbers F(N) are isomorphic.

9. Show that the dual space F/(A)* over a field F and the vector space of all func-

tions F4 (not just those that equal 0 almost everywhere) are isomorphic. This
example shows that a vector space and its dual are not necessarily isomorphic.
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Chapter 9

Inner Product Spaces

In Chapter 2, we introduced the dot product on R", which allows one to compute
the length or norm of a vector as well as the angle between two vectors. The dot
product, of course, is a byproduct of the natural (i.e. Euclidean) geometry on
R™. In fact, the dot product is really much more than a byproduct. Since the dot
product allows one to compute distances and angles, one can view the dot product
as a clever, compact tool for encoding the Euclidean geometry of R™.

Now suppose that we have an arbitrary real vector space V. What distinguishes
R™ from V? The answer is geometry. R™ comes with its own natural geometry
(namely the familiar Euclidean geometry that we all learned about in grade school)
whereas V' does not. For example, let C([0,1]) be the set of all continuous real
valued functions on the closed interval [0, 1]. Note that C([0, 1]) has a natural vector
space structure with vector addition and scalar multiplication defined pointwise:

() +9(z)

(f +9)():
= cf(z)

(cf)()

for all f,g € C([0,1]), ¢ € R, and x € [0,1]. Now here are some questions for the
reader. For continuous functions f,g € C([0,1]), what is the angle between f and
g? What is the length of f7 How does one even define these concepts for functions?!
We can answer these questions rather easily for vectors in R™. However, when it
comes to a vector space like C'([0,1]), which is hard to visualize, these questions
become more difficult to answer. Angles and lengths are geometric concepts and
since C([0,1]) lacks a natural geometry, we do not know how to answer these
questions. Put another way, we cannot answer these questions because C(]0,1])
lacks its own dot product. On the other hand, if we could equip C([0,1]) with
something like a dot product, then we would have a pretty good idea of how to
answer these geometric questions. This line of thinking leads one to the notion of

233
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an inner product, which generalizes the notion of the dot product to general vector
spaces.
In the next two sections, we will introduce two types of inner products: one for

real vector spaces and one for complex vector spaces. We conclude our introductory
remarks here by reminding the reader about the notion of Cartesian products:

Definition 9.1. Let X;, Xo, ..., X,, be any sets. The Cartesian product
of X1, X5, ..., X, is the set

X1 x Xo x - X X, i={(x1,29,...,2,) | x; € X; fori=1,2,...,n}.

The most important examples in this book is the real vector space R™ which is
the Cartesian product of n copies of R and the complex vector C™ which is the
Cartesian product of n copies of C.

9.1. Real Inner Product Spaces

In this section, we define inner products for real vector spaces. The definition is
modeled over the algebraic properties of the dot product.

Definition 9.2. Let V be a real vector space. An inner product is a map
() VXV >R, (u,v) = (u,v) €R

which satisfies the following conditions:

(i) (u,v) = (v,u) for all u,v € V (symmetry)

(i) (u+v,w) = (u,w) + (v,w) for all u,v,w € V (linearity condition 1)
(i) {cu,v) = c{u,v) for all c € R and u,v € V (linearity condition 2)

(i) (v,v) >0 for allv €V and (v,v) =0 iff v =0 (positive definiteness)
The pair (V, (-,-)) is called a (real) inner product space.

Let w € V' be arbitrary and let f,, : V — R be the map defined by

fuw () = (v, w).
Conditions (ii) and (iii) in Definition 9.2 then implies that f,, : V' — R is a linear
map. Furthermore, the symmetry condition of (-,-) (condition (i)) also implies that
(+,-) is linear in its second argument as well, that is,

(u, v +w) = (u,v) + (u,w), (u, cv) = c(u,v)

for all u,v,w € V and c € R.
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Remark 9.3. Let V and W be (real) vector spaces. A map
B:VxW=R, (v,w)— B(v,w)

which is linear in each argument, that is,

Blv+ v, w) = Bv,w) + B0, w), Bcv,w) = cB(v,w)
and

Bv,w+w') = Bv,w) + B(v,w’),  B(v,cw) = ch(v,w)
for all v,v' € V, w,w’ € W, and ¢ € R is called a bilinear form. An
inner product is then an example of a bilinear form. Conditions (i)-(iii) of
Definition 9.2 is simply the statement that an inner product is a symmetric
bilinear form on V. If we thrown in condition (iv), Definition 9.2 is

equivalent to the statement that (-,-) is a positive definite, symmetric
bilinear form.

Example 9.4. The most well important example of an inner product space
18, of course, the vector space R™ equipped with its dot product. For u,v €
R™, define

(U, V) :=1- 0.

From the properties of the dot product, we immediately have

and
(€ + 0,0y .= (d+7) @
=U-W+7-u
= (@, W) + (¥, W)
and

Also, (#,u) = 4 -4 > 0 with equality only when @ = 0. Hence, we have
shown that the dot product is an inner product.

Example 9.5. Let C([0,1]) be the set of all continuous real valued func-
tions on the closed interval [0,1]. Note that C([0,1]) is naturally a real vector
space with vector addition and scalar multiplication defined pointwise, i.e,

(f +9)(@) == f(x) + g(x)
and (cf)(x) := cf(z) for all f,g € C([0,1]) and ¢ € R. Also, observe that

C([0,1]) 4s an infinite dimensional vector space. Indeed, let R[x], denote
the vector space of real polynomials of degree n or less. Since Rlx], is a
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subspace of C([0, 1]) and dim R[z],, = n+1, it follows that dim C([0,1]) =
We will now turn C(]0, 1]) into an inner product space. For f,g € C(|0, 1]),
define

.

(f,9) 52/0 f(z)g(x)dx.

From the above definition, we have

1 1
<ﬁm;3£fumum%:AgWVWMx:@J»
Also, for f,g,h € C(]0,1]) and ¢ € R, we have

1
ﬁ+mh%:A(f+w@M@Mw

— [ r@is+ [ s
—(f,9)+ (£, )

and

@ﬁm:lomwmmm
— [ et@g(a)ds
0

1

—c [ J@)g(a)de
0

= c(f,9)-

To show that (-,-) is an inner product, it only remains to show that it is
positive definite. First, for any f € C([0,1]), we have

1 1
ij:AJuVqu=Af%wmzo

since f2 > 0. Now suppose f # 0. Then there exists an zg € [0,1] such
that f(xo) # 0. Moreover, since f is continuous, we can further assume
that x¢ is neither 0 or 1. (A continuous function on [0, 1] which is nonzero
cannot be nonzero at 0 and 1 while being zero for every 0 < x < 1.) Since
xo is neither 0 or 1 and f is continous, there must be an € > 0 such that
[0 — g,20 + €] C [0,1] and f is never zero on [zg — €,209 + €]. By the
Extreme Value Theorem, f attains an absolute minimum (which is nonzero)
on [xg — &,z + £]. Let m be the absolute minimum of f on [zg — &,z + £].
Then

%ﬁ:éf%ww

> [ P

0—€
xo+€e
> / m2dx = 2m2e # 0.
To—E€

Hence, (-,-) is positive definite, which proves that it is indeed an inner

product.
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The inner product space constructed in Example 9.5 is infinite dimensional, which
makes it quite different than the standard example given in Example 9.4. Our
focus, however, will mainly be on finite dimensional inner product spaces. Hence,
unless stated otherwise, every inner product space in this chapter is assumed to be
finite dimensional.

Example 9.6. Let Ms(C) denote the set of 2 x 2 complex matrices. As we
saw in Chapter 5, M5(C) is naturally a complex vector space. Indeed, vector
addition is given by the usual additiion of matrices and scalar multiplication
is just the ordinary scalar multiplication for matrices. Now any complex
vector space is also a real vector space since R C C. In this example, we are
going to view Ms(C) as a real vector space. The reason for this will become
clear in a moment. For a complex matriz

a b
a=(% 1)

let A* denote its conjugate transpose, that is,

., [(a ¢
A_<b d)’

where, for example, @ denotes the conjugate of the complex number a.

Now let su(2) denote the real subspace of Ms(C) consisting of all 2 x 2
complex matrices X whose trace is zero and satisfies X* = —X. (A matriz
which satisfies the second condition is called skew-Hermitian.) Note su(2)
18 not a complex vector space! It is strictly a real vector space. Indeed,
observe that if X € su(2), then

(iX)* = —iX* = —i(-X) = iX # —iX.

Hence, iX ¢ su(2). This is why we chose to regard Ms(C) as a real vector
space for this particular example. We now define an inner product on su(2)

by
(X,Y) := Tr(XY") = TH(X(-Y)) = —Tr(XY).
We now verify that the above definition is indeed an inner product. From

the properties of the trace, we immediately have (X,Y) = (Y, X). We also
have

(X+Y,Z2)=-Tr(X+Y)2)
= —TH(XZ+YZ)
=-Tr(XZ)—- Tr(YZ)
=(X,2)+ (Y, Z)

forall X,Y, Z € su(2). Also, we have (cX,Y) = —=Tr(cXY) = —cTr(XY) =
c(X,Y) for allc € R and X,Y € su(2). Lastly, we need to verify that
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(+,-) is positive definite. For this, we observe that every X € su(2) is of the

Y — ot z
-\ -z —ai
for « € R and z € C. From the form of X, we deduce that dimsu(2) = 3.
Now let us compute (X, X):
(X, X) = —Tr(X?)

S Gy

form

— 2(a? + [2])
> 0.

In particular, we see that (X, X) = 0 if and only if X = 0.

We now ask the reader to think back to Chapter 2. Every idea or result as-
sociated to the dot product generalizes in a straightforward way to any real inner
product space. In each case, the generalization is obtained by swapping out the
dot product for an inner product. Consequently, all the proofs for the dot prod-
uct case work equally well for the general case. In other words, all the hard work
was already done in Chapter 2! We now run through a few of these ideas and results.

Definition 9.7. Let (V,{(-,-)) be a real inner product space. The norm or
length of a vector v € V is defined by

[l := /{0, ).

Theorem 9.8. Cauchy-Schwartz inequality (general case) Let (V,{(-,-)) be a
real inner product space. Then |(u,v)| < ||u|| ||v]| for all u,v € V.. Moreover,
for u,v nonzero, (u,v) = ||ul| ||v|| if and only if u = Av for some positive

A €ER.

Proof. The proof is identical to the the dot product version (see Theorem 2.49).
One simply replaces the dot product with the inner product and the proof still
works. O
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Definition 9.9. Let (V,(-,-)) be a real inner product space. The angle
0 € [0, 7] between two (nonzero) vectors u,v € V is defined by

e — M
[l o]l

u and v are said to be orthogonal if (u,v) = 0.

Definition 9.10. Let (V,(-,-)) be a real inner product space and let
{v1,...,vx} be a set of vectors in V. {vy,...,vx} is called an orthogo-
nal set ifv, #0 fori=1,...,k and (v;,v;) =0 for all 1 <i< j<k.

In other words, a set of vectors in a real inner product space form an orthogonal
set if they are all nonzero and mutually orthogonal to one another.

Proposition 9.11. Let (V,{-,-)) be a real inner product space and let
{v1,...,0} CV be an orthogonal set. Then {vi,...,vx} is a linearly inde-
pendent set.

Proof. The proof is identical to the proof of Proposition 2.57. One simply replaces
the dot product with the inner product (-, -) and the argument works as before. O

Definition 9.12. Let (V, (-,)) be a real inner product space. Let v,u € V
with u nonzero. The orthogonal projection of v onto u is the vector

(u,v)

2
I

proj,v =
G

Recall from Chapter 2 that the notion of orthogonal projection was the critical
ingredient in the Gram-Schmidt process which allows one to construct an orthogo-
nal basis on any subspace of R™. Using Definition 9.12, the Gram-Schmidt process
generalizes to any real inner product space as follows:
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The Gram-Schmidt process for a real inner product space
Let (V,{:,-)) be a real inner product space. The Gram-Schmidt process
generates an orthogonal basis from an existing basis on V. Once one obtains
the orthogonal basis, one can normalize it to obtain an orthonormal basis.
Let B = {v1,v9,...,v,} be any basis on V. We obtain an orthogonal basis

B/ = {bl, b2, ey bn}
as follows:
1. Define by := vy
2. For k =2,...,n, define

k—1

b := v, — Zprojbiv,c
i=1

Setting w; := b;/ ||b;||, the set {u1,usg,...,u,} is then an orthonormal basis.

At this point, the reader should be convinced that any dot product related
result or idea from from Chapter 2 can be generalized to any real inner product
space simply by replacing the dot product with an inner product. We conclude this
section by mentioning one additional idea\result:

Definition 9.13. Let (V,(-,-)) be a real inner product space and let W be
a subspace of V. The orthogonal complement of W in V is the subspace

Wt={weW | (wv)=0YveV}

Theorem 9.14. Let (V,(,-)) be a real inner product space and let W be a
subspace of V. Then
V=WeW-".

Proof. The proof is identical to the dot product version in Theorem 2.80. Specifi-
cally, one obtains the proof by replacing R with V' and the dot product with (-, -)
in the proof of Theorem 2.80. (]

9.2. More on Real Inner Product Spaces

Let V be a (finite dimensional) real vector space. A natural question then is how
many inner products exist on V¢ The answer is lots! We will see shortly that
an inner product on V is equivalent to a choice of orthonormal basis on V. The
following definition will prove essential to the problem at hand:
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Definition 9.15. Let (V,(-,-)) be a real inner product space and let
B = {Ul,...,’(}n}

be any basis on V. The matrix representation of (-,-) with respect to
the basis B is the n x n matriz whose (i, j) element is (v;,v;). The matriz
representation of (-,-) with respect to B is denoted by [{-,-)]5.

The next result shows that a matrix representation of an inner product contains all
the information about an inner product. This is analogous to a matrix representa-
tion of a linear map or the coordinate representation of a vector.

Proposition 9.16. Let (V,{-,-)) be a real inner product space and let B be
any basis on V.

(i) [{-,-)]B is a symmetric matriz.
(ii) (v, w) = [V|5[(-, )]slw]s for all v,w € V.
(111) If B is an orthonormal basis, then (v,w) = [v] - [w]p for allv,w € V.

Proof. Let B = {vy,...,v,} be any basis on V.

(i): The (4,7) and (j,4) entries of the matrix [(-,-)]5 is (vs,v;) = (v;,v;) (by
the symmetry condition of the inner product). From this, we see that [{-,-)]g is a
symmetric matrix.

(ii): Let v,w € V and write
)Tv [w]B = (Bla-”aﬁn)T

vl = (a1,...,an

for their coordinate representations with respect to B. By definition, this means

v = i Q; V4, w = iﬂjvj' (128)
i=1 j=1
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Using (128), we expand (v, w) using the bilinearity of the inner product (which is
a consequence of conditions (i)-(iii) of Definition 9.2)

= ()i, Y Bivy)
i=1 j=1
=D (v, Bjvj)

i=1 j=1

=YD aiblviv)

i=1 j=1

= Z Zai<vivvj>ﬂj

i=1 j=1

= [v]s[(, )s[w]s-

(iii): Suppose now that B = {v1,...,v,} is an orthonormal basis. Then

1 ifi=g

<U1?U]>_{ 0 lfl#]

Hence, [(-, )]s = I,, (the n x n identity matrix). Using (ii), we have

(v, w) = []5[(,)]5[w]s
= [v]In[w]s
= [v]slwls
= [vls - [w]s-

Theorem 9.17. Let V be a (real) vector space. Let B be any basis on V
and define
(B VxV->R

by (u,v)B := [u]-[v]g for allu,v € V. Then (-,-)B is an inner product on V
and B is an orthonormal basis with respect to this inner product. Moreover,
every inner product on 'V is of this form. In addition, if C is another basis
on V, then (-,-Y8 = (-,C if and only if the transition matriz Peg is an
orthogonal matriz, that is, Py = Ply.

Proof. We now verify that (-, -)Z satisfies all the conditions given in Definition 9.2.
Condition (i) of Definition 9.2 follows from the fact that the dot product commutes:

(u,0)F = [ul5 - [v]s = [v]5 - [uls = (v, u)®
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for all u,v € V. Conditions (ii) and (iii) are a consequence of Proposition 6.7 and
the basic properties of the dot product:

(u+ v, w)B

and

for all u,v,w € V and ¢ € R. For condition (iv), we have (u,u) = [u]lg - [ulg > 0
for all u € V. Moreover, since the coordinate vector [u]g = 0 if and only if v = 0,
it follows that (u,u) = 0 if and only if u = 0. This proves that (-,-)? is an inner
product on V.

Now let (-, ) be any inner product on V. Using the Gram-Schmidt process for
real inner product spaces (see Section 9.1), we can always construct an orthonormal
basis on the real inner product space (V, (-, -)). Let D be any orthonormal basis for
(V,{-,-)). By statement (iii) of Proposition 9.16, we have

(u,v) = [ulp - [vlp
for all u,v € V. However, the right hand side is just (u,v)?. Since u,v € V are
arbitrary, we conclude that (-,-) = (-,-)P.

For the last part of Theorem 9.17, we need to determine when two bases B and

C induce the same inner product on V. More precisely, we need to determine the

necessary and sufficient conditions for (-,-)8 = (-,-)C.

Suppose first that (-,-)8 = (-, )¢ Let u,v € V. Then
[u]s - [v]s = [ulc - [v]e. (129)
Using Theorem 6.8 to express [u]c and [v]¢ in terms of [u]p and [v]g respectively,

equation (129) can be rewritten as
[ulslvls = [ulé [vle

= (Pes[uls)" (Pes[v]s)
= [ulg (Pl FPes)[v]s. (130)
Since the above relation holds for all u,v € V, it follows that the coordinate vectors
[u]g and [v]p can assume any element of R™ (where n = dim V). From this, it

follows that PlzPes = I,, (the n x n identity matrix). Hence, Pep is orthogonal.
To see this more explicitly, write B = {b1,...,b,} and let w = b; and v = b;. Then
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[u]p = €; and [v]g = €, where €; and €} are the ¢th and jthe standard basis vectors
on R™ respectively. Equation (129) then reduces to

(In)i; = €] (PépPes)é; = (PegPes)ij,

where (I,,);; and (P23 Pcp)i; are the (i, j)-elements of I,, and P2z Pep respectively.

On the other hand, if Pcp is orthogonal, then PZ;Pes = I,, and equation (130)
implies that [u]s - [v]g = [u]c - [v]e, which in turn implies that (-, )8 = (.,-)¢. This

completes the proof. O

Example 9.18. Consider the vector space R? (with vectors expressed as
column vectors) and let

a-(1) a-(1)

Then B = {1, ia} is a basis on R?. Let (-,-)? denote the inner product on
R? induced by B from Theorem 9.17. Let S = {€1, &} denote the standard
basis on R%. Let us compute the matriz representation of (-,-)B with respect
to S. By definition, the (i,j) element of [(-,-)B]s is

(@,€)" = [&]s - [€)]s-
In order to compute the above inner products, we first need to compute the
coordinate vectors of €1 and s with respect to B. Doing a small calculation,

we find
i ( 2). =)

The matriz representation of (-,-)B with respect to S is then

t9%s=( 5 5 )-

Since [0)s = ¥ for all ¥ € R?, Proposition 9.16 implies
5 —3
R A -
= 131
(U, W) 0] (_3 2>u (131)
for all ©,@ € R%. In particular, observe that (ii;, ;)8 = 1 for i = 1,2 and
(i1, i2)B = 0 by evaluating the right side of (131). Also, note that
(€1,8)8 = —21#£0.

Hence, the vectors €, and € (which are orthogonal from the point of view of
Euclidean geometry) fail to be orthogonal with respect to the inner product

<'7'>B'
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9.3. Complex Inner Product Spaces

Whether you like complex vector spaces or not, complex vector spaces are ultimately
“nicer” than real vector spaces. Specifically, linear endomorphisms of a complex
vector space have more structure than endomorphisms on a real vector space. For
instance, any linear endomorphism on a complex vector space always has at least
one eigenvalue. This is not true for the real case. We will obtain a better view
of this structure in Chapter 13. Furthermore, by studying complex vector spaces
and their endomorphisms, we also learn more about linear endomorphisms on a
real vector space. Hence, if you are not a fan of complex vector spaces, think of
complex vector spaces as a tool or intermediary which we can use to learn more
about real vector spaces and their linear maps. (Historically, complex numbers
were not initially held in high regard. They were originally developed as a mere
tool for finding real roots of cubic equations of the form x® +ax — b with a,b € R.)

In this section, we introduce the notion of complex inner product spaces, which
is a complex vector space equipped with a type of inner product, one that is similar
to the real case, but not exactly the same. From a physics perspective, complex
inner product spaces are of fundamental importance to the mathematical framework
of quantum mechanics. While you may have some unease (or disdain) for complex
numbers and the like, it seems that nature is rather fond of these mathematical
curiosities. With that said, we now give the formal definition of a complex inner
product space.

For the remainder of this chapter, we denote the conjugate of a complex num-
ber z = a+bi (i = v/—1) by Z = a — bi. The magnitude or modulus of a complex
number z is |z| := v/2Z. The conjugate transpose of an n x m complex matrix A
will be denoted by A*. Hence, if z € C, then z = 2*.

Definition 9.19. Let V' be a complex vector space. A Hermitian inner
product on V is a map

() VxV—=C, (uv)— (uv)eC

which satisfies the following conditions:

(i) (u,v) = (v,u) for all u,v € V (conjugate symmetry)

(i) (u,v+w) = (u,v) + (u,w) for all u,v,w € V (linearity condition 1)
(1) {(u,cv) = c{u,v) for allu,v € V, ¢ € C (linearity condition 2)
(i) (v,v) >0 and (v,v) =0 iff v =0 (positive definiteness)

The pair (V, (-,-)) is called a complex inner product space.

We now make a few comments about Definition 9.19. Note that (-, -) is linear in the
second slot by conditions (ii) and (iii). However, it is not quite linear in its first slot.
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Proposition 9.20. Let u,v,w € V and ¢ € C. Then
(i) {(u+v,w) = (u,w) + (v, w)
(ii) {(cv,w) = ¢{v,w)

Proof. For (i), we have

and for (ii) we have
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Statement (ii) in Proposition 9.20 shows that (cv,w) # ¢(v,w) in general. This is
the reason why a complex inner product fails to be linear in its first slot.

Exercise 9.21. C" has a natural Hermitian inner product (which is anal-
ogous to the natural inner product (i.e. the dot product) that exists on R™).
Let the vectors in C™ be expressed as column vectors. This inner product is
defined by

(@, V) = (u)*V, Vu,veV. (132)
If i = (uy,...,up)t and &= (vi,...,v,)7T, then the above inner product is

given by
(@,0) =Y v (133)
=1

We will call this the standard Hermitian inner product on C". Verify
that (-,-) is a Hermitian inner product on C™.
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Exercise 9.22. Let C([0,1];C) be the set of continuous complex valued
functions on the closed interval [0,1]. Explicitly, an element f of C([0,1];C)
is of the form

f(@) = fi(z) +if2(x)
where f1 and fy are continuous real valued functions on [0,1]. C([0,1];C)
is naturally a complex vector space with vector addition and scalar multipli-
cation defined pointwise:

(f+9)(@) = f(x) +9(z), (cf)(@):=cf(z)
for f,g € C([0,1];C) and ¢ € C. We now define a Hermitian inner product

() €([0,1;C) x C([0,1;,C) = C
b

y
1 PR
(f,g) = / T@)g(e)dz

1 1
0 0

for f = fi+ifs and g = g1+igs in C([0, 1]; C). Show that (-, -) is a Hermitian

inner product on C([0,1];C). (The proof of this is similar to the one given

in Example 9.5.

- / (o) Bt / (Fu()e(5)— Falz)ga(@))de

Using condition (iv) of Definition 9.19, we can define the length or norm of a vector
just like in the real case:

Definition 9.23. Let (V, (-, -)) be a complex inner product space. The norm

of a vector v €V is |[v| := /(v,v).

Note that for a complex inner product space (V,{-,-)), we can no longer de-
fine an angle between two arbitrary vectors v,w € V since (v,w) is a complex
number in general. Consequently, Definition 9.9 for a real inner product space
simply does not work for the complex case. At best, we can generalize the notion
of orthogonality to complex inner product spaces (which proves to be quite fruitful):

Definition 9.24. Let (V,(:,-)) be a complex inner product space. Two vec-
tors v,w € V are orthogonal if (v, w) = 0.

Using Definition 9.24, many of the results and ideas of real inner product spaces
generalize to complex inner product spaces (although a little extra care is required
due to the conjugate symmetry of Hermitian inner products). We begin with the
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complex version of the Cauchy-Schwartz inequality:

Theorem 9.25 (Cauchy-Schwartz inequality (complex version)). Let
(V,(-,+)) be a complex inner product space. Then |{v,w)| < |jv| ||w| for
all v,w € V. Moreover, for v,w nonzero, |(v,w)| = |[v||||w|| if and only if
v = Aw for some A € C.

Proof. First, observe that if v = 0 or w = 0, we immediately have |{(v,w)| =
[lv]] |lw]] = 0. Hence, the Cauchy-Schwartz inequality holds for this case. So let us
assume that v and w are nonzero vectors. Let

(w,v)

c= eC (134)

and expand the quantity [|v — cwl|*:

v —Ccw =V —Ccw,v — cw
I I* =< : )

= (v,v) — c(v,w) — &(w,v) + |c|*(w, w)

2wy e fw e
= |lol Hng( ;W) Hsz( V) o [[w]]
_ ”,UHQ _ |<va>|2 _ ‘<w7v>|2 |<’LU,’U>|2
o] o] Jw]®
= |lv)|* - w (135)

Since ||v — cwl||* > 0, (135) implies
2012
[, w)* < [l [l

which in turn implies the Cauchy-Schwartz inequality.

For the last part, observe that if v = Aw, then

(v, w)] = [(Aw, w)]
= [Al[{w, w)]
= [A{w, w)
= [/ [|uw]?
= ([AH[wl]) flewll
= [[Aw] {|w]l

= [lvl{lw]-
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On the other hand, suppose that |(v,w)| = ||v|| ||w]|| with v,w nonzero. So let
us assume that w # 0. Let ¢ € C be defined via (134). Then by (135), we have

[{v, w)|*

2 2
iz el lel”
1= -
[l

2 2
lo = cw|]” = [jo]|” - >
]l

3

2
o]

which in turn implies that v—cw = 0. Hence, v = cw. This completes the proof. [

Definition 9.26. Let (V,(-,-)) be a complex inner product space and let
{v1,..., v} be a set of vectors in V. {v1,...,v;} is called an orthogonal
set if vy #0 fori=1,...,k and (v;,v;) =0 for all1 <i<j <k

Proposition 9.27. Let (V,(-,-)) be a complex inner product space and let
{v1,...,u} CV be an orthogonal set. Then {vy,..., v} is a linearly inde-
pendent set.

Proof. Like the case of real inner products, the proof is identical to the proof of
Proposition 2.57 for the dot product. One simply replaces the dot product with
the Hermitian inner product (-,-) and the argument works as before. ]

The definition of orthogonal projection for Hermitian inner products is essen-
tially the same as the real case. However, due to the fact that a Hermitian inner
product is only conjugate symmetric, we have to be careful with the order of the
vectors which appear in the inner product:

Definition 9.28. Let (V,(-,-)) be a complex inner product space. Let v,u €
V' with u nonzero. The orthogonal projection of v onto u is the vector
(u,v)

2
[l

Proj,v =

The Gram-Schmidt process (which we state below for convenience) can also be
applied to a complex inner product space to produce an orthogonal basis. However,
the order of the vectors u and v appearing in the inner product for the formula of
proj,v is critical for the Gram-Schmidt process to work as before. Of course it
makes no difference for a real inner product space, but it does for a complex one.
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The Gram-Schmidt process for a complex inner product space
Let (V, (-,-)) be a complex inner product space. The Gram-Schmidt process
generates an orthogonal basis from an existing basis on V. Once one obtains
the orthogonal basis, one can normalize it to obtain an orthonormal basis.
Let B = {v1,v9,...,v,} be any basis on V. We obtain an orthogonal basis

B/ = {bl, b2, ey bn}
as follows:

1. Define by := vy
2. For k =2,...,n, define

k—1
b := v, — Zprojbiv,c
i=1
Setting w; := b;/ ||b;||, the set {u1,usg,...,u,} is then an orthonormal basis.

The following result simply verifies that the Gram-Schmidt process still works for
a complex inner product space provided that one follows Definition 9.28 exactly
for the definition of orthogonal projection.

Theorem 9.29. Any complex inner product space admits an orthogonal
basts.

Proof. Let (V,(-,-)) be a complex inner product space and let n = dimV. Let
B = {v1,...,v,} be any basis on V and let B/ = {by,...,b,} denote the set of
vectors resulting from applying the Gram-Schmidt process to B. By Proposition
9.27, it suffices to show that B’ is an orthogonal set. Let Bj =: {b1,...,by} for
k < n. We now show that Bj is an orthogonal set for k = 1,2,...,n by induction
on k. First, observe that B is trivially an orthogonal set. Now suppose that By, is
an orthogonal set. To show that Bj_ , is an orthogonal set, we need to show that
(bi,bgy1) =0 for i =1,2,... k and bxy1 # 0. From the definition of by, 1, we have

(bi, be1) = (bi, k1) — D (bi, Projy, vit1)

M-

Il
s

J

(b, vkt
= (bi,vkg1) — Y L5 (b, by)
= sl
<bi7vk >
= (b, Vk+1) — ||b%‘l—gla)i,b»)
=0.

Note that if we were careless with the definition of proj,, vi4+1 and used the inner
product (vgi1,b;) instead of (b;,vk+1) in its definition, we would not obtain zero
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for (b;,br+1). Rather, we would obtain

(bis Vit1) — (Vkg1,bi) = (b, vg1) — (bi, veg1) = 2Im{(b;, viy1) }

where Im(z) denotes the imaginary part of a complex number z.

Lastly, to see that bx11 # 0, observe that

{b1,...,bx} Cspanfvy,..., v}

Consequently, the condition by = 0 implies that vgy1 € span{vy,...,vx}; this
contradicts the fact that {vq,...,v,} is a basis on V. From this, we conclude that
bry1 # 0. This along with the above calculation shows that Bj_,, is an orthogonal
set. In particular, B}, = B’ is an orthogonal set. This completes the proof. O

For the sake of completeness, we conclude this section with the following definition
and result:

Definition 9.30. Let (V,(-,-)) be a complex inner product space and let
W be a subspace of V. The orthogonal complement of W in V is the
subspace

Wt ={weW | (wv)=0YveV}

Theorem 9.31. Let (V,(:,-)) be a complex inner product space and let W
be a subspace of V.. Then
V=WaoWw.

Proof. The proof of Theorem 9.31 is identical to the dot product version given in
Theorem 2.80. O

9.4. More on Complex Inner Product Spaces

As the reader might have guessed, the current section is simply the complex version
of Section 9.2. The results and ideas of this section are naturally quite similar to
those of Section 9.2, but not exactly the same. These slight differences are (again)
due to the fact that a Hermitian inner product is not really symmetric, but only
conjugate symmetric. The reader with a reasonable “math sense” will be able to
guess how the results of Section 9.2 change for the complex case. Naturally, we
begin with the following definition:
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Definition 9.32. Let (V,(-,-)) be a complex inner product space and let
B = {Ul,...,’(}n}

be any basis on V. The matrix representation of (-,-) with respect to the
basis B is the n x n (complex) matriz whose (i,7) element is (v;,v;). The
matric representation of (-,-) with respect to B is denoted by [{-,-)]5.

As in the real case, the matrix representation of a Hermitian inner product encodes
all the information. Before stating the complex version of Proposition 9.16, we
remind the reader that a complex matrix A is said to be Hermitian if A* = A. A
Hermitian matrix can be viewed as the complex version of a real symmetric matrix.

Proposition 9.33. Let (V,(-,-)) be a complex inner product space and let
B be any basis on V.

(i) [{-,-)]B is a Hermitian matriz.
(i1) (v,w) = [V]5[(:,-)]B[w]s for allv,w e V.
(111) If B is an orthonormal basis, then (v, w) = [v]5[w]|g for all v,w € V.

Proof. Let B = {vy,...,v,} be any basis on V.
(i): The (4,7) and (j,%) entries of the matrix [(-,-)|g are (v;,v;) and (vj,v;)
respectively. Since (v;,v;) = (v;,v;), it follows that [(-,-)] is Hermitian.

(ii): Let v,w € V and write
s = (a1,...,an)T,  [wlg= (B1,...,0.) T €C”

for their coordinate representations with respect to B. By definition, this means

v = i v, W= iﬁjvj. (136)
i=1 j=1

Using (136), we expand (v, w) using conditions (i)-(iii) of Definition 9.19:

(v,w) = O, Y Bjvy)
i=1 j=1

=D (v, Bjuy)

i=1 j=1

= Z Zaﬁﬁj@m?}j)

i=1 j=1

= Z Zm<viv vj>ﬂj
i=1 j=1

*

= [v]B[( )]slwls.
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(ili): Suppose now that B = {v1,...,v,} is an orthonormal basis. Then
1 ifi=j
(i) = { 0 ifi#j

Hence, [(-, )]s = I, (the n x n identity matrix). Using (ii), we have

(v, w) = [v]

O

Statement (i) of Proposition 9.33 is the reason why an inner product on a complex
vector space is called Hermitian.

We conclude this section with the complex version of Theorem 9.17. This
result shows that a Hermitian inner product on a complex vector is equivalent to a
choice of orthonormal basis. Before stating the result, we remind the reader that
an invertible complex matrix A is called unitary if A=' = A*. Hence, a unitary
matrix can be viewed as the complex version of an orthogonal matrix.

Theorem 9.34. Let V' be a complex vector space. Let B be any basis on V
and define
(,)B:VxV=C

by (u,v)B = [u]i[v]g for all u,v € V. Then (-,-)8 is a Hermitian inner
product on 'V and B is an orthonormal basis with respect to this inner prod-
uct. Moreover, every inner product on V is of this form. In addition, if
C is another basis on V, then (-,-Y8 = (-,-\C if and only if the transition
matriz Peg is a unitary matriz, that is, Po; = Pig.

Proof. We now verify that (-,-)? satisfies all the conditions given in Definition
9.19. For condition (i), we have

(u,0)" = [ulpv]s = (Wgluls) = (v,u)P
for all w,v € V. Conditions (ii) and (iii) are a consequence of Proposition 6.7:

(u, v+ w)® = [u [v + w]s
= [ul ([v]s + [w]s)
= [uls[vls + [l
= (u,v)" + (u w>B
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and

(u,cv)” = [u]glev]s
= [u] (c[v]B)

= c([u]z[v]s)
(u, v)"

Il
o

u

for all w,v,w € V and ¢ € C. For condition (iv), let u € V' and write
[ulg = (a1, az,...,a,)T €C",

where n :=dim V. Then

From this, we see that (u,u) > 0. We also see that (u,u) = 0 if and only if [u]z = 0
and the latter is equivalent to u = 0. Hence, (-,-)5
thus proven that (-,-)? is a Hermitian inner product.

is positive definite. We have

Now let (-,-) be any Hermitian inner product on V. Using the Gram-Schmidt
process for complex inner product spaces (see Section 9.4), we can always construct
an orthonormal basis on the complex inner product space (V,(-,-)). Let D be any
orthonormal basis for (V, (-,-)). By statement (iii) of Proposition 9.33, we have

(u,v) = [ulplv]p

for all u,v € V. However, the right hand side is just (u,v)?. Since u,v € V are
arbitrary, we conclude that (-,-) = (-,-)P.

For the last part of Theorem 9.34, we need to determine when two bases B
and C induce the same Hermitian inner product on V. More precisely, we need to
determine the necessary and sufficient conditions for (-,-)% = (-, -)C.

Suppose first that (-,-)8 = (-, )¢ Let u,v € V. Then
[u][v]s = [ulc[v]e. (137)

Using Theorem 6.8 to express [u|c and [v]¢ in terms of [u]p and [v] respectively,
equation (137) can be rewritten as

[ulz[v]s = [ul¢[v]e
= (Pesluls)* (Pes(v]s)
= [u]p(Peples)[v]s. (138)
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Since the above relation holds for all u,v € V, it follows that the coordinate vectors
[u]g and [v]p can assume any element of C" (where n := dim V). From this, it
follows that PigPep = I, (the n x n identity matrix). Hence, Pcp is unitary.

On the other hand, if Pep is unitary, then PizPep = I, and equation (138)
implies that [u]5[v]s = [u]i[v]e, which in turn implies that (-,-)% = (-,-)¢. This
completes the proof. O

Example 9.35. Consider the vector space C? (with vectors expressed as
column vectors) and let

a-(): o (1)

Then B = {iy, i} is a basis on C2. Let (-,-)B denote the Hermitian inner
product on C? induced by B from Theorem 9.34. Let S = {€1,¢€} denote
the standard basis on C2. Let us compute the matriz representation of (-, -)B
with respect to S.

By definition, the (i,j) element of [(-,-)B]s is

—

> S\B . [=27%*
(€,€;)" = [ei]léj]s.
In order to compute the above inner products, we first compute the coordinate
vectors of €1 and €y with respect to B:

e=(3). w=(32)

The matriz representation of (-, )% with respect to S is then

()]s = ( e ) .

Since [t)s = ¥ for all ¥ € C2, Proposition 9.33 implies
Lo - 2/9 /9 \ .
B *
= ].
(0,W)° =9 ( ~i/9 5/9 )u (139)

for all ©,@ € C2. In particular, observe that (ii;, ;) = 1 for i = 1,2 and
(i1, i2)® = 0 by evaluating the right side of (139).

9.5. Inner Products and the Dual Space

For a finite dimensional vector space V', Theorem 8.6 shows that V' and the double
dual (V*)* are essentially the same vector space. This view is a consequence of a
canonical isomorphism from V to (V*)* that allows one to naturally identify the
elements of V' with those of (V*)*. Naturally, one wonders if a similar relationship
exists between V and V*. The short answer to this question is no. However, if
one is dealing with an inner product space, then the inner product itself can be
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used as a “bridge” to identify the elements of V' with those of V*. Since real inner
products and Hermitian inner products are not quite the same (one is symmetric
and the other is only conjugate symmetric), we will study the real and complex
cases separately. We begin with the real case:

Theorem 9.36. Let (V,(-,-)) be a real inner product space. Let : V — V*
be the map which sends u € V to the 1-form 1, € V* defined by 1, := (-, u).
In other words, 1, (v) = (v,u) for all v € V. Then ¢ is a vector space

isomorphism. In particular, for any f € V*, there exists a uw € V such that
f) = (v,u) for allveV.

Proof. Let v € V. First, we need to verify that ¢, € V*. In other words, we
need to show that ¢, : V' — R is a linear map. This can be seen by the following

calculation:
Yo (v +w) = (v + w,u)
= (v,u) + (w, u)
= Yu(v) + tu(w)
and

Yo (rv) = (rv, u)
=r(v,u)
= 1y, (v)
for all v,w € V and r € R.

Next, we need to show that ¢ : V' — V* itself is a linear map. Since ¢)(u) := 1)y,
we need to show that

Vurtus = Vuy +Vuyy Vruy = 700, (140)
for all uy,us € U and r € R. To do this, let v € V. Then
Yuytu, (V) = (v, u1 + uz)
= (v,u1) + (v, uz)
= Y, (V) + hu, (v)
= (Yu; + Yuy) (v) (141)

and

(
= (rdu,)(v) (142)
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(141) and (142) then imply (140).

Lastly, we need to show that 1) is a vector space isomorphism. In other words,
we need to show that kert = {0} and im ¢ = V*. Let u € ker+. Then 1, (v) :=
(v,u) =0 for all v € V. Since inner products are positive definite (by definition),
it follows that v = 0. This proves that ker¢ = {0}. To show that im ¢ = V*, first
observe from the Rank-Nullity Theorem (Theorem 5.60) that

dimV = dimker ¢ + dimim ¢ = dimim .

Since dim V* = dim V' (by Theorem 8.2) and im v is a subspace of V* it follows
readily that im ¢ = V*. This completes the proof. O

We now turn to the complex case. For the complex case, we actually need a slight
variation of the dual space. This variation is based on the notion of antilinear
maps:

Definition 9.37. Let V and W be complex vector spaces. A map ¢ : V —
W is called antilinear if
(v +w) = 9@) +e(w), plev) =72p(v)

for allv,w € V and c € C, where € is the conjugate of c. An antilinear map
is called an anitlinear isomorphism if it is one-to-one and onto.

Remark 9.38. The properties of antilinear maps are similar to those of
linear maps. However, for our present needs, we will not need this informa-
tion (although we have provided several exercises at the end where you can
work out some of these properties for yourself).

We can now define our modified dual space:

Definition 9.39. Let V be a complex vector space. The antidual space is
the complex vector space V* which consists of all antilinear maps from V to
C with the usual pointwise vector addition and scalar multiplication:

(f+9)(v) = f(v) +g(v), VveV
(cf)(v) :==cf(v), YveV

for all f,g € V* and ¢ € C. The element of V* are called anti-covectors
or anti-1-forms.

The relationship between V* and V* is given by the following result:
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Theorem 9.40. Let V be a complex vector space. Let p : V* — V* be

the map which sends f € V* to its conjugate f, where f(v) := f(v) for all
v € V. Then p is an antilinear isomorphism. In particular,

dimV* =dim V* = dim V.

Proof. We begin by verifying that p maps V* into V*. To do this, let f € V*. Let
us verify that p(f) := f is an antilinear map from V to C (i.e. an anti-covector).
For v,v' € V, we have

Flo+v) = Fw+ )
= T + 1)
= J(0) + 7@
= F@) + 7,

where the last equality is simply the definition of f. Also, for ¢ € C, we have
flev) = flev)
=cf(v)
=¢f(v
=cf(v)
where the second equality follows from the fact that f is a linear map. This proves
that f € V*.
Next, we show that p is an antilinear map. To do this, let f, f/ € V* and ¢ € C.
Also, let v € V. Then

~

P
= [p(f) + p(f")](v) (143)
Also,

= [ep(N](v). (144)
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(143) and (144) show that p is antilinear.

Lastly, we need to show that p is an (antilinear) isomorphism. For this, let
f € ker p and suppose that p(f) := f = 0. In other words, f(v) := f(v) = 0 for all
v € V. Clearly, this implies that f(v) = 0 for all v € V. In other words, f = 0.
This proves that ker p = {0}. Hence, p is one-to-one.

To show that p is onto, let g € V*. Define f: V — C by f(v) := g(v) for all
veV. Letv,v’ € Vand ¢ € C. Since g(v+v") = g(v)+g(v'), the above calculation
implies that

flo+0) = fv) + f().
On the other hand, since g(cv) = €g(v), the above calculation implies that f(cv) =
cf(v). This shows that f € V*. Since

f(v) = f(v) = g(v) = g(v)
for all v € V, we see that p(f) = g. This proves that p is onto. Hence, p is an
antilinear isomorphism. This in turn implies

dimV* =dimV* =dimV
where the last equality follows from Theorem 8.2. O

Remark 9.41. Theorem 9.40 justifies the notation V* for the antidual
space. Every element of V* is obtained by conjugating an element of V*.

Here is the complex version of Theorem 9.36:

Theorem 9.42. Let (V, (-,-)) be a complex inner product space. Let
vV = V*

be the map which sends w € V to the anti-1-form 1, € V* defined by
Uy = (,u). In other words, ¥, (v) = (v,u) for all v € V. Then ¢ is
a vector space isomorphism. In particular, for any f € V*, there exists a
unique u € V. such that f(v) = (v,u) for allv e V.

Proof. The proof is quite similar to the proof of Theorem 9.36. However, there
are some differences since the inner product here is conjugate symmetric. This is
the reason why the image of ¢ is in V* as opposed to V*.

Let uw € V. First, we verify that 1, is indeed an anti-1-form. To do this, let
v,v' € V and ¢ € C. Then

(v +0") = v+ u)
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and
Yy (cv) = {cv, u)
= ¢(v, u)
=Ty (U)v

where the second equality follows from Proposition 9.20. This proves that 1, € V*.

Next, we need to show that ¢ : V' — V* itself is a linear map. Since ¢(u) := 1)y,
we need to show that

wulJruz = 'l/}ul + wuza 1/qu1 = CQ/JUI (145)
for all uy,us € U and ¢ € C. To do this, let v € V. Then

Vuyus (V) = (0, U1 + ug)
= (v,u1) + (v, ua)
= Y, (V) + thu, (V)
= (Yu, + u,)(v) (146)

and

Yeu, (V) = (v, cuq)
= c({v,uy)
= c(¢u, (v))
= (cPu,) (v), (147)

where we recall that there is no conjugation when the scalar is pulled from the
second argument of a Hermitian inner product. (146) and (147) then imply (145).

Lastly, we need to show that 1) is a vector space isomorphism. In other words,
we need to show that kert¢) = {0} and im ) = V*. Let u € kert). Then 1, (v) :=
(v,u)y = 0 for all v € V. Since all inner products (including Hermitian ones) are
positive definite (by definition), it follows that v = 0. This proves that ker ¢ = {0}.
To show that im ¢ = V*, first observe from the Rank-Nullity Theorem (Theorem
5.60) that

dimV = dimker ¢ + dimim ¢ = dimim .

Since dim V* = dim V (by Theorem 9.40) and im 1 is a subspace of V*, it follows
readily that im ¢ = V*. This completes the proof.

O

9.6. Adjoint Linear Maps

In this section, the term inner product space will refer to either a complex inner
product space or a real inner product space. When we want to emphasize one over
the other, we will do so explicitly. In this section, we introduce the idea of the
adjoint map, which requires two ingredients for its construction: an existing linear
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map ¢ : V — V and an inner product on V.

Definition 9.43. Let (V,(-,-)) be an inner product space (complex or real)
and let ¢ : V. — V be a linear map. The adjoint of ¢ is a linear map
©* : V = V satisfying the condition {p(v),w) = (v, p*(w)) for allv,w € V.

Our goal now is to show that the adjoint map always exists and is unique. The
following lemma is a key step towards this goal.

Lemma 9.44. Let (V,(-,-)) be an inner product space and let ¢ : V — V be
a linear map. Suppose @ : V. — V is a map (not necessarily linear) which
satisfies

(p(v), w) = (v, B(w)). (148)
Then @ is necessarily unique and linear. In other words, ¢ is the adjoint
map ¢* of ¢ with respect to the inner product (-, -).

Proof. Let F = C or R and let (V,(-,+)) be an inner product space over F.

Suppose that  : V' — V is a map (not necessarily linear) which satisfies (148).
We first show that the map @ is unique. So let us suppose that ¢ : V. — V is
another map which satisfies

(p(v), w) = (v, p(w))
for all v,w € V. This implies that

(v, B(w) ~ G(w)) = 0 (149)
for all v,w € V. Setting v = p(w) — P(w) gives
(P(w) = o(w), p(w) — p(w)) =0 (150)
for all w € V. The positive definiteness of the inner product then implies
P(w) —p(w) =0 (151)

for all w € V. Hence, ¢ = ¢ which proves the uniqueness claim.

Lastly, we show that @ is linear. Let wq,ws € V. Since § satisfies (148), we
have

wi) + P(ws)) (152)
for all v € V. (152) thus implies

(v, P(w1 + w2) — P(w1) — P(wz)) =0 (153)
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for all v € V. The postive definiteness of the inner product implies
P(wy 4 w2) — P(w1) — P(wz) = 0. (154)

In other words, we have (w1 +wsz) = P(w1) +P(wsz). Now let w € V and let ¢ € F.
Then

(p(v), cw) = (v, P(cw)) (155)

for all v € V. However, we also have

(p(v), cw) = c{p(v), w)
(v, P(w))
v, cp(w)) (156)

for all v € V. (Note that from Definition 9.19, a Hermitian inner product is linear
in its second argument. Hence, if (-, -) is Hermitian, there is no conjugation of ¢ in
the first and third equalities.) Equations (155) and (156) now imply

(v, P(cw) — cp(w)) =0 (157)

for all v € V. The positive definiteness of the inner product then implies that
P(cw) — cp(w) = 0. (158)
In other words, @(cw) = cp(w). This completes the proof that @ is linear. O

Theorem 9.45. Let (V,(-,-)) be an inner product space. Any linear map
¢ : V=V has a unique adjoint map with respect to {-,-).

Proof. Let ¢ : V — V be a linear map.

We first consider the case where (V,{(-,-)) is a real inner product space. Let
w € V be arbitrary. Define a map f,, : V¥ — R by

fuw(v) == (p(v), w)
for all v € V. Since ¢ is linear and a real inner product is linear in both arguments,
it follows that f, is linear. In other words, f,, € V*. By Theorem 9.36, there exists
a unique element of V', which we denote as u,,, such that

Juw(v) = (v, Uy)

for all v € V. Define a map @ : V — V by @(w) := u,,. From the definition of f,
and @, we have

(p(v), w) = (v, P(w)).
Lemma 9.44 now implies that ¢ is both linear and unique. Hence, ¢p® := ¢ is the
unique adjoint map of . This completes the proof of the real case.

The complex case is proved in a similar manner. Let (V,(-,-)) be a complex
inner product space. As before, let w € V' be arbitrary and define f,, : V. — C by

fu(v) = (p(v),w)
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Note that this time f, is not linear, but antilinear. In other words, f, € V*.
Indeed this follows from the linearity of ¢ and Proposition 9.20 which shows that a
Hermitian inner product is antilinear in its first argument. By Theorem 9.42; there
exists a unique element of V', which we (again) denote as u,,, such that

fuw(v) = (v, uw)

for all v € V. As before, define a map @ : V — V by @(w) := u,,. By construction,
we again have

(p(v), w) = (v, B(w)).
Lemma 9.44 once again implies that @ is both linear and unique. Hence, ¢® := @
is the unique adjoint map of ¢. This completes the proof for the complex case. [

What happens if one takes the adjoint of the adjoint? The answer is given by the
following result:

Corollary 9.46. Let (V,(-,-)) be an inner product space and ¢ : V — V be
a linear map. Then (p*)* = .

Proof. Let ¢* : V — V be the (unique) adjoint map of ¢. From the definition of
the adjoint map, we have

(p(v), w) = (v, " (w)) (159)
for all v,w € V.

First consider the case where (V,(:,-)) is a real inner product space. Since a
real inner product is symmetric, we have

(w, p(v)) = (¢*(w), v) (160)

for all v,w € V. From the definition of the adjoint map, (160) shows that ¢ is
an adjoint map of ¢*. However, by Theorem 9.45, the adjoint of a linear map is
unique. From this, we conclude that (p*)* = .

Now suppose that (V,(-,-)) is a complex inner product space. Taking the
conjugate of both sides of (159) and then applying the conjugate symmetry of
a Hermitian inner product once again gives (160). The same reasoning as in the
real case implies that (¢*)* = . This completes the proof. O

The following results tells us how to compute the adjoint map practically:

Theorem 9.47. Let (V,(-,-)) be a real inner product space and let B be

an orthonormal basis on V. For a linear map ¢ : V. — V, the matriz

representations of ¢ and ® with respect to B are related by [0 = [p]%.
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Proof. Let B = {z1,...,2,} be an orthonormal basis on V with respect to (-,-).

Let a;; denote the (7, j)-element of the matrix representation [p]|z. Also, let b;;
denote the (i, j)-element of the matrix representation [¢?]s. By definition,

play) =Y aim;
=1
and
n
0 (x5) =Y bijwi.
=1

From this, we have

n

(plei),x5) =Y (aniwn, x5)

k=1

n
= akilwr, z;)
k=1

= Qji,

where the last equality follows from the fact that B is an orthonormal basis. Like-
wise, we have

n

(@i, 0" (7)) = Y (@i, brje)

k=1
= Z brj (i, Tk)
k=1
= by;.
Since
(i), w5) = (i, " (25)),
we conclude that b;; = a;;. Hence, [p*]s = [¢]§. This completes the proof. O

Theorem 9.48. Let (V, (-, )) be a complex inner product space and let B
be an orthonormal basis on V. For a linear map ¢ : V. — V, the matriz
representations of ¢ and ¢® with respect to B are related by [0 = [¢]%,
where [} denotes the conjugate transpose of [¢]g.

Proof. Let B = {z1,...,2,} be an orthonormal basis on V with respect to (-,-).

Let a;; denote the (4, j)-element of the matrix representation [p]|z. Also, let b;;
denote the (i, j)-element of the matrix representation [¢?]s. By definition,

o(r) = aijz;
i=1
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and
n
¢ (x) = Y bijas.
i=1
From this, we have

(p(xi),z5) = ) (akiw, ;)

M- 10

ATk, )

1

| >
Il

Il
s
S
S

where the last equality follows from the fact that B is an orthonormal basis and by
Proposition 9.20. Likewise, we have

n

(i, 0" (25)) = D (@i, bijwr)

k=1
n
= brj(wi, o)
k=1
= by;.
Since
<90(x74)7 xj> = <£E7;, @a(xj)>a
we conclude that b;; = @;;. Hence, [¢®]g = [¢]}s. This completes the proof. O

Example 9.49. Let A be any n X n complex matriz and let (-,-) denote the
standard Hermitian inner product on C™, that is,

(u,v) = (4)*0
for all @, v € C", where the elements of C™ are expressed as column vectors
and (@)* denote the conjugate transpose of u. Let S = {€1,...,e,} denote
the standard basis on C". Then S is an orthonormal basis with respect to
(-,). Let ¢ : C" — C™ be the matriz transformation associated to A, that
is, p(U) = AY. The matriz representation of ¢ with respect to S is simply

[¢ls = A. By Theorem 9.48, we have [p®|g = A*. This in turn implies that
(V) = A*v.
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Example 9.50. Let R[x]s denote the vector space of real polynomials of
degree 2 or less. Let B = {x?,z,1} and let

()= ()
be the unique inner product on Rlz]s for which B is an orthonormal basis.

Let D be the linear map from Rlz|y to itself given by D = % + 1. Then the
matrix representation of D with respect to B is

1 0 0
[D]g = 2 1 0
0 1 1

By Theorem 9.47, the matrix representation of the adjoint of D with respect
to B is
1 2 0
D=0 1 1
0 0 1
Hence, D* acts on the basis elements as follows:
D%(2?) =2, D%=z)=22%+z, D*(1)=zx+1.
As an additional check of Theorem 9.47, observe (for example) that
<D($2), $2> = <I2 + 2z, $2> = <$2,$2> = <$27 Da(x2)>
and

(D(z?),z) = (x® + 22,2) = 2 = (2?,22° + z) = (z?, D*()).

9.7. Self-adjoint maps

As in the previous section, the term inner product space will refer to either a com-
plex inner product space or a real one. When there is a need to single out one over
the other, we will do so explicitly. We begin with our main definition:

Definition 9.51. Let (V,{(-,-)) be an inner product space. A self-adjoint
map is a linear map ¢ : V. =V such that ¢* = ¢.

Remark 9.52. Self-adjoint maps turn out to play an important role in quan-
tum mechanics. In quantum mechanics, a system is modeled by a certain
type of complex inner product space and the observables of the system (i.e.
the quantities that one measures like the position or momentum of an elec-
tron) are modeled by self-adjoint maps. Unlike the vector spaces that we deal
with in this book, the complex inner product spaces in quantum mechanics
are generally infinite dimensional.
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The matrix representations of self-adjoint maps are given by the following results:

Proposition 9.53. Let (V,{-,-)) be a real inner product space and let B be
an orthonormal basis on V. Then a linear map ¢ : V. — V is self-adjoint if
and only if [p]g is a symmetric matriz.

Proof. Let ¢ : V — V be a linear map. By Theorem 9.47, we have [p]5 = [¢]5.
Consequently, one obtains the following equivalence:

o = < [¢]5 = [¢]B.

This completes the proof. ([

Proposition 9.54. Let (V,(,-)) be a complex inner product space and let B
be an orthonormal basis on V. Then a linear map ¢ : V. — V is self-adjoint
if and only if [¢]|g is a Hermitian matriz.

Proof. Let ¢ : V — V be a linear map. By Theorem 9.48, we have [p]; = [¢%]5-
Consequently, one obtains the following equivalence:

¢ =9 = [yl = [¢ls

This completes the proof. O

Example 9.55. Consider the complex vector space C™ where all vectors
are expressed as column vectors and let (-,-) denote the standard Hermitian
inner product on C™, that is, (4,7) = (€)*T for u,v € C". Let A be any
Hermitian matriz and let i : C™* — C™ be the linear map defined via (0) :=
Av. The standard basis S on C" is then an orthonormal basis and [1)]s = A.
By Proposition 9.54, ¥ is self-adjoint with respect to (-, -).

We now prove our main result for self-adjoint maps on a complex inner product
space. We will then use this result to deduce a similar result for real inner product
spaces. This is a good example of how one can gain insight into real structures by
first studying their complex counterparts.
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Theorem 9.56. Let (V,(-,-)) be a complex inner product space and let ¢ :
V =V be a self-adjoint map.

(i) Every eigenvalue of ¢ is real.
(i) If X and X' are distinct eigenvalues of ¢ and v and v’ are eigenvectors
of ¢ associated to A and N respectively, then (v,v") = 0.
(iti) There exists an orthogonal basis on V' which consists entirely of eigen-
vectors of ¢. In particular, p is diagonalizable.

Proof. (i): Suppose X is an eigenvalue of ¢ and v is an eigenvector of ¢ associated
to A. Since p® = ¢, we have

(p(v),v) = (v, (v))
(A, v) = (v, \v)
AMw,v) = Mo, v).
Since v # 0, we have (v,v) # 0 which in turn implies that A = A\. From this, we
conclude that A € R.

(ii): Suppose that A and X are distinct eigenvalues of ¢ and v and v’ are their
associated eigenvectors respectively. Then

(p(v),v) = (v, (V)
v, v") = (v, \'v')
Mo, v") = N(v,v"),

where we use the fact that X is real in the third equality. Since A # X, it follows
immediately that (v,v") = 0.

(iii): We will prove this by induction on dim V. For dimV = 1, let ¥ be any
nonzero vector of V. Then {v} is a basis of V which is also orthogonal (since any
set consisting of a single nonzero vector is orthogonal in a trivial way). Since every
element of V is a scalar multiple of v, we also have ¢(v) = Av for some A € C.
Hence, {v} is our desired basis. This proves (iii) for the 1-dimensional case.

Now let (V,(-,)) be a complex inner product space of dimension n and assume
that (iii) holds for all complex inner product spaces of dimension less than n. Here
at last is where we really need to make use of the differences between the field of
complex numbers and the field of real numbers. Let p(z) denote the characteristic
polynomial of ¢. Since V' is a complex vector space, p(z) is then a complex poly-
nomial (i.e. its coefficients are all elements of C). Recall that the Fundamental
Theorem of Algebra (Theorem 5.3) says that any complex polynomial has a zero
or root which lies in C. This implies that p(z) has at least one root. However, the
roots of p(x) are simply the eigenvalues of ¢. Hence, ¢ has at least one eigenvalue.
Let E) denote the eigenspace of ¢ associated to A, that is, E is the subspace of V'
spanned by the eigenvectors of ¢ associated to A. Since eigenvectors are nonzero by
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definition, it follows dim E\ > 1. If dim F) = dim V, then we are done. Indeed, in
this case, we have E\ = V which immediately implies that any basis of V' must con-
sist entirely of eigenvectors of ¢. Consequently, using the Gram-Schmidt process,
we can construct an orthogonal basis on V' which consists entirely of eigenvectors
of ¢. So let us instead suppose that dim F\ < dim V. For this case, let

V= E)J\‘

be the orthogonal complement of E) with respect to (-,-). By Theorem 9.31, we
have

V=FE\® V.
In particular, V' is a nonzero vector space with
dimV’' =dimV —dim Ey =n —dim E) < n.

We now show that (V') C V'. Let v € E and let v/ € V'. Then

(e(v), ) = (
=@\

This shows that p(v') € V' := Ey-. Hence, ¢ maps V' into V.

Let (-,-)’ be the restriction of (-,-) to the subspace V' of V. Then (V’, (-,-)’) is
a complex inner product space of dimension less than n. Let ¢’ be the restriction
of o to V'. Then ¢’ : V! — V' is a self-adjoint map on (V’, (-,-)’). By the induction
hypothesis, there exists an orthogonal basis B’ of V' which consists entirely of
eigenvectors of ¢'. Of course, any eigenvector of ¢’ is also an eigenvector of (.

Next, let (-,-)» be the restriction of (-,-) to Ey. Then (Ej,(-,-)x) is also a
complex inner product space. Hence, we can construct an orthogonal basis on FE.
Let By be any orthogonal basis on E) and let

B:=B,URB.

Then B consists entirely of eigenvectors of . Moreover, since V = E) & V', it
follows readily that B is also a basis of V. Also, observe that since B) C F) and
B C V':=(E))", it follows that every element of B is orthogonal to every element
of B’. In addition, since By and B’ are also orthogonal sets, it follows that B is also
orthogonal. This completes the proof of (iii). O
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Theorem 9.57. Let A be an n X n Hermitian matriz.

(i) The eigenvalues of A are real.

(i) If \y and Aa are distinct eigenvalues of A and U1 and U2 are eigenvectors
of A associated to A1 and Ao respectively, then (U1)*02 = 0, where
U1, U9 € C™ are expressed as column vectors.

(iti) A is diagonalizable by a unitary matriz, that is, there exists a unitary
matriz P such that P*AP is a diagonal matriz.

Proof. Let (-,-) denote the standard Hermitian inner product on C", that is,
(v, @) = (0)"w

for all v, € C™, where the elements of C" are expressed as column vectors. Let
1 : C* — C™ be the linear map defined by ¢ (¥) := A¢. From Example 9.55,
1 : C" — C" is a self-adjoint map on (C", (-, -)).

Let S denote the standard basis on C™. Then the matrix representation [¢]s =
A. By Theorem 6.40, v and A have the same eigenvalues. Theorem 9.56 now
implies that the eigenvalues of A are all real. This proves (i).

Suppose A1 and Ao are distinct eigenvalues of A and ¢, and ¥, are eigenvectors
of A associated to A\; and Ao respectively. From the definition of v, ¥; and ¥y are
also eigenvectors of ¥ associated to distinct eigenvalues. By Theorem 9.56, we have

0 = (th, Vo) = (T1)*tha.

This proves (ii).

Statement (iii) of Theorem 9.56 implies that C™ has an orthogonal basis which
consists of the eigenvectors of 1. Of course, from the definition of 1, every eigen-
vector of 1 is also an eigenvector of A. Let

B:= {61,...717n}

be this basis. Here, the term “orthogonal” means orthogonal with respect to the
standard hermitian inner product on C". Hence, for ¥; and ¥; with ¢ # j, we have

(5, ) = (8)°%; = 0.

Furthermore, by normalizing each of the basis vectors, we may further assume that
B is an orthonormal basis. Hence,

(U3, ) = (03)*0; = 1

fori=1,...,n. Let P be the n x n matrix whose ith column is ¢;. Then it follows
that P*P = I,,. In other words, P is unitary. Let A; be the eigenvalue associated
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to the eigenvector ;. Then
AP = (Avy,. .., Ad,)
= (MU, Antn)
= PD, (161)

where D is the n x n diagonal matrix whose ith element is A;. (161) now implies
P*AP = D. This prove (iii). O

Example 9.58. Consider the Hermitian matrix

1 241
A_<2—i 3 >

By Theorem 9.57, A has real eigenvalues and is diagonalizable by a unitary
matriz. Let us verify this by direct calculation. The characteristic polyno-
mial of A is found to be

p(z) = 2% — 4z — 2.

The eigenvalues of A are then 24++/6 and 2—/6. The eigenvectors associated
to 2+ /6 and 2 — /6 are respectively

o 2+i oo 2t
1 — 1+\/6 ’ 2 — 1*\/6 °

Clearly, this is a basis on C2. Theorem 9.57 also states that the eigenvectors
associated to distinct eigenvalues are orthogonal with respect to the standard
Hermitian inner product. This is indeed the case:

()T = (2—49)(2+14) + (1 +V6)(1 —V6) =5+ (—5) = 0.

Let iy := v/ ||01]| and s := o/ ||U2]| be the normalization of U7 and s
respectively and let P be the 2 X 2 matrix whose first column is iy and whose
second column is iy. Then one has

2+v6 0 >

P*AP =
( 0 2 -6

We now apply the results of the complex case to the real case.

Theorem 9.59. Let A be a real n X n symmetric matric.

(i) The eigenvalues of A are real.
(i) If \y and Ay are distinct eigenvalues of A and ¥y and Us are eigenvectors
of A associated to A1 and X\ respectively, then vy - U5 = 0.
(iii) A is diagonalizable by an orthogonal matriz, that is, there exists a (real)
orthogonal matriz P such that PT AP is a diagonal matriz.
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Proof. Since R C C and A is a real symmetric matrix, A is automatically a
Hermitian matrix. By Theorem 9.57, all the eigenvalues of A are real. This proves
(i)

For (ii), suppose that A\; and Ao are distinct eigenvalues of A and ¢ and v
are eigenvectors of A associated to A; and A respectively. By statement (ii) of
Theorem 9.57, we have

T —
1 V2

— —

102

U

Il
<

—

1)U

I
O —

where 7] and ¥, are regarded as column vectors and we use the fact that o] = (v7)*
since ¥, € R™. This proves (ii).

For (iii), let A is an eigenvalue of A and let ¥ be an eigenvector of A associated
to A. Since A is viewed as a Hermitian matrix, the eigenvectors of A (for the
moment) should be regarded as elements of C™. We can decompose the eigenvector
¥ into its and imaginary parts:

¥ = Re(¥) + i Im(?),

where Re(?) and Im(%) are elements of R™. Since ¥'is an eigenvector of A associated
to A, we have

AU =\
ARe(7) + i Alm(7) = ARe(7) + 7 \Im(7) (162)

Of course, the real parts on the left and right sides of (162) must be equal. Likewise,
the imaginary parts on the left and right sides of (162) must be equal. Since A is
a real matrix and A € R, it follows that

ARe(7) = ARe(?0),  AIm(?¢) = Mm(7).

From this, we conclude that if @ € C™ is an eigenvector of A, then Re(?) and Im(7)
are also eigenvectors of A.

By statement (iii) of Theorem 9.57, there exists an n X n matrix P (possibly
complex) such that P~! = P* and P*AP is diagonal. These two conditions imply
that the columns of P form a basis on C™ which consists entirely of the eigenvectors
of A. Let

U1, U2y ..., Up (163)
denote the columns of P. Since each v; is an eigenvector of A, the above argument
implies that the following real vectors are also eigenvectors of A:

D :={Re(?}), Re(v),...,Re(vy), Im(vy), Im(Ta),...,Im(d,)}. (164)

Since (163) is a basis of C™ and ¥} is a C-linear combination of Re(v;) and Im(%};) for
j=1,2,...,n, it follows that (164) must span C™. This in turn implies that (164)
must contain a basis of C™. Let D; C D denote this basis. We have thus found a
basis of C™ which consists of real eigenvectors of A. Since D is linearly independent
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over C, it must also be linearly independent over R C C. Hence, D; must also be
a basis of the real vector space R™. Let A\i,..., A\ be the distinct eigenvalues of
A and let Ej; be the (real) eigenspace of A associated to \;. Statement (ii) of
Theorem 9.59 combined with the fact that D; is a basis of R™ implies that

RRZEAI@E)\Z@~-'EBE)\k. (165)

Let By, be any orthonormal basis of Ey, for j = 1,..., k. Then statement (ii) of
Theorem 9.59 along with (165) implies that

E)’::B)\lU"'UB)\,C

is an orthonormal basis of R™ consisting of the eigenvectors of A. Denote the
elements of B by

B:= {fl,...,fn}.

Let @ be the n x n matrix whose jth column is Z;. Then the fact that B is
orthonormal basis which consists of the eigenvectors of A implies that @ is an
orthogonal matrix and QT AQ is a diagonal matrix. This completes the proof of
(iii). O

Example 9.60. Consider the 2 x 2 real symmetric matrix

-1 2
A= .
By Theorem 9.59, A has real eigenvalues and is diagonalizable by an orthog-

onal matriz P. Let us verify this by direct calculation. The characteristic
polynomial of A is then

p(z) = 2% — 3z — 8.

The eigenvalues are then (3++/41)/2 and (3 —\/41)/2. The eigenvectors of
A are found to be

(o) 5o t)

By inspection, we see that Uy -T2 = 0. Let iy = v/ ||01]| and iy = s/ |2 be
the normalization of Uy and vy respectively and let P be the 2x2 matriz whose
first column is Uy and whose second column is ty. Then P is orthogonal and

- 3+§/H 0
PTAP=( "2 g .
2
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Theorem 9.61. Let (V, (-,-)) be a real inner product space and let o : V —
V' be a self-adjoint map.

(i) Every eigenvalue of ¢ is real.
(it) If X and X' are distinct eigenvalues of ¢ and v and v’ are eigenvectors
of ¢ associated to A and N respectively, then (v,v") = 0.
(iti) There exists an orthogonal basis on V' which consists entirely of eigen-
vectors of ¢. In particular, p is diagonalizable.

Proof. Let B be any orthonormal basis on V. Since ¢ is self-adjoint and B is
orthonormal, Proposition 9.53 implies that the matrix representation [¢]g is a sym-
metric matrix. Let A := [p]g. By Theorem 9.59, the eigenvalues of A are all real.
However, the eigenvalues of a linear map and its matrix representation are the same
(see Theorem 6.40). From this, we conclude that the eigenvalues of ¢ are all real.
This proves (i).

Now suppose that A and X\ are distinct eigenvalues of ¢ and v and v’ be
eigenvectors of ¢ associated to A and X\ respectively. Since B is an orthonormal
basis, we have

(v,0) = [v]5 - [v']5

by Proposition 9.16. By Theorem 6.40, [v]s and [v']g are eigenvectors of A := [¢]s
associated to the eigenvalues A and X respectively. Since A is (real) symmetric,
Theorem 9.59 implies that [v]p - [v']g = 0. Hence, (v,v’) = 0. This proves (ii).

By statement (iii) of Theorem 9.59, there exists an orthogonal matrix P such
that PT AP is diagonal. This simply implies that the columns of P form an or-
thonormal basis of R™ which consists entirely of eigenvectors of A. Let

denote the columns of P. Let A; be the eigenvalue of A associated to ¥; and let
v; € V be the unique vector whose coordinate representation with respect to B is
¥y, that is, [v;]p := ¥; for i = 1,...,n. This implies that

Viy.-.,Un

is a basis of V. By Theorem 6.40, v; is also an eigenvector of ¢ associated to the

eigenvalue \; for ¢ = 1,...,n. By Proposition 9.16, we have
(vi,vj) = [vils - [v;]B = T; - T (166)
Since ¥4, ..., U, is an orthonormal basis on R™, (166) now implies vy, ..., v, is an

orthonormal basis on V. This proves (iii). O
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Chapter 9 Exercises

1. Consider the Hermitian matrix

1 1+
A_<1—i 2 >

(a) Compute the eigenvalues of A and the corresponding eigenspaces.
(b) Find a unitary matrix U for which U* AU is a diagonal matrix.

2. Consider the Hermitian matrix

A:< 1' 1—1—2’).
1—12 1

(a) Compute the eigenvalues of A and the corresponding eigenspaces.
(b) Find a unitary matrix U for which U* AU is a diagonal matrix.

3. Test each matrix A below for diagonalizability. If A is diagonalizable, then
find a non-singular matrix P such that P~*AP = D, where D is diagonal.

00 1
A:<;_25);A: 10 -1
0 1 1

4. Show that if a square matrix M is diagonalizable, then so is its transpose M7 .

5. Find an expression for A™ if

Hint: diagonalize A .

6. Let (-,-) be an inner product on R? for which the basis
B= {51752} ={1,1), (1,-1)}

is orthonormal with respect to (-,-). Let & = {€1, €5} denote the standard
basis on R2.

(a) Compute the matrix representation of (-,-) with respect to S: [(-,)]s.
(b) Let ¢ : R? — R? be the linear map defined by

p(€1) =261 + &2, (&) =é1 — 2.

Compute the matrix representation of the adjoint map ¢* with respect
to S: [(pa]s.
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(c) As a test of your calculation, verify the following identity:

(p(e1), €2) = (€1, 9" (€2)).

7. Let (-,-) be an inner product on R? for which the basis
B = {by,b,b5} = {(0,1,-2), (2,-1,0), (1,0,3)}

is orthonormal with respect to (-,-). Let S = {€}, €2, €3} denote the standard
basis on R3.

(a) Compute the matrix representation of (-,-) with respect to S: [(-,)]s.
(b) Let ¢ : R® — R3 be the linear map defined by

p(€1) =2¢e1 +2¢e3, p(e2) =2¢1, p(e3)=¢1+¢é+¢é
Compute the matrix representation of the adjoint map ¢* with respect

to S: [p%]s.
(c) As a test of your calculation, verify the following identity:

(p(e€3), €2) = (€3, p"(€2)).

8. Let R[z]2 be the vector space of real polynomials of degree 2 or less. Let (-, -)
be the inner product on R[z] defined by

(p(z),q(x)) ::/o p(z)q(z)dz.

(a) Construct an orthonormal basis on (R[z]s, (-,-)) by applying the Gram-
Schmidt process to the basis B := {22, 2,1} of R[z]z. Call the resulting
orthonormal basis C.

(b) Let D : R[z]a — R[z]s be the linear map defined by

Dp(z) := 4-p(a) + p(a).
Give the matrix representation of the adjoint map D® of D with respect
to B and the above inner product: [D%]z.

(c) Let ¢ : Rlz]a — R[z]z be the linear map whose matrix representation

with respect to B is

6 —15 —60
= 0 18 48
o 0 6

Calculate the following: (¢(2?),z) and (22, p(x)). What did you find?
(d) Determine conclusively if ¢ is self-adjoint. (Hint: calculate the matrix
representation [¢]c.)
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9. Let C([0,1]; C) be the vector space of continuous complex valued functions on
the closed interval [0,1]. (See Example 9.22.) Define (-,-) by

(fg) == / F@)g(x)da

for f,g € C(]0,1];C). Show that (-,-) is a Hermitian inner product on
C([0,1]; C). (The proof of this is similar to the one given in Example 9.5).

10. Suppose ¢ : V — W is an antilinear map.
(i) Show that ker ¢ is a subspace of V' and im ¢ is a subspace of W.
(ii) As in the linear case, define

Nullity(¢) := dimker¢y,  Rank(y) := dimim ¢.

Show that the Rank-Nullity Theorem still holds for antilinear maps. In
other words, show that

dim V' = Nullity () + Rank(y)

11. Let ¢ : U — V and ¢ : V. — W be antilinear maps. Show that oy : U — W
is a linear map.
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Chapter 10

The Determinant Revisited

The goal of this chapter is to prove the properties of the determinant which were
introduced in Chapter 4. Along the way, we will encounter the explicit formula for
the determinant and establish its equivalence to the recursive definition given in
Chapter 4.

10.1. The Sign of a Permutation
Let S,, denote the set of permutations on the ordered set
{1,2,...,n}.
Recall that an element o € S, is simply a bijective map
oc:{1,2,....,n} = {1,2,...,n}.
From o, we obtain a reordering of the above set:
{e(1),0(2),...,0(n)}.

One can express the information contained in the permutation ¢ as a 2 X n matrix:

The first row of the above matrix represents the inputs and the second row the
corresponding outputs. Let e denote the identity map on {1,2,...,n}. e is called
the identity permutation. Its matrix representation is then

1 2 ... n
1 2 .. n /)

281
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Definition 10.1. A permutation which simply swaps two elements i and j
of the set {1,2,...,n} is a called a transposition and is denoted by (i, 7).

Example 10.2. Consider the transposition (2,5) € Ss on the ordered
{1,2,3,4,5}. Its matriz representation is

1 2 3 45
1 5 3 4 2)°

Intuitively, given any permutation o € S;,, one can obtain the permutation

{e(1),0(2),...,0(n)}

by successively swapping pairs of elements of the set {1,2,...,n}. In other words,
o can be expressed as a composition (or product) of transpositions. This intuitive

fact is proven rigorously in any book on abstract algebra.

Example 10.3. Consider the permutation o € S5 whose matrix represen-

tation 1s
1 2 3 4 5
4 5 2 3 1)°

By scribbling away on paper, we see right away that o is given by the com-
position

o= (1,5)(1,2)(1,3)(1,4),
where we recall that (3,7) : {1,2,3,4,5} — {1,2,3,4,5} are maps (not
points!) which maps i to j and j to i and leaves everything unchanged. Now
one can ask, is this the only way to express o as a product of compositions?
The answer is no. We can also express o as follows:

o= (1,5)(1,2)(1,3)(1,4)(1,3)(1,2)(1,3)(2,3).

Example 10.4. Consider the permutation 8 € S5 whose matrix represen-

tation 1s
1 2 3 4 5
31 2 5 4 )°

With a little thought, we see that (3 is given by the product
B =(1,3)(2,3)(4,5).
We can also express 3 as the product

B =(1,3)(2,3)(4,5)(3,4)(2,4)(2,3)(2,4).

Examples 10.3 and 10.4 illustrate that the expression of a permutation as a prod-
uct of transpositions is not unique. However, notice that both expressions for o in
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Example 10.3 consists of an even number of transpositions while the expressions
for f in Example 10.4 consist of an odd number of transpositions. This is not a

coincidence.

Theorem 10.5. Let o € S,, and suppose
O=TIT T =102 Vs (167)

where T; and y; are transpositions. Then r and s are either both even or
both odd.

From (167), we have
€=T1T2 " TrYs " 7271-

Hence, Theorem 10.5 is equivalent to the following:

Theorem 10.6. The identity permuation e € S, is always expressed as an

even number of transpositions.

The proof of Theorem 10.6 is given in any book on abstract algebra and turns out
to be somewhat lengthy. The point of all this is that one has a well defined notion
of even and odd permutations:

Definition 10.7. Let o0 € S,, and let
O =T1T2" Ty

be any decomposition of o into transpositions. o is called even if r is even
and odd if r is odd.

The sign of o is then given by

sgn(c) = 1 if o is even
Y " -1 ifois odd

Example 10.8. The permutation o in Example 10.3 is even while the per-
mutation B in Example 10.4 is odd. Hence, sgn(c) = 1 and sgn(B) = —1.

10.2. Multilinear Maps

The notion of a multilinear map is a simple generalization of a linear map. We
have already encountered multilinear maps. For example, the inner product is a
multilinear map and, later, we will see that the determinant is a multilinear map.
Without loss of generality, we assume throughout this section that all vector spaces
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are real. Naturally, we begin with the following definition:

Definition 10.9. Let W and V; fori=1,...,k be vector spaces. The map
F:VixVox - xV,—>W

is called a multilinear map (or k-linear map) if F is linear in each of
its k arguments.

More explicitly, the map F in Definition 10.9 is k-linear if for any i € {1,2,...,k}
and any fixed x; € V; for all j # 4, F satisfies the following conditions:

F(z1, .. @1, 00, Tig1, .y Tp) = cF (21,00, 221,0, Ti01, .o, Tp)
and
/
F(xlﬂ"'vxiflvv—‘f_v 7xi+1,"';xn)
/
:F(l‘lw"axi—lavvxi-i-lv"wxn)+F(x1a---7xi—1;v awi-i-la--wxn)

for all c € R and v,v' € V.

Example 10.10. Let V be a (real) vector space and let (-,-) be an inner
product. Define
F:VxV >R

by F(u,v) := (u,v). Then
F(cu,v) = (cu,v) = c(u,v) = cF(u,v)
and
Flu+u',v) = (u+u,v) = (u,v) + (u',v) = F(u,v) + F(u',v)
for all c € R and u,v € V. Likewise, we also have
F(u,cv) = cF(u,v), F(u,v+v") = F(u,v) + F(u,v'), VceR, v, €V.

Hence, F is a 2-linear map.

Let V be any fixed real vector space. We are now going to specialize to k-linear
maps of the form

F:VxVx---xV =W
—_— ——
k copies
Let {b1,...,b,} be a basis on V. Recall that for a linear map ¢ : V.= W, ¢
is completely determined by its values on the basis elements: ¢(b;), i = 1,...,n.

Hence, if ¢ : V — W is another linear map and ¢ (b;) = ¢(b;) for i = 1,...,n. then
1 = . A similar result applies to k-linear maps.
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Theorem 10.11. Let V be a vector space and let F' and G be multilinear
maps with the same range W and domain

VxVx.-..xV.
~—_—

k copies
Let {by,...,b,} be a basis on V. Then F = G if and only if
F(biy, big, .. bi) = Gbiy, biy, . . bi,) (168)
for all indices i1,ia,...,ir € {1,2,...,n}.

Proof. We prove Theorem 10.11 explicitly for the case k = 2. The general case is
proved in exactly the same way. The only difference is that the notation becomes
more cumbersome.

(=): This is immediate. If F' = G, then certainly (168) is satisfied.
(<): Suppose that

F(bi,b;) = G(b;, ;) (169)

for all b;,b; € {b1,...,b,}. Let u,v € V be arbitrary. Then we can express each as
a linear combination of the basis elements:

u=aiby + -+ ayb,

for some «y, B; € R. Since F' is multilinear, we have
F(u,v) = Z a; F(b;,v)
i=1

= ZzaiﬁjF(bi,bj). (171)

i=1j=1

The same calculation applied to G gives

G(u,v) =D > aifiG(bi,bj). (172)

i=1 j=1

Comparing (171) and (172) and using (169) implies F'(u,v) = G(u,v). O

We specialize even further with the following definition:
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Definition 10.12. Let
F:VxVx.-.-xV W
—_———

k copies
be a k-linear map. F is alternating if swapping any two of its arguments
changes the sign of F, that is,
F(ui, .., 0, .05, 08) = —F(v1, ..., 05, .0, U4y .o, V).

Moreover, if W =R, then F is called a k-form on V.

Example 10.13. Consider the vector space R? and define

wy : RZxR? 5 R

=(3) (&)

wo (U, V) := det( Z ; ) = ad — be.

We now verify that wy is a 2-form. First, we verify that wy is alternating,
that is, it changes sign if we swap any two of its arguments (in this case it
only has two arguments):

as follows: for

c a
d b

Now we verify that wy is linear in its first argument. To do this, let r € R

wg(f)’,f[):det< ) =bc — ad = —(ad — bc) = —ws (@, V).

and let
- (7)
T = .
q
Then
=0 = AN a+p c
wg(u—i—xw)—det( b+g d)
=(a+p)d—(b+q)c
= (ad — be) + (pd — qc)
= w2(ﬁ7 17) + WQ(fv ’U)
and

wo (rd, ) = det ( re-c )

rb d
= rad — rbe
= r(ad — be)

—

= Tw2 (ﬁ’ ’U)
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To check the linearity of the second argument, we use the fact that ws is
alternating and the fact that ws is linear in the first argument:

wa(i, T+ &) = —wo (T + 7, )

and

Hence, we have verified that ws is a 2-form on R2.

Example 10.13 shows that the determinant on 2 x 2 matrices is really a 2-form on

R2. In the next section, we will show that the determinant on n x n matrices

for

arbitrary n is an n-form on R™. Before we leave this section, we make a few more

observations:

Proposition 10.14. Let
F:VxVx...xV W
—_————

k copies
be a k-linear map. For all vy,...,vx € V, the following statements are
equivalent:
(1) F is alternating.
(2) Swapping two adjacent elements in F(vy,va,...,v;) results in a sign
change, that is,
F(vl,...,vi,vi_,_l,...,vk) = —F(Ul,...,’Ui_i_l,’l)i,...,’(]k,)

for alli < k.
(3) If v; = viy1 for alli < k, then F(v1,va,...,v;) = 0.
(4) If v; = v; for some i # j, then F(vi,vs,...,v5) = 0.

Proof. (1) = (2). Immediate.
(2) = (3). Suppose v; = v;41 for some ¢ < k. Then

F(viy.o 0 0ig1, 00 0) = F(01, 00 Vi1, Vi oy 0k) = —F (01,000,035 Vg, - -

7Uk)

where the first equality follows from the fact that v; = v;41 and the second equality

follows from (2). This implies

F(vy,v9,...,v05) =0.
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(2) < (3). Replace the ith and (i + 1)th arguments of F(v1,va,...,v;) with
u := v; + v;41 and expand by multilinearity:
F(vyy...,uuy ... vg) = F(vr, ..., 0,04, .00, 0k) + F(01, .., 04, Vi1, - -+, Vk)
+ F(’Uh. s Vi1, Uy e e ,Uk,) +F(U1, ey Vi1, Vi1 e - 7vk).
By (3), the term on the left side of the equation is zero and also the first and fourth
terms on the right side. Hence, the above equation reduces to
F(Ul,...7vi,1}i+17...,’l}k) +F(U17~~~,Ui+17vi,~~~,vk) =0.

From this, we conclude that F(vy,...,0;, 041, ..., 0%) = —=F(v1, ..., 0i11,0i, ..., V).
(3) = (4). Without loss of generality, take i < j. Suppose v; = v;. If j =i+1,
then we have
F(”l;”??"';vk) =0

by (3). So let us suppose that j > i+ 1. Note that v; can be moved to the (i +1)th
spot by swapping adjacent pairs successively a total of j —¢ — 1 times. Since (3)
implies (2), we have

F(u1,v2,...,0, 05,041, ..., V) = (—1)j_i_1F(v1,v2, ey V)

The left side of the equation is zero by (3). Hence, F'(vy,ve,...,vg) = 0.

(4) = (1). Without loss of generality, take ¢ < j. Replace the ith and jth
arguments of F'(vy, vg, ..., v;) with u := v; + v; and expand by multilinearity:

F(oi,...,u, 0w, c0,08) = For, oo, v, 0,000, 08) + F(u, o0 05,000,005, 000, Uk)
+ F(v1, .., Uy ) + F(v1, 00,05, 000,05, 0, UR).

By (4), the left side of the equation is zero and also the first and fourth terms on
the right side. Hence,

F(ui, ..o v, 000,05, .00,08) = —F(01, .., 05, 00, U4y oo, Ug).

Proposition 10.15. Let
F:VxVx...-xV->W
—_——

k copies
be an alternating k-linear map. Let vy,...,vp € V and let 0 € Sk be a

permutation. Then

F(V5(1), Vo (2)s - -+ Vo(k)) = sgn(0)F(v1,v2,...,v).

Proof. Let o € Si be a permutation. Express o as a product of transpositions:

O =Ty -*T2T1.
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To go from F'(vi,va,...,vk) to F(Us(1); Vo(2)s - - - Vo(k)), ONE needs to successively
swap a total of r pairs of the arguments. Since each swap causes a sign change of

F(vy,v9,...,v;), it follows that

F(Vo(1),Vo2)s -+ > Vok)) = (=1)"F(v1,v2,. .., vk).

From the definition of the sign of a permutation, it follows that sgn(o)

From this, we have

F(”o’(l)vvo(Z)a cee avo(k)) = Sgn(J)F(Ulvv27 cee ,’Uk)»

This is a refinement of Theorem 10.11 for alternating multilinear maps:

= (~1)".

k-linear maps with the same range W and domain

VXxVx---xV.
—_
k copies

Let {b1,...,by} be a basis on V. Then F = G if and only if
F(biy,biyy...bi) = G(biy, biyy ... bs,)

for all indices
1< <1 <ig < -+ <1 <.

Theorem 10.16. Let V be a vector space and let F and G be alternating

(173)

Proof. (=) If F =G, (173) is certainly satisfied.
(<) Suppose (173) holds. Let

11,02, ...,0k € {1,2,...,TL}

be arbitrary. Since F' and G are both alternating, it follows from statement (4) of

Proposition 10.14 that if i, = i, for some p # ¢, then
F(biy, biy, ... bi,) = G(biy, biy, ... b5, ) = 0.
Now consider the case where
i1,02,...,i € {1,2,...,n}
are all distinct. Choose a permutation o € Sy such that
lo(1) <lg2) < <lg(k)-
(173) now implies
F(b b biyuy) = G(b
On the other hand, Proposition 10.15 implies that
F(b
G(b

lo(1)) Vlo(2)r """ (1) bia(l)’ s bigu))

ia(l)’bio@)" - bia(k)) = sgn(a)F(bil,biQ, ce blk)
b

o (1)) bia(Q) ye bi(r(k)) = SgH(U)G(bil, b7;2, .

(174)

(175)

(176)
(177)
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(175), (176), and (177) now imply
F(biy,biy, ... bi,) = G(biy, biy, - bsy.) (178)

for the case where the indices iy,14s2,...,ix € {1,2,...,n} are all distinct. We have
now proven that (177) holds for all possible values i1,i2,...,ix € {1,2,...,n}.
Theorem 10.11 now implies that F' = G. (]

Applying Theorem 10.16 to the case of n-forms on an n-dimensional vector space
V immediately yields the following:

Corollary 10.17. Let V' be an n-dimensional vector space and let w and p
be n-forms on V. Let {b1,...,b,}. Then w = p if and only if

W(bl,bg, 0o ,bn) = /J(bl,bQ, o 0 7bn)

10.3. The Determinant as an n-form

Let A be an n x n matrix. In Chapter 4, we defined the determinant as the cofactor
expansion along the first row:
n
det(A) := > (=1)"Fay, det(A[1,k])  forn>2, (179)
k=1
where we recall that A[i, j] denotes the matrix obtained from A by deleting its ith
row and jth column. The determinant of a 1 X 1 matrix (a) was defined to be itself:
det(a) := a. With this last ingredient, the determinant of any n X n matrix can
be computed using (179). For the sake of calculation, this definition is just “ok”.
However, in order to get a deeper understanding of the determinant, the above
definition is not very satisfactory.

In this section, we prove that the determinant is really an n-form on R™. This
turns out to be the correct way to understand what a determinant really is. Once we
establish that the determinant is an n-form, we will be able to derive the properties
of the determinant relatively easily. To begin, let A be an n X n matrix with n > 2.
Also, let @y, ...,d, € R"™ denote the columns of A. For i € {1,2,...,n}, define

Wi (@, dn) = Y (=1) " Fay det(Ali, k]) (180)
k=1

Note that the right side of (180) is the cofactor expansion along the ith row of A.
To simplify notation, we will also write
w(A) == (a@y,... dn). (181)

From (179), we have
w(A) = det(A) n>2. (182)



10.3. The Determinant as an n-form 291

The goal for this section is the following result:

)

Proposition 10.18. For anyi € {1,2,...,n}, w,(zi is an n-form on R™. In

particular, the determinant is an n-form on R™.

Proof. We will prove this by induction on n. For n = 1, there is nothing to prove.
Consider the n = 2 case. Let
a c
A= .
(3 )

For the n = 2 case, we have two 2-forms: w%l) and w

find

52). By direct calculation, we
wél)(A) = wéQ)(A) =ad — be.
The calculation carried out in Example 10.13 shows that wél) and wéQ) are 2-forms
on R2. Now let us suppose that the result holds for the n — 1 case form some n > 3.
Now let A be an n x n matrix. By definition,

n

Wi (A) = S7(~1)*Fay, det(Ali, k).

k=

[

Since the A[i, k]’s are (n—1) x (n—1) matrices, we can rewrite the above expression
using (182):

n

Wi (A) = (-1 Fagw, (Ali k).
k=1

Let ¥ € R™ and let r € R. Let A’ be the matrix obtained from A by replacing the

jth column by ¢ and let A” be the matrix obtained from A by replacing the jth

column by @; + rvi. To prove that wg) is multilinear, we need to show that

w(A") = W (A) + rw (A", (183)

Let v, denote the kth component of ¥. Also, let a},; and a; denote the (k, [)-element
of A’ and A” respectively. Note that for k =1,2,...,n

agl = ay = ap, forl#j (184)
and
Uhj = Vky  Qp; = A + TV (185)

Also, observe that for k =1,2,...,n

Alk, j] = A'lk, j] = A"[k, j]. (186)
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Expand w! (A” ) as follows:

n

WSP(A”) :Z( 1)z+k ;/kw(l) (A//[i,k])

k=1
= (=17 (a;; + rvi)wy, (1) (A", 4] —I—Z ”kalkw U (A"[i, K]).
k#j
(187)
Using (186), the first term in (187) can be rewritten as
(=17 Fagieor (Ali,3]) + (17 Frog, (A% 1), (188)

Given (185) and the fact that wM | is an (n — 1)-form by hypothesis implies that

n—1
the summation term in (187) can be expanded as

D (1) anw, )y (Al k) 4+ Y (=) anw, )y (AT K. (189)
kA [y
Substituting (188) and (190) into (187) and using (182) gives

SO = S ) aal!), (Al K + 7 3 (<1 a4 K)
k=1 k=1j
= Z(—l)”kazk det(Ali, k]) +r Z 1) a;, det(A'[i, k])
k=1 k=1j

which is the desired result we seek.

Lastly, we verify that wy(f) is alternating. By statement (3) of Proposition 10.14,

it suffices to show that if @; = d;41 for some j < n, then w (A) = 0. So let us

suppose that @; = @;11 for some j < n. Expanding wy(f) (A) gives

wP(A) = f:( 1) ay, det (A4, k])

= S (1) gl (AT k)

k=
= (~1)"™ag i (Ali, 5]) + (~1) g a0 (Al 5 + 1))
3 (=1 agw ) (Ali, k). (190)

k#7,i+1

+

Since d; = d;41, we have A[i, j] = A[i, j+1] and a;; = a; j4+1. This implies that the
first two terms in (190) sum to zero. For the summation in (190), note that A[i, k] for
k # j,j + 1 contains two identical adjacent columns. By the induction hypothesis,
w(l) is an (n—1)-form. This implies that w,(L )1(A[i, k]) = 0 for k # j,j+1. Hence,

the summation term in (190) is also zero. Hence, w,(f)(A) = 0 as desired. O
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Corollary 10.19. w,(}) = wr(f) fori=1,2,...,n.

Proof. By Proposition 10.18, wg) are n-forms on R™ for i = 1,2,...,n. Let

(1. E0) =1 (191)

forv=1,2,...,n. Corollary 10.17 implies that

wl) =@ = ... =),
|
We can now prove half of the Cofactor Expansion Theorem (Theorem 4.10):
Corollary 10.20. Let A be an n X n matriz with n > 2. Then for i =
1,2,....n
det(A) = Z(—l)kJriaik det(A[i, k]).
k=1
Proof. Using (182) and Corollary 10.19, we have
det(A) = wlV(A)
= w0, (4)
= 3~ 1) ag det(Afi, K.
k=1
(|

Let A be an n X n matrix with n > 2 and let @; be the ith column of A. To
emphasize that the determinant is really an n-form, we will occasionally write

det(d’l, (3:2, e ,d’n) = det(A)

We conclude this section with a proof of the behavior of the determinant under
column operations (see Theorem 4.15):
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Corollary 10.21. Let A be an n X n matriz with n > 2 and let d; denote
the ith column of A.
(i) Let Ay be the matriz obtained from A by swapping columns @; and @,
for i # j. Then det(A;) = — det(A).
(i) Let A be the matrixz obtained from A by replacing a; by cd; for c € R.
Then det(Az) = cdet(A).
(11i) Let As be the matriz obtained from A by replacing the jth column by
ra; +d; forr € R and i # j. Then det(As) = det(A).

Proof. For (i), take i < j without loss of generality. Then we have

det(Al) = det(&'l,...,d'j,...,(ii,...,(ik)
= — :det(c’il,...,di,...,c?j,...,d'k)
—det(A).

For (ii), we have

det(Ag) = det(&:l,&é, N ,CEL}, N ,C_ik)
= cdet(d’l,d’g,. .. ,C_ii,‘ .. ,C_ik)
= cdet(A).

Lastly, for (iii), take ¢ < j without loss of generality. Then we have

det(As) = det(ay, ..., d;,...,cd; +dj,...,dx)
=cdet(d1,..., ..., sy ..,04) +det(@,...,a4;,...,d;5,...,0d)
=0+det(dr,...,d;,...,dj,...,04%)
= det(A).

O

To use an old tired saying, understanding the determinant via (179) is a case of
missing the forest for the trees. It is only after coming to the realization that the
determinant is an n-form does the forest finally comes into view.

10.4. Explicit Formula

Let A be an n x n matrix with n > 2. Let d@; denote the ith column of A and let
a;; denote the (i, j)-element of A. Also, let € denote the ith standard basis. Then

n
a; = E Ajj€q.
i=1
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In the last section, we showed that the determinant is an n-form on R™ which takes
the value 1 on the standard basis. Let us expand det(A) using multilinearity:

det(A) = det(Eil, C_ig, ey (_L'n)

= Z Z Z aillai22~--ainn det(é’il,é}w...7é}n). (192)

i1=lia=1  i,=1
Consider an arbitrary term in the sum:
Aij1Q552 " Qjn dct(eil 3 Cigy ey ein). (193)

Each of the above indices iy, K = 1,2,...,n, can take on any value from 1 to n.
Since the determinant is an n-form, if there is any repetition in the set

ilviQa"'aina (194)

then (193) is exactly zero. Hence, the potentially nonzero terms in the sum (192)
are those for which (194) is a permutation of 1,2,...,n. Hence, for each of these
terms, there is a unique permutation o € S,, such that

ir=0(k) fork=1,2...,n. (195)
If (193) consists of entirely distinct indices, then by Proposition 10.15, we have
SEN(0) A (1)100(2)2 * * * Ao(n)n det(€1, €2, . . ., Ep). (196)

Moreover, since the determinant takes the value 1 on the standard basis (in other
words det([,) = 1), (196) can be further simplified to

Sgn(a)aa(l)laa(2)2 Qo (n)n- (197)

Hence, every potentially nonzero term in (192) is of this form for some unique
o € Sp. So by throwing out the terms with repeating indices in (192) (which are
zero) and rewriting those with distinct indices in the form of (197) yields the ex-
plicit formula for the determinant:

Theorem 10.22. Let A be an n x n matriz. Then

det(A) = Z 591(0) 00 (1)100(2)2 * * * Co (n)n-
g€ESy

We now give an alternate proof of Theorem 4.23 using the explicit formula for the
determinant:

Theorem 10.23. Let A be an n x n matriz. Then det(AT) = det(A).
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Proof. Let a;; denote the (4, j)-element of A. Also, let B = AT and let b;; denote
the (4, j)-element of B. Using Theorem 10.22, we have

det(AT) = det(B)

= Z Sgn(a)ba(l)lbo(Q)Q T ba(n)n
o€eS,

= Z g (0)a15(1)020(2) " Ano(n)- (198)
0ESy

Consider an arbitrary term in the sum:

Sgn(a)ala(l)aQU(Q) © Qpo(n)- (199)

Let 0! be the inverse map of 0. Note that sgn(c—1) = sgn(o). Using this fact, we
can rewrite the above term as

SE(0 1) g-1(0(1))0 (1) G0 1 (0(2))0(2) *** Go—1 (o(n))o(n) (200)

As sets, {0(1),0(2),...,0(n)} and {1,2,...,n} contain the same elements. (The
only difference, of course, is the order of these sets.) So by simply rearranging the
factors in (200), we see that (200) can be rewritten as

Sgn(ofl)agqlagil(z)g S Qo—1(n)n- (201)

Using (201), we can rewrite (198) as

det(AT) = Z sgn(ail)aaﬂlagﬂ(g)z “Qo-1(p)n (202)
oES,

Lastly, since the map from S, to itself which sends ¢ to its inverse 0! is a bijection,
it follows that the sum in (202) is equal to

det(AT) = Z Sgn(a)aa(l)laa(2)2 © Qo (n)n (203)
oES,

which is precisely the explicit formula for det(A). Hence, det(AT) = det(4). O

Corollary 10.24. Let A be an n X n matriz for n > 2. Then for j =
1,2,....n

n

det(A) = Y (—1)¥ ay; det(A[k, j]).
k=1
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Proof. Let B = AT. Using Corollary 10.20 and Theorem 10.23, we have
det(A) = det(AT)
= det(B)

(=1)7%b;), det(B[j, k])

I
NE

E
I
-

(=1)7 ay; det(AT[j, k])

I
NE

~
Il
_

(—1)7+*ay; det(Alk, j]T)

I
NE

£
I
-

(—=1)**ay; det(Alk, 5]).

[
NE

~
Il
-

Remark 10.25. Corollaries 10.20 and 10.2/4 prove the Cofactor Expansion
Theorem (Theorem 4.10).

The proof of Theorem 4.15 is obtained by combining Corollary 10.21 with the fol-
lowing result:

Corollary 10.26. Let A be an n X n matriz with n > 2 and let R; denote
the ith row of A.

(i) Let Ay be the matriz obtained from A by swapping rows R; and R; for
i # j. Then det(A;) = — det(A).
(i) Let Ay be the matriz obtained from A by replacing R; by cR; for c € R.
Then det(As) = cdet(A).
(i1i) Let Az be the matriz obtained from A by replacing the jth row by cR; +
R; forc € R and i # j. Then det(As) = det(A).

Proof. Let B = AT and let l_); denote the ith column of B. Then I;Z = RiT. To
prove (i)-(iii), we apply Corollary 10.21 and Theorem10.23.

(i): Let By = AT. Then B is the matrix obtained from B by swapping columns

- -

b; and b;. Hence,
det(A;) = det(AT) = det(B;) = — det(B) = — det(AT) = — det(A).
(ii): Let By = AT. Then B, is the matrix obtained from B by scaling I_); by c.
Hence,

det(Ay) = det(AL) = det(Bs) = cdet(B) = cdet(AT) = cdet(A).
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(iii): Let By = AZ. Then Bj is the matrix obtained from B by replacing
column j by cb; + b;. Hence,

det(A3) = det(A2) = det(B3) = det(B) = det(A”) = det(A).

]

We conclude this chapter with a proof of the multiplicative property of the
determinant (Theorem 4.19).

Theorem 10.27. Let A and B be n x n matrices. Then det(AB) =
det(A) det(B).

Proof. The n =1 case is trivial so let us assume n > 2. To prove Theorem 10.27,
we make use of the fact that the determinant is an n-form on R". Let a@; and
Ei denote the ith columns of A and B respectively. Let a;; and b;; denote the
(i, j)-elements of A and B respectively. Then

det(AB) = det(Aby, Ab,, ..., Aby).
Expand the vector Al;i:
AEZ = by;d1 + boda + - - - + by,

Since the determinant is an n-form (and hence multilinear), we have

n n

det(AB) = Z Z cee Z billbi22 cee binn det(d’il,&'h, ey Eilw) (204)
i1=1

T
Consider an arbitrary term in the sum:
billbiQQ s binn det(d’il 3 EL’,;Q, PN ,ain). (205)

Since the determinant is an n-form, if there is any repetition in the indices i1, iz, . . . , i,
the above term will be zero. Hence, the only terms which contribute to (204) are
those for which {iy,4,...,4,} is equal to {1,2,...,n} as unordered sets. In this
case, there is a unique permutation o € S,, such that

O’(k) = ik.
So if {é1,%2,...,i,} are all distinct, we can use Proposition 10.15 to rewrite (204)
as
Sgn(a)ba(l)lba(2)2 t bo’(n)n det(&‘la 62a R dn) (206)
Since det(A) = det(dy,ds, . .. ,dy), we can further simplify to

sgN(0)be(1)100(2)2 * * * bo(n)n det(A). (207)



Chapter 10 Exercises 299

So discarding all the terms with repeating indices and rewriting those with distinct
indices in the form of (207), we can rewrite (204) as

det(AB) = Y 5g0(0)bo(1)1be(2)2 - bor(myn det(A)
€Sy

( Z Sgn(‘f)bo(l)lba(z)z ce ba’(n)n) det(A)

o€Sn
= det(B) det(A)
= det(A) det(B),

where the second to last equality follows from the explicit formula for det(B). O

Chapter 10 Exercises

1. Let 0 € Sg be the permutation given by
1 2 3 45 6
2 351 4 6)°
Write o as a product of transpositions. What is the sign of o7

2. A p-cycle in S, is a permutation which is a generalization of a transposition.
For example, the 3-cycle (1,3,2) in S5 is the permutation which maps 1 to
3, 3 to 2, and 2 to 1 and maps all other numbers to themselves. Explicitly,

(1,3,2) is given by
1 2 3 4 5
3 1 2 4 5 )°

A transposition is then a 2-cycle. Write a p-cycle (i1,42,...,1p) € S, as a
product of transpositions. What is the sign of a p-cycle?

3. Write every element of S5 using the cycle notation introduced in Problem 2..
Also, determine the sign of each element in Ss.

4. Let V be a real vector space and suppose w is a 2-form on V which satisfies
the following condition:

w(u,v) =0 VYoveV<=u=0.

A 2-form which satisfies the above condition is called nondegenerate or
symplectic. The pair (V,w) is called a symplectic vector space. Show
that if (V,w) is a symplectic vector space, then there exists a basis of V' of the
form

B:{617627"'uen7flaf27"'7fn}

such that
1 ifi=y
‘”(ei’fj):{ 0 ifi#
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6.

7.

10.

and

w(ei,ej) =w(fi, f;) =0, for all i, j.
The basis B is called a symplectic vector space. In particular, conclude
that every symplectic vector space is necessarily even dimensional.

Let (V,w) be a symplectic vector space (see Problem 4.). Let W C V be a
subspace. Define

we ={veV|whw) =0V weW}

W« is called the w-orthogonal complement of .

(a) Show that dim W + dim W% = dim V.

(b) Show that (W«)* = W.

(c) Construct a subspace L of V such that dim L = 3 dimV and L* = L.
Such a subspace is called a Lagrangian subspace of (V,w). (Hint: use
Problem 4.).

(d) Show that in general V is not a direct sum of W and W«. (Hint: use (c)).

Consider the vector space R? and define w(i, ¥) := det(#, ¥) for all @, 7 € R?.
(a) Show that (R? w) is a symplectic vector space (see Problem 4.).
(b) Let &, &, denote the standard basis on R%. Show that €;,é> is a sym-
plectic basis on (R?, w).
(c) Let W; be the subspace spanned by €; for ¢ = 1,2. Show that W; is a
Lagrangian subspace of (R?,w) for i = 1,2 (see Problem 5.)

Let
1 -2 1
A=1 0 2 1
2 1 1
(a) Compute det(A) using the explicit formula for the determinant. (Use
Problem 3.)
(b) Check your answer in (a) by computing det(A) using a cofactor expansion.
Let i, 7 € R? be linearly independent. Show that det(i, ) is the area of the

parallelogram formed from i, ¥.

Let i, U, € R? be linearly independent. Show that det(i, @, ) is the volume
of the parallelepiped formed by i, ¥/, w.

Let V be a real vector space. Let By and Bs be bases of V. B is said to have
the same orientation as By if det(Pg,5,) > 0, where Pg, g, is the transition
matrix from By to B;. We abbreviate the condition of vector space orientation
by writing By ~ Ba.
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(a) Show that By ~ Bj.

(b) Show that if By ~ Bs, then By ~ Bj.

(¢) Show that if Bs is a basis of V' and By ~ Bs and By ~ B3, then By ~ Bs.
Conditions (a) through (c) prove that the idea of vector space orientation is
an equivalence relation, a notion which we will introduce in Chapter 11.






—
Chapter 11

Quotient Vector Spaces

Quotient vector spaces are one of the most common and important constructions in
mathematics for generating new vector spaces from existing vector spaces. Before
we get to the business of actually defining and studying quotient vector spaces, we
would like to take a moment to give some motivation for quotient vector spaces.

One of the most striking applications of quotient vector spaces occurs in a
branch of mathematics called algebraic topology. First, topology is a branch of
mathematics which regards spaces as being made of clay. In other words, in topol-
ogy, spaces can be stretched, compressed, and deformed in a continuous manner.
Two spaces are considered the same in topology if one space can be continuously
deformed into the other without tearing the space in the process. For example, from
the standpoint of topology, a cube is the same as a sphere since one can continuously
deform the cube into the sphere without tearing the cube in the process. On the
other hand, a donut or torus is not the same as a sphere (topologically speaking)
since deforming the sphere into the torus would create tears in the sphere. The pri-
mary question in topology then is to determine when two spaces can be considered
the same from the point of view of clay. In general, this is a very hard question
to answer. It turns out to be somewhat easier to determine when two spaces are
different. This question leads to algebraic topology, which is the application of
abstract algebra to topology. One of the main tools of algebraic topology are cer-
tain objects called cohomology groups. Now the definition of cohomology groups
is far outside the scope of a linear algebra textbook so we will make no effort to
define them. However, the point of cohomology groups is this: two spaces which
produce different sets of cohomology groups cannot be topologically equivalent. At
this point, the reader is no doubt wondering what any of this has to do with quo-
tient vector spaces. The answer is everything! At the end of the day, cohomology
groups, at their most fundamental level, are nothing but quotient vector spaces!
In essence then, quotient vector spaces can be used to distinguish one shape from

303
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that of another. Of course, the details of how this is done exactly is far outside the
scope of this book. Even so, this example does highlight one of the most important
applications of quotient vector spaces. With that said, we now turn to the business
of actually defining and studying quotient vector spaces.

11.1. Quotient Vector Spaces

In this section, we will work our way towards the definition of a quotient vector
space. We begin with the definition of an equivalence relation which generalizes the
notion of equality between two elements in a set.

Definition 11.1. Let S be a set. A binary relation on S is simply a
subset R C S x S. If (a,b) € R, one writes a ~ b. One often suppresses
any mention of R and simply refers to ~ as the binary relation.

An equivalence relation on S is a binary relation ~ which satisfies the
following conditions:

(i) a~a for all a € S (reflexive property)

(ii) if a ~ b for some a,b € S, then b ~ a (symmetric property)
(1) if a ~ b and b ~ ¢ for some a,b,c € S, then a ~ ¢ (transitive property)

For a € S, the set

[a] ={be S |b~a}
is called the equivalence class of a. The element « is said to be a repre-
sentative of [a]. The set of all equivalence classes of S is denoted as S/ ~.
S/ ~ is called the quotient set of the equivalence relation.

Remark 11.2. Let V' be a vector space and let B be a basis on V. Recall
that we denote the coordinate representation of a vector v € V. with respect
to B by [v]g. While this notation is similar to the notation used for equiva-
lence classes, coordinate representations have nothing to do with equivalence
classes. Hence, the reader should not confuse these two ideas. Likewise,
matriz representations have nothing to do with equivalence classes.
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Example 11.3. Let S be any set and let R C S x S be the binary relation
defined by
R:={(a,a) | a € S}.

Clearly, R satisfies the three conditions of Definition 11.1 and is thus an
equivalence relation. Of course, the equivalence relation ~ associated to R
18 mone other than the usual notion of equality. In other words, ~ is simply
= here. The equivalence class associated to a € S is simply the one element
subset [a] = {a}. Hence, the quotient set S/ ~ is simply S in this case.

Theorem 11.4. Let S be a set and let ~ be an equivalence relation on S.
For any a,b € S, there are only two possibilities: [a] N [b] = 0 or [a] = [b].
In particular, S is a (disjoint) union of its equivalence classes.

Proof. Let a,b € S. If [a] = [b], we are done. So suppose that [a] # [b]. We need
to show that [a] and [b] are disjoint sets. Let us suppose this is not the case, that
is, [a] N [b] # 0. Let ¢ € [a] N [b]. From the definition of equivalence classes, we
have ¢ ~ a and ¢ ~ b. By the symmetric property of equivalence relations, we also
have a ~ c¢. The transitive property now implies that a ~ b, which means that
b € [a]. Now let = € [a] be any arbitrary element. By definition, we have  ~ a.
Since a ~ b, we also have  ~ b which in turn implies that x € [b]. Since z € [d]
was arbitrary, we conclude that [a] C [b]. A similar argument shows that [a] D [b].
From this, we conclude that [a] = [b], which is a contradiction. Since we arrived
at this contradiction by assuming [a] N [b] # 0, we conclude that our assumption is
wrong. In other words, [a] N [b] = 0.

For the last statement, let FE := S/ ~ denote the set of all equivalence classes

of S. Let
X = U [a].
laleE

This is a disjoint union by the first statement of Theorem 11.4, that is, given two
distinct equivalence classes [a] and [b], we must have [a] N [b] = 0. Clearly, we have
X C S. Now, let a € S be arbitrary. By the reflexive property, we have a € [a].
Since [a] € E, it follows that ¢ € X, which in turn implies that S C X. From this,
we conclude that X = S. This completes the proof. O

Remark 11.5. The proof of Theorem 11.4 is an example of proof by contra-
diction. Proof by induction and proof by contradiction are two of the most
powerful strategies used in mathematics for proving a claim.

We now have the necessary background to define quotient vector spaces. Let V'
be a vector space and W a subspace of V. Let R}//V C V x V be the binary relation
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given by

Ry = {(v,v") | v,o' € Vand v —v' € W}. (208)
In other words, we write v ~ v’ if and only if v —v" € W. The following result will
prove to be essential to the definition of quotient vector spaces:

Theorem 11.6. Let V' be a vector space and W a subspace of V. Let ~
be the binary relation determined by the set Ry, C V. x V. Then ~ is an
equivalence relation.

Proof. To prove the reflexive property, let v € V. Since W is a subspace of V., W
contains the zero element 0. Consequently, v —v = 0 € W. This shows that v ~ v.

For the symmetric property, let us suppose that v ~ v’ for some v,v’ € V. By
definition, this means that v — v’ € W. Since W is a subspace of V, any scalar
multiple of v — v’ is also in W. In particular, we have

—(v=2")=0v —veW.
From this, we have v/ ~ v.

Lastly, for the transitive property, let us suppose that v ~ v’ and v’ ~ v” for
some v,v’,v” € V. Then v — v’ and v/ — v” are both in W. Since W is a subspace,
the sum of any two elements of W is again in W. In particular, we have

(v=0)+ @ =v")=v—0"eW.

From this, we have v ~ v”. This completes the proof. O

Here (at last) is the definition of quotient vector spaces:

Definition 11.7. Let V be a vector space over a field F and let W be a
subspace of V. Let R% C V xV be defined by (208) and let ~ be the
equivalence relation determined by RI‘,/V. The quotient vector space is the
quotient set V/ ~ equipped with the following vector space structure:

(i) (vector addition) [u] + [v] := [u + v] for all u,v € V

(ii) (scalar multiplication) c[v] := [cv] for allc € F and v € V.
The quotient vector space V/ ~ is denoted as V/W which one reads as “V
mod W7”. The equivalence class [v] represented by v is called the coset of u.

Once again, we would like to stress to the reader that the element [v] € V/W is
an equivalence class and not a coordinate representation of v. (This should be
quite clear since we have not specified any basis and the notion of a coordinate
representation is meaningless without fixing a basis on V.)

Now that we have defined the quotient vector space, we have to actually verify
that V/W is indeed a vector space. However, before we can do that, we first have
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to show that the definition of vector addition and scalar multiplication appearing in
Definition 11.7 is well-defined, that is, it is independent of the choice of equivalence
class or coset representatives. The next result does just that.

Proposition 11.8. Let V' be a vector space over F and let W be a subspace
of V. If [u] = [W/] and [v] = [V'] for some u,u € V and v,v' € V, then

(1) [u+v] =+ 0]

(i1) [cv] = [cv'] for allc € F

Proof. Suppose that [u] = [v/] and [v] = [v] for some u,u’ € V and v,v’ € V.
Let ~ be the equivalence relation on V determined by R}j,. In other words, for
z,y €V, we have z ~ y if and only if xt —y € W.

By Theorem 11.6, ~ is an equivalence relation. Hence, u’ € [u/] by the reflexive
property. Since [u] = [u], we also have v’ € [u] which implies that v’ ~ w. In other
words, wy := u'—u € W. Likewise, since [v] = [v'], it follows that we := v'—v € W.
From this, we have

u’:u+w1, v’:erwg.
Consequently,
(W +v") = (u+v) = (u+w +v+w) — (u+v)
= w1 + wa

ew,

where the last equality follows from the fact that W is a subspace. Hence, v’ +v’ ~
u + v. From this, we have ' + v’ € [u + v]. Since we also have v’ +v" € [u' 4 v'],
we see that [u+v]N[u' +v'] # 0. Since ~ is an equivalence relation, Theorem 11.4
implies that [u + v] = [u’ + v']. This proves (i).
For (ii), let ¢ € F. Then
cv' —cv=rc(v —v)
=c(v+wy —v)
= CW2

ew,

where the last equality follows from the fact that W is a subspace. Hence, cv’ ~ cv.
From this, we have cv’ € [cv]. Since we also have cv’ € [cv'], we see that [cv]N[cv'] #
(). Since ~ is an equivalence relation, Theorem 11.4 implies that [cv] = [cv]. This
proves (ii). O

Now that we know that the vector addition and scalar multiplication operations
are well-defined, it is a straightforward matter to check that the quotient vector
space V/W satisfies all the axioms of a vector space given in Definition 5.4.
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Exercise 11.9. Let V be a vector space and let W be a subspace. Show that
V/W with vector addition and scalar multiplication given by (i) and (ii) in
Definition 11.7 satisfies all the axioms of a vector space (see Definition 5.4).
In particular, show that the zero vector of V/W is simply the coset [0] and
that the additive inverse of a coset [v] is [—v].

For convenience, we record the following simple fact:

Proposition 11.10. Let V be a vector space and let W be a subspace.
(i) The coset of v €V in V/W is

] ={w+v|weW} (209)
(ii) [v] = [0] if and only if v € W.

(209) is often denoted more concisely by writing [v] = W + v.

Proof. For (i), let u € [v] be arbitrary. It follows then that u — v € W. Setting
w = u — v, we have u = w + v. Hence, we have shown

] c{w+v|weW}.
For the reverse inclusion, let w € W be arbitrary and let v’ := w + v. Clearly,
we have v’ — v € W, which implies that v" € [v]. Hence, we have
Pl o{w+v|we W}
This proves (209).
For (ii), we simply observe that
p]=0]<=ve[0]<=v—-0=veW
This completes the proof. ([
What is the dimension of V/W ¢ What does a basis on V/W look like? These

are some natural questions about the quotient vector space. The answers to these
particular questions are given by the following result:

Theorem 11.11. Let V' be a vector space and let W be a subspace. Let
B :={wy,...,wi} be a basis on W and let C := {wy, ..., Wk, T1,. .., Tp_p}
be any basis on V which extends B, where k := dim W and n := dim V.
Then

{[z1], - [on—r]}
is a basis on V/W. In particular, dim V/W = dimV — dim W
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Proof. Let v € V and express v as a (unique) linear combination of the basis C:
v=aiwy + - apwy + by -+ by Tk
From Definition 11.7, we have

[v] = [a1wy + - - apwy + b1y + -+ + by—kTn—k)
= [aywi] + - + [apwg] + [bro1] + -+ [br— ko]
=[0] + -+ [0] + br[wa] + -+ + bp—p[zn—i]
=by[z1] + -+ bp_k[Tr_k]

where the third equality follows from statement (ii) of Proposition 11.10. Hence,
V/W = span{[z1],..., [Tn—k]}-

To complete the proof, we we need to verify that the above vectors are linearly
independent. So suppose that

crlz] + -+ en—klxn—k] = [0]. (210)
(210) can be rewritten as

[c1z1 + -+ + Cp—pZn—gk] = [0].
Statement (ii) of Proposition 11.10 implies that

cx1+ -+ Cp_pXp_p € WL (211)
Since B := {wi,...,wi} is a basis on W and C := {wn,..., Wk, T1,...,Tp_k} I8

a basis on V, (211) implies that ¢; = 0 for ¢ = 1,...,n — k, which proves that
[1], ..., [Tn—k] is also linearly independent. This completes the proof. O

Example 11.12. Let R[z],, denote the vector space of real polynomials of
degree n or less. Consider the vector space R[x]s. Since R[z]s is a subspace
of Rlz]s, we can form the quotient vector space R[z]s/R[x]e. The basis
B = {22, 2,1} is a basis of R[z]o and C = {5, 2*, 23,22, 2,1} is a basis of
R[z]5 which extends B. By Theorem 11.11,

{l=°], [=*], [=°]}
is a basis of Rlx]s5/R[x]z2. By Proposition 11.10, the elements [2], [z], and
[1] are all equal to the zero vector of R[x]s/R[x]s.
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Example 11.13. Let M3(R) be the vector space of 2 x 2 real matrices.
Let A3(R) denote the susbpace of Ma(R) consisting of 2 X 2 anti-symmetric
(or skew-symmetric) matrices. Recall that a matriz A is anti-symmetric if

AT = —A. For a matriz,
a b
A:
(d)

it is easy to see that A is anti-symmetric if and only if a = 0, d = 0, and

b= —c. Hence, a basis for As(R) is

W::(—Ol é)
e (3) v-(01) (1)

Then {W,X,Y,Z} is a basis on M(R). By Theorem 11.11, a basis for
My(R)/A>(R) is [X], Y], and (2]

Let

Let S2(R) denote the subspace of real 2 X 2 symmetric matrices. Observe
that X, Y, and Z is a basis for S3(R). Let

Q : SQ(R) — MQ(R)/AQ(R)

be the natural map which sends a symmetric matriz A to its coset [A] in
M5(R)/A2(R). This map is then a vector space isomorphism. Indeed, for
A, B € S3(R) and ¢ € R, we have

¢(A+ B) :=[A+ B] = [A] + [B] = ¢(4) + ¢(B)
and
p(cA) = [cA] = c[A] = cp(A),

which proves that ¢ is linear. In particular, ¢ maps the basis X, Y, and Z on
Sa(R) to the basis [X], [Y], and [Z] on M3(R)/A2(R), which implies that ¢
is an isomorphism. This shows that modding Ma(R) by the subspace of anti-
symmetric matrices yields a quotient space which is naturally isomorphic to
the subspace of symmetric matrices. In the end of chapter exercises, you
will generalize this result to the n X n case.

We conclude this section with the following definition:

Definition 11.14. Let V be a vector space and let W be a subspace. The
map w : V. — V/W which sends a vector v € V to its coset [v] € V/W is
called the (canonical) projection map.




11.2. The Isomorphism Theorems 311

Proposition 11.15. Let w: V — V/W be the projection map. Then
(i) m is linear
(i) kerm =W

Proof. (i): This follows immediately from the definition of vector addition and
scalar multiplication in V/W. Explicitly, for v1,vs € V and ¢ € F, we have
m(v1 +v2) = [v1 + v
= [v1] + [v2]
= 7(v1) + 7(v2)
and
m(cv1) = [cvq)
= c[v]
= cm(vy).

(ii): Let v € V. By Proposition 11.10, w(v) = [v] = [0] if and only if v € W.
Hence, kerm = W. O

Remark 11.16. The symbol m will not be reserved only for the projection
map. We will typically use m to denote any canonical linear map between
two vector spaces. (For example, see the Second and Third Isomorphism
Theorems in the next section.)

11.2. The Isomorphism Theorems

In this section, we present three canonical isomorphism theorems associated to quo-
tient vector spaces. Throughout this section, we let F = R or C and every vector
space is over [F.

Theorem 11.17 (The First Isomorphism Theorem). Let ¢ : V. — W be a
linear map and let @ : V/ker ¢ — im ¢ be the map which sends [v] € V/kerp
to o(v) € im . Then @ is a vector space isomorphism. (¢ is called the
induced map associated to ¢ on the quotient vector space.)

Proof. The first order of business is to show that ¢ is well-defined. In other words,
we need to show that if [v] = [v'], then

B([v]) = e(v) = p(v') =: &([v']).
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So let us suppose that [v] = [¢']. From the definition of the quotient space V/ ker ¢,
this is equivalent to the statement that

v—1v € kero.
However, this implies that (v —v") = 0. Since ¢ is a linear map, we have
p(v =) = p(v) — p(v) =0,
which in turn implies that p(v) = ¢(v’). Hence, @ is indeed a well-defined map.

Next, we show that ¢ is linear. To do this, let [v1], [v2] € V/kere and let
c € F. Then

and

To show that ¢ is an isomorphism, we first verify that ¢ is injective. To do
this, let [v] € ker ¢. Then

P([v]) = »(v)
=0,

which means that v € kerp. By Proposition 11.10, this implies that [v] = [O].
Hence, ker @ is the zero subspace of V/ker . From this, we conclude that ¢ is
injective.
Lastly, since ¢([v]) := ¢(v) for all v € V, it follows immediately that
im @ =1im ¢.

This proves that ¢ is surjective, which completes the proof. ([l

Corollary 11.18. Let ¢ : V — W be a surjective linear map and let
@:V/kerp =W, [v] = p(v)

be the induced map. Then @ is a vector space isomorphism.

Proof. Since ¢ is surjective, we have im ¢ = W. Corollary 11.18 now follows from
the First Isomorphism Theorem. a
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Example 11.19. Let ¢ : R? — R? be the linear map defined by
o(z,y,2) == (v —y,2).
Clearly, ¢ is surjective and the kernel of ¢ is
ker p = {(a,a,0) | a € R}.
By the First Isomorphism Theorem, the map
G :R3/kerp = R?, [(z,y,2)] — (z —y,2)

is a vector space isomorphism.

Example 11.20. Let M, (R) be the vector space of n X n real matrices and
let S, (R) and A, (R) be the subspaces of nxn symmetric and anti-symmetric
matrices respectively. Recall that a matriz A is anti-symmetric if AT = —A.

Define
©: M,(R) = M,R), A %(A + AT).

The map ¢ is clearly linear. Moreover, the image of ¢ is S,(R). Indeed, for
any A € M, (R), p(A)T = p(A). Also, if A is symmetric, then

wmy:;A+N)=?A=A

Observe that ker o = A, (R). Consequently, by the First Isomorphism The-
orem, the map

& My(R)/An(R) = Sa(R), Weém+ﬂ)

is a vector space isomorphism.

The Second and Third Isomorphism Theorems establish canonical isomor-
phisms between certain quotient vector spaces. In order to distinguish a coset
of one quotient vector space from that of another, we will employ the notation
of Proposition 11.10 where a coset [v] € V/W is denoted by W + v. Here is the
Second Isomorphism Theorem:

Theorem 11.21 (Second Isomorphism Theorem). Let V' be a vector space
and let U and W be subspaces of V. Foru € U, denote its coset in U/UNW
by [u] and for v e U + W, denote its coset in (U +W)/W by W +v. Let

7 U/ UNW — (U+W)/W

be the map defined by 7([u]) := W+u. Then w is a vector space isomorphism.

Proof. First, we need to check that 7 is well defined. In other words, if u and u’
are elements of U which represent the same coset in U/U N W, we wish to show
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that
w([ul) = ~(fu'). (212)
To do this, we simply note that since u and ' are representatives of the same coset
in U/UNW, we have
u—u eUNW CW.

This implies that « and «’ also represent the same coset in (U + W)/W, that is,
W +w=W + /. This proves (212). Hence, 7 is well defined.

Next, we check the linearity of w. To do this, let uy, us € U and let ¢ € F.
Then
7 ([ur] + [uz]) = 7([u1 + uz])
=W + (u1 + ug)
= (W +wu) + (W + up)
= m([ua]) + m([uz])
and
m(clu]) = m([eus])
=W + cuq
=c(W +up)
= cm([uq]).
To establish that 7 is an isomorphism, we first verify that 7 is injective. So let
[u] € ker . Then
(u) =W4+u=W+0=W

This implies that v € W. However, since [u] is an element of U/(U N W), we
also have v € U. Hence, v € U N W, which implies that [u] is the zero vector in
U/U NW. This proves that ker m = {[0]}, which implies that 7 is injective.

To show that 7 is surjective, we apply the Rank-Nullity Theorem (Theorem
5.60) to m, which gives
dimU/(UNW) = dimker 7 + dimim 7 = dimim 7.
By Theorem 11.11, we have
dim(U +W)/W =dim(U + W) — dim W
=dimU +dimW —dimUNW —dim W
=dimU —dimU NW
=dimU/UNW,
where the second equality follows from Proposition 5.75. The above calculation

shows that im 7 has the same dimension as dim(U + W)/W. Since im 7 is a
subspace of (U + W)/W, it follows that

im 7 = (U +W)/W.
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This completes the proof. (I

Corollary 11.22. Let V' be a vector space and let U and W be subspaces
of V such that V. =U @& W is a direct sum. Then the map

m:U—V/W

which sends u € U to the coset [u] € V/W is a vector space isomorphism.

Proof. Since V is a direct sum of U and W, we have UNW = {0} and V =
U+ W. In particular, U/UNW = U. Corollary 11.22 now follows from the Second
Isomorphism Theorem. [

Example 11.23. Consider the vector space R® and let {&1, €2, €3} denote
the standard basis on R3. Let W be the subspace spanned by €, — é; and let
U be the subspace spanned by €, and €5. Then we have

RE=WaU.
By the Second Isomorphism Theorem, the canonical map
7:USRYW, i [i]

is a vector space isomorphism.

Before we can state the third and final isomorphism theorem, we first need to
know what the subspaces of a quotient vector space look like. The answer to this
problem is given by the following result:

Proposition 11.24. Let V' be a vector space and let J be a subspace of V.

(i) If W is a subspace of V' such that J C W, then W/J is a subspace of
V/J.

(i) If X is a subspace of V//J, then there exists a unique subspace Wx of
V such that J C Wx and X = Wx/J.

Proof. (i): Let W be a subspace of V such that J C W. Then W is a vector space

in its own right and J is also a subspace of W. Hence, it makes sense to consider

the quotient space W/J. By Proposition 11.10, the coset of w € W in V/J and

W/J are exactly the same; both are given by the set
wl={ji+wl|jeJ}t=J+w.

This shows that W/J is a subset of V/J. Let wy,wy € W and let ¢ € F. Since W

is a subspace of V', we have

[wi] + [we] := (w1 + we] € W/J
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and
clwy] := [cwq] € W/ J.

This proves that W/.J is a subspace of V/.J.
(ii): Let X be a subspace of V/J and define

Wx:={veV | eX}

Observe that J C Wx. Indeed, since X is a subspace of V/J, it necessarily contains
the zero vector [0] of V/J. By Proposition 11.10, we have [j] = [0] for all j € J.
From the definition of Wy, we have J C Wx. Now let wy,wy € Wx. From the
definition of Wx, we have [w;], [wz] € X. Since X is a subspace of V/.J, we also

have

[wl] -+ [’LUQ] e X.
However, [w1] + [ws] := [w1 + ws]. From the definition of Wy, we have wy + wy €
Wx. Likewise, for ¢ € F, we have c[wi] € X. Since clw1] := [cw:], it follows

that cw; € Wx. This proves that W is a subspace of V. Moreover, it follows
immediately from the definition of W that X = Wx/J.

For the uniqueness claim, suppose that there exists another subspace W4 of V'
such that J C W4 and X = W4 /J. Let w € Wx. Since Wx /J = X = W4 /J, we
have [w] € W /J. Hence, there exists w’ € W% such that [w] = [w']. This implies
that w’ = w + j for some j € J. Since J C Wy, it follows that w +j € Wx. In
particular, w’ € Wx This shows that W5 C Wx. An entirely similar argument
shows that W% D Wx. This proves that W% = Wx as desired. This completes
the proof. |

We now state and prove the Third Isomorphism Theorem:

Theorem 11.25 (Third Isomorphism Theorem). Let V' be a vector space
and let W and J be subspaces of V' such that J C W. Forv € V, denote its
coset in V/W by [v] and for J+v € V/J, denote its coset in (V/J)/(W/J)
by [J +v]. Let

7 V/W — (V/J)/(W/J)

be the map defined by w([v]) := [J+v]. Then m is a vector space isomorphism.

Proof. Note that by Proposition 11.24, W/J is a subspace of V/J. Hence, it makes
sense to consider the quotient vector space (V/J)/(W/J).

As in the Second Isomorphism Theorem, the first order of business is to show
that 7 is a well defined map. Hence, we must verify that if [v] = [v'], then

[J+v] =[]+ (213)
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So let us suppose that [v] = [v'] for some v,v" € V. This implies that v — v’ € W.
In particular, this mean that

J+(v—1")e W/ (214)
(214) can be rewritten as
(J+v)—(J+0") e W/J. (215)

(215) then implies that their cosets in (V/J)/(W/J) are equal. In other words, this
implies (213). Hence, 7 is well defined.

Next, we verify that 7 is a linear map. To do this, let [v1], [v2] € V/W and let
c € F. Then

m([v1] + [v2]) = 7([v1 + v2))
=[J + (v1 + v2)]
[(J +v1) + (J + v2)]
=[J+wv1]+ [J + va]
m([v1]) + m([v2])

and

m(c[v1]) = w([ev1])
= [J + cvy]
= [e(J + v1)]
clJ + v1]

er([v1])-

To show that 7 is an isomorphism, let [v] € ker . Since the zero vector of V/.J
is the coset J 40 = J, it follows that the zero vector of (V/.J)/(W/J) is [J]. Hence,

m([v]) = [J + o] = [J].

This implies that J + v € W/J, which in turn implies that v € W. Consequently,
the coset of v in V/W is [v] = [0]. This shows that kerm = {[0]}. Hence, 7 is
injective.
For the surjectivity of 7, we apply the Rank-Nullity Theorem (Theorem 5.60)
to 7. This gives
dim V/W = dimker 7 + dim im 7 = dim im. (216)
(216) combined with Theorem 11.11 gives

dimim 7 = dim V — dim W. (217)
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On the other hand, by a few applications of Theorem 11.11, we also have
dim(V/J)/(W/J) =dimV/J — dim W/J
= (dimV —dim J) — (dim W — dim J)

= dim V — dim W (218)
Since im 7 is a subspace of (V/J)/(W/J), (217) and (218) imply that im = =
(V/J)/(W/J). This completes the proof. O

Example 11.26. Consider the vector space R® and let {€1,€s,...,¢5} de-
note the standard basis on R®. Let W be the subspace spanned by

{62 — €y,€3 — &5,85 — €1}
and let J be the subspace spanned by €3 — €1. Observe that J C W. By the
Third Isomorphism Theorem, the map

m:R°/W — (R®/.J)/(W/J)
defined by w([v]) := [J + T] is a vector space isomorphism.

11.3. Other Induced Maps

In this very short section, we introduce the following notion:

Definition 11.27. Let ¢ : V — W be a linear map and let U be a subspace
of V. Also, let m : V. — V/U be the projection map. ¢ is said to factor
through V/U if there exists a linear map @ : V/U — W which satisfies

p=@pom.

The condition that a linear map ¢ : V — W factors through a quotient vector
space V/U is often expressed in the form of a commutative diagram:

V—" VU

N A

The answer to when a linear map factors through a quotient vector space is given
by the following result:

Theorem 11.28. Let ¢ : V — W be a linear map and let U be a subspace
of V.. Then ¢ factors through V/U if and only if U C ker . Moreover, the
map @ : V/U — W which satisfies ¢ = @ o7 is unique.
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Proof. Suppose first that there exists a linear map @ : V/U — W satisfying
¢ = gom. From Proposition 11.15, the kernel of the projection map 7 : V. — V/U
is U. Hence, for any v € U, we have

where the last equality follows from the assumption that ¢ is linear. This shows
that U C ker ¢.

On the other hand, let us suppose that U C ker ¢. Define a map ¢ : V/U — W
by the condition that

S([v]) = ¢(v) (219)
for all v € V. Of course, we need to check that (219) produces a well defined map.

So suppose that v, v’ € V represent the same cosets in V/U. Then v — v’ € U and
since U C ker ¢, we have

o0 — 1) = 0 4= p(v) = p(v)) (220)

(220) then implies that @([v]) = @([v']). This proves that ¢ is a well defined map.
Since m(v) := [v] for all v € V, (219) can be rewritten as

pom =, (221)

which is none other than the factoring condition. To verify that ¢ is also linear, let
v1,v2 € V and let ¢ € F. Then

P([or] + [v2]) =

and

This proves that ¢ is linear. To summarize, we have a constructed a linear map
¢ :V/U — W satistying ¢ = @ o m. By definition, ¢ factors through V/U.

Lastly, for the uniqueness claim, suppose that ¢ : V/U — W is another linear
map satisfying ¢ = 9 o . From this, we have

pom=1om.
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Since the projection map = is surjective, it immediately follows that @ = 4. This
proves the uniqueness claim. O

Example 11.29. Let ¢ : R* — R? be the linear map defined by
o(w,z,y,2) = (x — z,w —y).
The kernel of ¢ is then
ker p = {(a,b,a,b) | a,b € R}.
Let U be the subspace of R* defined by
U :={(a,0,a,0) | a € R}.

Then U C ker. By Theorem 11.28, ¢ factors through V/U. The unique
“factoring map” is the map

$:V/U - R?
given by
@([(’U},Qf,y,Z)]) = 90(1‘ — & W= y)

Theorem 11.30. Let ¢ : V. = V be a linear map and let U C V be a
subspace. The map

7:V/U—=V/U,  [v] = [p(v)]

is a well defined linear map if and only if o(U) C U. (The space U is said
to be invariant under ¢.)

Proof. @ is well defined if and only if

[p(v+u)] =[pW)], VveV, uel. (222)
Since
[o(v +u)] = [p(v) + (u)] = [p(v)] + [p(uw)], (223)
it follows that (222) is equivalent to
[p(v+u)] = [p(v)] = [p(w)] = [0], Yuel. (224)

Of course, (224) is equivalent to ¢(u) € U for all w € U. From this, we see that @
is well defined if and only if p(U) C U.

Lastly, the linearity of @ follows easily from the linearity of (. O

Chapter 11 Exercises

1. Let M, (R) denote the vector space of n x n real matrices. Also, let S, (R)
and A, (R) denote the subspace of real symmetric and anti-symmetric matri-
ces respectively. Recall that an n x n matrix A is anti-symmetric (or skew-
symmetric) if AT = —A.
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(a) Show that M, (R) =S, (R) ® A,(R)

(b) Let ps : Sp(R) = M, (R)/A,(R) be the map which sends an element A
of S, (R) to its coset [A] in M, (R)/A, (R). Show that p, is a vector space
isomorphism.

(c) Let pg : Ap(R) = M, (R)/S,(R) be the map which sends an element A
of A, (R) to its coset [4] in M, (R)/S,,(R). Show that p, is a vector space
isomorphism.

2. Let M, (R) denote the vector space of n x n real matrices. Also, let S, (R),
A, (R), and D, (R) denote the subspace of real symmetric, anti-symmetric,
and diagonal matrices respectively. Let

Ky := My(R)/Dn(R), Ks:=Sn(R)/Dn(R).

Show that A, (R) is canoncially isomoprhic to the quotient vector space K1 /K.
(Recall that a vector space isomorphism is canonical if it does not depend on
an arbitrary choice of bases.)

3. A short exact sequence is a sequence of linear maps of the form
0-Vi 5 Vo5 V3—0

where ¢ : Vi — V5 is an injective linear map and 7 : Vo — V3 is a surjective
linear map such that ker 7 = im ¢. The map 0 — V; is simply the linear map
which sends the zero vector to the zero vector of V; and V3 — 0 is the linear
map which maps every element of V3 to the zero vector.

(a) Let V be a vector space and let W be any subspace of V. Show that the
vector spaces W, V, and V/W naturally form a short exact sequence.
(b) For any short exact sequence

0-Vi 5V 5 Vs —0,

show that there exists a linear map p : V3 — V5 such that 7o p = idy,.
Given such a map p, also show that the map

@ Vi X V3 — ‘/27 ('1)1,’[}3) = L(Ul) + p(Ud) (225)
is a vector space isomorphism and that
Vo =kert & im p.

In (225), V4 x V3 is the Cartesian product of vector spaces, where vector
addition and scalar multiplication are defined componentwise.
(c) Construct a linear map p : V/W — V for the short exact sequence in (a).
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. Let V be a real vector space and let u € V* be a nonzero element of the dual

space. Show that V/ker u ~ R.

Let M, (R) be the vector space of n x n real matrices and let sl,,(R) be the
subspace of matrices with zero trace. Show that M, (R)/sl,(R) is canonically
isomorphic to R.

Let ¢ : V. — V be a diagonalizable linear map. Let W C V be invariant under
. Show that the induced map @ : V/W — V/W is also diagonalizable.

Suppose that V' C R” is a subspace and let V* denotes the orthogonal com-
plement of V' with respect to the ordinary dot product. Show that the linear
map

Vi SRV, v [v]
is an isomorphism. (This implies that every coset of V is represented by a
unique element of V).

Consider the quotient vector space of R3 by the subspace W defined by
x —2y+ 2z = 0. (Note that W is a plane through the origin.) Show that
R3/W is canonically isomorphic to R. Use Problem 7. to interpret R3/W
geometrically.

Consider the quotient vector space of R? by the subspace
W= {(2t,—t,t) | t € R}.

(Note that W is a line through the origin.) Use Problem 7. to interpret R3 /W
geometrically.
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Chapter 12

A Tour of Ring Theory

In this chapter, we venture into an area of abstract algebra called ring theory.
The justification for doing this is that we will use ring theory later in Chapter
13 to prove some of the deepest results of linear algebra. Before we get to any
precise definitions, lets take a moment to understand the basic idea of a ring,
which is not at all complicated. Roughly speaking, a ring is a set with two binary
operations: an addition operation and a multiplication operation which satisfy some
natural conditions and are compatible with one another. For example, the set of
all integers Z is a ring. Integers can be added together and they can be multiplied
together and these operations have nice properties like associativity. Moreover,
they are compatible with one another via the distributive property. However, this
is a linear algebra book. For this reason, we are only interested in rings which are
also vector spaces. So in this book, we will take a more narrow view of what a ring
is. For us, a ring over a field F is a vector space over F with a vector multiplication
operation which is compatible with the vector addition operation and the scalar
multiplication operation on the vector space. Hence, a ring in this book is a set with
three operations: scalar multiplication, vector addition, and vector multiplication;
the latter allows two vectors to be multiplied together to produce a new vector. The
type of rings that we focus on are more commonly called F-algebras. However, we
will not use this terminology. Instead, we will refer to this type of ring as a ring
over F. Hence, our terminology will differ a little from what you might find in an
abstract algebra book. With that said, its time to be begin our study of rings.

12.1. Rings and their Homomorphisms

As far as this book is concerned, a ring is just a vector space with a vector mul-
tiplication. Of course, the vector multiplication on a ring cannot be arbitrary. It
must also be compatible with vector addition and scalar multiplication. Here is the

323
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precise definition of a ring:

Definition 12.1. A ring over F is a vector space R over F which is equipped
with a vector multiplication

RxR—R, (r,s)—rseR

which satisfies the following conditions for all r,s,t € R and c € F:
(i) (rs)t =r(st) (multiplicative associativity)
(ii) r(s+1t) =rs+rt (left distributivity)
(iii) (s+t)r = sr+tr (right distributivity)
(vi) c(rs) = (cr)s = r(cs) (scalar distributivity)
An element 1 € R satisfying 1r = r1 = r for all v € R is called an identity
element. If R contains such an element (which is necessarily unique),
then R is called a ring with identity.

Moreover, if rs = sr for all r,s € R, R is called a commutative ring.

The following result is intuitively clear, but we will prove it all the same.

Proposition 12.2. Let R be a ring over F. Then 10 = Or = 0 for all
r € R.

Proof. Let r € R be arbitrary, then

r0+r0=r(0+0)
=70

Adding the additive inverse —(r0) to both sides of the above equation yields r0 = 0.
A similar argument gives Or = 0. ([l

At this point, we would like to discuss some of the differences between the
vector addition and the vector multiplication operations on a ring. To do this, let
R be a ring over F. One of the differences concerns the idea of commutativity.
Since R is also a vector space over F, we have r+s = s+ 7 for any r, s € R. Hence,
the addition operation is commutative. However, in the case of the multiplication
operation, commutativity is no longer required. In other words, a ring may contain
elements u, v satisfying uv # vu.

Another key difference between vector addition and vector multiplication on
a ring has to do with the notion of an inverse element. Once again, since R is
also a vector space over IF, every element of r € R has an additive inverse element
—r such that r 4+ (—r) = 0. This is not true for vector multiplication on a ring.
More precisely, given an element r € R, there may not exist a multiplicative inverse
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element 7! € R such that rr—! = 1. Certainly, if » = 0, then by Proposition 12.2,
r cannot have a multiplicative inverse. On the other hand, even if r # 0, r may still
lack a multiplicative inverse. In the language of abstract algebra, R equipped with
its vector addition operation is an example of an abelian group. The subject of
groups is a very interesting and massive subject in its own right. However, to stay
on course for this chapter, we will not say anymore about groups.

At this point, its well past time for some concrete examples. All of the examples
given below are vector spaces that possess a natural vector multiplication which is
compatible with the vector space structure. Moreover, all of these examples have
an identity element.

Example 12.3. Any zero dimensional vector space V.= {0} is naturally
a ring. By Proposition 12.2, there is only one possibility for our vector
multiplication: 00 := 0. In this case, the identity element and the zero
vector are one and the same. The ring consisting only of the zero vector is
called the zero ring.

Example 12.4. The field of real numbers R is a ring over R. In this
particular case, the scalar multiplication and the vector multiplication on R
are one and the same. Similarly, the field of complex numbers C is a ring
over C. Again, scalar multiplication and vector multiplication coincide here.
Note that since R C C, we can also regard C as a ring over R. In this case,
the scalar multiplication and vector multiplication no longer coincide.

Example 12.5. Let M, (F) be the vector space of n X n matrices whose
entries lie in F. Then M, (F) is a ring over F if we take the usual matriz
multiplication as our vector multiplication. Indeed, from our study of matrix
operations in Chapter 3, we know that matriz multiplication satisfies the
following relations for all A,B,C € M, (F) and c € F:

(i) (AB)C = A(BC)

(ii) A(B+C)=AB+ AC
(iti) (B+ C)A=BC+CA

(iv) ¢(AB) = (cA)B = A(cB)
By Definition 12.1, M, (F) is a ring over F. In fact, the fields R and C are
special cases of this ring since R = M;(R) and C = M;(C).
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Example 12.6. Let V be a vector space over F and let End(V') denote the
set of linear endomorphisms of V.. Again, recall that a linear endomorphism
of V' is simply a linear map from V to itself. End(V') is naturally a vector
space over F with vector addition defined by

(P +9)(v) = p(v) + P(v)

and scalar multiplication defined by

(cp)(v) := ep(v)
for all p,9p € End(V) and ¢ € F. The vector multiplication that turns
End(V) into a ring over F is (of course!) composition of linear maps:

Y= po.
The identity element on End(V') is (naturally) the identity map idy : V —
V. The reader should verify that conditions (i)-(iv) of Definition 12.1 are
indeed satisfied using composition of linear maps for vector multiplication.
The vector space End(V') with this vector multiplication is called the endo-
morphism ring of V.

Example 12.7. Let F[z] be the vector space of all polynomials in the
variable x with coefficients in F. Flx] is naturally a ring over F if we take
the ordinary multiplication of polynomials for the vector multiplication on
Flx]. Flx] with this vector multiplication is called the polynomial ring.

Of course, the polynomial ring F[z] naturally generalizes to the polynomial
ring in n-variables: Flzy,zo,...,z,].

The endomorphism ring End(V') and the polynomial ring F[z] are the most impor-
tant rings in this book. We will use these rings later in Chapter 13. Now that we
have a reasonable idea of what a ring is, its time to define what a map between two
rings should be. The definition is actually quite obvious:

Definition 12.8. Let R and S be rings over F. A ring homomorphism
(or ring map) is a linear map ¢ : R — S which satisfies

@(rirz) = @(r1)e(ra)
for allry, ro € R. In addition, if R and S both have identity elements, @ is
also required to preserve the identity, that is, ¢(1g) = 1g where 1g and 1g
denote the identity elements on R and S respectively. If ¢ is also a vector
space isomorphism, then ¢ is called a ring isomorphism.
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Example 12.9. For any ring R over IF, the identity map idr : R — R is a
ring isomorphism.

Example 12.10. Consider the ring of matrices M, (F). Let P € M, (F) be
any invertible matriz. Define

v : My, (F) — M, (F)

by o(A) == PAP~L. Then ¢ is a ring isomorphism. Let us verify this is
indeed the case. First, we show that ¢ is a linear map. To do this, let
A, B € M, (F) and let c € F. Then

o(A+ B) := P(A+ B)P™!
= PAP™' + PBP™!
= ¢(A) +¢(B)
and
©(cA) := P(cA)P~!
= ¢(PAP™)
= cp(A).
Next, we show that ¢ preserves the vector multiplication
©(AB) = P(AB)P!
— (PA)(PP™Y)(BP™)
= (PAP Y)Y (PBP™)
= o(A)p(B).

In addition, ¢ preserves the identity element on M, (F) (which is simply the
identity matriz I, ):

o(I,) := PI,P1
=gt
= I,.

Lastly, ¢ has an inverse: ¢~ 1(A) := P~YAP. Hence, @ is a ring isomor-
phism.
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Example 12.11. Let V be a vector space over F and fix a basis B on V.
Define a map
T: End(V) — M,(F)
which sends ¢ € End(V') to [¢]g, where [p|p is the matriz representation of
@ with respect to B. T is then a ring isomorphism. First, its clear that T
is a bijective map. Indeed, two endomorphisms on V are equal if and only
if their matriz representations with respect to B are equal. Also, given any
nxn matric A, there exists a (unique) endomorphism ¢ such that [¢]p = A.
Let us verify that it is also a linear map. To do this, let p,v € End(V) and
let ¢ € F. By Proposition 6.27, we have
T(p+¢) :=lp+¥ls
= [¢ls + [¢]5
=T(p)+T(¥)
and
T(cp) := [evls
= c[¢ls
=cT(p).

This proves that @ is a vector space isomorphism. Note, however, that the
isomorphism is not canonical as it depends on the basis B.

Next, using Proposition 6.29, we verify that T also preserves the wvector
multiplication:

T(py) =T(poy)
=[pods
= [¢ls[¥]s
=T ()T ().

Lastly, since [idy]|g = I, (where n = dim V'), it follows that T also preserves
the identity element. This proves that T is a ring isomorphism.

As an immediate consequence of Example 12.11, we have the following:

Corollary 12.12. Let V' be a vector space over F of dimension n. Then
dim End(V') = n?.
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Proof. From Example 12.11, End(V) and M, (F) are isomorphic as rings over F.
In particular, End(V) and M, (F) are isomorphic as vector spaces. Hence,

dim End(V) = dim M, (F) = n?.

12.2. Subrings and ldeals

In this section, we introduce two subspaces associated to a ring: subrings and
ideals.

Definition 12.13. Let R be a ring over F. A subring of R is a subspace
S of R such that s1s5 € S for all s1,s9 € S.

Proposition 12.14. Let R and T be rings over F and let ¢ : R — T be a
ring homomorphism. Then im @ is a subring of T.

Proof. Since ¢ is also a linear map, im ¢ is a subspace of T'. Let t1,f2 € im ¢.
Then there exists r1, ro € R such that ¢(r1) = ¢; and p(r3) = t2. Since @ preserves
vector multiplicaton, we have
tita = p(r1)p(r2)
= ¢(r1r2)
€ im ¢.

This completes the proof. (I

Example 12.15. Consider the ring Ms(F). Let
s::{( ’ lc’ > | a,b,c € F}

be the subsapce of 2 X 2 upper triangular matrices. Then S is a subring of
Ms(F). Indeed, consider two upper triangular matrices A and B:

a; ag bl b2
A: B: .
( 0 as ) ( 0 bs )

AB — airby  aibs + azbs za
0 a3b3

Then

The notion of an ideal comes in three different “flavors”: left, right, and two-
sided. Here is the formal definition:
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Definition 12.16. Let R be a ring over F.
(i) A subspace J of R is called a left ideal if rj € J for all T € R and
jeJ.
(i) A subspace J of R is called a right ideal if jr € J for all v € R and
jed.
(iii) A subspace J of R is called a two-sided ideal (or simply ideal) if J
1s both a left and right ideal.

Note that any left, right, or two-sided ideal of R is automatically a subring of R.
The converse is not true. For example, the subring S in Example 12.15 is neither
a left nor right ideal. Indeed, consider the matrix

(1 1)€M2(IF)

and multiply it from the left and right by an arbitrary element of S. Then

()G )=(0 1) s
(o ) (1)t ) eonm

whenever a and ¢ are nonzero. For the sake of completeness, we state the following
(obvious) result:

and

Proposition 12.17. Let R be a commutative ring over F. Then every ideal
of R is a two-sided ideal.

Proof. Let J be a left ideal of R. Then for any r € R and any j € J, we have
Jgr=rjed.

Hence, J is also a right ideal and thus a two-sided ideal. Likewise, if J is a right
ideal, it must also be a two-sided ideal. ([l

For the needs of this book, we will focus primarily on the polynomial ring F[z].
Since F[z] is a commutative ring, the notions of left, right, and two-sided ideals all
coincide. From now on, the term “ideal” will always mean two-sided ideal.
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Example 12.18. Let R be a ring over F. The subspace of R consisting
only of the zero vector 0 is an ideal of R since 10 = O0r = 0 for all r € R.
The ideal {0} is called the trivial ideal. Any ideal different that {0} is
called non-trivial.

The ring R itself is also an ideal of R. Any ideal of R different than R is
called a proper ideal.

Example 12.19. Consider the polynomial ring Flx] and let J denote the
subspace of F[x] spanned by all polynomials of degree 2 or larger. Then J is
an ideal of Flx]. Indeed, let a(x) € J and let p(x) € Flx]. If either a(x) or
p(x) is zero, we of course have a(z)p(x) =0 € J (since J is a subspace and
thus contains the zero element). So let us suppose that a(x) and p(x) are
both nonzero. Then

dega(z)p(z) = dega(x) + degp(x) > dega(x) > 2.

Hence, a(x)p(x) € J. This proves that J is an ideal of F[z]. Moreover, since
every nonzero element of J has degree at least 2, J # F[x], that is, J is a
proper ideal of Flx]. We will study the polynomial ring in more detail later
in Section 12.4.

Here are some basic properties of ideals that we will make use of in Section 12.3:

Proposition 12.20. Let R be a ring over F and let J and K be ideals of
R. The subspaces J + K and J N K are both ideals of R.

Proof. Let r € R and let x € J + K. From the definition of J + K, x = j + k
for some j € J and k € K. Since J and K are ideals of R, we have rj, jr € J and
rk,kr € K. Hence,

re=r(j+k)=rj+rke J+ K
and

ar=G+kr=gjr+kreJ+K.
This proves that J + K is an ideal of R.

Let a € JN K. Since a is an element of both J and K, it follows that ra and
ar are elements of both J and K. In other words, ra,ar € JN K. This proves that
J N K is an ideal of R. O

We conclude this section with the following result which shows that any ring ho-
momorphism naturally gives rise to an ideal:
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Theorem 12.21. Let R and S be rings over F and let ¢ : R — S be a ring
homomorphism. Then ker ¢ is an ideal of R.

Proof. Let a € ker p. Then for all » € R, we have

p(ra) = p(r)p(a) = ¢(r)0 = 0.
LIkewise, ¢(ar) = 0. This proves that ra and ar both lie in ker . Hence, ker ¢ is
an ideal of R. ]

12.3. Quotient Rings and Isomorphism Theorems

Given a ring R over F and a subspace S of R, one can form the quotient vector
space R/S. Given that we are dealing with rings, we can ask the following natural
question: What condition must be placed on S so that R/S is also a ring over T,
where the ring structure is induced from R? The answer is given by the following
result:

Theorem 12.22. Let R be a ring over F and let J be a subspace of R. Then
the quotient vector space R/J is a ring over F with vector multiplication
defined by

[ri][re] == [rir2], VY ri,ma €R (226)
if and only if J is an ideal of R. With J an ideal of R, the ring R/J is
called the quotient ring. Moreover, if R is a ring with identity element 1,
then its coset [1] is the identity element of R/J.

Proof. Suppose first that R/J is a ring over F with vector multiplication given
by (226). Let j € J and r € R be arbitrary. In the quotient vector space R/J,

[4] = [0] is the zero vector. Since R/J is a ring, we have
[r][5] = [r][0] = [0] (227)
On the other hand, by (226), we also have
[r]l3] = [rj]- (228)

(227) and (228) now imply that rj € J. A similar argument shows that jr € J.
This proves that J is an ideal of R.

Now suppose that J is an ideal of R. We need to verify that the multiplication
given by (226) is well defined. To do this, let 71,72 € R and suppose that ] and
rh are elements of R satisfying

[r] = [r1], [ra] = [r3)]. (229)

We need to verify that
[r][r2] = [r1][r3). (230)
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Let j1 :=r1 — ) and jg := ro — r). (229) implies that j; and j are elements of J.
Then
rirg — riry = (ry + j1)(rh + j2) — i)

=77y + 71 j2 + J17h + Jije — 71T

= 71J2 + J17h + jij.
Since J is an ideal, every term in the last equality is an element of J. Hence,
rire — rirh € J. This implies [ri73] = [rir}], which in turn implies (230). This
proves that the vector multiplication given by (226) is well defined.

Now suppose that R is a ring with identity element 1. Then for all r € R, we

have
[r][1] = [r1] = [r] = [1r] = [1][r]
This proves that [1] is the identity element of R/J.

To complete the proof, we need to show that R/J with vector multiplication
given by (226) satisfies conditions (i)-(iv) in Definition 12.1. This is a very straight-
forward exercise which we leave to the reader. (I

Exercise 12.23. Let R be a ring over F and let J be an ideal of R. Verify
that the vector multiplication on R/J satisfies conditions (i)-(iv) in Defini-
tion 12.1.

We now apply the three isomorphism theorems for quotient vector spaces (The-
orems 11.17, 11.21, and 11.25) to quotient rings and show that they yield ring iso-
morphisms.

Theorem 12.24 (First Isomorphism Theorem for Rings). Let R and S be
rings over F and let ¢ : R — S be a ring homomorphism. Then the induced
map

@ : R/kerp — im ¢

given by o([r]) := () is a ring isomorphism.

Proof. By Theorem 12.21, ker ¢ is an ideal of R. Hence, R/ker ¢ is a quotient
ring. By the First Isomorphism Theorem for quotient vector spaces (Theorem
11.17), ¢ is a vector space isomorphism. We now verify that ¢ preserves the vector
multiplication. To do this, let 1,79 € R. Then
P([ra]lra]) = @([r1r2])

= p(rirs)

= ¢(r1)p(r2)
= @([r1])@([r2])-
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Let us now suppose that R and S are rings with identity elements 1r and 1g
respectively. Then [1g] is the identity element of R/.J and

o([1r]) = p(1r) = 15.

This proves that ¢ preserves the identity element. O

Example 12.25. Since R C C, let us regard C as a ring over R. Define
ev; : R[z] - C
to be the map which evaluates a real polynomial p(x) € Rx] at i := /—1,

that is, evi(p(z)) := p(i). Clearly, ev; is a ring homomorphism. Moreover,
ev; is surjective. Indeed, for a,b € R, we have

evi(a+bzx) :=a+bi € C.
By Theorem 12.24, the induced map
ev; : Rlx]/ ker ev; — C
given by ev;([p(x)]) := p(i) is a ring isomorphism. Since
evi(z? +1) = +1=-1+1=0,

we see that x2 + 1 € ev;. Hence, ker p # {0}. We will see later in Section
12.4 that ker ev; consists of all real polynomials p(x) which are divisible by
the polynomial =2 + 1.

This example shows that the field of complex numbers can be expressed as a
quotient ring of the polynomial ring R[x]! We will generalize this example
in Section 12.6.

Theorem 12.26 (Second Isomorphism Theorem for Rings). Let R be a ring
over F and let J and K be ideals of R. Define

m:J/JNK = (J+ K)/K

by w([j]) ;== K +j (where the coset of j in (J+ K)/K is denoted by K +j).
Then 7 is a Ting isomorphism.

Proof. By Proposition 12.20, both JNK and J+K are ideals of R. Since JNK C J,
it follows that J N K is also an ideal of J (where J is regarded as a ring in its own
right). Likewise, since K C J+ K, it follows that K is also an ideal of J+ K (where
J + K is regarded as a ring). Hence, J/J N K and (J + K)/K are quotient rings.

By the Second Isomorphism Theorem for quotient vector spaces (Theorem
11.21), 7 is a vector space isomorphism. To complete the proof, we only need
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to show that m preserves the vector multiplication. To this, let j1,j2 € J. Then
m([jllg2]) := 7 ([5172])
=K+ j1j2
= (K + j1)(K + j2)
= m([])m([52]).

This completes the proof. ([l

Example 12.27. Let R[z,y] be the real polynomial ring in the variables x
and y. For p € R[z,y], define (p) to be the set of all polynomials of R[z,y]
which are divisible by p. Hence, every polynomial a € (p) is of the form

a = pq

for some polynomial q € R[z,y]. It is easy to see that (p) is in fact an ideal
of Rlz,y]. Now consider the ideals (x) and (y) of R[x,y]. Note that

() N (y) = (zy).
By Theorem 12.26, the quotient rings
(z)/(zy)

and

(=) + (v))/(v)

are canonically isomorphic.

For the last isomorphism theorem, we first need to know what the ideals of a
quotient ring look like. The answer is given by the following result:

Proposition 12.28. Let R be a ring over F and let J be an ideal of R.

(i) If K is an ideal of R such that J C K, then K/J is an ideal of R/ J.
(ii) If X is an ideal of R/J, then there exists a unique ideal Kx of R such
that X = Kx/J

Proof. (i): Since K is an ideal of R, it is also a subspace of R. It follows from
Proposition 11.24 that K/.J is a subspace of R/J. Let [r] € R/J and let [k] € K/J,
Since rk and kr are both elements of K (since K is an ideal), we have

[r][k] = [rk] € K/J,  [k][r] = [kr] € K/J.
This proves that K/J is an ideal of R/.J.

(ii): Let X be an ideal of R/J. Since X is also a subspace of R/J, it follows
from Proposition 11.24 that there exists a unique subspace Kx of R such that
J C Kx and X = Kx/J. We need to show that K is also an ideal of R. To do
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this, let 7 € R and k € Kx. Since X = Kx/J is an ideal of R/.J, we have
[r][k] = [rk] € X = Kx/J.

This implies that rk = j+k’ for some j € J and k' € Kx. Since J C K, it follows
that rk € Kx. A similar argument shows that kr € Kx. This proves that Ky is
an ideal of R. a

Theorem 12.29 (Third Isomorphism Theorem for Rings). Let R be a ring
over F and J and K be ideals of R with J C K. Let

7 R/K — (R)J)/(K/J)

be the natural map which sends [r] € R/K to [J+r] € (R/J)/(K/J). Then
T 1S a ring isomorphism.

Proof. By Proposition 12.28, K/J is an ideal of R/J. Hence, we can form the
quotient ring (R/J)/(K/J). Proposition 11.24 implies that 7 is a vector space
isomorphism. To prove the theorem, it only remains to show that 7= preserves the
vector multiplication and the identity element if R is a ring with identity.

Let r1,79 € R. Then

m([r1]lra]) = m([rir2])
= [J +ri72]
= [J+m][J + 7]
= m([r])m([r2]).

Lastly, if R has an identity element 1, then we immediately have
m([1]) = [J + 1].

Hence, 7 preserves the identity element. (I

Example 12.30. Consider the polynomial ring F[z]. For p € F[z], let (p)
denote the ideal of F[x] consisting of all polynomials divisible by p.
Consider the ideals (z) and (x?). Observe that (z*) C (z). By Theorem
12.29, the quotient rings

and

are canonically isomorphic.
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12.4. More on the Polynomial Ring

In this section, we introduce a type of ring called a principal ideal domain over
F (or PID over F for short) and then prove that the polynomial ring F[x] is a PID.
To define a PID, we first need to introduce a few ideas.

Definition 12.31. Let R be a ring over F. A non-zero element a € R is
called a zero divisor if there exists a nonzero element b € R such that
ab=0 or ba =0.

Example 12.32. Consider the ring Ma(R) consisting of all 2 X 2 real ma-
trices. Then the matrix
1 0
A=
(o 0)

B:(O O),
0 1

is zero divisor since for

we have AB = 0.

Definition 12.33. An integral domain over F is a commutative ring R
over F with identity which has no zero divisors.

Example 12.34. The polynomial ring F[z] is an integral domain over F.
Indeed, F|x] has an identity element (namely 1 € F) and given two nonzero

polynomials
n
pr=) az'
i=0
and
m
b2 = Z bixl7
i=0

their product is

n m
P1p2 = P2p1 = Z Z abjz ™t £ 0

i=0 j=0
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Definition 12.35. Let R be a commutative ring over F with identity. An
ideal J of R is said to be prinicipal if there exists an element jo € J such
that

J={rjo | r € R}.
The ideal J is said to be generated by jo and is denoted by J = (jo).

We can now state the definition of a principal ideal domain over F:

Definition 12.36. A principal ideal domain over F (or PID over F)
is an integral domain R over F with the property that every ideal of R is
principal.

We are now going to prove that F[z] is a PID. To do this, we need the following
classic result:

Theorem 12.37 (Euclidean division of polynomials). Let a(x),b(z) € F[z]
with b(z) # 0. Then there exists q(x),r(x) € Fla] with degr(z) < degb(x)
such that

a(z) = b(x)g(x) + r(z).

Proof. First, consider the case where deg a(x) < degb(x). For this case, we simply
set ¢(z) =0 and r(z) = a(x).
Now consider the case where dega(z) > degb(x). Let

a(x) = apz™ + -+ a1+ ag
and
b(x) = bpa® + - + bz + by.

Let V' C F|x] the the vector space of polynomials of degree n or less. Set

fioe vIFb(z) for j >k
T 2’ for j < k

Since deg f; = 7, it follows that

fnrfn—17"'afl7f0
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is a basis for V. Since a(z) € V, there exists cp, c1, ..., ¢, € F such that

a(x) = Z ijj
j=0
n k—1
= Z c;x"Ib(z) + Z c;x
j=k 3=0

n k—1
= Z cjz™ I | b(x) + Z cjx.
Jj=k j=0

Setting
glx) = cja"d
j=k

and

k—1

r(z) = Z c;a’

§=0

proves the theorem for case where dega(x) > degb(z). (]

Theorem 12.38. The polynomial ring F[z] is a PID. Moreover, if J is a
nonzero ideal of F[x] and b € J is a nonzero polynomial of minimal degree
in J, then J = (b).

Proof. We have already seen in Example 12.34 that F[z] is an integral domain
over F. We now show that every ideal of F[x] is principal. To do this, let J be
an arbitrary ideal of F[z]. If J is the zero ideal, then J is clearly principal (J is
generated by 0 € F). So let us assume that J is a nonzero ideal of F[z]. Since J is
nonzero, we can choose a nonzero polynomial b € J of minimal degree, that is,

degb < dega V nonzero a € J. (231)

Let a € J be arbitrary. By Theorem 12.37, there exists ¢,r € F[z] such that
degr < degb and a = gb+ r. Since J is an ideal and b € J, we also have bq € J.
This implies that

r=a—bqelJ

If r #£ 0, then J contains a nonzero polynomial of degree less than b; this contradicts
(231). Consequently, we must have r = 0, which in turn implies that a = gb. This
proves that J is generated by the polynomial b, that is, J = (b). This completes
the proof. O
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Example 12.39. Let us consider the ring homomorphism from Ezample
12.25:
ev; : Rlz] = C, p(x) — p(i).

As we noted in Example 12.25, the kernel of ev;, ker ev;, is not zero as it
contains the polynomial % + 1. If p is a polynomial of degree 1 or 0 (recall
that a degree 0 polynomial is a constant polynomial where the constant is
required to be nonzero), then we clearly have p(i) # 0. Hence, x°> + 1 is a
polynomial of minimal degree in ker ev;. Since ker ev; is an ideal of Rlz],
Theorem 12.38 shows that ker ev; = (z2+1). Hence, every element of ker ev;
is of the form (z? + 1)q(x) for q € Flx].

12.5. The Chinese Remainder Theorem

In this section, we prove a result called the Chinese Remainder Theorem for
the polynomial ring F[z]. Before doing this, we first cover some basic preliminaries.
We begin by introducing some common notation associated to F|z]:

Notation 12.40. Let a,b € F[z] be polynomials with b nonzero. If b divides
a, that is, there exists a polynomial q € Flx] such that a = gb, one expresses
this condition by writing

b|a (232)
(232) reads as ‘b divides a”. If b does not divide a, one writesb [ a.

Example 12.41. For the polynomial ring Rz], x +1 | ? — 1.

Definition 12.42. Two polynomials p1,ps € Fz] are said to be coprime
(or relatively prime) if they have no common factors. In other words, if
b € Flx] is a nonzero polynomial such that b | p1 and b | pa, then b must be
an element of IF.

A finite set of polynomials py,pa,...,pn are said to be pairwise coprime
if any two polynomials p;,p; with i # j are coprime.

Example 12.43. For the polynomial ring R[z], the polynomials
z+1, 5z+2, z2+1

are pairwise coprime.
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Given a finite number of rings over F, Ry, Rs, ..., R,, we can easily produce a new
ring over I by taking the cartesian product of these rings. Moreover, the new ring
naturally contains subrings which are isomorphic to Ri, Ro, ..., R,.

Definition 12.44 (Direct Product of Rings). Let Ry, R, ..., R, be rings
over F. The cartesian product
RI:R1 XRQ"‘ XRn.
is naturally a ring over F with ring structure. Formally, its vector space
structure is defined by
(al,az,...,an) + (bl,bg,...,bn> = (a1 +b1,a0 +bo,...,ay +bn>
and
c(ay,ag, ..., ay) = (cay,cag,...,ca,)
fora;,b; € R; fori=1,...,n and c € F. The vector multiplication on R is
given by
((11, as, ..., an)(bl, bg, 000 ,bn) = (albl,agbg, oo ,anbn)

R equipped with the above ring structure is called a direct product of rings.

Moreover, if R1, Ro, ..., R, has identity element 11,15,...,1,, then R has
the identity element

(11,19,...,1,).
The direct product of rings is also called an external direct sum.

Remark 12.45. Definition 12.44 can be generalized to an infinite number of
rings. However, in the infinite case, the terms “direct product of rings” and
“external direct sum” mo longer coincide. We will not discuss the precise
meaning of these terms in this book.

The following is a very simple exercise that the reader should carry out if there is
any doubt that Definition 12.44 yields a ring over F:

Exercise 12.46. Verify that Definition 12.44 satisfies all the conditions of
a ring over F given in Definition 12.1.

Here is a consequence of Theorem 12.38 that we will make use of shortly:
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Proposition 12.47. Let by, by € F[z] be coprime. Then there exists q1,q2 €
Flx] such that
q1b1 + q202 = 1. (233)

Proof. Let

J = {albl + CLQbQ | ai, as S IF[:'E]}

Then its easy to see that J is an ideal of F[z]. Since all ideals of F[x] are principal
by Theorem 12.38, there exists a polynomial a € F[z] such that J = (a). Since
b1,b2 € J, we have

Ol|b1, Oé|b2.

However, since b; and by are coprime, it follows that o € F — {0}. However, if J
contains a nonzero element of F, it follows that J = F[z]. Hence, in particular,
1 € J = F[z]. From the definition of J, it follows that there exists polynomials
q1, a2 € Flx] satisfying (233). This completes the proof. O

We are now in a position to state the Chinese Remainder Theorem. We will
actually state two versions of the theorem. The first version is easier to understand:

Theorem 12.48 (Chinese Remainder Theorem-I). Let by, b, ..., b, € Flx]
be a finite set of pairwise coprime polynomials. Let r1,7o,...,1; € Flx] be
arbitrary polynomials. Then there exists a polynomial a € F[z] such that

a—r; € (bl)
fori=1,... k. In other words, a can be expressed as
a=qb; +r;

for some q; € F[z] fori=1,... k.

Here is the second version:
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Theorem 12.49 (Chinese Remainder Theorem-IT). Let by, b, ..., by € Flx]
be a finite set of pairwise coprime polynomials. Let

7y Flz] — Flz]/(b1) x Fz]/(bg) x -+ - x Fz]/(bg)
be the map defined by

m(a) := ([a]h [a]27 s [a]k)

for a € F[z], where [a]; denotes the coset of a in F[x]/(b;) fori=1,... k.
Then

(i) 7 is a ring homomorphism

(i) my is surjective
(ZZ’L) kerﬂ'k = (blbg s bk)

(iv) The induced map

T : Flx]/(b1be - - - by) — Flz]/(b1) x Flz]/(b2) x -+ x F[z]/(bk)

defined by Ti([a]) == 7 (a) is a ring isomorphism for a € Flz].

Our plan now is to prove the second version of the Chinese Remainder Theorem
and then show how the second version implies the first version. Here is the proof
of the second version:

Proof. (i): Let a,a’ € Flz] and ¢ € F, we have

mr(a+a') = ([a+d]i,la+d]s, ... [a+d]k)
= (laly + [a']1. [al2 + [a']2, -, [alk + [a]1)
= (la]1, lal2; - .- [alx) + ([a]1, [@]2, - - [a]x)

= m(a) + m(a’)

and
mr(ca) := ([eal1, [cala, . . ., [calk)
= (cla]1, clals, - . ., cla]k)
= ¢([al1, [a)2, - - -, [alx)
= cmi(a).

This proves that 7 is linear. In addition, we also have

mi(aa’) = ([aa'ly, [ad]z, ..., [ad]y)
= ([a]i]a']1, [al2[a]a, - .., [a]x[a']k)
= ([al1, lalz, - .- [alw)([a']1, [@]2, - -, [a]k)
= mp(a)m(a’).

This proves that 7 is a ring homomorphism.
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(ii)-(iv): For k = 1, the theorem clearly holds. Let us consider the k = 2 case:
mo : Flz] — Flz]/(b1) x Flz]/(b2).

Since by, be € Flz] are coprime, it follows from Proposition 12.47 that there exists
q1,q2 € Flz] such that

q1b1 + qobs = 1. (234)
Let fi1, fo € Flx] be arbitrary and let
a = f1q2b2 + faqib1. (235)
From (234), we have
J1=fiqabr + f1q202 (236)
and
J2 = faqib1 + faqabs. (237)
Then
a—fi=(f2q1 = frq1)bs (238)
and
a— f2 = (f2g2 — f2q2)b2 (239)
(238) and (239) imply that
a—f1€(b), a—fo€(ba). (240)
(240) implies
la]y = [fi]1,  [a]2 = [falo- (241)
From (241), we have
ma(a) = ([a]1, [a]2) = ([fi]1, [f2]2), (242)

which proves that 7y is surjective.

Observe that a € ker m if and only if a € (b1) N (b2). However, since by, by are
coprime, we have
ker o = (b1) N (b2) = (b1b2). (243)
Using (243) and applying the First Isomorphism Theorem for rings (Theorem 12.24)
yields the ring isomorphism:

7o : Flx]/(b1b2) — Flz]/(b1) x Flx]/(b2).
This proves (ii)-(iv) for the k = 2 case.

We now prove (ii)-(iv) for the general case by induction on k. Now suppose the
theorem holds for k — 1 pairwise polynomials where k > 3. Let by, bo, ..., by € Flz]
be pairwise coprime. Let

b:= blbg e bk—l-
Since b and by are also coprime, the k = 2 case implies that
o : Flz] — Flz]/(b) x Flz]/(bx)

is surjective and

ker7r2 = (bbk) = (b1b2 cee bk) (244)
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By induction, we also have that the map
1 : Flz] = Fla]/(b1) x Fla]/(bg) x - - - x Flz]/(bg—1)

is a surjective ring homomorphism with kermi_1 = (bybg - --bg_1) = (E) and that
the induced map

Frr : Fla]/(3) — Fla]/(b) x Fle)/(ba) x - x Fla]/(bi—1)

is a ring isomorphism. Let idy, : Flz]/(br) — F[z]/(bx) denote the identity map and
let

Tp—1 X idy : Flx]/(b) x Flz]/(br) —: Flx]/(b) x F[z]/(by)
be the map defined by
Tr—1 X idi([f], [9]k) = (Fr—-1([f]), [9])
(me—1(/), [9lk)
= ([f]h f]Qv IR [f]lcflu [Q]k)

Since 7,1 and idy are both ring isomorphisms, it follows that 7,_1 X idj is also a

ring isomorphism.
Now observe that the map
7 : Fla] = Fla]/(b1) x Flz]/(bg) x - - x Fla]/(bg—1) x Flz]/ (bx)
is in fact given by the composition
7k = (Te—1 X idg) o .

Since 3 is a surjective ring homomorphism and m;_1 X idy is a ring isomorphism,
it follows that 7 is surjective with kernel

kerwk = ker(%k_l X ’Ldk) Oy = keI'TFQ = (b1b2 . bk),

where the last equality follows from (244). This proves (ii) and (iii) for ;. Applying
the First Isomorphism Theorem for rings (Theorem 12.24) to 7 proves (iv). This
completes the proof. O

Here is the proof of the first version of the Chinese Remainder Theorem (Theorem
12.48):
Proof. Let by,...,b; € F[x] be pairwise coprime. By Theorem 12.49, the map

7 Flz] = Flz]/(b1) x Flz]/(ba) x -+ x Fz]/(bg)

given by m(a) = ([a]1,[a)z2, ..., [a]x) is a surjective ring homomorphism, where [a];
denotes the coset of a in Flx]/(b;) . Hence, for r1,...,r, € F[z] arbitrary, there
exists a € F[z] such that

m(a) = ([r1l1, [rel2, - [Tk]k)-

This implies that [a]; = [r;]; for ¢ = 1,..., k. This in turn is equivalent to a; — r; €
(b;) for i =1,...,k. This completes the proof. O
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12.6. { Other Fields

The notion of a field was defined way back in Chapter 5 in Definition 5.1. In linear
algebra, the fields of greatest interest are the field of real numbers R and the field
of complex numbers C. In addition to R and C, another common field is the field
of rational numbers

Q={5 labeZ b#0}

where Z := {0,+1,+2,£3, ..., } are the set of integers. Of course, there are other
fields besides Q, R, and C. In this section, we are going to broaden our knowledge
of fields (slightly) by proving a simple result that will provide us with a mechanism
to generate other fields. This short section is only needed for Chapter 14, which
focuses on less conventional applications of linear algebra. In this section, F will
denote any field. (In fact, all the general results of this chapter work for any field.)
We now introduce some definitions which will be needed later in Chapter 14.

Definition 12.50. Letp € F[z]. p is said to be an irreducible polynomial
if degp > 1 and there does not exist polynomials a,b € Flx] with dega > 1
and degb > 1 such that p = ab. A polynomial of positive degree which is not
irreducible is said to be reducible.

Example 12.51. Consider the polynomial p(z) = 2% + 1. In Rlx], p is
irreducible. However, in Clz], p is reducible since

p=(x+i)(z—1)

and x + 14 and x — i are both elements of C[z].

We now introduce the notion of a field extension:

Definition 12.52. A field K is said to be a field extension of a field F if
F C K and the restriction of the field operations of K to F coincide with the
field operations of F as a field.

Example 12.53. The field R is a field extension of Q and C is a field
extension of both Q and R.

We conclude this very brief section with the following result which can be viewed
as a generalization of Example 12.25:
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Theorem 12.54. Let p(x) € Flx]. Then the quotient ring Flx]/(p) is a
field if and only if p(x) is irreducible.

Moreover, F|x]/(p) is a field extension of F, where the field F is identified
with its image under the projection map w : Flz] — F[z]/(p). In other words,
each element A € F is uniquely identified with its coset [A] in F[z]/(p).

Proof. Suppose first that p(x) is irreducible. Since F[z]/(p) is a commutative ring,
we only need to show that every nonzero element of F[z]/(p) has an inverse. So let
[a] € F[z]/(p) be a nonzero element. This implies that a ¢ (p). Moreover, since p
is irreducible, it follows that a and p are coprime. Proposition 12.47 implies that
there exists q1, g2 € F[z] such that

qra+qp =1 (245)

Hence, taking the coset of both sides of (245) in F[x]/(p) gives

[q1a + q2p] = [1]
[q1a] + [q2p] = [1]
[q1a] + [0] = [1]
[a1]]a] = [1].

Hence, [a] has an inverse.

Lastly, since degp > 1, it follows that ¢ ¢ (p) for all nonzero ¢ € F. Hence, the
image of F under the projection map

™ : Flz] = Fla]/(p)
is naturally isomorphic to F itself. Hence, by identifying F with its isomorphic
image
m(F) C Flz]/(p),
we can regard the field F[z]/(p) as a field extension of F.

Now suppose that F[z]/(p) is a field, but p is not irreducible. Then p = pips
for some polynomials py, py € F[x] of positive degree. Since degp > p; for I = 1,2,
it follows that p; (p) for i = 1,2. In particular, [p;] and [p2] are nonzero elements
in F[z]/(p). Since Flz]/(p) is a field, the product of any two nonzero elements can
never be zero. However, we have

[p1][p2] = [prp2] = [p] = [0],

which is a contradiction. Hence, p must be irreducible. ([
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Example 12.55. Consider the polynomial ring Qz]. Since v2 ¢ Q, it
follows that the polynomial x> — 2 is irreducible in Q[z]. By Theorem 12.54,
the quotient ring
Qlz/(* - 2)
is a field extension of Q. Moreover, since [x* — 2] = [0], it follows that
[2] = [2].

Hence, the coset [x] of x in Q[z]/(x® — 2) can be identified with v/2. So
Q[z]/(x® — 2) is essentially the field Q with /2 tacked on. For this reason,

we can denote this field extension by Q(v/2). You will revisit this idea in
Chapter 14.

Chapter 12 Exercises

1. Let C(R) be the ring of continuous real valued functions on R. Let

J:={f € C(®) | J(0) = 0}.

Show that Jis an ideal of C(R).

2. Let M,(R) be the ring of real n x n matrices. Let R be the set of real
n X n matrices whose first column is entirely zero. Show that R is a subring of
M, (R), but not an ideal of M,,(R). (By ideal, we always mean a 2-sided ideal.)

3. Let M, (R) be the ring of real n x n matrices. Let B, (R) be the subspace of
M,,(R) consisting of all real n x n upper triangular matrices.
(a) Show that B, (R) is a subring of M, (R), but not an ideal of M, (R).

(b) Let N,(R) be the subspace of all real n x n strictly upper triangular
matrices. Show that N, (R) is an ideal of B, (R).

4. Let a € F and let p, : F[z,y] — F[z] be the map which sends the polynomial
p(z,y) in 2-variables to the polynomial p(x,a) € F[z] in 1-variable.
(a) Show that ¢ is a surjective ring homomorphism.
(b) Show that kerp = (y — a). Conclude that Flz,y]/(y — a) and F[z] are

isomorphic as rings.

5. Let p(x,y) € Flz,y]. Show that p(z,z) = 0 if and only if (z — y) | p(z,y).
Hint: rewrite p(x,y) in the form

p(x,y) = ca(y)a” + cna ()" + -+ a(y)z + coly),
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10.

where ¢;(y) is a polynomial in y only for ¢ = 0,1,...,n. Use this to show that
Flx,y]/(x — y) and F[z] are isomorphic as rings.

Let M, (R) be the ring of real n x n matrices and let A be an n X n matrix.
Define

eva : Rlz] - M, (R)

to the map which sends the real polynomial p(z) = ¢,z + -+ + c1z + ¢ to
the real matrix

p(A) == crLA" 4+ -+ 1A+ ol

(a) Show that ev4 is a ring homomorphism.

(b) Show that kereva # {0}.

(c¢) Show that there exists a unique nonzero monic polynomial m4(x) such
that p(A) = 0 if and only if m4(x) | p(z). (This polynomial is called the
minimal polynomial of A; we will study this idea in greater detail in
Chapter 13.)

The Chinese Remainder Theorem implies that there exists a real polynomial
p(z) which satisfies the following conditions:

a* | (p(x) — 2°)
(@ +1) | (p(z) — 2%)
(@ =1) | (p(z) - 2?).
Find p(z).

Let R be a ring and let I and J be ideals of R. Show that the (left, right, or
two-sided) ideal T + J is the smallest ideal containing I and .J.

Prove what is commonly known as the Chinese Remainder Theorem for the
integers Z: if m and n are coprime, then for any integers a, b there exists an
integer k such that m | (k—a) and n | (k—b). Said differently, the the system
of modular equations = a (mod m) and = b (mod n) has a simultaneous
solution.

An ideal M C R of a commutative ring R is said to be maximal if for any

ideal J of R such that M C J, then either M = J or J = R.

(a) Show that an ideal (p(z)) of F[z] is maximal if and only if p(z) is an
irreducible polynomial.

(b) Prove a general version of Theorem 12.54: for a commutative ring R and
an ideal J of R, R/J is a field if and only if J is a maximal ideal.
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11. Prove that two integers a and b are coprime if and only if there are integers
s,t such that sa +tb=1



—
Chapter 13

The Minimal Polynomial and
its Consequences

In this chapter, we state and prove some of the more advanced results of linear
algebra. All of the results in this chapter revolve around a polynomial called the
mintmal polynomial, which is intimately related to the characteristic polynomial
of a linear endomorphism. (Recall that a linear endomorphism is simply a linear
map from a vector space V to itself.) To prove the main results of this chapter,
we will need to make use of the basic ring theory that we developed in Chapter
12. Hence, the reader should study Chapter 12 before starting the current chapter.
In addition to its use of ring theory, the current chapter differs from the preceding
chapters because of its greater emphasis on complex vector spaces. Indeed, we must
rely heavily on the power of complex numbers to prove some of the main results of
this chapter.

13.1. The Minimal Polynomial

Throughout this section, we let F = R or C and we let V' be a vector space over F.
For a polynomial

p(x) = cpz™ + 12"+ 11 + o € Fla]

and a linear endomorphism ¢ € End(V'), we define a linear endomorphism p(p) €
End(V) via

P(p) = cn@” + cn19" 4 1 + coidy (246)

The following result will prove to be a stepping stone to the minimal polynomial:

351
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Lemma 13.1. For ¢ € End(V), there exists a nonzero polynomial p € Flx]
such that p(¢) = 0.

Proof. Let N := (dim V)? and consider the set

<pN’ QON717 "'?‘)07 Zdv' (247)

From Corollary 12.12, the endomorphism ring End(V') is a vector space of dimension
N. Hence, the above set (which consists of N + 1 elements of End(V)) must be
linearly dependent. Consequently, there exists some scalars ¢; € F, i =0,1,..., N
(not all zero) such that

CN<pN + CN,1QON_1 + -4 c1p+coidy = 0. (248)
Setting
p(z) == ety ey 2V ezt oo

(which is nonzero since not all of the ¢;’s are zero), it follows from (248) that
p(¢) = 0. This completes the proof. 0

For ¢ € End(V), let
evy, : Flz] — End(V) (249)
be the map defined by
evy(p) = p(g)- (250)

Theorem 13.2. Let ¢ € End(V'). Then
(i) ev, is a ring homomorphism.
(i) ker ev, # {0}
(iii) Let my(z) € Flx] be a monic polynomial of minimal degree satisfying
my(@) = 0. Then my, is unique and has the following property: if
p(x) € Flz] satisfies p(¢) = 0, then my,(z) | p(x).

The polynomial my, in statement (i) is called the minimal polynomial
of .

Proof. (i): Let p1,ps € Flx] and let ¢ € F. Let K := degp; and L := degps.
Write
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Without loss of generality, assume K > L. If K > L, set b; := 0for j = L+1,...

Then
K

(p1+p2)(z) = Z(az +by)a’ cp(x anz
i=0
From this, we have

(a; +bi)p"

-

s
Il
=

evy(p1 + p2) =

aip’ + szcp
ap’ + szcp

¢) + P2(<P)
(p1) + evp(p2)

= 1t

—~

=D

Il
@
<

s

and

evy(cpr) Z calcp

= c(Z ai')
i=0

= cp1(p)
= Cev‘,ﬁ (pl)a
where we set ¢ := idy. This proves that ev, is linear.

To verify that ev,, preserves the ring multiplication, we first write

K L
p1p2 = Z Z aibjz'

i=0 j=0

Then

=0 j=0
K L
= Z aibjp'y’
i=0 j=0
K L
- () (e
=0 7=0
= p1(p)p2()
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Also, from (246), we see that for the constant polynomial p(z) = 1, we have

eve(p) = plp) =idy.

Hence, ev,, preserves the identity element. This completes the proof that ev, is a
ring homomorphism.

(ii): From the definition of ev,, kerev,, consists of all polynomials p satisfying
p(¢) = 0. Lemma 13.1 shows that there exists a nonzero polynomial p € F[x]
satisfying p(¢) = 0. Hence, p € kerev,, and we conclude that kerev,, # {0}.

(iii): Since kerev,, # {0}, there exists a monic polynomial m,, of minimal degree
satisfying m,(¢) = 0. (Recall that a nonzero polynomial in one variable is monic
if its highest power term has coefficient 1.) Since ev,, is a ring homomorphism, it
follows from Theorem 12.21 that kerev,, is an ideal of F[z]. Theorem 12.38 now
implies that kerev, is generated by m,:

kerev, = (my) = {myq | ¢ € Flz]}.

Consequently, if p € F[z] is any polynomial satisfying p(¢) = 0, we have m,(z) | p(z).
Hence, m,, has the desired property.

For the uniqueness of m,,, let m, be another monic polynomial of minimal
degree satisfying m,(p) = 0. Then m,, | M, and since m,, and m, are both of
minimal degree, we have degm, = degm,,. This implies that m,(z) = cmy(x) for
some ¢ € F. Since m,, and m,, are both monic, it follows that ¢ = 1, which proves
the uniqueness of m,,. This completes the proof. ([

Example 13.3. Consider the vector space R? and let &, and & denote the
standard basis on R?. Let ¢ € End(R?) be the endomorphism on R? defined
by

p(€1) = €2, (&)= —éi.
Consider the monic polynomial p(x) = x4+ a for a € R. Then the endomor-
phism p(¢) : R?2 — R? is given by

p(9)(€1) = aél + &, p(p)(€) = —€1 + aés.

Hence, p(¢) # 0. This implies that the minimal polynomial of ¢ must be of
degree 2 or higher. Now consider the monic polynomial ¢ = x> 4+ ax + b for
a,b € R. Then

p(p)(e1) = (b—1)e1 +aca, p(p)(€2) = —aéy + (b—1)éz

Hence, p(¢) = 0 if and only if a = 0 and b = 1. We conclude that m, =
22 + 1 is the minimal polynomial of .

Theorem 13.2 shows that the map ev,, defined by (250) is a ring homomorphism.
The proof of Theorem 13.2 shows that the kernel of ev, is the ideal generated by
the minimal polynomial m(x) of ¢. Applying the First Isomorphism Theorem for
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rings (Theorem 12.24) to ev,, yields the following result:

Corollary 13.4. Let ¢ € End(V) and let F[p] denote the image of the ring
homomorphism ev, : Flz] — End(V'). Then the induced map

ev, : Flz]/(my,) — Fly]

giwen by [p] — evy(p) := p(p) is a ring isomorphism.

The notion of the minimal polynomial of a linear map can be defined for square
matrices in a natural way:

Definition 13.5. Let A be an n X n matriz whose entries lie in F and let
Ta : F™ — F™ be the linear map defined by Ta(V) := AU. The minimal
polynomial associated to A is ma(x) := mg,(x), where mg,(x) is the
minimal polynomial of the linear map T4 .

Definition 13.5 is natural in the following sense:

Proposition 13.6. Let A be an n X n matriz whose entries lie in F. Let
g(x) = 2" + 12"+ -1+ ¢ € Fla]
be the monic polynomial of minimal degree such that
q(A) := AF 4o ARV 4o 4 A+ eol, = 0.
Then ma(z) = q(x).

Proof. Let T4 : F™* — F™ be the natural linear map associated to A. Let

p(x) = ama™ + am_12™ " + - + a1z + ag € Fla]

r

be any polynomial. Since (T'4)
matrix A", that is,

is just the natural linear map associated to the

(Ta)" = Tar,
it follows that
P(TA)T = (amA™ + a1 A"+ -+ a1 A+ agl,)7.
In other words,
p(Ta) = Tpa)-

Hence, p(T4) is the zero map if and only if p(A) is the zero matrix. From this, we
conclude that the minimal polynomial of T4 is the monic polynomial g(z) of smallest
degree for which ¢(A) is the zero matrix. By Definition 13.5, ma(z) = ¢(x). O
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Example 13.7. Let
0

2 0
A=10 2 0
0 0 -3
In this case, its easy to see that the minimal polynomial of A is

ma(z)=(z—2)(x+3)=2>+z—6.

13.2. The Primary Decomposition Theorem

In this section, the field F is again R or C and V is a vector space over F. The
following result is a special case of the Primary Decomposition Theorem. This
result will serve as a key step in the proof of the Primary Decomposition Theorem.

Lemma 13.8. Let ¢ € End(V). Suppose pi,p2 € Flz] are coprime and
p1(¢)p2(p) = 0. Then

(i) p(kerpi(¢)) C kerp;(p) fori=1,2

(it) V = ker p1() @ ker pa()

(17) im p1(p) = kerpa(p) and im pa(p) = ker p1 ()

Proof. (i): Let v € kerpi(p). Since p1(p)e = ¢p1(p), we have

p1(p)p(v) = ep1(p)(v)
= ¢(0)
=0.

Hence, ¢(v) € kerp;(p), which proves that o(kerpi(¢)) C kerpi(y). A similar
argument shows that ¢(ker p2(p)) C ker pa(¢p).

(ii): Since p; and po are coprime, Proposition 12.47 shows that there exists
q1, g2 € Flz] such that

1 =q1(z)p1(x) + q2(x)pa(z). (251)
By Theorem 13.2, the map
ev, : Flz] = End(V),  ev,(p) :=p(p)

is a ring homomorhpism. Applying ev,, to both sides of (251) yields

(q1p1 + q2p2)
idy = evy(q1)eve(pr) + evp(ge)eve(p2)
q1(@)p1(9) + g2(9)p2(p).- (252)

evy(l) = evy,

idy
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Let v € ker p1(p) Nkerpa(p). Using (252), we have

v = (q1(p)p1(p) + g2(p)p2(p)) v

Hence,
ker pi (i) N ker pa(p) = {0}. (253)

Now let v € V be arbitrary. Using (252) again and noting that a(v)b(p) =
b(p)a(p) for all a,b € Flz], we have

v =q1(p)p1()v + q2(¢)p2(p)v
= p1(¢)q1(p)v + p2(p)ga2(p)v. (254)

Since p1(p)p2(p) = p2(©)p1(p) = 0 by hypothesis, it follows that
pi(p)ar(p)v € kerpa(p),  p2(p)az(p)v € kerpi(p). (255)
(253), (254), and (255) now imply
V = ker p1(p) @ ker p2(p).

This proves (i).
(iii): Let v1 € kerpi(p). From (252), we have

v1 = (q1(@)p1 () + @2(@)p2())v1
= @2(p)p2(p)
= p2(p)g2(p)v1
€ im pa(p).

U1

Hence, kerpi(¢) C im pa(p). Now let ug € im pa(p). Then ug = pa(¢)v for some
v € V. This implies that

p1(p)uz = p1(p)p2(p)v =0,

where we have used the fact that pi(p)p2(¢) is the zero map. This shows that
us € ker py(¢). Hence, kerpi(¢) D im pa(p). Combining the previous result gives
ker p1(¢) = im pa(p). A similar argument shows that ker pa(¢) = im p1(p). This
completes the proof. |
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Theorem 13.9 (Primary Decomposition Theorem). Let ¢ € End(V'). Sup-
pose p1,P2, - ..,k € F[z] are pairwise coprime and

p1(@)p2(p) - pr(p) = 0.
Then

(i) (kerp;(v)) C kerp;(p) fori=1,...,k
(it) V =kerpi(p) ® ker pa(¢p) @ - - - @ ker pi (i)

Proof. (i): The proof is identical to the proof of (i) in Lemma 13.8. Once again,
it follows from the fact that p;(¢) and ¢ commute:

pi(p)e = wpi(p)

fori=1,2,... k.

(ii): We prove this by induction on k. For k = 1, we simply have p;(p) = 0.
Hence, ker p1(¢) = V. The case of k = 2 is statement (ii) of Lemma 13.8. So let us
assume that the result is true for any k pairwise coprime polynomials where k > 2.
Let p1,p2,...,pk+1 € F[z] be k + 1 pairwise coprime polynomials such that

p1(P)p2(9) - - Pry1(p) = 0. (256)

Let g(z) := p1(x)p2(z) - - - pr.(x). Then g and py41 are coprime and g(¢)pr+1(p) =
0. By Lemma 13.8, we have

V = ker g() @ ker s (¢) (257)

and p(ker g(¢)) C ker g(¢) and p(ker p11(p)) C ker pry1(p).
Let

w1 = L)Olkerg(tp) : kerg((p) — kerg(gp)

be the restriction of ¢ to the subspace ker g(p) C V. Since p1,...,px are coprime
and p(ker g()) C ker g(¢p)

0 = g()ker g()
=9 (@kerg(w))
= g(¢1)
=pi(p1)p2(1) - pr(e1).

By the induction hypothesis applied to the endomorphism ¢; € End(ker g(p)) and
the k pairwise coprime polynomials p1, ..., pg, we have

ker g(¢) = ker p1 (¢1) @ ker pa(p1) @ - - - @ ker pi.(p1). (258)
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We now show that ker p;(¢1) = kerp;(¢) for i = 1,2,...,k. To do this, let v €
ker p; (1) C ker g(¢). Then

pi(p)v = (pi(¢)|kerg(¢)) v
=Di (W‘kerg(w)) v
= pi(p1)v
=0.

Hence, ker p; (1) C kerp;(p). On the other hand, for v € ker p;(¢), we have

g(p)v = p1(@)p2(®) - - - pi(p) -+ Pr(p)v

—

=p1(@)p2(p) - pi(p) - pr(@)pi(p)v
=0

where ]:(;) denotes the omission of p;(¢). This implies that v € ker g(¢). Hence,
v is in the domain of p;(¢1). Applying p;(¢1) to v gives

pi(p1)v = pi (<p|kerg(tp)) v
= (Pi(@)lker g()) v
= pi(p)v
=0.

Hence, ker p;(p1) D kerp;(p) for i = 1,2,..., k. We have thus proved that

ker p; (1) = ker pi(p) (259)

for i =1,..., k. Equations (257), (258), and (259) now imply

V = kerpi(p) ® kerpa(p) @ - - @ ker pr.(p) @ ker prr1(p).

This completes the proof. O
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Example 13.10. Consider the vector space R* and let €1, €5, €3, €4 denote
the standard basis on R*. Let ¢ : R* — R* be the linear map defined by

©0(€1) = €3, @(€2) =€, w(€3) =—€1, p(€s) =&

Let py = 22 +1 and po = 22 — 1. Then p1 and ps are coprime. By direct
calculation, one finds that

p1(p)p2() = 0.
Theorem 13.9 (or Lemma 18.8 in this case) implies that
R* = ker p1(p) ® ker pa(p).
By a straightforward calculation, we find that
ker p1(p) = span{éy, €3},  kerpa(p) = span{es, €1}

In this case, one finds that there are no monic polynomials p in degrees 1,2,
and 8 satisfying p(p) = 0. From this, we deduce that the minimal polynomial
of pismy = (22 +1)(2? —1) =2* — 1.

13.3. Diagonalizable Linear Maps

In this section, we study the minimal polynomial associated to diagonalizable linear
maps and prove a well known theorem about simultaneously diagonalizable linear
maps (a notion which we will define precisely a bit later). Throughout this section,
the field F is either R or C and V is a vector space over F. We being with some
basic observations:

Proposition 13.11. Let ¢ : V — V be a linear map and let Ay, ..., \; be
distinct eigenvalues of @. Let v; be an eigenvector of ¢ associated to \; for
i=1,...,k. Then {vy,...,vx} is linearly independent.

Proof. For |l <k, let
Ep = {v1,va,...,u}.

For I = 1, E; = {v1} is a linear independent set (since eigenvectors are nonzero
by definition). We now prove that Fj is linearly independent for [ = 1,2,...,k by
induction on [. Suppose then that F; is linearly independent. Let us suppose that

V1,02, ..., Vi4+1
is linearly dependent. This implies that

vi+1 € span{vy, ..., v}
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Let us express v;41 as a linear combination of the elements of Ej:

l
Vil =Y Qi (260)
=1

Applying ¢ to both sides of (260) gives

l
p(vip1) = Z aip(v;)

l
Al41Vi41 = Zai/\ivi- (261)
=1

On the other hand, multiplying both sides of (260) by A; gives

l
/\l+1vl+1 = ZaiAH_lvi. (262)
i=1

Subtracting (261) from (262) gives

l
Z ai()\l+1 — )\2)’01 =0.
i=1

Since vy, ...,v; are linearly independent, it follows that a;(A11 — A;) = 0 for ¢ =
1,...,0. Since A; # A; for i # j, it follows that a; =0 for i =1,...,1. From (260),
this implies that v;4+; = 0, which is a contradiction since eigenvectors are nonzero
by definition. Hence, we conclude that Fji; is linearly independent. In particular,
Ey :={v1,...,vx} is linearly independent. This completes the proof. O

Proposition 13.12. Let ¢ : V. — V be a linear map and let A\, ..., A
denote all the distinct eigenvalues of p. Also, let E; denote the eigenspace
of ¢ associated to \; fori =1,..., k. Then @ is diagonalizable if and only
if

V=E1®OE:® & E.

Proof. Since ¢ is diagonalizable, V has a basis {v1, ..., v, } which consists of eigen-
vectors of ¢. Hence, each v; lies in some E;. This implies that

V=FE +FEs+- + Ey.

We now show that this sum is actually a direct sum. To do this, let u; € E; for
i=1,...,k and suppose that

up +ug+ -+ ug =0.

Let S := {u; | u; # 0}. If S # (), then S is a linearly dependent set consisting of
eigenvectors associated to distinct eigenvalues. However, this contradicts Proposi-
tion 13.11. From this, we conclude that u; = us = --- = u = 0. This implies that
V' is a direct sum of the E;’s.
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Now suppose that V is a direct sum of the eigenspaces F;, i =1,...,k. Let B;
be any basis on F; for i = 1,... k. Then

B=BUByU---UDBy

is a basis of V' consisting of the eigenvectors of ¢. Hence, ¢ is diagonalizable. [

The following result expresses the condition of diagonalizability in terms of the
minimal polynomial.

Theorem 13.13. Let ¢ : V. — V be a linear map and let A1, ..., \; denote
the distinct eigenvalues of . Then ¢ is diagonalizable if and only if its
minimal polynomial is

my(z) = (x — A)(x — A2) - (z — Ap). (263)

Proof. Suppose first that ¢ : V' — V is diagonalizable. Let my(x) denote the
minimal polynomial of . Also, let p;(z) =a — \; for i =1,...,k and let

p(x) = pr()pa(x) - - pr(x).
Note that p(z) is a monic polynomial.

Let E; be the eigenspace associated to \; for ¢ = 1,...,k. By Proposition
13.12,

V=EOE® DL
Let u; € E;. Since p(u;) = \ju;, we have

Hence,
p(p)ui = p1(p)p2(p) - - - pr(p)u
= pr(@)p2(9) - pi(@) - prlP)pilp)us
= p1(@)p2() - pil) - pr()0
=0

where p; () denotes omission of p;(¢). Since V is a direct sum of the E;’s, it follows
that p(p) = 0. Theorem 13.2 implies that
my(x) | p(z).

Since p1, pa,...,px are distinct linear factors (and hence irreducible and pairwise
coprime - see Definitions 12.50 and 12.42), it follows that m, must be a product of
some subset of {p1,p2,...,px}. So let us suppose that for some integers

1< <ag <+ <a <k,
we have

My = Pa,Pas * " Pay -
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Suppose now that some linear factor p; is missing from m,. Then for u; € E;, we
have

Pa, (P)uj = (Aj — Aa,)Ju; # 0

fori=1,2,...,l. Hence
M (©)Uj = Pay (P)Pas (0) -~ Pay (P)u

= (Aar = Aj)Aay = Aj) - (Ao, = Aj)uy

# 0,
which is a contradiction. Hence, m, must be a product of all the p;’s:

My =p=p1p2--Pr = (r = A1)(x — A2) - (. — Ap)-

This proves the first half of the theorem.

Now let us suppose that the minimal polynomial m, of ¢ is given by (263).
Since the factors (x — A;) for ¢ = 1,...,k are pairwise coprime, the Primary De-
composition Theorem (Theorem 13.9) implies that

V =ker(p — Aridy) @ ker(p — Aoidy ) @ - - - @ ker(¢p — Apidy ).

However, ker(¢ — A;idy) is simply the eigenspace of ¢ associated to A; for i =
1,..., k. By Proposition 13.12, ¢ is diagonalizable. (I

Definition 13.14. Let ¢1,...,om € End(V) be diagonalizable linear maps.
The linear maps @1, ..., om are simultaneously diagonalizable if there
ezists a basis B of V' such that each element of B is an eigenvector of ; for
1=1,...,m.

Example 13.15. Consider the vector space R? and let &, and €5 be the
standard basis on R%. Let 1,02 € End(R?) be the linear maps defined by
p1(€1) = €1+ 262, p1(62) =261 + &
and
p2(€1) = 3€1 — €2,  p2(2) = —€1 + 3éa.

With a little work, one finds that ¢1 and @9 are diagonalizable with eigen-

vectors
51 =F 627 51 — 62.
Indeed,
p1(€1 + &) =3(e1 +€2), 1(€1 — &)= —(€1 — &),
and

p2(€1 + &) =2(e1 + ), pa(€1 — &) = 4(€1 — €3),
Since the vectors €1 + € and €, — € form a basis on R%, we conclude that
w1 and o are simultaneously diagonalizable.
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We conclude this section by proving a well known theorem about simultaneously
diagonalizable linear maps. Before doing this, we need the following result:

Lemma 13.16. Let ¢ : V. — V be diagonalizable linear maps. If U is a
subspace of V' which is itnvariant under ¢, that is, o(U) C U. Then the
restriction to U

olv:U—=U

is also diagonalizable.

Proof. Let Aq,..., A\ be the distinct eigenvalues of ¢. Let p := @|y. Since ¢ is
diagonalizable, Theorem 13.13 implies that the minimal polynomial of ¢ is

my = (x —A)(x — Ag) - (x — Ap).
Let m, be the minimal polynomial of p. Since m(¢) = 0, we also have
my(p)(U) = my(plo)(U)
= m,

|
(¥)(U)
= 0.

Theorem 13.2 implies that m,, | m,. Since m,, consists of distinct linear factors (z—
i), i =1,...,k, it follows that m, must be a product of some subset of the factors
{x =X |i=1,...,k}. Theorem 13.13 implies that p := ¢|y is diagonalizable. [

Theorem 13.17. Let ¢1,...,0m € End(V) be diagonalizable linear maps.
Then the linear maps @1, ..., pm are simultaneously diagonalizable if and
only if they commute with one another, that is, p;; = @;p; for all i,j €

{1,...,m}.

Proof. («<): Suppose @1, ..., ¢, are commuting diagonalizable linear maps. We
show that they are simultaneously diagonalizable by induction on m. For m =1,
we have a single diagonalizable linear map {1}, which is simultaneously diago-
nalizable in a trivial way. Now suppose that the result is true for m commutating
diagonalizable linear maps.

Let ¢1,...,Ym,Pm+1 be any m+1 commuting diagonalizable linear maps. Let
A1, ..., Ak be the distinct eigenvalues of ¢,,41 : V — V and let E; be the eigenspace
of w41 associated to \; for i =1,...,k. Let e; € E;. Then for j < m, we have

Om+19j(€:) = ©jPm1(ei)
= Xipj(€;).
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Hence ¢;(e;) is an eigenvector of ¢,,,1 associated to A;. Hence, ¢;(E;) C E; for
j=1,...,m. By Lemma 13.16, the restricted linear map

(pj E; E1 — E1
is diagonalizable for j = 1,...,m. By the induction hypothesis, the m commuting
diagonalizable linear maps
PLE; P2|E;s -+ Pm|E;

are simultaneously diagonalizable. Hence, there exists a basis B; of F; such that
each basis element of B; is an eigenvector of ¢1,...,¢.,. Since B; C E;, every
element of B; is, of course, an eigenvector of ¢,,11 as well. The set

B:=BUByU---UDRBy

is then a basis of V' and, by construction, every element of B is an eigenvector of
w; fori=1,...,m+ 1. Hence, ¢1,...,9om+1 are simultaneously diagonalizable.

(=): Suppose that ¢1,...,p, are simultaneously diagonalizable. We now
show that they also commute with one another. By definition, there exists a basis
v1,...,V, of V such that v; is an eigenvector of ¢; for j = 1,...,m. Hence, for
i=1,...,nand j=1,...,m, we have

©j(vi) = Ajivi

for some A;; € F. Then

w105 (vi) = Njipr(vi)

= Ajipu(vi)

= AjiAiv;

= @je1(vs) (264)
fori=1,...,nand j,l =1,...,m. Since {vy,...,v,} is a basis, (264) implies that
wjor =@ forall j,1=1,...,m. O

Remark 13.18. The basic mathematical framework underlying quantum
mechanics is linear algebra. In quantum mechanics, a physical system is
represented by a complex inner product space (H,(-,-)). In this framework,
the observables (i.e. the physical quantities one measures like position or
momentum) are represented by self-adjoint operators. Recall from Theorem
9.56 that self-adjoint linear maps are diagonalizable. In quantum mechanics,
the eigenvectors of a self-adjoint map correspond to various physical states
of the system. The eigenvalues of a self-adjoint linear map ¢ are the pos-
sible values that the observable represented by ¢ can take on (after a mea-
surement). Two self-adjoint operators which commute are simultaneously
diagonalizable by Theorem 13.17. Hence, they share the same eigenvectors
(or physical states). Physically, commuting self-adjoint operators represent
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observables which can be measured simultaneously. Self-adjoint operators
which do mot commute represent observables which cannot be measured si-
multaneously. This is the mathematical underpinning behind the famous
Heisenberg uncertainty principle.

13.4. Geometric Multiplicity vs Algebraic Multiplicity

In this brief section, V is a vector space over F, where F = R or C.

Definition 13.19. Let ¢ : V. — V be a linear map and let p, be the
characteristic polynomial of ¢. Also, let A be an eigenvalue of ¢ and let F
be the eigenspace of ¢ associated to .
(i) The geometric multiplicity of A is dim E).
(ii) The algebraic multiplicity of X\ is the largest integer k such that
(z = N* | py(2).

We will denote the geometric multiplicity of A by G(\) and the algebraic
multiplicity of X by A(N).

Example 13.20. Consider the vector space R? and let €1 and & denote the
standard basis on R2. Let ¢ : R? — R? be the linear map defined by

p(€1) =€1, (&) =¢e1+é.

The matriz representation of @ with respect to the standard basis S =

{€1,é5} is
[pls = ( (1) 1 )

From this, we find that the characteristic polynomial of ¢ is
Py(z) = det(zlz — [¢]s) = (z — 1)
¢ has only one eigenvalue: 1. From p,, we see that the algebraic multiplicity

of 1 is A(1) = 2. On the other hand, the eigenspace of 1 is spanned by €.
Hence, the geometric multiplicity of 1 is G(1) = 1.

In the previous example, we have G(\) < A()N). Is this always the case? The answer
is given by the following result:

Theorem 13.21. Let p : V — V be a linear map and let X be an eigenvalue
of . Then G(A) < A(N).
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Proof. Let E) be the eigenspace of ¢ and let {v1,...,v;} be a basis on Ey. Extend
this to a basis on V:

B:={vi,..., 0%, Vks1,...,Un}.

Since ¢(v;) = Av; for ¢ < k, the matrix representation of ¢ with respect to B has
the form

e M X
7B = Oprr Y )’

where Ij;, is the k x k identity matrix, 0,,_j x is the (n — k) x k zero matrix, X is
some (n — k) x k matrix, and Y is some (n — k) x (n — k) matrix. Let

(z — ) —X )

Q=zl, —[¢|g = < 0, —k i zlp =Y

The characteristic polynomial of ¢ is then p,(z) = det(Q). Since the diagonal
elements of the matrix xl,,_, — Y are degree 1 polynomials, it follows that these
very same elements can be used as pivots to transform xI,_; — Y into an upper
triangular matrix. Hence, we only need the row operation

cR; +Rj — Rj

to transform z1,,_r — Y (and hence Q) into an upper triangular matrix. The only
difference here is that ¢ is not an element of F. Instead, ¢ is a function of x of the

form
a

f(x)
where a € F and f(z) is a degree 1 polynomial. Let A denote the upper triangular
matrix obtained from xI,_, — Y after row operations and let

(€ - NI, —X ) |

g — =
@ =l = lels ( 0p—k.k A

From our study of determinants, det(Q’) = det(Q). In addition, we recall that that
the determinant of an upper triangular matrix is just the product of all its diagonal
elements. Let h(z) denote the product of the diagonal elements of A. Then h is a
polynomial of degree n — k. Hence,

Py = det(Q)
— det(Q))
= (z — NFh(x).

Since (z — A\)¥ | p, and k = dim E,, it follows immediately that G(A) < A(A). O

We conclude this section with another characterization of diagonalizable linear
maps.
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Theorem 13.22. Let V' be a complex vector space and let ¢ : V. — V be
a linear map. Also, let A1, ..., \; denote all the eigenvalues of p. Then ¢
is diagonalizable if and only if G(\;) = A(N\;) fori=1,... k.

Proof. Let p, be the characteristic polynomial of ¢. Since V' is a complex vector
space, p, € C[z]. The Fundamental Theorem of algebra implies that p,, completely
factors:
Do = (= A)™ (2= A2) ™ - (2 — M) (265)

From the definition of algebraic multiplicity, we have A()\;) := a; for i = 1,... k.
Let E; denote the eigenspace of ¢ associated to ;.

Suppose first that ¢ is diagonalizable. Let B; be a basis of E; for i =1,..., k.
Let

B:=B1UByU---UDB.

Let g; := G(\;) := dim E; for ¢« = 1,...,k. The matrix representation of ¢ with
respect to B is then

Al 0 0 0
0 Aalg, O --- 0
o]z = : S ; (266)
: : e 0
0 0 0 - Al

where “0” here denotes zero matrices of various sizes. From (266), we have
Do = (& — A)P (2 — X2)72 - (x — Ag)9%. (267)
Comparing (265) and (267), we have a;, = g; for i = 1,..., k. Hence, A(\;) = G(\;)
fori=1,... k.
Now suppose that A(\;) = G(\;) for ¢ = 1,...,k. Since the degree of the
characteristic polynomial is equal to dim V', we have
=G(M)+G(A2) + - +G(\)
=dim F; +dim F5 + - - - + dim F. (268)
This implies
V=E10E& & Ej.
Proposition 13.12 now implies that ¢ is diagonalizable. ([

13.5. Block Matrices and Jordan Blocks

In this section, we formally introduce the notion of block matrices with particular
emphasis on block diagonal matrices.
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Definition 13.23. A block matriz is a matriz of the form

A A -0 A

A1 Axp - Agp

Aml Am2 o Amn
where A;j fori=1,...,m andj =1,...,n are matrices of appropriate sizes
called the blocks of A.

A special (yet important) case of Definition 13.23 is the following:

Definition 13.24. A block diagonal matriz is a matriz of the form

A, 0 - 0

0 A, -~ 0

0 0 - A
where the blocks Ay, As, ..., A are square matrices (not necessarily of the
same size) and O denotes zero matrices of appropriate sizes.

Example 13.25. The matriz
1 -1 00 00 O
o 2 00 00 O
0 0 -2 4 1 0 O
A= 0 O 2 1 5 0 0
0o 0 -3 2 —4 0 O
o 0 00 06 O
o 0 00 0 0 -2
is block diagonal with blocks
1 —1 -2 4 1
A = ( 0 92 )7 Ay = 2 1 5 |, As;=(6), Ay=(-2).
-3 2 -4

Recall from our study of determinants that the determinant of an upper triangular
matrix is simply the product of its diagonal elements. The following result is a
generalization of this.
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Theorem 13.26. Let A be a block matrix of the form

A Az Az o0 A
0 Az Az - Ag
A= 0 0 Az - Az
0 0 0 - Ak
where the block diagonals Ay fori=1,... k are square matrices (not nec-

essarily of the same size). Then the determinant of A is just the product of
the determinants of its diagonal blocks, that is,

det(A) = det(Au) det(AQQ) tee det(Akk).

Proof. Using row operations, we can transform A into an upper triangular matrix.
Given the form of A, this amounts to using row operations to transform each of
its diagonal blocks into an upper triangular matrix. Let us recall the effect on the
determinant from each type of row operation:

1. R; <> R; (i # j): changes the sign of the determinant

2. cR; — R;: scales the determinant by a factor of ¢

3. ¢cR; + R; — R;: no change
Using only row operations 1 and 3, A can be transformed into an upper triangular
matrix A’. Let s; denote the number of row swaps used in transforming A;; into an
upper triangular matrix A},. Let «; denote the product of the diagonal elements
of A},. From our study of determinants, the determinant of an upper triangular

matrix is simply the product of its diagonal elements. Hence, det(A};) = ;. The
determinant of A;; and A}, are then related by

det(Ay;) = (—1)% det(AL) = (—1)% .
The determinant of A’ is then the product of its all diagonal elements. Hence,
det(A") = ayag -+
= det(A];) det(Ajy) - - det(Ay).
Let s = Zle s; be the total number of row swaps needed in transforming A into
A’. The determinant of A is then given by
det(A) = (—1)° det(A")

— (—1)" det(A},) det(Aby) - - det(Aly)

= (=1)"(=1)" -+ (=1)"* det(A},) det(Ad,) - - - det(Ajy)

= ((=1)" det(A},)) ((=1)* det(Ady)) - ((—1)* det(Ayy))

= det(A11) det(Aaz) - - - det(Agk).
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Example 13.27. Let

2 1 -3 7
-1 5 8 3
A= 00 5 —2
oo 2 7

By Theorem 13.26, the determinant of A is

2 1 5 —2
det(A)—det(_1 5>det<2 7)

— (11)(39)
= 429.

The following is a special case of Theorem 13.26:

Corollary 13.28. The determinant of a block diagonal matrix

A, 0 -+ 0
0 A, -~ O
A= . )
0 0 - A

is the product of the determinants of its diagonal blocks, that is,

det(A) = det(A;1) det(As) - - - det(Ag).

Example 13.29. Consider the matrix A from Example 13.25. By Theorem
13.26, the determinant of A is

det(A) = det(A;) det(Asz) det(Asz) det(Ay)

= (2)(N(6)(-2)
= —168.
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Definition 13.30. A Jordan block of size n is an n X n matrix consisting
of a number A\ € F along the main diagonal and the number 1 along the

superdiagonal:
A1 0 O 0
0 X1 0 0
0 0 X 1 0
In(A) =
0 00 0 - 1
0 00 0 - X

A block diagonal matriz consisting of Jordan blocks is said to be in Jordan
canonical form.

Example 13.31. The matrix

3 1 0 0 0 0 O
03 0 0000
0 0 —4 1 0 0 O
A= 0 0 0 —4 0 0 O
00 O 0010
00 O 0001
00 O 0O0O0O0

is in Jordan canonical form with Jordan blocks J2(3), Ja(—4), and J5(0).

A matrix in Jordan canonical form is a diagonal matrix if and only if it consists of
Jordan blocks of size 1. Intuitively, a matrix which is in Jordan canonical form is
“close” to being a diagonal matrix. As we have seen, not every linear endomorphism
is diagonalizable. However, for every linear endomorphism ¢ on a complex vector
space V', we can settle for the next best thing: one can always find a basis B of
V for which the matrix representation [¢]s is in Jordan canonical form. The rest
of this chapter will be devoted to proving this result and exploring a few of its
consequences.

13.6. Nilpotent Maps

As we alluded to in the previous section, every linear endomorphism on a complex
vector space V has a basis B for which its matrix representation can be put into the
Jordan canonical form. We will see later that the Jordan canonical form implies
that a linear map can be uniquely decomposed into a sum of a diagonalizable map
and a nilpotent map. In order to prove the existence of such a basis, we need
to spend a little time studying nilpotent maps. This is the purpose of the present
section. In this section, F = R or C and V is a vector space over F. Naturally, we
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begin with the following definition:

Definition 13.32. A linear map » € End(V) is nilpotent if ©* = 0 for
some integer k > 0.

Example 13.33. The zero endomorphism 0 € End(V') is trivially nilpotent.

Here is a less trivial example.

Example 13.34. Consider the vector space R? with standard basis €1, €.
Let ¢ : R? = R? be the linear map defined by

p(e1) =€z,  p(e2) = 0.
Its easy to see that p®> = 0. Hence, ¢ is nilpotent.

Theorem 13.35. Let ¢ € End(V). Then ¢ is nilpotent if and only if the
minimal polynomial of ¢ is of the form my(z) = z* for some k > 1.

Proof. Suppose ¢ is nilpotent. By definition, ™ = 0 for some n > 1. Since
p(p) = ¢" for p(x) = 2" € Flz], Theorem 13.2 implies that m, | 2. Since
my(p) = 0 and m,(x) is monic, it follows that me,(z) = 2% for some 1 <k < n.

Now suppose m.,(x) = z* for some k > 1. From the definition of the minimal
polynomial, we have m.,(p) = ¢* = 0. Hence, ¢ is nilpotent. O

Theorem 13.36. Let ¢ € End(V) be a nilpotent map. Then 0 is the only
eigenvalue of p.

Proof. Let A be an eigenvalue of ¢ and let v € V' be an associated eigenvector. By
definition, v is nonzero. Hence, for any k£ > 1, we have

" (v) = AFo.

If A # 0, then ©*(v) # 0 for all k > 1. In particular, ¢ is not nilpotent, which is a
contradiction. Hence, we conclude that A = 0. (Il

The converse to Theorem 13.36 is not true in general as the following example
demonstrates:
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Example 13.37. Consider the vector space R? and let €1, &5, €3 denote its
standard basis. Let o : R3 — R3 be the linear map defined by

p(€1) =0, (&)= —6, ¢(&)=é.
The characteristic polynomial of ¢ is p, = z(2? +1) € Rlx], which has only
has 0 as its eigenvalue. However, ¢ is not nilpotent since p?*(€3) = (—1)Féy
for k > 1. It will follow easily from the Cayley-Hamilton Theorem (which
we will prove later) that the converse to Theorem 13.36 does hold if V' is a
complex vector space.

Our goal now for the remainder of this section is to show that if ¢ : V. = V
is nilpotent, then there exists a basis B of V for which the matrix representation
of ¢ with respect to B is in the Jordan canonical form where all Jordan blocks are
of the form J,(0) for various p > 1. Such a basis is called a Jordan basis for ¢.
We are going to arrive at a proof of this result by first proving a number of smaller
results. In essence, we are building a bridge towards this main result. Each smaller
result can be regarded as a plank in this bridge. We begin with the following result:

Lemma 13.38. Let ¢ € End(V') be a nonzero nilpotent linear map. Suppose
ok =0 and "= # 0 for some positive integer k. Then for any v € V such
that *~1(v) # 0, the set

{v,0(v),...,¢* ()}

is linearly independent.

Proof. We prove this by induction on k. Since ¢ is nonzero by hypothesis, k is at
least 2. Let us first consider the case where k = 2. Let v € V be any vector such
that p(v) # 0 and suppose that

agv + a1p(v) =0 (269)

for some ag,a; € F. Applying ¢ to both sides of (269) and using the fact that
¢? = 0 and p(v) # 0, we obtain ag = 0. Equation (269) reduces to a;¢(v) = 0.
Since p(v) # 0, we conclude that a; = 0 as well. Hence, {v,¢(v)} is linearly
independent.

Suppose the result is true for all nilpotent maps satisfying ¥ = 0 and *~1 # 0
for some k > 2. Now let ¢ : V — V be a nilpotent map such that ¥*+! = 0 and
¥ #£0. Let V' =im 9. Then

YV Ccyp(V)=imyp =V".
Hence, 9|y € End(V'). Let ¢’ := 9|ys. Since 1 is a nonzero map, we have
V' # {0}. Let v' € V' be arbitrary. Then v' = ¢)(v) for some v € V and

(W)E@') = F (') = R () = 0.
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Hence, (1/')¥ = 0. Also, since ¥¥ # 0, there exists v € V such that 1*(v) # 0. Let
v =1 (v). Then

@) = ) = ¢ () # 0.
Hence, (")~ # 0. Now let v/ € V' C V be any element such that (')*~1(v') # 0.
By the induction hypothesis applied to ¢’ := |y, the set

{v' @), " ()}

is linearly independent. Since v’ € V’, there exists v € V such that v' = ¢(v). The
above linearly independent set can be rewritten as

{$(0), 9% (), ... ¥* ()} (270)
Now suppose that
apv + a1p(v) + - - - + apF(v) = 0 (271)
for some ag, aq,...,a; € F. Applying ¢ to both sides of (271) gives
aoh(v) + a1 (v) + - + ar_19"(v) = 0, (272)
where we have used the fact that ¢**! = 0. However, the set (270) is linearly
independent. Hence, ag = a; = --- = ax_1 = 0. (271) now reduces to ax*(v) = 0.

Since ¥ (v) # 0, we conclude that ax = 0 as well. From this, it follows that
{0,9(0),4*(v),...,¢*(v)}

is linearly independent. This proves the induction step. 0

Lemma 13.39. Let ¢ : V. — V be a nonzero nilpotent map. Let k be
the smallest integer such that ©* = 0. Let v € V be any vector such that
©*~1(v) # 0. Also, let

U= SpG,TL{’U, QO(U)’ ©0 0y @k_l(v)}'
Then
U Nkerp = span{p®1(v)}

Proof. By Lemma 13.38, the set
B:= {1 (v),..., o), v}
is linearly independent. Let u € U Nker . Since U = span B, it follows that
u=agv+a1p(v) + -+ ap_10" " (v) (273)

for some ag,a1,...,ar—1 € F. Applying ¢ to both sides of (273) and using the fact
that ©* = 0 and ¢(u) = 0 gives

0 = app(v) + a1p*(v) + -+ + ap_2" 1 (v). (274)
Since p(v), p%(v), ..., ¢* 1 (v) is linearly independent, it follows that

apg=a; =--=agp_—2=0.
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Hence, u = aj,_19" 1 (v). From this, we conclude that U N ker ¢ is spanned by the
vector pF~1(v). O

Lemma 13.40. Let ¢ : V — V be a nonzero nilpotent map. Let k be the
smallest integer such that ¥ = 0 and let v € V be any vector such that
o1 (v) £ 0. Also, let

B = {cpkil(v)? SO (p(’U),U}
and U := span B. Then

(1) o(U) CU
(i) The matriz representation of ply : U — U with respect to B is the
Jordan block Jy,(0), that is,

[eluls = Jx(0)
(iii) if dimV =2, then U =V and [¢]p = J2(0).

Proof. (i): Since p* = 0, it follows that
pp'v) =t (v) €U

for i =0,1,...,k — 1 (where we set ©° := idy ). This implies that o(U) C U.

(ii): By Lemma 13.38, B is linearly independent. Hence, B is a basis of U. Since
o(pi(v)) = piT(v) (with p*(v) = 0), it follows that the matrix representation of
w|y with respect to B is

0 1 0 0
0 1 0
leluls = Lo
oo0oo0 --- 1
o 00 --- 0
= Jx(0).

(Note that dimU = k.)

(iii). Since ¢ is a nonzero nilpotent map, it follows that k¥ > 2. By Lemma
13.38, {¢(v), v} is linearly independent. Since dim V' = 2, it follows that k = 2 and
B = {¢(v),v} is a basis of V. Hence, U =V here, ¢|y = ¢, and

[@]BZ(S é)

= J5(0).
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Remark 13.41. Let 0 : V — V be the zero map and let n = dimV. For
any basis B, the matrix representation of 0 with respect to B is, of course,
the n x n zero matriz. Since J1(0) = 0, the n X n zero matriz can also be
expressed as a block diagonal matriz with n Jordan blocks all equal to J1(0).
In other words,

J1(0) 0 0

0 Ji(0) 0

[0]s = . :
0 0 - Ji(0)

Lemma 13.42. Let ¢ : V. — V be a nonzero nilpotent linear map such
that p?> = 0. Then there exists a Jordan basis B of V for ¢ such that all
the Jordan blocks in the matriz representation [p|g are either J1(0) = 0 or

Jo(0).

Proof. Since ¢? = 0, it follows that im ¢ C ker¢. Let

v, 0} (275)

be a basis on im ¢ and let y; € V be defined by ¢(y;) = g; for i = 1,...,t. Extend
(275) to a basis of ker ¢:

V1,92, Ut, X1, T2 ..., Ts } (276)
Let
B:={01,91,02,Y2 - -+ s Uts Yts T1, - - - , T }- (277)
We now show that B is linearly independent. Suppose

t t s
Z a; i + Z biy; + Z c;r; = 0. (278)
=1 =1 =1

Applying ¢ to both sides of (278) gives

t
> by =0, (279)
i=1

where we use the fact that ;,2; € kerp and o(y;) =g; fori=1,...,t,j=1,...,s.
Since (277) is linearly independent, it follows that by = --- = b, = 0. Equation
(278) now reduces to

t s
> aifi+ > cimi =0. (280)
=1 i=1

Since (277) is linearly independent, we conclude that
ap=---=aq=c¢c1=---=cg=0.

We have thus proven that B is linearly independent.
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By the Rank Nullity Theorem (Theorem 5.60), we have
dimV = dimker ¢ + dim im ¢
=(t+s)+t
=2t + s,
which is the cardinality of B. Since B is also linearly independent, we conclude that
B is a basis on V.
Since
(i) =0, ©(yi) =vi, ¢(z;)=0
fori=1,...,tand j = 1,...,s, we see that the matrix representation of ¢ with

respect to B is a block diagonal matrix which consists of ¢ blocks of J2(0) and s
blocks of J;(0) = 0:

Jo(0) --- 0 0 e 0

0 H0) 0 0

els =1 0 Ji(0) 0
o ... o - o 71(0)

O

We are now in a position to prove the main result of this section (which holds for
F =R or C). Note that the proof of this result is a bit technical. Hence, the reader
may wish to simply skim the proof for the first reading and then read it again for
all the details at a later time.

Theorem 13.43. Let ¢ : V — V be any nilpotent map and let n = dim V.
Then there exists a Jordan basis B of V' for ¢ such that all the Jordan blocks
in the matriz representation [¢|g are of the form J,(0) for various p > 1.
More explicitly,

Jn, (0) O 0
0 Jn,(0) 0
lels = .
0 0 - J(0)

where Y1_ n; =n.

Proof. If ¢ is the zero map, then the result holds by Remark 13.41. So let us
assume that ¢ is a nonzero nilpotent map. Let k£ be the smallest integer such that
©* = 0. Since ¢ # 0, it follows that k£ > 2. Lemma 13.38 implies that {¢(v),v} is
linearly independent. Hence, dimV > 2. If dim V = 2, then by statement (iii) of
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Lemma 13.40, there exists a basis B such that [p]g = J2(0). Hence, Theorem 13.43
holds for dim V' = 2.

We now prove Theorem 13.43 by induction on dim V. So let us assume that if
dimV < n and ¢ :V — V is a nonzero nilpotent map, there exists a basis B of V'
such that [p]g is a block diagonal matrix consisting of Jordan blocks of the form
Jp(0) for various p > 1. Also, let us also suppose that if k is the smallest integer
such that ¢* = 0 and v € V satisfies p*~1(v) # 0, then there exists a subspace C
of V (possibly C' = {0}) which satisfies the following conditions:

(a) V =span{¢* 1(v),...,p(v),v}®C

(b) p(C) CC.
Note that for dimV = 2, Lemma 13.40 shows that V' = span{¢(v),v}. Hence,
C = {0} in this case. In particular, the existence of a subspace C satisfying

conditions (a) and (b) hold for the case of dimV = 2.

Now let dimV = n and let ¢ : V' — V be a nonzero nilpotent map. Also, let
k be the smallest integer such that ©* = 0 and let v € V be any vector such that
01 (v) # 0. Let

By = {¢"t(v),...,0(),v}, U := span B;. (281)

Lemma 13.38 implies that B; is a basis of U. Lemma 13.40 shows that o(U) C U
and

[elols, = Ji(0).
If U = V, then we are done. In this case, the desired basis is By and [¢]g, is a block
diagonal matrix which consists of a single Jordan block: Ji(0). So let us suppose
that U # V. We now construct a subspace C C V satistying conditions (a) and (b)
above.

Before we do this, note that the existence of a subspace C' C V satisfying
conditions (a) and (b) above implies the existence of a basis B of V' with the property
that the matrix representation [¢]g is in Jordan canonical form with Jordan blocks
of the form J,(0) for various p > 1. Indeed, if such a subspace C exists, then

dimC <dimV =n

since dimU =k >2and V =U & C. If p|c = 0, then the matrix representation
of ¢|c with respect to any basis of C is the zero matrix. By Remark 13.41, the
zero matrix is a special case of the Jordan canonical form where all Jordan blocks
are J1(0) = 0. On the other hand, if ¢|c # 0, then by the induction hypothesis
applied to the nilpotent map ¢|c : C' — C, there exists a basis of C' such that the
matrix representation of |- with respect to this basis is a block diagonal matrix
whose diagonal blocks are of the form J,(0) for various p > 1. Hence, whether
©|c is zero or not, we can always find a basis B2 of C such that [p|c]s, is a block
diagonal matrix with diagonal blocks of the form J,(0) for various p > 1. Letting
B = By UDBs gives a basis of V' such that the matrix representation of ¢ with respect
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to B is

= (7 o )= (7 i )

Given the form of [¢|c]B,, it follows immediately that the above matrix representa-
tion is a block diagonal matrix whose diagonal blocks are Jordan blocks of the form
Jp(0) for various p > 1. Hence, to prove Theorem 13.43, it suffices to construct
a subspace C' of V' which satisfies conditions (a) and (b). We now focus our full
attention on doing just this.

By Lemma 13.42, Theorem 13.43 holds for all nonzero nilpotent maps satisfying
©% = 0. So let us assume that k > 3. Since ¢* = 0 and ¢ # 0, it follows that

kerp #0, keryp #V.
This in turn implies that
0 <dim im ¢ < dimV =n.
Note also that

p(im ) C p(V) =im ¢.
Since k > 3 is the smallest integer such that @k = 0, it follows that

k—1 k=2
(90|im sa) =0 and (90|im @) #0.
Let v' = ¢(v) € im . Since p*~1(v) # 0, we have
PF 2 = "2 () = " (v) # 0.
Also, let
U := span{o"2(v'),...,o(v'),v'}
= span{p* ! (v),...,¥*(v), p(v)}.
Since dimim ¢ < dimV = n, the induction hypothesis applied to the nonzero

nilpotent map
Plim o 1 im @ = im @

yields a subspace C Cim o such that
(@) imep=UaC
(b) ¢(C) c C.
By Lemma 13.39, we have

U Nker p = span{e"~1(v)}.
Let X be a basis of ker ¢ which extends ¢*~!(v):

X ={z1,...,z5,0" 1 (v)}.
There are two cases to consider: C' = {0} and C # {0}.

case 1: C' = {0}. In this case, we have

im p = U = span{x" 1 (v),..., %), p(v)}.
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Let
Z :={v,0(v),..., 0" 1 (v),z1,... 2}
We now show that Z is linearly independent. To do this, suppose that

k—1 s
D aip'(w) + Y b =0 (282)
=0 =1

where ©° :=idy. Applying ¢ to both sides of (282) gives
aop(v) + -+ + ap_29" H(v) = 0. (283)
Since Bj is linearly independent, it follows that
ag=---=ar_o =0.

Hence, (282) reduces to
S
ar10" " (0) + > bz = 0. (284)
i=1

Since X is linearly independent, we have
ak,lzblz---:bszo.

This proves that Z is linearly independent. By the Rank Nullity Theorem (Theorem
5.60), we have

dimV = dimker ¢ + dimim ¢
=(s+1)+(k-1)
=s+k.

However, s+ k is the cardinality of Z. Since Z is linearly independent, we conclude
that Z is in fact a basis of V. Let

C =span{zy,...,x5}. (285)

Since C' C ker ¢, we have ¢(C) = {0} C C. Also, since Z is a basis of V, it follows
from the definition of U in (281) and the definition of C in (285), that V =U & C.
We have thus constructed a subspace C' of V' which satisfies conditions (a) and (b)
for the C' = {0} case.

case 2: C' # {0}. Since ¢(C) C C, Theorem 11.30 shows that the map
?:V/C = V/C

given by B([v]) := [p(v)] is a well defined linear map. Moreover, since ¢ is nilpotent,
it follows immediately that © is also nilpotent. Indeed,

7" ([v]) = [¢*(v)] = [0].

From condition (a’) above, C satisfies

im ¢ = span{e* 1 (v),...,0>(v), p(v)} ® C. (286)
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This implies that

im % = span{[x" "' (v)], ..., [¢* ()], [p(v)]}. (287)

(286) implies that ¢i(v) ¢ C for i = 1,2,...,k — 1. Hence, im % is a nonzero
subspace of V/C. In particular, % is a nonzero nilpotent map. Since ©* = 0 and
©"1(v) ¢ O, it follows that k is also the smallest integer such that @* = [0]. Let

U = span{[¢" 7 (v)], ..., [’ ()], [p ()], [v]}- (288)
Note that Lemma 13.38 applied to the nonzero nilpotent map p implies that
{le" @), [P ) [p)]; [o]} (289)

is a basis of U. From our study of quotient vector spaces, we have
dimV/C =dimV —dimC < dimV = n,

where we use the fact that C # {0}. Applying the induction hypothesis to the
nonzero nilpotent map @ yields a subspace C of V/C such that

@) V/IC=UaC

(b”) B(C) C C.

By Proposition 11.24, there exists a subspace C' of V' containing C such that
C=c/C.

Condition (b”) above implies that ©(C) C C. From the definition of U in (281)

and the definition of U in (288), we see that every element of U is of the form

[u] for some u € U. Consequently, condition (a”) implies that for every element

[v] € V/C, there exists a unique [u] € U and a unique [¢] € C for some u € U and
¢ € C such that

[v] = [u] + [c].
This in turn implies that v — u — ¢ € C. Since C C C, it follows that
V=U+C.
We now show that this is actually a direct sum. To do this, it suffices to show that
dimV =dimU + dim C. (290)
Using (a”), we have
dim V/C = dim U + dim C. (291)
Since
dimV/C =dimV —dimC, dimU =k=dimU, dimC =dimC —dimC,

we see that (291) yields (290). Hence, V = U & C, which proves that C is the
desired subspace satisfying conditions (a) and (b) for case 2. This completes the
proof. ([
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Theorem 13.43 shows that for any nilpotent map ¢ : V' — V' (where V is a real
or complex vector space), a Jordan basis of V for ¢ exists. In addition to estab-
lishing the existence of a Jordan basis, the proof of Theorem 13.43 also suggests a
general strategy for actually finding a Jordan basis. The basic strategy works as
follows:

Finding a Jordan basis of a nilpotent map ¢:V — V.
Set V4 :=V and ¢q := ¢. Carry out the following steps for i = 0,1,2,...

1. Let k; be the smallest integer such that @f‘ = 0 and let v; € V; be any
vector such that ¢~ !(v;) # 0. (If k; = 1, i.e. ¢; is the zero map,
define ©? :=idy,)

2. Let B; .= {@fifl(vi), ooy 0i(v;),v;} and U; := span B;

3. Construct a subspace C; C V; such that

(a) Vi=U; @ C;
(b) @i(Ci) C C;

4. If C; = {0}, then STOP. B := By U ---UB; is the Jordan basis of V
for . If C; # {0}, set Vi1 := C; and p;11 := ¢|y,,, and repeat steps
1 through 4 by replacing ¢ with ¢ + 1.

The crucial step in the above strategy is step 3, the construction of the subspace C.
From the proof of Theorem 13.43, this subspace C' exists. Once again, the proof of
Theorem 13.43 provides a strategy for computing the subspace C. The following
result will prove useful in finding a Jordan basis.

Theorem 13.44. Let ¢ : V — V be a nilpotent map and let Ey be the
eigenspace of ¢ associated to the eigenvalue 0. Let B be a Jordan basis of V/
for ¢ and let q be the number of Jordan blocks in [p]s.
(a) Let Jy,(0) be the ith Jordan block of [p|g. Then the basis elements
associated to Ji,(0) has the form

Bi = {@" (vs), -, (i), vi}
for some v; € V. In particular, B =By U---UB,.

(b) The set {p*11(v1), P*2 71 (v2),..., % (v,)} is a basis for Ey. In
particular, dim Eq = q.

Proof. Let ¢ be the number of Jordan blocks in in [¢]g. Also, let Ji,(0) be the
ith Jordan block in [p]g and let B; denote the basis elements associated to the ith
Jordan block Jy, (0) for i =1,...,q. Then

B=B UByU---UB,.
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Note that B; contains k; basis vectors. Write
Bi={v,... .0}
Let U; := span B;. Then
V=UaUs & ---0U,
and
lelv.]s; = Jk, (0).

From the form of Ji, (0), we have

Hence, setting v; := v,(;,), we have

Bi = {o" w), ..., o), v}, Vi=1,...,q.
This proves (a). We now show that
D:= {@klil(vlh (pk271(v2)7 LR @kqil(vq)}

is a basis of Ey (where ¢° := idy). Let x € Ey and let us express z as a linear
combination of the basis elements of B = B U---U By:

q ki
x = Z Z aij" I (v;) (292)
i=1 j=1
for some a;; € F. Applying ¢ to both sides of (292) and using the fact that
o) =0x=0

and
Ori(v;) =0, fori=1,...,q

gives

q ks
=2 Z T (), (293)
i=1 j=2
Since (293) is a linear combination of elements which belong to B, and hence, are
linearly independent, we conclude that
a;; =0 forj>2i=1,...,q.
Hence, (292) reduces to
T = Zallga 1 (v;) € span D. (294)
This shows that Eg C span D. Also, since D C Ej, we have Ey = span D. Lastly,

since D C B, D is also linearly independent. Therefore, we conclude that D is a
basis of Eg. This proves (b). O
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Example 13.45. Let R[z|3 be the vector space of real polynomials of degree
3 or less and let D : Rlz]s — R[z]5 be the linear map defined by
Dp(z) := ~p(a).

Clearly, D is nilpotent with D* = 0 and D?> # 0. The eigenspace of D
associated to the eigenvalue 0 is simply Ey = R, which is a one dimensional
subspace of Rlx]|s. By Theorem 13.44, any Jordan basis of R[x]s for D
consists of a single Jordan block. Since D3x® = 6 # 0, it follows from the
general strategy outlined above that

B := {D*z% D?4® Da? 1} = {6, 6z, 322, 2%}
is a Jordan basis of R[z]s for D. In this case, [D]g = J4(0).

Example 13.46. Consider the vector space R* and let €y, €y, €3, €y denote
the standard basis on R*. Let ¢ : R* — R* be the linear map defined by

o) = (@) =0, (&)=2& +05¢, ©(@)=—15¢.
Clearly, ¢* =0 and
Ey = {ac1 + ¢ | a,b € R}
where Fy is the eigenspace of ¢ associated to 0. Since dim Ey = 2, Theorem

18.44 implies that any Jordan basis of ¢ consists of 2 Jordan blocks. Using
the general strategy for finding a Jordan basis, let

By = {p(€),e2} = {e1 + 0.5€4, 2}
and
Bz = {¢(€3), €3} = {—1.5€4, €3}
Then B = By U By is a Jordan basis of R* for ¢:

[SD]B = < JQSO) JQ(()O) > .

Example 13.47. Consider the vector space R® and let € denote its ith
standard basis vector. Let p : R® — R® be the linear map defined by

p(é) =0, p(@)=¢1, p(e)=—& +é

p(€y) = 281+€2,  p(€s5) = €1 — € + €3 + €4.
Then p* = 0 and p® # 0. The eigenspace of p associated to 0 (which is
simply ker p) is

Ey = {a€1 + b(352 + é3 — €4) ‘ a,be R}
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Since dim Ey = 2, it follows that any Jordan basis of R® for p consists of
two Jordan blocks. Let
Bi = {p*(&5), p*(&), p(@5), &} = {2€1,28,& — & + & + 1,85}
and
By = {352 + €3 — 54}
Then B = B; U By is a Jordan basis. The matrix representation [¢]s
consists of the Jordan blocks J4(0) and J;(0) = 0:

13.7. The Jordan Canonical Form Theorem

In this section, V' is a complex vector space and ¢ : V' — V is any linear map. Let
my, € Clz] denote the minimal polynomial of ¢. Since m,, is a complex polynomial,
the Fundamental Theorem of Algebra implies that m, factors completely into a
product of linear factors:

my(z) = (2 — A1) (2 — A2)® -+ (2 — Ag) %

where A\; # A; for i # j. The main result of this section is a generalization of
Theorem 13.43 for nilpotent maps. In fact, much of the heavy lifting was already
carried out during the proof of Theorem 13.43. In essence, we are going to show
that there exists a Jordan basis of V for ¢ whose Jordan blocks are of the form
Jp(A;) for various p > 1,4 =1,..., k. Here is the precise statement:

Theorem 13.48 (Jordan Canonical Form Theorem). Let V' be a complex
vector space and let p : V — V be a linear map. Also, let

M (T) = (T — A1) T (T — Ag) 2 -+ (T — Ag) %

be the minimal polynomial of ¢. Then there exists a basis B of V' such that
the matriz representation [¢]p s a block diagonal matriz of the form

A, 0 - 0

0 A, --- 0
[SO}B: : : . . 5

0 0 --- A,

where each A; is itself a block diagonal matriz whose diagonal blocks are
Jordan blocks of the form J,(X\;) for various p > 1. Moreover, let n; be the
size of the square matriz A; (i.e. A; is n; X n;). Then n; > q;. The basis B
is called a Jordan basis for p.
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Proof. Let
Vi i=ker (¢ — Njidy)¥, Vi=1,... k.

Since m,(¢) = 0 and the factors (¢ — A;idy )% for i = 1,..., k are pairwise coprime,
the Primary Decomposition Theorem (Theorem 13.9) implies

V=Vie el (295)
and
(Vi) c Vi, Vi=1,...,k (296)
To prove Theorem 13.48, it suffices to consider the restriction of ¢ to V;
i =¢lv, :Vi=V; (297)

and construct a basis B; of V; such that the matrix representation [¢;]s, is a block
diagonal matrix whose diagonal blocks are all Jordan blocks of the form J,(\;) for
various p > 1.

Let m;(z) denote the minimal polynomial of ¢; in (297). We first show that
mi(x) = (z — N\)?. (298)
From the definition of V;, we have
(pi — Aiidy, )% = 0. (299)

This implies that m;(x) | (x — A;)%. Hence, m;(z) = (z — \;)" for some r < g;.
Suppose that r < g;. Let m'(x) be the polynomial obtained from m(x) by replacing
(x — X))@ with m;(z) = (z — A\;)". Since V is given by the direct sum in (295) and
m;i(p)(Vi) = {0}, it follows that m/(¢) = 0. Since degm/(z) < degmy(x), this
gives a contradiction. Hence, r = ¢; and m;(x) must be given by (298).
Now let

Vi 1= i — Aiidy;.
Then

Pt =m;(p:i) = 0.
Hence, 9; : V; — V; is a nilpotent map on V; and g; is the smallest integer such
that " = 0. Let

n; := dim V;.

We now show that n; > ¢;. Let v; € V; be any vector such that wg'i_l(vi) #0. (If
¢; = 1, that is, ¢; = 0, we set ¢? := idy,.) By Lemma 13.38, the set

{Wf (), ... ¥i(vi),vi} CV;
is linearly independent. Since this set consists of ¢; elements, we conclude that

n; > q. (300)
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By Theorem 13.43, there exists a basis B; of V; such that [¢;]5, consists of
Jordan blocks of the form J,(0) for various p > 1. Write

Jpli (O) 0 0
0 JP27‘, (0) T 0
[Wi]s, = . , . . (301)
: 0 " :
0 0 Ji’tw‘(o)

Since ¥; = p; — A\iidy;, we have

[Vils, = [ilB;, — [Niidv; |5,

where I,,, denote the n; x n; identity matrix. Using (301) and (302), we have

[elvils, = Wils, + Niln,
Jpli (/\l) 0 o 0
= . " . . . (303)
: 0 . :
0 0 - thiiw)
Let
A = [plvi]s;- (304)
Since p|y, is an endomorphism of V; and n; := dim V;, we note that A; is n; x n;.

Also, since B; is a basis of V;, it follows that
B=BU---UDBg

is a basis of V. Equations (295), (296), (303), and (304) imply

0 A, --- 0
lels = . .
0 0 - A

Equation (303) shows that A; has the desired form for ¢ = 1,... k. Moreover, A;
is n; X n; with n; > ¢; by (300). This completes the proof. O
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Corollary 13.49. Let V be a complex vector space and let o : V — V be a
linear map. Let

m(@) = (o = M) (@ = da) -+ (@ = M)
be the minimal polynomial of ¢ with A\; # X for i # j. Also, let
n; := dimker(p — A\;idy )%
and let p, be the characteristic polynomial of @. Then
(i) n; > q;
(1) Pp(®) = (2= )™ (2 = Ag)"2 - (@ = Ae)™
In particular, my, and p, have the same roots (i.e., the eigenvalues of @)
and my, | py-

Proof. Let V; := ker(¢ — A\jidy)?. In the proof of Theorem 13.48, we let n; :=
dim V; and we showed that n; > ¢; for ¢ = 1,... k. This proves (i).

In the proof of Theorem 13.48, we constructed a basis B such that the matrix
representation of ¢ with respect to B is

A, 0 -0

0 Ay, -~ 0
Pls=1| . . . -

0 0 - A,

where, for each i, A; is an n; X n; block diagonal matrix with Jordan blocks of
the form J,()\;) for various p > 1. In particular, A; is an upper triangular matrix
whose diagonal elements are all A;. This implies that [¢]g is an upper triangular
matrix as well. From our study of determinants, the determinant of an upper trian-
gular matrix is just the product of its diagonal elements. Hence, the characteristic
polynomial of [¢]z is easily found to be

pe(w) = det(zl, — [¢]s)
— (= A" (@ — Ao)™2 - (1 — M)

where n = Zle n; is the dimension of V. g

Corollary 13.49 shows that the roots of the minimal polynomial of a linear map
@ : V. — V are precisely the eigenvalues of (. Strictly speaking, we only proved
this for the case of complex vector spaces. However, it turns out to be true for real
vector spaces as well. We will verify this later. The proof for the real case hinges on
Corollary 13.49. The upshot of Corollary 13.49 and its real version is a result called
the Cayley-Hamilton Theorem. We will present the Cayley-Hamilton Theorem
later in this chapter. For now, here is one simple application of Corollary 13.49:
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Corollary 13.50. Let A be an nxn strictly upper triangular real or complex
matriz. Then A™ = 0. In particular, a strictly upper triangular matriz is
nilpotent.

Proof. Let A be an n x n strictly upper triangular matrix. Let
Ty : cr—C”

be the linear map defined by T4 (¥) := A¥U. Since A is strictly upper triangular,
the characteristic polynomial of T4 (and hence A) is p(x) = a™. Let m(z) be the
minimal polynomial of T,4. By Corollary 13.49, m(z) | p(x). Hence, m(x) = x* for
some k < n. Hence,

m(Ta) =Tk = Tyr = 0.

This implies that A¥ = 0. In particular, A™ = 0. ([l

Example 13.51. As a simple example of Corollary 13.50, consider the
matric

0 2 1
A= 0 0 3
0 0 O

The characteristic polynomial of A is x3

must be x, x>

. Hence, the minimal polynomial
,or a3, Since A is nonzero, x is ruled out. For 22, we have

0 2 1 0 2 1 0 0 6
A= 0 0 3 00 3 |=(10200
0 0 0 0 0 0 0 0 0

From this, we conclude that x3 is the minimal polynomial of A.

At this point, we would like to take a closer look at the Jordan basis constructed
in the proof of Theorem 13.48. The following definition will prove useful for this
discussion:

Definition 13.52. Let ¢ : V. — V be a linear map and let A be an eigenvalue
of p. The generalized eigenspace of ¢ associated to A is the subspace

GEy:={v eV | (p—Xidy)*(v) =0 for somek>1}

Note that GE) necessarily contains the eigenspace associated to A. (This is just
k =1 in the above definition.) We will hold off on an example until we learn more
about generalized eigenspaces.
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Proposition 13.53. Let V' be a complex vector space and let ¢ : V — V be
a linear map. Also, let
(@) = (@ = M) (@ = A) -+ (2 = M)
Po() = (z = A)™ (@ = A2)"™ -+ (2 — Ap)™
be the minimal and characteristic polynomials of ¢ respectively with \; # \;
fori #j. Then
(a) GEy, = ker(p — \jidy )%
(b) dim GEy, =n;

Proof. (a): Without loss of generality, we take i = 1 and show that
GE), = ker(¢p — Aidy )™ .

From Definition 13.52, we immediately have
ker(p — Aridy )™ C GE),.

Suppose that GE), # ker(¢ — \jidy )?. Then there exists v € GE), and an r > ¢;
such that

ker(p — Ayidy)"(v) =0
and

ker(¢ — Ayidy )? (v) # 0.
Let

Vi :=ker(p — \jidy )%,
fort =1,...,k. Also, let Vi = ker(¢p — Aridy)". Then V; C Vi However, since
v E ‘71 and v ¢ V1, we have

dim V; < dim V.
Let
m/(z) = (x — X)) (x — A2)® - (m — \g) .

Since my(x) | m’(x), we have m/(¢) = 0. The Primary Decomposition Theorem
(Theorem 13.9) applied to the factors of m,, and m' respectively yield the following
direct sum decompositions:

V=VioVoe oV
and

V=VieVed - & V.
The above direct sum decompositions imply

k R k
dimV = dimVy + > dimV; = dim ¥, + ) dim V;,
i=2 i=2

which in turn imply dim V; = dim 171, a contradiction. Hence, we must have

GE)\1 = ker(<p — )\ﬂdv)ql.
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(b): This follows from statement (a) of Proposition 13.53 and statement (ii) of
Corollary 13.49. O

Corollary 13.54. Let V be a complex vector space and let p : V — V be a
linear map. Let \q1,..., A\ be the distinct eigenvalues of .

(i) V is a direct sum of the generalized eigenspaces of :
V=GE, & --&GE,,.
(i) o(GE),) C GEy, fori=1,...,k

Proof. By Corollary 13.49, the roots of the minimal polynomial of ¢ are precisely
the eigenvalues of . Let

() = (&= W)™ (= Aa) - = M)
be the minimal polynomial of ¢. Let
Vi :=ker(p — \jidy )%,
The proof of Theorem 13.48 shows that ¢(V;) C V; for i =1,...,k and
V=& &V

(1) and (ii) of Corollary 13.54 now follows from Proposition 13.53 which shows that
Vi = GEy.. 0

i

Let us now revisit the proof of Theorem 13.48 in light of Proposition 13.53 and
Corollary 13.54. Let ¢ : V' — V be a linear map on a complex vector space and let
A1, ..., Ak denote its distinct eigenvalues.

In the proof of Theorem 13.48, we constructed a Jordan basis of V for ¢ by
constructing a Jordan basis B; of GE), for the restriction

SD|GEM : GE)\I — GE)W
for i =1,...,k. The matrix representation
A= [SD‘GEki]Bi

consisted of Jordan blocks of the form J,(A;). The Jordan basis of V for ¢ was
then the union of these smaller bases:

B=BU---UDB.

The question now is whether all Jordan bases are constructed in this manner. The
answer to this question is yes.
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Theorem 13.55. Let V' be a complex vector space and let ¢ : V. — V
be a linear map. Let \1,...,\; be the distinct eigenvalues of ¢. Let B be
a Jordan basis of V for ¢ and let A; be the block diagonal matriz in [¢]g
whose diagonal blocks are Jordan blocks of the form J,(X\;). Let B; C B be
the subset of basis elements associated to A;. Then

GE\, = span B;

Proof. Let U; := span B; and let n; := dimU;. Thenn = Zle n; is the dimension
of V. Without loss of generality, we take ¢ = 1 and we show that GE), = span Bj.
Let

Y= — Aidy
and
C:=[Yls.
Let 7 > 1 be an integer. Then the matrix representation of
Y= (p = Midy)"

with respect to B is

["]g=C"
(Ay = AIp,)" 0 0
0 (Ag — M I,,)" - 0
B : : . 0
0 e 0 (Ar—Milp)"

For j > 1, the matrix A;—A11,,, is an upper triangular matrix with nonzero diagonal
elements since A\; # A1. Hence, det(A; — Ai1I,,) # 0. Using the multiplicative
property of determinants, it follows that

det ((4; — MIy,)") = (det(A; — MIy,))" #0.

Hence, the columns of (A; — A\i1,,;)" for j > 1 are linearly independent. This in
turn implies

(Aj —MI,,)"i=0<=id=0eC" forj> 1.

Now let @; € C" for j =1,...,k (expressed as column vectors) and let
(!
s
U= )
Uy,
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Then

(Ag = Al )"t
From this, we see that if @; # 0 for any j > 1, then C"@ #£0.

Let v € V. By Theorem 6.19, we have

(V" (v)]s = [V"]5[v]B
= CT[U]B.

Hence, if ¢"(v) = 0, it follows that [v]g must be of the form

o &

[v]p =

(==Y RR

This in turn implies that
Y"(v) =0 = v € span B;.
Since r > 1 is arbitrary and ¢" = (¢ — A1idy )", this implies that
GE), C span B;.
For the reverse inclusion, note that the matrix A; — A11,, is a block diagonal

matrix whose diagonal blocks are Jordan blocks of the form J,(0). In particular,
Ay — M1, is strictly upper triangular. By Corollary 13.50, we have

(A1 — MI,,)™ = 0.

This implies that C™ @ = 0 for all @ of the form

1
0

—

0

where @, € C™ is arbitrary. By the above discussion, this implies that ¢¥™*(v) = 0
for all v € span B;. Hence,
GE), D span B;.

Putting the two inclusions together yields GE), = span Bj. O

The following result will prove useful for finding a Jordan basis of a linear endo-
morphism of a complex vector space:
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Theorem 13.56. Let V be a complex vector space and let ¢ : V — V be a
linear map with distinct eigenvalues A1, ..., \x. Let

B=BiU---UBy
be a Jordan basis of V' for ¢, where B; is a basis of GE\,.

(a) The number of Jordan blocks of the form J,(X\;) in the matriz repre-
sentation [¢]|p is equal to dim E)y,, where Ey, 1is the eigenspace of ¢
associated to \;.

(b) Let C C B; be a subset of basis elements which correspond to some
Jordan block J,(X\;) in []g. Let U := span C and ) = ¢ — Aidy .
Then there exists u € U such that

C = {yP  (u),...,(u),u}.

Proof. (a): Without loss of generality, we take ¢ = 1. By Corollary 13.54, GE),
is invariant under ¢, that is,

¢(GEy,) C GE), .
Let 1 be the restriction of ¢ to GE,,. By Theorem 13.55, all of the Jordan blocks
of the form J,(A1) in [p]g are contained in the matrix
[@1]51 :

Hence, to prove (a), it suffices only to consider the linear map ¢1 : GEy, — GEj,.
Also, let

Y =@ — Aidy
and note that ¥(GFE),) C GE,,. Let 11 be the restriction of ¢ to GE),. Let
ny = dim GE)\I.

Then

(1], = [p1]s, = Ailn,,
which shows that [¢1]5, is a block diagonal matrix whose diagonal blocks are Jordan
blocks of the form .J,(0) for various p > 1. In particular, B is a Jordan basis for
1. Clearly, [¢1]s, and [1)1]s, have the same number of Jordan blocks.

Since [1)1]p, is a block diagonal matrix whose diagonal blocks are Jordan blocks
of the form J,(0), [¢1]5, is, in particular, a strictly upper triangular matrix. Hence,
[¢1]B, is a nilpotent matrix by Corollary 13.50. This in turn implies that

'LZJl : C-rY.E)\1 — GVE)\1

is a nilpotent map. Let & denote the eigenspace of 1 associated to (its only)
eigenvalue 0. Statement (b) of Theorem 13.44 shows that the number of Jordan
blocks in [¢)1]p, is equal to dim . However, & consist of all vectors v € GE}y,
satisfying

¥(v) = ¢(v) = v =0.
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This implies that & C Ey,. On the other hand, since Ey, C GEj,, we conclude
that & = FE),. Hence, the number of Jordan blocks in both [¢1]5, and [¢1]s, is

dim &y = dim Ey, .

This proves (a).
(b): Once again, we take i = 1. Since C C By, we have U C GE),. As we
noted in (a), the map 1 := ¢¥|gE,, is a nilpotent map. Since

[elule = Jp(A1),
it follows that
[Wlule = J,(0),
where we note that
Uilv = (Yler, v = Ylee,, v = Ylu.

Statement (a) of Theorem 13.44 applied to the nilpotent map ¢ shows that there
exists an element u € U such that

C={Yr(u),...,v(u), u}.

This completes the proof. [

We now outline the general strategy for finding a Jordan basis for a general
linear map ¢ : V' — V. The strategy is essentially an application of the strategy
for finding a Jordan basis of a nilpotent map.

Finding a Jordan basis for a linear map ¢: V — V.
1. Find all the distinct eigenvalues of . Let A1, ..., A\x denote the distinct
eigenvalues of .
2. Find the generalized eigenspace GEy, for i =1,... k.
3. Fori=1,....k, let

Yi = (¢ — Aitdv)|cE,, -
Note that v; is a nilpotent map.

4. For i =1,...,k, find a Jordan basis B; of GE), for the nilpotent map

;.
5. The basis B = B; U---U By is the Jordan basis of V for ¢.
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Example 13.57. Consider the vector space C3 and let S = {€1,é5,¢3}
denote the standard basis on C3. Let ¢ : C3 — C? be the linear map defined

by

p(€1) = 3e1 + 32 — €3,
p(€2) = =€,
go(gg) = ¢ + 3¢ + é3

The characteristic polynomial of p is found to be

Pe(z) = (z = 2)*(z + 1).
Hence, the eigenvalues of ¢ are 2 and —1. By Proposition 13.53, we
have dimGFE; = 2 and dimGE_; = 1. Let’s calculate their generalized
etgenspaces. For the purpose of calculation, its helpful to work with a ma-
trix representation of w. So lets take the matrix representation of ¢ with
respect to S:

3 0 1
bls=| 3 -1 3
-1 0 1

Let
Yo 1= — 2idcs,  P_1 = @+ idcs.
The matriz representation of these maps with respect to S are

1 0 1 4 0 1
[ta]s = 3 =3 3|, W-ols= 3 0 3
=1 0 —1 -1 0 2

Let E5 and E_1 denote the eigenspaces of ¢ associated to 2 and —1 respec-
tively. From the above matrices, it follows that

Ey = span{e) —e5}, E_; = span{és}.

Since dimEy = dimE_; = 1, it follows that there is one Jordan block
associated to both 2 and —1. Also, since dim C3 = 3, our Jordan basis must
give a matriz representation consisting of one Jordan block of size 2 and one
of size 1. Since dim GEy = 2, it follows that our Jordan basis must give a
matriz representation consisting of the blocks J2(2) and Ji(—1). Let’s go
ahead and compute GE,. This amounts to finding the kernel of (12)2. To
do this, we first compute the matriz representation of (12)% with respect to

S:

00 0
()]s = als=| =9 9 -9
00 0

From this, we see that the kernel of (12)? has dimension 2 (as expected).
From the above matrix, we see that
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GE2 = Span{é'l — 53, 81 + 52}
Since dimGE_1; = 1, we have GE_; = E_;. Moreover, any nonzero

vector in GE_; will serve as a Jordan basis of GE_; for ¢_1|gg_,. We
choose B_; = {é>} for its basis. The associated Jordan block is then J;(—1).

Let us find a Jordan basis of GEy for ¥2|gg,. Note that
(V2)?lem, =0,  2lam, # 0.

Since
Pa(€1 + €3) =& — €3 # 0,
we take the following as a Jordan basis of GE5 for ¥s|gg,:
By := {1a(€1 +€2),e1 + €2} = {€1 — €3,€1 + éa}.
A Jordan basis of C? for ¢ is then
B = BQ U Bfl = {éi - €37 gl F €2, 52}

The matrix representation of ¢ with respect to B is then

2 1 0
[le=1 0 2 0
0 0 -1

Corollary 13.58. Let A be an n x n complex matrixz. Then there exists an
n x n invertible matriz P such that P~YAP is in Jordan Canonical Form.

Proof. Let T4 : C* — C" the linear transformation associated to A. Since T4 is
a complex endomorphism, Theorem 13.48 shows that there exists a basis

B= {ﬁluﬁQa cee 7ﬁn} C cn
such that the matrix representation [T4]p is in the Jordan canonical form. Let
S = {€1,é5,...,€,} be the standard basis on C™ and let P be the n x n matrix
whose ith column is p;. Also, let Psg be the transition matrix from B to S. Then

From this, we have

P7YAP = Pps[Ta)sPsp = [Ta]s.
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Example 13.59. Let
2 1/2 1/2 0
0 —-7/2 -1/2 5
0 11/2 5/2 -5
0 —1/2 -1/2 2
The characteristic polynomial of A is then

pa(z) = (x —2)3(z + 3).

With a little calculation, we see that the eigenspace associated to 2 has di-
mension 2 and basis

A:

{€1, €&y —¢&5+éy}.

From pa(x), we see that dim GE; = 3.

Hence, if B is a Jordan basis of the linear transformation T4 : C* — C*,
then the matriz representation [Talg must contain the Jordan blocks J2(2)
and J1(2).

A basis for the Jordan block associated to J1(2) is {€1} and a basis for the
Jordan block J2(2) is

{(A — 2[2)253, 253} = {51 — €y + €3 — €y, 253}.

Looking at pa(z) again, we see that for the eigenvalue —3, we have
dimGE_3 = 1. Hence, the Jordan block associated to —3 is J1(—3). A
basis for this Jordan block is {€x — €3}. So a Jordan basis for Ty : C* — C*
18

{51, €1 — €y + €3 — €y, 2€3, €5 — 53}
From the proof of Corollary 13.58, let

1 10 0
0 -1 0 1
P= 0 1 2 -1
0 -1 0 0
Then
200 O
021 0
—1A4p
PAP*0020
000 -3

Corollary 13.60. Let A be a complex n x n matriz. Let Ay, Ao, ..., A\, be
the eigenvalues of A with multiplicities. Then Tr(A) =Y 1 | \i.
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Proof. By Corollary 13.58, there exists a matrix P such that P~'AP is in Jordan
Canonical Form. The diagonal elements of P~' AP are precisely the eigenvalues of
A with multiplicities. Corollary 13.60 now follows from the fact that

Tr(P'AP) = Tr(APP™') = Tr(A).

13.8. Complexification

In general, the Jordan Canonical Form Theorem (Theorem 13.48) does not work
for linear endomorphisms on a real vector space. Ultimately, the reason for this
is the fact that real polynomials do not always have real roots. The upshot of
this is that a linear endomorphism of a real vector space does not always have
eigenvalues. Consequently, a Jordan basis does not always exist for real linear maps.
The opposite is true for the complex case. In the complex case, polynomials can
always be decomposed as a product of linear factors. Hence, a linear endomorphism
of a complex vector space has all its eigenvalues. This in turn allows the domain
of the endomorphism to be expressed as a direct sum of its generalized eigenspaces
thus making a Jordan basis possible.

The existence of a Jordan basis for a linear endomorphism of a complex vector
space leads to Corollary 13.49, which shows that the characteristic polynomial
and the minimal polynomial of the endomorphism have the same roots (namely
the eigenvalues of the endomorphism), but with possibly different multiplicities.
Corollary 13.49 also shows that the minimal polynomial of a complex endomorphism
must divide its characteristic polynomial. It turns out that these same facts are
also true for endomrophisms of a real vector space. One way to show this is through
the idea of complexification, which will allow us, ultimately, to apply Corollary
13.49 to the real case.

Complexification is a very simple way of turning real vector spaces and real
linear maps into complex vector spaces and complex linear maps. To a real vector
space V, we associate a complex vector space VC as follows. As a set,

Ve .= {v1 +ivy | v1,v2 €V},
where 7 := v/—1. An element v + iv2 in VC is to be viewed as a formal sum with
real part
R(v1 + tvg) =11
and imaginary part
J(v1 + ivg) := va.

Two elements of VC are then equal if and only if they have the same real parts and
the same imaginary parts. The complex vector space structure on V® is defined as
follows:
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(1) vector addition:
(u1 + tug) + (v1 + tv2) 1= (u1 + v1) + i(v1 + v2)
(2) scalar multiplication:
(a + 1b)(v1 +ivg) := (av1 — bvg) + i(bvy + ave)
where a,b € R, vy,v5 € V.

The following is a straightforward exercise which we leave to the reader:

Exercise 13.61. Verify that VC satisfies all the conditions a vector space
over C from Definition 5.4.

Definition 13.62. Let V' be a real vector space. The complex vector space
VC is called the complexification of V.

The zero vector of V€ is technically
0 + 0.

However, for the sake of notational simplicity, one simply denotes the zero vector of
VC as 0. Also, the real vector space V (viewed as a set) can be naturally regarded
as a subset of V€ by identifying the element v € V with the element
v+i0 € VE.
In this way, we have
Vcve

Example 13.63. The one dimensional complex vector space C is just the
complexification of the one dimensional real vector space R:

RC = C.

Proposition 13.64. Let V be a real vector space. Let B be a basis of V.
Then B is also a basis of VC. In particular, dimVC = dim V.

Proof. Let B = {by,...,b,} be a basis of V. Consider the element v; + ivy € V.
Express v1 and v, as a linear combination of the basis elements of B:

v1 = aiby + - + by

and
vy = B1b1 + - + Bnbn,
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for some «;, 8; € R. Then
01 + vy = (aby 4 - + anbp) +i(Biby + - - + Bubn)
= (o1 +if1)by + -+ + (an +iBn)bn.
This shows that VC = span{by,...,b,}.
We now show that B is linearly independent in VC. To do this, suppose that
z1b1 + -+ zp,b, = 0 =0 +40.
Since z; = R(z;) +1J(z;) for j =1,...,n, the above sum can be rewritten as
(R(z1)b1 + -+ + R(2n)bp) +i(T(21)b1 + - - - + T(2n)br) = 0+ 0.
The left and right hand sides agree if and only if
R(z1)b1 + -+ R(2n)bp, =0
and
J(z1)b1 + -+ J(2n)br, = 0.
Since B is a basis on V' and hence linearly independent over R, it follows that
R(z;) =3(%,)=0, forj=1,...,n,
which in turn implies that z; =0 for j =1,...,n. O

A linear map ¢ : V' — W between two real vector spaces can also naturally be
turned into a linear map
C Ve W
by setting
=

0 (v1 +1v2) := @(v1) + ip(ve),

for v1,vy € V. The following is another very simple exercise which we leave to the
reader:

Exercise 13.65. Verify that ©© : VC — WC is a linear map between com-
plex vector spaces.

Definition 13.66. Let V and W be real vector spaces and let p : V. — W
be a linear map. The linear map o€ : VC — WC is called the complexifi-
cation of p.

Lemma 13.67. Let V be a real vector space and let ¢ : V — V be a linear
map. Let q(x) € R[z] C Clz]. Then

a(%) = (a(¥))°.
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Proof. We first show

(@5)F = (")°
by induction on k. For k = 1, the above equality clearly holds. So let us suppose
that the above equality holds for some k& > 1. Let vi,v2 € V. Then

(%) vy +iva) = (%) P (v1 + iv2)
= (¢%)F (o (v1) +ip(v2))
= (") (p(v1) + ip(v2))
k

= " p(v1) + ipPp(v2)

= @ (01) +ip" ! (v2)
= (") (01 + iva),
where we use the induction hypothesis in third equality. This completes the induc-
tion step.
Now let
q(z) = apz” + ap_12* -+ a1z + ap € Rlz] C Clz].
Then
a(¢%) = ar (@) + ap—1 (%) 4 a19C + agidye
= ap(e")C 4+ ap_1(P* -+ a1 + ap(idy)©
= (ar(@®) + ap—1(" 1)+ a1 + ao(idv))(C
= (a(e))"

Theorem 13.68. Let V' be a real vector space and let p : V=V be a linear
map.

(i) The characteristic polynomial of ¢ and ¢© are equal.

(ii) The minimal polynomial of v and ¢© are equal.

Proof. (i): Fix a basis B = {b1,...,b,} on V. Then

p(br) = ajib;
j=1

for some aj; € R. The matrix representation [¢]p is then the n x n matrix whose
(4, k)-element is a;y.

By Proposition 13.64, B C V is also a basis of VC. From the definition of ¢,
we have ¢C(by) = o(by) € V. This implies that the matrix representation of (¢
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with respect to B is

[¢%ls = [¢]B =

ap1 - Ann

Hence, the characteristic polynomial of ¢© and ¢ must be equal:
poc = det(xl, — [cp(c]g) = det(zl, — [¢]B) = Py
(ii): Let myc(z) be the minimal polynomial of ¢©. Let
k= degmzc(x)

Since ¢* is a complex linear map, we have mye € Clz]. Hence,

mye () = 2% + 22t 1

o€ +---z1x 4+ 20

for some 29, 21,...,2x—1 € C. Write 2; = a; +i3; and decompose m,,c into its real
and imaginary parts:

mye(z) = p1(x) + ipa(x),
where

k—1

pri=a" 4 op_ 12"+ a4 o € Rlz] € Clz]

and
po = Br_12" 1+ Bz + By € Rlz] C Cla].
Let v € V be arbitrary. By Lemma 13.67, we have
me (0°) () = p1(°) (V) + ip2(°) (v)
0 = (p1()“(v) + i(p2(9)“(v)
0 = p1()(v) +ip2(@)(v)

The last equality implies that p1()(v) = p2(p)(v) = 0. Since v € V is arbitrary,
we conclude that
p1(p) = p2(p) =0

This fact along with Lemma 13.67 implies that for a general element vy +ivy € VC,

we have
P1(%) (v + iv2) = p1(p) (01 + ivg)
= p1(p)(v1) + ip1(p)(v2)
=0+410
=0.
Hence, p1 (%) = 0. Since py(z) has degree k, like mc(x), the uniqueness of the

minimal polynomial (see Theorem 13.2) implies that

mye(x) = p1().
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In particular, py(z) = 0. We have thus shown that mc(z) is a real polynomial
which

mye(p) = 0.

Now let my(x) € R[z] C C[z] be the minimal polynomial of ¢. Since m(¢) =
0, the same argument used above for p;(z) shows that

me () = 0.
This implies that
degmyc(z) < degmy ().
On the other hand, since mc(¢) = 0, we also have
degmyc(x) > degmy ().

From this, we conclude that m(x) and mc(x) have the same degree. The unique-
ness of the minimal polynomial now implies

My (x) = mye ().

13.9. The Cayley-Hamilton Theorem

We begin this section by proving the real version of Corollary 13.49:

Proposition 13.69. Let V be a real vector space and let ¢ : V. — V
be a linear map. Let p,(x) and my(x) be the characteristic and minimal
polynomials of ¢ respectively.

(1) pyo(x) and my(x) have the same roots (namely the eigenvalues of ¢).
(i) my(x) | pe(x)

Proof. Let p,(x) and my(x) be the characteristic and minimal polynomials of ¢
respectively. Consider the complexification

ot ve 5 vE

By Theorem 13.68, the characteristic and the minimal polynomials of ©* are
Py (x)and my(x) respectively. By Corollary 13.49, p,(x) and m(z) have the same
roots. This proves (i).

Corollary 13.49 also implies that m(z) | py(x). Here, we have to be a little
bit careful. We are applying Corollary 13.49 to the complex linear map ¢®. Hence,
Py (x) and my(x) are regarded as elements of Clz] (even though they are both real
polynomials). The condition my(z) | pe(x) in this case means that there exists
¢(z) € C[z] such that

Py (r) = Q(m)mtp (z).
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What we want to do now is show that ¢(z) is actually a real polynomial. This
is easy to do. Since ¢q(z) € Clx], we can express ¢(z) as a sum of its real and
imaginary parts:

q(x) = q1(x) +iga(2),
where ¢1(z), g2(z) € Rlz]. Then
Pe() = q(z)me ()
= qu(x)my () + iga(z)my(z).

Since p,(x) is real, the imaginary part on the right side must be zero. Since my,(z),
q1(x), and ga(x) are real, it follows that we must have

g2(z)my(x) = 0.

Since my(x) is monic, it follows that degm,(x) > 1. In particular, my(z) # 0.
This implies that ¢2(x) = 0. Hence, g(z) = ¢1(x) is a real polynomial. We therefore
conclude that my () | py(x) as real polynomials. This proves (ii). O

We now state the Cayley-Hamilton Theorem:

Theorem 13.70 (Cayley-Hamilton Theorem). Let V' be a real or complex
vector space and let ¢ : V' — V be a linear map. Let p,(x) be the charac-
teristic polynomial of ¢. Then p,(p) = 0.

Proof. Let my(x) be the minimal polynomial of ¢. If V' is a complex vector space,
Corollary 13.49 shows that m,(z) | p,(x). Likewise, if V' is a real vector space,
Proposition 13.69 also shows that m(z) | p,(z). Hence, for the real or complex
case, there exists a polynomial g(x) € F[z] (where F = R or C depending on whether
V is a real or complex vector space) such that

Py (r) = Q(x)mtp (z).
Hence,

Pe(®) = a(p)me(p) = a(¢)0 = 0.
O

At the same time, let us also give the more familiar matrix version of the
Cayley-Hamilton Theorem (which is really just a corollary of Theorem 13.70):

Theorem 13.71. Let A be a real or complex square matriz and let pa(x)
be the characteristic polynomial of A. Then ps(A) = 0.
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Proof. Let A be a square matrix of size nand let F = R or C depending on whether
A is real or complex. Let

Ty :F" — F"

be the natural linear map associated to A, that is, T4(¥) = A¥. Now for any
polynomial ¢(z) € F[z], we have

q(Ta) = Tya),

that is, the linear map ¢(7T4) is precisely the linear map associated to the matrix
q(A). In particular, this means that ¢(T4) = 0 if and only if g(A) = 0.

Let S = {€é1,...,¢€,} denote the standard basis on F". Then the matrix repre-
sentation of T4 with respect to S is just A. Hence, the characteristic polynomial
of T4 is just

pr, (z) = det(xl,, — A) = pa(x).
Combining this observation with Theorem 13.70 gives
pra(Ta) = pa(Ta) = 0.

In light of the above remarks, we have p4(A) = 0. O

Remark 13.72. There is a very quick, but wrong way to prove the Cayley-
Hamilton Theorem that may have entered your mind. For concreteness, let’s
consider the matrix version. Let A be an m X n matriz. The characteristic
polynomial of A is
pa(z) = det(zl, — A).
The incorrect way is simply to substitute A in for x which of course gives
pa(A) = det(AL, — A) = det(A — A) = det(0) = 0.

The reason this “proof” is incorrect has to do with the meaning of x in the
definition of the characteristic polynomial. In the definition, x represents a
scalar, not a matriz. The roots of pa are then the eigenvalues of A. Hence,
substituting an n X n matriz in for © makes no sense here.

Another way to get a sense that the above “proof” is wrong is by considering
the value of pa(A) itself. Indeed, under the quick “proof”, the value of pa(A)
is a scalar (namely 0 € R). On the other hand, when we substitute A in for
x in the polynomial pa(x), the value of pa(A) is not a scalar. The value
of pa(A) in this case is the n X n zero matriz 0. This should tell you that
something is not quite right with the quick “proof”.




408 13. The Minimal Polynomial and its Consequences

Example 13.73. Consider the real matriz
2 -1
A= .
(=)
The characteristic polynomial is then
pa(z) =det(xly — A) = 2® — 5z + 1.

By the Cayley-Hamilton Theorem, we have
pA) = A2 _5A+ 1,

=(( Zax 2 )4 2 1) (o 1)=(5 5 )

Example 13.74. Consider the complex matrix

3+2i 5
A( 1—i 4-7 >

The characteristic polynomial is then

pa(z) = det(xly — A) = 2 + (=7 + 5i)z + (21 — 8i).

By the Cayley-Hamilton Theorem, we have
pA) = A? — (—T+5i)A+ (21 — 8) I,
(104—72’ 35—25i> < 31414 —35+25i>

2—-12¢ —28 — 613 -2+ 12 7+ 69

N 21 — 8i 0
0 21-—28i

(00

L0 0/

We conclude this chapter with the following observation:

Theorem 13.75. Let V be a real or complex vector space of dimension n
and let ¢ : V. — V be a linear map. Then ¢ is nilpotent if and only if its
characteristic polynomial is py,(x) = .

Proof. (=) Suppose ¢ is nilpotent. By Theorem 13.35, the minimal polynomial
of ¢ is of the form my(z) = z* for some integer k > 1. Let

c,o(C:V(C—>V(C

be the complexification of ¢. By Theorem 13.68, ¢ and ¢© have the same minimal
polynomial and the same characteristic polynomial. Hence, the minimal polynomial
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of pC is also x*. Corollary 13.49 implies that the characteristic polynomial of ©
is ™. This in turn implies that the characteristic polynomial of ¢ is x™.

(<) If the characteristic polynomial of ¢ is p,(z) = «™, then by the Cayley-
Hamilton Theorem we have p,(¢) = 0. Hence, ¢ is nilpotent. O

Corollary 13.76. Let A be a real or complex n X n matriz. Then A is
nilpotent if and only if its characteristic polynomial is pa(x) = a™.

Proof. Let F = R or C depending on whether A is real or complex. Let T4 : F"* —
F™ be the natural linear map defined by T'4(¥) = A¢. Then A is a nilpotent matrix
if and only if T4 is a nilpotent map.

By Theorem 13.75, T4 is a nilpotent map if and only if its characteristic poly-
nomial is pr, (x) = ™. The proof of Theorem 13.71 shows that one always has

pra(®) = pa(®).

Putting the above statements together proves Corollary 13.76. (|

Chapter 13 Exercises
1. Show that the Jordan block J(0)™ = 0 if and only if n > k.

2. Find the minimal polynomial of

1 1
A=|(0 1
0 0

N OO

3. Let A be an n x n matrix and let pa(z) and ma(z) be the characteristic
polynomial and the minimal polynomial of A respectively. Show that

pa(z) [ (ma(z))”

4. Let A be an n x n complex matrix and let A € C. Let GE)\(A) denote the
generalized eigenspace of A. Let ¢ € C be nonzero.
(a) Show that ¢ is an eigenvalue of cA.
(b) Show that GE\(A) = GE.x(cA).
(¢) Suppose Ji(A) is a Jordan block appearing in the Jordan Canonical Form
of A. Show that Ji(c)) is a Jordan block appearing in the Jordan Canon-
ical form of cA.
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5. Let
7 -5 =2
A= 1 5 —2
-2 6 12

(a) Compute the characteristic polynomial of A and its eigenvalues.

(b) For each eigenvalue X of A, compute GE}.

(c) Find an invertible matrix P such that P7'AP is in Jordan Canonical
Form.

(d) Determine the minimal polynomial of A.

6. Let
—-27 —-42 -29
A= 18 30 22
15 30 9

(a) Compute the characteristic polynomial of A and its eigenvalues.

(b) For each eigenvalue A of A, compute GE).

(c) Find an invertible matrix P such that P7!AP is in Jordan Canonical
Form.

(d) Determine the minimal polynomial of A.

7. Let
17 -2 11
A= -4 10 —4
3 6 9

(a) Compute the characteristic polynomial of A and its eigenvalues.

(b) For each eigenvalue A of A, compute GE}.

(c) Find an invertible matrix P such that P~'AP is in Jordan Canonical
Form.

(d) Determine the minimal polynomial of A.

8. Determine if the following matrices are nilpotent by calculating their charac-
teristic polynomials:

(a)

15 18 1
A= -6 -6 -2
-3 —6 3
(b)
-2 1 0
B = -2 2 2
2 =1 0

9. Let ¢ : V — V be a linear map, and ¢? = I, where I is identical map.
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(a) Show that the eigenvalues of ¢ can only be +1.
(b) Let Ey and E_; denote the eigenspace of ¢ associated to 1 and —1 re-
spectively. Show that

V:El@E,1

and thus ¢ is diagonalizable.

10. Are the two matrices

-1 3 0 3
3 0 3 —1
simultaneously diagonalizable?

11. Find all symmetric matrices that are simultaneously diagonalizable with
3 -1
-1 0 '

12. Given two matrices

1 1 1 2
A_<1 2) and B_<2 3)

are A and B simultaneously diagonalizable? If yes, please find an orthogonal
matrix @ such that both QT AQ and Q7 BQ are both diagonal matrices.

13. Let ¢ € End(R?) be the linear maps defined by

—

Lp(gl) =¢é| + ¢, and 30(52) = €9

(a) Calculate all eigenvalues of .

(b) Calculate the geometric multiplicity and algebraic multiplicity of each
eigenvalue.

(c) Determine whether A is diagonalizable.

14. Let ¢ € End(R?) be the linear maps defined by
(p(éﬁ) = 2é5 + 3e3, (p(éé) =¢é3, and (p(gg) =0
(a)
(b)
(c) Finding a Jordan basis of .
(d) Find the minimal polynomial of (.

Show that ¢ is a nilpotent map.
Calculate Ey, the eigenspace of ¢ associated to 0.
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15. Denote by
147 2 243
A= 1—7 20 3—-3
2 -5 1—1
Calculate the characteristic polynomial of A, p4(z), and then evaluate p4(A)
to verify the Cayley-Hamilton Theorem.
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Chapter 14

Applications

14.1. Fibonacci numbers

Probably you are familiar with the sequence of numbers
0,1,1,2,3,5,8,13,21, ... .

Its called the sequence of Fibonacci numbers after someone who supposedly brought
Arabic numbers to Europe in the 14th century. It has something to do with botany
and the numbers of petals or seeds on a plant such as a sunflower plant. Of course,
you can guess the next number in the sequence: its 13 + 21 = 34. Obviously each
number in the sequence equals the sum of the previous two. If F}, denotes the n'P
number in the sequence, so that Fy =0, F} =1, Fy = 34, and so on, then

Fn+1:Fn+Fn71-

Consider the sequence of ratios F,1/F,, , starting with Fy/F7 :

3 5 = 8 13 21
1,2, - =15,-=1.6,- =16, — = 1.625, — = 1.615
9 ) 2 ) 3 ) 5 ) 8 ) 13 )
and so on. It appears to be converging, and in fact it is to the value
1 5
AL = +2\[:1.618... .

For some reason someone thought that this value A\; was particularly pleasing so
they named it the golden ratio. For example, a room whose floor dimensions are
in this ratio is the most attractive. More importantly, A; is an eigenvalue of the

(1 é) (305)

Indeed, the characteristic polynomial of the matrix is (1 —¢)(—t) — 1 =t>—t—1,
1-v5
2

matrix

which has roots A and its conjugate Ay = . This matrix describes the relation

413
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that recursively generates the Fibonacci numbers because

(1)(2)-Cr)

But why should F,,11/F, converge to A\;? In order to explain this let us first
determine a formula for F,,. We shall organize things by introducting a vector

notation:
F,
Uy = ; 1< n,

so that equation (306) reads

1 1Y\ .
( 1 0 >vn = Upa1 - (307)

(L) a(1) (1) o

It is clear what we must do now: diagonalize the matrix (305) so that we may
calculate its n*® power, and thereby find a formula for F,, for this is the second
coordinate of @, 1. If X is an eigenvalue (either one), then A> = X\ + 1, so that

(1) (1)) (7))

Thus, (A, 1) is an eigenvector for the eigenvalue A. We have

(o) ()= )00 0 )-

Whence, by (307) we have

Therefore,

(M (A0 MoA ) (1
K T | 0 Ay 11 0
1 A Ao A0 1 =X 1
BV YR | 0 A\ -1 N 0
1 A Ao N0 1
YD | 0 A -1
1 A Ao N}
DYDY | -2
_ 1 A=At
DYDY AP — \B ’
Therefore, noting A\; — Ao = /5, we have
AT — Ay

V5

This formula might not look like an integer, but it is. On closer inspection we see
that because Ay =~ —.618 is less than 1 in absolute value the power A3 approaches

F, =
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0 as n increases. In fact, for n > 0 the n*" Fibonacci number F,, is therefore the
nearest integer to
AT
5
For example,
Al 1+ VB
Ve 295
so that Fy = 34. Furthermore, the ratio
Fopr  APTE—aptt ot
F,  Ar—Xr ¢

~33.99,

:)\17

answering our initial question.

This little excursion into Fibonacci numbers introduces us to a concept called
a difference equation, or recurrence relation: equation (307) is an instance of a
difference equation. The concept is like a differential equation except that for a dif-
ference equation change occurs in discrete steps rather than continuously. Generally
speaking, a difference equation is a matrix equation

Toyr = Av;, (309)

together with an initial value ¢; . It can be thought of as describing an evolving
system. The matrix A encodes how the next generation of the state vector v is
obtained. For example, a linear difference equation, generalizing the Fibonacci
numbers, is one

Fn+1 = CLFn + bFn_l .

To solve the difference equation means finding an expression for F;, as we did above
for a = b= 1. We may proceed just as before starting with the difference equation

<61L8)<Ff:>(F}:1> (310)

We shall leave to the reader further analysis of generalized Fibonacci numbers (310)
as it is just the same as before.

Exercise 14.1. Complete the analysis of generalized Fibonacci numbers
(310). Solve (310), meaning find a formula for F, . Does F,1+1/F, always
converge to an eigenvalue? How does it depend on a and b ?

14.2. Markov processes

Another interesting and important example of a recurrence relation (309) is when:

== the entries of A are all non-negative, and

= every column of A sums to 1.
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th generation of the) state vector

Such a system is called a Markov process. The (n
¥ may consist of probabilities, as numbers between 0 and 1, assigned to the states
of the system, which also sum to 1. It is not strictly necessary that the coordinates
of a state vector sum to 1, as this is for probabilities, but rather they may sum to
any positive number, which is a constant of the system. Our illustrating example
to follow has this feature. It follows directly that if ¥, is such a state vector, then
SO is Upy1 -

Let us explain a typical example of a Markov process. Suppose that we wish to
model population migration within the New York City. In particular, we wish to
examine how people move in and out of Manhattan, but staying in New York City.
Let us make the simplifying (but unrealistic) assumption that, although people are
moving around within the city, no one is migrating to and from it so that the total
population of New York City remains constant. Of course, an individual is either in
Manhattan or not. Let zy denote the number of people in Manhattan in an initial
year 0, and yo the number of those in the other four burroughs: this is the initial
state of the system. We are assuming that the sum

C=x0+yo

remains constant. Suppose that every year 3/10 of the people outside Manhattan
move to Manhattan, and 1/10 of the people inside Manhattan leave for the other
burroughs. Thus, the next year we have x1 = .92¢ + .3yo and y; = .1z + .Typ .

The matrix
9 3
A=
(17)

therefore describes the situation in the sense that if

Uy, =
Yn
is the state of the population after n years, then

Un+1 = Avp,

describes the population one year later. The matrix A is a Markov process in the
sense that we have defined. Our main question is what is the ultimate behaviour
of the system? In order to answer this we need to calculate the power A™ because
we have

Uy, = A" .
Of course, we are going to do this by diagonalizing A. The characteristic polynomial
of Ais
t2 —1.6t+.6 = (t —1)(t — .6) .
The eigenvalues of A are therefore 1 and .6. We are in luck: the matrix A may be
diagonalized over R as it has two distinct real eigenvalues.
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Exercise 14.2. Prove that 1 is always an eigenvalue of a Markov process,
and that the other eigenvalue is always a positive number less than 1, pro-
vided that the entries of A are positive. Thus, a (two-dimensional) Markov
process always has two distinct (positive) eigenvalues. Therefore, a Markov
process can always be diagonalized.

The eigenspace of 1 is the null space of

(3 %)

which is the line #(3,1), and the eigenspace of .6 is the null space of

(1)

which is the line #(1, —1). Thus,

so that
1

e(U )0 ()
S I

At this point let us pause and think that since we are interested in the ultimate
behaviour of the system we may as well assume that n is large, so that .6™ is almost

0. Certainly this will make the calculation easier for if we replace .6 by 0, then
for large n we have

o l(3 01 1 1\ 1(3 3
T4\l -1 0 0/) 4\1 1)"

Thus, after n years, we have
()= () (a)
Yn 4\1 1 Yo 1(zo +w0)

3 1
n~=-Csyp,~-C.
Ty =y

This is the proportion of people inside and outside Manhattan that the system
tends toward. Notice that as far as the ultimate proportion x,,/y, goes, which in
this case is 3, it does not matter what the initial populations xy and gy, are as the
ultimate proportion depends only on A.

and therefore

Thus, the idea of a Markov process is exceedingly basic and natural, and it
lends itself to an insightful analysis. The reader may rightfully guess that there are
countless examples of Markov processes found in subjects ranging from economics
to operations research, and that the idea has been studied in great detail. We
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shall leave it there, but the interested reader may wish to consult Gilbert Strang’s
book “Linear Algebra and its Applications” to get a start on the subject. A. T.
Bharucha-Reid presents an expert exposition in his book “Elements of the Theory
of Markov Processes and Their Applications.”

Exercise 14.3. Create or find another example of a Markov process.

14.3. Conic sections

Imagine a cone. It is a surface with a pointed end called the vertex of the cone,
created by revolving a line through the vertex around another ‘axis of symmetry.’
Imagine the curve formed by the intersection of the cone with a plane not containing
the vertex of the cone. If the plane is perpendicular to the axis of symmetry, then
this curve of intersection is a circle. If the plane is tilted slightly, then this curve
of intersection is elongated forming what is called an ellipse. Continue tilting the
plane until it is parallel with a line on the cone through the vertex: the curve of
intersection now forms a parabola. Tilt the plane even more until now it is parallel
with the axis of symmetry: now the plane intersects the cone in a hyperbola as its
called. These three types of curve, ellipse, parabola, and hyperbola, are known as
the conic sections, naturally enough.

The conic sections are planar curves that have z, y-equations. These equations
can be derived from their geometric definition just given although this is not trivial.
We shall define the conic sections strictly in terms that can be put without leaving
the plane. Let us start with the ellipse. Define an ellipse as the set of points P such
that the combined distance from P to two other fixed points F; and F5 , called the
foci of the ellipse, equals a fixed given positive constant 2a. Thus, for every such
point P we have

2a = |PFy| + |PF,| . (311)

Imagine a string of length 2a whose ends are fixed at F} and F,. When the
string is pulled taught through another point P, then P lies on the ellipse. If the
perpendicular from a point P on the ellipse to the line on the foci bisects the line
segment F) F5 , then P has distance a to each foci. If this same point P has distance
b to the line on the foci, then

a® =b* +c*, (312)

where the length |Fy Fy| = 2¢, for ¢ < a. We now introduce z, y-coordinates placing
the z-axis on the line containing the foci, and the origin (0,0) at the midpoint
between Fy and Fy, so that F; has coordinates (—¢,0) and Fj is (¢,0) . The points
(—a,0), (a,0), (0,b), and (0, —b) all lie on the ellipse, which we call the vertices of
the ellipse. Notice from (312) that we must have b < a. A straightforward analysis
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of the distance equation (311) brings us to the equation
2 2
oy
o + i 1, (313)
for any point P(z,y) lying on the ellipse. If a = b, then the ellipse is a circle of
radius a, so that ¢ = 0 and the two foci coincide with the origin.

(6]

Example 14.4. The quantity e = ¢ = cos(0) is called the eccentricity of
the ellipse, where 0 is the angle at a focal point formed by the line on it and
the vertex (0,b) with the x-azis. We have 0 < e < 1. The eccentricity of a
circle is 0. At the other extreme when b is small, so that the foci are near
the vertices (+a,0), then e is closer to 1.

Example 14.5. The ellipse (see Figure 1)
22 g2
T4
9 * 4 ’

has vertices at (£3,0) and (0,42). We have ¢ = /9 — 4 =+/5, so that the
foci lie at (£/5,0) . Its eccentricity is e = % .

2
Figure 1. The ellipse & + 4 =1

Of course, any equation
Az? +By*=C;0< A,B,C, (314)

also describes an ellipse because it can be put in the form (313), with a? = C//A for
instance. We recognize that (314) is a level set of a quadratic form. Thus, linear
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algebra enters the picture: we may put (314) as a matrix equation.

(zy)<§g)(§)zc. (315)

Exercise 14.6. Write the ellipse equation

x? 4+ 4y° = 16 (316)

as a matriz equation (315). Put the equation into its standard form (313).
Sketch the ellipse indicating the foci and vertices. What is its eccentricity?

Suppose the ellipse (316) is rotated about the origin in the plane. Of course,
the rotated ellipse is still an ellipse, but how has its equation changed in terms
of the same coordinates? Suppose that the rotation is 45° counterclockwise: let
R = R(45°) denote this rotation, so that its transpose

T _ et 2 2
Re=R"=| 5 »
2

2

rotates the plane 45° clockwise. Then (x,y) lies on the rotated ellipse if and only

w(3)- (% 5)0)
y -2 2 Jy

lies on (316). Thus, (z,y) lies on the rotated ellipse if and only if

(x y)R<(1) 2>RT(5)—16. (317)
This simplifies to

o) G ) )G ) e

(acy)(_53 _5?’)(;”):32, (319)

5% — 6xy + 5y? = 32.

if the vector

whence

which comes to

This is the equation of the ellipse (316) rotated 45° counterclockwise. Notice that
rotating the ellipse not only changes the coefficients A, B, C', but also introduces
an xy-term in the quadratic form.

What interests us now is the reverse problem. How do we recognize what kind
of curve a given equation such as

62% — dxy + 9y* = 10 (320)
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Figure 2. The ellipse 522 — 6xy + 5y% = 32

describes? Let us write it as a matrix equation.

(a y)<_62 92)<;>—10. (321)

Of course, we would like to diagonalize this matrix, which we know can do because
it is symmetric, finding a rotation matrix R such that

6 —2 B M O
<—2 9>RR<0 )\2>’

where A1, Ao are the eigenvalues of the matrix above, and the columns of R are their
normalized eigenvectors. Then the equation (320) we started with is the equation
of the ellipse

A2 + )\2y2 =10

rotated counterclockwise by R. Let us complete the problem for the given quadratic
equation (320). The characteristic equation of its matrix (321) is

t2 =15t +50=0,

so that the eigenvalues are 5 and 10. The equation of the unrotated ellipse we seek
is therefore
522 + 10y = 10 .

Notice that this equation does indeed describe an ellipse because both eigenvalues
are positive. In standard form this equation reads

2

S+ =1, (322)

The vertices of this ellipse are (+1/2,0) and (0,+1). From 2 = 1 4+ ¢?, we see that
the foci lie at (£1,0).
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It remains to determine the angle 6 of rotation that recovers the original ellipse
(320). We shall do this by explicitly determining R(6) = R as the matrix whose
columns are normalized eigenvectors. The eigenspace of 5 is the null space of

1 =2
-2 4
which is #(2,1). The other eigenspace must be orthogonal to this so we have

R (1) (0 ).

where 6 is the angle of counterclockwise rotation. Thus, cos(6) = % , which gives

0 ~ 27°. Summing up, the ellipse (320) is the ellipse (322) rotated approximately
27° degrees counterclockwise.

Exercise 14.7. Determine the coordinates of the vertices and foci of the
ellipse (320) by applying the rotation R to the vertices and foci of (322).
Determine the eccentricity of the ellipse.

Remark 14.8. The conic sections can be analyzed in an elementary way
not using linear algebra. However, the power of the linear algebra approach
is that it applies equally well in higher dimensions. For example, in three
dimensions the equation of an ellipsoid, which is a football shaped surface,

has the form
2 2 2
03 Y 24
P < 2 4 2= 1.
Of course, the kinds of rotations in space that can be applied to such a sur-
face are more plentiful than in the plane, but nevertheless it can be handled
by the matrixz and eigenvalue approach that we have demonstrated in two

dimensions.

We turn our attention to the hyperbola. Similar to the ellipse, we may define a
hyperbola strictly in planar terms: it is the set of points P such that the difference
in the distance from P to two other given and fixed points F; and F5, also called
the foci of the hyperbola, equals a fixed given positive constant 2a . Thus, a point
P lies on the hyperbola (defined by its foci and the positive number a) just when

The point P must be closer to F5 than to F; for this difference to be positive, so
that really equation (323) defines just one piece of the whole hyperbola: remember
a hyperbola has two pieces. The other piece is described by

2a = |PF2|—|PF1| .
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If you live at F and your friend lives at Fy , then (323) describes all the locations
P that are distance 2a farther from him than from you.

Let P be the point at distance a from the midpoint of the line segment on Fj
and Fy (closer to Fy). Then P satisfies (323), so that P lies on the hyperbola: this
is one of the vertices of the hyperbola. Let 2¢ = |F; F»|. We must have a < ¢, so
that there is b > 0 such that

A =ad>+b. (324)

As with the ellipse we introduce x,y-coordinates placing the z-axis on the line
containing the foci, and the origin (0,0) at the midpoint between F; and F», so
that the foci have coordinates Fj(—c,0) and Fy(c,0). The vertex defined above
has coordinates (a,0). The other vertex lying on the other piece of the hyperbola
has coordinates (—a,0). Similar to the ellipse an analysis of the distance equation
(323) brings us to the equation

Z‘Q y2

for any point P(x,y) lying on the hyperbola. Finally, notice that for points (z,y)
on the hyperbola we have

) y2 b2
hm ) = -
so that
lim = = —
T—00 I a

The two lines y = igx are called (slant) asymptotes of the hyperbola.

Example 14.9. Choose foci Fy and Fy such that 2c = |F1Fy| = 2v/2, so
that ¢ = /2. Let a = 1 so that from (324) we have b = 1. Therefore, the
equation of the hyperbola is

w2 —yt=1. (326)
The lines y = +x are the asymptotes of the hyperbola. (See Figure 3.)

Let us determine the equation of the hyperbola (326) rotated 45° counterclock-
wise, as we did with the ellipse. As before R = R(45°) denotes this rotation, whose
inverse is R~! = RT. Then (x,y) lies on the rotated hyperbola if and only if the

(-5 2)0)

lies on (326). Thus, (z,y) lies on the rotated hyperbola if and only if

(x y)R(é _01>RT<§>=1. (327)

vector

w‘%w
N
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2

Figure 3. The hyperbola 22 —y2 =1

This simplifies to

(DG DE) @
a(3)()

20y =1.

whence

which comes to

This is the equation of the hyperbola (326) rotated 45° counterclockwise. Perhaps
it is more familiar to you in the form y = -t

55 » Which is a function you may have
encountered in calculus. (See Figure 4.)

Exercise 14.10. Determine the coordinates of the vertices and foci of the
hyperbola 2xy = 1 by applying the rotation R to the vertices and foci of
(326).

Let us consider the reverse problem for hyperbolas. The solution is just the
same as for the ellipse: by diagonalization. Suppose we wish to identify the conic
section

522 + 6v6xy — 2% = 22.. (330)

As always we begin by writing it as a matrix equation.

(x y)<3_\/56 3_‘?)(?):22. (331)
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Figure 4. The hyperbola 2zy = 1

We seek a rotation matrix R such that

(s 22 )r=r( 0 )

where A1, Ay are the eigenvalues of the matrix above, and the columns of R are their
normalized eigenvectors. Then the equation (330) we started with is the equation
of

)\11‘2 + )\2y2 =22
rotated counterclockwise by R. Let us complete the problem for the given quadratic
equation (330). The characteristic equation of its matrix (331) is

2 —Tt—44=0,

so that the eigenvalues are 4 and —11. The equation of the unrotated conic section
we seek is therefore

4% — 119% =22,
This is the equation of a hyperbola because the eigenvalues are opposite in sign. In

standard form this equation reads
2

8

2
Y
Ty =1 (332)

|

The vertices of this hyperbola are (+4/1,0). From ¢ = Y +2 = 12 we see that

the foci lie at (++/7.5,0). The asymptotes are y = i\/%x. (See Figure 5.)

Finally, we determine the angle 6 of rotation that recovers the original hyper-
bola (330). The eigenspace of 4 is the null space of

(o %)~ (36 %)~ (0 %)
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e A I Y

Figure 5. The hyperbola 422 — 11y2 = 22

which is £(v/6,3) . The other eigenspace must be orthogonal to this so we have

R V15 (V6 =3\ [ cos(d) —sin(0)
15 3 V6 ) \ sin®  cos(f) ’

where 6 is the angle of counterclockwise rotation. Thus, cos(6) = @ , which gives
0 ~ 51°. Summing up, the hyperbola (330) is the hyperbola (332) rotated approx-
imately 51° degrees counterclockwise.

Exercise 14.11. Determine the coordinates of the vertices and foci of the
hyperbola (330) by applying the rotation to the vertices and foci of (332).
Determine the asymptotes of (330).

Naturally, our third and last conic section the parabola also has a planar de-
scription. For it we require a line D, called the directrix of the parabola, and a
single focus F'. Then the set of all points P such that

|PF| = |PD)| (333)

forms a parabola, where by |PD| we mean the shortest distance from P to D. For
instance, if you live at F' and D is Main Street, then the parabola consists of all
locations in town whose distance from Main Street equals its distance to you.

The midpoint V between F' and D satisfies (333), so that it lies on the parabola:
we call V the vertex of the parabola. We next impose coordinates, making the x-
axis parallel to the directrix and placing the origin at the vertex V', so that the
directrix is the line y = —p. Therefore, the focus F' must have coordinates (0, p) .
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Then a point P(x,y) satisfies (333) if and only if (z,y) satisfies
Like the ellipse and hyperbola (334) is a quadratic equation, but its different because

of course in this case there is a linear term; however we may treat it in just the
same way using matrices.

Exercise 14.12. Derive (334) from (333).

Exercise 14.13. In calculus you may seen a parabola defined by an equation
such as y = 42 . Use (334) to determine the directriz and focus of this
parabola.

Let us put (334) in matrix form.

GG () e

We may rotate the parabola just as we did with the other conic sections. If again R
denotes a rotation of 45° counterclockwise, then (z,y) lies on the rotated parabola
if and only if (z,y) satisfies

(a:y)R((l)g)RT<§>(0 4p)RT<§>. (336)

This simplifies to

o DGO D)

whence

(D) () e

which comes to
2% 4 2xy + y* 4+ 4V2px — 4V2py =0 .

This is the equation of (334) rotated 45° counterclockwise.



428 14. Applications

Example 14.14. Letp = /2. Then the equation of the parabola 4v/2y = x
rotated 45° counterclockwise is

22+ 2zy+y*+8x—8y=0.

What is the equation of the rotated directriz? We may determine this by
observing that (z,y) lies on the rotated directriz if and only if

Y
satisfies y = —v/2. This gives ?(—x +y) = —V/2, which givesy =z — 2.
Likewise, the focus of the rotated parabola lies at (—1,1). (See Figure 6.)

5]

Figure 6. The parabola 22 + 2zy + y2 + 8z — 8y =0

Conic sections introduce us to a subject called analytic geometry: the term
analytic emphasizes how coordinates mediate the connection between geometry and
algebra. In particular, we hope the reader is convinced that the general quadratic
equation

Az* + Bxy+Cy* + Da+Ey=F

describes a conic section, possibly rotated out of standard position, but also possi-
bly shifted vertically or horizontally.

Exercise 14.15. How shall we treat vertical and horizontal shifts of a conic
section?
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14.4. Algebraic numbers and other things

This section depends on some basic ring theory covered in Chapter 12. We have
seen that ring theory serves the purpose of providing a more conceptual foundation
for linear algebra, but this section illustrates how linear algebra may be used in the
service of algebra. Indeed, let us motivate the discussion by asking a basic question
of algebra: what exactly is the number v/2? For instance, this quantity occurs
naturally as the length of the hypotenuse on a right isosceles triangle whose shorter

side has length 1.
AN
1
1

Or perhaps someone in your mathematical past has said that /2 is the quantity
which when squared gives 2 and that is that. In a way this might even be the best
answer one can offer, but the details matter. For instance, what is a ‘quantity’ in the
first place, and even if we knew how do we identify /2 ? For example, a calculator
gives v/2 = 1.41421 ..., which expresses /2 as a limit of rational numbers. This
says that you can calculate v/2 only up to a given error, but it can always be done
and to within any given error no matter how small. If you're not familiar with
this idea, then perhaps it is not easy to understand or express in a precise manner.
Once a clever someone proposed that v/2 is the collection of rational numbers whose
square is less than 2. At first this proposal might sound prepostorous because that’s
not even a number, its a set of numbers; however, let us not rush to judgement for
it turns out that the proposal makes perfect sense. Here is another proposal using

0 2
Va- ( )2 ) |
The square of this matrix

0 2 02\ (20

10 1 o) \o 2)/)"
is indeed 2 provided of course that we identify 2 with the constant matrix above
(right). What could be simpler? We have identified v/2 as a matrix. It is therefore

no problem to find v/2 after all, but we have to look to matrices to find it. Thus,
linear algebra enters the picture in a natural way.

matrices:

We are going to explore our matrix solution to the question more thoroughly
and try to make sense of it. Our exploration brings into play the Cayley-Hamilton
theorem and also several other ideas from algebra. Incidentally, these other ideas
from algebra are more basic than even linear algebra, so every aspiring student of
linear algebra should learn them. In other words, our understanding of linear alge-
bra improves, and ultimately it depends, on a broader perspective. In fact, we have
already encountered these ideas, such as rings, fields, ideasl, and homomorphisms,
in one way or another previously in this book.
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We would like to produce roots of integral polynomials, or what are called
algebraic numbers. For example, the number /2 is algebraic because it is a root
of the polynomial t2 — 2. We would like to do this in an algebraically consistent
manner in the sense that we would like to also create a system of numbers in which
the root lives (formally called a ring in Chapter 12). In other words, the basic
problem we address is how to invent a root a of an integral polynomial and another
field Q C Q(«) in which « lives. We shall find that such a field can be identified as
a subring of matrices over Q. In the process we encounter the minimal polynomial
of a matrix.

Probably the most basic connection between polynomials and matrices, which
we have already encountered in this book, is the fact that it makes sense to evaluate
a polynomial at a (square) matrix A. Indeed, if A has dimension 7, then the
function

eva: Qi = My f(t) = f(A), (338)

is a ring homomorphism, where M,, denotes the ring of all n x n rational matrices.
To say that ev4 is a ring homomorphism means that it respects addition and
multiplication. For instance, we have

eva(f(t)g(t)) = f(A)g(A) = eva(f(t))evaly(t)) ,

and likewise for addition.

Definition 14.16. Let Q[A] denote the image of eva . It consists of all
matrices that equal f(A) for some rational polynomial f(t) .

Exercise 14.17. Show that Q[A] is subring of M,, . Show that it is com-
mutative with respect to matriz multiplication.

The kernel of ev 4 is by definition the subset of polynomials
Ker(eva) = {f(t) | eva(f(t)) = f(A) =0} .

Recall from our study of rings that the kernel of a ring homomorphism is an ideal.
Hence, ker ev 4 is an ideal Q[t].

Exercise 14.18. Prove that the subring Q[A] is isomorphic to the quotient
ring Q[t]/Ker(eva). Hint: this is an instance of a general fact about ring
homomorphisms. Which fact is this?

An important fact from our study of rings is that every ideal of a polynomial ring
over a field is principle, that is, it is generated by a single polynomial. Hence,

Ker(eva) = (m(t)) .
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In other words, f(A) = 0 if and only if f(¢) is a multiple of m(t), or as they say
m(t) divides f(t) (Recall that we denote the latter by m(t) | f(t)).

Of course, we may always take m(t) to be monic in the sense that its lead-
ing coefficient is 1. In fact, the polynomial m(t) is the unique monic polynomial
of least degree such that m(A) = 0. We already know this polynomial m(t) by
its name: the minimal polynomial of A over Q (Here, we can regard A as a linear
endomorphism of Q" in the usual way, where n is the size of the square matrix A.) .

Exercise 14.19. Show that similar matrices have the same minimal poly-
nomial.

Exercise 14.20. Find the minimal polynomial of the matriz

3 -1 0
0 2 0
1 -1 2

By the Cayley-Hamilton theorem the characteristic polynomial of a matrix A
is a member of Ker(ev4). Thus, we deduce that the minimal polynomial m(t) of a
matrix divides the characteristic polynomial of the matrix.

Exercise 14.21. Prove that the image subring Q[A] is isomorphic to the
quotient ring Q[t]/(m(t)) . Hint: Ezercise 14.18.

Recall from our study of rings that a polynomial f(t) € Q[¢] of positive degree is
irreducible if it does not factor over QQ, that is, there does not exist polynomials
g(t) and h(t) of positive degree such that f(t) = g(¢)h(¢).

Proposition 14.22. A polynomial p(t) over Q is irreducible over Q if and
only if the quotient ring Q[t]/(p(t)) is a field.

Proof. This is a special case of Theorem 12.54. (]

Corollary 14.23. Q[A] is a field if and only if the minimal polynomial of
A is irreducible over Q.

Proof. Let m(t) denote the minimal polynomial of A. Then Q[A4] is field if and
only if Q[t]/(m(t)) is a field (Exercise 14.21) if and only if m(t) is irreducible over
Q (Proposition 14.22). O



432 14. Applications

When Q[A4] is a field we use the notation Q(A).

Example 14.24. The minimal polynomial of a matrix need not be irre-
ducible. For instance, the minimal polynomial of

A ( 0 4 )
1 0
equals its characteristic polynomial t* —4 = (t + 2)(t — 2). Thus, Q[A] is

not a field. For instance, the matriz eva(t + 2) = A + 2I is a member of
Q[4], but it is not invertible.

We have assembled the tools and concepts sufficient to explain our initial ex-
ample v/2. Let Q(v/2) denote the image subring Q[A] for

\/§=A:(2 f))

The characteristic polynomial of A is t?—2. By Cayley-Hamilton, we have A2 —2] =
0, but of course we have already verified A2 = 2I directly by hand. In any case,
the minimal polynomial of A must therefore divide t? — 2.

Exercise 14.25. Show that t? — 2 is irreducible over Q. Show that the
minimal polynomial of A equals t> — 2.

Exercise 14.26. Show that Q(v/2) equals the collection of matrices

aI—l—bA:(Z ib> . (339)

As a matter of fact, we may define Q(v/2) as the collection of the matrices
(339); however, defining Q(1/2) as the image of the evaluation homomorphism ev 4
adds some perspective to the discussion; for instance Proposition 14.23 tells us
when Q[4] is a field.

Exercise 14.27. Show that Q(v/2) is indeed a field, which contains Q. Of
course, we may appeal to Proposition 14.23, but it can be also be done directly
by finding an inverse for every non-0 element of Q(v/2). For instance, if
V2 denotes the above matriz A, then what matriz is 1/\/5 ?

Exercise 14.28. Show that the field Q(v/2) is isomorphic to the subfield of
R consisting of all real numbers a +bv/2, a,b € Q, where now we consider

V2 as a real number.
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Example 14.29. In this example, let us change base fields to the real num-
bers R. This takes us out of the realm of algebraic numbers, but the ideas
are the same. The characteristic polynomial of the matriz

=)
1 0

is t2 + 1. We have m(t) | 2 + 1. Because t> + 1 is irreducible over R we
have m(t) = t?> + 1, and moreover the image subring of eva (for R), which
we denote R(i) , is therefore a field. In any case, this can be proved directly.
This field is the complex numbers: R(i) = C. We have used matrices to
invent i = \/—1, identifying i as the matriz A. Show that the field R(i)
equals the collection of all matrices

al +bA = < @ —b ) ,
b a
where a,b € R. Thus, we identify the complex number a+ bi with the matriz
al +bA.

Example 14.30. We continue with base field R, but we start with the
polynomial

B-1=0¢-1)E+t+1).
The roots of this polynomial are called cube roots of unity. Of course, 1 is
such a root. The other two complex roots are the roots of t> +t+ 1. It is
not too difficult to find a 2 x 2 matrix whose characteristic polynomial is
t2+t+1. Indeed, we seek a matriz whose trace equals —1 and determinant

equals 1. For instance,
0 -1
B =
(1 3)

is such a matriz. By the Cayley-Hamilton theorem we have B> +B+1 =0,
and because t> +t + 1 is irreducible over R, it is the minimal polynomial of
B . The image of the evaluation homomorphism for B

evp : R[t] = M,

into the ring Mo of real matrices equals the collection of matrices

aIJch(a ¢ >
c a—c

In fact, to see this argue by induction on the degree of a polynomial, using
B? = —B — I for the inductive step. Moreover, this ring is a field because
the minimal polynomial is irreducible over R . Indeed, this field is again the
complex numbers. For instance, i is the matrix
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1[+2321< 1 -2 )

Vi VBT T VB\2 -1/

Indeed, by direct calculation, the square of this matrix equals the constant
matrix —1. Thus, there is more than one way to present ¢ as a real matrix.

Notice that
-1 1
B* =
(50)
is the third cube root of unity.

Perhaps it is appropriate to end by mentioning a fascinating subject called
group theory because the three matrices I, B, B? collectively form what is
called a (cyclic) multiplicative group. In fact, the origins of group theory go
back to the problem of finding roots of a polynomial (and someone named
Galois), which is precisely the problem we have been discussing in this sec-
tion. We encourage the reader to begin his own investigations of the subject.
Almost any introduction to group theory will do: just google “introduction

”'

to group theory”!

Chapter 14 Exercises

1. Solve the Fibonacci sequence
3,3,6,9,15...
2. Solve the difference equation
Fooi=F,—F,_1,
where F1 =0, F, = 1.

3. The matrix of a Markov process is also called a stochastic matrix. Prove that
the product of two stochastic matrices is again one.

4. How can we interpret a steady population growth in the population movement
Markov process? For instance, suppose that the population of New York City
increases by 2% each year. How do we change the model in order to account
for this?

5. Find the equation of the ellipse
22% + 9% = 16
rotated 60° counterclockwise. Sketch both ellipses, indicating the vertices and
foci.

6. Find the equation of the hyperbola

22—yt =1
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10.

rotated 60° counterclockwise. Sketch both hyperbolas, indicating the vertices,
foci, and asymptotes.

Identify (ellipse or hyperbola) and sketch the graph of the following quadratic
equation.
z? —6xy+1y> =38
Identify the vertices, foci, and asymptotes (hyperbola). What is the angle of
rotation out of standard position?
Find the general equation of the parabola
dpy = 2

rotated 60° counterclockwise. Also find the focus and the directrix of the
rotated parabola.

Build as a subring of 2 x 2 rational matrices a field Q(v/5) that includes Q as
a subfield. How are the two fields Q(v/2) and Q(v/5) related?

Modular arithmetic is an interesting and important idea of number theory.
The ideas we have considered in § 14.4 apply to modular arithmetic. Consider
the finite field Zz = {0, 1,2} of numbers modulo 3. Notice that 2 is not a
square in this field because 02 = 0,12 = 1,22 = 1. Using the same approach
we used to build Q(v/2) build a finite field Z3(v/2) of 2 x 2 matrices over Zsz
in which 2 has a square root. List the elements of this field.
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algebraic properties, 25

definition, 23

linear independence, 30

subspaces, 27

vector space structure, 23
Hom(V, W)

definition, 196

vector space structure, 196
k-form, 286

adjoint, 75
adjoint map, 261
existence and uniqueness, 262
matrix representation, complex
case, 264
matrix representation, real case,
263
adjugate matrix, 116
algebraic multiplicity, 366
algebraic number, 430
analytic geometry, 428
antidual space

definition, vector space structure,

257
antilinear maps, 257
antilinear isomorphism, 257

basis
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definition, 31
bilinear form, 235
binary relation, 304
block diagonal matrix, 369
determinant of, 371
block matrix, 369

canonical isomorphism, 174
Cartesian product

definition, 234
Cauchy-Schwartz inequality, 42

for complex inner product spaces,

248

for real inner product spaces, 238

Cayley-Hamiltion Theorem
matrix version, 406
Cayley-Hamilton Theorem
general version, 406
characteristic polynomial
for endomorphisms, 203
of a matrix, 127
Chinese Remainder Theorem
first version, 342
second version, 343

Cofactor Expansion Theorem, 108

cofactor matrix, 116
column space, 211
complexification

of a real linear map, 402
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conic sections, 418
ellipse, 418
hyperbola, 422
parabola, 426

conjugate transpose, 75

coordinate vector, 180
basic properties, 183

coprime, 340
pairwise, 340

coset, 306

Cramer’s rule, 119

determinant

definition of, 106

for endomorphisms, 201

upper triangular matrix, 110
diagonal matrix, 77
diagonalizable

linear map, 205
diagonalizable matrix, 133
dimension

definition, 32
direct sum

definition, 58

equivalent characterizations, 58
dot product

angle between vectors, 42

definition, 38

orthogonal vectors, 43
double dual space

canonical isomorphism, 225
dual basis, 224
dual of a linear map, 228
dual space, 223

covectors and 1-forms, 223

eigenspace, 204
for matrices, 128
eigenvalue
for endomorphisms, 204
of a matrix, 127
eigenvector
for endomorphisms, 204
of a matrix, 127

elementary matrix, 94

endomorphism, 194

equivalence relation, 304
equivalence class, 304

Fibonacci number, 413
field
definition of, 146
field extension, 346
Fundamental Theorem of Algebra,
147

Gauss Jordan method
augmented matrix, 10
basic transformations
linear equations, 9
row operations, 11
pivot, 11
reduced row echelon form, 11
general vector space
basis, 157
dimension, 158
linear combination, 152
linear independence, 156
spanning set, 155
generalized eigenspace, 390
generalized Pythagorean theorem, 44
geometric multiplicity, 366
Gram-Schmidt process, 50
complex inner product space, 250
real inner product space, 240

Hermitian inner product
standard on C", 246
Hermitian matrix, 76
relation to Hermitian inner
products, 252
homomorphism
evaluation, 430
image of evaluation, 430
kernel, 430

ideal, 330
ideals
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left, 330 surjective, 169
proper, 331 linear system
right, 330 homogeneous

trivial, 331
identity map, 169
identity matrix, 85
induction proof
basic idea, 33
infimum, 63
inner product space
complex, 245
real, 234
inner products
Hermitian, 245
real, 234
integral domain, 337
invariant subspaces, 364
irreducible polynomial, 346
isomorphic vector spaces
definition, 170
isomorphism theorems
first, 311
second, 313
third, 316

Jordan basis, 374
Jordan canonical form, 372

Jordan Canonical Form Theorem,

386

linear combination, 25
linear equations
homogeneous, 17
meaning of name, 8
linear map
bijective, 169
definition, 161
image, 164
injective, 169
kernel, 164
linear isomorphism, 170
null space, 164
nullity, 167
rank, 167

solution set is subspace, 28
linear transformation

contraction, 123
definition of, 121
dilation, 123
reflection, 122
rotation, 123

maps

one-to-one, 33
onto, 33

Markov process, 416
matrix

additive inverse, 73
cofactor, 106

elements, 69

invertible or nonsingular, 89
minor, 106

null space or kernel, 217
row equivalent, 98

scalar multiplication, 72

strictly upper triangular, 109

transpose, 74
upper triangular, 109

matrix inverse, 87
matrix multiplication

definition, 79
noncommutative, 80

matrix rank, 213
matrix representations

of a complex inner product, 252

of a linear map, 189
of a real inner product, 241

minimal polynomial, 352, 430

algebraic numbers, 431
for matrices, 355

multilinear map, 284
multlinear map

alternating, 286

nilpotent maps, 373
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nonlinear equations
definition, 8
norm of a vector, 39
distance between two points, 41

orthogonal basis, 46
orthogonal complement, 53
decomposition theorem, 60
real inner product space, 240, 251
orthogonal matrix
characterization, 125
definition of, 125
orthogonal projection, 47
complex inner product space, 249
of a vector onto a subspace, 61
real inner product space, 239
orthogonal set, 45
complex inner product space, 249
real inner product space, 239
orthonormal basis, 46
orthonormal set, 46

permutation
even, odd, 283
Primary Decomposition Theorem,
358
proof by contradiction, 305

quotient ring, 332
quotient set, 304
quotient vector space, 306
quotient vector spaces
canonical projection map, 310
factoring through, 318

Rank-Nullity Theorem, 168
matrix version, 217
Replacement Theorem, 33
ring homomorphism, 326
rings
definition, 324
direct product, 341
endomorphism ring, 326
First Isomorphism Theorem, 333

polynomial ring, 326
Second Isomorphism Theorem, 334
subrings, 329
Third Isomorphism Theorem, 336
zero ring, 325

row space, 211
relation to column space, 212

self-adjoint map

definiiton, 266
similar matrices, 131, 194
simultaneously diagonalizable, 363
skew-Hermitian matrix, 77, 237
skew-symmetric matrix, 77
span

definition, 30
square matrix, 71

definition, 71

order of, 71
stochastic matrix, 434
subspace

general definition, 151
symmetric matrix, 76

transition matrix, 183

main properties, 186
transpose, 74
transpose of a linear map

see dual of a linear map, 230
transposition, 282
triangle inequality, 44
trivial vector space, 37

unit vectors
definition, 40

unitary matrix, 253
definition of, 126

vector spaces
general definition, 147
other examples, 150

zero divisor, 337
zero matrix, 72
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