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Scaling Limits of Processes with Fast Nonlinear Mean Reversion*

Thomas Cayé' Martin Herdegen? Johannes Muhle-Karbe?

June 3, 2019

Abstract

We derive scaling limits for integral functionals of Itd processes with fast nonlinear mean-
reversion speeds. In these limits, the fast mean-reverting process is “averaged out” by integrating
against its invariant measure. The convergence is uniformly in probability and, under mild
integrability conditions, also in SP. These results are a crucial building block for the analysis of
portfolio choice models with small superlinear transaction costs, carried out in the companion
paper of the present study [I1].

Mathematics Subject Classification (2010): 60F25, 60H10.

Keywords: processes with fast nonlinear mean reversion; scaling limits

1 Introduction and Main Results

Motivation Superlinear trading costs play an important role in financial engineering as reduced-
form models for the adverse price impact generated by large trades, cf., e.g., [3, 2] as well as many
more recent studies. In this context, optimal policies typically prescribe to track some “target
portfolio” at a finite, absolutely-continuous rate [15] [16] [6], @, 10} [4], 25, 17, [18]. If trading costs are
quadratic, this trading speed is linear in the deviation from the target [15] [16] 25 [I7], leading to
Ornstein-Uhlenbeck dynamics of the deviation in the small-cost limit. The well-known properties
of this process can in turn be used to analyze the asymptotic performance of the corresponding
tracking portfolios [9, [10].

However, empirical studies suggest that actual trading costs are superlinear but also sub-
quadratic, corresponding to the “square-root law” for price impact advocated by many practi-
tioners [24], [5]. For such trading costs, optimal trading rates become nonlinear: compared to the
quadratic case, trading slows down near the target, where costs are higher. Conversely, trading is
sped up far away from the target, where costs are comparatively lower. In the limiting case where
the trading costs become proportional, this leads to “reflecting” singular controls: no transactions at
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all inside some “no-trade region” and instantaneous reflection by trading at an “infinite rate” once
its boundaries are breached [12]. The controlled deviation from the target process in turn follows
a reflected diffusion process. In the small-cost limit, its study boils down to the analysis of doubly-
reflected Brownian motion. Whence, the asymptotic analysis of the corresponding singular tracking
strategies can also be performed by appealing to well-known probabilitic results [20} 1, O, 10]. In
addition to these law of large numbers type results, even a central limit theorem has been derived
for the asymptotic performance in this context [3].

However, such results are not available for the empirically most relevant transaction costs that
fall between linear and quadratic. The corresponding controlled deviations then correspond to
processes with nonlinear mean-reversions speeds [I8], [11]. In this paper, we determine the scaling
limits of such processes in the regime where the mean-reversion speed becomes large. This is
a main building block for the derivation of asymptotically optimal trading strategies with small
superlinear trading costs in the companion paper of the present study [11]. There, the results from
the present paper are used to compute both the expected transaction costs incurred by a given
tracking strategy, and its average squared displacement from the target. Trading off these two
terms in an optimal manner in turn leads to the asymptotically optimal performance.

Our scaling limits also contribute to the classical literature on “averaging results”, where a
“fast variable” is averaged out appropriately as it oscillates faster and faster. Results of this
kind were first developed by [34] 35, 23, 26]; textbook treatments can be found in [I3], 33]. Our
probabilistic approach allows us to extend existing results of, e.g, [27, 28] that require a Markovian
or semimartingale structure on the drift and diffusion coefficients of the SDEs to general unbounded
drift and diffusion coefficients.

Setting Let (2, F, (Ft)icjo,1, P) be a filtered probability space satisfying the usual conditions.
For a (small) parameter ¢ > 0, we consider the following family of mean-reverting stochastic
differential equations (SDEs):

L, (MXt
dXg = (bt - %g (;t» dt + /e dWy, X5 =ux5, telo,T). (1.1)

Here, W is a standard Brownian motion, the processes b, ¢, L, M are adapted and continuous and
¢, L, M are positive. The function g describes the nonlinear nature of the mean reversion. It is
locally Lipschitz, odd, non-decreasing and nonnegative on R (so that X¢ is indeed always steered
back towards zero), and of superlinear polynomial growth at inﬁnityﬂ
lim inf 9(@) >0, for some g > 1. (1.2)
rx—oo x4
(Larger values of ¢ correspond to faster mean-reversion for large deviations, which allow to weaken
the integrability requirements that need to be imposed on the other primitives of the model in
Assumption ) The antiderivative of g is denoted by G(z) = fg g(y)dy. The processes b, c, L, M
and the function g are all independent of the scaling parameter €. In contrast, the initial value
x5 € R of X may depend on ¢ as long as limsup,_, |z§|/e < 0.

Interpretation In the context of portfolio optimization with small nonlinear trading costs [11],
X¢ corresponds to the deviation of the frictional portfolio process from its frictionless counterpart.

n sufficiently regular Markovian settings, weaker growth conditions suffice to ensure the recurrence of the diffusion
X°¢, cf. [27]). Weaker versions of our results under such conditions are discussed in Remark



b and c correspond to the drift and diffusion coefficients of this target position, whereas the mean-
reverting part of the drift of is the absolutely continuous control applied to steer the actual
position in its direction. Up to rescaling, the asymptotic parameter ¢ corresponds to the size of
the trading cost. As it decreases, the mean-reversion becomes faster and faster and the frictional
positions eventually converge to their frictionless counterparts.

In order to determine asymptotically optimal portfolios, the average squared values of the
deviations need to be traded off against the corresponding trading costs (a nonlinear functional
of the control that is applied). In the present paper, we develop limit theorems that allow, in
particular, to compute both of these terms in closed form at the leading-order for small e.

Results We first establish that the SDE (1.1)) is well posed despite the superlinear growth of its
drift rate at infinity; for better readability, the proof of this result is deferred to Section

Proposition 1.1. For each ¢ > 0, and x5 € R, there ewists a unique strong solution of the

SDE (L1).

In order to formulate our scaling limits for the quickly mean-reverting processes (1.1]), we fix
a function f : R — R that is evenE| of finite variation on compacts and satisfies the following
polynomial growth condition:

|f(z)] < Cf(|:r3|ql +1), for some ¢’ > 0 and some Cf > 0. (1.3)

We can now formulate our first scaling limit, whose proof is delegated to Section [l Since this
first result only asserts convergence in probability, it does not require any integrability assumptions
on the primitives of the SDE (|1.1)).

Theorem 1.2. Let (Hy)eo,r) and (Kt)icjo,r) be nonnegative, continuous, adapted processes. Then,
as € — 0, the following limit holds uniformly in probability:

: K X¢ e F(FEy) exp (- 245 G(y))dy
/0H5f< - )ds—)/o H, o (2000 ds. (1.4)

The intuition for the limit is the following. As the mean-reversion speed of the processes
becomes faster and faster, one can essentially treat the “slow” processes H, K, b, ¢, L, M
as constant on each time step in a fine partition of [0,7]. In contrast, the rescaled process X¢/e
converges to a mean-reverting one-dimensional diffusion on each of these infinitesimal intervals. The
limit asserts that, as € — 0, one can replace X¢ /e in the integrand by an integral with respect
to the stationary distribution of this limiting process, which is given in terms of its normalized and
rescaled speed measure [’

Results similar to Theorem have been developed under abstract assumptions and verified
for the simplest case of linear mean-reversion speeds in [I0, Section 3.2]. Here, we extend this to
the nonlinear trading speeds arising naturally in the context of square-root price impact and show
that convergence in probability remains valid under minimal assumptions also in this case.

2The assumption that f is even is crucially used in the arguments leading to Lemma In its proof, we bound
the process (X 5)2 from above and below by positive processes, and the fact that f is even allows us in turn to derive
bounds for f(X°®).

3In the limiting case where the rescaled process is a reflected diffusion, the stationary law is uniform, as exploited
in [I, [, I0]. Conversely, if the rescaled process has linear mean reversion, it is Gaussian, compare [9, [10]. More
general averaging results for Markovian settings are developed in [27, 28], for example.



Our second main result provides conditions under which this limit theorem can be lifted to
convergence in expectation. (For better readability, the proof is delegated to Section ) This
is needed to study the small-cost asymptotics of expected utility maximization problems rather
than the pathwise, quadratic criteria of [9]. Unlike for singularly- or impulse-controlled deviations
(where integrability is inherited directly from the corresponding trading boundaries [II, 14, [19]),
this necessitates further delicate estimates that require the following integrability assumptions on
the processes b,c, L, M, H, K appearing in the SDE for X¢ and the scaling limit ﬂ

Assumption 1. Eexp(8 [ ﬁdt)] < 00
. 0 o .
Assumption 2. For p > 1, there exists n > 0 such that

_ 2(g+1)(4pg’ (14n)V2)
sup (Lycy A My,) q-1
u€(0,T]

8pq’' (1+n)v4

sup c,
T T  2p(147) T 1 4pg’ (1+n)
E HHD gl 4+ ' / H,K1 dt| +E / - dt
x| [ ] ve| [ () Bl (o

u€[0,T]
T 4p(1+n) T
) e (i)
— dt| + E ex — | dt| < .
/o ( Ly o P\,
Remark 1.3. If ¢ = 1 in (|1.2]), then the first moment condition of Assumptionis to be understood
as essinfy,cpo 77 (Lucy A My) > 0.

E +E

+E

We now turn to our second main result, which is the main tool for the analysis of asymptotically
optimal trading strategies with nonlinear trading costs in the companion paper of the present
study [11]:

Theorem 1.4. Suppose that Assumptions [l and[g are satisfied for some p > 1. Then the scaling
limit (L.4) also holds in Sp([O,T])E

Remark 1.5. (i) For sufficiently regular Markovian settings, Theorem n with convergence in
probability for all ¢ € [0,7] and Theorem with convergence in LP instead of SP are consequences
of [28, Theorem 4].

(ii) [28, Theorem 4] requires weaker growth conditions for the function ¢ than (1.2). Under
additional assumptions on the diffusion coefficient of X¢, our results can be extended in this direc-
tion. (We are grateful to one of the referees for pointing this out.) To illustrate this, suppose that
ct = g2 > 0 is constant and that, instead of for g, there exists C,C > 0 such that, for all
x> C,

Lig(Myx) > C, te€]0,T], and G(z)=> Cu. (1.5)

Assume moreover that the integrability conditions from Assumption [2] are satisfied (except for the
first two terms, which are not needed in this case). Then, the convergence result in Theorem
holds in probability for all ¢ € [0, T instead of uniformly on compacts in probability. Likewise, the
convergence in Theorem holds in L? instead of in SP.

4 Assumptions [1| and [2| are required to apply Hélder’s inequality in Lemmas and
0,7

58P ([0, T]) denotes the set of cadlag adapted processes whose running supremum on [0, 7| has finite absolute p-th
moments. A sequence of processes (Y (™),en converges to Y in SP([0,T7]) if limy, o0 E[sup,¢o, 7] v, — v;|7] = 0.
Assumption El guarantees that the limit in Theorem @ is finite, cf. Lemma@




The above extension heavily relies on the comparison theorem for SDEs; cf. Remark [4.5 For
more general diffusion coefficients, one would have to extend the arguments in Veretennikov [36] to
non-constant volatilities. As the latter will typically depend on the asymptotic parameter e, this
is rather challenging.

The remainder of this article is organized as follows. Section[2]describes a localization argument
that allows to reduce the analysis to the case of bounded coefficients. This crucially relies on a
uniform integrability result (Lemma established in Appendix |[Al Section [3| contains the proof
of Proposition [I.1] and introduces the fundamental time and measure changes used throughout
the rest of the paper. Section [] contains the proof of our main result, Theorem due to the
localization argument from Section [2, the proof of Theorem turns out to be a simple corollary.
The proof of Theorem [I.4] is rather delicate. First, in Section [£.I] we establish a local scaling
limit on a small interval. This combines sandwiching and approximation arguments with ergodic
theory for one-dimensional diffusions. A key difficulty for the ergodic result in Lemma [4.3]is that
the diffusions under consideration also depend on the time horizon (via the small parameter ¢).
In a second step, we concatenate the local limit theorems to a global limit theorem in Section
Appendix [A] contains the already mentioned result on uniform integrability. Appendix [B]
proves a maximal inequality in the spirit of Peskir [29] necessary for the concatenation argument
in Section Appendix [C] establishes some comparison and existence results for SDEs, and
Appendix D] concludes with some other auxiliary results.

2 Reduction to Bounded Coefficients

In this section, we show why — up to the results on uniform integrability in Appendix [A]—- it suffices
to establish all results for the case of bounded coefficients. For fixed k € (0, 1), define the stopping
time 7" by

. L2 1 1 1
T i=1inft € [0,7T]: “du>— Hy > —, K; > —,
0 Cu K K K

1 1 1
—|,L —|, M, —| ¢ ANT. 2.1
Ct¢|:/<’7ﬁ:|7 t¢|:"£7ﬁ:|7 t¢|:l€71€:|} ( )

Note that the stopping times 7% are non-increasing in x, and for every w outside of a null set, there
is a k(w) > 0 such that 7% =T for 0 < k < k(w), by continuity of b, ¢, H, K, L, M and positivity of
¢, L, M. This in turn implies that

lim P[7" =T] = 1. (2.2)

Kk—0
For T € {b,c,H, K, L, M}, introduce the stopped processes

TF.=Y7", tel0,T],

and consider for fixed € > 0 the corresponding SDE

Kk MHXE,N
dXy" = (b? - ctg Ly ( ! )) dt + \/cFdW,, X5% =5, te[0,T]. (2.3)

Note that the SDE for X" coincides with the SDE for X¢ on [0, 7"].

Now suppose that Proposition [1.1| as well as Theorems and have been established for
X&r H® and K* for each fixed k € (0,1). Then Proposition for X¢ follows from (2.2) and
pathwise uniqueness of strong solutions. In particular, we have

X® = X% on [0,7"]. (2.4)



Next, to establish Theorem [T.2] for X¢, set
fuf (3rv)exn (25c60))dy  fof () e (<25EGW)) dy
I y Wy = Ly )
Jexp (—24£G(w)) dy Jwexp (<25:GW)) dy
for t € [0, 7] and k € (0,1). Then and Theorem (1.2 for each X" give

Wt =

t KsXe t
limE | sup / H8f< s>ds—/ Hoawgds| A1
=0 Heefo,) 1Jo € 0
t KHXE,,% t
< limE ( sup / HEf < 870 ) ds —/ Hwgds| A1 | Tipn_ry | +P[T" < T
e—=0 te[0,7] 1J0 € 0
<P < T7.

Now Theorem for X¢ follows from one of the equivalent characterizations of the convergence in
probability (cf. [21, p. 63]) by letting x — 0 and using (2.2)).
Finally, by (2.4]), Theorem for each X%%, and Holder’s inequality, we obtain

t K.X¢ t p
limE | sup / Hsf< = s>d$—/ Hgwgds
€20 Hiefo,1) 1Jo € 0
t KKXE,H t p
< IimE | sup / Hf < 8= 2 ) ds — [ Hiwgds| 1irn_ry
=0 ltefo,1) /0 € 0
t K Xs p
+supE | sup / H,f ( > ds — H swsds| Linory
e>0  |tefo, 1] /o €

T K, X: !
<supE </ Hf < ) ds +/ H wsds) Lirrery
e>0 [ \Jo €

1
[ T K X¢ p(1+n0)7] T+
<supE </ Hsf < ) ds +/ H wsd8> Plr" < T 117},
e>0 I 0 £

with 1 as in Assumption Now Theorem for X¢ follows by letting k — 0, using (2.2]) and
noting that, under Assumption [I] and

T € (1+77)
sup E [(/ Hf <KX >d5+/ stds>
e>0 0 g

Indeed, using the elementary inequality (a 4 b)P(+m < 20040 (gP(4n) 4 pp(40)) for . b > 0, ([2.5)

follows from
T K.X¢ p(1+n) T p(1+n)
(/ Hsf< S&_ S)ds) <oo and E </ stsds> < 00.
0 0

Here, the first estimate follows from Jensen’s inequality and Lemmal[A-3] the second estimate follows
from Lemma [D.6

In summary, it therefore remains to establish Proposition [1.1| and Theorem respectively,
for uniformly bounded coefficients in order to prove Proposmon 1jand Theorem [1.2] . To establish
Theorem [1.4] for general coefficients, it additionally remains to be shown that the integrability
conditions from Assumptions [T and [2] imply Lemmas and

< 00. (2.5)

supE
e>0




3 Proof of Proposition

In this section, we establish that the SDE has a unique strong solution on [0, 7] for each fixed
e >0 and zj € R given that the processes b, ¢, L and M are bounded from above by 1/x and ¢, L
and M are bounded from below by &, for some k > 0. By the localization argument from Section
this assumption is without loss of generality in the context of Proposition

First, note that it suffices to show that the SDE has a unique strong solution after a
bijective time change, after which the SDE has constant volatility. To this end, for fixed € > 0, set

T
fsz/o e ¢, dt, (3.1)

and make the following standard observation:

Lemma 3.1. For each € > 0, the family of stopping times (indexed by &)

e inf{s€R+:f56_20rdr>§}, £ €5,
T &> ¢,

is strictly increasing in & on [0, &% (w)] for almost every w € Q, forms a stochastic time change, and
satisfies ugg = T. Moreover, for almost every w € Q, £ ug(w) is differentiable with derivative

52/CUZ(w) (w) on [07 £° (w)} :
We proceed to define a time-changed Brownian motion. Set

We = 0 CeledW,, €30, (3.2)

This is a P-Brownian motion, stopped at £°, relative to the filtration G* = (gg )ecr, with gg = F
By Lemma and Ito’s formula, it suffices to show that the process ()Z' 2)520, defined by

Xi = Xicfe, €20, (3.3)

is the unique strong solution of the SDE

_ b _ . _
dX¢ = <€cu§ ugd (MUEX§)> Liecesyd€ + LiecesydWe, X = z5/e. (3.4)
13

Next, observe that it suffices to show that the SDE (3.4 (3-4) has a unique strong solution on [0, ]
(after £, X* is trivially constant) under a measure Q that is equivalent to P on Fp = Ge=. Set

€ € 2
dQ by (be)? /5 g e L /f 2 [ Dug
.= AW, — = at ) = — dW§ — = £ d
dP eXp( N /0 o o o e €2 ) 7\ &)

(3.5)

so that the first part of the drift of (3.4]) is absorbed by the corresponding change of measure. (Note
that Q is well defined by Novikov’s cond1tlon given that f “du <1 ~.) By Girsanov’s Theorem,

—.0 5/\55
We@ = vz +/0 oy, €30, (3.6)

Cs
Uy

7



in turn is a Q-Brownian motion, stopped at £°, relative to the filtration G*. Thus, it suffices to
show that there is a unique strong solution of

AXE = ~Luzg (M X§) Lgaerydé + Vg dWe @, X =a/e. (3.7)
This is established in the following result:
Proposition 3.2. For each € > 0, there is a unique strong solution X of the SDE .
Proof. For n € N, define the bounded function
9" () = sgn(x) (lg(z)| An),

and consider the same SDE as above but with truncated drift,
AXE" = ~Luzg™ (Mg K¢ ) Ugceey € + Ligaee WS (3.8)

The function ¢(™ is Lipschitz continuous with Lipschitz constant K, (because g is locally Lipschitz
and {g < n} is compact). As a consequence, the (random) function f : (§,w,z) — —Luzg(”)(Muzx)
satisfies

1 (6w.2) = f (6.0,9)] < KnLug ()Mo (@) |z — ], for all (€,w,7,) € By x Q x B2

The random variable K = Ky, sup;e(o,7) L+M; is almost surely finite by continuity of L and M on
[0,T]. Hence, [30, Theorem V.7] shows that there exists a unique strong solution of the truncated
SDE (3.8). Define the stopping time

" :=inf {€ € [0,£7] : }MuZX?n‘ >g ' n)} AE, (3.9)

where g~1(n) = inf{z > 0 : g(x) > n}. On [0,£5"], the processes X° and X" satisfy the same
SDE with the same initial condition and are therefore indistinguishable. The squared truncated

process (X?")geR+ has dynamics

ven\2 ven (n e e\ 2 n 1176,Q
A(Xe")? = (1= 2L Xg"g ™ (Mug X2™) ) eceryde + 24/ (Xe) *sen (X" ) 1ecery Ve @,

By Lévy’s characterisation of Brownian motion (cf. [22, Theorem 3.3.16]), the process

~ 3 ~ —
B = /O sgn (X5 ") dwy o

is a Q-Brownian motion, stopped at time £°. Moreover, z — g™ (z) is an even function. Therefore,
we can rewrite the dynamics of the squared truncated process as

veny2 en\2 (n e,n\ 2 e,n\ 2 5e,Qn
d(X") _<1—2Lu2\/(X§ )9 )<Mu2 (Xe™) ))1{§<§E}d5+2 (XE™) Lfecesyd B,
Let Y= be the unique strong solution of
AV]™ = Teaee)d6 + 20V "L eeeydBEY", V5" = (a5)/2%

This process is — for each n — the square of a 1-dimensional Bessel process started at (z5)?/e? and
stopped at time £° (cf. [31, Definition XI.1.1]). In particular, it is a submartingale that has finite



moments at all bounded stopping times — independent of n; see [31, Chapter XI]. The comparison
theorem for SDEs in the form of Lemma yields

QY" > (Xg")?, forall € € Ry | = 1.

Hence, for y > 0 and n € N, by the definition of £, the above comparison argument, the bound
on M and Doob’s maximal inequality applied to the non-negative submartingale Y =", we obtain

QIE™ <y AT < Q [sup { Mg X"

L ee0ynel) > g ()]
<l {(X")  ec el > o]

Eq [Y;AZE} _ BESI(y)

<Q :Sup {Y;’n €€ [O,y/\fs]} > “2971(71)2} < Kk2g—1(n)? = k2g—1(n)2’

where BES1(y) denotes the expectation at time y of the square of a 1-dimensional Bessel process
started at (z5)?/e?. Letting n — oo and using that lim, . g1 (n) = oo shows that for arbitrary
z >0,

Q[lim E51 A 3 A E° :xAgf] ~ 1.
n—o0

Therefore, the solution of (3.7 exists Q-a.s. on Ry and in particular, on [0,£°]. The solu-
tion on R, is unique as it coincides Q-a.s. with all the solutions on the smaller interval [0, £5™].

These solutions are unique by global existence and uniqueness for functionally Lipschitz SDEs [30}
Theorem V.7]. O

The next result holds for processes as in our main setting (b adapted and locally bounded, ¢, L
and M adapted, continuous and positive), provided Assumption [1]is satisfied.

Proposition 3.3. Suppose that Assumption[1] is satisfied. Then for each k > 0,

sup E[‘)}ﬂk} < oo, forallt>0. (3.10)
s€0,t]

Proof. This assertion follows by a similar argument as in the proof of Proposition Here, we
compare (X¢)? to the unique strong solution of the SDE

dY%(E) _ ]l{§<§€}df + 2\/@1{§<55}d§?@’ YO(E) = (338)2/527
where
~5Q 5 vE NE Q
B;Y = /0 sgn (X, )dW,

is a Q-Brownian motion stopped at £°. We then use Doob’s maximal inequality and that the square
of the 1-dimensional Bessel process is a submartingale and has finite moments of all orders at all
finite times [31, Chapter XI]. Combined with Hoélder inequality and Assumption |1} this in turn
yields (3.10) and thereby completes the proof. ]



4 Proofs of Theorems 1.2 and 1.4 for Bounded Coefficients

We now turn to the proof of our main results, Theorems[1.2] and By the localization argument
from Section we can and will assume throughout without loss of generality that there is x € (0, 1)
such that

T p? 1 1 1 1 1 1
/ du < — H; < —,K; < —, ¢ € |:/€, ] ,Ly € |:K,,] , M, € |:I€,:| , te€[0,T]. (4.1)
0 Cu K K K K K K

Under , Assumptions [l|and [2| are trivially satisfied. Thus we can appeal to the results from the
appendices for processes with such bounded coefficients and, after this localization, Theorem (1.2
is simply a corollary of Theorem because SP convergence implies uniform convergence in prob-
ability. In order to prove Theorem [I.2] for general coefficients, it therefore remains to establish
Theorem with bounded coefficients as in . To complete the proof of Theorem for gen-
eral coefficients, it additionally remains to establish Lemma to ensure the uniform integrability
required for the localization argument from Section [2], and Lemma to ensure the integrability
of the limit.

Furthermore, we assume in the following that the function f is nondecreasing on Ry. This is
without loss of generality: since f is of finite variation on every compact of R and even, it can
be written as the difference of two non-decreasing and even functions, f; and fs. Then, applying
Theorem [I.2and [I.4]to f1 and fo yields the results for f. Finally, the result still holds after addition
of a constant to f; we will therefore assume without loss of generality that f is positive on R.

4.1 Local estimation

We start by estimating the integral on the left-hand side of (1.4)) “locally”, i.e., on the intervals
[t,t + €] for t € [0,T) and ¢ > 0 sufficiently smalll| More precisely, we study the limit of the

normalised integral
t+e K.X¢
e! Hsf< : s)ds. (4.2)
€

t

To this end, we proceed in three steps. First, we rescale and time change the process X° as in
Section [3| and also use some stopping arguments to bound the integral from above and from
below by expressions only involving the rescaled and time-changed process X¢ from and Fy-
measurable random variables. In a second step we approximate those F;-measurable random vari-
ables by elementary random variables. In a final step, we use ergodic theorems for one-dimensional
diffusions to compute the “local limits” .

Step 1: Stopping and time change. In order to keep the “slowly-varying” processes ¢, H, K,
2

L, and M in a small interval around their values at time ¢, we define for fixed ¢ € (0, %_t)) and

6 € (0, §) the stopping time

H; Hi(1-6) Hi+9
Tf’5 = inf{s Elt,t+e]: — ¢ [ i ), tc+ s & [er(1—0),ce(140)],
t

Cs Ct

LS ¢ [Lt —5,Lt+(5],Ms ¢ [Mt—d,Mt—l—d],Ks ¢ [Kt(l —5),Kt+(5] } /\(t+€) (43)

5Note that the length of the interval could alternatively be taken equal to €”, for any r € (0,2), in which case
(4.2)) is modified to e™" f:“r H5f<K"'TX§> ds. We choose r = 1 to obtain the simplest formulas.
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By uniform continuity of ¢, H, K, L, M on [0,T], there exists a random variable 5 > 0 (which is

independent of t) such that, for € € (0, ”Q(th) ), we have

70 =t+e on{0<e<es).

It follows that for e € (0, @)a

t+e KSXs e KSXs
et Hsf< €S>d3—£_1/t Hsf< Es)ds on {0 < e <&} (4.4)
t t

We proceed to study the integral on the right-hand side of (4.4). To this end, we pass to time-
changed quantities as in Section [3] with the difference that we start time at t. So set

T 5 A L et
— e, — €, €,
& = /t € %ceds, &7 = /t € “ceds, ug = u2+f0t€7%sds, XE = ng,t/s.
Here, & and & % denote the lengths of the intervals [t,T] and ¢, Ty ] after the time change, uZ’t
is the family of stopping times introduced in Lemma shifted to start at the time change of ¢,
and X! denotes the rescaled and time-changed process X¢ restarted at the time change of t. Note

K2 (T—
that for € € (0, (z; t)),

e la(1-6) <2 <ele(1+0) on{0<e<esh (4.5)

Moreover, note that since ¢ € [, k7] and § € (0,1), we have & > e 2k(T —t) and 2 1¢;(1+0) <
4e~1/k. Together with k(T — t) > 4k~ e, this yields

2e ey (1 +0) <& (4.6)

Hence, even though e 1c;(1 + &) might be larger than &  with positive probability, it is always
smaller than the remaining time to the time horizon & after the time change. By considering X!
on the interval [0, &; ’5], we can now separate the quickly-oscillating displacement from the other,
more slowly-varying processes in the estimation:

Lemma 4.1. Let t € [0,T), ¢ € (0,“C=0) and § € (0,%). Then:

5 2 1 e7ler(1-9) 5 Vet
l{agsé}(l_ ) H; €_10t(1_5)/0 f(Kt<1_ )Xg >d§

t+e K, Xt
< ]]_{€<€5}€_1 Hrf( rg r>d7“ (4.7)
t

1 Eilct(lJr(s) Vet
< ]l{agag} (1+5) (Ht+5) <€_10t(1‘|‘5)/() f((Kt+5)X€’>d§ .

Proof. On {0 < e < &5}, (4.4) and the time change s = u?t give

. t+e KSXE . Tf’é KSXE §f’6 Hus,t ~
e~ H5f< . 5>ds:5_ / Hsf( . S>dr:5/ £ f(KuZ,th’)dg.
t 0

t CUZ )t

Now, (4.7) follows by using that, by definition of 7, ’5,

o ..
u.’ H H 5 £
¢ e[u—a)t, t+ ] and K .. € [[,(1—08), K, +3], ¢e[0,&7),
Cuz,t Ct Ct 3

and also taking into account (4.5)), and that the function f is even and non decreasing on Ry. [J
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Step 2: Approximation by elementary random variables. We now turn to the estimation
of the terms that appear in the bounds from Lemma To this end, we approximate K; and c;
by elementary F;-measurable random variables and the SDE for Xet by an SDE with coefficients
that are constant over time and elementary J;-measurable random variables.

To this end, for n € N with n > %, Y, € {c, Ly, My, K}, and i € N set

Qi Tin {Z o, < (i 1)}7 (4.8)
n n

and define the random variables ¢"", ¢ LV, L™, M MY K"t K" for n € N with
n = % by

[e.e] o0

1+ 1 _ 1
T?’+ = Z ” ]l{Qi,Tt,n} and T? = Z E]l{Qi,Tt,n}, (49)
i=0 i=0

where Y € {¢, L, M, K'}. Note that, for fixed n > %, and for § € (O, g),
P [QYe"] = 0 for T, € {c, Li, My} and i € N with — < § (4.10)
n

because ¢, L, M > n This implies that ¢, ¢~ L»*, L™, M, M/"~ > 6. Moreover, note
that for each n € N with n > % by the fact that ¢; > k,

1 K
C?’+<Ct+g<0t+§<2ct-

Together with (4.6)), this yields the important estimate

et (146) < €. (4.11)
By construction,
_ 2 _
TP <Y <YPT, n>>, and  lim TP =7, = lim T}, Ye{cL, MK}, (412)
K n—oo n—oo

and we have for Yy € {¢;, Ly, M, },
U QbTem = O and U QiEen — Q. (4.13)
i=1 i=0

We proceed to approximate X=! (or more precisely (X%)2). It follows from (B.7) that the
process X! satisfies on [0, &5] the SDE

<> 7t e ,t 37 74 ’ 7t Y ’t
ng = —Lu?tg<M s,th >dé~ + deQ 9 Xg = XtE/E’

Ug

where /V[v/g Q. /WEEJ’_Q;st_W;a(? is the Q-Brownian motion from (3.6) restarted at £5* = fg e 2cods <
0 0

€¢. Define the process BS@! by

3 - —
B = [sn(XpHaiw; et ¢ >0,
0

"Note that P[Q%%*"] may be positive as K is only nonnegative.
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By Lévy’s characterisation [22, Theorem 3.3.16], this is a Brownian motion, stopped at &§. As the
function ¢ is odd, It6’s formula gives

To bound ()? 2 ’t)2 from above and from below, we proceed as follows. For ¢ > 0, § > 0 and constants
[,m > ¢ (which are independent of €) and an F;-measurable initial value y > 0 (which may depend
on ¢), let yvlmedt and YY¥Im€% be the unique strong solutions of the following two SDEs:

1) 1) 1)
d}/é_y:lvmvgv 7i — (1 _ 2 (l :F 5) }/é_y:l»m»sv 7ig <(m :F 6) }/é_y:lvmvsv ’i)> ]]-{fgsf}dé-

+ 2 /ngmvsvgviﬂ{éggg}ngvQﬂf’ Y0y7l7m75767:t =. (4.14)

Existence and uniqueness of strong solutions for (4.14)) follows from Lemma [D.1)¥| Note that the
SDEs (4.14) depend on ¢ only via the Brownian motion B5®? and their starting value .
Moreover, for an Fi-measurable random variable y > 0 and each n € N\ {0} define the contin-

. . ’Ln,+7Mn,+’ 157_ 1Ln777Mn’77 757
uous semimartingales (ng ¢ t )e>0 and (ng ¢ t f +)520 by
Y e J(i41) /n,(j+1) /n,e,6,—
ng ¢ M, - ZZY? 1)/ (5+1)/me LgiLenLgjagn, (4.15)
>0 j=0
7Ln777Mn777 767 7' 7‘ b 767
ng t t €0+ _ Zzi/gyl/nj/ns +]lQi,Lt,n]].Qj,Mt,n- (416)
20 =0

Now (4.12)), the definition of 7 % in 4.3]), the assumption that ¢ is non-decreasing and the
comparison theorem for SDEs in the form of Lemma give, for each n € N with n > % and all
i,j €N,

e ; _ ~_ N2
P ngo’(l+1)/n’(J+1)/n’€’6’ :ﬂ.Qi,Lt,n:[].Qj,Mt,n < <X§’t) :[].Qi,Lt,n ]].Qj,]b[t,n

Y<,q j 1)
Y OIMIMEIT Y by Lt for all 0 < € < 6?"1 —1,

where
€ set)? €\2 /.2
v§ = (X51) = (x5)2/e2
Together with (4.15) and (4.16[), (4.8), (4.10) and (4.13)), this yields

e 7n,+ n,+ _ ~ 2 e 7n,— n,—
p ngo LM e (X?t) < YSYO LETMIT S a0 < € gg?‘s] 1 (4.17)

To simplify the notation in the subsequent results, define for constants ¢, k, [, m (independent
of €) with ¢,l,m > § and an F;-valued random variable y (which may depend on ¢) the following
two random variables:

1 e~ le(146)
€,0,+ — yl,m,e,6,+
e hdm) = = | f((kw)\/yg )da,
=07 (e, k, 1 L e k(1 — 6)y/ Yo ) g
(o (C,Hm)'—g_lc(l_é)/o f((—) ¢ >f-

8More precisely, the solution of ([4.14]) corresponds to a solution of (D.1), stopped at time &;.
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Note that by (4.6) ., 85+ (¢, k,l,m) and vg’é’ (c,k,l,m) are Fp-measurable for ¢ < 1/k. Moreover,
by comparison of SDES in their initial values, they are non decreasing in y (see Lemma and
the proof of Lemma, .

Now combining and with Lemma and the fact that f is even and nondecreasing

on R yields the following result}’|
Lemma 4.2. Lett € [0,T), € € (0, @), 6€(0,%), andn € N\ {0}. Then:

l{aéag} (1 — (5) H, n+’l)§;§ (Ct _’KZZ’_’L?F"’MZZ’—F)
Cy

t+e KTX';?
< ﬂ{5<55}€_1 H»,«f <5) dr (4.18)
t

,+
< Wecey) (14 8) (Hy +0) Lo (e K, L, M),
t

where ¢t v KWt KT LT L M™T M™ T are defined as in (4.9)).

Step 3: Limit theorems. We now combine the sandwiching inequalities from Lemma with
an ergodic theorem for one-dimensional diffusions (cf. LemmalD.4) to calculate the following “local”

scaling limit:
t+e K Xa
lim ™! H,.f < > dr, tel0,T).
€

e—0 ¢

To this end, we first establish an ergodic result, which is non-standard in that both the time
horizon and the underlying process change with the small parameter at hand. As a consequence,
the ergodic limit only holds in probability here rather than almost surely. To formulate this result,
define for constants k£ > 0 and I, m > § > 0, the two continuous functions

fR+ f <%x> exp (*Q%G (m)) dx
Jo, e (-255G @) dv

o, £ (S5 ) exp (-2485G (@) ) do
Jo, o0 (-2H5G @) dr

With this notation, our ergodic result reads as follows:

w>t (k,1,m) =

w> (k,1,m) =

Lemma 4.3. Let t € [0,T), § € (0,%), and n € N with n > 2 be fizred. Then the following two
limits hold in probability:
lim 32 (e, Ky, LT, M) = wd (K, LT, M), (4.19)
E—
Proof. We only spell out the argument for the “—”-limit in (4.19)); the “+”-limit is established
analogously. By one of the equivalent characterizations of convergence in probability, we have to
show that
lim E [

e—0

(T KT M) — wb (1 L, M) ] =0,

9Note that compared to Lemma the processes in the upper and lower bounds are replaced by the simpler
approximating diffusions introduced in (4.14]) here and the frozen coefficients are approximated by finitely many
values, as ¢, K, L and M are bounded from above.
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Since both vf}og’_(c?_,Kf’_, Ly M) and w® (K, LP", M) are Fr-measurable and the
measure QQ defined in (3.5)) is equivalent to P on Frp, it suffices to show that

lim B | o520 (cf, K7, Ly, M) — ™ (K7, L Mt”*)‘ A 1} —0.

e—=0 [
For ic,ix,ir,i0 € N set

. ()lesCt,m i, K, ir,Li,n in,Me,n
Q = Q' naQ NnQ neQ ,

et KL EM
where, for Y; € {c;, K¢, Ly, My} and i € {ic,ix,ir,ia}, the set Q5Te" is defined as in ([{.8). By
dominated convergence and (4.8) it suffices to show that

lim Eg [(|v§;0‘2’*(c?f*, K L MY — b (K L M) A 1) 1o —0,
E—r

ic,iK,iL,iM:|

for all ic,ix,ir,ips € N So fix ic, ix,ir,ip € N with Q[ iy iy.i0,] > 0. Note that by (4.10) and
P ~ Q, this implies in particular that i./n,ir/n,iy/n > §. Using that ¢, , K;"™, L?’Jr, M"" take
the constant values i./n,ix/n, (ir, +1)/n, (ipr +1)/n on Qi iy i, iy, We have, for each fixed e > 0,

Eq [(’vf}(g’_(c?’_,Kf’_,L?’+,Mt""'r) — (KT L M| A 1) I

-

icviKv'LL*ilwi|

eo—(le Kk tp+1 iy+1 s— (e ik tp+1 iy+1
,UYl“:’ Ty T ) —w” Ty T ) A1 ]]'sz i, .
0 n n n n n n n n UKL M

(4.20)
We proceed to estimate the right-hand side of (4.20]). To simplify notation, set
. 1 1
— wé,%&fﬁ)“* et > (4.21)
n' n n n

and note that this is a constant. For A > 0, we split up the expectation to the disjoint events
{0 < Y{ < 1} and {Y§ > §}. On the event {0 < Y§ < 1}, we use that v;j’é’_(c,k,l,m) is non
decreasing in y together with the elementary inequality |z — w| < |2min — @W| 4 |2max — w| for w € R
and Zmin < 2 < Zmax € R. On the event {Y§ > %}, we use that the random variable inside the
expectation on the right-hand side of is bounded from above by 1. Together, this yields

Eo || (fe ik il i1
QY n'"'n’ n ' n
B A S RS AR
=20 o n'n’ n ' n
_ 1. 1 ) 14 1 1
+E@[vi’5’ (ZC,ZK,M,WJF )—w’/\l}+<@[%€>]. (4.22)
by nn n n A

Next, note that for y € {0,1} independent of e, the random variables fug’é’_(ic/n,iK/n, (ir, +
1)/n, (ipr + 1)/n) depend on ¢ only via the Brownian motion B®5* which also is the only source
of stochasticity. In particular, the law of vg’é’_(ic/n, ig/mn, (ip +1)/n, (in +1)/n) does not depend
on e. Thus, if we replace the Q-Brownian motion B4t by any other fixed Brownian motion B
(on some different probability space), the result does not change. Hence, we can apply the ergodic
theorem for one-dimensional diffusions in the form of Lemma [D.4] to conclude that the first two
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terms on the right-hand side of (4.22)) converge to zero as € — OH Finally, by Markov’s inequality
and Lemma m there is a constant C’5 independent of € such that

o= 4] -a[( 4] -a[ () ] o[ (2

The claim in turn follows by letting A go to zero. O

< ACs. (4.23)

Sending the localization parameter § from Lemma to zero and the discretization parameter
n from (4.8) to infinity, we now obtain the following scaling limit:

Proposition 4.4. Fort € [0,T), the following limit holds in probability:

Ly
t+e K, X¢ Jof exp (—24£G (z) ) dx
lin%a_1 Hrf< )dr—Ht E ( ) E M ) )
e t € Jg exp (—QﬁtG (a:)) dx
Proof. Fix t € [0,T). For € € (0, Nz(g )) 6€(0,%), and n € N with n > 7, set

n,—

g,0n,— 2 Ct £,0,—/ n,— n,— rn,+ n,+
ay = ]l{eés(;} (1_5) H;y n,+UY5 (t 7Kt 7Lt 7Mt )7

_l’_
ay®™t —ﬂ{a<55}<1+6><Ht+6> —og 2 (e KT L, M),
t

e (KXE
0" = ey | H8f< . S>d8’

the K, X¢
a;f =g} Hf <SS> ds,
CL? = Htw(Kt, Lt, Mt),

where, for constants £ > 0 and I,m > 0,

e (A e (245G @) de
T e (LG () A

Note that the choices for € and k € (0, 1) ensure that ¢t + & < 7. Furthermore, by Lemma we
have

a®™ < apt < adtm T (4.24)

We want to show that, in probability, lim._ al,jE = a?. To this end, we use the subsequence

criterion for convergence in probability, cf. [21, Lemma 4.2]. Let (,,)men be a sequence of positive
real numbers converging to zero. By Lemma [{.3] and the subsequence criterion, there exists a
subsequence (mg)ken of N such that

Emy, ,0,%

Emk

lim v

k—00

'9This also uses crucially the estimate (4.11) and the fact that i./n > x/2.
Note that all assumptions in Lemma are satisfied by (.1]).

n,t n,t yn,F n,2F\ __ , 0% n, & rn,F n,+
(e * KME LT M) = o (KPE, LT, M) as.
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Hence,

T, —
. Emy 0, — 2 7 G 8~ (17— TN et
lim a, =1 =0 Hy—7w” (K, , Ly, M) as.,
k—o00 c
S,m,+ cn’Jr
. Emy 0t t S (femet = -
lim a,"* = (1+49)(H;+0)—w” (K", Ly, M) a.s.
k—o00 Ct’
Moreover, (4.24) and 5 > 0 give
. Em 767’”/77 . . 178771 76 . . 1,5771, . 175777, . 1,Em ,6
lim a,"* <liminfa,” ™" =liminfae,” " <limsupa,” " = limsupa, "
k—ro0 k—ro0 k—ro0 k—00 k—00
. Em 757n7+
< lim a, " a.s. (4.25)
k—o0

Finally, using that T?’i (defined in (4.9))) converges almost surely to T; as n — oo for T €
{K, L, M}, we obtain by dominated convergence (and continuity of f) that

m 757 . . . m »67 k)
lim lim lim ai RO Hyw(Ky, Ly, M) = lim lim lim ai ROt
6—0n—00 k—oo 0—0n—00 k—oo
Together with (4.25]), this shows that
. . 1,€mk . 175mk 2
liminf a, = limsupa, = Hyw(Ky, Ly, My) = ay a.s.
k—o0 k—o0
The assertion in turn follows from the subsequence criterion. ]

4.2 Concatenation of the local estimates

We now piece together the local estimates from Proposition [.4] to establish Theorem For each
e € (0,T), define as above the product-measurable processes (a; “Veepo,r) and (af)iefo 1] b

K, Xt

t+e
ai’a - ﬂ{ogthfs}Efl Hsf ( ) ds, af = Hyw(Ky, Ly, My).
t

It follows from Fubini’s theorem that, for each ¢ € [0, T:

t T rT KTXE
/0 a;’eds = /0 /0 l{Ogsgt/\(T—s)}]l{sgrgs—&-e}g_lHrf ( - T) drds

e 1 K. X¢
:/0 /0 ]l{r—a\/0<s<r/\t/\(T—s)}d8]l{0<r<(t+e)/\T}€_ Hrf< - T>d7“

s -1 K. X¢
:/0 /0 (Lgr—evo<sry = Liea(m—e)<s<r}) d51o<r<(t+e)aT)E Hrf( r)dr

e
€ K, X¢ (t+e)N\T K, X¢
:/aerrf< T)dr+/ H,f( T)dr
0 € € €

(t+e)AT K. X¢
—1 T T
_/M(T_a) e (r—(t/\(T—e))HJ( - )dr (4.26)
T K. X¢
g/o H5f< - >ds. (4.27)

2The indicator of the set {0 <t < T — ¢} is needed now as we define a;* on [0, T] for fixed ¢ > 0.
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Rearranging and recalling the growth condition (1.3)) for f and the fact that K and L are uniformly
bounded from above by 1/ yields

t t 5 € £
/a;ﬁds—/ H,f (KsXS)ds'gf H,f (KSX“’)ds
0 0 € 0 €
(t+e)NT K, Xa
+ sup / f( >
te[0,7
(o () o)
+ sup
te[0,7—¢]
(t+e)N q
< 3 sup </ l << 1> +1> ds)
te[0, 7] \ Jt Kk K

1+¢' q
<30y < sup s + k7.
t€[0,7]

<
] = 0. (4.28)

sup
te[0,7

3

Thus, it follows from Lemma [B.4] that

t t KSXE p
/ alcds —/ Hf <8> ds
0 0 €

Now, by Proposition for each ¢t € [0,7T), we have

IimE | sup
e—0 te[O,T]

1
P-lim a,” = a?.
e—0

Next, recall that Assumptions [I] and [2] are satisfied due to the uniform boundedness assump-
tion (4.1). Therefore, Lemma ensures that a* is in LP(P ® Lebj 7). Moreover, Jensen’s
inequality and computations similar to the ones leading to (4.27)) give

T T p(141n)
/ ‘a%’g p(1+77)dt < / Hg)(Hn)f (thXta> dt,
0 0

which, with Lemma yields

T
sup E {/ |at1’€|p(1+n)dt] < o0. (4.29)
e>0 0

By de la Vallée-Poussin’s criterion for uniform integrability (cf., e.g., the remark before [21
Lemma 4.10]), (4.29) implies that (a')? is uniformly integrable with respect to P ® Lebjjo,77-
Hence, it follows from Lemma that

t t
/ alfds — / ads
0 0

Theorem [1.4] ﬂ now follows by putting together (4.30) and ( - O

Remark 4.5. To prove the variant of the results mentioned in Remark[I.5] the argument in Section
needs to be changed at two places. The first is the use of moments of X¢/e to obtain (4.23).
This requires a version of Lemma valid under the alternative assumptions of Remark To

limE | sup
=0 |iefo,17]

p] =0. (4.30)
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this end, we argue as in Veretennikov [36, Lemmas 1-5]: Fix ¢ > 0 and compare the SDE satisfied
by X = X5, under Q,

dX° = —0%L.g (Ma2j§) ds+odW2, X5 =a5/e,

where WE’Q is some Q-Brownian motion, to the SDE satisfied by the process X" under Q given
by
a2C 1

Ve
XS

g
dx"* = ds +odWo% +da,,  XyT=0vyo, (4.31)
g

where A is a non-decreasing process increasing on {YV’E = 1}, starting at 0 and such that
t e 2T
At = /0 H{Y‘Z’s:l}dAs7 and E@ [/0 H{X:’Ezl}ds] =0.

The process X"° has a non-sticky reflecting boundary at 1. In view of (1.5)), [36, Lemma 2] then
shows that

QX < [x/

L Vite [O,s’QT]} =1 (4.32)

The existence of all moments for X¢/e then follows from the existence of all moments for YV’E,
cf. [36, Lemmas 3-5] and the assumption limsup,_,q |2§|/e < co made on the initial condition.

The second adaptation is necessary in the arguments after . Fix 0 < € < 1. Starting from
, using that f and H are nonnegative and f is non-decreasing, the comparison result
(which remains true under PP), the elementary inequality (a+b)? < 2P(aP 4 bP) for a,b > 0, Jensen’s
inequality (using also that p > 1 and € < 1), the growth condition for f, Fubini’s theorem
and the moments assumptions on H and K, we obtain for fixed ¢ € [0, 7]

t t KSXE p
E[/a;’ads—/ﬂsf< S>ds }
0 0 €

(t+e)ANT

£
< ]EH/ Hof (KX »,)ds+ 2/ Hf (KsX. »,)ds
0 tA(T—¢)

|
e o (t4e)AT o p

< ]EH / Hf (K XZ%) ds +2 / H,f (KSXZLZS) ds ]
0 t

AN(T—e)
e Ve (t+e) AT Ve
< 2pE[/ H'f (KSX;/’QS)pds] 1 4PE [/ HPf (KSXZ’QSyds}
0 tA(T—e)

"y 1)} ds

(t+e)AT Ve
+8°CP / E[Hg (Kgq ’X !
t

£ 2s
AT —e)

V,e
Xz-:*Qs

€
<4rcy / E[Hg’ (Kg’Q’
0

"y 1)} ds. (4.33)

Next, apply the Cauchy—Schwarz inequality twice and use the integrability Assumption 1| and [36),
Lemma 5]. This together with the elementary inequality 22 < x4 1 for z > 0 gives for some

'3This process is denoted by v in [36, Lemma 2]. Note, moreover, that X" depends on € only through the

. . 7i75Q
Brownian motion W "
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constant C' independent of s,

Ve |P4

e 2s

e 2s

1 1
]2 d]P) 1 4
gE[ngKgpq} E{((@)] E@[st’is r

1
/ 2 /
< CE [HSQPKEW] +E[H?] < C <IEJ [HSQPKSQW} + 1> +E[H?].

1 1
- q2 . [dp 20q' 2
E[Hﬁ(Kﬁ’q X +1)] <E[H§pK§pq} E@[d(@(xv’f pq} +E[H?]

/]1+E[H§]

Plugging this into (4.33)), using Fubini’s theorem and Assumption [2| finally gives

t t KSXE
E[/a;’eds—/ Hsf< S)ds
0 0 €

This establishes convergence in LP (and a fortiori in probability) for all ¢ € [0, T]E

P
]—>0 as ¢ — 0.

A Integrability Results

In this appendix, we establish moment estimates that are needed at various stages of the proof of
Theorem [I.4] Most importantly, we show in Lemma [A-3|that the p-th moment of the expression on
the left-hand side of is uniformly integrable. This is crucial both for the reduction to bounded
coefficients in Section [2] and the concatenation argument in Section 4.2l The main ingredient to
this result is to establish that X¢/e has uniformly bounded moments. This is done in Lemma

A.1 A First Moment Estimate
The following result is the key ingredient for Lemma It is also used in the proof of Lemma[4.3

Lemma A.1. Let N > 2 be a real number. Suppose that Assumption[]] is satisfied and

_ 2(¢+1)N

2N sup (Lycy A M) a1 ] < 00 if q>1,

sup ¢
u€(0,T]

E +E

u€[0,7T]

or

E

sup V| < oo and essinf,e (o, 1) (Lucu A My) >0 if ¢=1.
u€[0,T]

Then for each 0 < n < N, there exists a constant Cp, > 0 such that for allt € [0,T] and £ > 0,

X€

2t <C, Al
] <o (A1)

|

where Q is the probability measure defined in (3.5)).

M Uniform convergence results would require extending our maximal inequality to sublinear mean-reversion speeds.
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Proof. Note that ‘é% is square integrable under P by Assumption [1| and Novikov’s criterion. The
Cauchy-Schwarz inequality implies that

dQ\?

dP

for any random variable A that is square-integrable under IP. This estimate will be used throughout
the proof without further mention.
Define the process (XZ)SG[O,ng] by

1
2

Eo[|A]] <E[A2]ZE < o0

YZ = 528/8'
Then, X~ satisfies under Q the SDE
dX, = —L.2gc.259 (MEQSYD ds + ./cszde?Q, X, =x5/e. (A.2)
Moreover, for 2 < n < N, the n-th power of ‘YE‘ satisfies the SDE
<€ n € | € |n—2 <€ n(n - 1) ~€|n—2
d‘Xs‘ =|—-n XS‘XS| Logc2.9 (MEQSXS) +TC€2S|XS‘ ds
+n sgn (X,) |Y§}"71 e dwol, 1Xo|" = (z5/e)", (A.3)

where W% is a Q-Brownian motion.
Comparing (A.3)) for n = 2 to the SDE

dY, = c.ogds + 2\/?;/0525d§§’(@, Y, = (25)?/€%
where Fi’(@ = [ sen (X7 dWZ’Q for s € [0,72T), we obtain by Lemma that
Q [‘YZ‘Q <YS, forall s e [0,5_2T]} =1.

By Lemma and the integrability assumption on ¢ this implies that sup;c(p 27 \Y;] has moments
of orders up to 2N under Q. Together with Holder’s inequality, it follows that, for each 2 < n < N,

n—1

Eg | sup c,| < oo.
u€[0,7T]

_2T

£
Eq / n? }Yi‘ﬂnil) cszsds] < n25_2TIEQ sup (?i)n
0

s€[0,e—2T]

Hence, the local martingale term in (A.3) is a Q-martingale.
We now show that the supremum of the positive part of the integrand in the ds-term in (A.3)
is Q-integrable. To this end, we compute

_ N\t
sup { <_n Yi ‘Yz‘“—Q Le2ge2.9 (MEZSYi) + 71(7121)0525 ‘Xi‘n 2) }
s€[0,e—2T]

-1 i
< sup Mcazs }Xi‘n 2,
sel0,e—2T] 2

Now the claim follows from the Cauchy-Schwarz inequality, the stated integrability assumptions
and the fact that supycp 277 [X i| has moments of orders up to 2N under Q.
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Thus, the function j, . : [0,6727] — RU {—o0} given by
. <€ | € |n—2 <€ n(n — 1) —e|n—2
Jne(t) = —nEq [X; [X;|"™? Lervcang (Mo X3) | + 0 —"Eq [een X3 ] (A.4)

is well defined and bounded from above. Define the function J, - : [0,672T] — R by J,(t) =
Eq [‘Yﬂn} . After taking Q-expectations in (A.3)), Fubini’s theorem and the fundamental theorem

of calculus for Lebesgue-measurable functions show that J,, . is absolutely continuous and almost
everywhere differentiable with derivative j,.. In particular j,. is almost everywhere finite and
Lebesgue-integrable.

We proceed to derive a differential inequality for .J,, .. To this end, we first use the fact that g
is odd and that by condition (1.2)), zg(z) > 0 and zg(z) > a |2|7T! — @ for some constants a,a > 0
and all z € R. This yields

L AMeoy \pein=2 (1< _ 1 e
jne(t) < —nBq [Et A2 e (et gyt - ) |+ 2= Vg [ 1351
g2t
B'ad Lo ~ —1 e
R L B | ) L Y

We now estimate the first term on the right-hand side of (A.5)). We consider two cases separately
for the growth condition (|1.2)): strictly superlinear growth (liminf, 9@ < 0 for g > 1) and

x4d
linear growth (liminf, @ > 0). In the first case, we use the reverse Holder inequality (with
n4+q—1
power ——) and the inequality |z| > |z| — 1 for z € R. This gives

_ _g=1
nta-l (a+1)n

Bo| (Lot A Mo K5 > B [IR7] 7 o (s n M=) 7

_a-1
—en _(at+1)n "
> (Bq [[X3["] = 1) Eq | sup (Lueu A M) o2 .
u€[0,T]
In the second case, we obtain similarly from Assumption [2[ (see Remark that
Eq |: (Le2gCezy A Mezt)2 ‘Yﬂn] = ess inqu[O,T] {(Lucu A Mu)Q} Eq |: ‘Yﬂ”]
Plugging this into (A.5)) and setting
_g=1
_(¢+D)n n X
C, = dan Eq |:Supu€[0’T} (Lycy A M,,) a1 ] , ifg>1,
an ess infy,epo 71 { (Lucu A My)?}, ifg=1,
this yields
. ~  n(n—-1) —en—2
]n,s(t) < *Can’g(t) + Cn]l{q>1} -+ EQ na + Tcgzt ‘Xt’ . (AG)

We now establish (A.1)) for n = 2 and use it to prove the result for general integer n > 3 by
induction. For n = 2, the Q-expectation on the right hand side of (A.6) can be bounded by

Eq |2a + sup,epo, 1 cu} and then (A.1)) follows from LemmalA.2| For n > 3, assume that J,_1 (t) <
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C_1 for some Cy,_1 > 0. Then Holder’s inequality and the inequality (a+b)"~1 < 2"~ 1(a" 147 1)
for a,b > 0 give

—1)\n—-1
jn,a(t) < _Can,g(t) + Cn]l{q>1} + 2 <(nd)n_1 + (71(712)) EQ

Now (|A.1)) follows from Lemma O
The following differential inequality is used in the proof of Lemma

Lemma A.2. Let C,C" > 0 € R be constants and J : [0,T] — R be an absolutely continuous
function with almost everywhere derivative j satisfying the differential inequality

ity <C—=C'J(t) ae, J(O)=Jp.
Then there exists a positive constant C" such that J(t) < C” on [0,T].

Proof. Define the function ¢ — Cy(t) := j(t) + C"J(t). Then C; < C a.e. and J satisfies the ODE
jt) = Ci(t) — C'J(t) ae, J(0) = Jp.

This ODE has the explicit solution J(t) = e~ ¢t (Jo + fg C’l(s)eolsds>, which yields the desired
bound: o
J(t)éJo—i—a, te[0,T]. O
Note that we could not use Gronwall inequality here, as the factor in front of the function J is
negative.

A.2 A Uniform Integrability Result

With the help of Lemma [A7T], we can now establish our result on uniform integrability:

Lemma A.3. Suppose that Assumptions[1] and[] are satisfied. Then:

1
/T Hf(lJm)f <Kt€Xf)p( ) dt
0

sup E
e>0

< 0. (A.7)

Proof. Using the polynomial bound ([1.3) for f and Hélder’s inequality, we obtain

1
/T ey (Ki(f)p( ) dt]

0

E

pq’ (1+n)

L25 dt

C/E
€ e

[T
< CfE / Hf(l-‘rﬂ)
0

T 1
/ Hf( +n) dt]
0

2pq’ (1+n)
dt

-

- 1 1

T A 2p(1+n) 2 T\ xe 2

< CE / (o)™ dt] E[ / d + R
0 0

3

T
/ Hf(H”)dt] . (A8)
0
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By Assumption [2] the first expectation in the first term and the last term on the right-hand side of
(A.8]) are finite and independent of . By Fubini’s theorem, Lemma Holder’s inequality and
Assumption [I] the second expectation in the first term is also finite,

T | ye |2pd (1+n) T e |2pq’ (14n) T '(14n)
E / A dt :/ E A dt:/ EQ{dP ]dt
o | € 0 € 0 dQ
274 4pq’ (1+n)
<[ =|(@)] E@[ &
0
- TE{ ] C4pq (1+m)
This concludes the proof. O

B A Maximal Inequality for Square-Root Processes

In this section, we establish a maximal inequality for square-root processes which is inspired by
a result of Peskir [29HE| This estimate is crucial for establishing Lemma which in turn is
necessary to concatenate the infinitesimal estimates from Proposition to establish Theorem
in Section [£.2] but also of independent interest.

Proposition B.1. Let (Y;)i>0 be the unique strong solution of the SDE
dYy =v(0 —Y,)dt + o/ YidBy, Yy = o, (B.1)

where yg > 0, the constants v,0,0 >0 satzsfy 2V9 < 1, and (By)i=0 s a Brownian motion on some
filtered probability space. Set v := 3—‘2’ and, for n e N, define

_ _ 2 4 8y 2n 12 _
CYyo,v,0,n) == (1+8" (v + 2"+4”a”)) <2+ <2"y3 1+7) <1+((n+1)!)’y 1>> ,

Yo Yo
_ 1 248y 12 _
C%(yo,v,n) == 4"y " (2 + <2"y8 T4 7) <1 +—((n+ 1))y 1)) .
Yo Yo
Then for any n > 0 and any finite stopping time T,
E |:0I£1ta<X Y, ] <C(yo,v,0,n) + C?(yo,v,n)E [log(T Vv 1)"] . (B.2)
T

Proof. For n = 0, the claim is trivial. So fix n > 0. The SDE satisfied by Y for n € N\{0} is

ar) = (n

We sharpen the arguments of [29] in the present context. We first compute for z > y{ the scale
function S and the speed measure m of the diffusion Y". The derivative of S is given by

02> (Y;t”)nT_1 —nv (Y;")) dt +no (Y”) dBt, Yo' =g

2(V9+nT_102

9 TL 1 2 P _ *7’”02 2
S/(z) = exp _2/ (V hi )2723 1 nyydy = in CeXp . (Zyll - Z/O)
vo n2 2y~ Yo o?

0

5For square-root processes, the arguments from [29] can be sharpened to obtain constants explicit in the model
parameters. This is needed for the application of the estimate in the companion paper [11].
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The speed measure m in turn is given by

_2n—1

z 2
m(yg, 2 :/ ——a Yy " dy
( 0 ] Yo nQUQS/(y)

2 21/y0 - %’f—l—l—n
= exp 2 Yo

n2g?

2 2vyo
T n22 P\ T2

1
2 vy \ —2+1-n [ 200y 2u
= 353 exp 2 Yo To exp —;x dx.
Y

Define the function F': [y{, 00) — [0,00) (as in [29, Theorem 2.5]) for x > yi by

z 7(2n71)o'2+2(1/9+nT_102) 21/ 1
y no’ exp (—(ﬂyn> dy

1
@ 9 [z _2(v+5te?) w o1\ [ e 2w
F(z)= m(yy, 28" (2)dz = —5 [ 2 no? exp <022n> /y yor " exp (—02y> dy dz
0

s no= Jyn
1

2 [T _we 2 w0 | 2
== v 0% eo?’ 1y o2 le 2¥dy dv
% Jyo Yo
1
2 xrn v
== v_wew/ Y9 e Wdy du, (B.3)
Yo Yo

where v := (27—15 It is not difficult to check that F' is strictly increasing with limg, o, F'(x) = 400,
continuously differentiable on [y, c0) and twice continuously differentiable on (y{, c0). Next, define
the function G : [0,00) — [0,00) by G(z) = Lyz>ynyF'(z). Note that G is twice continuously
differentiable everywhere, except at yj. Applying It6’s formula as in [32, Exercise 4.20] to G(Y;")
(note that the infinitesimal generator of the diffusion Y applied to G gives 0 on [0,y{) and 1 on
(yg, +00), and that G(Y') = 0), we obtain

t
G <t+ / G (V) no (V)5 dB,.
0

By localization of Y™ and the monotone convergence theorem (G is nondecreasing), it follows that,
for any finite stopping time T,

E[G(Y)] < E[7].

Denote by H : [0,00) — [yg,00) the inverse of F', which like F' is increasing and continuously
differentiable on [0,00). Then by Lenglart’s domination principle in the form of [29, Lemma 2.1]
with Z; = G(Y{") and A; = t, we obtain for any finite stopping time TE

E [ sup H(G(Y;“))] <E[H()].

o<t<r

where the function H : [0, 00) — [0, 0c] is given by

) =y /OO %H’(z)dz +2H(y).
)

!6Note that the assumption that H(0) = 0 can be replaced by H(0) > 0 in |29, Lemma, 2.1].
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Now using that H(G(z)) = « for € [yj,00) and H(G(z)) = H(0) = y§ > « for x € [0,y), we
obtain for any finite stopping time 7,

E [ sup Yt”] <E [ sup H(G(Yt"))} <E [ff (T)}. (B.4)

o<t<r o<t<r

We proceed to estimate H (y). A change of variable yields

H(y) < (sup Fla) /OO dz) +2) H(y), ye€0,00). (B.5)

azyn T F(z

In order to estimate both factors on the right-hand side of (B.5), we need to establish lower and
upper bounds for the function F'.

First, we establish an upper bound for F. It follows from (B.3) and the assumption v6 < 1 that
for x € [y, 00),

2 I% v 2 9 0—1 I% v
F(z) = 2/ v_wew/ Y0 le™Wdy dv < ;yo_7 yo / ew/ e "dy dv
Yo

g

Yo Yo Yo
1 1
rn —7Y0 rn —YY0 1
g 22 / e’Yv (e—’YyO _ e—’Yv) dv g 2e 5 / e’yvdv § 2; 5 (e’mn _ e’Wo)

fYU yo Yo ,-)/O- yO Yo '7 g yO

2e~7Y0 %

Y707Yo
Next, we establish a lower bound for F'. Set

4log(2 8\" 2log(2)\" 8"
T = nyg + 1 + 8n"}/_2n 2 2ny61 + ( Oig( ) V 2) > (yo + Og()> V “on
Y Y Y Y

where the first inequality follows from the fact that % > Mofg@) for v < 2/log(2) and “Ofg@) <

2log(2)? < 1 for v > 2/log(2), and the second inequality follows from the elementary inequality
(a4+0)" < 2™"(a™ 4+ b") for a,b,n > 0.
Then using 76 < 1 together with the elementary inequalities of Lemma|B.2} we obtain for x > Z:

1 1

2 xrn v 9 rn v
F(z) = — v_79e7”/ 9 e Wdy dv > — U—79v79—1evv/ e Wdy dv
9% Jyo Yo 7% Jyo Yo
1 1
9 [z —Yyo
> 5 v—levv (e—vyo _ e—vv) dv > € > / U_le%dv
107 Jyo 4 yo+71°gﬂ,(2>
1
S e—vz;o - /:r gy — © 271/20 st (ew% _ e'y(yo#"i(z’)))
’}/O' y0+logjy(2) yeo
Yo 1
> 5 ot H ®.7)
e_'yyO ~ %
27202e2x (B.8)
In view of (B.8) and since F' is increasing, it follows that
21o 4 " 21o "
H(y) < <§<y> o+ 1og<2w>) < (f(y) Fopt 80)
< 4"y "log(y)" + 8"y + 32"c™, fory = F(x). (B.9)
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Here, we have used in the last two steps the elementary inequalities log(z) < x for x € (0,00) and
(a+b)" <2"(a™+b") for a,b,n > 0. Moreover, for y € [0, F(Z)], using again that F' is increasing,
we have

H(y) < . (B.10)
Combining and (B.10]), we obtain for all y € [0, c0),
H(y) <4"y "log(y Vv 1)" + 1+ 8" (yg + T 4"0™). (B.11)
Finally, we derive an upper bound for sup,., @ xoo Fd(zz) + 2. First, by (B.7)), a change of
variables, and Lemma (noting that (:E)%v > 1), we obtain for z > Z that
X dz 2 2 oLk 2 2 R —
< 2vyoote’0 zne 1¥"dz = 2ny o™ [ w"e "dw
T F(Z) T Tn
1 1
< 6n(n!)yoe?0 e L 6(n + 1)lyo2e?Vore 1" (B.12)
Putting together Equations (B.6|) and (B.12)), we obtain for x > z,
F > d 12
(z) <yt (B.13)

T F(Z) - Yo
Using that F is increasing, and the estimate (B.13)), we obtain for z € [y, Z],

DL s ([ R [

<ull = )

X

1 12
< — <:1‘:+92'((n+1)!)7_1>. (B.14)

Yo Yo

Combining (B.14)) and (B.13) gives
F(x) /°° dz z < 12 1>

su +2<2+—(1+—((n+1)! . B.15
W | FG " " ((n+1)h~ (B.15)
Now, the result follows from (B.4]), (B.5]), (B.11f), and (B.15. O

The following elementary estimates are used in the proof of Proposition
Lemma B.2. Let v >0 andy > 0. Then:

1 ¥ 8
— > — > — .
- exp(yz) = exp (2ZE> , forallxz > 2 (B.16)
1 log (2
exp(y0) — exp(oy) > 5 explya), for alls >y -+ 5, (B.17)
1 log (2
exp(—7y) — exp(—7a) > exp(—w). for all s > y -+ 22 (B.18)

Lemma B.3. Letv>0,neNandy > Then:

1
L
o
/ " exp(—yx)dz < 3(n!)y~y" exp(—y).
Yy
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Proof. Set w:= vy > 1. Then by a change of variables,

/ x”exp(—’yzv)dx:'y_l_"/ 2" exp(—z)dz.
y

w

Moreover, integration by parts (and 1nduct10n) together with w > 1 give

00 n |
/ 2" exp(—z)dz = Zw exp(—w) < w" exp(—w) n.

w k=0
§3(n!)w exp(— ) O

Using Proposition we now establish a moment estimate for the supremum of X¢/e that is
used in Section (4.2

Lemma B.4. Suppose that Assumption is satisfied and there is k € (0,1) such that

1
Ly, M, € |:I<J, /J , tel0,T]. (B.19)
Set
20 := 2limsup(z5)? /e v 1. (B.20)
e—0

Then, forn € N and € > 0:

X7 dP

E [Org% (;)n] Ep [d(@} <\/Cl(z0,a/12,2,n)+\/CQ(zo,aﬁQ,n)x
< (2) s fos ([ eari)])
~0 <log C) ) | (B.21)

Here, the functions C' and C? are defined as in Propositz'on and a is a positive constant such
that zg(x) > a|z)® — 1 for allz € R.

Proof. Using Proposition we show below that

X\ "
Eq [0131‘,82%’ (;) ] < OY(zp,ak?,2,n) + C%(20, ar?, n)Eqg [log(€° v 1), (B.22)

where £° := fOT e 2¢dt is as in (3.1). Then by the Cauchy-Schwarz inequality, the elementary
inequality v/b + ¢ < Vb + Ve for b, e > 0, and again the Cauchy—Schwarz inequality, we obtain

1 1
X:\" dP\?] 2 X\

E 2t <E - E 2t
[0%2%( € > ] @[<d@> ] Q [0%?%( € > ]

<E|:;l(g:| (\/Cl ZO,CZK, 2 7’L + \/02 Zo,a/@ )EQ [log(ga\/l)n]%)

1 , % 1
<E[;lg] (¢Cl 20,0, 2,m) + /C2(20, ar, )EK‘CZ;%) } E[log(éa\/l)zn]4>

_o (m @’5) |
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It remains to prove (B.22)). The definition of the rescaled and time-changed process (3.3)) gives

max <> =Eq [ max (Xg) ] . (B.23)
o<t<T \ € 0<g<gs

Under Q, ()ZE)Q satisfies the SDE

Eq

v 2 — v v v 2 53 7@
d(Xg)® = (1 — 2L, Xig (MUZX§>) Lgeceydé + 21/ (XE) 1 qecery dBE,
where c
E?Q = /0 sgn()zg)dwyj’(@

is a Q-Brownian motion stopped at £°. Furthermore, the growth condition of g (1.2)) implies that
there exist a constant a such that zg(z) > a|z|* — 1. In view of (B-19),

1-2L Mz) <1 2L“§AM“ZM Myez) < 2L“§AM“Z M2 o2 L
B “Exg( uix)\ ST My “2339( “?x)\l_ T My aMyg |2I” = 7

< 2 —2ak?|z]*, as., for z € R.

[\CR GV

~ N2
Using the comparison result established in Lemma|C.1|, we have Q [(X gE ) < Zg,forall 0 <€ < 55] ,
where Z is the solution of the SDE

\ _
2z, = (2 - 2cm22t> dt +2v/Z,dB; Y, 72y = x,

where zj is defined in (B.20]). This is a special case of the equation (B.1)) studied in Proposition
with v = 2ak?, § = ﬁ, o0 =2 and v = ax?. Combining (B.23)) and (B.2)), we finally obtain
the asserted estimate:

th 2n

Ay < n| « o 2 2 2 = n
Eg Olgtzg%( E > ] < Eg [02}2}25 Zf} < C'(20,aK%,2,n) + C*(20, ar”,n)Eqg [log (£° vV 1)"]
This completes the proof. ]

C A Comparison Result for SDEs

In this appendix, we establish a comparison result for one-dimensional SDEs that is used at various
points in the proofs of our main results. It extends the standard argument from [22 Proposi-
tion 5.2.18] to the case of random initial conditions as well as drift and diffusion coefficients that
are not globally Lipschitz:

Lemma C.1. Let (,F,F = (Fi)i=0,P) be a filtered probability space satisfying the usual condi-
tions. Let T be an F-stopping time taking values in [0,00], (¢;)i=0 an R¥*-valued, locally bounded
and F-adapted process, (Wy)i>0 a continuous F-adapted process that is a standard Brownian motion

on [0,7], and Qo € Fy. Suppose (Yt(l))t;o and (Yt(2))t>0 are continuous F-adapted processes that
satisfy the SDFEs

aY,") = b (w,t, Yt(i))ll{t@}dt + h(c, Yt(i))ﬂ{t@}qu v =y, (C.1)
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where y(()i) > 0 is Fo-measurable and b® is F-predictable fori = 1,2, and h is 1/2-Hélder continuous
in its second variable:
’h(Cal‘)—h(C,y)’ gK(C) |CC—y|,
where K is a locally bounded function from R to Ro.. Set
QF = {(w,t) € 2 x[0,00) : w € N, t €[0,7(w)]}

and assume that:

(i) b (w,t,y) <bP(w,t,y) forall (w,t) € §~26 and y € Ry ;

(ii) yi" (w) <y (w) for all w € Q;
(iii) Either b or b2 is locally one-sided Lipschitz in z, uniformly in (w,t) € ﬁa, i.e.

Ve € R,3ry, :Vas € [x1 — 14y, 1], p(® (w,t,x1) — b (w,t,z2) < Ky (11 — x2),
for some Ky, >0 and all (t,w) € Q.

Then
P [1901@(1) <10, Y2, forallt>0| =1. (C.2)

Proof. We may assume without loss of generality that b satisfies (iii). By a standard localization
argument, we may assume that b(!) is globally one-sided Lipschitz in z, uniformly in (w,t) € QF,
with Lipschitz constant K > 0. By a further localization argument, we may assume that c, the
function K, Y and Y@ are bounded by a constant L > 0.

By the construction in the proof of [22], Proposition 5.2.13], there exists a nondecreasing sequence
(¢n)nen\{oy of nonnegative C? functions such that:

(a) for each n, ¢, is supported on [a,, 00) for some constant a,, > 0, and satisfies 0 < ¢}, (z) < 1
and 0 < ¢/} (z) < 2 for z > 0;

(b) limy o0 @n(z) = 2™ for z € R.

Fix t > 0 and n € N\ {0}. Set A, := ;') — V;® By It6’s formula, the 1/2-Holder continuity of
h, the fact that 0 < ¢/ (z) < 2 for z > 0 by Property (a), and the assumption that K < L, we
obtain

t
(Pn(At) - (PN(AO) +/O @%(As)(b(l)(wﬁ’}@(l)) - b(z)(wa‘g?}/:s@)))l{s@r}ds
t
+ 1/0 on(As) (h(cs,YS(l)) - h(cs,Ys@))>2 Liscryds
t
b [ @) (blen Y0) = hew V) ) Lcryt,
0
L 0 W _ 5@ (2) tL
< en(8o) + / (8 (0 (w5, YD) =52 (w,5,Y2) ) L peryds + =
0

tAT
+ / ) (Ao YI) = h(es, Vi) ) 1 sar dWs, (C3)
0

Now multiply the inequality (C.3)) with Lg,, use that Ag < 0 on Qg by Assumption (ii), and note
that [, ¢}, (As)h(cs, Y;»(z))alWS is a martingale for i € {1,2} since K(c), Y1) and Y® are bounded
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and 0 < ¢, (7) < 1 for z > 0 by Assumption (a). Also taking into account Assumption (i), that
¢'(z) = 0 on R_ and that b(!) is one-sided Lipschitz in z, uniformly in (w,t) € Qf, with constant
K >0, it follows that

t
E [ﬂQo(pn(At)] SO0+ E |:/ 1{A5>0}90;L(A8)]190]1{s<‘r} <b(l)(w7 S, Ys(l)) - b(l)(w7 S, Ys(2))>d8:|
0

t tL
FE | [ (80T (4005, Y2) 805,72 )| + 2 40
0

L

t
t
< KE [/ 1QO\AS\1{AS>O}ds] +0+ =
0

Letting n — oo, monotone convergence, Property (b) and Fubini’s theorem give

t
E [10,(8)7] < K / E [10,(8.)] ds.
0
Now apply Gronwall’s inequality to the function

B(s) = E [10,(2,) "] > 0.
This yields h(s) = 0 for s € [0,¢], and in turn ]IQOYS(U < ]IQOYS(Q) P-a.s. for s € [0,t]. The result
now follows from the continuity of the paths of Y1 and Y?2. O

Remark C.2. Note that this rather general comparison result accommodates, in particular, “bang-
bang”-controlled SDEs of the form

1
dX; = —gsgn(Xf)dt + dW;.

This is because our arguments only require the drift functional to be one-sided Lipschitz, as was
kindly pointed out to as by one of the anonymous reviewers.

D Auxiliary Results

D.1 Existence results for SDEs

The following two strong existence results are somewhat nonstandard because the volatility func-
tions are not locally Lipschitz at 0 and, in the second result, the drift and volatility coefficient are
not necessarily Markov.

Lemma D.1. Let (Q,F,F = (F)i=0,P) be a filtered probability space satisfying the usual condi-
tions, yo = 0 be an Fo-measurable random variable, and (Wy)i=o an F-Brownian motion. Moreover,
let b: R — R be locally Lipschitz, nonnegative on RY, odd and null at zero. Then the SDE

dY, = (1 —2/Yib (\/E)) dt + 2/YidW,, Yo = yo, (D.1)

has a unique strong solution.
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Proof. By [22] Corollary 5.3.23], it suffices to show that weak existence and pathwise uniqueness
hold for the SDE (D.1)). To establish weak existence, consider the SDE

dZy = —b(Zy)dt + AWy,  Zo = /o (D-2)

It follows by the same argument as in Proposition that Z has a unique strong solution. Now
set Y := Z? and define the Brownian motion B by

¢
Bt = / sgn(Zt)th.
0
Then Y satisfies the SDE
dy; = (1 2 /Yib(\/Y, ) dt +2/YidB,, Yo = o,

and so has a weak solution.

Pathwise uniqueness follows from Lemma with 7 = 400, Qg = Q and b'(w,t,y) =
b (w,t,y) = 1 —2,/yb(,/y) and y} = y3. Note that z +— /zb(y/z) is locally Lipschitz under
the assumptions on b. O

Lemma D.2. Let (Q,F,F = (Fi)icio,m),P) be a filtered probability space satisfying the usual con-
ditions, yo = 0 be an Fg-measurable random variable, and (Wt)te[o,T} an F-Brownian motion.
Moreover, let n € N\ {0} and (ct)iepo,1] be a positive, continuous and F-adapted process satisfying

E [ /0 ' c?”ds} < o0. (D.3)

Then the SDE
dY;g = Ctdt + 2\/ Y;‘/\/ath, Yb = %Yo, (D4)

has a unique strong solution. Moreover,

E [ sup (Y;)?"| < o0. (D.5)

te[0,T

Proof. Existence of a unique strong solution follows by a time change argument Indeed, use the
time change from Lemma 1{ with € = 1 and just write u¢ instead of UE Then writing Wg instead

of W€ and setting Yg = Y, it suffices to show that the SDE

1¥e = de+ 2/ VedlWe, To= o

has a unique strong solution. This is clear as this is the SDE satisfied by the square of a one-
dimensional Bessel process started at yo; cf. [31, Definition XI.1.1] and note that this result extends
to non-trivial initial condition by virtue of [22, Corollary 5.3.23].

We proceed to derive . Define the process Z by

02, = \JadWi,  Zo = /i (D.6)

Then Z is a martingale with finite 4n-th moments by (D.3)). In particular by the Burkholder-Davis-
Gundy inequality, E [Supte[oj] Zf‘”} < 0. Define the process Y by Y := Z2. Then Y is a weak

solution of the SDE (D.4). Now (D.5)) follows from the fact that sup,cp 7 Y = SUPyeo,7] Z and
uniqueness in law of any strong or weak solution to (D.4)). O
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D.2 An Ergodic Result

This section contains an ergodic theorem for the one-dimensional diffusions defined in (4.14)), which
is used in the proof of Lemma For constants [,m > d > 0 and y > 0, consider the following
two SDEs on some filtered probability space:

avt = (1207 Vg (mFo¥E) Jar 2y Vs, Y=y @)

for a standard Brownian motion (B;)>o. (Existence and uniqueness follow from Lemma [D.1])

Lemma D.3. The diffusions Y, Y~ are recurrent; their speed measures are finite and have the
following densities:

) = gyt e (222G (T VB + 2 GOon T 6)) Loy
Proof. To prove that Y, Y~ are recurrent, first note that this property only depends on the
respective laws. Whence, it is enough to verify it for any weak solutions of the SDEs (D.7).
Such solutions are given by the squares of the solutions of the SDE with constant coefficients
L =148, M = m=+4, and without stopping. To prove recurrence of Y+ on R, it is in turn sufficient
to verify recurrence of these solutions on R, which follows from [22, Proposition 5.5.22(a)].

To compute the speed measures of Y™, Y~ first note that the respective scale functions (cf. [22}
Equation (5.42)] are

P = [ (-2 [N )

_ (7 (L F9) L (1F9)
_/lx exp(2(m$5)G((m¥5)\/§) 2(m$5)G(m¥5)>da¢, fory >0,

where G(z) = [ g(y)dy. The asserted formulas for the densities of the corresponding speed
measures in turn follows directly from the definition [22, Equation (5.51)]. Finiteness follows
from an elementary integration near zero and the growth condition ([1.2)) for the function g near
infinity. O

Lemma the ergodic theorem as in [7, Section I1.35], the growth condition for the functions
f and ¢, and a change of variable in turn yield the following ergodic limits:

Lemma D.4. Suppose I,m > & > 0. Then, for any k > 0:

. 1 /Om ; <(k; ) \/E> gt — fR+ f (%f@ exp E—27£1__55G(y)) dy s

T—00 I

(1=9) ) axcry (918
JL”;oi/:fQ(l_d)\/; > dtszJ(kﬁ;g yge (i)

D.3 A Result from Measure Theory

The following result from measure theory is used in the proof of Theorem [T.4}
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Lemma D.5. Let (af’l)te[oﬂ be a family of product-measurable processes indexed by € € (0, %) and

(a%)te[o,T] a product measurable-process. Suppose that, for Lebo-a.e. t € [0,T], ai’l converges
in probability to a? as € — 0. Moreover, assume that |a®'|P is uniformly integrable (as a family
indezed by ) with respect to P @ Lebyg 1) and that a’? € LP(P® Lebyjo,m) for some p > 1. Then

IN aitds — Jo a2ds in SP([0,T7).

Proof. First, we show that a®! converges to a® in measure under P ® Lebjo, ). Indeed, for fixed

t € [0,T], convergence in probability of ai’l to a? is equivalent to

2 e,1
E Hat —a

/\1]—>0 as ¢ — 0.

Thus, by Fubini’s theorem and dominated convergence, we obtain

E[/OT (‘a?—a?l

which is equivalent to convergence in measure under P ® Lebyjg 1) of a®! to a?.
Next [2I, Proposition 4.12] implies that a®' — a* in LP(P ® Lebjjg 7). The assertion in turn
follows from Jensen’s inequality via

t ¢
/ aSlds — / a’ds
0 0

Al)dt} —0 as € =0,

P
limsupE

e—0

sup

T
< TP7! limsup E [/ aS! — ag|pds} =0.
t€[0,T] 0

e—0

D.4 An Integrability Result

The following result is used in the reduction to bounded coefficients in Section
Lemma D.6. Suppose that Assumption[3 is satisfied. Then:
1+n)
" S Gw) e (— 263Gy
s T S| < oo. (DS)
0 Jrexp (= 237G(y))dy

Proof. We start by estimating the fraction appearing in . By the growth condition ([L.3]) for
f and the fact that G is even (because g is odd), it follows that

E

Je f (%@ exp <—2]]\;71G(y)) w <Cr+C <Ks>ql e <_2A%G(y>> dy. (D.9)

Jwexp (~24£G(y) ) dy M) fieexp (—242G(w)) dy

We proceed to estimate the numerator and denominator in the fraction appearing in . For
the numerator, we use that by the growth condition (1.2)) of g, there are £ and C' > 0 such that

G(x) > Cx, Vzr>1z.
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Using this, we obtain

© L A L

Teoxp | —2—G dy < —I—/ 7 ox (—250>d

/Oy p( Ms(y)>y1+q  yhexp | =29-Cy | dy
7+ & L

< + @ oxp (—2-2Cy ) d

1+q /0 Y p< M; y) Y

—d—1 oo
< 15 ¢ —l— <2C’ > /0 2% exp (—z) dy

74 '+1 , M q+1
<7 + (¢ +1)(2C) 71 <L>
S

<C (1 + <AL4:)(I +1) , (D.10)

for some constant C' > 0. For the denominator in the fraction appearing in , we use that G is
continuous and nondecreasing on Ry with G(0) = 0 and lim,_,o G(z) = co. Thus, there is ¢ > 0

such that G(c) < (1 - This gives
/ —2—"G(y) | d >/c —2—"G(y) ) d >/C —2-"2G(c) ) d
; exp A y) | dy = ; exp 7 y) | dy > ; exp v c) | dy
L, L, n
— - > e B S ,
cexp ( SG(C)) > cexp < ap(l 77)) (D.11)

It is an elementary exercise in analysis to show that there is a constant A > 0 such that

—— n —q'—1 n
14271 1>exp<x><A<:nq +exp<$>>, x> 0.
( 4p(1+n) 4p(1+n)
Together with (D.10]) and (D.11)), it follows that there is a constant C' > 1 such that

Jo y? exp (—QJ\LjS (y)) dy (/N L ;
Jo~ exp (‘2]%72G(y)) i <C << I > + exp <))) . (D.12)

Now putting together (D.9) and (D.12)), and using the elementary inequality abc < a? + b* + ¢* for
a,b,c > 0, we obtain

. Jet (fiew) oo (24 6w) dy
Jyexp (245G W) dy

_ , 7 M, 1\? L n
<C;C|Hy+ HK? (—) = +HK? [ — s 1
/ ( o et <LS> Ls * (MS> P <M54p(1+77))>
_ , 1\ M, 1\ L n
<cC|H,+HK! (—— ) =4 g K| —— Bk A —
! ( T <LS/\MS> Ls " ’ (LSAMS) P (M34p(1—|—77)>>

_ N2 1 S VA Ly 7

The claimed estimate in turn follows from (D.13)), Assumption and the elementary inequality
(a+b+ c+ dpd+m L 4p0+n) (ap(1+n) 4 pp(tn) o @p(i4n) 4 dp(1+?7)) for a,b,c,d > 0. O
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