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Abstract

This study explores the relation between inflation and economic growth
using the transaction costs model with a socially determined discount rate
and a linear production technology. Even when the labor decision is inelas-
tic, this study demonstrates that inflation affects the endogenous growth
with nonconstant time preferences. In particular, if the degree of impa-
tience increases in the economy-wide average ratio of total assets (the sum
of capital and money) to consumption, then zero rate of money supply
could achieve maximized endogenous growth; the relationship between
inflation and economic growth is hump-shaped. The numerical examples
confirm such a hump-shaped relationship, but the impact of inflation on
economic growth is quantitatively small.
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1 Introduction

Beginning with Tobin (1965) and Sidrauski (1967), the relationship between
inflation and economic growth has been one of the central issues in mone-
tary economic theory. Wang and Yip (1992) considered the money-in-the-
utility-function (MIUF) approach, the cash-in-advance (CIA) approach, and
the transactions-costs (TC) approach, and demonstrated that when labor de-
mand is inelastic, the three approaches leads to superneutrality. When labor
demand is elastic, inflation generally lowers the level of capital stocks in the
long run. To derive this conclusion, they considered exogenous growth models
and examined the relationships between inflation and the level of capital stocks
rather than the rate of economic growth.

Several authors have investigated a correlation between inflation and the
long-run growth rate in an endogenous growth framework. Iﬁ the CIA ap-
proach, Gomme (1993) introduced a trade-off between labor and consumption,
and Jones and Manuellir (1995) considered nominal rigidities. In the TC ap-
proach, DeGregorio (1993) and Jha et al. (2002) used the transaction technology
in which the transaction-cost function increases with consumption and decreas-
ing in money in DeGregorio and additionally increasing in real output in Jha
et al. The studies cited above in general supported the negative effect of an
increasing money supply on economic growth.

These implications cannot, however, explain the empirical evidence reported
by Gomme (1993) and Bullard and Keating (1995) that there may exist a pos-
itive link between inflation and the growth rate in low-inflation countries. For
a possible explanation, Fukuda (1994) and Itaya and Mino (2003) considered
a monetary version of the Benhabib and Farmer (1994) model. Fukuda (1996)
and Itaya and Mino (2003) adopted the CIA approach and the TC approach,

respectively. Both results found that with sufficient large labor externality, a



positive relationship emerges. However, their models cannot explain the hump-
shaped relationship between inflation and economic growth within one country
with the same economic environment.!

We explore the relationship between inflation and economic growth using
the transaction costs model with a socially determined discount rate and a
linear production technology. Even when the labor decision is inelastic, this
study demonstrates that inflation affects the endogenous growth with noncon-
stant time preferences. In particular, if the degree of impatience increases in
the economy-wide average ratio of general assets to consumption, then the rela-
tionship between inflation and economic growth could be hump-shaped, which
supports empirical evidences. In the case of total assets (the sum of capital and
money), zero monetary policy achieves maximized economic growth.

The intuition is as follows. The higher the rates of money supply the lower
are real balances and the higher are the transaction costs, and this discourages
consumption or increases the ratio of capital to consumption. At the same time,
higher cost of money holdings decreases the money supply or the ratio of money
to consumption. When an economic agent is less patient as the ratio of assets
to consumption increases, the agent becomes either less patient if the capital
effect is stronger or more patient if the money effect is stronger. When the cost
of holding money is sufficiently high, the capital effect is dominant, lowering
economic growth.

We establish the existence and uniqueness of a balanced growth path (BGP)
and demonstrate that such a BGP is locally stable. Furthermore, we conduct
several numerical exercises and compare ours with the model with the discount

rates determined internally by the individual. Our numerical exercises confirm

10ne explanation for this hump-shaped relationship within the same technology and pref-
erences was given by Dutta and Kapur (1998), who considered a three-period overlapping
model with preference shocks, cash-in-advance constrains, irreversible investment, and exoge-
nous technology.



that the hump-shaped relationship between inflation and the rate of economic
growth is established with a set of plausible parameters, but show that the im-
pact of inflation on economic growth is small quantitatively. Our comparison
proves that even if the discount rate depends not on aggregate but on individ-
ual consumption, then the results of the comparative statics on the BGP are
observationally equivalent in both models.

This study is not the first attempt to consider the relationship between
money and growth with varying discounting rates. Kam (2005) considered the
MIUF model with the discount rates depending on economy-wide total assets
and found that when discount rates increase in total assets, then a positive
relationship between inflation and capital stocks, a Tobin effect, emerges. Chen
et al. (2008) used the MIUF and TC models with the degree of impatience is
internally determined by individuals. Chen et al. demonstrated that increasing
impatience in money (resp. consumption) leads to a Tobin effect in the MIUF
(resp. TC) model. However, both studies lay in an exogenous growth framework
and did not generate a hump-shaped relationship.

This study is also not the first attempt to use an endogenous growth model
with varying discount rate. Palivos et al. (1997) and Meng (2006) investigated
the relationship among the BGP and the functional forms of the felicity and
the discount rate in the- framework of linear technology. Both studies found
that under the BGP and the discount rate function invariant to the BGP, the
discount rate should be constant or a homogeneous degree of zero, and that
the elasticity of marginal felicity must be constant. We demonstrate that their
results hold in our monetary economy.

Our studies makes three contributions. First, this model gives a solution to
the puzzle posed by Gomme (1993) and Bullard and Keating (1995), and sheds

new light on monetary policy. Second, we consider the monetary model with



varying discount rate in an endogenous growth framework, whereas Palivos et
al. (1997) and Meng (2006) focused their attention on a real economy. Third, we
find that in some types of models, the comparative statics on the BGP has the
same results whether consumption in the discount rate is determined externally
and internally.

Our paper i.s organized as follows. Section 2 describes a model economy with
the externally determined discount rates, and Section 3 establishes the existence
and uniqueness of the BGP. Section 4 conducts comparative statics analysis,
and Section 5 discussés the local stability. Section 6 performs several numerical
exercises, and Section 7 compares our model to the model with discount rates

determined internally by the individual. Section 8 concludes.

2 The Model with the Externally Determined Dis-
count Rates

We construct an endogenous growth model augmented with money or real bal-
ances. The representative agent is infinitely lived and endowed with an initial
capital kg > 0, an initial nominal money stock My > 0, and a normalized initial
price level Py = 1. The production technology is linear in capital, whereas the
labor supply is inelastic. The population of the economy stays constant.

The representative agent has the following lifetime utility:

= oou e"A‘
U= /0 (ce)eedt, )

where ¢; is consumption at t, u represents the felicity, A; represents the cumu-
lative discount rate at period t.

The felicity function u is continuous, increasing, and concave. The cumula-



tive discount rate function A; is determined by
A = p(C, X), (2)

where p represents the discount rate function, C; is the economy-wide average
level of consumption at t, and X; is an economy-wide average level of assets
at t. The discounting rate for each agent is not necessarily constant, but it is
taken as exogenous. The society determines the time preference, and individuals
accept such a social norm to maximize their preference. We assume Ag = 0 and
0 < p<ooforall C and X. We will impose more restrictions on u and p after
we present two propositions in Section 2.

Equation (2) indicates that not only aggregate consumption, but also assets
affect the degree of impatience. We consider two types of assets: productive
and nonproductive. Economy-wide productive assets, denoted by K, contribute
directly to production at a macroeconomic level, whereas non-productive assets,
denoted by M, facilitate transactions. In what follows, we respectively call K
and M capital and money, and the sum of capital and money K+ M are referred
to as total assets. As the variable X in (2), we can consider the economy-wide
" general assets:

X =K +asM,

where oy > 0 and az > 0. When a; = 1 and a3 = 1, then X represents total
assets.

" Individual money or real balances, denoted by m, is introduced into the
model by considering the costs with individual transactions. The amount of
transaction costs increases with consumption, but decreases with real money
balances. Such transaction costs technology is represented by T(c,m). For the

existence of a balanced growth path, we assume T = s(m/c)c,s > 0,5’ <0, s” >



0 for all m/c > 0, limp/cy00 8'(m/c) = 0, and limy, /0 s'(m/c) = —co. This
assumption assures T, > 0, T,, <0, Tee > 0, T > 0, and ToeTopm — T2, = 0.

cm

We call s(m/c) the transaction-costs function. An example is:

s(m/c) = so(m/c)™"

where so > 0 and n > 0.

The budget constraint is
1+ s(m/c)le+ a= Ak +v —mm, (3)

where a = m + k is individual total assets, k is individual capital, 7 = P/P
is expected rates of inflation, v is lump-sum transfers from the government,
and A is a constant parameter representing a linear technology of production
function.?

Given C and X, the economic agent chooses ¢, k, and m to maximize (1)
subject to (2), (3), and the boundary conditions ko > 0, My > 0, P, = 1, and
lim A(k + m)e™® = 0. Since the utility function is bounded, the optimization
problem is well-defined. When A is the costate variable of (3), Pontryagin’s

maximum principle yields

A=u'/(1+s—s'm/c) 4)
MA+7T+5)=0 (5)
A=Mp-A). (6)

The government behaves in a (monetary-theoretically) conventional way. It

2Since the individual level of total assets is denoted by a, the economy-wide average level
of total assets should have been A. However, the notation A has been conventionally used to
represent a constant technology of production function and we follow this convention. Thus,
as the average level of total assets, we use K + M.



prints nominal-money at a constant rate u and runs a balanced budget by
transferring seigniorage revenues to the consumers in a lump-sum manner: v; =
Hmy.

In equilibrium, the money and the goods markets are clear:

m = (u—m)m (M

E = Ak—(1+s)e ‘ (8)

The aggregate consistency condition requires ¢ = C, k = K, and m = M.
A monetary equilibrium is a,> set of path {c;, kt,m¢, T }iej0,00) that maximizes
(1) subject to (2) and (3) for given initial conditions, in which the government
behavior condition, the market equilibrium conditions, and the aggregate con-
sistency condition hold. We can obtain the following dynamic system of ¢, m,

and k under a monetary equilibrium:

¢ s"-m/c?
0‘(“: - A - p + '1 + S ——sl-- m/cm7 (9)
mo_ /
— pt+A+Ss, (10)
and (8) with the boundary conditions, where
" " o2 )2
o= o 4 S m/e ()

u  1+s-—s-m/c’

Note that the rate of inflation 7 is not included in the above dynamic system,

but is determined by 1 = p—m/m=-A .



3 A Balanced Growth Path

In this section, we establish the existence and uniqueness of a balanced growth
path (BGP). A non-degenerate balanced-growth-path (BGP) monetary equilib-
rium is a set of monetary equilibrium paths {ct, ki, my, 7rt}t€[0,oo) such that the

quantity variables ¢, k, and m grow at a constant rate v > 0. On the BGP,

and a constant m = p — . Note that the rate of nominal interests is A + 7 =
A+p—~ = -5 from (10). For a positive nominal interest rates, the government
should set the growth of money to be u > v — A on the BGP.

As Meng (2006) has shown, we can easily prove the following proposition:

Proposition 1: If a BGP exists and the discount rate function
p(C, X) is invariant to the BGP, then (i) p(C, X) must be constant
or homogeneous of degree zero in C and X, and (ii) the elasticity of

marginal felicity must be constant.

Proof: The proof is essentially the same as that of Lemma 4.1 of

Meng (2006), and omitted.

In what follows, we assume u(c) = ¢!=9/(1 — o) for ¢ > 1, and p(C,X) =
p(X/C). Note that the objective function (1) is well-defined in this utility case
because lim¢,00 ¢! /(1 — o) < 0 for o > 1.

The discounting rate p(X/C) depends on the ratio of economy-wide assets
to consumption. When p’ = 0, the time preference rate is constant. When
p' > 0, the degree of impatience decreases with the economy-wide average level
of consumption, but it increases with the economy-wide average level of capital,
money, or total assets, given all other variables fixed. In particular, p'(X/C) > 0

indicates that as the society gets wealthier or consumes less, people become more



impatient or less willing to defer consumption. Meng (2006) has examined the
ratio of consumption to income in a real economy. The ratio is the same as the
inverse ratio of capital to consumption in our framework because the production
function is Ak.

Let Z; = k/c and Z = m/c. On the BGP, (8), (9), and (10) are expressed

oy = A-p), (12)
¥ = wu+A+5(2), (13)
¥ = A-{1+3s(22)}/ %, (14)

where £ = a1Z; + a2Z;. Note that as long as the government sets the growth
rate of the money supply to be p > (1 — 0)A/o, the nominal interest rate
is always f)ositive. In fact, A+ pp—v = p+ (6 —1)AJo + p/o > 0 for all
pn2(1-0)A/o.

With additional assumptions regarding p, we can prove that there exists a

unique BGP.

Proposition 2: Assume p(§) > 0 for all £ = a1 Z; + asZy > 0,
and sup p(§) = p < A. Then there exists a non-degenerating BGP
for any p > (1 — 0)A/o with ¢ > 1. When p is constant, or an
increasing function only of Z; (p'(€) > 0 and oy = 0), then the BGP
is unique. Even in the case with a; > 0, there exists a unique BGP

when p'(€) > 0 and (1 + s)s” — s'(u+s') > 0 for all Z; > 0.

Proof: See the Appendix.

In what follows, we assume that p(¢) > 0, p'(€) > 0, and supp(§) = 5 < A.
When a; > 0, we need an additional assumption (1 + s)s” — s'(u + s’) > 0 for

a unique BGP. This assumption is satisfied when p > 0 and s(Z;) = so(Z2) ™"

10



where sp > 0 and 7 > 0.2 This functional specification is used in Section 6,

where the uniqueness of BGP is numerically confirmed in the case with p < 0.

4 Comparative Statics

In this section, we investigate the effect of monetary policy on the BGP. Our
model allows the government to control the growth rate of money. We conduct
a comparative static analysis on the BGP. We examine the effect of monetary
expansion on economic growth, the ratio of capital to consumption, and the ratio
of money to consumption. Then, we demonstrate that there exists an optimal
monetary policy in some case. We finally discuss the relationship between the
economic growth and the rate of inflation.

We perform the comparative statics with respect to vy, Z1, and Z; in response
to the money growth rate p. The total differentiation of (12), (13), and (14)
leads to the comparative-static results with respect to v, Z;, and Z; in response

to the growth rate of money:*

dy/dp —p'{0n8'(Z2)/Z1 + ea(1 + 5(Z2))/ 23}
1
dZ]/d/l = 5 O'SI(ZQ)/ZI - (’lzpl
42y dy cnpl + o1+ 5(22))/ 22
where
Q = —05"(145)/22 —a1p/(s" +§/Z1) — azp’ (1 +5)/Z3.
31In fact,

(1+s)s" =s'(p+s) > (1+s)s" - (s)?
n(n+ 1).5:022"""2 + 17s§Z2_2"_2 >0

for all Z > 0and p > 0.
4The detailed derivation is available by a request to the author.

11



We have assumed p’ > 0. Thus, the term Q is negative when s”(Z2) +

s'(Z3)/Z, > 0. The condition s”(Z3) + s'(Z2)/Z; > 0 is rewritten as
% = 25/71 < ~Z55" /5.

This condition is more likely to hold as the degree of concavity of s is sufficiently
stronger or as the amount of money is relatively less than that of capital on the
BGP. When s(m/c) = so(m/c)~" for example, then —Zss"(Z5)/s'(Z2) = n+ 1.
We assume 2 < 0 within this section.

When Q < 0 and p’ >0, the monetary expansion raises the ratio of capital
to consumption (dZ;/du > 0) and lowers the ratio of money to consumption

(dZ2/du < 0). The effect of monetary expansion on economic growth is

d_")’ - _ ,als'(Zg)Zl + az(l -+ S(Zz))
ap =~ * 720 :

(15)

Note that economic growth is independent of the rate of money supply when
either p’ = 0 or a; = a3 = 0. Except for these cases, the sign depends on the
size of a; and ay. For further analysis, we consider two extreme cases: £ = Z;
(g =1and a2 =0) and £ = Z; (a; = 0 and ap = 1), and we then return to
general cases.

With a; = 1 and a2.= 0, the effect of monetary expansion on economic
growth is dy/du = —p's’/(Z192). When the degree of impatience is an increas-
ing function of the ratio of capital to consumption (p'(K/C) > 0), the effect of
growth rates of money has a negative effect on economic growth. The intuition
is as follows. Higher rates of money supply lower real balances, raise the transac-
tion costs and therefore discourage consumption. When the degree of impatience
increases in the ratio of capital to consumption, decreasing consumption makes

the agent less patient, and thus lowers economic growth (4 — p)/o.

12



With a; = 0 and as = 1, the effect of monetary expansion on economic
growth is the opposite (dy/du = —p'(1 + 5)/(Z%Q)). When the degree of im-
patience increases in the ratio of real balances to consumption (p’(M/C) > 0),
higher money rates of money have a positive effect on economic growth. In-
tuitively, given a common growth rate v, the higher cost of holding money
decreases the ratio of money to consumption Z, from (13). When an economic
agent is more impatient as the ratio of money to consumption decreases, de-
creasing Z> makes the agent more patient, and thus raises economic growth
(A-p)/o.

In general (a; > 0 and a3 > 0), both the effects in the cases of p'(K/C) >0
and p'(M/C) > 0 are mixed. The higher rates of money supply lower real
balances, raise the transaction costs and therefore discourage consumption, in-
creasiﬁg Zy. At the same time higher cost of money holdings decreases the ratio
of money to consumption Z; from (13). When an economic agent is less patient
as X/C increases (p' > 0), increasing Z; and decreasing Z, makes the agent
either more patient if the capital effect is stronger or less patient if the money
effect is stronger. Thus the effect on economic growth depends on which effect
is dominant.

Recall that lim,, /.0 s’(m/c) = —oo by assumption. Thus, a sufficiently
high growth rate of money makes a;5'(Z2)Z; + az(1 + s(Z2)) in (15) negative,
and dampens economic growth v = (A — p)/o. This may cause a hump-shaped
relationship between the money supply and economic growth. When the infla-
tion rate is low, monetary expansion has a positive effect on economic growth
(a Tobin effect), but sufficiently higher inflation, on the contrary, decreases the
economic growth (a reverse Tobin effect).

We formally present the following proposition.

Proposition 3: When the government can set u = (a1 /az—1)s'(Z2),

13



such monetary policy locally maximizes the economic growth rates.

Proof: See the Appendix.

When a3 < a3, the optimal rate of money is greater than zero. As discussed
in the last part of Section 3, there exists the unique BGP when p > 0 and
s(Z2) = so(Z2)~". This specification is used in Section 6.

In particular, when a; = a2 (£ = a1(Z1 + Z2)), the economic growth rate
v is maximized by p = 0. That is, if the degree of impatience increases in the

economy-wide average ratio of total assets (the sum of capital and money hold-
ings) to consumption, then a zero rate of growth of the money supply achieves
maximized endogenous growth. Notice that the inflation rate is —y < 0 and the
nominal rates of interests is A — 4 under the optimal policy.

We should notice that this proposition does not always guarantee that the
government is able to print money at the rate of (a;/as —1)s’(Z2). When a; >
o, the optimal growth rates of money is negative, and the rate could be smaller
than A(1 —o)/o. Remember u > A(l — 0) /0 is assumed for a positive nominal
rate of interests. Furthermore, the proposition says only the local properties
of optimal monetary policy. In Section 6, we conduct numerical examples to
demonstrate the global hump-shaped relation with a set of parameters.

Finally, we consider the relationship between money growth and inflation.

Because 7 = p — v,

d_7r_1 -‘ll—s" a(1+s)+a1p'Z12 ——S”%>0
du du 0s"(L+8)+oanp'(s"Za+ 8'Z1) + agp’(1+s) du '

That is, inflation and the money supply always have a positive correlation.
When dvy/du > 0 (resp. < 0), monetary expansion accelerates the rate of infla-
tion more (resp. less) than proportionately. When dvy/dp = 0, then dn/du = 1.

Although Proposition 3 shows the relationship between economic growth and

14



the money supply rate, Section 6 examines the relationship between economic

growth and inflation rates numerically.

5 Local Dynamics

In this section, we briefly mention the local stability of the balanced growth
path to examine whether the path is stable in an economic sense.

Remember that Z; = k/c, Z; = m/c and s is a function of Z, alone. Ma-
nipulating equations (8), (9), and (10) yields the following differential equation

system of Z; and Z,:

-1

Z1/2, _|o 7 o{A—{1+s(Z2)}/Z1} — A+ p(€)
242, 0 o+ o{u+A+5(Z2)} - A+ p(6)
where
"(Z2) = %

1+ S(Z'z) - S'(Z2)Zz’
and £ = a1 Z; + ag Zs, respectively.

Linearization with respect to Z;, and Z, leads to

Zl/Zl 7 VAR A
2] 2, Zy— 73

where J is the 2 x 2 Jacobian matrix of the dynamic system around Z} and Z3.

With some algebra, we can show that
det J = -Q/{oc + 7(Z2)}

for each case X = a3 K + as M, where Q is defined in the previous section for

15



each case.’ Since o > 0 and 7(Z2) > 0, det J and Q have the opposite signs.

Similarly, the trace takes:®

(a1 + az)p’ + os”

trJ = (1+s)/Z% + g

Our before-reduced dynamic system has two jump variables ¢ and m. There-
fore, Z; and Z, should have unstable roots of the characteristic function for an
economic stability. That is, the economic stability condition is det J > 0 and
trJ > 0. Both hold when @ < 0 and p’ > 0. As discussed in the previous
section, the term ( is negative as long as s’ (Z;) + s'(Z2)/Z1 > 0. In Section 6,

we confirm Q < 0 with a plausible set of parameters.

6 Numerical Exercises

This section conducts numerical exercises using several sets of parameters.”’
Remember that the felicity function is assumed to be u(c) = ¢!~7/(1 - o),
o > 1 for a BGP. In addition, the transaction-costs function is specified as
s(m/c) = so(m/c)~" for m/c > 0, where sop > 0 and 1 > 0.

Furthermore, p is assumed to be linear (p” = 0) for a simple analysis. The
discount rate function is represented as p(£) = po+p1(£—&p), where £ = a; Z; +
a7 and §p is obtained from the corresponding BGP with a benchmark rate
of money growth p and a constant time preference pp. Clearly p'(£) = p; > 0.
To satisfy the assumption of Proposition 2, we assume that p(€) = ¢ > 0 if
po+ p1(§ — &) < eand p(§) = A—eif po+ p1(§ — &) > A—e.

We should specify all the parameters o, po, p1, po, S0, 7, A, and €. We
calibrate these parameters, so that Z; =2, Z, =1, v = 0.1 and 7 = 0.05 on the

5The detailed derivation is available by a request to the author.
6The detailed derivation is available by a request to the author.
7The Matlab codes are available by a request to the author.

16
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Table 1: A Set of Parameters

BGP. The ratio of capital to consumption is two, and the amounts of money
and consumption are equivalent on the BGP. The economy is growing at 10%.
We set the coefficient of relative risk aversion o to be five. We assume pg = 0.1.
With the endogenous growth rate of 10%, the growth rate of money supply po
should be 15%. The remaining parameters sg, 7, and A are determined from
(12), (13), and (14): so = 0.5, n = 1.3, and A = 0.6. Remember that Q < 0,
discussed in Section 4, if p’ > 0 and s”(Z;) + s'(Z2)/Z1 > 0. The last condition
is equivalent to Z3/Z; < Zss"” /s’ = n+ 1, which is satisfied in our transaction
function (Z2/Z; = 0.5 <n+1=2.3).

When p; = 0 or p = po, the endogenous economic growth is five percent,
independent of growth rates of the monetary supply or inflation. Apart from
p1 = 0, we investigate the relationship between inflation and economic growth
rates. We assume p; = 0.1, implying that the discounting function increases
with £ = X/C. We also set ¢ to be 0.01 so that 0 < p(&) < Aforall £ >0. The
benchmark values of the parameters are summarized in Table 1. With this set,
we can find a non-degenerating BGP (v > 0, Z; > 0, Z; > 0) for a sufficiently
wide rage of u.

Figure 1 considers the case where X = K (a3 = 1 and az = 0) on the
BGP. With this benchmark set of parameters, @ < 0 as discussed in Sec-
tion 4, or detJ > 0 as discussed in Section 5. As examined in Section 4,
P (K/C) = 0.1 > 0 indicates dy/du < 0 and dr/dp > 0. Thus, there exists
a negative relationship between inflation and economic growth. Figure 2 de-
picts the relationship between inflation and economic growth in the case where

X =M (a1 =1 and ap = 1). As discussed in Section 3, monetary expansion

17



policy increases the rate of economic growth as well as the rate of inflation.

Figure 3 illustrates the relationship between inflation and economic growth
in the case where X = K+ M (o) = az = 1). As shown in Proposition 3,
the endogenous economic growth is 10.03% maximized at zero growth rate of
money supply. Reducing the rate of money supply from 15% to 0% increases
the endogenous growth by 0.03%. Since zero monetary expansion implies that
the rate of inflation is equal to the negative rate of growth, Figure 3 shows that
the relationship is hump-shaped at the inflation rates of —10.03% with the given
set of parameters.

Figure 4 illustrates the relationship between inflation and economic growth
in the case where X = AK + M (a1 = 0.6 and a2 = 1). This case implies
that the agent is affected by the sum of real balances and income. As presented
in Proposition 3, the endogenous growth is maximized when the (rate of money
supply is p = 0.4nZ5 71 = 0.26. The maximized economic growth is 10.02%
The corresponding rate of inflation is 15.98%. This numerical example indicates
that a certain positive inflation can achieve the optimal economic growth.

We examine the robustness of the parameter regarding the marginal effect of
the relative assets on the degree of impatience, p;. Figure 5 compares the case
of p; = 0.1 with that of p; = 0.8. Both cases consider X = K+ M (a; =1 and
ag = 1), and the optimal policies are both zero growth of money supply. The
rate of endogenous growth is 10.03% in the case of p; = 0.1, whereas the rate
is 10.14% in the case of p; = 0.8. The larger the marginal effect of the relative
asset on the degree of impatience, the higher the correlation between inflation
and economic growth. However, even with much higher p;, optimal monetary
policy improves the rate of economic growth only by less than 6.2%.

In sum, we have presented the relationship between inflation and economic

growth with several cases of varying discount rates. It should be noted that the
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effect of monetary policy is not very large with the benchmark set of parameters.
Figures 1 and 2 show that approximately a 50% increase in inflation (in terms
of 10 years) raises or lowers economic growth by around 1%, and Figures 3 and
4 demonstrate that approximately a 20% increase in inflation has less than 0.1%
impact on economic growth. Money is not superneutral, but the magnitude is

not very large in our specification of parameters and functional forms.

7 Comparison to the Model with Internally De-
termined Discount Rates

This section compares the previous model with a model in which consump-
tion in the discount rates is determined internally by the economic agent. The
model environment follows the model we used except for the discount rate being
determined by

A = p(X/c), (16)

instead of (2), where X = a3 K + aps M. The discount rate is determined by the
ratio of aggregate assets to individual consumption. We should note that the
above discount rate is constant on the BGP.

Given X, the economic agent chooses ¢, k, and m to maximize (1) subject

to (3) and (16). To solve the problem, we consider the Hamiltonian:

H(c,m, k,a,A,0,6,9) =e 2{c'"7/(1 - o) (17)

+MAk — mm + v — [1 4+ s(m/c)]c) — ¢p(X/c) + Y(a — m — k)}

where A and ¢ are the costate variables of (3) and (16), respectively. Pontrya-
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gin’s maximum principle yields (5), (6), and

¢ — {1+ s(m/c) = ' (m/c)ym/cIX+ ¢pp' X/t =0 (18)

= —u+dp.

The initial conditions are kg > 0, My > 0 and Py = 1, and the transversality
condition by Michel (1982) is lim; o, H(t) = 0.

As discussed in Palivos et al. (1997), the Hamiltonian is independent of time
" on the optimal path, and the above transversality condition implies that the

value of the Hamiltonian is zero on the optimal path. Hence,

_ u(c) + M(Ak — mm + v — [1 + s(m/c)]c) + ¥(a — m — k)
plc/X)

¢

This is interpreted as the lifetime utility on the optimal path. Using (18), it is

easy to show ¢, = 0 or equivalently

A=c"° 1+ (pIX/C)/{p(l - U)} .
1+ s(m/c) — s'(m/c)m/c — (p'/p)(aX/c?)

The dynamic system of ¢, m, and k under a monetary equilibrium is char-

acterized by (6), (8), (10), and

1+ (p'€)/{p(1 - o)} (19)

A TN @) — 9% 2 — (0 [7) (2 T Z)EGG]a)’

with the boundary conditions, where Z; = k/c, Zo = m/c, and € = a1 Z;+03Z5.

The dynamic system of the model with the externally determined discount
rates is characterized by (8), (9), and (10). The only difference from the model
with internally determined discount rates is the shadow price, X. In the case of
externally determined discount rates, combining (6) and the time difference with

respect to A yields (9). In the case of internally determined discount rates, it is
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hard to describe the time difference with respect to (19) with £ = 04 Z; + a3 25,
and therefore it is difficult to characterize the dynamic system without the
shadow price .

On the BGP, however, equation (19) indicates that A/A = —gé/c = —o7.
Thus, the dynamic system of equations (6), (8), (10), and (19) are reduced to
(12), (13), and (14) on the BGP. Thus, we can obtain the following proposition:

Proposition 4: Consider the model with the discount rate function
determined by (16). Then, v, Z;, and Z; on the balanced-growth
path are exactly the same as those of the model the discount rates

socially determined by p(X/C) where X = oy K + aa M.

The comparative analysis conducted in Section 2 is shared in the model with
internally determined discount rates.

Many studies dealing with internally determined discount rates assume that
the degree of impatience increases with consumption.® This assumption is less
plausible from an empirical viewpoint, but it is imposed for dynamic stability.
On the other hand, the previous model assumes the increasing impatience in
a ratio of aggregate generalized assets to consumption to produce the hump-
shaped relationship between the money supply and economic growth. Replacing
economy-wide consumption by individual consumption implies that the degree
of impatience is decreasing in individual consumption given average generalized
assets, which supports empirical evidence including Becker and Mulligan (1997). »

However, we have two caveats to this proposition. First, the equivalent result
holds only on the BGP. When we attempt to conduct dynamic analysis, we have
to differentiate A in (19) with respect to time. Even in local stability analysis,
the dynamic system is too complicated, and so we have to resort to numerical

investigation.

8Das (2003) investigated the case the decreasing impatience with consumption. But her
interest lay only on the exogenous growth model.
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Next, the equivalent result on the proposition does not hold even on the
BGP when another individual variable apart from consumption determines the

discount rate. For example, consider

A = p(m/c).

The degree of impatience is determined by relative individual real balances.

Then Pontryagin’s maximum principle yields (4), (6), and

MA+7+5)+¢p /c=0

instead of (5). With a bit of algebra,® we can show that the BGP characterizes
(12), (14), and

S, PA-(&+Z) LA 14 s(Zs) — 5 (2) 2%
{'?(1—o>+z2p'/p}7‘““+” { 1—0)+Zap/p }

instead of (13). Thus, it is much more difficult to find conditions for the existence

of BGP.

8 Concluding Remarks

To explore the relationship between inflation and economic growth, we have
used the transaction-costs model with a socially determined discount rate and
a linear production technology. We have defined a BGP and proved that there
uniquely exists a non-degenerate BGP when we .éssume increasing impatience
in the ratio of general assets to consumption and several other conditions, and
that such a BGP is locally stable. We have found that inflation affects the

endogenous growth in the case of non-constant time preferences. Specifically, if

9The detailed derivation is available by a request to the author.
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the degree of impatience increases in the economy-wide average total assets to
consumption ratio, then a zero rate of growth of the money supply achieves the
maximized endogenous growth.

We have conducted several numerical exercises to confirm the hump-shaped
relationship between the rate of inflation and the rate of economic growth with
a set of plausible parameters. In particular, we have displayed such a hump-
shaped relationship, but we have discovered that the impact of inflation on
economic growth is quantitatively small. Finally, we have compared our models
to the models with the discount rates determined internally by the individual,
and we have proved that if the discount rate depends on the individual con-
sumption, the results of the comparative statics on the BGP are observationally
equivalent in both models.

We point out two extensions. First, whereas we have used the transaction-
cost (TC) model in this study, we would apply our theory to the money-in-
the-utility (MIUF) model. Feenstra (1986) demonstrated a functional equiv-
alence between TC and MIUF models with an inelastic labor supply and a
constant time preference in an exogenous growth framework. We need to ex-
amine whether such functional equivalence establishes in our framework. When
a equivalent functional form in the MIUF is not proper, a quantitative equiv-
alence (Wang and Yip, 1992) is worth investigating. When we find a proper
functional form, in which a non-degenerating monetary BGP exists, then it
would be interesting to examine whether inﬁatidn and economic growth still
have a hump-shaped relationships.

Second, although we have concluded that the impact of inflation on economic
growth is small, our choosing of parameters and functional forms does not cap-
ture the real economy very well. In particular, we should estimate the marginal

effect of the relative assets on the degree of impatience, p;, in a more accurate
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way. To estimate the marginal effect of assets on time preferences, many em-
pirical studies including Becker and Mulligan (1997) use microeconomic data,
and considers an individually determined discount rate. For the calibration of
our model, international macroeconomic panel data would be more suitable.

Empirical analysis using such data is another future task.

Appendix

Proof of Proposition 2:

From (12), v = (A —p(€)) /o > (A - p)/o > 0. We combine (12), (13), and (14)

to reduce two equations:

planZy + azZ;) = (1-0)A—op—o0s'(2,), (20)
—Uﬁ = u+5(2) (21)
1

It suffices for the proof to examine whether there exists a pair of Z; > 0 and
Zy > 0 satisfying (20) and (21).

Set an arbitrary 4 > (1 — 0)A/o to be fixed. Then, by the property of &,
there exists a Z; > 0 such that s'(Z;) + u — A(1 — 0)/o = 0. Note that Z; can
take infinity when p = (1 -0)A/0.

Because §'(Z;) + p < §'(Z2) + p = A(1 — 0)/o < O for all Z, € (0,Z5),

equation (21) is rewritten as:

1+ S(Zz)

Zy=((2) = WEYIAL

(22)

with limz,,0 {(Z2) = 0 and

1+ 5(Z,) '_ o{1+s(Z2)}
(b+5(Z2) (0-1A

li o) = — .
zzl—ﬂnZ,(( 2) >0
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The derivative of ¢’(Z2) is:

$"(1+3) = s/ (u+ )
TET

¢(Z2) =

That is, ('(Z2) > 0 or {(Z2) increases monotonically if s”(1+s) —s'(u+s') >0
for all Zs.

To examine equation (20), we consider the case with non-constant p. Sub-

stituting (22) into (20) leads to
pla1((Z2) + a2Z2) = (1 — 0)A — op — 05'(Za), (23)
Then, the right-hand side of (23) decreases in Z; € (0, Z,) with:

. /
}:glo(l o)A —ou—-0s(Z;) — oo,

lim (1-0)A—op—o0s'(Z2) — O.
zzinz,( o)A —op—0s'(Z)

Thus, as long as 0 < p < A, there exists at least one Z, satisfying (23).
When p is constant, or an increasing function only of Z; (a; = 0), then we
can obtain a unique Z; € (0, Z;). From (22), we can obtain a unique Z; > 0.
Next, consider the case where a; > 0 and p'(£) > 0. When s”(1+5)—s'(u+
s') > 0, then {(Z:) increases monotonically. Therefore, the left-hand side of

(23) increases in Z, € (0, Z2) with:

leif_f)lop(alC(Zz) +a2Z2) — p(0) >0,

z,li—l>nzg plar¢(Z2) + 2Z2) — plaro{l + s(Z2)}/{(c — 1)A} + a2Z2) > p(0).

Thus, there exists a unique Z, satisfying (23), giving a unique Z; > 0 from (22).
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Proof of Proposition 3:

As discussed before, the first derivative of v with respect to p is zero when
(1 + s(Z2)) + a15'(Z2)Z; = 0. Since p + s'(Z2) + (1 + s(Z2))/Z1 = 0 from
(13) and (14), dvy/du = 0 at u = (a1 /az — 1)s'(Z;). Since dZ; /dp = (0§’ /2, —

az0')/Q and dZ;/dp = (cnp’ + (1 + 5)/Z%)/RQ, the second derivative of y with

respect to p at p = (a1/ae — 1)s'(Z) is:

d?y P dlag(l +s(Z3)) + a15'(Z2) 2]
a2 T T 720 dp = [aa2(1 + 8(Z2)) + en8'(22) Z1)
= _._p_,.. lfié / " igz :
= 720 as i + {azs' + a15" 2, ™
P s : 2 P ., 472
= —_—— - __r Z bt 33
720 [a18" Z1(anp’ + o(1+ 5)/23)] Zanls '

Since Q@ < 0, p' > 0, and dZy/dp < 0, then d?y/du? is negative; v is locally

maximized in the neighborhood of = 0.
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Figure 1: The relation on the BGP between inflation and economic growth in
the case of @y =1 and ap =0

Notes: The rate of economic growth is 10% when the money supply rate is 15%.
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Figure 2: The relation on the BGP between inflation and economic growth in
the caseof ay =0and axs =1

Notes: The rate of economic growth is 10% when the money supply rate is 15%.
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Figure 3: The relation on the BGP between inflation and economic growth in
the caseof a1 =land ax =1

Notes: The rate of economic growth is 10% when the money supply rate is 15%.

31



10.05 , -

Endogenous growth rates (%)

9. 65 1 1 1 1 L 1 1 1 1

-30 -20 -10 0 10 20 .30 40 50 60 70
Inflation rates (%)

Figure 4: The relation on the BGP between inflation and economic growth in
thecaseof oy =03 and ap =1

Notes: The rate of economic growth is 10% when the money supply rate is 15%.
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Figure 5: The comparison on the BGP between the cases with p; = 0.1 and
pPo = 0.8

Notes: The rate of economic growth is 10% when the money supply rate is 15%.
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