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ABSTRACT. In contrary to previous literature, we show in the Grossman-Stiglitz
model of noisy rational expectation that the social value of asymmetric infor-
mation can be improved with more informative prices when being informed is
uncertain. Investors always benefit from a privately payoff-relevant information,
but they have to pay more to increase the probability of observing the informa-
tion. In equilibrium, this trade-off can lead to high-risk, high return investments.
Consequently the marginal expected utility gain from observing the information
is not completely washed out by the cost of information acquisition, which leads

to Pareto-optimal equilibrium and improves investors’ welfare.

Key words: Social value of asymmetric information, information uncertainty, risk

premium, efficiency, welfare.
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1. INTRODUCTION

In exchange economics with costly information, it is well recognized that the more
information prices convey, the worse off everybody can be. Therefore, public infor-
mation has no social value; this is the so-called Hirschleifer effect. Essentially,
reducing the cost of private information makes more investors to be informed. This
improves price efficiency on the one hand and leads to low-risk/low return invest-
ments on the other hand, which then reduce investor welfare. Is this always the
case when information is more complex and uncertain? This paper introduces infor-
mation uncertainty into a noisy rational expectation equilibrium model to answer
this question. We find that, when investors pay to reduce the uncertainty to be
informed, improving price efficiency can be socially valuable. Intuitively, the indi-
vidual investor is always better off with the information. Facing the uncertainty to
be informed, to benefit from acquiring information, investors pay more to increase
the probability to be informed. This trade-off can lead to high-risk/high-return
investments, improving investor welfare. This paper explores when such investors’
welfare improvements are likely to arise.

The role of information on financial markets, in particular the effect of public
information on price efficiency has been studied extensively. In summary, the liter-
ature shows that, the more (public) information is available to investors, the more
informative the price is and the thinner is the space to make profits. This hurts
investors’ perception, thus diminishing exposures and risk sharing. More recently,
the debate on social welfare of public information has involved mandatory financial
disclosure, questioning the salvific role of disclosure itself (see Kurlat and Veldkamp
(2015), Gargano, Rossi and Wermers (2017) and Goldstein and Yang (2017)). If,
from one hand, information improves price efficiency, its consequences on social

welfare are still debated. After the pioneering works by Allen (1984) and Laffont

IThe name follows after Hirshleifer (1978) where the role of information in the framework
of technological uncertainty is discussed. Franklin Allen has been the first to acknowledge the
implications of this effect for financial markets, especially in the context of exchange economies

(see Allen (1984)).
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(1985), in a recent contribution, Angeletos and Pavan (2007) have posed again the
question about the efficient use of information and the social value of information.

Security prices reflect available information about future payoffs, while uncer-
tainty about the payoffs in different dimensions can affect security prices differently.
Uncertainty about multi-national or complex firms can be very different from the
uncertainty of firms from particular industries. Even firms from the same industries
can be exposed to multiple dimensions of uncertainty, such as cash flows, technolog-
ical innovations, and firms idiosyncratic developments differently. Recent empirical
evidence shows the revolution in information technology over the last 50 years has
increased the price efficiency for the S&P 500 firms but indeed decreased for the av-
erage public firms (Bai, Philippon and Savov (2016)). With increasing uncertainty
on multi-dimensional information in financial markets,? it seems heroic to assume
that investors are certain to be fully informed for a predetermined fixed cost. We,
instead, assume that traders pay to increase their probability of being correctly in-
formed. Put differently, we can think about an information market where investors
can have access to different sources of information of different quality: the higher
is the quality, the higher is the probability of being informed. However, there is a
cost/disutility effect: investors pay more to increase the probability to be informed.
Such a trade-off between cost and benefit of uncertain information plays a central
role in traders’ decision making and can have important implications to market
efficiency and social welfare.

With information uncertainty, this paper examines such trade-off in an other-
wise standard Grossman and Stiglitz (1980) model of noisy rational expectation
equilibrium (NREE). The results partially confirm the Hirschleifer effect and its
implications; making effort to be informed typically improves market efficiency but
at the cost of reducing social welfare. However, in contrast with the majority of
the aforementioned literature on the social role of information, we demonstrate that

2The role of multi-dimensional and complex information markets has been widely discussed
in recent literature. Among the others, Zhang (2006) discusses information uncertainty and its
role in shaping prices; Veldkamp (2006) considers different information providers with different

prices/quality. In Gorban, Obizhaeva and Wang (2018) authors assume the presence of high and

low quality signals and uncertainty about the number of high quality informed agents.
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when the information acquisition process is probabilistic and the cost of information
is increasing and convex in the cost or effort to be informed, the trade-off can lead
to high-risk, high return investments. Consequently the marginal expected utility
gain from observing the information is not completely washed out by the cost of
information acquisition, which leads to Pareto-optimal equilibrium and improves
investors’ welfare. Therefore there is possibility of detecting an increase of market
quality associated with a beneficial increase in social welfare.

When information is imperfect and costly in a competitive economy, Grossman
and Stiglitz (1980) show that information efficiency of a price system depends on the
proportion of individuals who are informed. The more individuals choose to be in-
formed, the more efficient the price becomes, the less valuable the information is, and
the less incentive individuals choose to be informed. Therefore in equilibrium, “the
number of individuals who are informed is itself an endogenous variable” and the
price becomes more informative when there are more informed traders. Concerning
the welfare, informed trading always improves (marginal) welfare in the sense that
an individual is always better-off for being informed rather uninformed, however in
aggregate more informed trading always reduces the welfare for both informed and
uninformed traders. In particular, the social welfare is always higher when traders
are all uninformed than when they are all informed. Put differently, we detect a sort
of Prisoner’s dilemma situation.®> The social welfare would be better off if nobody
is informed. However, the single individual is rationally driven to being informed,
at least with some positive probability. Therefore, in the equilibrium, the market
may end up into a sub-optimal equilibrium (from the welfare viewpoint) typical of
a coordination-failure situation.

Regarding the endogenous information production, we endogenize traders’ deci-
sion on their optimal effort to become informed when facing information uncer-
tainty. We model a continuum of agents playing an information game inspired by
global games (Morris and Shin (2002)). Differently from classical global games, the

3In Kurlat and Veldkamp (2015), a similar situation in which the economy would be better off
if nobody is informed, is discussed but they focus on financial market anomalies in information
disclosure. For a recent review about the implications of information disclosure in terms of market

quality and welfare, we refer the reader to Goldstein and Yang (2017).
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strategy of the players is expressed in terms of the probability of being informed.
With this respect, our model resembles some recent literature on probabilistic choice
models (Mattsson and Weibull (2002)) and classical results in information theory
(Hobson (1969)). In Mattsson and Weibull (2002), an individual optimally makes
an effort to deviate from the status-quo (a reference probability) and change the
likelihood of a finite set of possible scenarios in order to get closer to implement-
ing a more desired outcome. Given that the reward is always higher for informed
than uninformed, traders choose their optimal information acquisition strategy to
maximize the trade-off between a higher expected reward of being more informed
and a higher cost. When individuals set an optimal trade-off between the expected
reward and the cost of deviating from the status-quo, Mattsson and Weibull (2002)
show that the disutility of the optimal effort is related to the information entropy.
We rephrase this game-theoretic setting as a monetary reduction of wealth due to
the investment in the information acquisition. Eventually, we model a two-stage
optimization scheme based, firstly, on a strategic information game and, secondly,
on a classical mean and variance investment decision problem. We characterize a
unique Nash equilibrium in the vector of probabilities of traders being informed
and a NREE in asset pricing. With the cost of information being increasing and
convex, we show that traders’ optimal effort depends on their risk aversion and the
information structure. The resulting endogenous information equilibrium leads to
outcomes that are significantly different from the Grossman-Stiglitz model.

In the Grossman-Stiglitz model, traders can decide to pay a fixed cost to be-
coming informed for sure. When information is complex and multi-dimensional,
being informed becomes per se an uncertain process. The more they pay for the
information, the more likely they will discover the right signal. As in the Grossman-
Stiglitz model, in equilibrium, the proportion of investors to be informed is deter-
mined endogenously and the price becomes more informative when there are more
informed traders. However, different from the Grossman-Stiglitz model, the cost is
not fixed, but contingent on market proportion of investors to be informed them-
selves. The optimal cost or effort for investors to becoming informed depends on

investors’ risk aversion and market information structure. Intuitively, more informed
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trading reduces dividend risk but increases information risk for uninformed traders,
which dominates the dividend risk. This effect becomes more significant when price
becomes less informative, the supply is less noisy, or traders are less risk averse,
generating a hump-shaped risk premium relation to the informed trading. This
hump-shaped risk premium in informed trading then provides high return, high risk
investments, which improve investors’ welfare. Therefore, differently from the pre-
vious studies about the market implications of the Hirschleifer effect in exchange
economies, we show that there are situations in which market efficiency can be
improved without harming social welfare.

The structure of the paper is as follows. We first introduce the model and traders’
optimization problem and then characterize the equilibrium in Section 2. In Section
3, we conduct a welfare analysis, together with risk premia and price efficiency.
Section 4 extends the analysis to explicitly model trading motives as a possible
route to endogenous supply. Section 5 concludes and all the proofs are collected in

the Appendix.

2. THE MODEL

We consider the Grossman-Stiglitz model as our baseline model.* There is a
continuum of homogenous traders, indexed by i € (0, 1), who are price-takers and
can invest in two assets; a risk-free asset with a gross rate of return R > 1 and a
risky asset which pays a random dividend D at the end of the period. As in the
Grossman-Stiglitzmodel, the dividend is given by

D=d+0+¢, (2.1)

where 6 ~ N(0,v5) and &€ ~ N'(0, v,), respectively, and d = E[D] (> R) is a constant.
Different from the Grossman-Stiglitz model in which 6 is fully observable at a fixed
cost ¢, we assume that 6 can only be observed with a probability of p at an increasing
and convex cost of ¢(p) in general. To have the most intuitive expressions, we present
“In the last decades, several generalizations to a dynamic setting of the classical Grossman-
Stiglitzmodel have been proposed. Among the others, Wang (1993), Veldkamp (2006), Kyle,

Obizhaeva and Wang (2017). For the sake of simplicity, we prefer to stick with the standard static

one-period model.
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our main results for a quadratic cost function ¢(p) = p? for p € [0,1].° That is, p
is the probability of becoming fully informed about the private information 6 and a
trader observes it after paying the cost ¢(p). This implies that traders need to pay
more in order to increase their probability to be informed. Note that if traders can
only choose p = 0 or p = 1, we are back to the Grossman-Stiglitz model in which
traders are either informed (with p = 1) or uninformed (with p = 0).

The risk-free asset is in zero net supply and the risky asset has a noisy net supply
of Z ~ N(0,v,). Note that the supply shock Z can be due to liquidity demand or
noise trading.® The random variables 6, ¢ and 7 are independent of each other.

Traders are risk averse with a CARA utility function, i.e., u(WZ) = —e*aWi, where
« is the absolute risk aversion and V~Vl is trader ¢’s terminal wealth. Let x; be the
number of shares trader 7 holds and P be the price of the risky asset, then trader

7’s terminal wealth becomes
W; = 2;(D — RP) + WigR, (2.2)

where W, is trader ¢’s initial wealth. We assume traders’ initial wealth is zero.
Therefore, their trading motive is purely speculative; they make profit by supplying
liquidity to the noise/liquidity traders.

2.1. Information Uncertainty and Trading. There are three dates, t = 0, 1, 2.
At date t = 0, each trader-i chooses strategically p; and pays the cost puc(p;), where
[ is a scalar measuring the sensitivity to the cost. We refer to this stage as the
information game. Next, at date ¢t = 1, a Boolean random variable w; is drawn
independently for each trader i with P(w; = 1) = p; and P(®; = 0) = 1 — p;. If
w; = 1, the trader observes 6 and becomes informed (type I). If @; = 0, the trader
does not observe § and stays uninformed (type U). Then, the value of 0 is realized
and each trader, depending on his type, chooses his optimal demand z}(P) in the
risky asset, where P is the price of the risky asset. Finally, at date ¢ = 2, with the

5We have also considered other cost functions that are increasing and convex in p. In general,

we can also assume that p € [pg,1) and ¢(po) = 0, where pg € [0,1) is a reference or status quo

probability of becoming informed. For simplicity, we assume pg = 0 in this paper.
In Section 4, we model the behaviour of liquidity /noise traders explicitly using endowment

shocks. For now we simply take the noisy supply as given.
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noise demand %, the market equilibrium price P is determined by market clearing,
each trader gets their allocation of shares according to their optimal demand and

the equilibrium price. Then, the dividend D is paid and consumption occurs.

2.2. Information Acquisition and Trading Decisions. Concerning the trading
decision, since dividend payoff is normally distributed (and the information cost ¢
does not depend on the investment strategy), the standard solution for trader i’s
optimal holding of the risky asset is given by

E[D — RP|F]

vy = D HO (23)
aVar[D — RP|F;]

where F; is the information set for trader 7.

Regarding the information acquisition, by taking into account the associated cost,
trader i’s objective at date t = 0 is to choose his probability p; of being informed to
maximize

Upi; A) = [piVi(A) + (1 = pi) Vir(A)] e <tr), (2.4)

1 1
0 0

is the market fraction of informed traders, which we will use as a state variable, and
Vi(\) = max,, E {E [u (xi(f) - P)) ‘E} } , Fr=16,P),
Vo) = max,, E{E [u (z:(D - P)) |Fo] }, 7o = P},

are the expected utilities of the informed and uninformed, respectively. Note that

where

Vi(A) and Vy(A) depend on A since the equilibrium price P itself depends on A.
Therefore, when needed, we will denote the price as Py.” Also, we assume traders
take A as given, or more precisely, each trader conjectures the average choice of p;
by all other traders before giving his best response in a non-cooperative strategic
game.® Two technical lemmas are now stated; the first provides the solution to
traders’ optimal portfolio and information acquisition decisions given the market
fraction A. This result is based on a first order condition argument. The second

"More precisely, in equilibrium, Py = hy (0, Z) is a random variable, where hy is a deterministic

function depending on .

8Being A a function of p = (pi)icjo,1), the problem of finding an optimal vector p* results in a

non-cooperative strategic game.



10
lemma provides a concavity (second order) condition ensuring that the optimization
problem is well-defined. For convenience, we denote by

iy
Vi (A)

7(A) =1 (2.5)

the relative benefit of informed to uninformed. We also introduce the following
notations, v, = Var[z], o, = Cov[T,7], Loy = Ouy/ve and pry = 04y/\/Vs0y,
for any two normally distributed random variables  and y. Following the NREE
literature (Admati (1985), Admati and Pfleiderer (1987)), we postulate a linear price
1

P = R(d+ bef — b.3), (2.6)

where by and b, are two positive coefficients to be determined in equilibrium.

"

Lemma 2.1. Assume traders’ expected utility is concave in p;, i.e., U (pi; N\)(=

O*U(pi; N)/0p?) < 0 and the equilibrium price P has the form of (2.6). Then

(i) trader i’s optimal demand in the risky asset is given by

d+0-RP . _ .
ri(P)=¢ L (2.7)
avy 7 )

where, conditional on his type k € {I,U},

Ve + Vg|p

W= ——
1—Bpp’

(i) the expected utilities of trader i, conditional on his type k € {I,U}, is given

09,p
vop = (1 — ,0371:)1’9, Bpo = ——;
vp

by
_ _ Y
where
f]()\) _ (1 — bz)j}va + bzvz7 &]()\> _ (1 — BG’P)S);UG + bzvz)7
€ U

and x, = E[D — RP|F,] is the conditional risk premium;

(iii) trader i’s optimal choice of probability to be informed is given by

« 1 i ()
b= (Ozu 1— M(A)) ’ #9)

where g(p;) = (p;).
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When trader’s optimization problem is well-defined, (2.7) gives the optimal de-
mand, (2.8) defines the value function to be informed and uninformed, while (2.9)

provides the optimal probability choice.

Lemma 2.2. The function U(p;; \) as defined in (2.4) is concave in p; if and only

if
YN [ 29N 9(p:) } g'(pi)
— < , for all p; €10,1]. 2.10
o) [T=pa) ~ T- 2900 = 4(o) Ot B
A sufficient condition for U (pi; X) < 0, A € [0,1], is given by
1 1
v(A) < = min (—) ; (2.11)
2 pi€[0,1] % + %

moreover, if c(p;) = p?, (2.11) reduces to

YO\ < % (2.12)

Some remarks are needed. First, note that, as soon as one of the concavity
conditions in Lemma 2.2 is met, the optimal probability p! in (2.9) is the same for
all agents. In this sense, similarly to the Grossman-Stiglitz model, the cost ¢(p}) paid
for acquiring the signal is the same for all agents, although endogenously computed.
Having said that, our traders’ optimization problem differs significantly from that

of the Grossman-Stiglitz model, which has the following solution,

0, A)<1—e
pr={ & W (2.13)
1, v(A\) >1—e

where c is a fixed cost. Note that v(\) measures the relative benefit of informed to
uninformed. Therefore, Grossman-Stiglitz model’s information equilibrium requires
Y(A) = 1 — e ¢ or equivalently Vi(A)e® = Vi (A). In other words, the expected
utility of the informed after the cost exactly matches the expected utility of the
uninformed. As a results, traders are indifferent between becoming informed or
staying uninformed. In our model, due to the information uncertainty, the cost is
associated with the average expected utility of being informed (with probability p;)
and uninformed (with probability 1 — p;), characterized in (2.4).

As said, the optimization scheme of information acquisition and portfolio choice

for trader ¢ can be separated in two stages and solved backwards. At date 1, trader
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¢ decides his portfolio choice x} given his type, i.e., the realization of w;. This stage
amounts to determining V; and V. At date 0, agents play the information game:
by averaging on the likelihood of being informed and forming an expectation about
other traders’ actions, traders strategically set optimal strategies, p* = (9 )ic(0,1)-
Finally, to close the model, the equilibrium price P of the risky asset is determined
by the market clearing condition as in the standard noisy rational expectation equi-

librium.

2.3. Information and Asset Market Equilibria. Before characterizing the in-

formation and asset market equilibria, we first introduce the following definition.

Definition 2.1. We say that probability p* = (p})ic(0,1), market fraction of informed

A*, and price P* of the risky asset are in equilibrium if

(i) p* = (1} )ic(0,1) is a Nash equilibrium, meaning that for every i € (0, 1),
Up;; A) = U(pi; A) - for all p; € [0,1];

(ii) the following consistency equation is satisfied?

1 1
N =E [/ wy dz} = / p; di, (2.14)
0 0

here w} is the random variable associated to the optimal probability p;;

(iii) the price P* = Py« satisfies market clearing condition

/l v (P)di = %, (2.15)

where 2*(P) = (27(P))ic(o,1) is the optimal investment strategy profile.

(]

We now characterize the equilibrium in the following proposition.

Proposition 2.3. Assume (2.10) holds and denote by

Vg 2 2
n=_ §o = a“v,up, §1 = o,
€

the informativeness of the private signal, and the expected trading profit when no

traders are informed and when all traders are informed, respectively. Then

9At the equilibrium, expectations realize so that the fraction of informed, A, exactly matches

the value expected by the traders when using the revealed vector of probabilities p*.
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(i) the equilibrium market fraction of informed traders, \*, is determined by

A = X satisfying

a1 W
A=g | ———F—); 2.16
I (aul—M(A))’ (216)
(i) the linear equilibrium price of the risky asset is given by
1 ~
P= E(d + by — b, 2), (2.17)
where
AU _
by = —, b, = av, (2.18)
/UE
and
D N 1 A A
—=—+ , UUZUD+—<%>< )ZUD(1+”_)_ (2.19)
U U vy a \ v, v, ap

As argued before, under the mild concavity conditions of Lemma 2.2, equilibrium
probabilities p¥, i € [0,1], all collapse to the same value p* solving (2.9); more-
over, by virtue of (2.14), we have \* = p*.!® Note that, in the Grossman-Stiglitz
model, although the asset market equilibrium is identical to ours, the information
equilibrium differs significantly. Instead of (2.16), Grossman-Stiglitz model requires
7(A) = 1—e~?, which means that the expected utility of the informed traders, after
having paid the cost ¢, is exactly the same as that of the uninformed traders (who do
not pay any cost). Differently in our model, every trader optimally chooses to pay
a cost equal to pc(pf) = pc(A\*) in equilibrium, and pf = A\* becomes the (optimal)
probability of observing the signal 6. As we will see in Section 4, this difference from

the Grossman-Stiglitz model leads to very different welfare implications.

2.4. Existence and Uniqueness of Nash Equilibrium. We now examine the
existence and uniqueness of the Nash equilibrium with respect to parameter u, which
measures the cost sensitivity. Intuitively, A — 0 in equilibrium as g — oo; A =1
when g is small enough; otherwise A € (0,1). This is demonstrated as following.
10We stress the fact that, in principle, there could be multiple equilibira in A for the fixed point
argument (2.16) even if the optimization problem is well-defined in p*. In the following we provide

sufficient conditions for uniqueness to keep this paper more focused on welfare analysis and market

implications. We leave this intriguing discussion on multiple equilibira for future research.
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Proposition 2.4. Assume (2.10) holds and c(p) = p*. Then
(i) A*=0 as p — oo;

n+&1 .
n+&o’

(ii) \* =1 when p < pn:= ilzlyy where vy = (1) =1 —

(iii) A* € (0,1) when p > p; furthermore the Nash equilibrium is unique under
condition (2.12).

Moreover, the equilibrium price P*, satisfying (2.17), is characterized by parameters

by and b, defined in (2.18) and (2.19), evaluated at the equilibrium \*.

Proposition 2.4 provides a necessary and sufficient condition (on the parameter
) for thee existence of a non-trivial Nash equilibrium 0 < A* < 1 and a sufficient
condition (on the relative benefit ) for the uniqueness. In general, the equilibrium
fraction of informed traders is expected to increase as traders become less sensitive
to the cost function. Put differently, we expect A* to be decreasing in u. However,

it turns out that monotonicity is not guaranteed.

Proposition 2.5. The equilibrium X\ = A(u) is decreasing in p if and only if

'y g™ _ N
) =g YT 220
or equivalently
PN+ _ g
L= 20) = o) 220
In particular, for c(p) = p?, condition (2.21) becomes
AP + (V) +7' (V)] < 1. (2.22)

In particular, at X\ = 0, condition (2.22) is always satisfied; while at X = 1, condition

(2.22) becomes
[§&1+n §&1+n &1+n n*&,
&H—n{l—'—{o%—n}§3§o+n+[§o+n]2' (2.23)

Proposition 2.5 provides conditions for the equilibrium A = A(x) to be decreasing

in p or, put differently, it provides a less restrictive condition for the uniqueness of
the Nash equilibrium A*. Note that, since A < 1 and +/(\) < 0, condition (2.22) is
always satisfied as soon as (2.12) is satisfied. This leads to the following theorem in

which we summarize the main results of this section.
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Theorem 2.6. Consider the optimization problem (2.4) with c¢(p) = p*. Suppose
that u < @ and y(\) < 1/3. Then, there exists a unique equilibrium (P*, \*) such
that (i) \* € (0,1), solves (2.16) and is decreasing in p; and (ii) P* is given by
(2.17).

3. WELFARE ANALYSIS

In this section, we analyze traders’ welfare and examine market conditions in

which traders’ welfare increases when prices become more informative in equilibrium.

3.1. The Welfare in the Grossman-Stiglitz Model. To better understand the
welfare effect of the information uncertainty, we first review the welfare results in

the Grossman-Stiglitz model. The following lemma is helpful for our analysis.!!

Lemma 3.1. The expected utilities of informed and uninformed traders are given

by, respectively,

1 1
V})\: /\VU)\:— and VUA:— R
) = FA) = s V= 6D
where
ROt B
Bi(N) =& [&n(1 = A2+ (& + 107, Ba(A) = [(1+n0)& +nr?]°.

In addition, Vi(X) > Viy(A\), VI(X) <0 and V() <0 for X € [0,1].

In the Grossman-Stiglitz model, with a fixed information cost of ¢, the social
welfare of market participants is defined by Ugg(A) = AVi(A)e® + (1 — NV (A).
Based on Lemma 3.1, it is straightforward to show that

1 1
Uis(0) = —— and Uig(l) = — e*c. 3.2
GS( ) m GS( ) m ( )

Note that & = & (1 + n) and hence Uj4(0) > ULg(1). Therefore, in terms of

welfare, traders are better off under the no-information equilibrium than under
the full-information one (even if the cost of acquiring information is zero), which

demonstrates the well-documented Prisoner’s dilemma situation in welfare.
UThe results in Lemma 3.1 are based on Grossman and Stiglitz (1980) and Allen (1984), but

presented more explicitly for convenience of the analysis.
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As a textbook example, consider the case where we just have two players. By
fixing all the relevant parameters equal to one (v, = vy = v, = a = 1), we obtain
Vi (0.5) < Vi(1) < Viy(0) < V7(0.5), where A = 0.5 accounts for the situation where
the two players choose a different action. Eventually, the normal-form game has a
payoff matrix as in Table 1. The resulting Prisoner’s dilemma illustrates a situation
in which traders fail to coordinate towards the best outcome (represented by Vi;(0))

and come up with a socially less preferable Nash equilibrium.

I U
I |-0.70; -0.70 | -0.56; -0.76
U | -0.76; -0.56 | -0.57; -0.57

TABLE 1. Two-player payoff matrix.

Furthermore, from Lemma 3.1, V;(\) — Viy(A) > 0 for A € (0,1); hence being
informed is always beneficial. The expected utilities of both informed and unin-
formed traders are decreasing in A, however the difference V;(\) — V7 (\), can either
increase or decrease in A. In equilibrium, V;(A)e® = V7 (), hence ULg(A) = Vir(N).
Therefore, as the cost of acquiring information is reduced, more traders become in-
formed, which improves price efficiency'? but reduces welfare. Hence, we obtain the

following remark:"?

Remark 3.2. In the Grossman-Stiglitz model, only the no-information equilibrium,
with A = 0, is Pareto-optimal with respect to the social welfare. In fact, Ufg(N\) <
Uts(0) for X € (0,1).

3.2. The Welfare Improvement. To examine the welfare effect of information

uncertainty in equilibrium, we fist have the following equilibrium condition,

apg(MV(A) = =[Vi(A) = Vu(V)],

21t is well known that, in the Grossman-Stiglitz model as in our model, price informativeness

measured by pg,P =1/(1 +m), where m = & /(n)A?), is an increasing function of \.
I3Note that a similar result also holds for some related recent contributions on information

markets. See, for example, Kurlat and Veldkamp (2015) and Veldkamp (2006).
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where
V(A) = AVI(A) + (1 = )V (N).
From Lemma 3.1, we then have

Vi) = V) A
V() 1—XMy(\)’

where 4 has been defined in (2.5) (and hence y(A) = 1 — f(A) from Lemma 3.1).

apg(A) = —

Following (2.4), we now introduce traders’ welfare in equilibrium.

Definition 3.1. In equilibrium, the overall welfare of the (speculative) traders is

measured by

N

U N =UNN) =TV (X)W, (3.3)

where

represents the cost function in equilibrium.!4

Based on Definition 3.1, it is straightforward to show that

ey L NS S o).
Uu*(0) = iTE and  U'(1) = m@ : (3.4)

Therefore as in the Grossman-Stiglitzmodel, in terms of welfare, traders are better
off under the no-information than under the full-information equilibria even if the
cost of acquiring information is zero.

To better understand this dilemma, note that as A increases, price becomes more
sensitive to the signal, i.e, by increases. When A = 1, we obtain that d + § — RP =
av.z. Therefore, the informed traders are only compensated by the risk premium
since the information they receive have been fully reflected by the equilibrium price,
i.e., bp = 1. On the other hand, when A = 0, which would be the outcome when
information is extremely costly, the price is uninformative since by = 0. Therefore,
traders are compensated by the risk premium, i.e, d — RP = a(v, 4 v,)Z, which is
however larger than in the case of A = 1, because traders perceive a larger dividend
risk, thus a larger price discount is required.

14T his condition is satisfied exactly when (2.16) is met. With a slight abuse of notation, we

write A in place of A\*.
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As in the Grossman-Stiglitz model, prices become more efficient as traders be-
come less sensitive to the cost (to reduce the information uncertainty). However,
differently from the Grossman-Stiglitz model, we show that, in contrast to Remark
3.2, traders’ welfare can be improved as the prices become more efficient. In partic-
ular, we provide necessary and sufficient conditions for the welfare to be increasing
in the fraction of informed traders, i.e., (U*)'(A) > 0.

First, it follows from Lemma 3.1 that V(\) and hence U*()\) can be written as
V) == 2WWw®),  UQ) == 0m@e™. (35)

Note that 0 < y(A) < 1 and hence 0 < 1 — Ay(A) < 1 for A € (0,1]. Relatively
to the expected utility to be uninformed, (3.5) shows two opposite effects of the
information uncertainty on traders’ welfare: a positive effect on the information
benefit,'® defined as (1 — A\y(\))~!, and a negative effect on the cost component
e®™ (to reduce the information uncertainty). With the cost function c(p) = p?, we
have ®(\) = [(1 — Ay(X))™" — 1] /2; therefore the negative cost effect increases in
the information benefit. The welfare improves when the positive effect overwhelms

the negative one.

Proposition 3.3. In equilibrium,

(i) traders are better off than an (fictitious) uninformed trader, who does not pay
any cost to acquire private information, i.e. U*(X) > Vi (X) for X € (0,1) if
and only if

1
B < ,
eV < 1 Oy (3.6)

(ii) traders” welfare is better than the welfare in the no-information equilibrium

A = 0 (where all traders make no effort to reduce the information uncer-
tainty), i.e., U*(N) > Vi (0), if and only if
VoA sy 1

0" S 1o

(3.7)

3Since Vi7(\) < 0, the benefit is actually reflected by the reciprocal of 1 — Ay()).
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(iii) traders’ welfare is improving in the fraction of informed traders, i.e., (U*)' (X)) >

0, if and only if

V! ()\) 1 [1 — 2)\7()0][,7 + )\7/()\)]
VZ(A) = 2 [1—Ay(\)]? ; (3.8)
In particular, at X =0, U*)(0) > 0 if and only if
Vi(0) _ n&

70— 116 = %7(0) = %(1 - ﬁ) (3.9)
Proposition 3.3 (i) and (ii) show that traders’ welfare are better off than that of the
Grossman-Stiglitzmodel when the positive effect of information benefit dominates
the cost effect for all A € [0, 1]; in particular, than the welfare in the no-information
equilibrium A = 0 when the dominance becomes stronger (note that Vi (A)/Vy(0) >
1). The reason being that they can strategically choose the probability pf = A
to observe 6 so that the welfare gain is not completely washed out by the cost of
information.
More importantly, Proposition 3.3 (iii) shows that price efficiency can actually
improve traders’ welfare if the reduction in the expected utility of the uninformed
traders due to an increase in A is below a certain threshold, which depends on the

welfare difference between the informed and uninformed, i.e., v(\), and its derivative.

Let y(\) := 17/\17(/\) represent the information benefit effect. Condition (3.8) can be
written as “%8; <A'(N) [ﬁ — %}, or equivalently,
/ 1 =~/
Vu(A) 2 7(A)

meaning that, in equilibrium lambda, the marginal welfare cost due to an increment
in the fraction of informed traders is less than the marginal welfare gain due to an in-
crement in the probability of becoming informed.'® In particular, the no-information
equilibrium is not necessarily the best-case scenario (as in the Grossman-Stiglitz
model). More specifically, if condition (3.9) is satisfied, there exist a A > 0 such
that U*(A) > U*(0) = Vi (0) for A € [0, X).

The intuition is as follows. There are two opposing effects on the welfare when

the fraction of informed traders increases and price becomes more informative. The

1611 equilibrium the fraction of informed is the same as the probability of becoming informed,

though the interpretation of A is different.
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first is the (negative) Hirshleifer effect: revealing private information reduces pay-
off uncertainty, which distorts risk-sharing between the informed and uninformed
traders. Put differently, they jointly make less trading profit from the noise de-
mand Z. In the limiting case as v, — 0, their trading profit approaches zero. The
second (positive) effect comes from the increased probability to observe the private
signal 6, thus being able to place demands x}(P) that are more positively correlated
with the payoff D. Essentially, (3.8) shows the condition under which the second
effect dominates the first, which results in a welfare improvement. At A = 0, this
dominance occurs when the squared Sharpe ratio & = a?v,vp is relatively small,
while the information advantage of the informed over the uninformed traders, v(0),
is relatively large.

The above intuition is illustrated by Panels (A) and (C) in Fig. 3.1. Panel (C)
plots the equilibrium welfare functions for four values of the informativeness of the
private signal n. From which, we have the following two observations. First, the
initial welfare improvement from the no-information equilibrium increases as the
informativeness n increases, leading to a more hump-shaped welfare function and
a more significant welfare improvement for lower equilibrium A. Second, there is a
strictly positive Pareto-optimal equilibrium A* on the welfare improvement so that
U*(N*) > U*(\) for all A € [0,1]. In addition, the Pareto-optimal equilibrium \*
decreases in n, meaning that the Pareto-optimal equilibrium can only be achieved
at a lower fraction of informed traders when the information become more informa-
tive. Panel (A) plots the regions Q(\) for the welfare improvement with the given
equilibrium A and (U*)'(A) = 0 on the boundaries. It shows that the parameter
region in (n,vp) shrinks in A, satisfying Q(\;) C Q2(A2) for A\; > A\y. Clearly, when
U*)'(0) > 0, we have (U*)(\) > (U*)(0) for A € [0,\) with some A > \*. Pan-
els in Fig. 3.2 demonstrate that the region for (U*)(\) > (U*)(0) is larger than
the region for (U*)'(0) > 0 for different values of A\. Therefore, different from the
Grossman-Stiglitz model, traders’ welfare is better than that in the no-information
equilibrium for 0 < AX. More importantly, for 0 < A < \*, traders’ welfare can be
improved as the prices become more efficient, resulting a positive relation between

price efficiency and social welfare.
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(A) (U*)'(A)>0
e o L i LA 4 S
0.8+
061 1 0 A=00 1 [0 A=00
s | 1 A=0.05 [ A=0.05
> [ A=0.10 [ A=0.10
04r 4 [ A=0.15 1 [0 A=0.15
r 1 A=0.20 1 A=0.20
0.2+
0.0 n T T n n 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2
n n
(C) Welfare . (D) Risk Premium
ww e
-0.975 0.081
— x=010 007]
] N — A'=0.15 /
------ r=020 ©08f/ 7
-0.985} ogsle—
0.041-
‘ ‘ ‘ ‘ A
0.2 0.4 0.6 0.8 1.0
Ficure 3.1. Panels A and B show that regions marked by

{n,vp} in which (U*)'(\) > 0 and ¥'(\) > 0, respectively, for A €
{0,0.05,0.10,0.15,0.20}. Panels C and D show U*(\) and v(A) for 0 <
A < 1, where vp = 0.05 and n is chosen such that (U*)'(\*) = 0 with
A* € {0.10,0.15,0.20} and n € {0.386,0.144,0.020}. We set v = 1 and

v, = 1.

To better understand the underlying mechanism, we next try to relate traders’
welfare improvement to the behaviour of risk premium as a function of the state

variable.

3.3. Relationship between Welfare Improvement and Risk Premium. In
this subsection, we try to draw a connection between the condition for the im-
provement of traders’ welfare and the expected liquidity cost of the noise demand,
E [—2]5] = (a®)v,, which is the product of the risk premium av and the variance
of the noise demand. It can be seen from Equation (2.18) in Proposition 2.3 that

v is not necessarily decreasing in the fraction of the informed traders A. Similarly,
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(A) A=0.05 (B) A=0.10
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n n
FIGURE 3.2. Regions characterized by {vp,n} for A €

{0.05,0.10,0.15,0.20}, where (U*)'(\) > 0, (U*(\) > U*(0), T(\) > 0

and ¥ > avp. Weset o =1 and v, = 1.

the total risk faced by the uninformed traders can be larger than the unconditional
variance of the dividend payoft, i.e., vy > vp.

Intuitively, a larger proportion of informed traders reduces payoff uncertainty,
however it also increases adverse selection risk for the uninformed traders so that
they trade less aggressively knowing that price contains private information. There-
fore, the aggregate risk can increase in X if the adverse selection risk plays the most
prominent role. The next corollary pins down the conditions for this to occur and

also its connection with welfare improvement.

L . . 1 0E[D—RP|3=2] .
Corollary 3.4. On the aggregate risk v (per unit of supply, that is - ==—5—"—").

(1) when & > 1, it decreases in A;
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(ii) when & < 1, it increases in A if and only if

A< A=

SRS

[\/ §1(n + &) — fo] ;

(iii) when the aggregate risk v is decreasing in A, traders’ welfare U*(\) is also

decreasing at A =0, i.e., (U*)'(0) < 0.

Corollary 3.4 shows that, close to the no-information equilibrium A = 0, more
informed trading improves both risk premium and traders’ welfare only if the ex-
pected trading profit £, < 1. Intuitively, when the expected trading profit is large,
the welfare of the uninformed traders decrease at a faster rate, as shown by Equation
(3.9), although this can be offset by a relatively small n (signal informativeness),
a small n also reduces v(0) (welfare gain by observing the private signal). There-
fore, an initial welfare improvement from the no-information equilibrium is always
accompanied by an increase in risk premium and expected liquidity cost. Note that
the converse is not true, i.e., an increase in risk premium is not a sufficient condition
for welfare improvement at the no-information equilibrium.

Figures 3.1 and 3.2 illustrate the above results numerically. Panel (D) in Fig. 3.1
plots the equilibrium risk premium () for the four values of the informativeness
n, showing the exact same pattern as the welfare to the informativeness of the
information. Together with Panel (C) in Fig. 3.1, it shows a positive connection
between social welfare and the risk premium. Panel (B) in Fig. 3.1 plots the regions
for the risk premium improvement for the given equilibrium A with ©'(A) = 0 on the
boundaries. It shows that the parameter region for the risk premium improvement
shrinks in A. In addition, comparing Panels (A) and (B) in 3.1, for the given A, the
parameter region for the welfare improvement is always a subset of the parameter
region for the risk premium improvement. This implies a positive connection from
social welfare to the riks premium. This illustrates the risk premium channel to the
welfare improvement, but not otherwise, as shown in Corollary 3.4. This mechanism
channel becomes even more clearly in Figures 3.2, showing that, for given equilibrium
A, the parameter region for v > awp is the largest, followed by the regions for

v'(A) > 0, (U*)(N) > (U*)(0), and (U*)'(A) > 0 as subsequent subsets. Therefore,
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the improvement in social welfare comes from high return, high risk investments,

which however not sufficient for better social welfare.

4. MODELLING TRADING MOTIVES EXPLICITLY

In this section, rather assuming noise in supply, we follow Bond and Garcia (2017)
explicitly to motivate trading using endowment shocks.
Each trader ¢ receives an endowment, e;D, at the end of the trading period. Thus,

trader 4’s terminal wealth is given by'”

Wi = (z; +¢)(D — P) +¢P. (4.1)

We assume that e; is known to trader ¢, but not known to other traders. Moreover
e; = Z+1;, where Z ~ N(0,v,) is an aggregate endowment shock and @; ~ N (0, v,,)

is an idiosyncratic shock, thus v, = Var[é;] = v, + v,.

4.1. Optimization problem. As before, each trader i’s objective is to determine
the optimal probability p; of observing the private signal 6, in order to maximize

his expected utility of terminal wealth,
Upi M ei) = Vi e) + (1 — p) Vi (A, e;)] e P, (4.2)
where
Vi(Ae) = II;&XE{E [u(Wi)\H,P, ei] \ei},

VoA e) = maXE{E [u(Wi)\P,ei] \ei}

Ty

are trader ¢’s expected utility depending on whether or not he observes the private
signal 6. Note that apart from 6, trader 7 also has a another private signal, which is
his own endowment shock e;. Intuitively, e; helps trader ¢ to forecast the aggregate
endowment shock 2, which is negatively correlated with the equilibrium price P. For
example, after observing the same price, a trader who receives a positive endowment
shock will infer a larger value for 6 than a trader who receives a negative endowment

shock.

17For simplicity, we assume the the payoff of the risk-free asset, R = 1.
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Conditional on his information set, trader ¢’s optimal portfolio is given by

L ki

— — e, (4.3)
aVar [D . P|]—",}

where the information set F; = {6, P, ¢;} if trader i is informed and F; = {P, e;} if
he is uninformed. As before, we conjecture a linear equilibrium price,

P=d+byf —b,3. (4.4)

Next, we characterize the solution to traders’ optimization problem. The optimal

demand for the uninformed and informed traders are given by

(1—k)(d— P) — KBe pe;

7 () — ‘ (15)
where
o p3
K = LPQ, and vy = (ve +vg) [ 1 — P’D2 = Up — KOy p,
vp — UZ’P L—pCp
and
d+6—P
0,Pe) =————e¢€,, 4.6
K0, Pe) = e (16)
respectively.

Next, we compute expected utilities for the informed and uninformed traders,
i.e., Vi(\ e) and Vi (A, e;). Next, we work out . First, trader i’s welfare given his

information set is given by

E [u(Wi)m} — —exp {—anP - 1x_?} , (4.7)

2’01'

where y; = E [D — FN’|]:Z] and v; = Var [D — P|E] Since, conditional on the
investor ¢’s endowment shock e;, the price P and expected excess return y; follow a
bivariate normal distribution, we can obtain the following expression for trader ¢’s

welfare given his own endowment shock.

Proposition 4.1.

E{E [u()|7] |e.} = —exp {—Aoei + %Alef} (Ui)_m, (4.8)

i
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where
Ay = ad, A = a*(vpje(ve + vg) — Ug,P) - 53,19 —20(ve +vg — 09.p)Pe.p
v
and
2
D, Oc.p
V= vy, + 0 = Uple + (Ve + vp) — 200 p, vple = Var [P|ei] =vp = - —|iv .

From Proposition 4.1, the expected utility gain of becoming informed is indepen-

dent of his endowment shock e;, i.e.,

VQFEW@T%LE§%M21_JE;%E;' (4.9)

Therefore, the solution to trader i’s optimization problem in (4.2) is given by (2.9)

just as in the baseline model. Also, the concavity condition, " (pis A\, e) < 0, is

satisfied if (2.12) is true, where v()) is given by (4.9).

4.2. Equilibrium. Since we assume the risky asset is in zero net supply, market

clearing requires
1
/[Mﬂaaﬁy+u—AmﬂR@nmzo, (4.10)
0

where A is the fraction of informed traders. In the next proposition, we determine

the coefficient by and b, in equilibrium.

Proposition 4.2. For given A € (0,1), let ¥ = v,/(v, + v,), there exists a linear

equiltbrium price of the risky asset,

P =d+ b —b:7, (4.11)
where x = 2 solves
1 1— A\
e At ) 4.12
1 A
b@ - 21)*1+)\v;1 U€+)\v9 2v;1+v;1 3 (413)
1 + € 01:1+U;1 ve+vg + X v;1+vt‘;1
and X is the solution of
a1 )
A= | T 4.14
g (a,u I—=XM(\) )’ (4.14)

where y(A) is given by (4.9), assuming the sufficient condition for concavity in (2.12)

is satisfied for the equilibrium .
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4.3. Welfare. The welfare of trader i, given his endowment shock, e; can be mea-

sured by
_ 1 v
U= S
22 (1= My(A)
since every trader optimally choose the same probability p! = A in the Nash equi-

U (N e)) =UN N e), (4.15)

librium.
Next, we consider two special cases where A =0 and A = 1. Note that for A = 0,

the equilibrium price becomes P=d-— a(vg+v.)Z and trader i’s optimal portfolio is

xf(P,e;) = a(ff;ﬁ) 5 € On the other hand, when A = 1, the equilibrium price and

trader i’s optimal portfolio are given by P = d+60—aw.Z and (0, P e;) = dth:P—e

7.

The following proposition characterizes traders’ overall welfare.

Corollary 4.3. The welfare of trader i is characterized by Equation (4.8), where

o (Ve + vg) (20, /ve — (V2/ve)? + 02 (Ve + V) Ve v
PR LD CO Tl P10 A ORI RN
(e 1)Z|e(’U6 + ’09) V;
(4.16)

when A = 0 with p — oo, and

v, (2v,/ve — (V. /ve)? + Qv
R o S s NP

=14+ d*v,. (417
T a2, a“vg, " + v, ( )

1)
1—y(1)"

Moreover, traders are always better off in the no-information equilibrium than in

when X =1 with v, = Var [Zle;] = (v;t 4+ v, 1)~ and ap = 5

the full-information equilibrium, i.e.,

U (0: e; 1 1 1 L\ 1+ o200,
UOe) 3 Lo L e N +atve
U*(1;e;) 21—7(1) 2 Ve 1+ o2 (ve + vg)vse

(4.18)

Corollary 4.3 shows that, in terms of welfare, the no-information equilibrium (no
traders observe é) dominates the full-information equilibrium (all traders observe 0~),
since welfare improves for every trader when A switches from zero to one, regardless
of the realization of endowment shocks. In other words, the full-information equi-
librium is not Pareto efficient, in the sense that there exists an equilibrium with a
different A\ such that no traders are worse off and at least one trader’s welfare im-
proves. Therefore, an important question is whether the no-information equilibrium

also dominates any other equilibrium with A € (0,1). If so, one may conclude that
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(at least in this particular model setting), the social value of asymmetric information
is strictly negative, and traders can be made better off if no one observes 0, e.g. by
increasing the cost parameter u. However, in the following we show (numerically)

that this is not the case.

(B) U (A+D;e)>U*(Ase) (A) U (A+D;0)>U*(A;0)
04F : : . : : — ‘ ‘ J A; *0)
0.4F
0.3+ 1 0.3+
0 e=0 O VValv; =0
$ 02r 4 e=0.1vve S 02} 1 VValv; =3
e=0.24/ve JValv, =2.5
[ e=0.3vve 0 Vel =2
0.1 q 01F i
0.0 0.2 0.4 0.6 0.8 1.0 12 0.0 0.2 0.4 0.6 0.8 1.0 12
n n
(C) U (A+A;0)-U*(A;0) (D) U (A+D;e)-U*(Ae)
0.002
"\ L L L Y
. .02 04 06 08 1.0
g2 VWalVe =4 002 o0
-0.002 VValv; =3 e=0.1yve
-0.004 Vvilvi=25 000 e=02v/ve

-0.006

........ JValv; =2 -0.006 ceneeee €203V

-0.008
-0.008

~0.010
-0.010 -

FIGURE 4.1. Panels A and B show that regions marked by {n,vp}
in which U*(A;e) > U*(0;e), where e = 0 and /v, /v, € {0,3,2.5,2}
in Panels A, and e/\/v. € {0,0.1,0.2,0.3} and /v,/v, = 3 in Panels B.
Panels C and D show the welfare improvement U*(A;e) — U*(0;e), where

n =0.1. Also, we set « =1 and v, = 1.

In Figure 4.1, it is clear that the welfare improvement region shrinks in v, and
e. Also the A* for which U'(A\*;e) = 0 increases with v, but decreases with e.
Therefore, there exists A close to zero such that the welfare improves for traders
with small endowment shocks, i.e., e relatively close to zero. Therefore, equilibria
with asymmetric information can be Pareto efficient, since it is not dominated by

the no-information equilibrium.
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5. CONCLUSION

In this paper, we model traders’ strategic choice of the probability to observe a
costly private signal that helps to reduce uncertainty of the future payoff in an oth-
erwise standard noisy rational expectation model of Grossman and Stiglitz (1980).
We find that, in contrary to prior literature, paying a cost to increase the probabil-
ity of becoming informed can be beneficial to speculative traders who are supplying
liquidity to either noise traders (with exogenously given liquidity needs) or hedgers
who trade to insure against future endowment risk. Due to high-risk, high return
investments, the marginal expected utility gain from observing the information is
not completely washed out by the cost of information acquisition. Therefore, with
information uncertainty, the social value of asymmetric information is not strictly
negative as suggested by previous literature. Consequently, an increase of market

quality can be associated with a beneficial increase in social welfare.

APPENDIX A. PROOFS

Proof of Lemma 2.1: Since traders’ terminal wealth VNVZ = xl(f) — P) is normally dis-

tributed, given his type, trader i’s optimal demand is given by

E [D - Rﬁm}
x}(P) = — : (A1)
aVar {D — P|.7-’,}
For the informed trader who observes # and P,
E [D—RP|9,P] —d+60—RP, Var {D—Pw,P} = v. (A.2)

On the other hand, for the uninformed trader who only observes P,
E [f) - RP]P] = (1-Bpg)(d— RP),  Var [[) . P\p] —w(1—pap).  (A3)

Substituting (A.2) and (A.3) into (A.1) leads to (2.7).
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Next, we compute trader ¢’s expected utility given their information set F;, which yields
- - 1 -
E [u(Wl)\fz] = —exp {—a (]E [WZ|]-"Z} - iaVar [WJ]-"J)}

= —exp{ ~a | aiE[D ~ RP|F] ~La(zi)* Var [D — RP|F]
Nl )

Xi UD|F;

——ep{-3 21 (4.4

For the informed, vp 7, = ve and vy, = Var [(1 — bp)0 — b.z] = (1 —bg)*vg 4 bv., whereas
for the uninformed trader, vp iz, = vpp = ve + (1-— pap)vg = ve + (1 — Bpoby)ve and
vy, = Var[(1 = Bpg)(d — RP)] = Var[(1 — Bpg)(—bgb + b.2)] = (1 — Bpg)?(bzug + b2v.).

Next, since the conditional expectation y; = E [D — RP[]-"Z} itself is a normally dis-
tributed random variable for both informed and uninformed traders, we can use following

standard result to compute trader #’s unconditional expected utility.

Lemma A.1. Let X € R" be a normally distributed random vector with mean p and
variance-covariance matriz . Let b € R™ be a given vector, and A € R™™ a symmetric
matriz. If I — 2X A is positive definite, then | [exp{bTX + XTAX}} 1s well defined, and
given by

E [exp{bTX + XTAXY] =T — 294 2 exp{d pu+ p" Su

n %(b +240) (1 = 25A) 'S (b + 24p) ).

Applying Lemma A.1 to the conditional expected utility in (A.4) with X = x;, A =
_%(UDI }-i)_l, Y =1y, b =0, p = 0 leads to the desired result and the expressions for
¢r(A) and &y (A) in (2.8).

Thus, assuming the concavity condition ¢ (pi, A) is satisfied, trader i’s optimal choice

of p; is determined by the first order condition,

Vi)=Y
AViA) + (1 =0Vu(A) 1=\’

apg(p;) =

which leads to (2.9).
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Proof of Proposition 2.3: We substitute the linear equilibrium price P = %[d + by — b.Z]

into traders’ optimal demand functions in (2.7), from which we obtain

bovg
d+0— RP (1—71)2 b22>(d_RP)
250,P)= VT d (P = e (A.5)
Qe «o <vE + 7133”91;5%: ’1)9)
Then, by applying the market clearing condition,
Az7(0, P) + (1 = Magp(P) = 2,
we obtain the following equilibrium price,
- (1 A) (1_ Ubeve . ) -
Ad+0) + o) gz
p . 1 €+bgvez+b%vz
R (1—,\)(1— 52020 )
A + l;gv9+bzvz
Ve Vet 5 bZUZQ Vg
L b9v9+bzvz ]
1 AU ~
—(d+220— av3 A6
i ( + o avz) , (A.6)

where

b
1 A (1 - )\) (1 - bgvggfggvz)
= .

b2v
Ve Yzvz
Ve + bgvg +b2v,

Vg
Thus, by matching coefficient to the conjectured equilibrium price, we obtain
AU

Ve

by

and b, = av.

Since by = A\b,/(awe), we obtain an explicit solution for v by solving

(Abz /) vg /ve
A (1 - )‘) (1 - ()\bz/oz)Qvo/Ungrbgvz) _ b.
— b2v, T o
Ve Ve + (b2 /o) 2vg [0+ 520, Vo (6

for b, and substituting the solution back into the expression for 1/v.
On the optimization problem in (2.4), let V(A) = AVz(A) + (1 = A\)Vy(A) and V(p; \) =
pVi(X) + (1 = p)Vr(A), we have'®

U (p; A) = e“Papg(p)V (p, N) + [VI(A) — Vo (V)]

U () = apg(p)ee® [(aug(p) n gg((;’)) ) V(o) + 2V — ()]

Therefore the necessary and sufficient condition for U”(p; ) < 0 is

(aug(p) n gg'((]f)) ) V(p. )+ 2Vi() — Vu(W)] < 0. (A7)

18ye drop the subscript i for the remainder of the proof, in order to ease the notation.
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Note that in equilibrium,

L VI =Ve) 1 )
SEPTOVRRTION g T2

Also, note that

Vip, A) =[L=py(NIVw(A),  Vi(A) = Vu(A) = —v(A)Vu(A).

Therefore in equilibrium, (A.7) becomes

YA g dP] B
STVl R

We have from (A.8) that

o) gl N gD
L=2W) g 1=py(N) = g(p)’
which leads to condition (2.10).

Moreover, for a sufficient condition, note that (A.7) can be written as

Vi) — Vo(h) < —+ [g(p) Vi) - Ve |, d0)]

2 g0 =V 9(p)

(p, N),

which can be written as

1V(p,\) g(p) B 14 ()
‘2wwgwhww ol < -5 20

<1

Therefore, a sufficient condition for &” (p; \) < 0 is given by

14'(p) 5
Vi) =Vu(d) < =3 o) Vi(p, ),

which is equivalent to

[1 14'(p) ] Vi) Vo) _ 14'(p)
2 9(p) —Vu(N) ~ 29(p)
¥(A)

that simplifies to the condition (2.12).

(A.10)

(A.11)

(A.12)

(A.13)

Next, if the sufficient condition for ¢/” (p; A) < 0 is satisfied, the Nash equilibrium for the

choice of probability p; to observe the private signal # must be symmetric, since traders

are homogeneous, i.e., pf = X for all € (0, 1), from which we obtain the equilibrium A in

(2.16).

Proof of Proposition 2.4: Note that v(\) € (0,1). With ¢(p) = p?, from the equilibrium

condition 2auA = y(A)/[1 —v(A)], it is easy to see that A — 0 as p — oo. For A =1, we

1 )
200 1—v(1) "

have p =
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It remains to discuss the case p > fi. To this aim, note that, in case of c¢(p) = p?, the

fixed point (2.16) is equivalent to

1 1
M ——A+-—=0. A.14
YA 2ap (A-14)
By defining
1 1 292(\) 1 1 272(\)
FlA) = —— — ——[1— PPN\ = ey [ 1=
) 29(A)  29(N) ap 2 29(A) - 29(N) ap

(A.14) can be rewritten as
A= FIIA = F2 (V)] = 0.

Assuming p > 2v2(\)/a (otherwise the fixed point has no solution and \* = 1), F! and
F? are well-defined. Tt is not difficult to show that 0 < F1(\) < F2(\). Therefore, since
F1(0) > 0, one solution to (A.14) exists if and only if F*(1) < 1. This condition is exactly
w> .

Finally, concerning uniqueness, note that dF'()\)/d\ < 0. Indeed,

dr' ) _ AW (1_ 1_272@)) R (O I (OO R ¢ B
dX 2(\ a > ) =
292(A) p a1 - 22 7(A) -2

Negativity is due to the fact that 4/(\) < 0, v(A) > 0, and F*(\) > 0. By monotonicity,
A = F'()) provides at most one solution. Therefore, if a second solution A to the fixed
point exists, it must solve A = F2(\). By definition F2()\) > ﬁ(/\); therefore, as soon
as 7(A\*) < 1/3, we would have A = F2(\) > 3/2, which is unfeasible. This proves that
the solution to the fixed point is unique as soon as the sufficient condition for concavity,

v(A) < 1/3, is satisfied.

Proof of Proposition 2.5: In equilibrium,

_ Vi) =) ()
apg(A) = — O “ T L(A).

For A = A(u), taking the derivative w.r.t. p, we have

ag(A) = =X(u)[I'(N) -

Therefore (1) < 0 if and only if (2.20) holds.
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Applying ¢(p) = p? to condition (2.20) leads to condition (2.21). Clearly, (2.21) holds
for A =0. For A =1, condition (2.21) becomes

WA+ <L
Since y(A) =1 — f(A), this is equivalent to

1+ f7 <3f1+ fi.

Using the fact that f(\) = 4/ g;igi;, we obtain condition (2.23).

Proof of Proposition 3.3: In equilibrium, the welfare function is given by
U*(A) = V(A) exp(®(N)),

where

VO = AVIO) + (1= WV () = (1= A V(n), o) = YA

Hence
') = POV | Z 5 - )|
and U*(N\) > 0 if and only if
O
e RO
Note that
V) _ V) 2+ )
S PV oV I S eTpy
and
co A [ g ) A T e A
V=10 [1 PEIOY U(A)lmm]*g(wmm)?‘
Therefore U’'(\) > 0 if and only if
) ) e [f0) a0 A e ,
TE0) S T o0 o)~ T * (T30 — s T aoue )Y

Since c(p) = p?, it follows that
LA ) ] 1Y) 11— 2e ], L A0
0= 5|1 0]+ 32 T 300 ~ 2T 0 )
which leads to (3.8). At A =0,

2

2

Vi (0) _ néo
V(0)  1+4+&
Applying this to condition (3.8) at A = 0 leads to condition (3.9).




35

Proof of Corollary 3.4: The risk premium per unit of supply is given by %E[f)—RP |z] = awv.

From (2.19), we have
P S
L+n+gA

SIS

Then
O(ve/v) [L+n+ &N = [1+n+ &)

ox [1+n+aA?

(A.15)

(i) When & > 1, 8%;\5) > 0 always holds, meaning that the risk premium v decreases
in .
(ii) When & < 1, we have % <0 if and only if
1+n+;—1A§ (1+n)+g—1,
which leads to the result.
(iii)) When X = 0, aggregate risk v decreases in A, i.e., (0) < 0, if and only if { > 1.
Note that if &g > 1, the necessary and sufficient condition for welfare improvement

n (3.9) becomes

1 1
< =1—4/—- —-n> .
n<~v(0)=1 1—|—n:>1 n_\/1+n, (A.16)

which requires n < 1. However, when n < 1, (A.16) becomes

(1—-n)*(1+n)>1, (A.17)
which never holds since

(1-n)*(1+n)—1=n[nn—-1)—-1] <0. (A.18)

Proof of Proposition 4.1: In the following proof, we drop the trader specific subscript,
as we will always be referring to trader ¢. First, note that each trader’s expected utility

conditional on his information set is given by

Vic(e;\) =E {E [u(VV)pf] |e} —E [_ exp {—aeP - 2} |e] . Ke{LU},

2 v
(A.19)
where y = E[D — P|F] and v = Var[D — P|F], respectively.
First, since (given the endowment shock e) x and P follow a bivariate normal distribu-

tion with mean vector and covariance matrix given by

= Fixte and Y= Uxle T0cP)le , (A.20)

KPle O (x,P)|e Uple
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where py. = E[xle], upe = E[Ple], vye = Var[xle], vpe = Var[Ple] and o(, p). =

Covlx, Ple]. Thus, using Lemma A.1 we can establish the following result,

'uile + e |:2V,UP|6 + 2,U/X|€O'(X7p)‘e + ae (U?X’P”e - V'Up|e):| v
Vik(e;A) = —exp( —

Qv v’
(A.21)

where v = v + vy .

If the trader is informed (K = I), i.e., F = {0, P, e}, since x =d+ 6 — P and v = v,
we obtain that
Hxle = —Pe,pe, Hple = d + fBe,pe,
Vyle = V9 + Uple — 209 p, O(x,P)le = 06,P — UP|e- (A.22)
Substituting (A.22) into (A.21) leads to the expected utility of an informed trader in (4.8)
with v = v..
On the other hand, if the trader is uninformed (K = U), i.e., F = {P, e}, since y =
(1= k)(d— P) — Kfe,pe and v = vp — KOy p, k = 09 p/Vp|c, We obtain that
:ux|e = _/Be,Pev ,U/P|e =d+ Be,Pev
VUxle = (1 - H)QUP\ev O(x,P)le = _(1 - H)UP\e' (A23)

Substituting (A.23) into (A.21) leads to the expected utility of an uninformed trader in

(4.8) with v = vp — Kog, p.

Proof of Proposition 4.2: Substituting the optimal demands z*(P,e) and x*(0, P,e) in
(4.5) and (4.6) into the market clearing condition (4.10) leads the following,

d— A~ P -
@-P 9:[1+(1—A)’W]z (A.24)
av oV, oy
where
1 X 1=
- =—+ — 5 vy = v .
U Ve oy 1—r
Thus, the equilibrium price can be written as
AT~ P -
P:d—i—ve—av[l—i-(l—)\)m}z. (A.25)
Ve vy
~—
be b
Therefore, we obtain
b 1 A
r="= (A.26)

b. Ve | 4 (1 — \)Per’

avy
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which can be written as

r= L [)\ S (1-2) (we,P;;) x] . (A.27)

Qv

Since vy = vp — kog p, k = 09,p/Vp|e and Be p = T¢ p/Ve, also

Oe,P — —b vz, 0g,p — bgvg,

Vple = 631}9 + bzvz|e7 Vzle = (U,;l + 'Uzjl)ila (A28)

we can obtain that

2
v Vy VeV 1

_ (,{5&1)6) = 2V = S (A.29)
vy VyUzUD + VeVl Ve/vz + 2720y (vy " Fve )

Substituting (A.29) back into (A.27) leads to (4.12).

Next, given x, we substitute (A.28) into the expression for by and obtain that

! AU Ab, (qusz + vevevng)
9 pr—

— = ) A.
Ve bx?v009 — vevvgr(l — N) + byvy (vevga? + v upA) (A.30)

Since b, = by/x, (A.30) can be simplified to

2 A
by = —cle ot Bub=UDA (A.31)
VUYL + VU, (Ve + Vo)

which leads to the expression in (4.13).

Proof of Corollary 4.3: For A\ = 0, since the equilibrium price P=d-— avpZ, we have

2,2
'Up‘e =« UDUz|e7 gg.p = O,
Vy 2
Be,P = _avaia V= UD(l +a Usz\e)‘ (A32)
e

Substituting (A.32) into (4.8) leads to (4.16).

On the other hand, for A = 1, since the equilibrium price P = d + 6 — av.Z, we have

22
Uple = Vg +a Ve Vzles 0g,p = Vg,
vy 9
Be.p = —0e =, v = ve(1 4+ a vevye). (A.33)
e

Substituting (A.33) into (4.8) leads to (4.17).
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