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ABSTRACT

This work deals with a dynamical model able to esent the
equilibrium of a monopolistic market which is cheterized
by the presence of a counterfeiter. The formalmaf the
behaviours of the economic agents (the monopottse,
counterfeiter and the consumers) leads to a firgieo linear
difference equation system, whose solution descrithe
dynamical equilibrium of the market.



1. INTRODUCTION

Some authoritative international organizations (UlBternational Trade
Commission and Comité Colbert) have recently pdirmet the increasing influence
played by the counterfeiting in several modern eaams. In particular, by
deceptive counterfeiting we mean the counterfeibhgoods and services in order
to fool the consumer on their originality.

Notwithstanding the importance of such a featumnterfeiting is mainly
analyzed in literature by static models (at leaghe best of our knowledge). In this
work we propose a dynamical model able to repretbenéquilibrium of this kind of
monopolistic market. The formalization of the ecomoagents’ behaviour leads to a
linear, finite difference equation, whose solutiafescribes the dynamical
equilibrium of the market.

The present work is organized as follows. In Sectlb we describe the
dynamic relations arising among the economic agehts partly refer to the so
calledpedlar mode(Mossetto (1992))in Section 3 we present the dynamic system,
whereas we discuss the conditions for the converyém the constant equilibrium
level in Section 4. Some final remarks that repnesmiggestions for a future
research are discussed in Section 5.

2. DYNAMIC BEHAVIOUR

We develop a relatively simple model which consdi&ie dynamic relations
arising among the economic agents.

Even if the model considers two producers that aimn the market, like
the duopoly of Cournot, it incorporates differessamptions about the underlying
structure of the market and behaviour of firms.

The economic agents’ behaviour may be summariséaollaws:

Step 1- At time t =t,:= 0 the counterfeiter begins to produce and sell catgited
goods. He satisfies that part of consumers’ dentlaaidhas not been satisfied
by the monopolist.

Step 2- At time t =t, consumers, who are unable to distinguish the ralgrade-
mark from the counterfeited one, purchase the tpiahtity, i.e. the sum of
quantities offered by both the monopolist and thenterfeiter.



Step 3- At time t =t;:=t,+1 the monopolist notices that the market’'s pricéhat
previous instant was not the right one: therefoeebecomes aware of the
counterfeiter’s presence. In order to maintain reijgutation, he carries out
costly investments. We may consider investmentsarnketing strategies, for
example advertising expenses in order to spreadrnvdtion on
counterfeiter's presence among the potential comessimpopulation. The
monopolist maximises his profit at timg, according to his current cost
structure.

Step 4- At time t =t;:=t,+1 consumers react to the reputation investmentshwhic

have been carried out by the monopolist (usuallydiginishing the total
demand).
Step 5 From the instant =t; :=t; +1 the process restarts frodtep 2

2.1 Dynamic demand function

Let us consider the following linear demand funatim a counterfeited
market:

a-bOy( - bOR( )+ KJ dI§°( }] (1)
a=-bifiy()+ £ (9]+ ki dOP( )]

p(t)

with
a>0, b>0, kOR andd =0,

where

y(l) is the demand at tinle,

ye () is that part of the demand which is satisfied ly tounterfeiter, at
timel ,

k is the consumers’ reaction to the investmentseputation made by
the monopolist.

d is the monopolist’s reaction to counterfeiting,témms of investments
on reputation.

yee(l) is the counterfeited quantity that the monopdaligiects at timé .

The above equation takes into account that theosoimnagents’ reaction to
counterfeiting is supposed to be linear and thatafbtime t <t;:=0 the agents’

behaviour coincides with the classical one. Westate the following observations:



Remark 1 investments on reputation linearly depend on rpolist's expectations
about counterfeiting, at tinte

1) =d 32t =dGR(t-1). (2)

Remark 2 consumers’ reaction, in terms of total demanagdrly depends on the
monopolist’s investments at the same time:

kO(t) =kQd G/ (t-1). 3)

Remark 3for all t<ty:=0, given thatyp(t)=0 and yp(t-1) =0, equation (1)
gives the classical inverse demand function

p(t)=a-bly(t)=a-bly=p. (4)

Whereas, at time =ty := ,@iven that

Ye(t) =¥ (0)#0 and yp (-1 =y (-)=0 (5)

the initial price is

p(0) =a-bLy(0) +yr (0). (6)

2.2 The monopolist’s behaviour

We assume, as implicitly noted before, that thaerenly one trade mark
owner whose decision problem consists of choosig lével of output that he
wishes to sell, in order to maximise his profit.eTimonopolist maximises profit by
setting marginal revenue equal to marginal costisasl

RM,, (t) = CM,, (1) @)
where
_ORT, (1) _oCTu @)
"M =750 M O="50q



RM,, (t) is the monopolist’s marginal revenue at titnewhich is equal to the
derivative of monopolist’s total revenuTy, (t),

CM, (1) is the monopolist's marginal cost at tinie which is equal to the
derivative of monopolist’s total co€ITy, t ()

Although we do not discuss these issues here, wet gt that the
monopolist’s total cost structure generally diffeiem that of counterfeiter, even if
marginal costs are assumed to be equal, i.e.

CTy (t) 2 CTe (t) (in particularCTg (t) <CT,, () ); CMu()=CMg(t)=CM(t).

Marginal revenue and marginal codrom a differential increase in the
guantity can be expressad follows(Corazza-Funari (1996)

RM, (1) = a-20b0y - Ig( )+ K dI§( £1)] 9)
= a-bfi20y(t) + R (9] + kil dOf( )]
CMy (t) = c+cH(t)+dT2e(t) (10)

c+cy) +d I (t-1)

O<c<a

From condition (7) we obtain the monopolist’s ominguantity at timet,
which we denote byy, (t) :
(11)

o a-c _ (k 1) o
V=220 -0 e+ Dy i-0).

<0 |if k<l and d>0

Where a-c >0, —L<Oand m =0 if k=1 or d=0.
c'+2lb c'+2([b c+2[Dd .
>0 if k>1 and d>0

Remark 4 we observe that for atl<t,:=0, equation (11) gives the monopolist’'s
classic optimal quantity



with O

where
f

ys()
yu (D)

ys(1)

Remark 5counterfeiter’'s quantity at timtas assumed to linearly depend on the gap
between the counterfeiter's expected value abausttially optimal output
level and the value he expects about the monojsotiptimal output level, at

a—cCc 0
= 0t <ty :=0.

ym (1) =
whereas at timé=t,:= 0, because

Ve () =¥ (0)#0 and Y2 (,-1) = (=D =0,
we observe the following monopolist’s initial opahguantity

a-c b
v (0) = - 2(0).

2.3  The counterfeiter’'s behaviour

At time t counterfeiter’s behaviour is assumed to be aevdll

fOIYE(D) - Yoo ( )]
f Qys(t=10 =y, (t- ]

Y (1)

< f <1,

(12)

(13)

(14)

(15)

is the percentage of the demand which may befisdtidy the

monopolist but that is actually satisfied by themerfeiter.
represents the value of the demand that the cdeitée expects that

the monopolist could theoretically satisfy at titne

represents the counterfeiter’'s expected value tattw monopolist’s

optimal quantity at timé¢ and

represents the socially optimal (competitive) atitpvel.

same timd.

y2 () = flys(t) - yae@)|.

(16)



Moreover, let us assume that

Ys(t) = ype(t) = ys(t -1 - ym (t-1). (17)

Some remarks og(t) are necessary.(t) represents the consumers’ demand
that the monopolist could theoretically satisfy. Blenoting by |'|[y(|)] the
monopolist’s profit at timé, it follows that:

AN

0 se y(I)>ys(l)
0 se y(I)=vys(l). (18)

0 se y(I)<ys(l)

Mly(h]

V

Given the demand function which has been introdunesection 2.1, it is
possible to prove that(t) is the output level such that

pP(ys (1) =CM(ys (1)) (19)

Using equations (1), (10) and condition (19) welfthat the socially optimal
quantity at time is given by

a—c
ty = &2~
ys(t) oib o eryF( )+

c'+2b ,
= Y (1)

c'+b M

il
wp D (20)

Finally, by substituting (20) into equation (15) webtain the following
counterfeiter’s quantity

1 Counterfeiter’s decisions about quantity do natwiefrom an optimization problem, as for the moolig.
A counterfeiter’s optimizing behaviour might be ént®d in the model by choosing a suitable paranieier.
by choosing f D[O,l] as to exogenously maximize his net benefit.



(0] I 2|:b o (0]
B0 = 9% 20y -y -0
(21)

_fb o,
_C'+byM(t 1)

3. THE MODEL

From equations (11) and (21) we obtain the follgvimear difference
equation system

0 _ a-c __ b 0 dik-1) o, _ (22)
Ym® c'+2[b c'+2|])y': )+ c'+2[b Ve (=D

o I 1

VRO = v (D

Given the previous first order linear system of tdifference equations, we
can get the following second order linear diffeerequation which specify the
dynamic of the monopolist’s optimal quantity

ym (D) —alyy (t-D-BLy,(t-2) =y, (23)
2
with a=- f b <0,
(c'+b)(c+2[b)
<0 if k<1 and d>0
- POEMK-D _ 5 ¢ k=1 or d=0 (24)
(c'+b)(c+2[D)
>0 if k>1 and d>0
and y= a“c .o.
c'+2([b

The general solution of (23) is obtained by addingarticular solution of (23)
to the general solution of the homogeneous patieprevious equation:



y(l\)/I ,Gen(t) = y:\)/I,Omo(t) + yl\)/I,Par( t) (25)
Where
Y cen(t) represents the general solution of (23),

Y par(t) represents a particular solution of (23),

Ymomo(t)  represents the general solution of the homogengart of equation
(23), i.e. by settings =0 in (23):

ym-alm t-1)- L0y (t-2)=0 (26)

3.1 Homogeneous solution

Let us begin with the homogeneous equation (26Jatt be proved that the
general solutioryy, ..(t) is given by

o :{cl/llt AL i M #E A

At +otAt if A =4, = 27)

where
_ax,o*+4B
Ao = 5 (28)

—fb? £/ F2b* + 4d( k= 1) bf( ¢+ B( &+2 b
2(c'+b)(c+2b)

with A;, A, the two characteristic roots of the quadraticrabiristic equation. By
the superposition theorem/A; and A, are to be linearly combined each with its
arbitrary constant; andc,, so that the solution of the homogeneous par8f (s
Y91 omo(t) =CiAf +¢pA5. On the other hand, i, = A, (i.e. if. A=a? +48=0),

the homogeneous solution is given B omo(t) = A +cotd'.

10



Remark 6it is possible to prove that

<0 if k<k
a?+4B =N =0 if k=K, (29)
>0 if k>k
with
- f b3 -
k:=1- k <1).
sdnomyerzn <Y (30)
3.2 Particular solution
It is possible to prove that a particular solutadr{23) is the following
— Y
t
ylc\)/I,Par( ) 1—G—B (31)
_ (a-c)(c+Db) '
(c'+2b)(c+b)+ B Of- dId] f{ k-1)
Remark 7it is possible to prove that K#k* , then
1-a-B#0
If k<k*,then
y(l\)/I,Par(t) = y(lz/I,Par >0 (32)
where
(33)

o _p, (CHb)cH2b) + f b2

(k* >1>Kk).
bf [d

k

Remark 8:if there is not counterfeitingf(= 0), the solution of (23) is equal to the
solution of the classical monopoly, i.e.

11



a—cC

iy (34)
C +2[b M,Par

yf\)/I,Omo(t) = O: yOM,Omo’ yf\)/I,Par(t) =

a-c _
[b_yM,Gen'

_a-c (35)
c'+2

yf\)ll ,Gen(t) =

4, STABILITY CONDITIONS

Since the non homogeneous term in (23) is conskenparticular solution
(31) is given by the steady state valje, (1), i.e.

ytls/I.E(t) = )/l?/I,Par(t)' (36)

whereyy, £ (t) is such thatyy £ (t) = yy -1 =yy t-2) = yy (t).

The convergence of the time-path of solutig (t) to solutionyy, (t), the

steady-state constant equilibrium level, depends tb@ nature of the two
characteristic rootsl; and A,. Each characteristic root must be less than unity

absolute value for the path to converge.

We can state the following theorem:

Theorem The equilibrium (36) is asymptotically stableki& k < k), , where

R R @)
ky, =1+ (c'+b)(c(;+§b[g ~b° f (ky, >1). (38)

Proof:

« For k<k the homogeneous solution is
Ym omol®) = p'(c costd +c, sentd),
where p is given by:

12



a2 ‘0/2+4ﬁ‘
o= T+T,with a,Bdefined as in (24).

Since a2 +48<0 for all k<k then p= |-9@=KBT ondtor all
(c'+b)(c'+2b)

k>k, k defined as in (37), we obtain<1 and then equilibrium is
asymptotically stable for alk <k <k .

« Fork=k the homogeneous solution is

- fb?
2(c'+b)(c'+2b)
obtain that the equilibrium is asymptotically $eafor k =k .
« Fork>k the homogeneous solution ¥ omof(t) = CM +CoA5
with 4, and A,. defined as in (28). Sinddy| <1 for k <k* (k* is
defined as in (33)) anth,|<1 for k <k, (k, defined as in (38)),
giving that k/b <k * we conclude that the equilibrium is

Yo omolt) = A +cotAl, with A4 = . Since-1<A<0 we

asymptotically stable fok <k <k A, -
We notice that
k<k<l<ky <k .

We can summarize the previous results as follows:

K 1 K, K’

>

Asymptotic stablity

with K, k*, IZ,kAZ defined as in (30), (33), (37) and (38).

13



5. CONCLUDING REMARKS AND OPEN ITEMS

In order to obtain
yy ()20, y2(t)=20 andp(t)=0 Ot=t,=0
we need to define some criterion able to detecbpgy range fok.

Moreover, it could be interesting to generalize oadel by consider time-
varying parameterd (t), d(t) andk(t), instead of constant ones, in order to permit

to each economic agent to pursue a dynamical policy
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