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ABSTRACT. This paper gives an analysis of the behavior of polarizing grids and reflecting polarizers by
solving Maxwell's equations, for arbitrary angles of incidence and grid rotation, for cases where the excitation

is provided by an incident plane wave or a beam of radiation. The scattering and impedance matrix representations
are derived and used to solve more complicated configurations of grid assemblies. The results are also compared
with data obtained in the calibration of reflecting polarizers at the Owens Valley Radio Observatory. From this
analysis, we propose a method for choosing the optimum grid parameters (wire radius and spacing). We also
provide a study of the effects of two types of errors (in wire separation and radius size) that can be introduced
in the fabrication of a grid.

1. INTRODUCTION plane of the incident radiation along which an arbitrary electric

The literature on wire grids is abundant, and they have beenfi€ld can be decomposed and shown to scatter without cross-
studied with different techniques and for numerous applica- polanzann. Wlth this represgntatlon at hand, it 'WI|| thgn be
tions. Most of the analyses were, however, restricted to specialP®SSible to derive a set of optimal parameters (wire radius and
cases of incident field and grid orientations. The more generalSPacing) to be used in the selection of a grid. We will also
and arbitrary situation seems to have been first studied by WaitPréSent an analysis of the effects of random errors that can be
(see Wait 1955 and Larsen 1962). This problem is addressedntroduced in the fabncatlo'j of grids, the result_s obtamed.wnl
again in this paper and follows a line of analysis fairly similar then be compared to experimental results previously published
to the one used by Wait. Our treatment is, however, more gen-PY Shapiro & Bloemhof (1990).
eral in that we do not assume that the wires of the grid are 1 N€ last section will be dedicated to the study of the more
induced with only a longitudinal current; we will indeed show Subtle impacts that the nature of the incoming radiation can
that an azimuthal component is also present. We also solve fof'@Ve on the response of a grid assembly such as a reflecting
the induced current by considering the tangential componentsPPlarizer (8 4). Although limited to this particular case, our

of both the electric and magnetic fields at the surface of the discussion could possibly apply to other types of instruments.
wires. We have also included (Appendix B) a list of the symbols

This analysis is carried out in the next two sections and will Used in the different equations.

serve as the basis for our treatment of the reflecting polarizer

(8 4) and the introduction of the scattering and impedance 2. THE CASE OF A SINGLE WIRE

matrix representations for a grid (8 3.3), which will in turn Before trying to solve the problem of the grid or the reflecting
enable us to briefly discuss more complicated systems. Theseolarizer, it is preferable to study the case of a single conducting
matrices will be particularly useful in allowing us to define wire. It will serve as the basis for our studies of the more
what will be called the principal axes of a grid. These are two complicated cases to follow in subsequent sections.
orthogonal and independent directions of polarization in the Let us suppose that a wire of radiais is oriented, as depicted
in Figure 1, parallel to th& -axis §t=Yy, z,= z, and thatit
is subjected to an incident plane wakgr) of arbitrary di-
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and where, of course, the following conditions of normalization
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POLARIZING GRIDS 623

Fic. 1.—Coordinates system for the study of a polarizing grid or a single wire. The waveweofdhe incident radiation is aligned with thve -axis, the -,
x-, andy -axes are in the plane of the page,whe -and -axes are in the plane perpendicular to the -axis (into the page), and the wires are payallel to the
plane. We refer to theu( v, w ) andc,(y, z ) systems as the laboratory and grid coordinates, respectively.

and orthogonality apply: conducting material of conductivity such that any current
flowing through it can be accurately represented by a surface
a?+ B2+ y2=a”+pB%+ 4% =1, current vectoK . This quantity is related to the current density

aa' + BB + vy’ = 0. J(r) as follows:

Using the coordinate system depicted in Figure 1, we have () = Ké(o — @) exp ik -1), @)
a = sin () sin @), where
B = sin (x,) cos (), K = K’g +K'g,
v = cos §;), andy—Yy, = pcos@),z—z,=psin@).

Before we solve for the scattered fields, it is to our ad-
wherey; is the angle of incidence apg is the angle of grid vantage to note that for the case considered here (i.e., thin
rotation. wire with an approximate solution involving no angular mode

In everything that follows, we will drop thexp (jwt) term dependency), the problem can be broken in two parts or
and assume it to be implicit in the equations. We will also modes. The mode where the electrical field is parallel to the
suppose that the wire is of infinite length and made of a good plane defined by, an# (the transverse magnetic or TM-
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624 HOUDE ET AL.

mode) is related to the presenceksf , while the mode whereof the surface current density, we need to consider only the
the magnetic field is parallel to this same plane, the transverseM* and F components of the magnetization and vector po-
electric or TE-mode, is related & . The analysis will, there- tential (i.e., we haveM* = M? = F* = F/ = 0 ). Again, in

fore, be facilitated with the use of the two vector potentials cases where the wavelength of the incident wave is much larger

A, andF, for the scattered fields (Balanis 1989). than the wire radius, it can be shown that
The TM-mode can be analyzed using the vector potential
A, in the Lorentz gauge, witk, = 0 . The needed equations 2 )
are I | Fa(r) = TET O (ep) exp (ig).  (11)

AL(r) = J 3y SRR e, ©) | | |
It is now straightforward to calculate the scattered fields by
c2 combining the solution obtained for each mode (using egs. [4],
EJr) = — V(V -A[(r)) — jwA(r), (4) [5], and [6] for the TM-mode and egs. [9], [10], and [11] for
Jo the TE-mode):

1
R = YA ® E2(r) = —jo1— FKHE(KD) exp (i), (12
: k
with BN = —V1— o o KHEKD) exp (o), (13)
R= (X iy -y = 2)” EX() =~ - )FKHPKp) exp (o), (14)
avl — o? _
Since we are concerned here with the longitudinal compo- He(r) = — F > K'HP (k) exp (—je),  (15)
nent of the surface current density, we need to consider only 0
the A* component of the vector potential (i.e., we 8et= V1—a?
A’ = 0). Equation (3) can be solved exactly whgn is ex- Hi(r) = —j > FK*H® (ko) exp (—j¢), (16)
panded with a Fourier series, but in cases where the wavelength 0
of the incident wave is much larger than the wire radius, it can (1 — az) ka
be shown that HI(r) = 7 F5 KHI(Ko) exp (i), (17)
0
ALr) = 7T;—joaKXng)(k’p) exp (—jo) (6) whereF = (wu,wa)/2 andZ, = Vu e, is the impedance of

free space. Note that although equations (12)—(17) represent
: N - _ the scattered field, the components of surface current density
with k' = kvl = a® and ¢ = k(ax+ By, + v2,) and where that are included in these equations are that of the, yet unde-

H®(x) is Hankel's function of the second kind of order ; : .
. termined, total surface current density that we are now in a
On the other hand, it is advantageous to study the TE-mode ..
position to evaluate.

with the vector potentiaFs , in the appropriate gauge, with In order to do so, we must first express the incident plane

A, = 0 (Balanis 1989). To do so, we will not consider the . . . .
: . . ) wave in the appropriate coordinate system. This can be done
effect of the current density (more precisely, its azimuthal com- ) . : e
by first using the following expression:

ponent) but rather that of the magnetization vedibr  that it
induces. The relevant equations are now

) = ¥ x M), - exp [ik(By +92] = 2 (~)%(kp) exp Gn8)  (18)

F(r) = f M(r’) M , (8) with 8’ = 6 — arctan §/8), J, (X) the Bessel function of order
4 n, and by again splitting the incident field in the two modes
1 defined earlier (van de Hulst 1957, pp. 119-121, 297-301;
B(r) = = VxR, ) Balanis 1989). This enables us to express the plane wave in
° cylindrical coordinates and match the fields with the usual
boundary conditions for their tangential components at the sur-
face of the wire. For the TM-mode the condition is

2

Hy(r) = —V(V Fs(r) — jwF(r) (10)

with R as defined above. EX+ EX = Z(Hf + HY). (19)
Since we are now concerned with the azimuthal component
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Within the order of precision used for our analysista )
and considering a solution with no angular dependency, it can
be shown that

EX = o'E, exp Fjk(aX + vZ,)],

. Eyka .
Hf = jo’ z_OE exp [-jk(ax + vz,)].
0

For the TE-mode we have

B/ + ES = —Z,(H! + H) (20)
with

o o ) ka .
B = —i(vB — BB exp Fjk(ax + 7o),

X / / EO H
H = (v'8 = 87) S exp jk(ex + y2,)]

0]
In equations (19) and (20X, = (1 +j)Vuow/20 is the sur-

face impedance of the wire (Jackson 1962). It is to be noted
that for wires of small radius, relative to the wavelength, the

POLARIZING GRIDS 625

3. THE POLARIZING GRID
3.1. Analysis

With the solution for a single wire in hand, the problem of
the configuration of an infinite humber of wires of infinite
length separated by a distande is simplified if one realizes
that every wire will be induced with the same surface current
K. The only difference will be a phase term in the current
density J(r) , given by equation (2), which depends on the
position of the wire along thg -axis. The same thing can be
said for the scattered fields from any given wire; one only has
to replacey, byd inequations (12)—(17), whare is an integer
that determines the position of the wire.

If the scattered fields are now just the sum of all the different
scattered fields from the individual wires, care must however
be taken in evaluating the surface current. First, when one
matches the boundary conditions, it must be done simulta-
neously at the surface of every wire. However, since we are
dealing with an infinite number of infinitely long wires sub-
jected to the same incident plane wave, it turns out that it is
sufficient to do so for only one of the wires. If the boundary
conditions are matched for one wire, they will be for all. We
have chosen for our calculations the “center” wirenat 0
Second, to match the boundary conditions we must express the
scattered fields of each and every wire in a cylindrical coor-
dinate system centered on the position of this “center” wire.

When this is done, we find the following expressions for the
components of the induced total surface current density:

boundary conditions. (19) and (20) along yvith the_ equation for KX = E o N ' (23)
Z, represent approximations that are valid only in the lowest F A
mode and for a sufficiently good conductor. A more rigorous E N
treatment shows that these equations will be modified in the K= - =(y8 — By) — (24)
more general case (Wait 1979; Bouche, Molinet, & Mittra F A,
1997). But for the purpose of our analysis, the approximation |
used here is adequate. with
When solving these two sets of equations, we find the fol-
lowing expressions for the components of the total surface -1 Z:.ka
> No=1-]j : (25)
current densities: Z, 2
L Z ,
K E, o'[1 —j(ZJZ,)(ka/2)] 1) AX = (1 — 0(2)% -] Z_ V1 — aZHl(Z)(ka), (26)
X = — — , 0
F (1 - o) HP(Ka) = (Z/Zo)V1 — a’H{P(K'a)
22
O S (LI ) £ (el ) I V=147 &7)
F V1-a’HP(Ka) +(Z./Z,)(1 — a?)HP(Kp)
L
A, = V11— a’HP(KaQ) +j 7 (1-a?S, (28)
0
These last two equations can be inserted in equations
(12)—(17) to calculate the value of the fields at any point ex- 2nd
terior to the wire. For a good conductor the internal fields are .
practica}lly nonexistent. Equatioqs (21) gnd (22) are in agree- S = HP(Ka) + 2 2 H® (k'nd) cos kBnd). (29)
ment with the results presented in Balanis (1989, chap. 11) for n=1

the case of normal incidence and a perfectly conducting wire.
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626 HOUDE ET AL.

We will give in § 3.4 adequate approximations #hy ~ and plane waves defined in Figures 1 and 2, the last system of
A, that will greatly simplify the evaluation of the reflection equations is simplified to
and transmission coefficients that will soon follow.

By using the appropriate expansions for series of Hankel's E ) ka
functions, we can write the expressions for the components of RY = — — _d /1— [5KX —jay = Kf’] (36)
the total electric field far away from the grid as =
o E A 1 X : @' 0
EX(r) = o'E,exp (—jk -1) R = PN ayK*+ 85 K] : (37)
— 2 J
_ MLE K RY = 0, (38)
! .T . T = o L [KX+ k—K] 39
X exp (-jky|z = zo|) exp (-je), ~*7E wd'y\/— BRE Jory (39)
Ei(r) = B'BEoexp (-jk 1) FA 1 ka
T =0§--=—— any—jﬁ—Kf’] ,  (40)
AE@B, . ke, 2220 Eomdy V1 -+ 2
d Oy 2 [z=z|Oo TV =0 (41)

x  exp (—jky|z— z|) exp (Fjg),

) with o” and3” related to the incident field by
EZ(r) = Y'Eoexp (—jk -r)

MO 2mn Bk E(r) = Eo(as, + B'€) exp (~jkw).
xd O lz—2z,|] "y 2
x exp (Fiky|z— z]) exp ), As can be seen, the reflected and transmitted fields have no

component along their respective direction of propagation as

wheree = k(ax+ By + v2,) . From these it is now straight- s yequired for the propagation of plane waves in free space.

forward to get the reflection and transmission coefficients (nor-
malized toE, ) in the far field:

3.2. Effects of Grid Imperfections

2
Rf= — EEAd S K% (30) So far we have assumed that there were no imperfections in
o™ i the construction of the grid; obviously (and unfortunately) such
,_ F N8 ka [ is not the case in a realistic situation. It would be instructive
R = E,xdOy = ' 2 K 0’ (31) if we could calculate the effects of errors that are likely to be

introduced in the fabrication process. In this section we will

F D K + | Bk_aKaQ provide expressions that will allow us to evaluate changes in

R = E xd D v 2 (32) the reflection and transmission coefficients induced by two pos-
sible imperfections: random errors in wire spacing and random
T =do + R (33) variations in the size of the wire radius.
F A . ka
Ty=5'+——dQ‘LBKX+J—K@, (34)
Eo md Oy 2 O 3.2.1. Random Errors in Wire Spacing
T? =~/ + FA QXKX —j B ka KGQ, (35) It is our experience that some of the commercially available
E,wd 0 y2 O grids when observed under a microscope show some defects

in their assembly. Visually, the most obvious manifestation of
where we have set, = 0 for simplicity. this is inconsistency in the spacing between wires. In order to
Equations (30)—(35) along with equations (23) and (24) are calculate the effect of these errors, we have to go back to the
the solution to the polarizing grid problem for cases where it discussion of § 3.1 that guided us into the evaluation of the
is assumed thdta< 1 amd<d . induced current on the wires. Since we can no longer assume
For predictions of measurements made in the laboratory, onethat the wires are evenly spaced, we must now realize that they
merely has to transform these coefficients to the laboratorywill in general have different values for the current and fields
coordinate system. If we adopt for this system the coordinateson their surface. This will be made more apparent if we write
of the incident/transmitte@u, », w) and reflectéd, +/, w') down the expression for the -component of the electric field
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POLARIZING GRIDS 627

Fic. 2.—Definition of the system of coordinatag, @', w ) for the reflected wave in relation taithe (v ) system of the incident/transmitted waves introduced
earlier in Fig. 1. They - and -axes are one and the same and are pointing out of the page. The direction of propagation of the reflected wave is aloweg the negat
w-axis.
on the surface of the “center” wire:

The first equation is deduced from the supposed evenness
EX@ = —(1 — «®)F exp Fjk(ax + vz,)] of the probability density function of the errors, the second
" states that their statistics are the same across the grid and the
% 2 KX(£)G,(£) (42) third expresses their statistical independence. The last of these
n=—= equations arises from the fact that if we were to test a large
number of similar grids, every wire would exhibit the same
with average valug™K* for any induced surface current moment
HO(K > _0 (indepepdent of it; position ).' '
G,(£) = ?2)( /a) exp (-jkB&o), n=7=u We will not go into the details of the calculations as they
He (K'[nd + £,|) exp [FjkB(nd + £,)], n # O, are somewhat lengthy, but it can be shown that if we apply
(43) this last set of equations and expaiid(£) andé) with
their Taylor series aroung}, = 0  while solving for the bound-
whereK> is the induced surface current on wire andghe  ary conditions, we can find an expression (valid to the second
terms are statistically independent random errors in the posi-order in¢ ) for the average longitudinal surface current:
tioning of the wires. Now, ifE{X stands for the expected
value ofx and if we suppose that the errors have a zero mean,

we can write = wds HE} . {{ 3°G,  (1—a?)[oG, }
xS eme s oA led), )
E{¢} =0, r=1,3,5..., (44)
B = EHE} = EEL vmn, (45)
; _ ; whereK* is the current density induced on the wires of a perfect
Bentd = BEWEE), m=n, (46) grid and is given by equation (23). One sees that the errors
EMKX = £"KX = E{§TK3, Vv m, n. 47) bring a perturbation that is proportional to their common
variance.
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628 HOUDE ET AL.

|
B{£2=(0.37 d)2 /
/

L e\

' E§{;§*(O 05 d)?

/
/

We can proceed in the same manner as we did in the last section
for the analysis of the boundary conditions and the fields away
from the grid. When this is done we get

n, G, is given by equation (43) (with = 0 aral replaced by
a+ 1), A, andA, by equations (26) and (28), respectively, and
Q, (no) = HP [K' (a,+ n,)]. Again the expected value of the
different coefficients can be obtained by replacing the current
componentK* an#&’ biK* angd’ in equations (30)—(35)
(or egs. [36]-[41]). It will also be noted that the errors contain
a perturbation term that is proportional to their common

— E{n? 19°G 1-a?) [0G

//} Kx:lel_ _ {7/} {_ 20_( 0‘)_0]} J,
® / Zn=—=G(0) L 2 ang A, anoll) , _
dar // I / 2
/ %~ k¢ 1_E{n2}{1_62Qo 109, V1-a a_Qﬂ J
E // Qu(0) L2 g5 @, A, 9o no=
£ //
E //1 wheren, is the random error in the size of the radius of wire

o R e e R N B variance.
200 300 400 500

Frequency (GHz)

3.2.3. Predictions and Comparison with Experiments

Fic. 3.—Curves of predicted values for the cross-polarized transmittance N that h derived th ti for th flecti
plotted against experimental data from Shapiro & Bloemhof (1990) and E. E. ow that we have derive € equations for the reflection

Bloemhof (1998, private communication). The three grids have a random error @Nd transmission coefficients, it would be interesting to com-
(1 o) in wire positioning of 5%, 16%, and 37% with mean distance between pare the predictions that our model makes with experimental
wires of 103um, 109 ym, and 114um, respectively; they all have a wire  data. Although we have independently treated the two types
radius of 12.5:m. of errors, it is nevertheless obvious that within the limit of
precision of our analysis (small errors) that they can both be
If the same approach is used to calculate the effect of suchsimultaneously added in the expressions for the reflection and
random errors on the value of the azimuthal surface currenttransmission coefficients. Doing so would in principle allow
densityK; , one finds that it remains unaffected: us to compare theory and experiments as actual grids are liable
to exhibit both kinds of defects. This also suggests though that
it might be impossible to separate the effects of both errors in
] . ) measurements. It turns out, however, that the perturbations
with K" given by equation (24). caused by the errors in the size of the wire are predicted by
From this we could then proceed and calculate the expected, ;- model to be smaller than those caused by the errors of the

valye of the_reflection and transmission c':oefficient's by eval- iher type (for equivalent error amplitudes), and we neglect
uating equation (42) (and the corresponding equations for theyhem in the following comparison of theory and measured grid
y andz directions) in the far field; when this is accomplished properties.

we find_that the_ coefficients have exactly the same form as Shapiro & Bloemhof (1990) have published measurements
shown in equations (30)~(35) (or_egs. [36]-[41]). We then ¢ the ynwanted cross-polarized transmittance through three
merely have to replack* adf By akd |, respectively. grids on which they had purposely introduced random errors
) ) ] ) in the wire positioning. They quoted the errors in term of the
3.2.2. Random Errors in the Wire Radius (Wire to Wire) random variation in the distance between wires (pitch) with
Another type of error that can be analyzed is one concerningamplitudes of 7%, 23%, and 52% of the mean wire separation
the random variation in the size of the wire radius, which we (aimed at 108:m with a wire radius of 12.5um). We must
will denote by the letter . More explicitly, we are considering divide these values by a factor @2  in order to relate them
differences between wires and not variations along a singleto our errorsé, since we have defined these as pertaining to
wire; we assume the diameter of a wire to be constant butthe absolute position of the wires. Figure 3 shows a comparison
somewhat uncertain in its value. This is the kind of phenom- of our model’s predictions with their measurements for cases
enon that could occur if the wires were stretched with slightly where the incoming field is at normal incidence to the grid and
different tensions when installed or perhaps also in cases whereolarized parallel to the wire orientation. Although the agree-
the wires have a finite ellipticity and are rotated between rows. ment is not perfect, the outcome is very satisfactory as the

K’ =K’
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POLARIZING GRIDS 629

theoretical curves exhibit the right behavior with frequency equations (36)—(41) and shown to be
and error amplitude.

3.3. The Scattering Matrix and the Impedance M odel R RY T TY O
3.3.1. The Scattering Matrix and the Principal Axes of a S =l -i ;u ; D (49)
Grid o T R* R O
The relationship between the reflection and transmission co-
efficients in equations (36)—(41) is reminiscent of what is often
encountered in microwave engineering in the analysis of sys- |
tems that can be accurately dealt with using a Iumped—elementé"’Ith
model. With this in mind, it is tempting to consider any problem
involving a polarizing grid by treating the different components
as lumped and interconnected through a transmission line of X 1 N ka N
characteristic impedancg, (Lamb 1997). We can then go RY= — —————— B>~ — 2 2——".@, (50)
ahead and model the grid as a four-port device since the re- mdy(1—y9) 0 A, 2A0
flection and transmission coefficients given by the aforemen- A 1 0 N ka Ny
tioned set of equations provide us with the scattering parameters R” = — Al =D wmzyzA—X - 62? Zgﬁ (51)
at each port. mdy(@ =)0 X H
In this context, it is more convenient to work with a single " AN a8 N, kaN
coordinate systemu(v, w ) (see Figs. 1 and 2) for both the R" = — @A), 2a0 (52)
incident/transmitted and reflected plane waves since we can *
assume that their propagation is done along the same trans- w N 1 » N , KaNQO
mission line (it is however understood that, in reality, away ™=1- EW% A_x+ e 2 A0 (53)
from normal incidence the transmitted and reflected waves
travel along different axes). We therefore assume that the T = A 1 O, ZMJFBZK_&\MQ (54)
incident/transmitted fields travel along the -axis (with the B rdy(1—~%) 0O i Ay 2 A0
u-axis vertical and the -axis horizontal) and the reflected fields
along the negativey -axis as seen from a given side of the grid. Tw — — A E_N_x _ k_a&@ (55)
Since there are two possible independent states of polari- d(l—y?) @, 2A0

zation (with the field aligned along the - or -axes), where
the waves can travel either toward or away from the grid, we
need two ports on each side of the grid. So for example, if the
incident wave on a given port has an electric field polarized whereN,A, N, , andA, are given by equations (25), (26),
along a given axis we can define four scattering parameters:(27), and (28), respectively.
one for the reflected signal at the input port and three for the We can go one step further and render things considerably
transmissions to the other ports. The same thing can be donsimpler if we make a change of coordinates and use the fol-
for every port, leading to a total of 16 scattering parameters. lowing as eigenvectors instead ef  agd
In what follows, a scattering paramet;, is defined with
the three portsn # n terminated with the line characteristic
impedanceZ,, . Also, each part has two signals: an incoming

signal E and an outgoing sign&l, n;= 1, 2 3(4 on the b, = M, L= —ove + Be
other side of the grid) refer to polarization along the - and B2+ a?y? B2+ oy ?

v-axes, respectively. The scattering matrix relates the different
signals as follows:

i{ O Dzzn 212 213 214D] E:D From now on we will refer to these as thencipal axes of
2 || =] [T 722 Y28 24 . 48 the grid (for reasons that will soon become apparent). A close
Ea D D531 S3; Ss3 534m Eﬂ (48) grid ( bp :

examination of the first of these two equations shows phat

is parallel to the projection of the direction of the wires in the
plane of the incident field. The matr& then takes a simpler
The elements of the matrix can be directly evaluated from form (we also interchange the second row with the third and

EFF; D |1541 S42 S43 844[[| E+E
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630 HOUDE ET AL.

the second column with the third): in which polarizing grids are characterized (Wait 1954, 1955;
Larsen 1962).

R T, 0 0 Taking advantage of the principal axes representation, it is
T, R, 0 0 possible to treat each two-dimensional block of the scattering
S= Do OR T D (56) matrix (eq. [56]) separately. It can be shown that the impedance
M 0T, R O matrix Z,, corresponding to a given blo& can be expressed
as
where
Z,=Z,- (1 £8)-(1+8)™" (61)
A (1-a®)N
R =— —d( e )A—X, (57) wherel is the unit matrix and the upper and lower signs cor-
T ¥ x respond, respectively, to the upper left and lower right blocks
(1—-a?)aN, of the scattering matrix (eq. [56]). Applying this last equation
R = S da,’ (58) to equation (56) we get
TH = 1+ RH’ (59) |_7l‘p Zp 8 8 D
T=1-R. (60) z=11 p ZD
0 0 —Z, Z, O

We then have a further simplification in the modeling of the with
grid; evidently equations (57)—(60) represent the reflection and
transmission coefficients along the two principal axes. 7 14R 7 1-R

This last representation has the advantage of simplifying Z,=—— Lz, =2 .
calculations since it allows us to decompose any incident field 2 R 2
into two noninteracting components, one along each one of the
principal axes. That is, a field polarized along one of the prin-
cipal axes scatters only in this same polarization state (as can It follows quite naturally from equations (57)—-(60) that we
be deduced from the block-diagonal form of eq. [56]). It is could have defined two impedancgs  ahd
also interesting to note that even though we have defined the
principal axes within the framework of our approximation of _, 1+R, 1-R
the grid Ka< 1 andh < d ), the result obtained here still holds
in the general case (see Appendix A for a proof). This implies
that for the case where one wishes to use a different approach
to solve (numerically or otherwise) the scattering off a grid of  One can easily verify tha, argl are, respectively, equal
arbitrary characteristics, it will always be possible to splitthe 1o 7 andz, placed in parallel to the characteristic impedance
incoming field along the principal axes, thereby avoiding cross- 7 We therefore see that the impedance matrix gives the “ac-

polarization terms and greatly simplifying the solution. tual” impedance of the grid along each of the principal axes,
whereas the scattering matrix includes, as should be expected,
3.3.2. The Impedance Model the contribution of the loads of characteristic impedadge

. . which is assumed to be connected to the appropriate ports when
It seems reasonable to think that a grid could also be modeledgefining its parameters.

with another representation where the scattering matrix is re-
placed by an impedance matrix that contains the same numbe
of elements since, as before, the grid is still treated as a four-
port device. In this case, however, the matrix relates the total We will now study more closely our simpler equations (57)
voltages (electric fields) and currents (magnetic fields) betweenand (58) for the reflection coefficier® aRd and try to find
each and every port (Collin 1992, pp. 233-257). The scatteringrelations that will allow us to find a set of optimum parameters
matrix formulation follows more naturally from our analysis for the selection of a grid. But before we do so, it will be to
and has the advantage of dealing with quantities (reflection andour advantage to approximate the expressionsAfor  &nd
transmission coefficients) that are directly measurable, whereagegs. [26] and [28]).

impedances are not (at least at the wavelengths considered So if we limit ourselves to situations whede<x A ac N
here). The impedance model has, however, received a greadndZ, < Z, (good conducting wires) and use the proper ex-
deal of attention in the literature and often seems to be the waypansion for Hankel’s functions and series of Hankel's functions

54 Approximations and Selection of a Grid
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applicable in such cases (small arguments), we find the conductivitys ; if we lets — o0 then there is no restriction
on the smallness of the radius.

, In a quantitative example to demonstrate the values that can
A=(- a2)( A (k_"") I S (ia)] be expected foa and , assume that we are working at normal
myd 2 (1 - a? 7Zooh \K incidence at a wavelength of 1 mm with a grid made of copper
(0 = 5.8x 10" @' m™1). Using these, we obtaim= 11 um
.2 d w2 [dy\?
+J—In2—+€T andd = 70 pm.
B 4 At this point it is appropriate to discuss the implications of
3 (@)2 1—¥—In (@) the two assumptions we made at the beginning concerning the
2 2 wire radius and spacing, namely, théd <1 ane&d .lItis
important to make sure that a given choice of grid parameters
= 2 are well within the boundaries of applicability of our model.
+ — &2 (_a) : (62) As a means of determining these boundaries, we simulated the
4(1— ®)ZooN \K
response of grids (and assemblies of grids; see § 4) for different
Ay=—(1- QZ)EZ In (i + LZ +(1- az)éLd] . (63) combinations of wire radius _and spacing and rr_1a_de sure that
Zom \2m m°a Z, the results obtained were reliable (for example, it is obviously

imperative that the magnitude of the reflection and transmission
where¥ = 0.577215is Euler's constant. In equation (63) we coefficients never exceed unity). As it turns out, there is a fairly
kept things to the lowest order possible and did not expand strong restriction linking the size of the wires and the wave-
Z,, the same is not true for equation (62) for reasons that we length, but if one makes sure that- 40a , then one seems to
shall encounter shortly. . _ be well within safe modeling conditions. The valuesof cannot
We turn now to the problem of s'electl'ng_the flg'ht pa}rameters be too small either. However, since for a good conductor (again
for a grid. If we decomp_osg a given incident field into two o ;s use copper) the skin depth at 1 mm is on the order of
componen_ts along the principal axgs q.‘gd_ (see § 3.3.1), aO.lum, our assumption of the existence of an idealized surface
perfect grid would completely reflect the first of these and current is more than adequate. It seems that the second restric-

transr;:n the ?f(.ec.on??ﬁf: Hl t.oaﬁnﬂ - 1) Ast. we |V:tlg|,|(ds)\oon tion concerning the spacing of the wires is not as binding as
see, the coetlicient of retiection, 1S proportiona the first one. It is clear that> 2a , for if not the wires would

whenZ,— 0 and is therefore a very small quantity for the cases be touching, but it appears that everything is fine dor 4a

considered here; thus we will not worry about it anymore (i.e., o d optimized val for th id theref
T, is nearly equal to unity). The condition of total reflection ur proposed optimized values for the grid are theretore

will dictate our choice for the parameters of the grid. A close JUSt'f,'ed' ) . . .

study of equation (57) tells us that in order to achieve perfect !t IS alSo appropriate to point out that using equations (62)
reflection we must simultaneously satisfy the following rela- @nd (63) forA, andy, (with or without the optimal values for

tions for the real and imaginary parts&f  (for what follows & andd given by egs. [64] and [65]) along with equations

we assumé\, = 1 ; see eq. [25]): (57)—(60) for the reflection and transmission coefficients along
the principal axes renders the task of calculating the response
A (1-a?d) of a grid a rather simple one. It becomes unnecessary to con-

Refa} = d y Im{A,} = 0. front the more intimidating representations derived earlier in

§ 3.1 (compare with eqgs. [23]-[35]). For example, to the lowest
order, we get for the reflection coefficients:

Solving for these we then get

1/6 _1
8= T aryr ?)54 : zJ : (64) R = 15[y )N In [di2ra) (66)
- T 0.
.(1-a®) 7w
d=2ra (65) R="1""""7d" (67)

Had we kept equation (62) to the lowest order, we would which are in agreement with known results (Larsen 1962) (more
have been unable to specify an optimum value for the wire precisely, for the case of normal incidence discussed in Larsen
radius but only the relation that binds ® . It is also of 1962, eq. [66] reduces to the result presented there, whereas
interest to note that for a given wavelength, the finite size of eq. [67] differs by a factor of 2 or 3 depending on which
the wire radius is, to this level of approximation, dictated by approximation it is compared to).
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4. THE REFLECTING POLARIZER We give here the final results:
4.1. Analysis o E, 2ja’ sn kyh)N,
From the solution of the polarizing grid it is a somewhat F (1-a®)AS —(ZJZ)V1 - «AS,

natural extension to consider the more complicated problem of

the reflecting polarizer. A reflecting polarizer consists of an < exp Cikoh), (71)

assembly where a polarizing grid, like the one studied in the o E, —2j (y'8 — By) cs kyh)N,
:;a_st section, |s_followed _by a mirror parallt_ellng it at some T F VI- LS, +(ZJZ,)(1 - «))ES,
istancez, behind (effectively placing the mirrorat& 0 ).
It is appropriate in this case to use the method of images to x exp (—jkyh), (72)
solve this problem (Wait 1954). We then assume that images F 2\ (- o)
of both the incident and scattered fields are emanating from R = aly— —— j sn kyh)K*exp (jkyh), (73)
the other side of the mirror. This is equivalent to saying that B, nd
the image world is made of a grid positionedzat —z, with F . 2\[aB ka
an image incident field impinging on it. Assuming that the RI=fnt ] 5[7 sn kyh)K*— = cs Q‘Yh)K(’]
mirror is made of a material of good conductivity, one can °
write for the image incident fiel&/(r) : xexp (jkyh), (74)

., _F.2 .. Bka ]
Er) = Eolory, + Ba8 — 748,) exp [-jk(ax + By — v2)] = mwnm gl gl sn baliis o es fahik

x exp (jkyh), (75)
with
where

o, = % [o'(0®Ryyy + B?Rre) + aBB'(Riw — Ree)l,  (68) 1

(@=7% 1 (9 = 5 [exp () — 1, exp i)
B:n = 1} > [BI(OCZRTE + BZRTM) + O5604/(RTM - RTE)]! (69) 1

=) ¢s6) = 5 [exp (3 + 1, exp (-ix),
Ym = ¥Rewm, (70)

AS = HP(Ka) — r,H? (K'2h)

whereR;. andR;,, are the reflection coefficients of the mirror,

with a dependency on the angle of incidence, for transverse +2> [ng)(k’nd) — 1, H® [k'V(nd)2 + 4nh?]
electric and transverse magnetic modes of incoming radiation, =t
respectively (Fowles 1975). It is important to note that these x cos {3nd),

tranverse modes of radiation are not the same as those intro-
duced in § 2; they are defined here in relation to the plane
which is parallel the normal vector out of the surface of the LS, = H2(Ka) + r,H (k'2h)
mirror (—e,) and the wavevectdt

AS, = HP(k'a) — r,H® (k' 2h),

One can go through calculations similar to those carried out = ‘
in § 3.1 and find the following relations between the compo- +2;[H52)(k’nd) +1,HP [k'V(nd)? + 4h?]
nents of the total surface current densities of the “real” and
image grids: x  cos kBnd),
LS, = HP(Ka) + r,H® (k'2h),
L - % X
K™ = o K% and
Ko = — ImB = By o o, viB — Bly
Y'B— By = =" b= =" 5 _ g~
@ Y8 — By

whereK’ stands for the surface current of the image grid.  We have also replacedz, by h (h>0) so that the distance
From these and by matching the boundary conditions at thebetween the mirror and the grid is expressed by a positive
grid, it is straightforward, but tedious, to solve for the problem. quantity. This set of equations along with equations (68)—(70)
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give us the solution of the reflecting polarizer problem for cases 4.3. Experimental Results
whereka< 1 anda<d .

As was the case for the polarizing grid, if we transformthose  Reflecting polarizers like those studied here were tested at
coefficients to the laboratory frame of coordinates ¢ w’, ) the Owens Valley Radio Observatory (OVRO) for polarimetry

(see Fig. 2) we obtain in the wavelength ranges of 1.3 mm as well as successfully
used for polarimetry observations at 3 mm (Akeson 1997; Ake-
v ., F 2njexp (jkyh) son et al. 1996). They are composed of an aluminum mirror

RY = ap, — E_oﬁﬁ and a grid of gold-plated tungsten wires of 2b diameter

and spaced at an interval of 12fn. The inside diameter of
the grid is roughly 16 cm, some 25 times larger than the incident

X ka ]
X |Bsn bk - ey s d('yh)K] ., (76) Gaussian beam at 1.3 mm (Akeson 1997).
. : In this section, we will compare data obtained in the cali-
R' = B! — F 2\jexp (kyh) bration of these polarizers at 1.3 mm with the model calculated
Eomd yV1-—+4° earlier. In the experimental setup, the incident beam is com-
ka posed of radiation emanating from a hot load (absorber at room
x |ay sn kyh)K* + BE cs Mh)K"] ., (77 temperature) polarized along the vertical axis and a cold load
(absorber in liquid nitrogen) along the horizontal axis. The
RY =0 (78) beam is incident on the polarizers at an anglg,0& 34° with
the grid rotated byy, = +503 relative to the vertical, all in
with o, and 8!, given by the coordinate system of the laboratory (coordinates (w , )
of Fig. 1). These values can be inserted in the appropriate
, 1 o , equations of our earlier analysis and used to test our model
*m =17 [ (e Rym + B°Rre) against the experimental data.
The calibration consists in using our model to map out the
+ afB"(Ren — Ree)l, (79) actual distance between the grid and the mirror as the latter is
moved with a micropositioner which is part of the assembly.
Bl = —~[B"(«*Rrg + B%Ry) When this is done, this distance can then be precisely adjusted
1=79 to N\/8y in order to use the polarizer as a reflecting quarter-
+ aBa’(Ryy — Rye)l, (80) wave plate for polarimetry measurements. The grid rotation
angleg, must also be calibrated so that it can be set to the
and finallya” and3” are related to the incident field by proper value that will allow the transformation of incident linear
polarization to circular polarization. (This condition is met for
E/(r) = E,(a’e, + B"e) exp (—jkw). B = *oay [or tan ) = x1/cos §;)], as can be asserted

from our earlier discussion of the principal axes of a grid in
§ 3.3; this givesp, = =503 as quoted above).
Figure 4 shows the results obtained from such measurements
) . ] . (of the reflected polarized intensity along the horizontal -axis
4.2. Solution Using the Scattering Matrix in the laboratory coordinate system) made on antenna 6 of the
The scattering matrix representation of the polarizing grid OVRO array at a frequency of 232.037 GHz when the sepa-
gives us the advantage of rendering possible the solution ofration between the grid and the mirror is varied through a range
problems that would be otherwise extremely difficult, if not Of several hundreds of microns. Accompanying the data points
impossible, to solve using Maxwell's equations. For example, iS & least-squares fit of our modeblid curve) with no free
a solution of the reflecting polarizer problem is straightforward Parameters as far as the grid is concerned; only the hot and
if we “connect” the mirror to ports 3 and 4 of the grid at a cold load levels and the offset in the mirror-grid separation
distanceh behind. Using the definitions introduced in the dis- were allowed to be fitted. The agreement is very good. The

cussion leading to equation (48) we have main shortcoming of the fit is at a backshort position of roughly
900um where a resonance is evident from the data. The model
E; = EsR;cexp (—jky2h), also shows a resonance at the same position, but the fit is not
perfect. This feature is caused by the small amount of unwanted

E; = E;Ryexp (—jky2h), transmission from the component of the incident electric field

aligned with one of the principal axep,( ) which gets trapped

whereR;. andR;,, are as defined in the previous section.  between the grid and the mirror.
We can then solve foE;, anH, and find results that are  Before we try to explain the differences in width and shape
in agreement with those obtained in the previous section. of the resonance, we would first like to show two ways by
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Fic. 4—Calibration data from antenna 6 of the OVRO array. Data points g, 5__comparison of the predicted results obtained for the polarizer tested
are shown with an error bar and the‘solld curve is a Igast-squ_ares fit from theat OVRO 6olid curve) and our optimized polarizedéshed curve). The res-
model presented in this paper. The intensity is in arbitrary units. onance is not present on the optimized polarizer's response. The two curves

are plotted with a small vertical offset between them. The intensity is in
which it can be suppressed (such a response from the polarizeérbitrary units.
is a nuisance when trying to calibrate it and should be avoided).

th Fws?(,jreducl::jng thte .arlnognt of undwantgd trafrf1$rrt1|SS|otrr1]through distance while terminating the last grid by the line characteristic
N engrl V\\//VOl:] Vcer g'r\]Nyn :Vv?/ ? gmpln? tﬁ fcinog 3 j \:\?sor; impedance, E; = E; = 0 ). We simulated the response pre-
ance. We have sno ow 10 do just tha ‘ €N dicted for such an arrangement of grids and got results that are

defining a set of optimum parameters for a grid, so using equa- . : : - )
tions (64) and (65) we find for our applicatiar= 24 um and E::S:chlgalggg:mal to those presented in Figure 5 for the op

d = 148 um. Figure 5 shows a comparison of the simulated
responses for the polarizer tested at OVRO and our optimized

polarizer. As can be seen, any sign of the resonance has dis- 5. GRIDS AND BEAMS OF RADIATION

appeared in the latter. Until now we have restricted our analysis to cases where the
Another way of avoiding the resonance, while still using the dimensions of the grid (or the assembly) and the extent of the
same original grid wita = 12.5um andd = 125 um, is to incident wave were assumed to be infinite. These simplifica-

replace the mirror with another grid (K. H. Young 1997, private tions were necessary in order to allow us to have a chance at
communication) and rotate both of them in such a way a solution, as the reality of finite sizes introduces severe dif-
that the projected orientation of their wires in the plane ficulties in the analysis. It would, however, seem reasonable to
of the incident field is aligned with a principal axis. By this suppose that if the incoming excitation can be properly rep-
we mean that the two grids have their angles of rotation resented by a beam of radiation which is of a size a few times
specified by tan () = 1/cos §;) (or ¢, = 50:3) and smaller that the actual dimensions of the assembly, the results
tan @p,) = —1/cos §;) (or ¢, = —503), respectively. This  obtained with our analysis should still be valid. Indeed, one
would ensure that the unwanted transmitted field from the first could argue that the incident beam should induce currents only
grid would almost be entirely transmitted through the second in the vicinity of the area where it impinges on the assembly.
grid, therefore eliminating the resonance. There should therefore be little to no difference in its response
Obviously, trying to solve for such a configuration using depending on whether it is infinite or not.
Maxwell's equations would be a formidable task. We can how-  Although we believe this argument to be a reasonable one,
ever use our scattering matrix model developed in § 3.3. We we will show that the characteristics of the incoming radiation
then have to define two matrices, one for each grid, and solvecan be important in some cases. We will in fact argue that it
the problem for cases where they are separated by a givercan explain the discrepancies in the width and shape of the
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From this we can express the width of the resonakice as a
function ofk, andAk, the spectrum extent along the same axis:

600

Ah=7rAkZ—|§Z.

550 [~

We need to find an expression fak, and this can be done
as follows. Using the wave uncertainty relation, we can evaluate
the spectrum extent in the laboratory system of axes as

4]

o

o
T

I, (intensity)

Ak, =W, Ak, = W, Ak, =z

o Transforming these in the coordinate system of the grid and

inserting the result in the expression for the width of the res-
onance, we find

| 2
L. - . . - Ll . Ll - T 2y
650 700 750 800 850 Ah = \/Wo 1-v9+ Kl

(83)
2
separation (microns) (kyW)

Fic. 6.—Simulation of the effect of a Gaussian beaiy & 3 mm) on the . .
width and shape of the resonance exhibited by a reflecting polarizer as dis- When we use the CorreSpond'ng values of the different pa-

cussed in § 4.3. The broken and solid curves show the results predicted forrameters appearing in equation (83) for the case of the reflecting
an incident plane wave and a Gaussian beam, respectively. polarizer discussed in the last section=£ 1.3 mm= 0.83
andW, = 3 mm), we find\h = 37 um. If we take into account
resonance observed in the response of the reflecting polarizethe finite bandwidth of the OVRO receivers (1 GHz), a similar
presented in § 4.3 (see Fig. 4). exercise shows that at most only a few microns need to be
As a starting point, let us take note that we can always @dded to the previous estimate. Although these numbers rep-
mathematically express a beam of radiatiy(r) as a sum-resentonly a rough calculation of what could be expected, they
mation of plane waves with different amplitude (and phase) Nevertheless tell us that there will be a significant broadening

andk vectors. For example, in the laboratory system of co- Of the resonant feature. _ _
ordinates ¢ ,» ,w ), the electric field along the -axis Ve will nottry to produce a perfect fit to the data obtained

EX(rt) = o'Eo(r) exp (jw,t) can be expressed by (using its at OVRO, for this would require extensive modeling of our

Fourier transform ing, k )-space and assuming the beam to€xperimental setup and therefore bring us to a level of com-
be monochromatic ab, = kc ): plexity that we do not wish to tackle at this time. But using

equations (81) and (82) and applying the result of our analysis

o [ of the reflecting polarizer for every spectral component hence
E'(r, t) = w] dwd’kEq(K, ) calculated, we can get a better idea of the phenomenon con-
- sidered here.
x exp Fj(k -r — wt)], (81) We have done this, and the result is shown in Figure 6,

. where we present the result of a simulation of the effect of a
Eo(k, w) = 276(w — wo)f d3r'Ey(r') exp (k 1), (82) G_agssian beam on the wid_th and shape of. the resonance ex-
,w hibited by a reflecting polarizer of the kind discussed in § 4.3.
The beam is converging with its waist situated some 10 cm
whereé (x) is Dirac’s delta distribution. “behind” the polarizer, and the integrated power (over a beam
Let us now assume that the incident radiation can be sat-width) is measured some distance away from the assembly in
isfactorily modeled using a circular Gaussian beam with a beamthe far field. Although there still remain some differences, this
waist W, and a Rayleigh range, = #WZ/\ . We also know simulation shares a lot of the same features observed
that the resonance will occur for a grid-mirror separation of experimentally.
h = =/k, for each spectral component, wh&ye isthe projection We believe that simulations like this one along with our
of the wavevector along the -axis perpendicular to the reflect- earlier calculations provide convincing and compelling evi-
ing polarizer (in the coordinates system of the grid of Fig. 1). dence for the importance of appropriately taking into account
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the nature of the incident radiation in the analysis of similar random errors can have on the performance of a grid. It was
systems. shown that errors in the wire spacing were the most important
and could have some impact on the amount of unwanted po-

6. CONCLUSION larization transmitted through a grid. In that respect, our model

. . . .. was shown to be in good agreement with the experimental
In this paper, a general solution for the analysis of polarizing results of Shapiro & Bloemhof (1990)

grids was presented; it is valid for arbitrary angles of incidence Comparisons with experimental data obtained in the cali-

and of grid rotation. With it and the scattering matrix repre- bration of a reflecting polarizer used at the OVRO were also

sentation that derives from it, basically any configuration or P :

vstom of arids can be analvaed as I0|}|/ asysomegassum tionpresent.ed,_ and predlctlt_)ns from our model are in good agree-
Y 9 y 9 PUONRent with it. The only discrepancies appeared in the nature of

Zggcerggg ige \_/rv;]r_e _radlus and spacing are respeckes! (d a resonance, more precisely its width. But we have shown that
andd>4a). This is not a severe restriction, as most grids it could be accounted for by including in the analysis a proper

fugﬁntlybavailgbleksatgfé thgse clognsdétionz; \é’ﬁ refsr thecreat?ertreatment of the effects of the nature of the incident radiation
0 LLhampers, Farker, ostley ( )an ambers, LOSUEY,, the response of the polarizer.

& Parker (1988) for cases where a larger size of wire is needed.
Our analysis also allowed us to define a set of optimum values
for both the wire radius and spacing as specified by the fol-
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lowing equations:
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NAG5-4462. The work of M. H. was supported in part by a
grants from FCAR and the Tpartement de Physique de
We provided an analysis of the effects that two types of I'Université de Montfel.
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APPENDIX A
GENERALIZATION OF THE PRINCIPAL AXES

Referring to equations (49) for the scattering matrix, one first realizes that such a symmetry in its components will always be
seen when representing an arbitrary polarizing grid. Only the functions which &&fine™ , , ... will change. Further, when trying
to reduce the scattering matrix to a form similar to equation (56), it is necessary to concentrate on only one of the two blocks
(each appearing twice) present in equation (49). For example, if one diagonalizes the block composed of the reflection coefficients
then the transmission block is also diagonalized and vice versa. In obtaining the results that follow, we have worked with the
reflection block appearing in the upper left and lower right of equation (49). We will now show that the orientation of the principal
axes is determined by the symmetry of the grid and can be deduced using the formalism of group theory.

As seen by the incident wave, the grid has a symmetry which can be expressed by a representation of the p@t group . The
four coverings involved are the identiti ( ), a rotationby aboutwhe -&js ( ), a reflegtion ( ) across a plane defined by the
w-axis and an axis defined by the projection of the direction of the wires in the plane of the incident field, and finally another
reflection ¢/ ) across a plane perpendicular to the previous one (and to the plane of the incident field). Upon studying the charactel
table of this group (see Tinkham 1964, p. 325) and the effect of the above operations on the two possible states of linear polarizatior
(along theu - and -axes), we find that only two nondegenerate irreducible representfions B, and in Tinkham 1964, p. 325)
will be realized. For each of these there will exist one eigenvector, each corresponding to a given principal axis. These can be
deduced by constructing the appropriate symmetry coordinates (Wilson, Decius, & Cross 1955) which turn out to be the two
principal axesp, angh, previously defined in § 3.3.1.

Since this result was obtained with the use of group theory, it is perfectly general and independent of any approximations that
can be used in dealing with a polarizing grid.
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APPENDIX B
LIST OF SYMBOLS

a: wire radius,

A¢ scattering vector potential,

c: speed of light in free space,

d: wire spacing,

E;, E., E;: incident, scattered and total electric field,

F: constant(= mu,wa/2) ,

F. scattering vector potential,

h: grid-mirror separation (reflecting polarizer),

H. scattered magnetic field,

H®: Hankel function of the second kind of order ,

J: current density vector,

J.: Bessel function of the first kind of order ,

k: wavevector of the incident wavgk| = k = 2z/A)

k: = kVl—a?

K: total surface current density vector,

K*, K’ mean longitudinal and azimuthal surface current densities,

p., P» principal axes of a grid,

R*, R, R* reflection coefficients in the system of coordinates of the grid (see Fig. 1),
RY, R": reflection coefficients in the system of coordinates of the laboratory (see Figs. 1 and 2),
R, R.: reflection coefficients along the principal axes of a grid,

R.z, Ry transverse electric and transverse magnetic reflection coefficients of the mirror,
S: scattering matrix,

T T, T% transmission coefficients in the system of coordinates of the grid (see Fig. 1),
TY, T": transmission coefficients in the system of coordinates of the laboratory (see Figs. 1 and 2),
T, T.: transmission coefficients along the principal axes of a grid,

W,, z,: beam waist and Rayleigh range of a circular Gaussian beam,

Z: impedance matrix,

Z,.,. impedance of free spade= Vp /ey

Z,, Z,: grid impedance along the principal axes (as defined with the impedance matrix),
Z¢ surface impedance of the wires=[(1 + ) Vuow/20 ],

Z,, Z,: grid impedance along the principal axes (as defined with the scattering matrix),
a: projection of the normalized wavevector on the -axissin (x;) sin (g,)],

@: projection of the normalized wavevector on the -axissin (x;) cos ()],

v: projection of the normalized wavevector on the -axscos ;)],

o', B', v": projection of the normalized incident field on tkey , and -axes,

o, B”": projection of the normalized incident field on the - and -axes,

6(x): Dirac’s delta distribution,

€4, Mo PErmMittivity and permeability of free space,

n, £ random errors in wire radius and spacing,

\: wavelength,

0. wire conductivity,

@y X;- angle of grid rotation and angle of incidence,

V¥: Euler's constan{= 0.577215),

w: angular frequency of radiation.
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