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MULTIPLICATIVE SUB-HODGE STRUCTURES OF CONJUGATE
VARIETIES

STEFAN SCHREIEDER

ABSTRACT. For any subfield K € C, not contained in an imaginary quadratic extension
of Q, we construct conjugate varieties whose algebras of K-rational (p, p)-classes are not
isomorphic. This compares to the Hodge conjecture which predicts isomorphisms when
K is contained in an imaginary quadratic extension of QQ; additionally, it shows that the
complex Hodge structure on the complex cohomology algebra is not invariant under the
Aut(C)-action on varieties. In our proofs, we find simply connected conjugate varieties
whose multilinear intersection forms on H?(-,R) are not (weakly) isomorphic. Using
these, we detect non-homeomorphic conjugate varieties for any fundamental group and
in any birational equivalence class of dimension > 10.

1. INTRODUCTION

For a smooth complex projective variety X and an automorphism o of C, the conjugate
variety X7 is defined via the fiber product diagram

X X

| l

Spec(C) —Z> Spec(C).

To put it another way, X is the smooth variety whose defining equations in some projec-
tive space are given by applying o to the coefficients of the equations of X. As abstract
schemes — but in general not as schemes over Spec(C) — X and X7 are isomorphic. This
has several important consequences for the singular cohomology of conjugate varieties.
For instance, pull-back of forms induces a o-linear isomorphism between the algebraic de
Rham complexes of X and X?. This induces an isomorphism of complex Hodge structures

(1) H*(X,C)®, C > H*(X",C),

where ®,C means that the tensor product is taken where C maps to C via o, see [4]. In
particular, Hodge and Betti numbers of conjugate varieties coincide.

The singular cohomology with Q-coefficients coincides on smooth complex projective
varieties with f-adic étale cohomology. Since étale cohomology does not depend on the
structure morphism to Spec(C), we obtain isomorphisms of graded Qy-, resp. C-algebras,

(2) H*(X,Q;) — H*(X?,Qy) and H*(X,C) — H*(X°,C),

depending on an embedding Q, € C. Since the latter isomorphism is C-linear, it is not
induced by ().

Only recently, F. Charles discovered that there are however aspects of singular coho-
mology which are not invariant under conjugation:
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Theorem 1 (F. Charles [3]). There exist conjugate smooth complex projective varieties
with distinct real cohomology algebras.

It is the aim of this paper to further investigate to which extent cohomological data is
invariant under the Aut(C)-action on varieties.

1.1. Algebras of K-rational (p,p)-classes. For any subfield K ¢ C, we denote the
space of K-rational (p,p)-classes on X by

HPP(X,K) = HP?(X) n H?(X, K);

the corresponding graded K-algebra is denoted by H**(X,K). The Hodge conjecture
predicts that H**(X,Q) is generated by algebraic cycles. Since each algebraic cycle
Z < X induces a canonical cycle Z7 ¢ X and vice versa, the Hodge conjecture implies

Conjecture 2. The graded Q-algebra H**(-,Q) is conjugation invariant.

Apart from the (few) cases where the Hodge conjecture is known, and apart from
Deligne’s result [5] which settles Conjecture 2] for abelian varieties, the above conjecture
remains wide open, see [4] 19].

The above consequence of the Hodge conjecture motivates the investigation of potential
conjugation invariance of H**(-, K) for an arbitrary field of coefficients K ¢ C. If
K = Q(iw) with w? € N is an imaginary quadratic extension of @Q, then the real part, as
well as 1/w times the imaginary part of a Q(iw)-rational (p, p)-class is Q-rational. Hence,

H** (-, Qiw)) = H**(-,Q) 9 Q(iw).

It follows that the Hodge conjecture predicts the conjugation invariance of H**(—, K),
when K is contained in an imaginary quadratic extension of Q. In this paper, we are
able to settle all remaining cases:

Theorem 3. Let K € C be a subfield, not contained in an imaginary quadratic exten-
sion of Q. Then there exist conjugate smooth complex projective varieties whose graded
algebras of K-rational (p,p)-classes are not isomorphic.

By Theorem [3], there are conjugate smooth complex projective varieties X, X with
H**(X,C) ¢ H"*(X?,C).
This shows the following:

Corollary 4. The complex Hodge structure on the complexr cohomology algebra of smooth
complex projective varieties is not invariant under the Aut(C)-action on varieties.

Corollary [ is in contrast to (Il) and (2) which show that the complex Hodge structure
in each degree, as well as the C-algebra structure of H*(—,C) are Aut(C)-invariant. The
above corollary also shows that there is no embedding Q, < C which guarantees that the
isomorphism (2]), induced by isomorphisms between ¢-adic étale cohomologies, respects
the complex Hodge structures.

Theorem B will follow from Theorems [A] and [6] below. Firstly, if K is different from R
and C, then Theorem [3 follows from

Theorem 5. Let K € C be a subfield, not contained in an imaginary quadratic extension
of Q. If K 1s different from R and C, then there exist for any p > 1 and in any dimension
>p+1 conjugate smooth complex projective varieties X, X7 with

HP?(X,K) % H*?(X° K).
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It is worth noting that Theorem [§ does not remain true if one restricts to smooth
complex projective varieties that can be defined over Q, see Remark [I8
Next, the case K =R in Theorem [3] follows from the case where K = C since

H**(X,R) & C = H**(X,C)

holds; so it remains to deal with K = C. As the isomorphism type of the C-vector space
HP»r(-,C) coincides on conjugate varieties, we now really need to make use of the algebra
structure of H**(-,C). Remarkably, it turns out that it suffices to use only a very little
amount of the latter, namely the symmetric multilinear intersection form

Hl’l(X, C)®n _ H2n(X’ (C),
where n = dim(X). We explain our result, Theorem [@] below, in the next subsection.

1.2. Multilinear intersection forms on H'!'(-, K) and H?(-, K). We say that two
symmetric K-multilinear forms V®* — K and W®" - K on two given K-vector spaces
V and W are (weakly) isomorphic if there exists a K-linear isomorphism V' = W which
respects the given multilinear forms (up to a multiplicative constant). If K is closed under
taking n-th roots, then weakly isomorphic intersection forms are already isomorphic.

For a smooth complex projective variety X of dimension n, cup product defines sym-
metric multilinear forms

HY(X,K)® — H>(X,K)~ K and H*(X,K)®" — H™(X,K) = K,

where H?"(X,K) ~ K is the canonical isomorphism that is induced by integrating de
Rham classes over X. The weak isomorphism types of the above multilinear forms are de-
termined by the isomorphism types of the graded K-algebras H**(X, K) and H**(X, K)
respectively.

By the Lefschetz theorem, the Hodge conjecture is true for (1,1)-classes and so it is
known that the isomorphism type of the intersection form on H%'(- Q) is conjugation
invariant. Additionally, it follows from (2]) that the isomorphism types of the intersection
forms on H%(-,Q,) and H?(—,C) are invariant under conjugation. Our result, which
settles the case K = C in Theorem [3, contrasts these positive results:

Theorem 6. There exist in any dimension >4 simply connected conjugate smooth com-
plex projective varieties whose R-multilinear intersection forms on H?(—,R), as well as
C-multilinear intersection forms on H%'(-,C), are not weakly isomorphic.

The examples we will construct in the proof of Theorem [6lin Section [6] are defined over
cyclotomic number fields. For instance, one series of examples is defined over Q[(32]; their
complex (1,1)-classes are spanned by Q[v/3]-rational ones. This yields examples X, X
such that the intersection forms on the equidimensional vector spaces H1(X, Q[v/3])
and H'1(X°,Q[V/3]) are not weakly isomorphic, see Corollary 29

It follows from Theorem [6] that the even-degree real cohomology algebra H?*(—,R), as
well as the subalgebra SH?(—,R) which is generated by H?(—,R), is not invariant under
conjugation. Since Charles’s examples have dimension > 12 and fundamental group Z8,
Theorem [0] generalizes Theorem [I] in several different directions. Another generalization
of Theorem [I, namely Theorem [1l below, is explained in the following subsection.

1.3. Applications to conjugate varieties with given fundamental group. Con-
jugate varieties are homeomorphic in the Zariski topology but in general not in the an-
alytic one. Historically, this was first observed by Serre in [13], who constructed con-
jugate varieties whose fundamental groups are infinite but non-isomorphic. The first
non-homeomorphic conjugate varieties with finite fundamental group were constructed
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by Abelson [I]. His construction however only works for non-abelian finite groups which
satisfy some strong cohomological condition.

Other examples of conjugate varieties which are not homeomorphic (or weaker: not
deformation equivalent) are constructed in [2, [3, B, 10, 15]. Again, the fundamental
groups of these examples are of special shapes. In particular, our conjugate varieties in
Theorem [0] are the first known non-homeomorphic examples which are simply connected.
This answers a question, posed more than 15 years ago by D. Reed in [II]. Reed’s
question was our initial motivation to study conjugate varieties and leads us to the more
general problem of determining those fundamental groups for which non-homeomorphic
conjugate varieties exist. Since the fundamental group of smooth varieties is a birational
invariant, the problem of detecting non-homeomorphic conjugate varieties in a given
birational equivalence class refines this problem. Building upon the examples we will
construct in the proof of Theorem [6, we will be able to prove the following:

Theorem 7. Any birational equivalence class of complex projective varieties in dimen-
sion > 10 contains conjugate smooth complex projective varieties whose even-degree real
cohomology algebras are non-isomorphic.

Theorem [7] implies immediately:

Corollary 8. Let G be the fundamental group of a smooth complex projective variety.
Then there exist conjugate smooth complex projective varieties with fundamental group
G, but non-isomorphic even-degree real cohomology algebras.

In Theorem [34]in Section [8 we show that the examples in Theorem [ can be chosen to
have non-isotrivial deformations. This is in contrast to the observation that the previously
known non-homeomorphic conjugate varieties tend to be rather rigid, cf. Remark 35

1.4. Constructions and methods of proof. Using products of special surfaces with
projective space, we will prove Theorem [ in Section Bl The key idea is to construct
real curves in the moduli space of abelian surfaces, respectively Kummer K3 surfaces,
on which dim(H"1(-, K)) is constant. Using elementary facts about modular forms, we
then prove that each of our curves contains a transcendental point, i.e. a point whose
coordinates are algebraically independent over Q. The action of Aut(C) being transitive
on the transcendental points of our moduli spaces, Theorem [l follows as soon as we have
seen that our assumptions on K ensure the existence of two real curves as above on which
dim(HPP(-, K)) takes different (constant) values.

For the proof of Theorem [6] in Section [6l we use Charles—Voisin’s method [3] [18], see
Section [ We start with simply connected surfaces Y ¢ PV with special automorphisms,
constructed in Section Bl Then we blow-up five smooth subvarieties of Y x Y x PV e.g.
the graphs of automorphisms of Y. In order to keep the dimensions low, we then pass to
a complete intersection subvariety 7" of this blow-up. If dim(7") > 4, then the cohomology
of T' encodes the action of the automorphisms on H?(Y,R) and HY'(Y,C). The latter
can change under the Aut(C)-action, which will be the key ingredient in our proofs.

In order to prove Theorem [7] in Section [7, we start with a smooth complex projective
variety Z of dimension > 10, representing a given birational equivalence class. From our
previous results, we will be able to pick a four-dimensional variety 7" and an automorphism
o of C with Z 2 Z7, such that T" and 7" have non-isomorphic even-degree real cohomology
algebras. Since 7' is four-dimensional, we can embed it into the exceptional divisor of the
blow-up Z of Z in a point and define W = Bip(Z). Then, W = Bly.(Z°) is birational
to Z° = Z. Moreover, we will be able to arrange that by(7") is larger than by(Z) +4. This



MULTIPLICATIVE SUB-HODGE STRUCTURES OF CONJUGATE VARIETIES 5

will allow us to show that any isomorphism between H?*(W,R) and H?*(1W°,R) induces
an isomorphism between H?*(T,R) and H?*(7T°,R). Theorem [ will follow.

1.5. Conventions. Using Serre’s GAGA principle [14], we usually identify a smooth
complex projective variety X with its corresponding analytic space, which is a Kéhler

manifold. For a codimension p subvariety V in X, we denote the corresponding (p, p)-class
in H*(X,Z) by [V].

2. PRELIMINARIES

2.1. Cohomology of blow-ups. In this subsection we recall important properties about
the cohomology of blow-ups, which we will use (tacitly) throughout Sections l [6 and [7}
Let Y ¢ X be Kéhler manifolds and let X = Bly(X) be the blow-up of X in Y with

exceptional divisor D ¢ X. We then obtain a commutative diagram
D—1-X
Pk
Yy —~ X,
where ¢ denotes the inclusion of Y into X and j denotes the inclusion of the exceptional

divisor D into X. Let r denote the codimension of Y in X, then we have the following,
see [17, p. 180].

Lemma 9. There is an isomorphism of integral Hodge structures
r—2 -
HYX,Z) ® (@ HF272(y, Z)) — H"(X,Z),
i=0

where on H*2-2(Y 7)), the natural Hodge structure is shifted by (i+1,i+1). On H*(X,Z),
the above morphism is given by 7. On H¥2-2(Y|7Z) it is given by j. o h' o p*, where h
denotes the cup product with ¢1(Op(1)) € H*(D,Z) and j. is the Gysin morphism of the
inclusion j: D < X.

By the above lemma, each cohomology class of X is a sum of pullback classes from X
and push forward classes from D. The ring structure on H*(X,Z) is therefore uncovered
by the following lemma.

Lemma 10. Let o, € H*(D,7Z) and ne H*(X,Z). Then,
(1) (@) = (" (') ua) and  j.(a) U ju(8) = —j.(hUauB),
where h = ¢, (Op(1)) e H*(D,Z).

Proof. Using i 0op = 7o j, the first assertion follows immediately from the projection
formula. For the second assertion, one first proves

(3) Js(a) uj.(B) = j. (1) v j(a v B)

by realizing that the dual statement in homology holds. Next, note that j,(1) = ¢1 (O (D)).
Moreover, the restriction of O¢ (D) to D is isomorphic to Op(-1). This implies —h =
7*(j.(1)) and so the projection formula yields:

—Jje(hvaup)=j.(1) vj.(aup).
This concludes the proof by (3. U
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2.2. Eigenvalues of conjugate endomorphisms. Let X be a smooth complex projec-
tive variety with endomorphism f and let ¢ be an automorphism of C. Via base change,
f induces an endomorphism f? of X?. If an explicit embedding of X into some projective
space PN with homogeneous coordinates z = [zp: ... : zx] is given, then f7 is determined

by

f7(a(2))) = a(f(2))
for all z € X, where o acts on each homogeneous coordinate simultaneously. On coho-
mology, we obtain linear maps

f e HPY(X) — HPY(X) and (f7)*: HP9(X?) — HPI(X7).
These maps commute with the o-linear isomorphism
HP(X) — HP(X")
induced by (Il). This observation proves:

Lemma 11. The set of eigenvalues of (f7)* on HP9(X?) is given by the o-conjugate of
the set of eigenvalues of f* on HP4(X).

2.3. The j-invariant of elliptic curves. Recall that the j-invariant of an elliptic curve
E with affine Weierstrass equation y? = 423 — gox — g3 equals

9
o e -
g5 = 2793
Two elliptic curves are isomorphic if and only if their j-invariant coincide. From the
above formula, we deduce j(E?) = o(j(F)) for all o € Aut(C). For an element 7 in the
upper half plane H, we use the notation

(4) E.=C/(Z+7Z) and j(7):=j(E,).

Then, j induces an isomorphism between any fundamental domain of the action of the
modular group SLs(Z) on H and C. Moreover, j is holomorphic on H with a cusp of
order one at i - co.

2.4. Kummer K3 surfaces and theta constants. Let M e M5(C) be a symmetric
matrix whose imaginary part is positive definite. Then,

Ay = C?(Z* + MZ?)

is a principal polarized abelian surface. The associated Kummer K3 surface K3(Ay)
is the quotient of the blow-up of Ay, at its 16 2-torsion points by the involution -(-1).
Equivalently, K3(Ay,) is the blow-up of A;/(-1) at its 16 singular points.

Let Lj; be a symmetric line bundle on Aj,; which induces the principal polarization on
Aps. The linear series |L$?7| then defines a morphism Ay —> P3. This morphism induces
an isomorphism of Ay;/(-1) with a degree four hypersurface

{Fy =0} cP?

The coefficients of F; are given by homogeneous degree 12 expressions in the coordinates
of Riemann’s second order theta constant ©2(M) € P3, see [7] and also [12, Example 1.1].
This constant is defined as

(5) O2(M) :=[O2[0,0](M) : ©2[1,0](M) : ©2[0,1](M) : ©5[1,1](M)].
Here, for 6 € {0,1}*, the complex number ©,[§](M) denotes the Fourier series
©) Ou)(M) 1= 3 i)

nez?
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where Q)/(2) is the quadratic form z¢M z, associated to M.
The above discussion allows us to calculate conjugates of K3(Ays) explicitly.

Lemma 12. If 0(©2(M)) = O2(M") holds for some automorphism o € Aut(C), then
K3(Apn)7 =2 K3(Ap).

Proof. As mentioned above, the coefficients of F); and F); are polynomial expressions in
the coordinates of ©(M) and ©,(M') respectively. The action of ¢ therefore maps the
polynomial Fj; to Fiy and hence {Fy; = 0} to {Fy = 0}. Moreover, this action maps the
16 singular points of {Fy; = 0} to the 16 singular points of {Fy;» = 0}. The lemma follows
from the above description of K3(Ays) and K3(Ay) as smooth models of {F); = 0} and
{Fyr = 0} respectively. O

Remark 13. The linear series |LS?| defines an embedding of Ayr into P8, It is in principle
possible to use this embedding in order to calculate conjugates A7, of Apr. In the preceding
section we only presented the analogous (easier) calculation for the associated Kummer
K3 surface which will suffice for our purposes.

3. PROOF OF THEOREM

In this section, we prove Theorem [B from the introduction. For this purpose, let us fix a
subfield K ¢ C, different from R and C, which is not contained in an imaginary quadratic
extension of Q. We then need to construct for any p > 1 and in any dimension n > p+ 1
conjugate smooth complex projective varieties X, X with HP?(X K) ¢ HP?(X°, K).
After taking products with P*=2, it clearly suffices to settle the case p=1 and n = 2.

We denote by Ky := K nR the real subfield of K. The proof of Theorem [l for p = 1
and n = 2 is now divided into four different cases. Cases 1 and 2 deal with K # Q; in
Cases 3 and 4 we settle Kr = Q.

In Cases 1-3 we will consider for 7 € H the elliptic curve E,. with associated j-invariant
j(7) from (@), and use the following

Lemma 14. Let L c C be a subfield. Then we have for any a,b € R,
2, ifa/b¢ L anda-b¢ L,
dim(H" (Eiju x By, L)) =13, ifa/be L and a-b¢ L, or ifa/b¢ L and a-be L,
4, ifaf/be L and a-be L.

Proof. For j =1,2, we denote the holomorphic coordinate on the j-th factor of E;, x Ej
by z; = x; +1y;. Then there are basis elements
ay, B e H(Eiy,,Z) and s,y € H' (Ey,7Z),
such that
dzy = oy +ia- 1 € HYO(E;,) and dzy = ag +ib- B € HYO(Ey).
We deduce that the following four (1, 1)-classes form a basis of HV1(E;, x Ey):
a1 U By, asUfy, arUag+ab-BiuUfy and agu Py + (afb)-asu .
The lemma follows. U

Case 1: Ky is uncountable.

The restriction of the j-invariant to i - R, is injective. Since Kp is uncountable, it
follows that there is some A > 1 in K such that j(i)\) is transcendental.

By assumptions, Ky is different from R. The additive action of Kr on R has therefore
more than one orbit and so R,; N\ Ky is uncountable. As above, it follows that there is



8 STEFAN SCHREIEDER

some i € Ry N Kg such that j(ip) is transcendental. Hence, there is some o € Aut(C)
with o(j(i\)) = j(ip). Since j(i) =1, it follows from the discussion in Section 2.3] that

X = Ei)\in with XUEEZ‘MXEZ‘.

Since A € K and p ¢ K, it follows from Lemma [[4l that H1(X, K) and HY1(X7, K) are
not equidimensional. This concludes Case 1.

Case 2: Ky is countable and K # Q.

Here we will need the following lemma.

Lemma 15. Let A € Ry be irrational, and let U € R.q be an uncountable subset. Then
there is some p € U such that j(u) and j(Ap) are algebraically independent over Q.

Proof. For a contradiction, suppose that j(u) and j(Au) are algebraically dependent over
Q for all € U. Since the polynomial ring in two variables over Q is countable, whereas U
is uncountable, we may assume that j(u) and j(Au) satisfy the same polynomial relation
for all 4 € U. Any uncountable subset of R contains an accumulation point. Hence, the
identity theorem yields a polynomial relation between the holomorphic functions j(7)
and j(A7) in the variable 7 € H. That is,

n

a(i(1))-j(A) =0,
1=0
where ¢;(j(7)) is a polynomial in j(7) which is nontrivial for [ = n. We may assume that
n is the minimal integer such that a polynomial relation as above exists. The modular
form j(7) does not satisfy any nontrivial polynomial relation since it has a cusp of order
one at ioo. Thus, n > 1. For k € Z, we have j(7) = j(7 + k) and so the above identity
yields

n

> a(i(m) - (JOA) = (AT + Ak)') = 0,

1=0
for all k € Z. Since A is irrational, A7 and A7 + Ak do not lie in the same SLy(Z) orbit
and so j(A7) — j(AT + Ak) is nonzero for all k € Z. Thus,

n -1
> a((r) - Y i) (A + Ak) T = 0.

I=1 h=0
If we now choose a sequence of integers (k,,)ms1 such that Ak, tends to zero modulo Z,
then the above identity tends to the identity

n

> a(i(r)) 1 ()t =0.

=1
This contradicts the minimality of n. Lemma 15 follows. O

Since Ky is countable, it follows that for any ¢ > 0,
Uy = {MERzl | tﬂ2¢K}

is uncountable. By assumptions in Case 2, Kr contains a positive irrational number .
Additionally, we pick a positive irrational number \ ¢ K.

Then, by Lemma [I3], there are elements p € Uy and p’ € Uy such that j(ip) and j(iAu),
as well as j(iu') and j(iM'p'), are algebraically independent over Q. It follows that for
some o € Aut(C), we have

X = Ei)\ﬂ X Ew with X7 = Ei)\'ﬂ' X Ew/.

Since A € K and Au2, N, Nw? ¢ K, it follows from Lemma [4 that H'!(X,K) and
HY1(X°7, K) are not equidimensional. This concludes Case 2.
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Case 3: K is uncountable and K = Q.

Since K is uncountable, there are elements 7,7’ € H with 7,7’ € K such that j(7) and
j(7") are algebraically independent over Q. Also, there are positive numbers p, i1’ € Ryg
with pp!, p/p' ¢ Kg = Q such that j(ip) and j(ip') are algebraically independent over Q.
For some o € Aut(C), we then have

X:=FE xFE., with X72F, xE;,.

Since 7,7’ € K, the space HV1(X, K) is at least three-dimensional. Conversely, H1( X7, K)
is two-dimensional by Lemma [[4l This concludes Case 3.

Case 4: K is countable and K = Q.

This case is slightly more difficult; instead of products of elliptic curves, we will use
Kummer K3 surfaces and their theta constants, see Section 2.4l We begin with the
definition of certain families of such surfaces. For ¢ =t; + ity € C with ¢; # 0 and u € R,,
we consider the symmetric matrix

M 2t1 1
M(u,t)i=1—- .
() 22751 ( 1 |t|2 )

For a suitable choice of t € C, the matrix —iM (j,t) is positive definite for all g > 0 and so
the abelian surface Ay, +) as well as its associated Kummer K3 surface exist. For such

t, we have the following lemma, where A denotes the dual of the abelian surface A.

Lemma 16. Let L € C be a subfield, let >0 and let t = t1 +ity € C such that —i- M (u,t)
is positive definite. If t1, |t|> and det(M(u,t)) do not lie in L, then

17, if (Jf2+2t-L)nL=g,

dim(HY (K3(A L)) =
im( (K3( M(“’t))’ ) {18, otherwise.

Proof. Fix t € C and p > 0 such that —i- M(u,t) is positive definite and assume that
t1, [t|* and det(M (u,t)) do not lie in L. The rational degree two Hodge structure of a
Kummer surface K3(A) is the direct sum of 16 divisor classes with the degree two Hodge
structure of A. It therefore remains to investigate the dimension of H 171(AM(W),L).
We denote the holomorphic coordinates on C? by z = (21, 22), where z; = z; +iy;. The

cohomology of A M(ut) 1 given by the homology of Az, and so
ay =dxy, ag =dry, ag=puf(2t)- (2t1dy; +dy2), aq=p/(2t) - (dy1 + |t|2dy2)

form a basis of Hl(AM(u,t),Q). Next, Hl’l(AM(M)) has basis dz1Udz;, dz1UdZs, dzeUdz,
and dzpudz,. This basis can be expressed in terms of a;uqy,, where 1 < j < k <4. Applying
the Gauf algorithm then yields the following new basis of H 171(AM(W)):

Ql = Uay + o Uag,
Qo =aiUay - [t auas,
Qg = OZQUOzg—Qtl (1 U Qg,
Oy =g Uy —det(M(p,t)) - aq Uas.
From this description it follows that if a linear combination Y A\;€2; is L-rational, then all
A; lie in L. Moreover, since det(M (u,t)) ¢ L, the coefficient A4 needs to vanish.
Since t1,[t]* ¢ L, neither Q2 nor Q3 is L-rational. We conclude that H''( Ay, L)

is two-dimensional if [t|? + 2t; - [; = I3 has a solution [, € L, and it is one-dimensional
otherwise. The lemma follows. O
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In the following we will stick to parameters t that are contained in a sufficiently small
neighborhood of 1/3+3i. For such ¢, the matrix —i- M (i, t) is positive definite. The reason
for the explicit choice of the base point 1/3+3i is due to the fact that it slightly simplifies
the proof of the subsequent lemma. In order to state it, we call a point in IP3 transcendental
if its coordinates in some standard affine chart are algebraically independent over Q.
Equivalently, z € P3 is transcendental if and only if P(z) # 0 for all nontrivial homogeneous
polynomials P with rational coefficients. That is, the transcendental points of P3 are
those which lie in the complement of the (countable) union of hypersurfaces which can
be defined over Q. It is important to note that Aut(C) acts transitively on this set of
points.

Lemma 17. There is a neighborhood V € C of 1/3 + 3i, such that for all t =t + ity € V
with 1, t1 and [t|* linearly independent over Q, the following holds. Any uncountable
subset U € R,q contains a point e U with:

(1) The matriz —i- M (u,t) is positive definite.

(2) The determinant of M(u,t) is not rational.

(3) The theta constant ©y( M (u,t)) is a transcendental point of P3.

Proof. We define the quadratic form
Q(2) =2t 27 + 22120 + [t|*23,

where z = (21,2) € R2. For § € {0,1}*, the homogeneous coordinate ©,[86](M (u,t)) of
the theta constant ©2(M (u,t)) is then given by

7 OuL3I(M (1)) = 3 exp(-5E-Quu+12).

nez?
see ([@). At the point ¢ =1/3 + 3i, we have

Q(2)|1=1/3+3i = % (21 +322/2) + % L 23,
This shows that there is a neighborhood V' of 1/3 + 3i such that —i - M (pu,t) is positive
definite for all ¢ € V and all u > 0. For such ¢, the function in () is a modular form in
the variable i - p € H, see [6].
Let us now pick some ¢ € V with 1, ¢; and |¢|? linearly independent over Q. Then
—i - M(u,t) is positive definite and so det(M (u,t)) is a nonzero multiple of p?. After
possibly removing countably many points of U, we may therefore assume

det(M(p,t)) ¢ Q

for all peU.

For a contradiction, we now assume that there is no p € U such that (M (u,t)) is a
transcendental point of P2, Since the polynomial ring in four variables over Q is countable,
we may then assume that there is one homogeneous polynomial P with P(Oq(M (11,t))) =
0 for all e U. Since U ¢ R, is uncountable, it contains an accumulation point. Then
the identity theorem yields

(8) P(0(M(-iT,t))) =0,

where the left hand side is considered as holomorphic function in 7 € H.

For 7 — ico, the modular form ©5[d](M (-iT,t)) from (7)) is dominated by the summand
where the exponent @(n) with n € N2 + ¢ is minimal. After possibly shrinking V', these
minima ns € N2 + 9 of (n) are given as follows:

No,o = (0,0), Nio = :b(l/Q,O), Np,1 = :I:(—]_, ]_/2) and nip = :b(—l/2, 1/2)



MULTIPLICATIVE SUB-HODGE STRUCTURES OF CONJUGATE VARIETIES 11

Noting that Q(no) vanishes, we conclude that for 7 — joo, the monomial
0,[0,0](M (=iT, )" - O5[1,0](M (=it 1)) - ©5[0,1](M (~iT,t))* - O5[1, 1] (M (=iT, 1))’

is dominated by the summand

T .
2-exp (t— (- Q(n10) + k- Q(noa) + Z'Q(”Ll))) :
1
The left hand side in (&) is then dominated by those summands for which
J-Q(ni) +k-Q(noa) +1-Q(n1a)

is minimal. We will therefore arrive at a contradiction as soon as we have seen that this
summand is unique. That is, it suffices to see that Q(ni1p), @Q(no1) and Q(ny;) are
linearly independent over Q. In order to see the latter, we calculate

Q(nio) =t1/2, Q(noy) = |tP/4+2t, -1 and Q(ny,y) = [tJ*/4+t.1/2-1/2.

The claim is now obvious since 1, t; and |¢|? are linearly independent over @Q by assump-
tions. This finishes the proof of the lemma. U

We are now able to conclude Case 4. Let V' be the neighborhood of 1/3+3i from Lemma
7 Since Kg = Q and since K is not contained in any imaginary quadratic extension of
Q, we may pick some t =t; + ity € K n'V which is not quadratic over Q. Then ¢; is not
rational since otherwise (¢ —t;)? would lie in Kg = Q, which yielded a quadratic relation
for t over Q. Tt follows that 1, ¢t +¢ = 2¢; and t-¢ = |[{|> are linearly independent over
Q, as otherwise t would lie in K and so ¢t +t = 2t; € Kgr = Q were rational. Hence, the
assumptions of Lemma [I7] are satisfied and so there is some p € R,y such that the pair
(p,t) satisfies (1)—(3) in Lemma [I7

Next, we consider t' = ¢} + 3i € V with 1, ¢} and ¢7* linearly independent over Q. Since
V is a neighborhood of 1/3 + 3i, there are uncountably many values for ¢] such that ¢
has the above property. We claim that we can choose ¢} within this uncountable set such
that additionally

(9) 2t’1)\1 = )\2 + |t’|2

has no solution Aj, A\s € K. In order to prove this, suppose that ¢ is a solution of (9)) for
some A, Ay € K. Since [t'|? is a real number, it follows that ¢} lies in the set of quotients
x/y where x and y are imaginary parts of some elements of K. Since K is countable, so is
the latter set. Our claim follows since we can choose ¢] within an uncountable set. That
is, we have just shown that there is a point ¢’ = ¢ + 3i € V with 1, ¢ and |t/|? linearly
independent over QQ such that additionally, (@) has no solution in K. Then again the
assumptions of Lemma [I7 are met and so there is some u’ € R, such that the pair (', t")
satisfies (1)—(3) in Lemma [T

Since (u,t) and (u',t") satisfy Lemma[l7 O9(M (u,t)) and Oo(M (p',t')) are transcen-
dental points of P3. Because Aut(C) acts transitively on such points it follows that there
is some automorphism o € Aut(C) with

o(O2(M(p,t))) = O2(M (1", 1)).

As the functor A — A on the category of abelian varieties commutes with the Aut(C)-
action, it therefore follows from Lemma [12] that

X = K3(Aprgun) with X7 = K3( Ay im)-
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By our choices, t1, |t| and det(M (u,t)) lie in RNQ and the same holds for the pair (u/,t').
Since Kg = Q, it follows that (u,t) as well as (p/,t") satisfy the assumptions of Lemma
16 Since (@) has no solution in K, whereas

2751)\1 = )\2 + |7f|2

has the solution A; =¢ and Ay = ¢? in K, it follows from Lemma 16 that H11(X, K') and
HY'(X°, K) are not equidimensional. This concludes Case 4 and hence finishes the proof
of Theorem [B

Remark 18. Theorem [ does not remain true if one restricts to smooth complex projec-
tive varieties which can be defined over Q. Indeed, for each smooth complex projective
variety X there is a finitely generated extension Kx of Q such that for all p > 0 the group
HPP(X,C) is generated by Kx-rational classes. As there are only countably many vari-
eties over Q, it follows that there is an extension K of Q which is generated by countably
many elements such that for each smooth complex projective variety X over Q and for
each p > 0, the dimension of HP?(X,K) equals hPP(X). The above claim follows, since
hPP(X) is invariant under conjugation.

4. CHARLES—VOISIN’S CONSTRUCTION

In this section we carry out a variant of a general construction method due to F.
Charles and C. Voisin [3|, [I§]. The proofs of Propositions [[9 and 20 below will then be
the technical heart of the proof of Theorem [0l in Section [6l

We start with a smooth complex projective surface Y with 6;(Y) = 0 and automor-
phisms f, f’ € Aut(Y). Then we pick an embedding

i:Y PN

and assume that f* and f* fix the pullback i*h of the hyperplane class h € H2(PN,Z).
For a general choice of points u, v, w and ¢t of PY and y of Y, the following smooth
subvarieties of Y x Y x PV are disjoint:

(10) Zy=Y xyxu, Zy:=Ti, xv, Zy:=Txw, Zy:=Tpxt, Zs=yxly
where I' denotes the graph of a morphism. The blow-up
X = Blzlu...uZ5 (Y X Y X ]PN)

of Y xY x PN along the union Z; U...U Z5 is a smooth complex projective variety. Since
b1(Y) =0 and dim(Y") = 2, it follows from the description of the cohomology of blow-ups,
see Section 2.1 that the cohomology algebra of X is generated by degree two classes.
Next, let ¢ be any automorphism of C. Then the automorphisms f and f’ of Y induce
automorphisms f° and f’° of Y?. Since conjugation commutes with blow-ups, we have

X7 = Blyg..oz; (YO x Y7 xPV),
where we identified PV with its conjugate PN?, and where
27 =Y xy? xu?, 23 =Tiq,, x07, Z3 =T xw?, Z7=Tpext?, Z7 =y xL.

Here u?, v, w® and t° are points on PV, y” € Y7, and i° : Y - PV is the inclusion,
induced by i. The pullback of the hyperplane class via 7 is denoted by i7*he.
In the next proposition, we will assume that the surface Y has the following properties.

(A1) There exist elements «, 5 € HY(Y,Q) with a? =2 =0 and au 5 #0.
(A2) The sets of eigenvalues of f* and f’* on H?(Y,C) are distinct.
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Then, for a smooth complete intersection subvariety
TcX,
with dim(7") > 4, the following holds.

Proposition 19. Suppose that (A1) and (A2) hold, and let K < C be a subfield. Then
any weak isomorphism between the K-multilinear intersection forms on H?(T,K) and
H?(T°,K) induces an isomorphism of graded K -algebras
v HY (Y, K) — H*(Y?, K),

with the following two properties:

(P1) In degree two, ¥ maps i*h to a multiple of i°*he.

(P2) The isomorphism v commutes with the induced actions of f and f’, i.e.

o f*=(f7)" ot and o (f) = (f7) ov.
Proposition[I9has an analog for isomorphisms between intersection forms on H:(-, K).

In order to state it, we need the following variant of (A2):

(A3) The sets of eigenvalues of f* and f* on HL(Y,C) are distinct and Aut(C)-
invariant.

Note that f* and f’* are defined on integral cohomology and so their sets of eigenvalues
on H%(Y,C) — but not on HH(Y,C) — are automatically Aut(C)-invariant. For this
reason, we did not have to impose this additional condition in (A2).

Proposition 20. Suppose that (A1) and (A3) hold, and let K ¢ C be a subfield which is
stable under complex conjugation. Then any weak isomorphism between the K-multilinear
intersection forms on HYY (T, K) and HY' (T, K) induces an isomorphism of graded K -
algebras

b HY (Y, K) = H* (Y, K),
which satisfies (P1) and (P2) of Proposition[19.

Remark 21. The assumption (A1) in the above propositions is only needed if dim(7T") = 4.

In the following two subsections we prove Propositions [19 and 20| respectively; impor-
tant steps will be similar to Charles—Voisin’s arguments in [3} [1§].
4.1. Proof of Proposition Suppose that there is a K-linear isomorphism
(11) ¢ H*(T,K) — H* (17, K),
which induces a weak isomorphism between the respective multilinear intersection forms.
By the Lefschetz hyperplane theorem, the natural maps
(12) HYX,K) — H¥(T,K) and H*(X°,K)— H*(T°,K)
are isomorphisms for k < n and injective for k = n, where n := dim(7"). Using this we will
identify classes on X and X¢ of degree < n with classes on 1" and T respectively.
We denote by SH?(-, K') the subalgebra of H*(—, K') that is generated by H?(-, K).

Its quotient by all elements of degree > r+1 is denoted by SH?(-, K)<". Since dim(7T") > 4,
we obtain from (I2) canonical isomorphisms

SH*(X,K)** — SH*(T,K)** and SH?*(X°,K)** — SH*(T°,K)*%.
Claim 1. The isomorphism ¢' from (I1l) induces a unique isomorphism
¢: SH?*(X,K)** — SH?*(X?,K)<!
of graded K -algebras.
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Proof. In degree two, we define ¢ to coincide with ¢’ from (). Since the respective
algebras are generated in degree two, this determines ¢ uniquely as homomorphism of
K-algebras; we have to check that it is well-defined though. In order to see the latter, let
ag,...,q. and fy,..., [0, be elements in H2(T, K). Then we have to prove:

Z%U@:O = Zﬁb’(ai)Uéb’(ﬁi):O-

Let us assume that Y, a; U 5; = 0. Since ¢’ induces a weak isomorphism between the
corresponding intersection forms, this implies

Zgb’(ozi) ug'(B)un=0 in H*(T°,K),

for all n e SH2(T°, K)?*. The class }; ¢'(a;) U¢'(5;) un lies in SH?(T?, K) and hence
it is a pullback of a class on X. Therefore, the above condition is equivalent to saying
that

> (i) ue'(Bi)unu[T7]=0 in H**(X7,K),

for all n e SH?2(X7, K)?=4. Since the cohomology of X is generated by degree two classes,
Poincaré duality shows

Z¢’(ai)u¢’(ﬁi)u[T"]:0 in HAN"2H2(x0 K,

Since [T7] is the (N +4-n)-th power of some hyperplane class on X7, the Hard Lefschetz
theorem implies

Z¢'(%)U¢'(5¢):0 in H4(XJ7K)7

as we wanted. Similarly, one proves that ¢~! induces a well-defined inverse of ¢. This
finishes the proof of the claim. O

From now on, we will work with the isomorphism ¢ of K-algebras from Claim [Ilinstead
of the weak isomorphism of intersection forms ¢’ from ([IT]).

In order to describe the degree two cohomology of X, we denote by D; ¢ X the excep-
tional divisor above Z; and we denote by h the pullback of the hyperplane class of PV to
X. Then, by Lemma

5
(13) HQ(X,K)=(@[Di]-K)®H2(YxY,K)€Bh-K.
i=1
Similarly, we denote by D¢ ¢ X7 the conjugate of D; by o and we denote by h? the
pullback of the hyperplane class of PV to X¢. This yields:
5
(14) HQ(X",K):(EB[D;’]-K)GB[F(Y”xY",K)éBh"-K.

i=1
Next, we pick a base point 0 € Y and consider the projections
YxY —Yx0 and Y xY —0xY.

Using pullbacks, this allows us to view H*(Y x 0, K) and H*(0 x Y, K') as subspaces of
H*(Y xY,K). By assumption, the first Betti number of Y vanishes and so we have a
canonical identity

(15) H*(Y xY,K)=H*(Y x0,K)® H*(0x Y, K),
of subspaces of H?(X, K). A similar statement holds on X°.
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Claim 2. The isomorphism ¢ respects the decompositions in (13) and (1), that is:

(16) S (Y x Y, K)) = HX(Y? % Y, K),
(17) o([D;]-K)=[DJ]-K foralli=1,...,5,
(18) o(h-K)=h" K.

Proof. In order to prove (6], we define S to be the linear subspace of H2(X, K') which
is spanned by all classes whose square is zero. By the ring structure of the cohomology
of blow-ups (cf. Lemma [I0), S is contained in H?(Y x Y, K). Furthermore, let S? be
the subspace of H4(X, K') which is given by products of elements in S. By assumption
(A1), this subspace contains H4(Y x 0, K) and H*(0 x Y, K). By the ring structure of
the cohomology of X, it then follows that H?(Y x Y, K) in (I3]) is equal to the linear
subspace of H?(X, K) that is spanned by those classes whose square lies in S2.

By Lefschetz’s theorem on (1,1)-classes, the cohomology of Y also satisfies (Al).
Hence, H2(Y? x Y°,K) inside SH?(X?, K)** has a similar intrinsic description as we
have found for H%(Y x Y, K) inside SH?(X, K)<*. This proves (I0).

In order to prove (I7) and (I8), we need the following Lemma, also used in [3, [I8]. In
order to state it, we define for i = 1,...,5 the following kernels:

(19) F;=ker (U[D;]: H*(Y xY,K) — H*(X,K)).

Using Lemma[@ and [I0] we obtain the following Lemma, which is the analogue of Charles’s
Lemma 7 in [3].

Lemma 22. Using the identification (14), the kernels F; ¢ H?(Y xY,K) are given as
follows:

20) Fy ={(0,8): B e H}(Y,K)},
Fy={(8.-0): Be H*(Y.K)},
Fy={(f*8,-p): fe H*(Y,K)},
Fy={(f"8.-8): p e H*(Y.K)},
F5={(8.0): fe H*(Y,K)}.

In addition to the above lemma, we have as in [3] the following.

(
(
(
(
(

NN N
= W N e
N— N S N

Lemma 23. Let a € H?(Y xY, K) be a non-zero class. Then the images of
Ua, Uh,u[D1],...,u[Ds]: H*(Y xY,K) — H*(X,K)

are in direct sum, Uh is injective and

(25) dim(ker uar) < bo(Y").

Proof. Apart from (25), the assertions in Lemma 23 are immediate consequences of the
ring structure of the cohomology of blow-ups, see Lemma [9] and
In order to proof (23], we write

a=ag+as
according to the decomposition (I5). Without loss of generality, we assume a; # 0. Then,
Ua restricted to H2(0 x Y, K) is injective. Moreover, by Poincaré duality there is some
b1 e HX(Y x0, K) with

fruag 0
Then, 5 U «v is nontrivial and does not lie in the image of U restricted to H?(0 x Y, K).

Thus, dim(im(ua)) > by(Y') and (25) follows. O
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Of course, the obvious analogues of Lemma 22] and 23] hold on X°.

Note the following elementary fact from linear algebra. If a finite number of linear
maps ly,...,[l, between two vector spaces have images in direct sum, then the kernel of a
linear combination Y A\;l; is given by intersection of all ker(l;) with A; # 0.

By Lemma 22] each F; has dimension b3(Y) and hence the above linear algebra fact
together with Lemma 23] shows that there is a permutation p € Sym(5) with

¢([Di]- K) = [Dg]- K.

We are now able to prove (I8]). For some real numbers ay,...,as and for some class
p° e H2(Y? x Y K) we have

5
(b(h) = aoh" + Z aj[D;-’] + BU.

j=1
Fori=1,...,4, the cup product hu [D;] vanishes and hence

aoh” U [D7;)] Z“J Diyl+ 670 D71 =0.
Since the cup product [D7]u [Dg] vanishes for j # k, we deduce
aph” U [D7y ]+ api [ Dy ] +B70[D7;y]=0

for alli=1,...,4. From Lemma[J it follows that a,) vanishes for all i =1,...4.
If 7 is such that p(i) € {1,...4}, then

h?u[D7]1=0 and so B7u[D7,]=0.
By Lemma 22] the intersection ;. Fj is zero for each k =1,...,5. Since the same holds

on X, we deduce that 47 vanishes. Hence,
¢(h) = ah” + a, [ D5 ]-
In H4(X, K) we have the identity
hu[Ds] = (i*h)u[Ds] e H*(Y xY) u[Ds],
and similarly on X°. Since (I6]) is already proven, we deduce

aph? U [D7 5 ]+ ap(S)[DZ(5)]2 e H*(Y7xY7)u (D7) ]
This implies a,) = 0. Since ¢ is an isomorphism, ag # 0 follows, which proves (Ig]).

It remains to prove (I7). That is, we need to see that p € Sym(5) is the identity. This
will be achieved by a similar argument as in [3| Lem. 11].

Note that hu[D;] as well as ho U [D?] vanish for i # 5 and are nontrivial for i = 5.
Since (8] is already proven, p(5) =5 follows.

By assumption on Y, f* and f’* fix i*h. Therefore, the intersection Fyn F3n Fy is
nontrivial. Conversely, F1 n F; = 0 for all ¢ = 2,3,4. Since analogue statements hold on
X, we obtain p(1) = 1.

Next, we use that F; @ F; = H?(Y x Y, K) for all i = 1,5 and j = 2,3,4. This allows us
to define for 2 < j, k <4 endomorphisms g; of F; via the following composition:

pri

gix:Fi = Fs @ F; —>F5L>F169Fk—>F1
There is a canonical identification between F; and H2(Y, K'). Using Lemmal22] a straight-
forward calculation then shows:
(26) gs2=f" ga2=f", gas=(fof1), g;=id and g;i =g},
for all 2 < j,k < 4.
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Analogue to (I9), we define
F? :=ker (U[D7]: H* (Y xY?,K) — H*(X",K)).

These subspaces are described by the corresponding statements of Lemma Thus,
the above construction yields for any 2 < 7,k < 4 endomorphisms 95k of FY. Using the
canonical identification of FY with H2(Y?, K), these endomorphisms are given by

(27) 952=(f7)" 932=(f"7)" 9is=(f"0 7, gj;=1id and g7, = (glg,j)717
for all 2 < j,k <4.

Since ¢ maps [D;] to a multiple of [D¢], it follows that the restriction of ¢ to F}
induces a K-linear isomorphism

(28) Vi F=H*(Y,K)— H*(Y°,K) = F{.
Since ¢ maps F; isomorphically to Fp(’(i), the above isomorphism satisfies
(29) V0 Gik = 95,00 ° ¥

for all 2 < j,k <4.

We now denote the eigenvalues of g; , by Eig(g;x), and similarly for 95y Since f and f’
are automorphisms, it follows from (A2) and (26]) that Eig(gs2) and Eig(g42) are distinct
Aut(C)-invariant sets of roots of unity. By Lemma [1] and since g, x = g,;lj, we deduce:

Eig(gs2) = Eig(g2,3) = Eig(g52) = Eig(93 ),

Eig(ga2) = Eig(g2.4) = Eig(g42) = Eig(934)-
Since g43 = G230 ga2 and gs4 = g4 © g32, it also follows that each of the sets Eig(gs4),
Eig(g43), Eig(g3,) and Eig(g7 3) is distinct from Eig(gz3) and Eig(gsz2). Therefore, (29)

implies that p respects the subsets {2,3} and {2,4}. Hence, p = id, as we wanted. This
finishes the proof of Claim 2 O

Since by (Y) =0 and dim(Y') = 2, the cohomology algebra H*(0 x Y, K) is a subalgebra
of SH?(X,K)=*. Restriction of ¢ therefore extends the K-linear isomorphism ¢ from
([28)) to an isomorphism

(30) v H* (Y, K) = H* (Y, K)

of graded K-algebras which we denote with the same letter. Since p in the proof of Claim
is the identity, it follows from (20), (27) and ([29) that v satisfies (P2).

In order to prove (P1), we note that
ker (U[Ds]: Fy@h- K — HYX,K)) = (i*h—h) - K,
where i*h € F} = H2(0xY, K). A similar statement holds on X?. Since ¢ maps F to FY,

[Ds]-K to [DZ]-K and h- K to h? - K, it follows that ¢ maps i*h- K to i°“h? - K. This
finishes the proof of Proposition [19l

4.2. Proof of Proposition As in the proof of Proposition [[9, we use (I2]) in order
to identify classes of degree < m on T with classes on X. Further, SH! (-, K) denotes
the subalgebra of H*(-, K) that is generated by H%!(-, K); its quotient by elements of
degree > r + 1 is denoted by SH (-, K)=".

Let us now suppose that there is a K-linear isomorphism

(31) ¢': H"Y(T,K) — H"(17,K),

which induces a weak isomorphism between the respective intersection forms. Then we
have the following analogue of Claim [l in the proof of Proposition 19
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Claim 3. The isomorphism from (1) induces a unique isomorphism
¢ . SHl’l(X,K)S4 N SHl’l(XU,K)S4
of graded K -algebras.

Proof. As in the proof of Claim [Il this claim reduces to showing the following: Suppose
we have K-rational (1,1)-classes a1, ...,q, and S1,..., 0, on T such that

(32) > (i) ue'(Bi)unu[T7]=0 in H*(X7,K),

for all n e SHM (X, K)?"4. Then, ¥, ¢'(«;) U ¢'(B;) vanishes.

In order to prove the latter, let w be the hyperplane class on X7 with [T7] = wN+4n,
With respect to this Kéhler class we obtain a decomposition into primitive pieces:

Z¢’(%) U@’ (Bi) = 0o-w” + 81 Uw + 0o,

where 0, € H39(X,C),,. Since w is an integral class, it follows that §; lies in H77 (X, K),,.
The above identity then shows d, € SHV( X, K).

At this point, we use the assumption in Proposition 20l which ensures that K is stable
under complex conjugation. Indeed, this assumption allows us to choose for 7 =0,1,2 the
following K-rational classes:

n; = E . wn—Q—j c SHLl(XU, K)Zn—él.

For j=0,1,2, we put n =n; in ([32). Then, the Hodge-Riemann bilinear relations yield
9; =0 for j =0,1,2. This finishes the proof of Claim [3l O

Exploiting the isomorphism of K-algebras ¢ from Claim [3 the proof of Proposition
is now obtained by changing the notation in the corresponding part of the proof of
Proposition [[9. This finishes the proof of Proposition 20l

5. SOME SIMPLY CONNECTED SURFACES WITH SPECIAL AUTOMORPHISMS

In this section we construct for any integer g > 1 a simply connected surface Y, of
geometric genus g and with special automorphisms. In the proof of Theorem [6]in Section
6] we will then apply the construction from Section M to these surfaces. In Section [1] we
will use the examples from Section 6] in order to prove Theorem [7l It is only the proof of
the latter theorem where it will become important that by(Y,) tends to infinity if g does.

5.1. Hyperelliptic curves with special automorphisms. For g > 1, let C; denote
the hyperelliptic curve with affine equation y? = 229! — 1, see [16]. The complement of
this affine piece in C, is a single point which we denote by co. For a primitive (2g+1)-th
root of unity (s4.1, the maps

(ff,y) = (<29+1 xuy) and (l’,y) = (l’,—y)
induce automorphisms of C; which we denote by 7, and ¢ respectively. Then, ¢ has the
(29 +2) fixed points
(1,0), (Cog+1,0),- .-, ($32,.1,0) and oo.
The automorphism 7, fixes co and performs a cyclic permutation on the remaining fixed
. . . . . 29
points. The corresponding permutation matrix has eigenvalues 1, (og+1, - - -, (3941

The holomorphic 1-forms
|

Y

~dx,
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where i = 1,..., g, form a basis of H:0(C,). Therefore, n} has eigenvalues (a1, ... ,ngﬂ
on H40(C,). Moreover, ¢ acts on H'(Cy,Z) by multiplication with -1.

5.2. The elliptic curve E;. Let E; be the elliptic curve C/(Z®iZ), cf. Section 2.3l Mul-
tiplication by ¢ and —1 induces automorphisms n; and ¢ of E; respectively. The involution
¢ has four fixed points. The action of ; fixes two of those fixed points and interchanges
the remaining two. On H19(E;), the automorphisms ¢ and 7; act by multiplication with
—1 and 7 respectively.

5.3. Products modulo the diagonal involution. For ¢ > 1, we consider the product
Cy x E;, where C; and E; are defined above. On this product, the involution ¢ acts via

the diagonal. This action has 8¢g + 8 fixed points. Let C; x E; be the blow-up of these
fixed points. Then,
(33) Y, :=Cyx E;i/t

is a smooth surface. For instance, Y7 = K3(C} x E;) is a Kummer K3 surface, see Section

2.4
Lemma 24. The surface Y, is simply connected.

Proof. 1t suffices to prove that the normal surface
Y= (Cy x Ey)/e
is simply connected. Projection to the second coordinate induces a map
T Y, — Pt
Let U ¢ P! be the complement of the 4 branch points of E; - P!. Then, restriction of 7

to V= n71(U) yields a fiber bundle 7|y : V' - U with fiber C,. Since U is homotopic to
a wedge of 3 circles, the long exact homotopy sequence yields a short exact sequence

00— 7T1(Cg) —> 7T1(V) — 7T1(U) — 0.

Since 7 has a section, this sequence splits. Since V' is the complement of a divisor in Y,
the natural map 7, (V') — m1(Y,) is surjective, see [9, Prop. 2.10]. Therefore, the above
split exact sequence shows that 7 (Y}) is generated by the fundamental group of a general
fiber together with the image of the fundamental group of a section of 7. The latter is
clearly trivial. Furthermore, the inclusion of a general fiber Cy = Y| is homotopic to the
inclusion of a special fiber C,/t = P, which is simply connected. It follows that the image
of m(Cy) — m1(Y]) is trivial. This proves the lemma. O

Definition 25. Let Y, be as in (33). Then we define the automorphisms f and f' of Y,
to be induced by n, x id and id xn; respectively.

Lemma 26. The surface Y, with automorphisms f and f' as above satisfies (A1)-(AS).

Proof. In order to describe the second cohomology of Y, we denote the exceptional P!-
curves of Y, by Dy, ..., Dggis. Then, for any field K:

8g+8
(34) HQ(YQ,K)=H2(ngEi,K)€B(@[Di]~K).
i=1
It follows from the discussion in Section 5.1 (resp. B.2)) that the action of f (resp. f’) on
H?(Y,,C) has eigenvalues 1, (3441, . .- ,C225+1 (resp. +1,+i). Moreover, the same statement
holds for their actions on H%!(Y,,C). This proves (A2) and (A3).
By (34), nontrivial rational (1,1)-classes on C, and E; induce classes a and f in
HY(Y,,Q) which satisfy (Al). This finishes the prove of the lemma. O
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6. MULTILINEAR INTERSECTION FORMS ON H?(—,R) anp HL1(-C)

Here we prove Theorem [6l This will be achieved by Lemma 27 and Theorem 2§ below,
where more precise statements are proven.

Let n >4 and g > 1. Moreover, let Y, be the simply connected surface with automor-
phisms f and f’ from Definition 25l We pick an ample divisor on Y, which is fixed by f
and f’. A sufficiently large multiple of this divisor gives an embedding

1Yy > PV
with n < N + 4 such that the actions of f and f” fix the pullback of the hyperplane class.
Next, let
Xg = Blzlu...uZ5 (}/g X }/g X IIED]V)

be the blow-up of Y, x Y, x PV along Z; u... U Z5, where Z; is defined in (I0). Since
n < N +4, X, contains a smooth n-dimensional complete intersection subvariety

(35) Ty € X,

Since Yy, f and f’ are defined over Q[(gg+a] = Q[(24+1,7], s0 is X, and we may assume
that the same holds true for 7, ,,.

Lemma 27. Let n > 2, then the variety T,,, from (33), as well as each of its conjugates,
15 simply connected.

Proof. Since Y} is simply connected by Lemma [24] so is X,. By the Lefschetz hyperplane
theorem, T} ,, is then simply connected for n > 2.

Since the curves C, and F; in the definition of Y, are defined over Z, it follows that Y is
isomorphic to any conjugate Y7. Thus, Y7 is simply connected and the above reasoning

shows that the same holds true for 77, , as long as n > 2. This proves the lemma. U

The next theorem, which implies Theorem [@ from the introduction, shows that cer-

tain automorphisms ¢ € Aut(C) which act nontrivially on Q[(sy+4] change the analytic
topology as well as the complex Hodge structure of T,

Theorem 28. Let g > 1 and n > 4 be integers and let o € Aut(C) with o(i) =i and
0(Cag+1) # Coge1 o1 vice versa. Then, the R-multilinear intersection forms on H*(T, ,,R)
and H*(Tg,,R), as well as the C-multilinear intersection forms on H'(T,,,C) and
HYM(Tg,,C), are not weakly isomorphic.

Proof. For ease of notation, we assume (i) =4 and o((ag+1) = C3,,,- The general case is
proven similarly.

Since the curves C, and E; from Sections [5.1] and are defined over Z, it follows that
the isomorphism type of Y, is invariant under any automorphism of C. Hence, we may
identify Y, with Y,7. Under this identification, f'” = f’ since 4 is fixed by . Moreover,
fo = f1 since it is induced by the automorphism

n," xid e Aut(Cy x E).

Suppose that the R-multilinear intersection forms on H*(7},,R) and H*(7¢,,R) are
weakly isomorphic. By Lemma 26l Proposition 19 applies and we obtain an R-algebra
automorphism of H*(Y,,R) with properties (P1) and (P2). By (P1),

W(i*h) =b-i*h
for some b € R*. Since the square of i*h generates H*(Y,,R), it follows that in degree 4,
the automorphism 1 is given by multiplication with a positive real number.
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We extend 1 now C-linearly and obtain an automorphism
U H* (Y, C) — H*(Y,,C),
which we denote by the same letter and which satisfies
(36) dof=fToy and Yo f'=foy.

Let us now pick nontrivial classes w € H'9(C,) and w’ € H'0(E;) with njw = (o941 - w
and nfw’ = i-w’. Then, wuw’ lies in H'(Y,) and we consider ¥(wuw’) in H2(Y,,C).
By (36), f~* and f” act on this class by multiplication with (5,41 and —i respectively. We
claim that the only class in H?(Y,,C) with this property is @ Uw’ and so
(37) P(wuw)=X-Tuw'
for some non-zero A € C. Indeed, since 7; interchanges two of the fixed points of ¢ on
E; and fixes the remaining two, f"* has eigenvalues +1 on the subspace of exceptional
divisors in (B4]). Therefore, 1(w U w’) needs to be contained in H2(Cy x E;,C). On this
subspace, f~1" and f’* are given by (n;! x id)* and (idxn;)* respectively. Our claim
follows by the explicit description of 1, and 7; in Sections [5.1] and

Together with its complex conjugate, equation (37) shows:

P(wuw vouw) =\ wuw vouw'

Since the above degree four class generates H*(Y,,C), we deduce that ¢ is given in degree
four by multiplication with —|\|?. As we have seen earlier, this number should be positive,
which is a contradiction. This finishes the proof of the first assertion in Theorem

For the proof of the second assertion, assume that the C-multilinear intersection forms
on HYY(T, ,,C) and H%(Tg,,,C) are weakly isomorphic. By Lemma 26 and Proposition
19, this yields an automorphism ¢ of H11(Y,,C) which satisfies (3G). Then, f~! and f’
act on ¢(wuw’) by multiplication with (a1 and —i respectively. This is a contradiction,
since H11(Y}, C) does not contain such a class. This finishes the proof of the theorem. [

Recall from (B5)) that T}, is defined over the cyclotomic number field Q[(gy+4]. This
number field contains the totally real subfield

Ky = Q[Csgra + C8_gl+4]'
For instance, K; = Q[\/g] From Theorem 28] we deduce the following

Corollary 29. Let K, c K c C be fields, and let o € Aut(C) with o(i) =i and 0((g41) #
Cog+1 or vice versa. Then the intersection forms on the equidimensional vector spaces
HY(Tyn, K) and HY(TY,,, K) are not weakly isomorphic.

Proof. By Theorem it suffices to prove that the (1,1)-classes on T, are spanned
by K -rational ones. Modulo divisor classes, H%1(7,,) is given by H1(Y,) @ HL1(Y)).
Furthermore, modulo divisors, H%1(Y,) is given by the ¢-invariant classes on E; xC,,. The
complex Hodge structure of E; and C, is generated by Q[¢]- and Q[(s4+1]-rational classes
respectively, see [16] for the latter. We may now arrange that the induced generators
of H41(Y,) are invariant under complex conjugation and thus lie in the subspace of K-
rational classes. This concludes the proof of the corollary. U

Remark 30. Our types of arguments are consistent with Conjecture 2 in the sense that
they cannot detect conjugate varieties with non-isomorphic algebras of Q-rational (p,p)-
classes. This is because the essential ingredient in the proof of Theorem [28 is a variety
Y with an automorphism whose action on HPP(Y,K) has a set of eigenvalues which is
not Aut(C)-invariant. (In our arguments, this role is played by the surface Y, with the



22 STEFAN SCHREIEDER

automorphism f o f'.) For K = Q, the characteristic polynomial of such an action has
rational coefficients and so the above situation cannot happen.

Remark 31. Using Freedman’s classification of simply connected topological 4-manifolds,
one can prove that simply connected conjugated smooth complex projective surfaces are
always homeomorphic. On the other hand, Theorem [@ shows that in any dimension at
least 4, there are simply connected conjugate smooth complex projective varieties which
are not homeomorphic. The case of dimension three remains open.

7. NON-HOMEOMORPHIC CONJUGATE VARIETIES IN EACH BIRATIONAL EQUIVALENCE
CLASS

In this section we prove Theorem [7l For this purpose, let Z be a given smooth complex
projective variety of dimension > 10. Next, let 7,4, be the four-dimensional smooth
complex projective variety, defined in ([B5). By (I3]) and ([B4), the second Betti number
of T, 4 equals 24g + 26. We may therefore choose an integer g > 1 with

(38) bQ(TgA) > b4(Z) +4.

From some projective space, Z is cut out by finitely many homogeneous polynomials.
We denote the field extension of Q which is generated by the coefficients of these poly-
nomials by L. Since L is finitely generated, and after possibly replacing ¢g by a suitable
larger integer, we may pick an automorphism o of C which fixes L and 7 but not (sg.1.

Since T, 4 has dimension 4, it can be embedded into P?. The assumption dim(Z) > 10
therefore ensures that we may fix an embedding of T} 4 into the exceptional divisor of the
blow-up Zof Zina point p € Z. We then define the following element in the birational
equivalence class of Z:

(39) W := Blr, ,(2).
Since conjugation commutes with blow-ups, the o-conjugate of W is given by
(40) W = Blrs (27),

where Z° is the blow-up of Z7 in a point p” € Z7 and T, is embedded in the exceptional
divisor of this blow-up. Since o fixes L, we have Z7 % Z Therefore, W and W are both
birational to Z. Hence, Theorem [1l follows from the following result.

Theorem 32. Let W and o be as above. Then the graded even-degree real cohomology
algebras of W and W° are non-isomorphic.

Proof. For a contradiction, let us assume that there is an isomorphism
v HQ*(VV’ R) _ HQ*(WJ’R)

of graded R-algebras. Using pullbacks, we regard H2*(Z,R) ¢ H>*(Z,R) and H?*(Z°,R) ¢
H?*(Z°,R) as subalgebras of H?*(W,R) and H?*(W?,R) respectively. By Lemma [0

(41) H*(W,R)=H*(Z,R)®[H]-Re®[D] R,

(42) H*(W° R)=H*(Z°,R)®[H°] - Re [D’] R,

where H ¢ Z and H? c Z7 are the exceptional divisors above the blown-up points, and
j:D->W and j7:D% > W?°

are the exceptional divisors of the blow-ups along T} 4 and 77, respectively.
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Any cohomology class of positive degree on Z is Poincaré dual to a homology class which
does not meet the center of the blow-up Z — Z. This shows that for any n € H*(Z,R),
with & > 1, and for any o € H*(D,R),

nul[H]=0 and nuj,(a)=0.
A similar statement holds on W and we will use these properties tacitly.

The restriction of ~[H] to H ¢ Z is given by ¢;(Og(1)); its restriction to Ty, is
therefore ample. By Lemma [0 we have

by(W) = b4(Z) + bo(T)y ) +2.

It then follows from (38) that the second primitive Betti number of T} 4 is bigger than
by(W)/2. Since T,4 is four-dimensional, and since —[H] restricts to an ample class
on T4, it follows that H%2(Z,R) @ [H] - R inside H2(W,R) is given by those classes
whose multiplication on H*(W,R) has kernel of dimension bigger than bs(W)/2. A
similar statement holds for H2(Z?,R)@®[H]-R inside H2(W?°,R) and so 7 needs to take
H*(Z,R)®[H]-R to H>(Z°,R) @ [H°]-R. Since 7 is an isomorphism, it follows that

(43) ([P =a” +a-[H7]+b-[D7]
holds for some a® € H?(Z?,R) and b + 0.

Cup product with [D] on H2(W,R) has two-dimensional image, spanned by [D]uU[H ]
and [D]?. For any 37 € H2(Z°,R), the following classes are therefore linearly dependent:

V(DD U p7, AP UH] and A([D])u[D7].
Since b # 0, this is only possible if a® u 87 =0 for all 5. Hence, a® = 0.
Since a? =0, it follows from [D]u[H] # 0 that v([H]) € H*(Z°,R) @ [H°]-R cannot
be contained in H2(Z°,R) and hence

Y([H]) =% +c-[H]

for some a” € H2(Z°,R) and ¢ # 0. As cup product with [H] on H?(W,R) has two-
dimensional image, the above argument which showed o = 0, also implies @° = 0. Thus,
v takes [H]-R to [H?]-R. It follows that ~ takes H2(Z,R) to H?(Z?,R), since these
are the kernels of cup product with [H] and [ H?] respectively.

Since T}, 4 is four-dimensional, we have [H]>u[D] =0. Then application of v yields:

- [H°Pu(a-[H]+b-[D]) =0.

Since [H?]% u [D?] vanishes, whereas [H?]% is nontrivial, it follows from ¢ # 0 that
a vanishes. Thus, v maps [D]-R to [D?]-R and we conclude that 7 respects the

decompositions (@] and (42).

The latter implies that v induces an R-linear isomorphism between the ideals ([D]) ¢
H*>*(W,R) and ([D?]) ¢ H?>*(W?,R). In order to state the key-property of this iso-
morphism, we identify cohomology classes on 7,4 and T/, with their pullbacks to the
exceptional divisors D and D respectively.

Lemma 33. For every o € H* (T}, 4, R), there exists a unique a® € H**(T7,,R) such that
1([D]uji(@)) = [D7]uji(a”).
Proof. For 0 < k <2, let us fix some o € H**(T, 4,R) and note that
H2k+2(WJ’R) — H2k+2(ZJ’R) D [Ho]k+1 R @jf(HQk(DU,R)).
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Since v maps [D] to a multiple of [D?], and since products of [ D?] with positive-degree
classes on Z7 always vanish, the above identity shows
Y([D]uji(@)) = [D7]uji(a”) +e- [DT]u[H7]*,

for some a” € H?*(D?,R) and e € R. The restrictions of ~[H] to T, 4 and ~[H"] to T,
are ample classes w € H*(T, 4,R) and w? € H*(T,,R) respectively.
Now suppose that « in the above formula is primitive with respect to w. Then the cup
product of the above class with v([H])5-%F vanishes. Since v([H]) is a multiple of [H?],
[D7]0 207 0 (@7)F2) + e (1) (7)) =0

This implies firstly that e = 0 and secondly that o U (w?)®%F vanishes as class on D°.
By the Hard Lefschetz Theorem, the latter already implies that a?, which a priori is only
a class on D7, is in fact a primitive class on T7,.

For arbitrary a € H*(T, 4,IR), the existence of a” now follows — since v takes [H]-R to
[H°]-R — from the Lefschetz decompositions with respect to w and w?; the uniqueness
is immediate from Lemma [0 This concludes Lemma [33] O

By Lemma [33] we are now able to define an R-linear map
¢ t H* (Tg747R) - HQ*(T;,AN R)v
by requiring
V([D]uji(a)) =b-y([D]) vil(e(a))

for all v e H*(T, 4,R), where b is, as above, the nontrivial constant with v([D]) = b-[D7].
Applying the same argument to v~!, we obtain an R-linear inverse of ¢.

By Theorem 28 ¢ cannot be an isomorphism of algebras and so we will obtain a
contradiction as soon as we have seen that ¢ respects the product structures. For this

purpose, let o and 8 denote even-degree cohomology classes on Ty 4. Then, by Lemma
and [I0, it suffices to prove

b-y([D])* vjl(é(aup)) =b-7([D])* v jl(é(a) ub(B)).
Using (3), the latter is seen as follows:

b-y([D])* v i (é(av B)) =v([D])? uy([D]uji(aupB))
=y([DPuj.(1) uji(auB))
=1([P]uj.(a) v [D]uj.(B))
= 0% A([D])? v i (d()) v i (6(B))
=% y([D])? v jI(1) v il (é(a) ue(B))
=b-([D])* v il (o) uo(B)).
This concludes the proof of Theorem [32. O

8. EXAMPLES WITH NON-ISOTRIVIAL DEFORMATIONS

In this section we prove that the examples in Theorem [l may be chosen to have non-
isotrivial deformations. Here, a family (X;)ss of varieties over a connected base S is
called non-isotrivial if there are two points sgp,s; € S with X, # X;,. The idea of the
proof is to vary the blown-up point p € Z in the construction of Section [/l In order to
state our result, we write X ~ Y if two varieties X and Y are birationally equivalent.
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Theorem 34. Let Z be a smooth complex projective variety of dimension > 10. Then
there is a non-isotrivial family (W,),er of smooth complex projective varieties W, over
some smooth affine variety U, and an automorphism o € Aut(C) such that for allpeU:

W,~Z~W7 and H*(W,,R) % H>* (W7 R).
Proof. As in Section [1] we may pick some o € Aut(C) and some ¢ > 1 such that
A= ZO, O'(Z) =1, U(C2g+1) * C29+1 and bQ(TgA) > bQ(Z) +4.

Next, let U € Z be a Zariski open and dense subset with trivial tangent bundle. Let
A c U x Z be the graph of the inclusion U < Z and consider the blow-up Bia(U x Z).
The normal bundle of A in U x Z is trivial, since U has trivial tangent bundle. Hence,
the exceptional divisor of BIa(U x Z) is isomorphic to A x P*=1. Since n > 10, we may
fix an embedding of A x T}, 4 into this exceptional divisor and consider the blow-up

BZAngA(BlA(U X Z))

Projection to the first coordinate then gives a family

(Wp)peU

of smooth complex projective varieties, birational to Z. Then, for all p € U, the conjugate
varieties W, and W are as in (39) and (40) respectively. Thus, W, ~ Z and W7 ~ Z°.
By Theorem [32] and since Z ¥ Z°, we obtain for all p € U:

Wy~ Z~W7 and H*(W,,R) ¢ HQ*(WI;’,R).
To conclude Theorem [34] it therefore remains to prove

Claim 4. After replacing Z by another representative of its birational equivalence class,
and for a suitable choice of U, the family (W, )peu is non-isotrivial.

Let us prove this claim. By the arguments of Theorem B2, one sees that any iso-
morphism ¢ : W, - W, induces an isomorphism ¢g* on cohomology which respects the
decomposition (@I]). This implies that g respects the exceptional divisors and thus in-
duces an isomorphism of Z which takes p to q.

The above argument, applied to p = ¢, shows that W, admits no automorphism which
takes points from the exceptional divisors to Z—{p}. In particular, W), contains a Zariski
open subset with trivial tangent bundle and with two points that cannot be interchanged
by an automorphism of W,. Since W, is birational to Z, we may therefore, after possibly
replacing Z by another representative of its birational equivalence class, assume that U
already contains points p and ¢ which cannot be interchanged by any automorphism of
Z. Then, as we have seen, W, and W, are not isomorphic. This finishes the proof of
Claim M and so concludes Theorem [34 O

Remark 35. In contrast to Theorem[34], most of the previously known examples of non-
homeomorphic pairs of conjugate varieties tend to be rather rigid and do in general not
occur in non-isotrivial families. This was already observed by D. Reed in [11]. However, it
1s often possible to obtain non-isotrivial families as products of previously known examples
with non-rigid varieties, e.g. one could take products of Serre’s examples [13] with a
smooth hypersurface of degree at least 4 in P3, since the latter are simply connected and
come in non-isotrivial families.
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