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Equivariant epsilon constant conjectures
for weakly ramified extensions
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Abstract

We study the local epsilon constant conjecture as formulated by Breuning
in [3]. This conjecture fits into the general framework of the equivariant Tam-
agawa number conjecture (ETNC) and should be interpreted as a consequence
of the expected compatibility of the ETNC with the functional equation of
Artin- L-functions.

Let K/Q, be unramified. Under some mild technical assumption we prove
Breuning’s conjecture for weakly ramified abelian extensions N/K with cyclic
ramification group. As a consequence of Breuning’s local-global principle we
obtain the validity of the global epsilon constant conjecture as formulated in [I]
and of Chinburg’s 2(2)-conjecture as stated in [9] for certain infinite families
F/FE of weakly and wildly ramified extensions of number fields.

1 Introduction

We fix a Galois extension F/E of number fields and set I' := Gal(F/FE). Let S
be a sufficiently large finite set of places of E which, in particular, includes all
archimedean places and all places which ramify in F//E. Let (/g g(s) denote the
S-truncated equivariant zeta-function of F//E as defined in [0, Sec. 2.3] which takes
values in the centre Z(C[I']) of the complex group ring C[I']. We recall that (r/ g s(s)
can be considered as the vector consisting of S-truncated Artin L-functions for all
irreducible characters of I'. For each rational integer m we write (p/p s(m) for the
leading non-zero coefficient in the Taylor expansion of (r/g s(s) at s = m. It follows
easily that (j p (m) is contained in the unit group of Z(R[I]) (cf. [5, Lemma 2.7]).

Continuing work of Burns in [7], Breuning and Burns formulate in [5] explicit
conjectures for the image of (5, 5(0), resp. (j/p (1), under the canonical homomor-

phism & from Z(R[I]) to the relative algebraic K-group Ky(Z[T'],R). We recall that
the conjectural formula for ¢} /E, 4(0) is equivalent to the lifted root number conjecture
of Gruenberg, Ritter and Weiss (cf. [11]), and moreover, is expected to be equivalent
to the equivariant Tamagawa number conjecture for the pair (h°(Spec(F)), Z[T']) (cf.
[5, Prop. 4.4 and Rem. 4.5]). Under some technical hypothesis the conjectural formula
for ¢/, 4(1) is shown in [6] Th. 1.1 and Cor. 1.2] to be equivalent to the equivariant
Tamagawa number conjecture as applied to the pair (h°(Spec(F))(1), Z[T]).

In this paper we provide new evidence for the functional equation compatibility
of these conjectures. To be more specific, we recall that Breuning and Burns define
elements TQ(F/E,m) in Ky(Z[T'],R) for m = 0,1 and state their conjectures in the
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form TQ(F/E,m) =0 (cf. [5, Conj. 3.3 and 4.1]). Motivated by the work in [I] they
define a further element TQ°(F/E,1) in Ko(Z[I'],R) and show in [5 Th. 5.2] that

Y (TQUF/E,0)) — TQ(F/E, 1) = TQ"(F/E, 1).

Here ¢ denotes a natural involution on the algebraic K-group Ky(Z[I'],R).
The leading term conjectures for (g, 5(0) and (j 5 (1) force the following con-
jecture which we want to study in this paper.

Conjecture 1. (cf. [5, Conj. 5.3]) One has the equality
TQ°(F/E, 1) =0
in Ko(Z[['],R).

By [I, Rem. 5.4] Conjecture[Ilis equivalent to Conjecture 4.1 of [1]. We recall that
for every Galois extension F/E the invariant TQ°¢(F/FE, 1) lies in the finite group
Ko(Z[T'], Q)tors, the torsion subgroup of Ko(Z[I'],Q) C Ko(Z[T'],R) ([, Cor. 6.3 (i)]).
Moreover, Conjecture [1is known if F'/E is at most tamely ramified ([I, Cor. 7.7]),
if F'is an abelian extension of Q with odd conductor ([I, Cor. 5.4 (ii)]) or if F' is an
extension of Q of degree < 15 ([2, Cor. 7]). We also recall that by [I, Rem. 4.2 (iv)]
Conjecture [[l implies Chinburg’s €2(2)-conjecture as stated in [9].

Conjecture [lis essentially of local nature. In fact, it is a local approach which lies
behind the proofs of the known cases mentioned above. Based on this observation,
Breuning stated in [3] an independent conjecture for Galois extensions N/K of local
number fields. We write G for the Galois group of N/K. Breuning defined an
element Ry/x in Ko(Zy[G],Q,) incorporating local epsilon constants and algebraic
invariants associated to N/K. We will briefly recall the definition of Ry/k in Section
Breuning stated the following conjecture.

Conjecture 2. (cf. [3, Conj. 3.2]) One has the equality
Ry/k =0

in KQ(ZP[G], Qp)

Since TQ'¢(F/E,1) is contained in the subgroup Ky(Z[l'],Q) it can be studied
prime by prime. We let TQ'°(F/E, 1), € Ky(Z,[T'],Q,) denote its p-primary part.
Then the local conjecture is related to the global conjecture by the equation

TQ(F/E,1), =) ir, (Rr.s,) .
where v runs through all places of E above p, w is a fixed place of F' lying over v,
I', denotes the decomposition group and i?w is the induction map on the relative
algebraic K-group, cf. [3, Th. 4.1].

In [3], 4] Breuning proved Conjecture 2 for tamely ramified extensions, for abelian
extensions of Q, with p # 2, for all Ss-extensions of Q,, and for certain families of
dihedral and quaternion extensions. If p is odd, an algorithmic proof for Conjecture
is given in [2] for all Galois extensions of degree < 15. If p = 2, the conjecture is
also proved in loc.cit. for all non-abelian Galois extensions of Qo with [N : Qy] < 15
and, in addition, for all abelian extensions N/Qy with [N : Q] < 7.

In this manuscript we will focus on weakly and wildly ramified extensions N/K
of an unramified extension K/Q,. We recall that N/K is weakly ramified, if the
second ramification group in lower numbering is trivial.

We state the main result of our work.



Theorem 1. Let p be an odd prime and let K/Q, be a finite unramified extension.
Let m denote the degree of K/Q,. Let N/K be a weakly and wildly ramified finite
abelian extension with cyclic ramification group. Let d denote the inertia degree of
N/K and assume that m and d are relatively prime. Then Conjecture[2 is true for

N/K.

Remark 1. The assumptions of the theorem imply that the ramification group is
cyclic of order p (cf. [I5, Cor. 3.4]). More precisely, |G| = pd, |Go| = |G| = p and
|G;| =1 for i > 2. Here G; for ¢ > 0 denotes the higher ramification subgroup.

The invariant Ry x incorporates amongst other terms the equivariant local ep-
silon constant and a certain equivariant discriminant attached to N/K. Whereas the
main ingredient in the definition of the equivariant epsilon constant is a local Gaufl
sum, equivariant discriminants are closely related to norm-resolvents. The relation
between norm-resolvents and Galois Gaufl sums in the context of Theorem [I] is ana-
lyzed by Pickett and Vinatier in [I5]. Indeed, Theorem 2 of loc.cit. was one of the
main motivations and a starting point for our project. In addition, the strategy for
the proof of Theorem [Il was inspired by the reductions made in Section 3.3 of loc.cit.

The above relation between TQ°°(F/E, 1), and Rp, g, implies results for global
Galois extensions F'/E which satisfy the following property.

Property (x). We say that the Galois extension F/E of number fields satisfies
Property (x) if for every wildly ramified place v of F with w|v|p one of the following
cases is satisfied

a) B, =Q,, p>2and T, is abelian,

b) B, =Q,, p=2,T, is abelian and |T',,| < 7,

c) E,=Q,, p>2,T, is non-abelian and |I',,| < 15,
)

d) E,/Q, is unramified, p > 2, F,,/E, is abelian and weakly ramified with cyclic
ramification group and [E, : Q,] is coprime with the inertia degree of F,,/E,.

Every tamely ramified extension F'/E obviously satisfies Property (x). It is easy
to construct infinite families of weakly and wildly ramified extensions of number
fields which satisfy condition d) using class field theory. In particular, if p is an odd
prime, £/Q an extension of number fields in which p is unramified and F'/FE a cyclic
extension of degree p which is at most weakly ramified, then F'/FE satisfies Property

().
Corollary 1. Conjecture[dlis valid for all Galois extensions F/E which satisfy Prop-
erty (x).

The projection onto the class group also proves Chinburg’s conjecture:

Corollary 2. Chinburg’s 2(2)-conjecture is valid for all Galois extensions F/E
which satisfy Property (x).

Moreover, the functorial properties of [3, Prop. 3.3] imply the following result:

Corollary 3. Conjecture[d and Chinburg’s Q(2)-conjecture are valid for global Galois
extensions F/E for which E' C E C F C F' with a Galois extension F'/E' that
satisfies Property ().



In Section Pl we will first recall Breuning’s conjecture and then give a short de-
scription of the organization of the manuscript.

Notations Given a field extension F'/FE, we will denote the norm and the trace
by N, r/e and Tp/p respectively. If K is a local field, then vk will always denote
its normalized valuation. We will write Ok and pg for the valuation ring and the
maximal ideal respectively. Furthermore, Ux will denote the units of Ok and U 1(? )=
{u €Uk :u=1 (mod p%)} the higher principal units.

If K is a field we write K¢ for an algebraic closure. For a finite group G we write
Irrge (G) for the set of absolutely irreducible characters of G. We often implicitly fix
an embedding Q° — Qp and view Q°-valued characters as valued in Q.

If H < G is a subgroup, then ey = ﬁ Y ocn 0 denotes the usual subgroup
idempotent. We also set Ty := |H|ey. For a € G we abbreviate e, = ey and
T, = Ty.

For a Z-module M and a prime p we often write M, for M ®z Z,.

2 The local epsilon constant conjecture

In this section we briefly recall the formulation of Breuning’s local epsilon constant
conjecture. For further details we refer the reader to [3, Sec. 2].

2.1 The shape of the conjecture

The element Ry is of the form

Ry/k =Tk + Cnyx +Un/k — My

where each of the terms is an element in Ko(Z,[G], Q;). This algebraic K-group lies
in an exact localization sequence of the form

v (Z,[G)) — Ky (Q[G)) — Ko(Z,[G.Q5) — 0.

If G is abelian, the determinant induces an isomorphism K (Q[G]) ~ Q5[G]*. Since
Z,|G] is semilocal the natural map Z,[G]* — K;(Z,[G]) is onto, so that in the
abelian case we can and will identify Ko(Z,[G],Q5) with Q5[G]*/Z,[G]*. Further-

more, we identify Qp[G]* with [ (Q2) " where x runs through the set Irrge(G).

The term Tk is called the equivariant local epsilon constant. If K is a finite
extension of Q, and x a character of Gal(K*°/K) with values in Q¢ we write 7x(x) €
Q¢ for the local Galois Gauf sum as defined in [13] I, Sec. 4]. Let N/K be an abelian
extension of p-adic fields and put G := Gal(N/K). We set

o= (1 (8). o, TT@ T

Let k: Q° — QF be any embedding and also write k: Q°[G] — Qj[G] for the
induced map. Then Th/x € Q5[G]* /Z,[G]* is defined to be the class represented by
k(tn/k). By [3, Lemma 2.2] the definition T,k does not depend on the choice of
the embedding k.

We call Cy/k the cohomological term. Let £ be a full projective Z,|G]-sublattice
of Oy which is contained in a sufficiently high power of the maximal ideal such
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that the exponential map of N is defined on £. We recall that in [1, Sec. 3.3] a
cohomological term E(X) € Ky(Z[G], Q) is defined for every cohomologically trivial
Z|G)-submodule X of finite index in Uy. We write E(X), € K¢(Z,|G],Q,) for its
p-part. Then, by [3, Prop. 2.6],

Cnyx = Elexp(L))p — [£, piv, Hx]

in Ko(Zy|G],Q5). The computation of E(exp(L)), in our special situation is the
technical heart of this paper. We therefore postpone its definition to Section 2.2l For
the definition of [L, p, Hx| we just recall that for a normal basis element § € Oy and
L := Ok[G]0 the element [L, py, Hy] is represented by (0x N /g, (0 | X))Xelerc(G) €

I1, (Q°)* where N /g, (0 | x) denotes the norm resolvent and dx is a root of the
discriminant of K (cf. [3, Lemma 2.7]).

We continue to describe the correction term My, . To simplify the notation we
assume that G is abelian. For x € Q,[G] we define an invertible element *z € Q,[G]*
as follows. If Q,[G]| = [[ F; is the Wedderburn decomposition of Q,[G] and x = (z;)
under this decomposition, then *z = ((*z);) with (*z); = z; if ; # 0 and (*z); =1
if z; = 0. Let I be the ramification group of G and let ¢ € G be a lift of the
Frobenius automorphism in G/I. Put ¢ := |Ok/pk|. Then My x € Ko(Zy[G],Qp)

is represented by
e G/ eq)" (1 = ogNer)
e (M=o Der)

Finally we discuss the unramified term Uy/x. We write (9; for the ring of integers
in the maximal tamely ramified extension of Q, in Q5. Let +: Ko(Z,[G], Q5) —
Ko(0}[G], Q) be the natural scalar extension map. We recall that by Taylor’s fixed
point theorem the restriction of ¢ to the subgroup Ky(Z,|G],Q,) is injective. If G is
abelian, this injectivity is equivalent to

QG /2, |G — QGIGT /O, [G]*.

By [3, Prop. 2.12] we have «(Un/k) = 0. The properties of Uy x with respect
to the action of Gal(Q§/Q,) ensure that Ry/x € Ko(Zy[G],Q,). By Taylor’s fixed
point theorem it therefore suffices to show that ¢(Rn/x) = 0 (cf. [3, Cor. 3.5]). In the
abelian case it therefore suffices to prove that a representative of Ty x +Cn/x — My i
actually lies in O}[G]*.

2.2 Definition of F(X)

Let N/K be a finite Galois extension of p-adic fields with group G. Let X C Uy
be any cohomologically trivial Z[G]-submodule of finite index. The element F(X) €
Ky(Z|G],Q) is defined in 1l (19)]. We recall here the approach summarized in [T}
Lemma 3.7] which allows an explicit description of E(X),. This approach is based
on the observation of Burns and Flach made in [8, Prop. 3.5 (a)] that relates certain
complexes arising from the cohomology of the sheaf G,, to 2-extensions representing
the fundamental class of local class field theory.
We fix a Z[G]-equivariant resolution of Z of the form

0— ¥ -57[6] 276 272 —0



where ¥ := ker(dy) and compute groups of the form Ext%[G} (Z,—) with respect to
this resolution. We then choose a morphism ¢ € Homgg (3, N*/X) which rep-
resents the image of the local fundamental class under the canonical isomorphism
Ext%[G](Z, N*) — Ext%[G}(Z, N*/X). Without loss of generality we may assume
that ¢ is surjective. We then set B := ker(d;) and K := ker(y) and we write i1, is
and 45 for the inclusion morphisms Ko — g, Yo — Q[G]” and By —— Q[G]
respectively. We also choose Q[G]-equivariant sections p, o and 7 to the morphisms
00, dao : Q[G]" — By and d; g respectively. We then write @ for the composite
isomorphism

(KozZ[G)e "% Koo (Qo By)
Y Ko (NY/X) g @ By

2 e By (1)
=9 Qe

By [1, Lemma 3.7] the module K is finitely generated and Z[G]-projective and, more-
over,

E(X) = [K ® Z[G],0,Z[G]']

in KO<Z[G]7 Q) :

Suppose now that G is abelian. In order to compute a representative of E(X),
in Q,[G]*/Z,|G]* ~ Ko(Z,|G],Q,) we first note that K, ® Z,[G] is Z,|G]-free. We
choose Z,|G]-bases of IC, & Z,[G] and Z,[G]", respectively, and let A; € Gl.(Q,[G])
denote the matrix which represents 6 with respect to this choice of bases. Then
E(X), is represented by det(A4;).

2.3 Plan of the manuscript

In Section M we will compute the term E(exp(L)), for extensions N/K as in Theorem
[ and a special choice of lattice £. The term [L, pn, Hy| — Tk is represented by
the quotient of a norm resolvent by Galois Gaufl sums. In Section [Bl we will use the
main result of [I5] to quickly compute this term. Finally in Section [6] we calculate
My k and complete the proof of Theorem [ by showing that a representative of
TN/K + CN/K - MN/K lies in O;)[G]X



3 The setting

3.1 Definitions and notation

In this section we fix the setting in which we will work. We will consider local field
extensions as follows.

Here K/Q, is the unramified extension of degree m and K'/K is the unramified
extension of degree d. We assume throughout that (m,d) = 1. Furthermore, M/K
is a weakly and wildly ramified cyclic extension of degree p. Since (m,d) = 1, there
exists I?’/(@p of degree d such that K’ = KK’. Further we set N = MK', K, the
maximal unramified extension of K and Ny = K, N. We will prove Conjecture 2] for
the extension N/K.

Let F' € Gal(Ny/M) = Gal(K,,/K) be the Frobenius automorphism, let F =
F? € Gal(Ny/N) = Gal(K,,/K') and put ¢ = p™. We consider elements a,b €
Gal(Ny/K) such that Gal(M/K) = (a|u), a|k,, = 1, bl;r = 1 and b|g,, = F~'. Since

there will be no ambiguity, we will denote by the same letters a, b their restrictions
to N. Then Gal(N/K) = (a,b) and ord(a) = p,ord(b) = d.

Lemma 3.1.1. Let L/k be a finite tamely ramified Galois extension of p-adic fields.
Then there exists a normal integral basis generator of trace one.

Proof. Put A := Gal(L/k). By Noether’s Theorem there exists an element 6 € Oy,
such that Of, = Oy[A]6. Let t := T7/4(6). Then ¢t € O} and ¢ is an integral normal
basis generator of trace one. U

Let us call A such an element for the extension K/Q, and let 6, be such an
element for the extension K'/Q,.

Lemma 3.1.2. There ezists an element 0; € py such that Ok [Gal(M/K)]0; = pu
and we can assume that Ty 01 = p.

Proof. By [12, Th. 1.1 and Lemma 1.4 (b)] there exists an element 0, € py such
that Ok [Gal(M/K)]01 = py and Tayx(61) = up with a unit v € Of. We set
91 = %él O

For the rest of the paper we fix an element 6, € p,; as in Lemma [B.1.2l Since
a € Gy \ Gy, where G} is the i-th ramification group of G = Gal(N/K), we know by
[16 Sec. IV.2, Prop. 5] that 67! = 1—a,60, (mod p2,) for some unit a; € OF;. Since
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a; can be replaced by any element in the same residue class in Oy /py = Ok /Pk,
we can assume that a; € OF.

By our choice of A, we know that A, A/, ... A/ is a basis of Ok over Z,, where
f denotes the Frobenius automorphism of K./Q,. Since 1 = T /g, A = S AL
and oy € O it easily follows that also

aq, 09 = OélA, Q3 — OélAf, @ OélAfm_Q (2)
constitute a basis of O over Z,. In particular, we have the equality A = 22.

Lemma 3.1.3. With the above notation, X? — X + Aby divides X" — X + 1 in
Ok /pr[X].

Proof. We have

md—1
XU = X +1= X" = X 4 Tioyg, (A6;) = Y (X7 = X + A6,)"  (mod )
=0
and the right hand side is clearly a multiple of X? — X + A6f,. O

x2

Now we choose an element 25 € Ok, so that the class of 2 modulo pg,, is a
root of the polynomial X? — X + Af,. Let (a1 € OF, be a primitive (¢* — 1)-th
root of unity.

Lemma 3.1.4. We have
(G (14 2260:)) "' =097 =1— 16, (mod py,).

Proof. By the choice of x5 and Lemma [3.1.3] we obtain

d

q
(ﬂ) _ =—1 (mod pg,,).

651 a

Multiplying by oz?d and observing a?dfl =1 (mod pg,,) we obtain

2 — 1= —ay (mod py,). (3)

Now we conclude

(qu,1<1 + .Tgel))FO_l (1 + 1’291)b7d<1 + :1:2«91)*1
= (1+25 0)(1 — 256,) (mod p3,)

=1+ xg‘del — 2901 =1 —ay6; (mod p?\fo)v

where the last congruence follows from (3)). O
Let N, denote the completion of Njy.

Lemma 3.1.5. For all u € UNO there exists z € UNO such that zfo1 = u. In

particular, there exists v € Uy, such that v~ = ¢~ (mod p?@;l) and the element

v can be chosen so that v = (ua_1(1 4 22601) (mod p3y,).



Proof. The first part of the lemma is contained in [14, Sec. V, Lemma 2.1]. The
second part follows from the constructions made in the proof of loc.cit. combined
with Lemma [3.1.4l For the reader’s convenience we carry out the details.

Since the residue field of Ny is algebraically closed, there exists a solution z; € Uy,
of 2Fo = 24" = zu (mod py, ).

Now let us assume that ¢ > 2 and that we have an element z;_; € Uy, such that

27 = u (mod p.)). By assumption, uz° — 1 is a multiple of #~*. So we can
find a solution y; € Oy, of
1-Fp
uz; -1
Xt X — 17012;1 =0 (mod pu,).
1

Multiplying by #:7!, we get
Y00 = it +uz " — 1 (mod py).
Now we set 2; := z;_1(1+ ;0] ") and easily verify that z/°~' = u (mod pY, ). The z
form a Cauchy sequence which converges to an element z € Uy with the requested
properties.
If u =0, then by Lemma [B.1.4] we can start the construction of the sequence
of the z; from the element 2z = (,a_1(1 + 2201) and take v = 2,41. O

For the rest of the paper we fix an element v € Uy, as in Lemma 3.1.5

3.2 Some preliminary results

In this subsection we collect some preliminary results which will be needed in Section
4 We assume all the notations introduced in Subsection 3.1}

Lemma 3.2.1. We have
NM/K(l — 04191) =1 (mod pz])\jl)
Proof. Recalling that by [16] Sec. V.6, Prop. §] /\/'M/KU](VQI) C UI(?) C U}\T”, we obtain

Nuyx (1 — 1) = Ny (077') =1 (mod i)

Lemma 3.2.2. We have
Ny (01) = —ozi_pp (mod p’;{l).

Proof. By [16, Sec. V.3, Lemma 4] we have Tax(p3;) = p%. In addition, by [16,
Sec. V.3, Lemma 5] and Lemma B.2.1] we obtain

1= Nur(l—a161) = 1+ Nagyr(—i6r) + Tarye(—ai61)  (mod phth).
Since oy € Ok and Ty i (01) = p the result easily follows. O

Lemma 3.2.3. We have
p—T, = (a— 1),

for some unit u of Z,[a] such that the augmentation e(u) = (p — 1)L
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p—1 g'—1
A O

Proof. One can take, for example, u =

Lemma 3.2.4. The element (a—1)P~' =T, is a multiple of p in Zy|a]. In particular,
(a—1)P7'0, =T,0, =p (mod p5™).
Proof. Easy exercise. O

Lemma 3.2.5. Let x € N* such that vn(z) € {1,2,...,p—1}. Thenvy((a—1)z) =
vy (x) + 1.

Proof. We have to show that vy (2*"'—1) = 1 which is equivalent to 2~ € U \UY
By our assumptions we have a € G; \ Gy. If vy(z) = 1, then Oy = Oy [z] by
[16, Sec. 1.6, Prop. 18] and, furthermore, [16, Sec. IV.1, Lemma 1] implies ¢! €
UJ(Vl)\U](\?). Ifoy(z) € {2,...,p—1}, then we choose s, t € Z such that svy(x)+tp = 1.
Then vy (z°p) = 1, so that (z*1)° = (z°p))*""' € U](\}) \ U](\?). Hence 27! ¢ U](\?),
while clearly z*~1 € U ](\}). O

In the following we write (7, (a — 1)7) C Og[G] for the Ok[G]-submodule gen-
erated by T, and (a — 1)? where j is a non-negative integer.

Lemma 3.2.6. a) Put 6 = 6,0. Then py = Ok[G]6.
b) For j=0,...,p— 1 we have pi " = (p, (a — 1)) = (T,, (a — 1)7)8.

Proof. Part (a) is immediate from On = O);Ok: and the definition of #; and 6,.

By Lemma [3.2.3] we have (Ta, (a — 1)) = (p,(a — 1)) which shows the second
equality in (b). Lemma 325 implies the chain of inclusions 16 C pi/" C py =
Ok|[G]0, where we have set [ = I; := (T,,(a—1)7). Since 6 is a normal basis element
we derive [Ok|[G] : I] = [OK[G]H : 10]. So it is enough to show the inequality
(Ok[G] : I < [pn : p%']. We observe that

@O}( CL—l

Finally, in order to complete the proof, we recall that [py : pi '] = ¢¥ and note that
the ¢¥ elements in @7/_, (Ox/px)[b](a — 1)¢ cover the quotient Ox[G]/1. O

4 The computation of E(exp(L)),

We assume the notations introduced in the previous section. We put L := ppy =
p% . By Lemma B2 L is a free Z,[G]-submodule of Oy. Moreover, the exponential

function of N is defined on £ and by [14] II, Satz (5.5)] we have exp(L) = U](\fﬂ).
In this section we will compute a representative in Ky(Z,[|G], Q,) ~ Q,[G]*/Z,[G]*

for E(exp(L)), = E(U](V )p as described at the end of Section 2.2
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4.1 The local fundamental class

We will need the algebra N,, = K, ®x N, on which the group Gal(K,,/K) X
G acts canonically. We obtain an isomorphism N,, — N{ by sending z ® y to
(FiY(z)y, F42(2)y, ..., F(z)y,zy). Then the action of Gal(K,,/K) x G on N,
induces an action on N§. For later reference we explicitly describe the action for
some particular elements (see [9, Sec. VI]):

(F7 < b) (21, 29, ..., 2q) = (22,25,...,2%),
(I xa)(xy,xe,...,2q) = (af,23,...,27), (4)
(F x 1)(x1,ma,...,xq) = (:L‘d Ly 1, Ty oy Tao1).

In particular, we deduce from ()

(1 x b)(x1,22,...,24)
= (Fx1)(F ' xb)(a1,29,...,7q) = (240,25, 25, ... 2b ). (5)

If L is a field extension of Q, we put L(s) := L*/U és) for each non-negative
integer s. Let w : NX — Z be the sum of the discrete valuations of the different
components of NX ~ (N;)¢. By the same arguments as in the proof of [9, Prop. 6.1]
we obtain the following proposition.

Lemma 4.1.1. We have the following exact sequence

(F—1)x1

0= Np+1) = Nulp+1) Nu(p+1) S Z =0 (6)

of Z|G]-modules. The extension class of this sequence is induced by the negative of
the local fundamental class in Ext%[G] (Z,N>).

Proof. Analogous to the proof of [9, Prop. 6.1]. O

Let
Z|G)z @ Z[G)zs,
p—1 m
= DDz
: k=1
and let
F = F>o.

Note that the assignment vy, ; — ajw; induces an isomorphism

p—1 m p—1
fp = F ®Z Zp i) @ @ ZP[G]ozkwj = @ OK[G]’UJJ (7)
j=0 k=1 Jj=0

of free Z,|G]-modules.
In the following we let [z1,...,z,4] denote the class in Ny (p + 1) represented by
(x1,...,2q). Hx =21 =...= x4 we will often write [z] instead of [z, ..., z].



Lemma 4.1.2. There is a commuting diagram

0—= X2 ®F——F&F o

s

0—>N(p+1)_>Nnr(p+1)

of Z|G]-modules with

d2(vg ;) = 0 for all k and j,
foz0) = f3(z1) = 61,1, 1,..., 1],
fa(z1) = [61,1,...,1],

fa(z) =1v 7,00,

E

o) = 1+ ag(a—1)70 for all k and j.
Further, X(2) :=ker(dy |#) and fy is the restriction of f3 to X(2) ® F.
Proof. Straightforward verification. O

The diagram in Lemma will be fundamental for our proof of Theorem [II
We will use the top exact sequence to compute groups of the form Ext%[G] (Z,-). By
Proposition [4.1.4] below we can then apply the recipe described in Section with
Y =X(2) @ F and ¢ = —f; to compute E(U](V?H))p.

In the remainder of this subsection we will provide the proof of the following
lemma.

Lemma 4.1.3. The homomorphism fy is surjective.
As a consequence we obtain
Proposition 4.1.4. The map — f, represents the local fundamental class.
Proof. This can be proved by mimicking the proof of [9, Lemma 6.3]. O]
Lemma 4.1.5. We have
X(2)=((a—=1)z — (b= 1)z, Tyz1, To22) 76

Proof. The inclusion ”2” is immediate from the definition of d,. Let us consider the
reverse inclusion. Let

|
—
9

P —1 p—1 d—1

r = o ja'b’ zy + Z Z Bija't’ z € X (2)

j i=0 j=0

Il
o
Il
o

=0 j

with o j, 8;; € Z. From §3(x) = 0 we derive

jo1— i+ Pic1;— Bij =0 (8)

forall 0 <i < pand 0 < j < d. Here and in the following we regard all indices as
integers modulo p and d respectively.
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From (B) we deduce that o := )"~ e j does not depend on the choice of j. Now
we are looking for integers - j, 115, 5, for 0 <4 < p and 0 < j < d, such that

p—1 d—1 p—1
T = Yija'b ((a — 1)z — (b —1)29) + Z wia' Ty + Z vib T,z
=0 5=0 1=0 7=0
p—1 d—1 p—1 d—1
= ('Yz — %t Mi)albjzl + (—%7]‘_1 + i+ I/j)azb722.
i=0 j=0 i=0 j=0

So, in other words, the lemma is proved if we find integers -; j, i, v; such that

Qij = Yi-1j — Vij T Wi 9)

and
Bij = —Yij—1+ Yij t Vj (10)
With v; := B j, pto := o, u; = 0fori > 0and v; ; = — Z1§£§z‘ oy j it is straightforward
to verify ([@). Equality (I0) is proved by an easy induction on i using (8]). O

We evaluate f; at the three special elements of X (2) given by the last lemma.
Lemma 4.1.6. We have

falla =)z = (b= 1)z) = 1], (11)
fi(Tyz) = [64] (12)

and
fa(Taz) = []™. (13)
Proof. Straightforward computation using (), @), 65 = 6, and [0y,1,...,1]* ! =
[00,1,. .. 1)o7t = [yPU=D 1 1. O

We write f,: X(2), ® F, — N(p + 1), for the p-completion of f;. For an
element 5 € Ok[G] we write § = ;" Agoy, with uniquely determined \;, € Z,[G]

and according to () we set fy(Bw;) = TT0, falvg ).
Lemma 4.1.7. Let § € Ok|G]. Then we have for j =0,...,p—1
f4(6wj) =1+ (a—1)80 (mod U](VjH)).

Proof. As above we write f = > ;" | Aoy, We note that that for n > 1 the map

x + 1+ 2 induces an isomorphism p% /pit ~ U](\;L)/U](\?H) of Z,[G]-modules. By
Lemma B.2.5 we have vy ((a — 1)70) = j + 1. Therefore,

Bw] :H 1—|—Ozk a—ljﬁ)
k=1

1+ Z)\kak a—1Y6 (mod U](VjJrz))
k=1

i
—_

+B(a—1Y6 (mod UY™).

13



Lemma 4.1.8. For j = 0,...,p, any element of U](VjJrl)/U](\fH) 1s the image under
f1 of an element in (F>;),.

Proof. For j = p, F>, ={0} and Uy 1) /U(p+1) = {0}, so the result is trivial.
We assume the result for j + 1 and proceed by descending induction. If = €
]H JUN ®) then & = 1+ upf + v(a — 1) for some y, v € Ok[G] by Lemma 320
Slnce upl € pp 1 Lemma FLI7 implies

r=1+wv(a—1)0 = fi(vw;) (mod UL).

This means that x is the product of an element in the image of (F,), and an element
in U](VJH)/U](\?)H), which is by assumption in the image of (F>j11), € (F>j)p- O

After these preparations we are ready to provide the proof of Lemma [£.1.3]

Proof of Lemma[{.1.5 We recall the properties of 7 described in Lemma [3.1.5l Since
a is in the inertia group, by ([I3) we obtain f4(T,22) = [y]™* = [y]? (mod py). Since
v = (g1 (mod pyy), its class is a generator of UN/U](VI). Since p is co-prime to
the order ¢¢ — 1 of UN/U](\}), we conclude that the projection of f4(X(2)) onto N(1)

contains the torsion subgroup UN/U](\}) of N(1).
By (I2) we obtain f4(T,21) = [¢1] and recall that 6, is a prime element in N. We
conclude that any element of N(p + 1) is the product of an element in the image of

fa and an element in U ](\[1) JU ](\fv’ﬂ). It therefore remains to prove that U ](\[1) JU ](\§>+1) is

also in the image of f;. Since U ](\} ) JU ](f,) ) is a finite p-group this follows immediately
from Lemma [4.1.§] O

4.2 The kernel of f4

In order to compute a representative of E(exp(L)), we have to compute a Z,[G]-
basis of ker(fy), = ker(fs). As a first step in this direction we construct certain
explicit elements in ker(f;) and show that they form a complete set of generators.

We then manipulate this set of generators in order to obtain a basis. The main result
is summarized in Proposition 4.2, 10

Lemma 4.2.1. Let m be an integer such that mm =1 (mod d). Set

t1 = (a—1)z — (b— 1)z + <Z bt =2 <a1 — Z ozi> bm> w
=2 =2

Then there exists y; € (F>1)p, such that t; == h+uy € ker(f4).

Proof. We calculate f,(f;) modulo p%. First we recall that v = Cpa—1(1 + x261)
(mod p3;,) by Lemma B.IHl Note also that for any integer s > 2 one has (u_; =1

in the p-completion N(s), of N(s). By the definition of f,, Lemma and Lemma

fat) =41+ ard™0) [T (1 + csd=270) (1 + a;b™6) ") (mod p3,)
=2

m—2 m—2
(14 2,0)'7° (1 + a0 + Z Oéz‘+29b1_m — Z Oéi+2‘9bm> (mod P?vo)-
i=0

1=0

14



Now we see that

(1 -+ .T2¢91>1_b = (1 + 37291)(1 + 1’291)_b = (1 —+ %291)(1 — :1;’391) (mod p?\f0>

F b
T T

aq

By the choice of the basis ay, ..., a,, in (2]) we have Al = % fort=0,...,m—2

and A" =1 - PAN =1 -3 R . So we get

m—1
(@)
=—) (46,)"  (mod py,)
1=0
i1 w2 i LT 1 m—1)mm
QN4 e (mod pag)
1=0
m—2 m—2
Ajyo  gim (7R} 1—m
=— 05 —(1-— 03 d :

The congruence (i) follows from our choice of x5 and (i) is immediate from 6, € K’.
Combining the last congruence with the computation in (I4) and recalling that
6® = 6, we obtain

m—2 m—2 b
(1+z200) " =1~ (Z Lix2 ga (1 - O‘Z‘“) egl"”) a6 (mod p%)

o o
=0 1 i=0 1
m—2 m—2
_ pL—im b b 2
=1- E Qg ol — a0’ + E Q00 (mod py,)
i=0 i=0

So we conclude that
m—2 m—2 2
~ o~ 7 1—irm "
f4<t1) =1- (aleb + Z Oéi+29b — Z Oéi+2¢9b ) =1 (mod p?V())
i=0 i=0

Therefore fy(f,)~ € U /UP™ and by Lemma IR there exists y; € (Fs1), such
that fo(y1) = fa(f)~" (mod p%™), ie. £ + 1 € ker(fy). O

Lemma 4.2.2. The element

o 1
ty = Toze — Pwy_q with § = % me ’
g, if m>1,

is in the kernel of fi.

15



Proof. Since (g =11in N(p+1), and v = (a1 (1 +226;) (mod p%,) the formulae
in Lemma and Lemma T.7 imply

~

falts) =~ (1 = Bla—1)P710)  (mod pi;")
= NNO/Knr<1 + x291)(1 — B(a — 1)p 1‘9) (mod ]Jp+1).

Note that by [16, Sec. V.6, Prop. 8] we know that NN@/Km 2) - U(2 - U(zp) -

U ](VPH) so that it suffices to work with  modulo p%. Usmg Lemma B.24, [16
Sec. V.3, Lemma 5|, the fact that x5 € O, and Lemma 322 we get

fa(ta) = Nivgica (1 + 2201) (1 — BO5p)  (mod pii)
= (1 + Tovo /s (201) + N1 (£261)) (1 — Bbop)  (mod piiH)
= (1 + x9p — 250y Pp)(1 — Bbyp) (mod pp“)
=1+ (22 —2ba;” — Bby)p (mod pp+1).

By the choice of x5 made after Lemma [B.1.3] we have

p
p 1-p i)
Hiryes =01 | —
21
aq

so that fy(ts) =1 (mod pg’vtl). O

aq - (ﬁ — AQQ) =1y — Aanth = x5 — B0 (mod pg,, ),

aq

Lemma 4.2.3. The elements t; and ty generate (ker f4+.7:p) /Fp as a Z,[G]-

module.

Proof. We write W C X(2), & F, for the Z,[G]-submodule which is generated by
Fp, t1 and t,. For each x € ker f; we have to show that x € W. In the following all
congruences are modulo W. By Lemma [L.1.5 there exist x;, xo, x5 € Z,[G] such that

r=x1((a—1)z; — (b—1)z9) + 2o Tpz1 + 23T 25.
From the definitions of ¢; and t, we immediately obtain
Toze € Wand (a—1)z; — (b— 1)z € WL

Hence © = x3Tp2z1. Without loss of generality we may assume zy € Z,[a]. By

considering f4(x) modulo U ](\[1) and using Lemma [.T.6] we see that, to kill the [6;],
ry must be in the augmentation ideal. Therefore there exists x4 € Zyla] such that
g = x4(a —1). Then z = x4(a — 1)Tpz1 = 4Ty ((a — 1)z — (b—1)22) = 0. O

Lemma 4.2.4. Let 0 < j <p—1,1 <k < m. Then there exists ji;x € (Fs>jt+2)p
such that the element

sik = og(a — Dwj — apwjpr + ik

is in the kernel of f4. Here w,, should be interpreted as 0.
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Proof. For | > 1 we put n := ai(a — 1)'710. Note that vy(n) =1 for 1 <1 < p.
In the following all congruences are modulo U ](\?H). Then, for 0 < j < p—1, we
compute

A~

fil(a = Daww; — agwj1)

(1 +n40)* 7 (1 + mye) ™

(14 anjr) (I — nj1 + 0741) (1 — 1j42)

(1= + 77J2-+1 + anj1 — (anjz1)ni+1) (1 — njt2)
(L4 mjt2 — mj+1ny+2) (1 — njt2)
(
L

L+ nj42)(1 = njp2) = 1.
For j = p— 1, using Lemma [3.2.4] we have

filla = Dagw,_1) = (1 + apla— )P0 = (14 apfp)® =1 (mod U](\fv’ﬂ)).
Now we conclude using Lemma as in the proof of Lemma [4.2.1] O

By construction, any element of F @ F, can be written as a linear combination
of z1, 2o and qw;, for i = 1,...,m and j = 0,...,p — 1 with coefficients in Z,[G].

~

In this context we will speak of z;-, 22- and o;w;-components of elements of ker f4.
We recall that m is an integer such that mm =1 (mod d).

Lemma 4.2.5. The element
r = Tatl + (b - 1)t2
belongs to ker f4 N Fp, and its aqwy-component is b T,

Proof. By the definition of ¢; and ¢, in Lemmata .21 and 4.2.2] the element r
belongs to ker( f4). Hence it suffices to prove that the z;- and z;-components of
r, are zero and the ajwg-component is b™7T,. This follows by a straightforward
computation.

O
Lemma 4.2.6. The elements
e = axTowo + (b ™y — Q) Wp—1,
for1 <k <m, and
T = QmTowo + (bmozl —pm Z a; — am> Wy
i=2
are in the kernel of f4.

Proof. For 1 < k < m, using [16, Sec. V.3, Lemma 4 and Lemma 5|, Lemma [3.1.2)
and Lemma B.2.2]

fi(orTowo) = Nyyror(1+ i) (mod pi)
=1+ Ny (o) + Tovyir (i) (mod pi™)
= 1+ (Oo0x)" Nk (01) + 020 T i (61)  (mod P
=1— ()P0 "p+ bocgp  (mod pi)

0 0 P
=1+ ( 2% _ ( zak) )alp (mod pg’vﬂ).

aq aq
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Now we note that 65 = Hé’mm = 07" = 05" (mod pg,) and by ([2) we have for

1<k<m, )
o1 631
and
(O‘—m)p - (Af’“)p — AT mZQAfi —1- mZQ D2 (mod pr).
N i=0 i M

Therefore, for 1 < k < m,

arp (mod ppH)

. 0 oy
(e7] (03]

N———

=1+ (Oék92 — Oék+1eg_m) p (mod ppH)

and

. 9 - . m—2 ;
falamTawe) =1+ < 2%m 9;’ < a +2>> app  (mod pp+1)

(0% «
1 i—0 1

=1+ (amé’g — alé’g_m + Z aieg_m> p (mod ppﬂ)-
i=2

Recalling Lemma [3.2.4] for 1 < k < m we obtain

~

Fa((0™ a1 — ap)wp—1) = (1+ apraple)” " (1+ agpl) ™ (mod pi)
1- (ak92 - Otk+193_m) p (mod pi™)

f4 ((b_mal — o Z o — Oém> wp—1>
=2

and

= (1+ arpts)’ " H(l + a;pls) " (1 + appbs) " (mod pi)
i=2
=1- (am02 — "+ Z Ozi@gm> p (mod p&™)
i=2

Therefore we conclude that in all cases r, € ker f4.

Lemma 4.2.7. The pm+m elements ry, s for 0 < j <p—1,1<k < m generate

ker fs N F, as a Zy|G]-module.

Proof. We define elements 7, for 0 < j <p—1,1 <k < m, as follows: 79 = 1y
and 7, = 1,51, for j > 0. It will suffice to show that the 2pm elements r;, s; x

for 0 <j7<p-—1,1<k < m are generators of ker f4 N Fp.

It is obvious that they generate ker ﬁm(]—}p)p = {0}. Let us assume they generate
ker fy N (F>jt+1)p, for some j < p, and let us prove that they generate ker fy N (F>;),.

18



Let z € ker f4 N (F>;)p. We can write x = \jw; + Ao, for some A\ € Ok[G] and
Xy € (Fsj41)p. Then by Lemma BT 7 we have fy(z) = 1+ (a—1)?A\10 (mod U](\?Jrz)),
which must be congruent to 1 by the assumption that x € ker f;. Hence

(a—1)\0 € pi. (15)

By Lemma B.2.5 if vy (A0) = 1, then vy ((a — 1)7A10) = j + 1 (recall that j < p),
and this contradicts (IH]). Hence vy (A\16) > 1, so that Lemma implies \;0 €
p% = (Tu,a—1)0. It follows that \; € (T,,a—1). So in particular A\jw; is a sum of a
linear combination of the elements r;; and s, for k =1,...,m, and an element in
(F>j+1)p- Hence also z is a combination of the elements r;; and s;; and an element
in (F>;41)p, which must also be in ker f4. To conclude we only need to recall the

inductive hypothesis. O
Now we consider the o;w,_j-components, ¢ = 1,...,m, of ¢, and r; for k =
2,...,m. We write these components as the columns of an m x m matrix M. We

have to distinguish two cases. If m > 1,

0 0 0 0 0 0 b—m
-1 -1 0 0 0 0 —b

0 ™ -1 0 0 0 —b

0 0 o™ 0 0 0 —b

M = . . )

0 0 0O ... v™ -1 0 —pm

0 0 0O ... 0 b™ —1 —bm

0 0 o ... 0 0 o™ —1-—-pm

If m = 1, then the matrix is determined only by ¢5 and, recalling its definition
from Lemma £.2.2] we get M = (—1).

Lemma 4.2.8. The determinant of M is (—1)mb~™(m=1) = (—1)mpm-1,
Proof. This is an easy calculation. O
Lemma 4.2.9. For k =1,...,m we have s,_1 € (t2,72,...,"m)z,[c]-

Proof. We fix k such that 1 < k < m. Recall that s, ;, = ay(a—1)w,_;. By Lemma
2.8 there is a Z,[G]-linear combination z of ¢, and the elements r;, i = 2,...,m,
such that the ajw,_i-component of  is 1 and the a;w,_;-components for j # k are
zero. The components of x outside of o;w,_; are (by the definition of ¢, and r;)
always multiples of T,. Therefore we can conclude that (a — 1)z = s,_1 . O

We are now ready to state and prove the main result of this subsection.

Proposition 4.2.10. The pm + 1 elements t1,t2, 1, for k = 2,...,m, s for
0<j7<p—2,1<k<m constitute a Z,|G|-basis of ker f,.

Proof. By [I, Lemma 3.7], ker f; is Z,[G]-free. From (I) with r = pm + 2 we
deduce that the Z,[G]-rank is pm + 1. It therefore suffices to show that ¢, s, 7, for
kE=2,...,m,s;;for 0 <j<p—2, 1<k <m generate kerf4.

By Lemma [£.2.9]and the definition of ry, it is enough to show that the pm+m+2

elements t1,%2 and 7y, s, for 0 < 7 < p—1, 1 < k < m are generators. This has
been shown in Lemma [£.2.3] and Lemma [4.2.7 O
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Writing the zi-, 22- and a;w;-components of the above generators as the columns
of a matrix 991 we obtain

a—1 0 0 0 0 0 0
1—b T, 0 0 0 0 0
v 0 Tl (a—1I 0 0 0
« 0 0 —I  (a—1I 0 0
M=1 s 0 0 x —I 0 0 )
* 0 0 * * v =1 (a—1)I
* —e9 M * * e % —J

where I is the m x m-identity matrix and M and I denote the matrices obtained
by removing the first column of M and I respectively. If m > 1 the vector ey is the
second vector in the canonical basis of Z,[G]™, and if m = 1 we set e; = (1). Finally,
v € Z,|G)™ is a vector with first component b™.

4.3 Computation of the representative of E(exp(L)),
We recall that G = Gal(N/K) = (a) x (b). Any irreducible character ¢ of G

decomposes as 1) = y¢, where Y is an irreducible character of {(a) and ¢ an irreducible
character of (b).

We also recall that we always identify Ky(Z,[G], Q,) with Q,[G]*/Z,[G]*. The
following proposition describes a representative of E(exp(L)), in Q,[G]*, which we
regard as a subset of Qf[G]* ~ P, , Q.

Proposition 4.3.1. We assume the setting introduced in Section 3. For L = p?\,ﬂ

the element E(exp(L)), is represented by € € Q,[G]* where
dp™ if X = Xo and ¢ = ¢y,
Exo = ¢fl;2(b)pm if X = xo and ¢ # o,

(=D e(b)™H(x(a) = 1)™P=Yif x # Xo.

Proof. By Proposition [4.1.4] the map —f; represents the local fundamental class.
Following the recipe described in Section we therefore consider the following
diagram.

0
| \ /
ker f, ker 01

0—=XQ2) & F2-FaF o Z|Glz = L Z—>0
N 61
f4£ P
N(p+1)
0

20



Here the dotted maps 7,0, p denote G-equivariant splitting morphisms. They only
exist after tensoring with Q. Since we are only interested in the p-part of E(exp(L))
we tensor right away with Q,. In the following, if Y is a Z-module, we set Yg, :=
Q®zY.

Explicitly, we define 7 : Q, — Q,[G]z by setting 7(1) = egzo. For the definition
of o we first note that (ker d;)q, is generated by (1 — eg)z as a Q,[G]-module. It
is easy to see that o((1 — eg)z) = —2eq,z + %2z determines a well defined
splitting o : (ker d1)g, — (F' @ F)g,. Here =2 denotes the inverse of b — 1 on the
(1 — ep)-component of Q,[b]. Analogously we define L=<

Finally, we also need to define p: N(p + 1)g, = (X(2) ® F)qg,. We have N(p +
g, = (6)g, ~ Qp, because UN/U](\fH) is torsion. We define p(#,) := —e,Tpz1 and
easily see that it defines a G-equivariant splitting of — f;.

In the following all maps are morphisms of Q,|G]-modules, even though this will
not be apparent in the notation. The isomorphism 6 of Section specialized to our
situation is now explicitly given by

0: (ker f1)g, ® Q,[G] L (ker f1)g, @ (Q, @ (ker dy)g, )
B, (er fu)g, @ N(p+1)g, @ (kerdy)g,
(X(2) ® F)g, ® (kerd)q,

(i2,0)
——»E@@f@.

i1,p,id)
(ipid),

We fix Z,[G]-bases of ker f, & Z,[G] and F, @ Fp, respectively. For ker f1®Z,[G) we
take (0,1), (v;,0), 1 <1 < pm + 1, where v; runs through the elements specified in
Proposition £.2.10l For ]:z', ® F, we simply use the basis 21, 29, qpw;, 1 <k <m,0 <
Jj < p—1. We now compute the matrix A; with respect to these bases. Following
the definition of 6 we get

0:(0,1)— (0,1,1 —eg)
— (0,01,1 —eq)
= (—eTpz1, 1 — eq)
1—e¢ 1—e,

€q21 + ———29.

= —eq
Calvir + 7 a—1

Writing the z)-, 25- and a;w;-components of §((0,1)) as a column vector we obtain

€a (lb}ebe ~T)
—Ca

a—1
0
0

0
Since é|kerf4 = iy 0 4; is the inclusion, we obtain A; = (w, M), which is the matrix

whose columns are w and the columns of the matrix 97 defined at the end of Section
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Case 1: y=1and ¢ = 1.
Here (x¢)(A) is of the form

—-d 0 0 0 0 0 0 0

0 0 D 0 0 0 0 0

0 xo(v) 0 pl 0 0 0 0

0 * 0 0 —-I 0 0 0

0 * 0 0 x =1 0 0 |
0 * 0 0 x % - =1 0

0 x  —ey xOM) % % o ok ]

where we recall that the first component of the vector v is . The determinant is
(_1)(p71)mdpm — dpm

Case 2: y =1 and ¢ # 1.
In this case (x¢)(A;) is of the form

¢(b§—1 0 0 0 0 0 0 0
0 1-¢0) p 0 0 0 0 0
0 xo(v) 0 pl 0 0 0 0
0 * 0 0 —I 0 0 0
0 * 0 0 x  —1 0 0
0 0 0 -1 0
0 * —ey XO(M)  x x I

The determinant is

—(—1 _
e T T em”

Case 3: x # 1 and any ¢.

The matrix (x¢)(Az) is here given by
0 y@-1 0 0 0 0 0

o1 o) 0 0 0 0 0

0 xo(v) 0 (x(a) = DI 0 0 0
0 * 0 -1 (x(a) — 1)1 0 0
0 * 0 * -1 0 0
0 ) 0 T (xla)=1)I
0 * Xp(M) * —1

Using Lemma [£.2.8 we compute for the determinant

— (=) det(xd (M) (x(a) = 1)"P™D = (=1)" (b)) (x(a) — )",

This concludes the proof of Proposition [4.3.1l O

22



5 The computation of T/x — [L, py, Hy]

In this section we compute a representative of T x — £, pn, Hy] in Ko(Z,[G], Q) ~
Q[G)* /Z,|G]*. The individual terms are described in Section 211

5.1 Norm resolvents and Gauf} sums

If L/K is a finite abelian extension of p-adic fields with Galois group H and § € L
a normal basis element for L/K, i.e L = K[H|S, then we define the resolvent of /3
for every irreducible character y of H by

BIx)=>_9(B)

geH

The norm resolvent N q,(8 | x) is defined by
whw
Nicso, (8 1) = [ [(8 1% ),

where w runs through a (right) transversal of Gal(Q;/Q,) modulo Gal(Q;/K).
For later reference we state the following lemma which is well known and easy to
prove.

Lemma 5.1.1. a) Let Ly O Ly O K be a tower of extensions of finite abelian p-adic
fields. Let € Lo be a normal basis element for Ly /K and let x be an irreducible

character of Gal(L,/K). We write ¢ = in fgz} ?;g( ) for the inflation of x. Then

b) Let Li/K and Ly/K be finite abelian extensions of p-adic fields such that
Ly N Ly = K. Let f; and Py be normal basis elements for Ly and Lo, respectively.
We write each irreducible character x of Gal(LiLs/K) in the form x = x1x2 with
irreducible characters of Gal(L,/K) and Gal(Ly/K). Then 8 := (102 is a normal
basis element for L1Ly/K and

B1x) =B x1)(B2 | x2)-
Proof. Easy verification. O

Given an extension L/ K of local fields and an irreducible character ¢ of Gal(L/K)
we will use the short notation ¢(a) to denote ¥ ((«, L/K)) where (o, L/K) is the
Artin symbol for a € K*.

Lemma 5.1.2. Let L/K be a finite abelian wildly and weakly ramified extension with
group H. Suppose that K/Q, is unramified. Let x, ¢ denote irreducible characters
of H and suppose that ¢ is unramified. Then

Tr(p) =1 and T (0X) = ¢(p™ )i (X)-

Proof. This is a simple reformulation of [I5, Prop. 3.8]. If K/Q, is an arbitrary
finite extension, then we let Dx = 75, Ok denote the absolute different of K/Q,.
Then 7x(¢) = ¢(7x") by the definition of s and local Galois Gaufl sums. If K/Q, is
unramified, then s = 0 and we obtain the first equality. The second equality is the
last displayed equality in the proof of [15, Prop. 3.8] with s = 0 and 7x = p. O
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Following the arguments of [15, bottom of page 1188] we apply Corollary 3.4 of
loc.cit. with 7 = p. So there exist extensions M and K’ such that M /K is a weakly
and wildly ramified extension of degree p, the extension K’ /K is unramified and
such that we have a diagram of the form

/\\
\\/

Moreover we may assume that N/N is unramified. By [I4, V, Cor. (5.6)] p belongs
to the norm group NM/K(MX), so that we can apply [15, Th. 2].

Lemma 5.1.3. There exist a normal basis generator oy of the square root of the
inverse different of M /K and choices in the definitions of the norm resolvents such
that for all irreducible characters X of Gal(M /K) we have

Njg,(ai [X) _ |1, X = Xo,
Tr (X) P"X(4), X # Xo-

Proof. By [15, Th. 2] and using the notation of loc. cit. we may assume that
Nija, ([ X)mic (X = X*) = 1. (16)

The proof of Lemma [5.1.3] now follows immediately from the definition of 77. In a
little more detail, if ¥ = Yo is the trivial character, then 75+(x — x?) = 1 and also
Ti (Xo) = 1. For x # X¢ we have

(- = )l

by [15, Prop. 3.9]. Furthermore, 7x(Y) = p™X(cy )wK( 1), by the last displayed
formula in the proof of [15, Prop. 3.9]. In our case We can choose ck2 = p* and since
p is in the norm group of M /K we have Y(ck») = 1. Hence we obtain 75 (Y — X%) =
P71 (X)"1x(4)7L. The result now follows from (IG]). O

We now fix ay; as in Lemma [B.1.3l Choose an integral normal basis element 6
of K'/K such that Tz, (2) = 1 and set

M = TN/M(‘)‘M9~2)-

It is easy to verify that ay, is an Ok [G]-generator of the square root of the inverse

different of M/K.
Lemma 5.1.4. Let x be an irreducible character of Gal(M/K). Then

Nk, (anlx) _ )1 if X = Xo
i (X) p~"x(4) if X # Xo-
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fGal(N/K
Gal(M/K)*

irreducible character x of Gal(M/K) we obtain inf(x) = Yo, where ¢y is the trivial
character of Gal(K’/K) and ¥ is a uniquely determined irreducible character of
Gal(M/K). Moreover, x = xo if and only if ¥ = Xo.

By Lemma [B.T.1] we have

(aar | x) = (e | inf(x)) = (az | X)(82 | do) = (a7 | X)
because (8y | ¢o) = Txs / «02 = 1. Recall that local Galois GauB sums are invariant

under inflation of characters (see e.g. [15, (5)] and [I3, p. 18]). We therefore get

Gal(N/K)
inf ., 1(V/K) (X)

Proof. We write inf for in Since N /M is unramified we see that for each

from inf(x) =

Nio,(mlx) _ Niyg,(aibalinfx) — Nijg,(amlX)
7 (X) 7x (inf) 7K (X)
To conclude by Lemma 3l we notice that

$(4) = inf ) %ﬁ( J((AIN/K)) = inf Gt O (AIN/K)) = x(4).

]
Proposition 5.1.5. We assume the setting introduced in Section [21. Let ) = x¢
be a character of G. Then
Nk g, (P*onbs|x ) _ P*" Nk g, (02]0) if X = Xo
T (PX) P X (4 Nk g, (0210)0(p*)  if X # Xo.
Proof. The result follows from Lemma [5. 1.1l Lemma and Lemma 5.T.4 O

5.2 A representative for T x — [L, p,, Hy]
In the following proposition we describe a representative in Qg[G]* for the element
TN/K - [C Pn,HN]-

Proposition 5.2.1. We assume the setting introduced in Section[21. For L = p’;
the element T — [L, pn, Hy| is represented by n € Q5[G]* where

(Mo = PN g, (0216) 1o if X = Xo
X X (4) T N sg, (62]0) 1 o(0)26%" i X # Xo,
where dk is a square root of the discriminant of K.

Proof. Recall that £ = Og[G|(p*anbs). As already explained in Section 211 the
element [£, p,, Hy] is then represented by ((6xNx/q,(p*cnibs | x¢))

p+1

Py
By definition the term T, is represented by (T@p( (ng)) . Since Gauf} sums

are inductive in degree zero and 7x(¢) = 1 for unramified characters by Lemma [5
we have

7, (11 X®) = 70, (117 (X6 = X000)) 70, (11 Xoo) = 72c(x0) e, (75 Xo0)
Since K/Q, is unramified, i% (Xoo) is a sum of unramified characters so that

TQP(Z'%JXO%) = 1 and we obtain T@p(z’%){@ = 7x(x¢). Furthermore, ¢(p?) =
o((p*, K'/K)) = ¢(F?) = ¢(b)~% by [16, XIII, §4, Prop. 13] and the definition of
b. Combining these observations with Proposition concludes the proof of the
proposition. ]
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6 Proof of Theorem [

In our setting the correction term My, is explicitly given by

“(deg) " (1 —b""q"V)er)
“((1=D)er) '

My/k =
It is represented by m = my/x where

d(1—gq™') if x = x0 and ¢ = ¢y
_ ) 1=¢®) gt iy — d
My¢ = 1—o(b) if x = xo and ¢ # ¢g
1 if X # Xo-
As explained in Section [2.3] we must show that a representative of Ty/x + Cn/kx —
My lies in O}[G]*.
Combining the results of the previous sections we see that Ti/x + Cn/xk — Mn/k

is represented by an element w € Q¢[G]* where w = en/m. Let Wy, € O}[G] be such
that xo(Wy,) = Nk qg,(02]¢)0k. Then

(i * o) if x = xo and ¢ = ¢o
Wxo = (1*¢((i)b()b));ﬁ?l(i;?b()bplq—l) ' x¢>(114792) if x = xo and ¢ # ¢o
| i X # 0
( pml_l_ . x¢(éV92) if x = xo0 and ¢ = ¢
= ﬁgf));?n: ' x¢>(_5V92> N if x = X0 and ¢ # ¢
\ (—1)m+ ¢(§>()(’Z)“ - ((X(a);l)p_l) ) x¢(éV92) if v % o
ﬁé'iﬁ: ' x¢>(5V92) if x = xo

Cyma1e®™ ! ((x(@-np N .
(=1) x(4) ( P ) x¢(Wa,) if X # Xo-

We can easily write w as an element of Qf[G]*,

1 pmtl . (a — 1)”_1 mn
w = e, + (—1)mHpmtisg -t (7) 1—e, ) ,
W@Q (bq —1 ( ) 4 P ( )

where 04 = (4, M/K) € Gal(M/K) = (a) € G. We have to prove that w € O}[G]*.

Since K/Q, is unramified, we know that dx is a unit in O}[G]*. Then by [10,
Sec. I, Prop. 4.3] the same is true for Wp,. Since also bqg — 1 is clearly a unit, we can
study @ = Wy, (bg — 1)w instead of w. We have

. . — 1) I\™
O =b"e, — "ot <—%) (bg — 1)(1 — eg).

We first show that @ is contained in O)[G]. To that end it is enough to show that
the coefficient of ¥/ for all j is contained in O} a]. The only non-zero coefficients are
those of b™*! and b™*2 which are, respectively,

eat+ oyt (—(a_%pl)m (1 —eq).
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and

—or! <—(a_71)pl)mQ(1 — €a).

p

The second one has clearly coefficients in Z,. As for the first one, its integrality is
equivalent to

1= o (RN a1

p

for any non-trivial character y, which follows from w = —1 (mod 1 — ().
We have now shown that w € O}[G]. By [3, Cor. 3.8] w is actually a unit in
M where M? denotes the maximal order in Q}[G]. Here Q) = Quot(O}) denotes

the maximal tamely ramified extension of Q,. It follows that w € (M")* N OL[G] =
OLG]~. O
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