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On symplectic vortex equations over a compact
orbifold Riemann surface

Hironori Sakai

Abstract

Making use of theory of differentiable stacks, we study symplectic vortex equations over
a compact orbifold Riemann surface. We discuss the category of representable morphisms
from a compact orbifold Riemann surface to a quotient stack. After that we define symplectic
vortex equations over a compact orbifold Riemann surface. We also discuss the moduli space
of solutions to the equations for linear actions of the circle group on the complex plane.

1 Introduction

The symplectic vortex equations (SVE for short) are introduced by Salamon and Mundet inde-
pendently. Let G be a compact Lie group and g its Lie algebra. We choose an invariant inner
product on g to identify g with its dual space g'. Suppose that G acts on a symplectic mani-
fold M in a Hamiltonian fashion with a moment map # : M — g. Let P — X be a principal
G-bundle over a compact Riemann surface X. The SVE (over X) are defined by the PDEs

0au =0, *Fa+u(u)=0

for G-equivariant map u : P — M and a connection A on P. Here 9, is the anti-holomorphic
part of the covariant derivative dy4, F4 is the curvature of A, and * is the Hodge *-operator.
(We also have to fix a volume form on X and an almost complex structure on M compatible
with the symplectic structure and the G-action.) Under some analytic assumptions, we can
define Hamiltonian invariants as integrations over the moduli space of solutions to the SVE.
The invariants are called symplectic vortex invariants.

The most important feature of the SVE is that we can obtain the equation of pseudo-
holomorphic curve from X to the Marsden-Weinstein quotient M // G as a certain limit of the
SVE. This limit is called the adiabatic limit, and this is the most important idea for an identity
between Gromov—Witten invariants (with fixed marked points) of the smooth quotient M// G
and symplectic vortex invariants for the Hamiltonian G-space M [8].

It is conjectured that the identity extends to Gromov-Witten invariants of the orbifold
Marsden-Weinstein quotient M //G (after a suitable extension of theory of SVE) [15] §12.7].



Gromov-Witten invariants of closed symplectic orbifold are defined as integration over a cer-
tain compactification of the moduli space of representable pseudo-holomorphic maps from
orbifold Riemann surfaces [4]. Therefore it is natural to think about an extension of the SVE
such that its adiabatic limit is the equation of representable pseudo-holomorphic maps. But
if we put everything into orbifold settings (e.g. orbibundle, etc.) for SVE, then the theory
becomes extremely complicated.

To solve this problem, we make use of theory of differentiable stacks. Roughly speak-
ing, the symplectic vortex equations over a Riemann surface X can be thought as “differential
equations” of maps from X to the quotient stack [M/G]: a (representable) morphism of stacks
¢ : X — [M/G] corresponds to the 2-cartesian square

u

P
| |
z

[M/G],

where u is a G-equivariant map and 7t” : P — X is a principal G-bundle over X.

In this paper, we see that we can replace X with a stack corresponding to compact orbifold
Riemann surface in the above diagram. One of the advantages of the replacement is that the
upper part of the above diagram still belongs to the category of smooth manifolds. Finally
we find that we can use the same PDEs for an extension of SVE after several observations on
differentiable stacks.

This paper is organised as follows. In §2, we review briefly theory of differentiable stacks.
In §3, we discuss the category of representable morphisms from an orbifold Riemann surface
to a quotient stack. We show that the category is equivalent to a certain category similar to
the category of principal G-bundles. In §4, we fix notations for an orbifold Riemann surface by
using statements developed in §3, and we consider (representable) pseudo-holomorphic maps
from a compact orbifold Riemann surface X to a (orbifold) Marsden-Weinstein quotient. After
that we define SVE over X and discuss the moduli space of solutions to the SVE for the case
when the circle group S! acts on the complex plane C.

Notations We fix the following notations through this paper.
We denote by ¢ any right action map: if we have a right G-space M, then ¢ is defined by
P:MxG—= M (mg)—y(mg) =ps(m)=m-g=mg.

Let g be the Lie algebra of a Lie group G. For a G-space M and { € g, we define the infinitesimal
action M € Vect(M) by

% m-exp(t)  (if M is a right G-space),
Mm) = ¢ b0 (m & M),
7 exp(—t&)-m (if M is a left G-space)
t=0




Here Vect(M) is the space of vector fields on M. The above convention is the same as Bott-Tu
[3] and opposite to Cieliebak—Gaio—Salamon [5]. Set

gM(m) = {g"(m) € Tu,M| ¢ € g} and g™ = {¢M(m) e TM | & € g, m € M}.

If the G-action is locally free, then gM is a subbundle of the tangent bundle T M.
For a (2-)fibred product X1 , X, X2, the i-th (i = 1, 2) projection is denoted by pr;.

2 Differentiable stacks

We review theory of differentiable stacks and geometric objects (e.g. differential forms) on
stacks. First we recall the bicategory of Lie groupoids and bibundles. Secondly we introduce
the 2-category of stacks over the smooth category and geometric objects on Deligne-Mumford
stacks. Finally we describe an orbifold Riemann surface as a Delighe-Mumford stack.

2.1 Lie groupoids and bibundles

For details of Lie groupoids and bibundles, see Lerman [12], Metzler [16], Moerdijk [20] and
Moerdijk—-Mr¢un [17].

A groupoid is a category whose arrows are all invertible. We write X; = X, for a groupoid
whose class of objects and class of arrows are Xy and X; respectively. The source map and the
target map are always denoted by src and tgt respectively: for a € Hom(x, y), src(a) = x and
tgt(a) = y. We also write a : x — y for such an arrow.

Definition 2.1. A groupoid X; = X is called a Lie groupoid if

(i) both Xy and X; are smooth manifolds,
(ii) both the source and the target map are surjective submersions, and
(iii) the composition map
Xi sre Xtgt X1+ Xq; (a,b) > ab,

the unit map x — 1y (x € Xp) and the inverse map a — a~1 (a € X;) are all smooth.

Let X; = X be a Lie groupoid. For an object x € Xy, the submanifold
(X1=2Xo0)x = {a € Xy |src(a) = x = tgt(a) }

of Xj is a Lie group. The Lie group is called the stabiliser group at x.

Two objects x,y € X are said to lie in the same orbit (x ~ y) if there is an arrow a : x — v.
The quotient space of X, with respect to the equivalent relation ~ is called the underlying
space of X; =2 Xp and denoted by X/ X;. If x ~ y, then the stabiliser group at x is naturally
isomorphic to the stabiliser group at .



Example 2.2. Let G be a Lie group and M a right G-space. The action groupoid M x G of the
G-action on M is a Lie groupoid M x G = M whose structure maps are given as follows:

ste(m, g) = mg, tgt(m,g) = m, (m,g)(mg,h) = (m,gh), 1n = (m,1) and (m,g)~" = (mg,g~")
for g,h € G and m € M. The stabiliser group at m € M is the ordinary stabiliser group at m
and the underlying space of the action groupoid M x G is the quotient space M/G.

Definition 2.3.

e A Lie groupoid X; = X is said to be proper if (src, tgt) : X3 — Xo x X is a proper map.
o A Lie groupoid is called an étale groupoid if the source and the target maps are étale
(locally diffeomorphic).

Next we recall bibundles. Regarding a bibundle as an arrow between Lie groupoids, we
obtain the bicategory of Lie groupoids and bibunbles.

Definition 2.4. A right action of a Lie groupoid Y; = Y{ on a manifold P consists of two maps
a:P — Ypand

p:Pyxigt Yy = P; (p,a) — pa
satisfying that a(pa) = src(a), ply(,) = p and p(ab) = (pa)b for any (a,b) € Yisrc X1gt Y1 and
p € P with a(p) = tgt(a). The map « is called the anchor map.

A left action of a Lie groupoid can be defined in a similar way:.

Definition 2.5. Let Y7 =% Y) be a Lie groupoid. A principal (Y; = Yj)-bundle over a manifold
B is a smooth map 77 : P — B with a right action of Y1 = Y{ on P satisfying the following
condjitions.

(i) The map 7t is (Y1 = Yp)-invariant, i.e. 7r(pa) = 7(p) for any (p,a) € Py Xigt Y1 .
(if) The map 7 is a surjective submersion.
(iii) The map
Pyxtgt Y1 — PaXz P; (p,a) = (p, pa)

is a diffeomorphism. Here & is the anchor map for the action.

Definition 2.6. Let X; = X( and Y7 =3 Yj be two Lie groupoids. A bibundle (or Hilsum-
Skandalis morphism) f = (a1, P, ag) is a manifold P equipped with

e a left action of X; = X with an anchor map a and

e aright action of Y7 =Yy with an anchor map ar
satisfying following conditions.

(i) The map o : P — Xy is (Y3 = Yp)-invariant and ag : P — Y is (X7 =% Xp)-invariant.
(ii) The actions of X; =% Xy and Y7 =2 Yj are compatible, i.e. (ap)b = a(pb) for any a € X;,
p € Pand b € Yy withsrc(a) = ar(p) and ar(p) = tgt(b).



(iii) The map ay : P — X is a principal (Y7 = Yp)-bundle over Xp.

Given two bibundles f = (a1, P,ag) and f’ = (a7, P/, &%), a 2-isomorphism from f to f’ is
a diffeomorphism ¢ : P — P’ which commutes with both (X; = X)- and (Y1 = Yp)-actions.

The composition of bibundles is not strictly associative, but associative up to a (canonical)
2-isomorphism. Therefore Lie groupoids and bibundles do not form a category, but form a
bicategory. We denote by Bi the bicategory of Lie groupoids and bibundles.

Any bibundle induces a continuous map between underlying spaces and a group homo-
morphism between stabiliser groups. Suppose that we have a bibundle f = (a1, P,ag) from
X1 =2Xoto Y1 =2Yp. Forany p,p’ € Pand a € X satisfying srca = ag(p) and tgta = ag(p’),
there is a unique b € Y; such that ap = pb, tgtb = ar(p’) and srcb = ar(p). This fact
guarantees that the map

F/ 2 Xo/ X1 = Yo/Ya; [ar(p)] = [ar(p)] (p € P)
is a well-defined continuous map and the map
(leXO)aR(p) -1 jYO)th(p)/' a—b

is a group homomorphism. (Two isomorphic bibundles induces the same continuous map
and the group homomorphism.) If two groupoids X; = Xy and Y; =3 Yj are equivalent in
the bicategory Bi, then the underlying spaces Xo/X; and Yy/Y; are homeomorphic and the
group structures of stabiliser groups at the points corresponding under the homeomorphism
are isomorphic. Therefore topological structures on the underlying space and stabiliser groups
are invariants of the category Bi.

2.2 Differentiable stacks

For details of stacks, see Behrend—Xu [2], Heinloth [9], Metzler [16] and Lerman [12].

Roughly speaking, a stack is a category X equipped with a functor from X to a base site
satisfying some conditions including a so-called “gluing condition”. Here a site is a category
equipped with a Grothendieck topology. Theory of stacks can be discussed for several base
sites, but we only use the category Diff of smooth manifolds and smooth maps as a base site in
this paper.

We define a Grothendieck topology on Diff as follows. For U € Diff, a family {f; : U; —
U}; of smooth maps to U is called a covering family of U if f; : U; — U is a local diffeomor-
phism for each i and the total map | | U; — U is surjective. The function K assigning to each ob-
ject U € Diff the collection K(U) of covering families define a basis of Grothendieck topology
(cf Metzler [16, Definition 5]). The basis of Grothendieck topology generates a Grothendieck
topology on the category Difj.



Remark 2.7. For general definition of Grothendieck topology see Metzler [16] and Vistoli [25].
Note that a basis for a Grothendieck topology (pretopology) is called a Grothendieck topology
in Vistoli [25, Definition 2.24]. We follow Behrend—Xu [2] for definition of covering families
in ©iff and the same definition is used in Lerman [12, Remark 2.17] and Lerman-Malkin [13].
Metzler uses a slightly different definition for covering family, but the Grothendieck topology
is the same as our Grothendieck topology.

Definition 2.8. A category fibred in groupoids (over Diff) is a category X equipped with a
functor Fx : X — Dijf satisfying the following conditions.

(i) Forany f : V — U in Diff and any x € X with Fx(x) = U, there is an arrow a : y — x in
X such that Fx(a) = f.

(if) Suppose we have two arrows a7 : y; — x and 4 : y» — x. For any smooth map
f: Fx(y1) — Fx(y2) with Fx(ay) o f = Fx(ay) there is a unique arrow b : y; — y, such
that apb = ay and Fx(b) = f.

The functor Fx : X — Diff is called the base functor of the category fibred in groupoids.

Omitting the base functor Fx, we often say that X is a category fibred in groupoids. More-
over Fx is described as “_”. Namely x = Fx(x) for x € X and 4 = Fx(a) for an arrow a in
X

The collection of all categories fibred in groupoids form a 2-category:

Definition 2.9. A morphism of categories fibred in groupoids from X to 2) is a functor ¢ :
X — 92 which commutes with the base functors.

For two morphisms of categories fibred in groupoids ¢1, ¢ : X — 2), a 2-morphism of
categories fibred in groupoids is a natural transformation « : ¢; — @, such that the horizontal
composition Fy * & is the identity transformation of Fy.

The fibre of X over U € Diff is the groupoid Xy; with objects {x € X | x = U} and arrows
{arrowain X | a = idy }.

Given a category fibred in groupoids X, for every object x € X and every f : V — x in Dijf
we choose an arrow a : y — x in X such that g = f (cf Definition 2.8). The object y is called the
pullback of the object x via f and denoted by f*x.

Leta : x — y be an arrow in a fibre Xi; and f : V — U a smooth map. Then we have two
arrows by : f*x — x and by : f*y — y which we have chosen. Then by Definition 2.8} there is
a unique arrow 4 : f*x — f*y such that a belongs to Xy. The arrow 4 is called the pullback of
the arrow 4 via f and denoted by f*a.

We can assign the descent category X;,_,;} to each covering family {f; : U; — U} and
there is a natural functor from the fibre Xy to the descent category Xy, 7). The category
fibred in groupoids is called a stack (over Diff) if for any covering family the natural functor is
an equivalence of categories.



The collection of all stacks (over Diff) form a 2-subcategory GtDiff of the 2-category of
categories fibred in groupoids. We regard two stacks as the same stack if they are equivalent.

Remark 2.10. Some authors say two stacks which are equivalent are isomorphic. But we follow
the ordinary terminology of theory of 2-categories.

Let G be a Lie group. For a right G-space M, we can define a stack [M/G] as follows. An
object of [M/G] is a pair (7, ¢) of a principal G-bundle 7t : P — U over a manifold U and a
G-equivariant map ¢ : P — M. The object (7, ¢) is often denoted by U & P 5 M. An arrow

Q Q P P
fromV &~ Q &5 MtoU &~ P & M is a pair (f,f) of smoothmap f : V — U and a
G-equivariant map f : Q — P which makes the following diagram commutative:

14 i Q 0
fl fi T M.
U<=——— P %

7.[P

The category [M/G] is a category fibred in groupoid with the base functor

U<~ P M)— U for objects,
[M/G] — Diff; ( < ) or objects
f.f)—=f for arrows.
For any object U <~ P <+ M over U and any smooth map f : U — V, the diagram V &

VixnP P M gives an object of over V and we have an arrow in [M/G].

pI'
Ve——""—VixzP_ copr,
fi przi \M
u p/

7T

We choose the object V Sy X P P2, M as the pullback of U <~ P % M via f. We can
show that the category fibred in groupoids [M/G] is a stack. The stack is called the quotient
stack associated to the G-space.

An arbitrary manifold M can be considered as a quotient stack [M/{1}]: An object is a
smooth map f whose target is M and an arrow from g : V. — M to f : U — M is a smooth
map a : V — U with f oa = g. Thanks to the 2-Yoneda embedding, the category Diff can be
embedded into the 2-category of stacks GtDiff. We identify every manifold M with the stack
[M/{1}]. A stack X is said to be representable if there is a manifold equivalent to the stack X.

In 6tDiff we can always take a 2-fibre product.

Definition 2.11. Let ¢1 : 21 — X and ¢; : 92 — X be two morphisms of stacks. The (2-)fibre
product 2)1 y, X ¢, 9> is a stack defined as follows. The class of objects is

{yoya) | eV eV y=y =U a:e(y) = ¢'(y2) in Xy}

N



An arrow from (1,2, a) to (v}, y5,4’) is a pair of arrows (by : y1 — vy}, by : yo — y5) satisfying
by = by and a’ o ¢1(b1) = ¢@2(bp) o a. The base functor 9 ¢, X, Vo — Diff is given by
(v1,y2,a) = y1 for objects and (by,by) = by for arrows. In particular 9); x ), is defined as the
2-fibre produ?:t D1, X g, V2 for 1 : Y1 — ptand @3 : P> — pt.

Definition 2.12. A morphism of stacks ¢ : 9 — X is said to be representable if for any
morphism of stack F from a manifold U to X the fibre product UF X, 2) is representable.

Definition 2.13. A representable morphism ¢ from a manifold X to a stack X is called an atlas
(resp. étale atlas) of X if for any morphism F from a manifold U to the stack X the projection
map from the representable stack U  x, X to U is a surjective submersion (resp. surjective
local diffeomorphism).

Let ¢ : Xo — X be an atlas of a stack X. Choosing a manifold X; which is equivalent to the
representable stack Xy ¢ Xy Xo, we obtain a 2-cartesian diagram:

X — =X,
| e
X0 Xx.

We can see that X; = Xj is a Lie groupoid whose source map and target map are s and ¢,
respectively. The Lie groupoid X; = Xj is called the presentation of X associated to the atlas.

Two presentations of the same stack associated to two atlases are equivalent in Bi, therefore
any invariant of the category Bi (e.g. the underlying space, the stabiliser groups, etc.) is also
an invariant of differentiable stacks. See Lerman [12] for more details.

Definition 2.14. A a stack X is called a differentiable stack (resp Deligne-Mumford stack) if
X has an atlas (resp étale atlas) and the presentation associated to the atlas is proper.

Definition 2.15. Let X; = Xy be the presentation of X. Suppose that both X; and Xy have
constant dimensions. We define the dimension of X by 2dim Xy — dim Xj.

Definition 2.16. Let X; = X be the presentation of X associated to an atlas.

o A differentiable stack X is said to be compact if so is X/ Xj.
e A differentiable stack X is said to be connected if so is X/ Xj.

Definition 2.17. A stack X is said to be type-R if

(i) the stack X is a compact and connected Deligne-Mumford stack, and

(if) a generic stabiliser group of X is trivial.

Example 2.18. Let G be a compact Lie group and M a (right) G-space. The quotient stack
[M/G] always has an atlas 7™ : M — [M/G] called the natural projection. For objects,



™(m U — M) = (U SLuxc s M), where ¢(u,g) = m(u)g. Therefore the quotient
stack is differentiable. The action groupoid M x G is a presentation of the atlas. If the G-
action is locally free, then the quotient stack is Deligne-Mumford. (This does not mean that
the natural projection is an étale atlas.)

2.3 Differential forms and vector fields over stacks

We describe geometric objects (e.g. differential forms, vector fields, etc) on Deligne-Mumford
stacks using sheaves over the stack. The general definition of a sheaves over stacks can be
found in Behrend—Xu [2] and Metzler [16]. Kashiwara and Schapira [11] explain a general
theory of sheaves over sites. Note that a Grothendieck topology on a stack can be induced by
the Grothendieck topology on the category Dijf.

Differential forms over a differentiable stack [1,2] We define the sheaf Qge of differential
k-forms on a differentiable stack X as follows. For an object x € X over U, Q% is defined by
the space QF(U) of k-forms on U. For an arrow a : x — y in X with a : U — V, we assign the
pullback map a* : Q%(V) — QF(U) to Q% (y) — Q% (x). This presheaf Q% : X — (R-Vect)
satisfies the conditions to be a sheaf over X. Since the exterior derivative d commutes with
pullbacks, d makes the abelian sheaves (2% a complex. The complex (2% is called the (big) de
Rham complex of X. The de Rham cohomology of X is defined as the hypercohomology of X
with values in (2%

Using the presentation X; = X/ associated to an atlas of X, we can calculate the de Rham
cohomology Hjj; (X) more explicitly. The set of (global) k-forms on X is given by

QF(%) = {1 € OF(Xo) | src™ i = tgt* 1}

The de Rham cohomology is isomorphic to the cohomology of the complex (QF(%),d).

Remark 2.19. In general, the set of global sections of a sheaf F over a stack X is defined by ap-
plying the global section functor I' to . If X is differentiable, the set is canonically isomorphic
to the equaliser of the two restriction maps F(X;) =2 F(Xp), where X; =% X is a presentation
associated to an atlas Xy — X.

Remark 2.20. For any vector space V, we can define the sheaf of differential k-forms on a dif-
ferentiable stack X in a similar way.

Vector fields over a Deligne-Mumford stack [13] If we have a Deligne-Mumford stack X%,
then we can define the tangent sheaf 73 as follows. Let Z; = Z; be the presentation of X



associated to the étale atlas p : Zg — X. For x € Xy we have the following cartesian diagrams:

q

VW—=Vy——Uu

b )

Z1:>>ZOT>%

Note that V; = Vj is an étale groupoid and a presentation of U. Since Z; =% Zj is étale,
src* TZy = tgt* TZg = TZq. According to descent theory, there is a vector bundle E — U
(which is unique up to isomorphisms) such that the pullback g*E is isomorphic to f;TZ.
Then define T (x) as the set of global sections of the bundle E — U. For an arrow a : x — y,
Tx(a) : Tx(y) — Tx(x) is naturally defined. Moreover the tangent sheaf 7x is independent
of the choice of the étale atlas. The set of global sections of the tangent sheaf is denoted by
Vect(X) and an element of Vect(X) is called a vector field on X.

Proposition 2.21 (Lerman-Malkin [13]). Let X1 =2 Xo be a presentation of an atlas p : Xo — X of a
Deligne—Mumford stack X.

(i) Let A be the pullback bundle of ker(d src) — Xy along the unit map Xo — Xj. Then the map
dtgt: A — TXy is an injective bundle map. (Thus we regard A as a subbundle of TX.)
(i) The (small) sheaf over Xy induced by the tangent sheaf Tx is the sheaf of sections of the bundle
TXo/A.
(iii) The (small) sheaf over Xy induced by the tangent sheaf Tx is the sheaf of sections of the bundle
TX;/(kerd src+ kerd tgt).
(iv) The set of vector fields Vect(X) is explicitly given by the following quotient vector space:

V/{(v1,v9) € V| v1 € ker(dsrc) + ker(dtgt)}.

Here V = {(v1,v0) € Vect(Xy) x Vect(Xy) | dsrcovy = vy osre, dtgtovy = vy o tgt} and
Vect(X;) is the space of the (ordinary) vector fields on X; (i = 0,1). In particular, if the atlas
p: Xo — X is étale, then Vect(X) is isomorphic to V.

Symplectic forms [13] Let X; = X/ be a presentation of a Deligne-Mumford stack X associ-
ated to an atlas p : Xo — X. For a vector field (v1,v9) € Vect(X), we can define the interior
product

1(v1,v0) : (X)) = QF1(X); 1 — 1(vo)y.

A 2-form w € Q%(X) on X is said to be nondegenerate if the map
Vect(X) — QY(X); (v1,v0) = 1(v1,v0)w

is a linear isomorphism. This is equivalent to the condition that kerw = A. A closed nonde-
generate 2-form w on X is called a symplectic form on X and a symplectic Deligne-Mumford
stack is a pair (X, w) of a Deligne-Mumford stack X and a symplectic form w on X.
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Orientations and almost complex structures Let X be a differentiable stack of dimension n.
The stack X is said to be orientable if (2"(X) is isomorphic to O(X) as an O(X)-module. For
an orientable stack X we define

O"(X)gen = {w € O"(X) | OX)w = O"(X)}.

and we denote by O(X) the space of (global) positive functions. An orientation of X is a
choice of an element of the quotient set 2" (X)gen/O(X) . For a Deligne-Mumford stack X,
an orientation is nothing but a pair of orientations of Zy and Z; compatible with the source
and target maps.

Let X be a Deligne-Mumford stack. An almost complex structure is an endomorphism
] : Tx — Tx of Ox-modules satisfying J*> = —id7,. For an atlas p : Xo — X, an almost
complex structure | on X induces a complex structure of the vector bundle TX(/ A compatible
with the source and the target map. In particular, for an étale atlas { : Zy — X, an almost
complex structure | induces almost complex structures on Zy and Z; which are compatible
with the source and target maps. Here Z; = Zj is an presentation associated to the atlas
{ : Zy — X. In particular, an almost complex structure induces a canonical orientation on X.

Integral over a Deligne-Mumford stack [1] A partition of unity of a proper étale groupoid
Z1 = Zy is a smooth function p on Zj such that src* p has proper support with respect to
tgt : Z; — Zp and tgt,src* p = 1. Not all proper étale groupoid has a partition of unity, but
for any proper étale groupoid Z; = Zy, we can find a proper étale groupoid Z; = Z; which is
equivalent to Z; = Zy and has a partition of unity.

Let X be an oriented and compact Deligne-Mumford stack with an étale atlas { : Zy — X
and Z1 =2 Zy a presentation associated to the atlas. If the presentation Z; = Z; has a partition
of unity p : Zg — R, then we can define an integral

O (x R;/ = .
Jo @@ o® [w=[ o

Here n = dim X = dim Z. This gives rise to a linear map H"(X) — R as usual. Moreover the
Poincaré duality holds: The pairing

Hp (%) @ Hyd (2) = s ([l b)) =~ [ o

is nondegenerate.

2.4 An orbifold Riemann surface as a stack

In this paper we consider an orbifold Riemann surface as a Deligne-Mumford stack. We
describe how to construct the stack in this subsection. We basically follow terminologies of
Moerdijk-Pronk [18} 19] for orbifolds.

11



A compact orbifold Riemann surface is a quadruple Z = (X, j,z, m) of a closed Riemann
surface X, a complex structure j on X, a k-tuple z = (z1,...,2x) of distinct points on X and
a k-tuple m = (my,...,my) of positive integers. We define the multiplicity m of p € X as
follows:

m; if p = z; for some i,
1 else.

A point p € X is said to be smooth if its multiplicity is 1.

First we recall an orbifold atlas for the compact orbifold Riemann surface X. For a point
p of multiplicity m, we choose a complex coordinate system w, : V, — C centred at p so
that V,, \ {p} consists only of smooth points. We also choose an open disc U, C C centred
at the origin and a holomorphic map 7, : U, — X satisfying 7,(0) = p, p(Up) = V, and
(wp o 7p)(z) = z™. Here z is the standard coordinate function on C. Then the group

Gy ={e' eClk=0,...,m=1} =2 z/mz

acts on U, as multiplication and the map 71, induces a homeomorphism from U, /G to V).
Then (Up, Gy, 7tp) is an orbifold chart for 71,(Up) and the family U = {(Up, Gy, 7p) } pes is an
orbifold atlas on X.

We consider the tangent bundle TZ. This is a complex orbibundle over X. Choosing a met-
ric compatible with the complex structure, we obtain the S'-bundle P consisting of unit tangent
vectors. It is easy to see that the total space of the bundle is a smooth manifold. Moreover the
circle group S! acts locally freely on P as complex multiplication (on the right).

Since the orbifold X can be obtained as the quotient of P with respect to the S Laction, we
regard the quotient stack X = [P/S!] as the orbifold Riemann surface I. By the construction
of X, the stack X is type-R.

By Proposition[2.21) the sheaf over P induced by the tangent sheaf is the sheaf of sections of
N=TP/ gP . Here g is the Lie algebra of S1. The bundle N is an S 1—equivariant vector bundle,
and N/S! — pP/Stis naturally identified with the tangent bundle TZ. Therefore the vector
bundle N is equipped with a complex structure compatible with the S'-action. The complex
structure gives the almost complex structure on X which will be denoted by j as well.

3 The category of representable morphisms

In this section, we discuss the category of representable morphisms of stacks from a (type-R)
stack to a quotient stack. The category of (representable) morphisms from a manifold to a
quotient stack is a prototype. Let M be a G-space. By the 2-Yoneda lemma and the definition
of quotient stacks, any (representable) morphism of stacks ¢ from a manifold U to the quotient
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stack [M /G| corresponds to the 2-cartesian square

P “ M
| |
u ; [M/G].

Here 7t” : P — U is a principal G-bundle and u : P — M is a G-equivariant map. To replace U
with a (type-R) stack X, we discuss a certain category ¢ (X) which is similar to the category
of principal G-bundles. After that we show that the group of automorphisms of the category
for the type-R base X is the same as the ordinary gauge group action. Finally we discuss the
category of representable morphisms from X to the quotient stack [M/G].

3.1 The category L (X)

For a stack X and a compact Lie group G, we construct a category B¢ (X) as follows.

Definition 3.1. An object of BC (X) is a pair of a morphism 7” : P — X from a right G-space P
to X and a 2-morphisms of stacks o : ¥ o pr; — 7 o1

PxG——P

satisfying the following conditions.

(i) The morphism 7P : P — X is an atlas.
(ii) The morphism of stacks

(r.8) = (p,pg,o(p,g)) for objects,

P x G—)Pnpxﬂpp;
f—= (1) for arrows

is an equivalence. (Therefore the above square is 2-cartesian.)

(iii) Forany p € P, g,h € G with p = ¢ = h, the following identity holds.

o(p,gh) = o(pg, h)o(p, ). o)

Remark 3.2. 1f (7t : P — X%,0) is an object of PC(X), the stack X is equivalent to the quotient
stack [P/G]J. On the other hand, for any quotient stack [P/ G| we can naturally obtain an object
(P : P — [P/G],0") of PE([P/G]). (For (p,g) € (PxG)y, e (p,g) : UxG — UxGis
defined by o’ (p,g)(u,a) = (u,g(u)"'a).) The point of the definition of 3¢ (X) is that we can
stick with a fixed base stack X.

13



Definition 3.3. An arrow between two objects (77 : P — X,0) and (7' : P’ — X,0”) of fC(X)
is a pair of a G-equivariant diffeomorphism ¢ : P — P’ and a 2-morphism of stacks 7 : 7w —
7’ o ¢ such that for any (p, g) € P x G the identity t(pg)o(p,g) = ' (¢(p),g)T(p) hold.

p— % _p

N

For two arrows (¢, 7) : (7r,0) — (7/,0’) and (¢',7’) : (7', 0") — (7",¢") in PC(X), the
composition (¢', ') (¢, T) is defined by (¢’ o ¢, (7’ 0id,)  T), where o is the horizontal com-
position and e is the vertical composition. The identity arrow of (77 : P — X, 0) is (idp,id).
Then B¢ (X) form a groupoid.

Remark 3.4. For a manifold X, B¢ (X) is the category of principal G-bundles over X.

Remark 3.5. A G-stack is defined by Romagny [22] as a generalisation of G-spaces. If we regard
a stack X as a trivial G-stack, then any object (7r,0) of ¢ (%) gives a morphisms of G-stack.
Moreover for any arrow (¢, 7) : (77,0) — (7, 0”) in BC (%), the 2-morphism of stacks T gives
a 2-morphism of G-stacks 7t — 7’ 0 ¢.

Let (" : P — X,0) be an object of BC(X). For any representable morphism F : 9) — X,
we can construct an object of 3% (9)) by taking a pullback. Now we have a manifold Q and the
2-cartesian square

P ()
Z1

Define ¢’ : Q x G — P by ¢'(q,¢) = €(9)g. Then the map

@< 0

Ob(Q x G) — Ar(X); (q,8) — o(e(q),8)a(q)

P

gives a 2-morphism of stacks F o (71 o pr;) — 7* o ¢’. Since the above diagram is 2-cartesian,

there is a unique smooth map ¢ : Q x G — Q and a 2-morphism of stacks ¢’ : Topr; — Mo
such thateo ¢/ = ¢ and

a(y'(q,8))F('(9,8)) = o (e(q),8)a(q) ®3)
forany (g,8) € Q X G.

Proposition 3.6. The maps ¢’ : Q x G — Q defines a right G-action on Q.

The following lemma is a direct conclusion of the universality of the 2-cartesian square (2).
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Lemma 3.7. Let 7 : R — QY and € : R — P be morphisms of stacks. Suppose we have two pairs
(f1,B1) and (fa,B2) of a smooth map f; : R — Q with € = €o f; and a 2-morphism of stacks
Bi:T—mof;i (i=1,2):

R
7 f g
) Q Q - P.

Ifa(fi(r))F(B1(r)) = a(fo(r))F(B2(r)) for any r € R, then f; = f and p1 = Ba.

Proof of Proposition[3.6] First we show that ¢'(q,1) = g holds for any g € Q. Defines : Q —
Qx Gbys(q) = (g,1). Let (f1,B1) = (¢ os,0" 0ids) and (f2, B2) = (idg, id ), then we obtain
the following 2-commutative diagram (i = 1,2):

Q
/ lf\
2 Q 0 _ p.

Then the identity () implies a(f1(q))F(B1(q)) = a(f2(q))F(B2(q)) forany g € Q. Thus Lemma
B.7/implies f; = f,ie.y/'(g,1) = q.

Next we show that ¢'(¢'(g, ), h) = ¢'(g,¢h) holds for any (g,g,h) € Q x G x G. Define
s1:QxGxG—QxGbysi(q,gh) =(q,8h)ands, : QxGx G — Qx Gbysy(g,gh) =
(¥'(q,8),h). Let (fi,p1) = (§' 0s1,0" 0ids) and (f2,B2) = (¢ 052, (0" 0ids,) @ (¢ 0 pryy)),
then we obtain the following 2-commutative diagram (i = 1, 2):

QxGxG

Topry (q.81)—e(q)gh
/ J{fi \
ﬂ Bi
D) - Q P.

€

Then the identities (1)) and 3) imply a(f1(q))F(B1(q)) = a(f2(q))F(B2(q)) for any g € Q. Thus
Lemma3.7implies f; = f> i.e.y/(q,gh) = ¢'(¢'(q,8), h). O

From now on, §’(g, ¢) is denoted by gg. Then we can write the identity (3) in the form

a(qg)F(c'(9,8)) = o(e(q),8)a(q) )

for any (g,¢) € Q x G. The identity eo ¢’ = ¢ implies that the smooth map ¢ : Q — P is
G-equivariant. Note that we also obtain the following identity

o'(9.8h) = o’ (q8,h)o’ (4, 8) )
for any (g,8,1) € Q x G x G in the proof of the above proposition.
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Proposition 3.8. The pair (7 : Q — ), ") is an object of PE ().
Proof. It is sufficient to see that the morphism of stacks

(9,8) = (4,98,0"(q,8)) for objects,
a— (a,a) for arrows

@:QxG—)annQ;{

is an equivalence (over each manifold U). First we show that the morphism ¢ is fully faith-
ful over U. Let (91,81),(92,82) € Q x G be objects over U. Suppose that we have an ar-
row (91,911, (91,£1)) — (92,9282,07(42,42)) in (Q = Xz Q)y. Since such an arrow is an
identity arrow, we have (q1,9181,0'(91,81)) = (92,9282,0"(92,82)). Moreover this implies
that (e(q1),€(91)81,0(e(91),81))) = (e(q2),€(q2)82,0(¢(42),&2))) in (P p X zp P)y. Therefore
g1 = g2 and the morphism @ is fully faithful over U.

Next we show that the morphism @ is essentially surjective over U. Let (41,42,a) be an
object of (Qr X Q)y. Since (¢(q1),e(q2),a(q2)F(a)a(g1) ') is an object of (P .» X .» P)y, there
is (p,8) € (P x G)u such that (¢(q1), £(q2), &(q2) F(a)a(q1) ™) = (p, pg, o (p, 8)). Now the pair
(c’(q1,8)a~1,1) gives an arrow from (71(42),€(q2),2(42)) to (7(q18),€(q18), 2(q18))- In fact,

a(q18)F (o' (q1,8))F(a) !
o(p,g)a(q)F(a)~! ¢ @.
a(q2)- (v o(p,g) = alq2)F(a)a(qr) ")

a(q18)F(0’(q1,8)a™ ")

Since the diagram (2) is 2-cartesian, we can conclude that g, = q1¢ and a = 0’'(q4,9), ie.
(91,92,9) = (91,91%,0" (91, %) ). Therefore the morphism @ is essentially surjective over U. [

3.2 Automorphisms in 3¢ (X)

Let X be a differentiable stack. For an object (7 : P — X, o) of BE(X), we consider the group of
automorphisms Aut(7t, ) of (77,0) in P (X). Let (¢, T) € Aut(r, o). Since T is a 2-morphism
of stacks moidp — 7o ¢, we have a unique smooth map 7, = 7 : P — G making the
following diagram commutative.

P

%P,’Y)

PxG—— =P
idp lpr1 - ln—
P /x

Therefore ¢(p) = py(p) for any p € P. Since ¢ is G-equivariant, py(p)g = pgy(pg) for any
p € Pand g € G. We also have 7(p) = o(p,v(p)) for p € P.
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Now we assume that the stack X is type-R (cf. Definition[2.17). Since [P/ G] is equivalent to
X, the G-action of P must be locally free and effective. Therefore v(pg) = ¢~ v(p)g holds for
any g € G. Define G(P) by

G(P) ={y €C®(P,G) | v(pg) =g 'v(p)gforallp € Pand g € G}. 6)

The space G(P) inherits the group structure from G. It is easy to see that the above assignment
(9, T) = () gives an injective group anti-homomorphism from Aut(7, o) to G(P). Suppose
v € G(P). Putting ¢(p) = py(p) and t(p) = o(p,v(p)), we can easily check that (¢, T) €
Aut(7, o). Thus the group anti-homomorphism is surjective.

Proposition 3.9. If X is type-R, then Aut(7t : P — X, 0) is anti-isomorphic to the group G(P).

3.3 The category of representable morphisms

Let M be a right G-space and X a differentiable stack. Making use of the category R (X) we
construct a category which is equivalent to the category of representable morphisms from X to
the quotient stack [M/G].

Definition 3.10. We define a category R¢ (X, M) as follows.

e An object of RC (X, M) is a triple (77, 7, €) such that (77, ) is an object of ‘B (X) and e is a
G-equivariant map P — M.

e An arrow (7,0,¢) — (7',0’,€) in RE(X, M) is an arrow (¢, 7) : (7,0) — (7,¢’) in
PO (X) satisfying &' o ¢ = e.

e The composition of two arrows (¢, 7) : (7,0,¢) — (7/,0’,¢') and (¢',7') : (7', 0") —
(r”,¢"") is defined by the composition (¢/, T')(¢, T) in PC(X).

e The identity arrow of (71,0, ¢) is defined by the identity arrow 1, ) in PO (X).

The category of representable morphisms from X to [M/G] is denoted by Mor®®P (X, [M/G]).
Theorem 3.11. The category Mor®eP (X, [M/G)) is equivalent to the category :RC (%, M).

Define a functor ¥ : Mor®P (%, [M/G]) — RC(X, M) as follows. For each representable
morphism F : X — [M/G], we can choose a manifold P¥, a morphism 7t : PF¥ — X and a
smooth map &f : PF — M so that the following square is 2-cartesian:

M

PF
|

Propositions 3.6|and [3.8|say that there is a 2-morphism of stacks ¢f : pr; o f' — 9 o 7f such
that (7f : PP — X, 0F) is an object of B¢ (%) and ¢ is G-equivarianti.e. (7, ¥, ef') is an object

F

17



of RC(X, M). We define ¥(F) by (nF,cF,ef) (cf. Remark . Note that the 2-morphism of
stacks o satisfies

o (pg)F (e (p,g)) = eM( (p), 9)a" (p) )
forany (p,g) € P x G.

Let F; and F, be representable morphisms ¥ — [M/G] and 6 : F; — F, a 2-morphisms

M

of stacks. Since we have a 2-morphism of stacks af1 e (671 o id r):Fo ft — efi o M, we

obtain a unique smooth map ¢ : Pf1 — PP satisfying ¢ o ¢ = &f1 and a unique 2-morphism
of stacks ¥ : 7ht — 7f2 0 @:

F.

Ph e
N
P

ph
¢l = -
X /Gl.
Here the 2-morphism of stacks 7 satisfies

«2(¢°(p))R2(7° (p)) = &l (p)6(7" (p)) ! ®)

for any p € Ph.
We see that (¢?, 7%) is an arrow (tf1,0f1,ef1) — (72,072, ef2) in the category :|C (X, M).

Let (fi,p1) = (¢ o9, (% oidy) e 01) and (f5, B2) = (Yo (¢° x id), (072 0id e, g, ) @ (77 0
idpr, )). Then we have the following 2-commutative diagrams (i = 1,2):

. Ph x G
nflopr (p.g)—e"1(p)g
£
Bi
X U pk P.
2 eb

Then for (p,g) € P x G we have

a2(fi(p,8))Ra(B1(p.8)) = a2(¢%(p )) 2(t°(p8)) F2(0"(p, 9))
= a"1(pg)0(7" (pg)) ' Ra(c" (p,8)) (- @)
= af1(pg) (e (p,8)0( (p)) "
= MM (p), a1 (p)6(x" (p)) 1. @)

On the other hand, we have

a2(£2(p, 8))F2(B2(p.8))

a"2(¢% (p)g)F2(c"2 (9% (), 8)) E2(T° (p))
M2 (¢ (p)), g)a"2 (¢ (p)) 2(x% (p)) (-
ef(p), g)af1 (p)o(" (p)) !

S

M(
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Applying Lemma we conclude that f; = f, and 1 = By, i.e. for (p,g) € Ph x G we
have ¢%(pg) = ¢°(p)g and t%(pg)cti(p,g) = c2(¢%(p),g)1%(p). Similarly we can see that
¢ is a diffeomorphism. (In fact, q)(971) is the inverse of ¢’.) Therefore (¢, %) is an arrow
(th,of1,eft) — (72,072, ef2) in the category RC (X, M). We define ¥ () = (9%, 7).

Lemma 3.12. The functor ¥ : Mor®P (X, [M/G]) — RC (X, M) is faithful.

Proof. Let 6 and ¢ be two 2-morphisms of stacks from Fy to F, in Mor®®P (X, [M/G]). Suppose
that we have an arrow (¢, 7) : ¥(0) — ¥(#') in RC (X, M). Because of Identity , we have

0(n" (p)) = Ea(t(p)) " "a(e(p)) " (p) = €' (7" (p))

for any p € P. Therefore it suffices to show that for any object x € X the arrow 6(x) can
be calculated without 6. Let x € Xy and {U; — U} be a covering family of U in Diff. Since
[M/G]is a stack, 6(x) can be uniquely determined by its pullbacks f;*6(x). Therefore it suffices
to show that f;6(x) can be calculated without 6.

Choosing a manifold Py equivalent to Ux X Pf, we have a principal G-bundle 7, : Py —
U, a G-equivariant map ¢y : Py — Pr, and a 2-morphism of stacks By : x o 71y — mfioe,. We
may assume that the pullback of the principal G-bundle 7, : Py — U via f; is trivial:

U; x G P, — % - ph
pry l /;X l B l h
u; u /%
fi x

Here s; : U; — Py is a smooth map corresponding to a trivialisation. Using s; € (Px)y,, we
obtain the following arrows in [M /G|y

F, x\5i
Fu(frx) — L p G ()

fi*Fl (x)
lf;‘e(x) iG(fi‘X) iemﬁ )

fiB(x) =<——— R(fx) TRG Ey(7f1 ().

Because of Identity , 0(7cf1(p;)) can be calculated without 6, and so is £76(x). O

Let F be a representable morphism from X to [M/G]. Making use of the atlas PF x G of X,
we can describe F in an explicit way:

Proposition 3.13. Let F € Mor®®P (X, [M/G)). If we identify X with [P¥ /G|, then the morphism of
stacks F is isomorphic to the morphism of stacks F defined by

£:[PF/G] - [M/G); {(n’f) = (me"oc) for objects

(f, ) — (f. 1) for arrows.

19



Remark 3.14. There is an embedding B of the bicategory Bi of Lie groupoids and bibundles
into the 2-category StDiff of stacks over Diff. For a Lie groupoid X1 = Xo, B(X; = Xp) is
the category of principal (X1 =% Xp)-bundles. For a bibundle fp from X; =2 X to Y1 =2 Yy, the
morphism of stacks B(fp) : B(X; = Xo) = B(Y1 =3Y)) is defined as follows. Any principal
(X1 = Xp)-bundle & : Q — M naturally defines a bibundle fg from M = M to X; = X,. The
composition fp o fn includes a principal (Y; = Yp)-bundle, and it is the image of fo via B(fp).
The image of the embedding ‘5 is the 2-category of differentiable stacks (without the condition
to be proper). For details of the embedding B, see Lerman [12} §4].

Proof. A bibundle corresponding a morphism of stacks can be obtained by by taking the fol-
lowing pullback [12]:

PPxGc—Y .pr & iy
prl l O—F/l 7‘L'F %l 7'L'M
Pt - X = [M/G].
TT

The triple (pr;, P, ef o) is a bibundle from Pf x G to M x G corresponding to F : X —
[M/G]. It is easy to see that the morphism of stacks B (pr,, PF,ef o ¢) : [PF/G] — [M/G] is
isomorphic to E. O

Lemma 3.15. The functor ¥ : Mor®P (%, [M/G]) — RC (X, M) is essentially surjective.

Proof. Let (7t : P — X,0,¢) be an object of RC (X, M) and identify X with [P/G]. Consider the
morphism of stacks defined by

F:[P/G] = [M/G]; {(”’rjl) = (TCL,sos’) for objects,
(f f) = (£, f) for arrows.

It is easy to see that the following square is 2-cartesian:

P £ M

[P/G] —> [M/G].

(The identity transformation gives a 2-morphism of stack in the above square.) This also
implies that F is representable. Then we have a unique smooth map ¢ : Pf — P and a 2-
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morphism of stacks T : 7 — ¢ o 7 such that the following diagram is 2-commutative.

Modifying the above discussion for ¥ (6) slightly, we can show that the pair (¢, T) gives an
arrow from ¥ (F) to (7,0, ¢) in RC (X, [M/G]). O

Lemma 3.16. The functor ¥ : Mor®®P (X, [M/G]) — RC(X, M) is full.

Proof. Let Fy, F, € MorR®P(X,[M/G]). Suppose we have an arrow (¢, T) from ¥ (F;) to ¥(F,).
Since ¢ is a G-equivariant diffeomorphism, it is obvious that the following morphism E is an
equivalence:

E: [PFi/G] - [PR/G); {E;;; - E; jf) °¢) Zi Z:Eiz

We identify [Pf2/G] with [Pf1 /G| via the above morphism. Then we can also identify F; and
F, because of Proposition and ¢2 o ¢ = ef1. Therefore the functor ¥ is full. O

4 Symplectic vortex equation

In this section, we define symplectic vortex equations over a compact Riemann surface X, re-
garding X as a type-R stack X. First we fix notations for an orbifold Riemann surface. Secondly
we see the definition of (representable) pseudo-holomorphic curve from X to a Marsden-
Weinstein quotient (also known as a symplectic quotient). After that we define symplectic
vortex equations and an energy functional. Finally we discuss the moduli space of solutions to
the equations for a linear action of the circle group S! on the complex plane C.

In this section, G is a compact and connected Lie group. The Lie algebra of G is denoted by
g. We fix an invariant inner product (, ) on g to identify g with its dual g".

A Hamiltonian G-space is a symplectic manifold (M, w) equipped with a (right) G-action
and a G-equivariant map y : M — g satisfying
u(mg) = Ad(g Y )pu(m) foranym € Mand g € G )
and
d{p, &) = —1(EM)w forany ¢ € g. (10)

Here Ad is the adjoint representation of G. Note that the G-action preserves w since G is
connected. This map u is called a moment map for the G-action.
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4.1 An orbifold Riemann surface, revisited

Let Z = (Z,j,z, m) be an orbifold Riemann surface and X the type-R stack corresponding to
z ( and (77 : P — X,0) an object of PC(X). Since X is type-R, the right G-action on P is
locally free and effective (cf. §3.2). In particular the space of connections

A(P) ={A € Q'(P,g) | (E")A=¢ (VE € g) and p;A=Ad(g")A (Vg€ G)}
is nonempty.

The sheaf over P induced by the tangent sheaf Ty is the sheaf of sections of the bundle
TP/g". Note that the bundle TP/g" has a complex structure coming from the complex struc-
ture j on X, and we also denote by j the complex structure on TP/g’. Since j is compatible
with the source and target maps, the identity (j[v])g = j[vg] holds for any v € TP and g € G.

We will need local slices for integrations over X and Letp € Pand (U, ¢, ') a triple of

(i) a finite subgroup I' C G, which acts on C in an orthogonal linear way,
(ii) a I-invariant open neighbourhood U of 0 in C, and
(iii) a smooth map ¢ : U — P satisfying ¢(0) = p and ¢(gu) = ¢(u)g .

The triple is called a (complex) slice at p € P if the map

UxrG— P; [u,a] — ¢(u)a
is a G-equivariant diffeomorphism onto a G-invariant open neighbourhood of p. Here I" acts
onU X Gby (u,a)-¢g= (g7 u,gta)(ue U,ac Gand g € I.

We may choose a family {(U;, ¢;, I7) }; of slices so that {¢;(U;)G} is an open cover of P. Let
Zy be the disjoint union | |; U; and ¢ : Zg — P is the map whose restriction to U, is the inclusion
map ¢; : U; — P. Let Z; be a fibred product of the diagram:

Z— "1 . pxst _ PR g
(tgt,src) \L i (tgt,src)
Zoy X Zy P x P.

X1

Then we obtain a proper étale groupoid Z; = Zy which is equivalent to P x G in the bicategory
Bi (cf. Lerman [12, Definition 2.25]). It is easy to see that the composition o1 : Zg — X is
an atlas of X, and the groupoid Z; = Z is a presentation associated to the atlas. Note that the
groupoid Z1 = Z has a partition of unity [1].

The space of 2-forms on X is given by the space of basic 2-forms on P
Q*([P/G]) = {n € Q*(P) [ 1(&")y =0 (V¢ € g) and gy =1 (Vg € G)}.
In terms of Zy = Z, the space of 2-forms on X is the space

OV (Z1=370) = {6 € Q*(Zp) | src* 6 = tgt* 6}
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and an explicit correspondence between (Q?([P/G]) and Q?(Z; = Zy) is given by 15 = 0 for
n € Q?([P/G])and 0 € Q*(Z1=Zy).

We denote by p : Z; — S! the composition of pr, o 11. The map p satisfies ((tgta)p(a) =
((srca) for any « € Z;. The map

£:Zgx S' = P; (z,t) — 1(2)t
is an atlas of P, and a presentation associated to the atlas ¢ : Zy x S! — P is given by
Zy x 81 = Zg x SY; sre(a,t) = (srca, t), tgt(a,t) = (tgta, p(a)t).

Note that the map ¢ : Zy x S! — P is S'-equivariant with respect to the right S!-action on
Zo x St defined by (z,t) -t = (z,tt').

4.2 Pseudo-holomorphic curves in a Marsden-Weinstein quotient

For details of (smooth) Marsden—Weinstein quotients, see McDuff-Salamon [14]. Cieliebak-
Gaio-Salamon [J5] is also helpful for our setting.

Let (M, w) be a Hamiltonian G-space with a moment map y : M — g. Assume that0 € g
is a regular value of y. Then u~1(0) is a G-invariant submanifold of M and the G-action on
#~1(0) is locally free. Therefore the quotient stack M //G = [u~1(0)/G] is Deligne-Mumford.

The quotient stack M//G inherits a symplectic form from (M, w) as follows. Let w, be
the restriction of w to #~1(0). A direct calculation shows that the 2-form wy is basic: wy €
?(M//G). Since the kernel of the 2-form wy at m € u~1(0) coincides with g O (m), wy is
nondegenerate and therefore w; gives a symplectic form on M//G. The symplectic Deligne-
Mumford stack M // G is called the Marsden—Weinstein quotient.

Choose an almost complex structure | compatible with the G-action and wi.e. | is an almost
complex structure on M such that ¢pg o ] = J o ¢, for any ¢ € G and the bilinear form

g(v1,v2) = w(vy, Jvp) (11)

defines a Riemannian metric on M. Since the G-action on y~1(0) is locally free, g"fl(o) is
a trivial subbundle of Tu~1(0). The sheaf induced by the tangent sheaf 7/ is the sheaf
of sections of the quotient bundle Ty’l(O)/gP’fl(O). The bundle T‘u’l(O)/gf‘fl(O) inherits a
complex structure from TM and it gives rise to an almost complex structure on Tys//G.

We consider a representable morphism from a compact orbifold Riemann surface (X, j, z, m)
to the Marsden—Weinstein quotient M //G. We regard the compact orbifold Riemann surface
as a type-R stack X as Section[2.4]

By Theorem a representable morphism F from X to M // G corresponds to an object of
the category |C (X, u~1(0)), i.e.a pair of an object (77 : P — X, 0) of B¢ (X) and a G-equivariant
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map u : P — u~1(0):

o
- M//G.
We will stick with the presentation P x G to describe geometric concepts on X (cf. §4.1).

Definition 4.1. The representable morphism F : X — M//G is said to be pseudo-holomorphic
if the map du : TP/g"” — Tu=1(0)/gM is compatible with the complex structures:

Jodu=duoj asamap TP/g" — Ty_l(O)/g’Fl(O). (12)

Remark 4.2. This definition is independent of the choice of the object (7,0, u) of R (X, 1 ~1(0))
up to isomorphism.

The above condition can be described more explicitly by using a connection. For a
connection A € A(P) the covariant derivative dqu € Q'(P,u*TM) of u is defined by

dau : TP — u*TM; dau(v) = du(v) — A(v)M(u(p)) for v € T,P.

We denote by d4u the complex antiholomorphic part of d4u:
= 1
U = 5 (dgu + Jodauoj) € QY (P, u*TM).

Here dquoj: TP — TM is defined as follows. For v € T,P there is a tangent vector v € T,,P
such that [9] = j[v]. Define (dau o j)(v) = dau(?). This definition is independent of the choice
of ¥ because the identity d4u(&"(p)) = 0 holds for any & € g.

Proposition 4.3. A representable morphism F : X — M // G is pseudo-holomorphic if and only if there
is a connection A € A(P) satisfying that dqu = 0.

Proof. First we note that we have the orthogonal decomposition

Tu(p)M = Nu(p) ® QM(”(P)) D IQM(”(P)) (13)

Here N, is the orthogonal complement of gM(u(p)) in Tu(p)],t_l(O). We can canonically
identify the bundle Ty ~1(0)/g*~ (© with N — u~1(0). We denote by 14 and 5 the projections
from N,y @ gM(u(p)) to the first and second component respectively. The condition is
equivalent to the identity Jvq (du(p)v) = vi(du(p)jv) for every p € Pand v € T,P.

Suppose a representable morphism F : X — M//G to be pseudo-holomorphic. Define a
1-form A € Q1(P, g) by the composition T,P — Tu(p)y_l(O) — gt (u(p)) = g. It is easy to
see that A € A(P) and dau = 0.
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Conversely suppose that we have a connection A € A(P) satisfying dqu = 0 i.e.
J(dau)o = (dau)jo

for any v € TP. Applying the orthogonal decomposition to the above identity, we can
easily see that the identity Jv (du(p)v) = v1(du(p)jv) holds for every p € Pand v € T,P. [

4.3 Symplectic vortex equations

The symplectic vortex equations are defined for the following data:

A Hamiltonian G-space (M, w) with a moment map p : M — g.

An almost complex structure | of M compatible with the G-action.

e A compact orbifold Riemann surface (X, j, z, m). We regard it as a stack X.

A volume form dvoly of X.
An object (7 : P — X, 0) of the category BC(X).

A volume form dvoly of X is a nowhere-vanishing 2-form on X. Using a G-invariant Rie-
mannian metric on P, we can easily see that a volume form of X always exists. Moreover for
any 2-form « on X there is a unique function f € O(X) such thata = f dvolx.

Since X is 2-dimensional, a choice of volume form dvoly gives an orientation on X. On the
other hand, the complex structure j on X also gives an orientation on X. Thus we choose a
volume form dvoly so that both orientations are the same. More explicitly, we assume that the
following inequality holds:

dvolx(v,7) > 0 for any nonzero [v] € T,,P/gp. (14)

Here 7 is a tangent vector at p satisfying [0] = j[v], and [ ] is the projection map from TP to the
quotient bundle TP/g”. The left hand side of the inequality is independent of the choice of &
since dvoly is basic.

Fix a volume form dvoly of X. We define the Hodge *-operator by
*: 2(X) = Q%(%); *a = *(fdvoly) = f.
The Hodge *-operator can naturally extend to a map Q?(X,g) — Q°(%, g).
Definition 4.4. The symplectic vortex equations are the partial differential equations
dau =0, *Fa+u(u)=0 (15)
for (A,u) € A(P) x C¥(P,M). Here CZ (P, M) is the space of G-equivariant smooth maps

from P to M. Note that the curvature F4 belongs to Q?(X, g).
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Remark 4.5. Assume that 0 € g is a regular value of the moment map u. If we replace dvoly
with e 2 dvoly for ¢ > 0, then the equations (15) become

au =0, *Fq+e2u(u)=0.

The limit of the above equations of ¢, as € approaches to 0, are nothing but the equations for
pseudo-holomorphic morphisms from X to M// G (cf. Proposition .3):

dau=0, wu(u)=0.

We define the the energy functional (or the action functional) E : A(P) x C¥(P,M) — R
by
1
E(Au) = E/x (Idauf® + [Fa + |n(w) ) dvolx . (16)
Here we use the G-invariant inner product on g and the Riemannian metric on M defined as

. In the above formula, |d4u|? can be calculated as follows. First we note that the complex
structure j on TP/g"” and the volume form dvoly define a metric on TP/g":

gx([v], [w]) = dvolx (v, w) for v,w € T,P,

where @ is a tangent vector at p satisfying [@w] = j[w], and the above definition is well-defined
because dvoly is basic. Since TP/g" is a vector bundle of rank 2, it is easy to see that gx form
a metric on TP/g". Then define

|dau| = H[v]II_l\/\dAu(v)l2 + |(dau o j)(v)[? (17)

for nonzero [v] € TP/g", where ||[v]|| = \/gx([?], [0]). The right hand side is independent of
the choice of [v].

Proposition 4.6. For every (A,u) € A(P) x CZ (P, M), the identity

E(Au) = /35 <|8Au|2 + %|*FA + y(u)|2) dvoly +R(w, i, u) (18)
holds. Here
R(w, ) = [ ((dam)*e— (u(w), Ea))

and |9au| is calculated in a similar way to |dau.

Remark 4.7. We can see as follows that the value R(w, jt, u) is independent of the choice of
A € A(P). First we consider the Cartan model (2 (P) for the G-space P. Then u*(w — ) is a
G-equivariant 2-form after we identify g with g*. We can assign the Cartan operator

OE(P) = Q*([P/G]); 1 = 1
to each connection A € A(P). In terms of the Cartan operator,
R(@,u) = [ 0 (@=pa,

and this integration is independent of the choice of the connection A [6, Proposition 4.2].
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Proof. We follow the notation in Let x € C*(Zy) be a partition of unity. Then
1 *
Ew,A) =5 ¥ [ 201 (daul+ FalP + [n() ) dvolz,
i i

where x; = x|u;- Let s + it be the standard complex coordinate on C. Then [d¢;(d;)] =
jldgi(9s)] and @7 A = ®;ds + ¥idt for some ®;,¥; € C*®(U;,g). Put u; = uo ¢;. Then the
pullback of dqu, F4 and dvoly to U; via ¢; are given by
. ou; ou;
QFdau = <as - ¢>ZM) ds + (at - ‘ng> dt,
oY, J9P;
¢;Fa = (asl - atl + [‘Pi,?’i]> ds A dt,

@; dvoly = A?ds A dt

for some positive function A; on U;. The rest of the proof is similar to Proposition 3.1 in
Cieliebak—Gaio-Salamon [5]. O

Corollary 4.8. A pair (A, u) € A(P) x CZ (P, M) is a solution of the symplectic vortex equation
ifand only if E(A,u) = R(w, u, u).

Since X is type-R, the group of automorphisms of (7" : P — X,0) in PC(X) is anti-
isomorphic to the group G(P) defined as (6). The group G(P) acts on the space A(P) x
g (P, M) by

A(P) x C§ (P, M) A G(P); v (A,u) = (y7ldy + 97 Ay, uy).
Lemma 4.9. The energy functional E is G (P)-invariant.

This lemma can be shown by direct calculation and implies the following proposition.

Proposition 4.10. The action of G(P) on A(P) x CZ (P, M) preserves the space of solutions to the
symplectic vortex equations .

44 Thecaseof G=S'and M =C

In this subsection, we restrict ourselves to the cases when G = S! and M = C, and we consider
the moduli space of solutions to the symplectic vortex equations by comparing it with the
moduli space of Kéhler vortices [21].

First we fix notation for the circle group G = S! = {z € C||z| = 1}. The Lie algebra g = iR
is equipped with an Sl-invariant inner product: (¢1,¢2) = —C10p for &1, & € iR. Fix a positive
integer a we define a left S'-action on C by

S'ACt z=1t".
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(Therefore the right action is defined as z -t =t~ - z = #7z.) A moment map is given by
p:Cr—iR; z — E(a|zz\ —-1),
2
where T is a positive real number. Then the Marsden-Weinstein quotient C//S! is called a

weighted projective space P(a) (cf. Sakai [23] Section 3.3]).

Let X be a compact orbifold Riemann surface (X, j, z, m). Choose an object (77 : P — X, 0)
of PBE(X). Then P is a 3-dimensional closed manifold equipped with a locally free S'-action,
i.e.a Seifert fibred space [21} [24].

The symplectic vortex equations are given by
oau =0, *FA+%(a|u|2—T) =0, (19)
where A € A(P) C Q!(P,iR) is a connection on P, and u belongs to
a(P,C) ={ueC?PP,C)|u(pt) =t"u(p) forallp € Pand t € sty

The gauge group G(P) = {y € C®(P,S') | v(pt) = v(p) forall p € Pand t € S'} acts on the
space of solutions to the equations by v*(A,u) = (v 'dy + 7y 1Av,9"u). We denote by
M(P) the moduli space of the solutions to (19):

M(P) = {(A,u) € A(P) x C3(P,C) | (A,u) satisfies ([} /G (P).

To consider the moduli space of solutions of the symplectic vortex equations (19), we as-
sume the following condition for X.

Assumption 4.11. Let m = (my, ..., my). Then a is a common multiple of my, . .., my.

The reason for the assumption is as follows. As Remark[4.5) a certain limit of the symplec-
tic vortex equations is the equation for pseudo-holomorphic curve in the Marsden-Weinstein

quotient C//St:
oau =0, |u®*= g.

It is natural to assume that the above equations have a solution. Let (A, u) be a solution. For
p € P and a stabiliser t € S! at p, the map u : P — C satisfies u(p) = t*u(p). By the second
equation we have u(p) # 0, therefore t* = 1. This implies the assumption.

Remark 4.12. 1f a = 1, then the orbifold Riemann surface X must be non-singular.

To compare M (P) with the moduli space of Kéhler vortices, we describe the moduli space

M(P) by using slices of the S!-space P (cf. .
Taking pullbacks via the atlas ¢ of P, we can identify C* (P, C) with the space

C®(Z1 x S' =7y x SY,C) = {1 € C®(Zy x §1,C) | src* i = tgt* i},
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By this fact, there is a one-to-one correspondence between C& (P, C) and the space

C®(Zo,C)p = {f € C*(Zy,C) | src* f = p" tgt” f}.
The correspondence is explicitly given by f = u o 1.

Moreover the pullback ¢* : Q'(P,iR) — Q(Zy x S!,iR) gives a linear isomorphism from
the space A(P) of connections to the space A(Z; x S' = Z x S') defined by

{B € Q(Zy x S, iR) | src* B = tgt* B, B(¢%0*S') = £ (V& € iR) and y}B = B (Vt € S1)}.
Let Byic be the Maurer—-Cartan form for the product bundle Zy x S! — Z,. Define
QY(Zy,iR), = {6 € 0'(Z,iR) | src* 0 = p~'dp + tgt* 6}.
Then the pullback pr} : Q1(Zy, iR) — Q(Z, x S!, iR) gives rise to the linear isomorphism
02Y(Z,iR), — A(Zy x S'=Zy x S'); 0+ Byc + pri6.

Therefore we obtain a one-to-one correspondence between A(P) and 2!(Z, iR),. The explicit
correspondence is given by e*A = Byyc + pr;6 (or *A = 6) for A € A(P) and 6 € Q1(Zy, iR),.

The gauge group G(P) can be identifies with
C¥(Z1=270,8") = {g €C™(Zy,S") | src* g = tgt* g}
via the identification y o1 = g for v € G(P) and g € C*(Z; = Zy,S') and the action of the
gauge group G(P) on A(P) x Cg; (P, C) can be identified with the following action:
0Y(Zy,iR), x C®(Zy,C)p N C®(Z1=220,S"); (0,f) - g = (¢ 'dg +0,8°f).

Under the above identification, the equations can be identified the following PDEs by
taking pullbacks via ¢ : Zy — P:

3af =0, *Fy+3(alfP—17) =0 20)

for (6, f) € Q1(Zy,iR), x C®(Zy, C),. Here, for the x-operator on Zy, the volume form on Z
is the pullback (* dvoly. Therefore M (P) is identified with

M(Z1=2Zp) = {(8,f) € QY (Zy,iR), x C™(Zy,C), | (6, f) satisfies @O)} /C™(Z1 = Zo, S1).

Next we describe the moduli space of Kahler vortices in terms of Zy = Zj. The Sl-action
on P x Cby (p,x) -t = (pt, t°x) is proper and locally free, and therefore the action induces
an orbifold structure on the quotient space P x4 C. Moreover the quotient map P xg C —
pP/Sl =% gives rise to a Hermitian orbifold line bundle. The Hermitian orbifold line bundle
can be described as the following proper étale groupoid

src(a, x) = (srcw, x),

Z1 xC=3ZyxC
tgt(a, x) = (tgta, p(a)x).
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The space of orbisections is naturally identified with C**(Zy, C),, and the space of the com-
patible orbifold connections is given by

0Y(2y,iR), = {B € 0'(Zy,iR) | src* B = —ap~'dp + tgt* B}.

The gauge group is nothing but C®(Z; = Zy, S!) and the (right) action of the gauge group on
0(Zy, iR), x C*(Zy, C), is defined by

0(Zo,iR)a x C*(Zo,C)p N C®(Z1=Z0,5"); (B, f)-g = (¢ 'dg +B,g" ' f).

The equations of Kiher vortices over the orbifold Riemann surface (X, j, z, m) are the PDEs
Opf =0, #*Fg+ = (|f|2—aT) =0 (21)

for (B, f) € Q1(Zp,iR), x C*(Zy, C),.

Remark 4.13. The above equations are obtained after we replace Fg, with —aitdvoly in the
equations of Kéhler vortices [21} Section 5.5]. This replacement does not produce any problems
on the following discussion (Proposition 4.16)) in this paper.

Therefore the moduli space of Kdhler vortices is defined by
MK = {(B,f) € Q' (Zy,iR), x C*(Zy,C), | (B, f) satisfies @I)} /C(Z1 = Zo, S1).

Mrowka, Ozsvath and Yu show that the moduli space of Kédher vortices has a structure of
complex manifold and the complex dimension is equal to the integer called the background
degree. To calculate it, we recall briefly Seifert invariants. (The details of Seifert invariants can
be found in Mrowka—Ozsvath—Yu [21), Section 2] and Furuta-Steer [7].)

Orbifold line bundles over an orbifold Riemann surface can be classified by pairs of integers
called Seifert invariants:

= (b,B1,.--,Br)- (22)

Here k is the number of singular points of the base orbifold, §; is an integer with 0 < ; < m;,
and b is the integer which is called the background degree of the orbifold line bundle. The
integer B; is defined by local structure of the orbifold line bundle around the i-th singular
point. The background degree b is the degree of the de-singularisation of the orbifold line
bundle. For an orbifold line bundle E — X with the Seifert invariant (22), the degree of the line
bundle is calculated by the formula

Bk
o (23)

e P
deg(E) =b+ e

Define d as the real number oy /[ st F4 which is independent of the choice of A € A(P).

Lemma 4.14. The Seifert invariant of the orbifold line bundle P x g C — X isb = (ad,0,...,0).
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Proof. Note that the triple (U, x C, ¢, x idc, I} is a slice for the S!-action on P x C. Here the
right action of I;; on U, x Cis given by

(z,x) -t = (zt,t"x) = (zt,x).

The last identity follows Assumption and therefore B; = - - - = By = 0 in the description
of Seifert invariant (22).

Because of the identity (23), the background degree is equal to the degree of the orbifold
line bundle P x5 C — X. Direct calculation shows that the degree is equal to ad. O

Remark 4.15. The above lemma implies that ad is an integer under Assumption [4.11]
Applying Theorem 5 of Mrowka—-Ozsvath—Yu [21], we obtain the following statement.
Proposition 4.16. The moduli space MX of Kihler vortices is empty if

TVol(Z)
4 7

d>

and it is naturally diffeomorphic to the ad-fold symmetric product of £, Sym™ (X) if

TVol(X)

d< o

(24)

Let M (Z1 = Zp) and MK be the spaces of solutions to l) and || respectively. By
definition M(Z; = Zy) = M(Zy = Zy) /C®(Z1 = Zy, S') and MK = MK /C*(Z, = Z,, St)
hold. Now we compare M (Z; = Zy) with MX. The following linear isomorphism

¥ 01(Zp,iR), x C*(Zy,C)p — QY(Zo,iR)a x C¥(Zy,C)p; (8, f) > (—ab, af)

gives a one-to-one correspondence between M(Zy = Zp) and MK. Moreover the map ¥
satisfies

¥((6,f)-8) =¥0,f)-8" (25)

for 6 € 0'(Zy,iR),, f € C®(Zy,C), and g € C®(Z; =2 Zy, S'). Therefore ¥ induces a well-
defined surjective map ¥ : M(Z1 = Zy) — MX.

In general, the map ¥ is not injective. Define a covering map ¢ : S' — S! by o'(t) = t*
and a map ¢ : C®(Z; = Zo,S') — C®(Z1 = Zy,S') by 0(¢) = cog. Then ¥ induces a
bijection between M(Z; = Zy) and MK /image?, and each fibre of the natural projection
MK/ imageo — MK/C“(Z1 = Zo,S!) = MX can be identified with coker .

M(Z1=7Z) 1 MK/ image &
\ \L
MK,

31



Remark 4.17. 1f the inequality holds, then the action of C®(Z; = Z, S') on MK is free.

In general, the cokernel of 7 is complicated, but it is trivial if the underlying space X of X is
simply-connected.

Lemma 4.18. If the underlying space X is simply-connected (i.e. of genus zero), then for any § €
C®(Z1=22Zy,S") there is gg € C®(Z1 = Zo, S) such that g = g&.

Proof. Let 7w : Zy — Zo/Zy = X be the quotient map. Any ¢ € C®(Z; = Zy,S') induces a
continuous map h : £ — S! such that g = h o 7t. Since X is simply-connected, & has a lift: a
continuous map /1 : £ — S' satisfying o o i = .

Since 0o (ho ) = ho 7 = g, the continuous map ho 7w : Zy — S'isaliftof g : Zg — S?,
hence the composition /1 o 77 is smooth. Since i o o stc = ho o tgt, ho 1 € C®(Z1 =3 Zy, SY).
The map go = I o 7t is what we want. O

Identifying M (P) with M(Z; = Z), we obtain the following statement.
Theorem 4.19. If X is simply-connected, then the moduli space M (P) is empty if

TVol(XZ)

d ,
>47T

and it has a smooth structure which is diffeomorphic to the complex projective space CP* if

J< T™Vol(X) .

4r
Acknowledgments The author would like to thank the Max-Planck-Institut fiir Mathematik
in Bonn for providing financial support and excellent environment during my stay. He would
also like to thank Andreas Ott and Nuno Miguel Romé&o for valuable comments and discus-
sions.

References

[1] Kai Behrend. Cohomology of stacks. In Intersection theory and moduli, ICTP Lect. Notes,
XIX, pages 249-294 (electronic). Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2004.

[2] Kai Behrend and Ping Xu. Differentiable stacks and gerbes. |. Symplectic Geom., 9(3):285—
341, 2011.

[3] Raoul Bott and Loring W. Tu. Equivariant characteristic classes in the Cartan model.
In Geometry, analysis and applications (Varanasi, 2000), pages 3-20. World Sci. Publ., River
Edge, NJ, 2001.

32



[4] Weimin Chen and Yongbin Ruan. Orbifold Gromov-Witten theory. In Orbifolds in mathe-
matics and physics (Madison, WI, 2001), volume 310 of Contemp. Math., pages 25-85. Amer.
Math. Soc., Providence, RI, 2002.

[5] Kai Cieliebak, Ana Rita Gaio, and Dietmar A. Salamon. J-holomorphic curves, moment
maps, and invariants of Hamiltonian group actions. Internat. Math. Res. Notices, (16):831-
882, 2000. For histrical comments, see arXiv:math/9909122v1.

[6] Kai Cieliebak, Ignasi Mundet i Riera, and Dietmar A. Salamon. Equivariant moduli prob-
lems, branched manifolds, and the Euler class. Topology, 42(3):641-700, 2003.

[7] Mikio Furuta and Brian Steer. Seifert fibred homology 3-spheres and the Yang-Mills equa-
tions on Riemann surfaces with marked points. Adv. Math., 96(1):38-102, 1992.

[8] A.Rita Gaio and Dietmar A. Salamon. Gromov-Witten invariants of symplectic quotients
and adiabatic limits. |. Symplectic Geom., 3(1):55-159, 2005.

[9] Jochen Heinloth. Notes on differentiable stacks. In Mathematisches Institut, Georg-August-
Universitit Gottingen: Seminars Winter Term 2004/2005, pages 1-32. Universitdtsdrucke
Gottingen, Gottingen, 2005.

[10] I. Mundet i Riera. Yang-Mills theory for symplectic fibrations. PhD thesis, Madrid, 1999.

[11] Masaki Kashiwara and Pierre Schapira.  Categories and sheaves, volume 332 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences]. Springer-Verlag, Berlin, 2006.

[12] Eugene Lerman. Orbifolds as stacks? Emnseign. Math. (2), 56(3-4):315-363, 2010.

[13] Eugene Lerman and Anton Malkin. Hamiltonian group actions on symplectic Deligne—-
Mumford stacks and toric orbifolds. Adv. Math., 229:984-1000, 2012.

[14] Dusa McDuff and Dietmar Salamon. Introduction to symplectic topology. Oxford Mathe-
matical Monographs. The Clarendon Press Oxford University Press, New York, second
edition, 1998.

[15] Dusa McDuff and Dietmar Salamon. J-holomorphic curves and symplectic topology, vol-
ume 52 of American Mathematical Society Colloquium Publications. American Mathematical
Society, Providence, RI, 2004.

[16] David Metzler. Topological and Smooth Stacks. Preprint, arXiv:math/0306176v1, 2003.

[17] I Moerdijk and J. Mréun. Introduction to foliations and Lie groupoids, volume 91 of Cambridge
Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 2003.

[18] I. Moerdijk and D. A. Pronk. Orbifolds, sheaves and groupoids. K-Theory, 12(1):3-21,
1997.

33



[19] I. Moerdijk and D. A. Pronk. Simplicial cohomology of orbifolds. Indag. Math. (N.S.),
10(2):269-293, 1999.

[20] Ieke Moerdijk. Orbifolds as groupoids: an introduction. In Orbifolds in mathematics and
physics (Madison, WI, 2001), volume 310 of Contemp. Math., pages 205-222. Amer. Math.
Soc., Providence, RI, 2002.

[21] Tomasz Mrowka, Peter Ozsvéth, and Baozhen Yu. Seiberg-Witten monopoles on Seifert
fibered spaces. Comm. Anal. Geom., 5(4):685-791, 1997.

[22] Matthieu Romagny. Group actions on stacks and applications. Michigan Math. |.,
53(1):209-236, 2005.

[23] Hironori Sakai. The symplectic Deligne-Mumford stack associated to a stacky polytope.
Results Math., 2012. http://dx.doi.org/10.1007/s00025-012-0240-3.

[24] Peter Scott. The geometries of 3-manifolds. Bull. London Math. Soc., 15(5):401-487, 1983.

[25] Angelo Vistoli. Notes on Grothendieck topologies, fibered categories and descent theory.
Available at http:/ /homepage.sns.it/vistoli/papers.html, 2008.

Max-Planck-Institut fiir Mathematik
Vivatsgasse 7

53111 Bonn

GERMANY

E-mail: sakai@blueskyproject.net

34


http://dx.doi.org/10.1007/s00025-012-0240-3

	1 Introduction
	2 Differentiable stacks
	2.1 Lie groupoids and bibundles
	2.2 Differentiable stacks
	2.3 Differential forms and vector fields over stacks
	2.4 An orbifold Riemann surface as a stack

	3 The category of representable morphisms
	3.1 The category ¶G(X)
	3.2 Automorphisms in PG(X)
	3.3 The category of representable morphisms

	4 Symplectic vortex equation
	4.1 An orbifold Riemann surface, revisited
	4.2 Pseudo-holomorphic curves in a Marsden–Weinstein quotient
	4.3 Symplectic vortex equations
	4.4 The case of G=S1 and M=C


