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THE p~-ORDINARY HASSE INVARIANT OF UNITARY
SHIMURA VARIETIES

WUSHI GOLDRING, MARC-HUBERT NICOLE

ABSTRACT. We construct a generalization of the Hasse invariant for any Shimura
variety of PEL type A over a prime of good reduction, whose non-vanishing
locus is the open and dense p-ordinary locus.

1. INTRODUCTION

Let p be a prime number and let sh be a special fiber modulo p of a Shimura
variety of PEL type at a neat level which is hyperspecial at p. The classical Hasse
invariant H is, roughly speaking, an automorphic form mod p of weight p — 1. The
classical Hasse invariant satisfies the following four properties:

(Hal) The non-vanishing locus of H is the ordinary locus of sh, namely the locus
of points where the underlying abelian variety is ordinary.

(Ha2) The construction of H is compatible with varying the prime-to-p level.

(Ha3) A power of H extends to the minimal compactification of sh.

(Ha4) A power of H lifts to characteristic zero.

The Hasse invariant is the main tool to construct congruences modulo powers of
p, both in the realms of automorphic forms and of Galois representations. However,
when p is a prime of the reflex field E of the Shimura variety for which the p-adic
completion F, is strictly larger than Q,, the ordinary locus is empty and the Hasse
invariant is identically zero.

To fix this, we construct a generalized Hasse invariant satisfying properties
(Ha2)—(Ha4) and a “p-ordinary” analogue of (Hal) for any Shimura variety Sh(G, X)
of PEL-type such that G is a group of unitary similitudes. The non-vanishing lo-
cus of our generalized Hasse invariant is the p-ordinary locus, which, as Moonen
has shown [Moo04, Ths.1.3.7, 3.2.7], is simultaneously the largest stratum of the
Newton and of the Ekedahl-Oort stratifications. As an application, we use our
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new Hasse invariant to generalize the main result of [Goll4], which concerns at-
taching Galois representations to automorphic representations whose archimedean
component is a holomorphic limit of discrete series.

The main idea in this paper is to use the action of Frobenius F on the crystalline
cohomology of abelian varieties. The use of this cohomology theory allows us to
divide by p i.e., to make sense of the operator “A'F/p’” for well-chosen positive
integers ¢ and j, see below. In the main body of the paper, we pursue the Newton
point of view and apply the Newton-Hodge decomposition of Katz, a convenient
tool in this context. In the first appendix, we illustrate how we can retrieve most
of our results purely from the Ekedahl-Oort point of view. In the second appendix,
we show how we can avoid the use of crystalline cohomology when the totally real
field F'T is equal to Q or, equivalently, that G(R) is isomorphic to the unitary
group GU(a,b) for some a,b € N<j.

We note that this article is the result of merging our two arXiv postings [GN13a
and [GNT3bh]. We also remark that, a little over one year after we posted [GNI3D]
on arXiv, Koskivirta and Wedhorn posted a preprint in which they construct gen-
eralized Hasse invariants for Shimura varieties of Hodge type, see [KW14].

1.1. Main Results. Throughout this paper, fix an isomorphism ¢ : Qp = C.

Suppose U = (B, V,x <, >, }NL) is a Kottwitz datum with associated Shimura vari-
ety Sh(G, X), such that the center of the simple Q-algebra B is a totally imaginary
quadratic field extension F of a totally real field F'* [Goll4l 3.1]. Let d be the
degree of '™ over Q. Suppose p is a prime of good reduction for U (see loc. cit.
§3.3) and K C G(AIJZ) is a neat, open compact subgroup.

Let E = E(G,X) be the reflex field of Sh(G,X). Let Sh := Shyw) be the
Kottwitz integral model of Sh(G, X) at level £®) over Z,)®Og. Let p be a prime
of E above p. Denote by sh := sh,c(p)ﬁp the special fiber of Shy) at p. Let w be
the Hodge line bundle of sh as defined in §21

Theorem 1.1. There exists an explicit positive integer m € Z>1 and a section
(1.1) MH € H°(sh,w™)

satisfying the following four properties:
(u-Hal) The non-vanishing locus of *H is the p-ordinary locus of sh, as defined in

[RR96] and [Wed99].
(u-Ha2) The construction of *H is compatible with varying the level K@),
(u-Ha3) The section "H extends to the minimal compactification.
(u-Had) A power of *H lifts to characteristic zero.

We call “H the p-ordinary Hasse invariant.

Remark 1.2. The exponent m in Th. [[Tlis explicitly defined in Def. B3 in terms
of the action of Frobenius on the embeddings of F'. In case p remains prime in F,
the formula one finds there simplifies to m = p>? — 1.

By ampleness of the Hodge line bundle w on the minimal compactification (cf.
Th. 7.2.4.1, no.2]), we deduce the following corollary:

Corollary 1.3. The p-ordinary locus sh™™+=°' in the minimal compactification
sh™™ s affine.
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1.2. Application to Galois representations. We also obtain an application to
the construction of automorphic Galois representations which generalizes
Th.1.2.1]. To state the result we need some notation.

Suppose 7 is a cuspidal automorphic representation of G(A) with v-adic compo-
nent , for every place v. Given a prime p, let P(%) be the set of primes v different
from p such that 7, is unramified and G is unramified at v. Let P®) be the set of
primes of F that are split over FT and lie over some v € P®),

Assume w € PP). One has a decomposition G(Q,) = GL(n, F,,) x Gl rest, for
some group Gy rest, Where n is given by n? = dimp EndgV. Write 7, = R Ty rests
with 7, a representation of GL(n, Fy,) and 7y yest a representation of Gy rest-

Theorem 1.4. Suppose 7 is a cuspidal automorphic representation of G(A) whose
archimedean component T, s an X-holomorphic limit of discrete series represen-
tation of G(R) (see §2.3]). Assume p is a prime of good reduction for U.
Then there exists a unique semisimple Galois representation
(1.2) Ry (7) : Gal(F/F) — GL(n,Gp)
satisfying the following two conditions:
Gall. Ifv € P®) and w is a prime of F dividing v then R, . (7) is unramified at
w. In particular Ry (7) is unramified at all but finitely many places.
Gal2. If w € BW) then there is an isomorphism of Weil-Deligne representations
ss _ 1-n
(1.3) (Rp, (M)W, ) =t 1rec(ﬂ'w @] |w® ),
where W, is the Weil group of F,,, the superscript > denotes semi-simplification
and rec is the local Langlands correspondence, normalized as in [HTO0I].

Remark 1.5. The argument given in §6 of carries over almost verbatim
(see g8l for a minor correction) and shows that our main result Th. [Tl implies our
application Th. [[4]

2. PRELIMINARIES ON F-CRYSTALS AND THE HODGE FILTRATION

Let £ C E' C C, where E’ is a finite extension of F such that B is split over
E’ and for every embedding 7 : F' — C, one has 7(F) C E’. Denote by p a prime
of E over p, and by p’ a prime of E’ over p. Pick s to be the smallest finite field
containing the residue fields Og /p’, for all p’ over p. Via ¢ : Qp 5 C, there is a
bijection 7 + = o 7 between the set of complex embeddings 7 : F' < C and the
set of p-adic embeddings ¢t~ 'o7: F Qp and we denote either type of embedding
simply by 7. After fixing an embedding W (k) < C, there is further a bijection with
the set of embeddings of O into W (k), and also with the set of homomorphisms
to &, noted Hom(Op, k). The absolute Frobenius, noted o, acts via composition on
Hom(Op, k).

Let T be the set of complex embeddings of F'. Let r be the rank of B over F.
From here onwards, fix the prime p in Op. Let S be a smooth Spec(Op /p)-scheme
and m: A — S a UP)-enriched abelian scheme [Gol14] §3.4]. Let w = A"P Ty s
be the Hodge bundle i.e., the determinant of the pushforward of the sheaf of relative
differentials on A. After extending scalars to , the Hodge bundle decomposes
according to the embeddings 7 € T and the standard idempotents in M, (k):

W= ®W§T

TeT
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The Dieudonné crystal H_, (A) also decomposes accordingly:

Crys @ Crys

TET

cry:;

Similarly for de Rham cohomology, one has:

HéR(A) = @ HC}R(A)GB
TeT

Put Hcdrys( ) /\ Crys( )Tz and HgR( ) /\ HéR(A)

Let Fil® denote the Hodge filtration on the de Rham cohomology. Put Filql. =
Fil' H} 5 (A) N H}(A),. Then (rank Fil}, rank Fill) is the signature corresponding
to the conjugate pair of embeddings (7, 7).

Given 7 € T, define o, to be the orbit of 7 under the action of the absolute
Frobenius o. Let e, denote the cardinality of the orbit o,. Write o, = {m1,..., 7, }
in such a way that rank Fil} > .-+ > rank Fil_ . The rank of HJlp(A), is
independent of 7; we call it n. Deﬁne the multlphcatlon type f: 0, — {0,1,...,n}
associated to o, by f(7;) = rank Fll}_i. To the pair (n,f) depending on o, Moonen
1.2.5] associates a polygon ord,, (n, f) that we call the p-ordinary polygon
associated to 0. Recall that the slopes a;j, 1 < j < n, of ord,.(n,f) are defined by

(2.1) aj := card({7’ € o.|f(7") > n — j}).

Now suppose S = Spec k, where k is an algebraically closed field, so that A
represents a geometric point of sh. Put M = H/,, (A) (resp. M, = Hclrys(A)T).
Define the Hodge (resp. Newton) polygon of M, to be the Hodge (resp. Newton)
polygon of (M,,F¢ ). Note that in general the Newton polygon of M, does not

depend on 7 but the Hodge polygon does.

Lemma 2.1. Let T =[] o, be the orbit decomposition of T according to the action
of Frobenius. Let M = HZ}. _(A). Then the Newton polygon of (M, F) is the Newton

crys
polygon NP (sh*=°') of the p-ordinary locus (i. e., A is p-ordinary) if and only if
for all 7 € T the Newton polygon of M, is the p-ordinary polygon ord,, (n,f).

Proof. See [Wed99, 2.2.1]. O

Lemma 2.2. Suppose the Newton polygon of M. is the p-ordinary polygon ord,_ (n,f).
Then the Hodge polygon of M, also coincides with ord,_(n,f).

In particular, under the assumption of being p-ordinary, the Hodge polygon of
M. depends only on the orbit o,.

Proof. This follows from the proof of 1.3.7]. O

Suppose A is p-ordinary. Combining Lemmas 1] and 222, both the Newton
polygon and the Hodge polygon of M, are equal to ord,_(n,f). By the Hodge-
Newton decomposition [Kat79, 1.6.1], one can write

(2.2) M, @M[J

where MTU I'is an isoclinic subcrystal of slope j.
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Theorem 2.3. One has
(2.3) Fill, = P M.

Jjzi

Proof. By the explicit description of ord,_(n,f), we see that the two sides of ([2.3)
have the same dimension. Hence it suffices to show the inclusion

(2.4) Fill, > MY
Jj=i
To this effect, our main tool will be Mazur’s theorem which we recall now.

Theorem 2.4 (Mazur). Let A be an abelian variety over an algebraically closed

field k of characteristic p. Denote by O the reduction modulo p of 0. Then for
all j,m € Z>q, one has

(2.5) Fi HT%(A) = F-L(pH™ (A)),

crys

where F is the canonical lifting of Frobenius on crystalline cohomology.

Proof. Let A be an abelian variety over an algebraically closed field of characteristic
0. Since the Hodge-de Rham spectral sequence of A degenerates at F; and since
the crystalline cohomology of A torsion-free, the theorem is a special case of [BOTS|
8.26]. O

Th. will now be proved as follows: Lemma 2.5} Cor. are of a preparatory
nature. The crux of the proof of Th. is contained in Lemmas 210 and 2171

Lemma 2.5. Suppose, for i € {1,2}, that (M;,F;) is a W (k)-module which is an
ordinary F;-crystal i. e., the Hodge and Newton polygons of (M;,¥;) coincide. Let
¢ : (My,F1) = (M2,F3) be an isogeny, so in particular the Newton polygon of
(M1,F1) is the same as that of (Ma,Fa). Let 0 < \y < -+ < Ag be the slopes of
(M;, F;) with multiplicities mq,...,ms. Let

(2.6) M; = M
j=1

be the Newton-Hodge decomposition [Kat79, 1.6.1] applied to (M;,F;) so that (M, ;, F;)
is an isoclinic subcrystal of rank m; and slope ;. Then (M ;) C Mo ;

Proof. Since ¢ is an isogeny and M ; is a Fy-subcrystal of My, the image ¢(M ;)
is an Fa-subcrystal of M. Since the Newton polygon is invariant under isogeny,
(p(M ;),F2) is isoclinic of slope A; with multiplicity m;. Let M’ denote the Fs
subcrystal of My generated by (M ;) and My ;. Then M’ is isoclinic of slope
Aj, so the rank of M’ is m;. Since Ms/Ms ; is free, we conclude that M’ = Ms ;.
Therefore p(M; ;) C Ma ;. O

Remark 2.6. Lemma [2.5] also follows more generally from the fact that homomor-
phisms of F-crystals respect the slope decomposition, see [Dem72, Property e), p.
81].

Lemma 2.7. Let M = H. (A), where A is an abelian variety. Suppose k € Z>o,

crys

v €M and F(z) € p*M. Then x € p*~1M.
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Proof. Since F(z) € p* M, Mazur’s theorem entails that z € Fil*M. But k > 2,
so Fil*M = {0}. Hence & = 0, so x € pM. If k = 2 we are done. So assume
k > 2 and write = py, for some y € M. Then F(z) = F(py) = pF(y) and
F(z) € p*M implies F(y) € p*~'M. By induction on k, one has y € p*=2M,
whence x € p*~1 M. (I

Corollary 2.8. Let M = HY, (A). Suppose j,k € Z>s, x € M and F (z) € p" M.
Then Fi=Y(z) € p*~1M.

Proof. Write F/(z) = F(F/~!(z)) and apply Lemma 27 O

Corollary 2.9. Let M = H}, (A). Suppose k € Z>y, x € M and F*(z) € p"M.
Then & € Fil' M.

Proof. Applying Cor. repeatedly k& — 1 times gives F(x) € pM. Then the
conclusion follows from Mazur’s theorem. (I

Lemma 2.10. The following inclusion holds:

(2.7) Fill. o Ml

Proof. Since MT[fT] is isoclinic of slope e, we have F¢~ (MT[fT]) C pr MT[fT]. Suppose
T € MT[fT]. Then Fer (z) € p*~ MT[fT], so the conclusion follows from Cor. O

Lemma 2.11. Let v € {0,1,...,e, — 1}. Then for alli < e, — v, one has
(2.8) Fill > M=)

Proof. The proof is by induction on v. The case v = 0 is Lemma[Z.10 Suppose [2.8))
holds up to v — 1. Then we have

a1 — (4]
(2.9) Fii, = P M2,
j>er—p
forall g <v-—1.
Consider the diagram

(2.10) My, 5 My, 5 oo B Moo 5 M

Let t; >ty > --- > t, such that for all @, 1 < a < v, one has olor; = 7j,, and
Ja > e —v. Let x € M¢r—". Then Fér(x) € p~~"M,,. By Cor. BI we can
subtract e, —t — 1 from the exponents on both sides, thus obtaining;:

(2.11) Fitl(z) € p" MY Mooy,
Writing
Fh
(212) F (ptll’ ($)> € pManﬂn,
we see by Mazur’s theorem that
Ft . .11 . .11
(213) F(x) e Fi otir; — Fi Ty
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Since j; > e, — v, by the induction hypothesis and equality of dimensions, we
have

(2.14) Fill, =P MY
Jzi

On the other hand, by assumption, x € MT[fTﬂ']. Since F'1 /p!1~" is an isogeny,
Lemma 23] implies that

Ftl er—VU
(2.15) (@ )€ MG,
Hence
Fh er—u bl
(2.16) F( e Mg n @ M7, = {0}
JZJ

Therefore F* (z) € p" =1 M, .
Repeating the same argument with ¢, we obtain F'?(x) € p'2~**2M,,_. Contin-
uing in this way we finally arrive at Fi(z) € p'~ M, and one last application of

Cor. yields z € Fil} .

Lemma 2.11] completes the proof of Th. 23]

3. THE GENERALIZED HASSE INVARIANTS

Based on the results and notation of the previous section, we are in position to
define the desired generalized Hasse invariants.

Let A — sh be a representative of the universal isogeny class. The absolute
Frobenius morphism

F:A—- A

induces a o-linear map

(3.1) F:H. (A — HL (A).

crys crys

As we have seen in §2] this map permutes non-trivially the factors indexed by the
embeddings 7. This permutation can be decomposed into cycles according to the
orbits o,. Consider such an orbit o, = {r,...,7..}. Let Gr2 = H},(A), /Fil. .
Set d; = dim Gr?, and ¢; = (i — 1)d; — (d1 + -+ + di—1).

Lemma 3.1. The map

d;

(3.2) J\F : HE (A)r, — HE (A)s,

crys crys i
is divisible by p®

Proof. Since the p-ordinary locus sh*~°" is open and dense [Wed99, Th.1.6.2], it
suffices to prove the divisibility for every u-ordinary geometric point A. (We thank
David Geraghty for pointing out to us that this follows from [dJ95], specifically
remarks in §§1.1-1.2 and §2.3.4 of loc. cit., using the fact that our Shimura variety
sh is smooth over a field.) By Lemma[Z2] we know that the Hodge polygon of M,

is ord,_(n,). Since the smallest slope of the Hodge polygon of A% M,, is the sum
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of the d; smallest slopes of the Hodge polygon of M., the smallest slope of the
Hodge polygon of /\di M, is

i1
(3.3) > ildj —dy) =i,
j=1
so the lemma follows from [Kat79, 1.2.1]. O

Lemma 3.2. The restriction of the map

‘Fer _ v
(3.4) A o (A Hi (A,
to Fil' Hd4(A),, is zero.

i

Proof. Again, because the p-ordinary locus is open and dense [Wed99, Th.1.6.2], it
suffices to prove the vanishing for every p-ordinary geometric point A. Let

(3.5) W, = @ MY
j<i

By Th. 23] we have a decomposition

(3.6) M., =Fil. o W,,

Thus

(3.7) Fil' Hd,(A) EB (/\Fﬂ1 ® /\ W, )

Therefore Lemma [3:2]is equivalent to showing that the restriction of ( /\di Fer)/pc)
to \* Fill, @ A ~° W, is zero for all s > 1. So fix s and let z € A° Fill, @ A% *W7,.
Let

S di—
(3.8) M=N\|PMl|e A\ (MY
j>i j<i
By Th. L3} there exists a lift & of 2 to H& (A);, which lies in M’. The smallest

slope Apin of the crystal (M, (/\ “F°7)) is, by definition, the sum of the s smallest
slopes of @ > M [J] plus the sum of the d; — s smallest slopes of EB MT[J . Since
s> 1, Apin 18 strlctly bigger than the sum of the d; smallest slopes of MT and the
latter is precisely ¢; by definition. Thus, by [Kat79, 1.2.1], (A% Fer)(&) € pin M,
and therefore (A" Fe- /p®) () € pMy,.

O
By Lemma [3.2] we get an induced map
d
2 FET
(3.9) A GO A, — R (A,
Since G’ H{;,(A)r, 2wy, we obtain a section
(3.10) "H € HO(sh,wP 7).

Definition 3.3. The section ™H is called the 7;-Hasse invariant of sh.
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As in Th.4.2.1], the 7;-Hasse invariant is compatible with isogenies in
the sense that if ¢ : A — B is an isogeny preserving the U®-structure then
©*("H(B)) = "H(A). Therefore the 7;,-Hasse invariant is well-defined.

Remark 3.4. Compatibility with [GN13a]: If F'T = Q, then ™H is equal to the
pu-Hasse invariant of loc. cit. (see Appendix B).

We are now in a position to define the p-ordinary Hasse invariant in complete
generality for unitary Shimura varieties.

Definition 3.5. Let m = lcr%l_{pef — 1}, and let m; = m/(p° — 1). We define the
TE

p-ordinary Hasse invariant #H as the product:

(3.11) 'H =[] (H)" € H(sh,w™)
TET

4. THE NON-VANISHING LOCI OF THE HASSE INVARIANTS

We will describe the non-vanishing locus of the 7-Hasse invariant one embedding
7 at a time. In the end, the non-vanishing locus of the p-ordinary Hasse invariant
will easily be read off as the p-ordinary locus.

Theorem 4.1. Let A be a geometric point of the special fiber shyw) ,. Then

T H(A) #0

if and only if the Newton polygon of M, meets ord,, (n,f) at (d;,c;) in the notation
of 43

Proof. By Rapoport-Richartz’s version of Mazur’s inequality (see Lem.
1.3.4]), the Newton polygon of My, sits on or above the ordinary polygon ord, (n, f).
Let (d;, g;) be the unique point on the Newton polygon of M,, whose first coordi-
nate is d;. Since the point (d;, ¢;) lies on the polygon ord,,. (n,f), the point (d;, g:)
is on or above (d;, ¢;), meaning that g; > ¢;. The rational number g; is the sum of
the first d; slopes of the Newton polygon of M., hence g; is the smallest slope of
the Newton polygon of /\di M,. Therefore the smallest Newton slope of

)

is g; — ¢;. By [Kat79, 1.3.3] the action of A% F*" /p® on /\ M., is nilpotent if and
only if this smallest slope is positive i.e. if and only if g; > ¢;.

Since Gr'HJy(A),, is a line, A% Fer /pei acts on it s on it by a scalar, namely "H (A).
By Lemma 3.2 the action of /\ ‘Fer /p© on /\ M, is nilpotent if and only if
TH(A) = 0. O

Corollary 4.2. Let A be a geometric point of the special fiber shyw ,. Then
HH(A) # 0 if and only if A is u-ordinary.

Proof. By definition *H(A) # 0 if and only if "TH(A) # 0 for all 7 € 7. By Th. 1]
for every orbit o, we have that ™ H (A) # 0 for all 7 € o, if and only if the Newton
polygon of M, meets ord,_(n,§) at every breakpoint of ord,_ (n,f), so "H(A) # 0

for all 7/ € o, if and only if the Newton polygon of M, equals ord,_(n,f). An
application of Lemma 2.I] completes the proof. O
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Proof of Th.[I1l Cor. establishes (u-Hal). Properties (p-Ha2)-(u-Had) are
proved in exactly the same way as in Lemma 4.4.1, Th.6.2.1] O

5. CORRECTION TO [Goll4]

Thanks to Jay Pottharst for pointing out the need to make the following minor
modifications in §6.2]: In the second and third sentences of the proof of
Th. 6.2.1, the phrase “is non-zero” (resp. “is also non-zero”) should be replaced with
the phrase “is a non-zero divisor” (resp. “is also a non-zero divisor”). Moreover, in
the third sentence, the word “separable” should be replaced with the word “finite”.
Finally, in the fifth sentence, the phrase “Since the product of two sections that are
each non-zero modulo A\” should be replaced with the phrase “Since the product
of a section which is non-zero modulo A with section which is a non-zero divisor
modulo \”.
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APPENDIX A. THE POINT OF VIEW OF EKEDAHL-OORT

We keep the notation introduced in the main text. In particular, recall that o,
denotes the orbit of embeddings of 7 under Frobenius and e, denotes the cardinality
of this orbit.

We begin by recalling Moonen’s definition of “standard ordinary objects”
1.2.3]. Given an orbit o, and its type (n, f), we have a Dieudonné module M°*der (n, f)
defined as follows: As W (k)-module, let M°"e~ (n, f) be the free module generated
by the basis consisting of symbols €., ; such that 7; € 0, and 1 < j < n. On this
basis, Frobenius acts by

N €ori,j if f(Ti) <n _.7
(A1) Fer, ) = { Peor,; if f(ri)>n—3j
and Verschiebung is given by
[ peny i ) <n—j
(A.2) Veor, ;) = { €y i f(m)>n—j
Put Mfirdn” (n,f) = span({e, ;|1 < j < n}). Note that the module Mfirdﬂ” (n,f) is

stable under F°i. .
The key role played by the modules Mo (n,§) and M, " (n,§) stems from
the following result of Moonen:

Theorem A.1 (Moonen [Moo0O4], Th.1.3.7). Let A be a geometric point of the
special fiber sh. Then A is p-ordinary if and only if the Dieudonné module of A is
isomorphic to

(A.3) B Mot (n, e,

orbits o,
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Henceforth assume A is a p-ordinary geometric point of the special fiber sh ) .-
We identify the Dieudonné module ([(A3) with Hl . (A) in such a way that the

crys
du,—.
Frobenii F' and F correspond to one another. The submodule Mf: “(n,f) then
corresponds to HL (A),,.

crys

In the basis Bq, = {¢r,,;|1 < j < n}, the matrix of F° acting on Msird“” (n,f) is
the diagonal matrix diag(p®,...,p""), where the a; are the slopes of ord,_ (n,f),
whose definition was recalled in (I]). Therefore the matrix of A% Flo~:| in the basis
Ba, = {€r;,j0 N+ v+ Nery gy, |1 < g1 <-++ < ja, < n} is the diagonal matrix with entry

(A4) pon b,
corresponding to the basis vector €, j; A -+ A€, j, . Since ¢; is the sum of the

do.. ) . c )
d; smallest slopes of Mfr “(n,f), we see that A%Fem is divisible by p®, thus
reproving Lemma [B.1]
Applying Mazur’s theorem (Th. [24) to (A), we see that

(A.5) Fill, = span({e, ;[f(;) > n — j})
Hence
(A.6) Fil' HS5(A),, = span(Ba, — {€x1 A A €rai})

It follows from the description of the matrix of A%F°~il in the basis By, that pcit!
divides A% Femi (span(Bg, —{€r, 1A\ - A€r,.a,})). Combining this with ([(AL6]) reproves
Lemma[32l We also get that A% Fe: /p® is non-zero on GrOHg}'%(A)Ti, from which
we recover the “if” part of Cor.

APPENDIX B. AN ELEMENTARY CONSTRUCTION FOR THE CASE FT = Q

Suppose that F* = Q, and therefore G(R) = GU(a, b) for some positive integers
a,b. Assume henceforth, without loss of generality, that a < b. The assumption of
gI.T] that p is a prime of good reduction for ¢ implies that p is unramified in E. If
a = b then E = Q, so p is necessarily split in £ and the classical ordinary locus is
open dense. Hence we assume from now on that a < b and that p is inert in E. It
follows that the Hodge bundle 2 decomposes over E as

(B.1) Q=09 Qf",
where Q, (resp. €p) has rank a (resp. b) and r is the rank of B over F. Let w,
(resp. wp) be the determinant of €, (resp. Q).

Let A be an abelian scheme representing the universal isogeny class above sh.
The Verschiebung Ver : A®) — A induces a map

(B.2) Ver* : Q — Q).

Since p is inert, the restrictions of Ver™ to €2, (resp. Q) ;) have the form

(B.3) Verq, : Qq — Qgp) and Verjq, : Q2 — QP

Therefore, if (Ver*)? denotes the composite of Ver* with itself, then we have
(B.4) (Ver*)y, « Qg — Q).

Let

(B.5) Fh(A) : wg — Wt

a
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. 2 2 .
be the top exterior power of that map, where we have used that w((lp ) = wh" since
wg is a line bundle. The map #h(A) induces a global section

(B.6) MH(A) € HO(sh,w?” ™).

If B is another representative of the universal isogeny class above sh and ¢ :
A — B is an isogeny compatible with the endomorphism actions of A, B, then as
in §4.2], the compatibility of Verschiebung with isogenies (Lemma 4.2.3 of
loc. cit.) implies that ¢*("H(B)) = *H(A). Hence we may omit reference to the
representatives A or B and we have a section “H € H(sh,w?” L.

Remark B.1. Note that applying the above construction is entirely done modulo p.
Applying it to wp gives nothing but the zero section. With hindsight, this shows
the necessity to lift our setup to characteristic zero to divide by higher powers of p.

Lemma B.2. The Newton polygon N°' of the underlying isogeny class of abelian
schemes of a p-ordinary geometric point of sh has the following slopes:

0 2ar
1/2  p with multiplicity < 2(b— a)r
1 2ar

Proof. The case r = 1 follows from [Wed99, 2.3.2]. The case of general r follows
subsequently from [Moo04], 1.3.1 and 3.2.9]. O

Proposition B.3. The p-ordinary locus is the mazximal p-rank stratum of sh.

Proof. The key point is that, by [RR96, Prop. 2.4(iv) and Th.4.2], the Newton
polygon N°' described in Lemma[B.2]is the lowest among the Newton polygons of
the underlying isogeny classes of abelian schemes corresponding to geometric points
of sh. Let A be an abelian scheme with Newton polygon A(A). Then N(A) is
symmetric and the p-rank of A is the multiplicity of 0 (=the multiplicity of 1) as
a slope of N'(A). But if the multiplicity of 0 in N'(A) is at least the multiplicity
of 0 in N°*¢ and N(A) lies on or above N4 then by Lemma we must have
N(A) = Nord, O

Corollary B.4. The mazimal p-rank stratum of sh has p-rank 2ar.

Proof. This follows directly from Lemma and the proof of Prop. [B.3] O

Lemma B.5. Suppose A is an abelian scheme which is a representative of the
underlying isogeny class of a geometric point of sh. Then MH(A) # 0 if and only if
the p-rank of A is equal to 2ar.

Proof. One has H'(A,04) = H°(A,Q)) and under this isomorphism the action
of Frobenius on H'(A,O4) corresponds to that of Verschiebung on H°(A,QY).
Hence [Mum08, §15] implies that the p-rank of A equals the semisimple rank of
(Ver*)? : @ — Q") for all j € N. Since dim A = (a + b)r, keeping in mind (B.I))
and using the last corollary of §14 of loc. cit., (Ver*)? is semisimple for j > a + b.
Therefore the p-rank of A equals the rank of (Ver*)? for j > a + b. We take the
(a + b)th power of the section “H(A), see (BH). It is clear that “H(A) # 0 if and
only if “H(A)™ # 0 for any n € N, in particular for n = a + b.
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Since a < b, both Verjg, and Ver|,, have rank at most a. So also (Ver*)fQ -
@ K@), a

and (Ver*)‘]QK(p) ) each have rank at most a. By (B, (Ver*)’ has rank at most

2ar.
The p-rank of A equals 2ar if and only if the rank of (Ver*)/ is 2ar for j > a+b.
In turn, the rank of (Ver®)’ is 2ar if and only if both Ver, ~and Ver,, have rank

2(a+b)
a. Since Q, and Q,(lp ) are rank a vector bundles, the determinant of a map
between them is nonzero if and only if it has rank a. O

The main properties of the Hasse invariant follow by standard arguments. For
the liftability to characteristic zero, we may cite [LS13| Prop. 7.14] (or [LS12] in the

(»*-1)

compact case), to argue that there exists k € N such that ws itself extends

to an ample line bundle on the minimal compactification sh™i".

REFERENCES

[BOT8] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Princeton Univ. Press,
1978.

[Dem72] M. Demazure, Lectures on p-divisible groups, Lecture Notes in Mathematics, vol. 302,
Springer-Verlag, Berlin, 1972.

[dJ95] A. J. de Jong, Crystalline Dieudonné module theory via formal and rigid geometry,
Publ. Math. THES (1995), no. 82, 5-96.

[GN13a] W. Goldring and M.-H. Nicole, A p-ordinary Hasse invariant, arXiv:1302.1614 (Feb.
2013).

[GN13b] , The p-ordinary Hasse invartant of unitary Shimura varieties, arXiv:1305.6956
(May 2013).

[Gol14] W. Goldring, Galois representations associated to holomorphic limits of discrete series,
Compositio Math. 150 (2014), 191-228, with an appendix by S.-W. Shin.

[HT01] M. Harris and R. Taylor, The geometry and cohomology of some simple Shimura vari-
eties, Annals of Math. Studies, vol. 151, Princeton Univ. Press, 2001.

[Kat79] N. Katz, Slope filtration of F-crystals, Journées de géométrie algébrique de Rennes,
Astérisque, vol. 63, Soc. Math. France, 1979, pp. 113-163.

[KW14] J.-S. Koskivirta and T. Wedhorn, Generalized Hasse invariants for Shimura varieties
of Hodge type, arXiv:1406.2178 (2014).

[Lan13] K.-W. Lan, Arithmetic compactifications of PEL-type Shimura varieties, London Math-
ematical Society Monographs, vol. 36, Princeton University Press, 2013.

[LS12] K.-W. Lan and J. Suh, Vanishing theorems for torsion automorphic sheaves on compact
PEL-type Shimura varieties, Duke Math. J. 161 (2012), no. 6, 1113-1170.

, Vanishing theorems for torsion automorphic sheaves on general PEL-type
Shimura varieties, Adv. Math. 242 (2013), 228-286.

[Moo04] B. Moonen, Serre-Tate theory for moduli spaces of PEL-type, Ann. Sci. ENS 37 (2004),
no. 2, 223-269.

[Mum08] D. Mumford, Abelian varieties, Tata Inst. of Fund. Res. Studies in Math., vol. 5, Hin-
dustan Book Agency, New Delhi, India, 2008, With appendices by C. P. Ramanujam
and Y. Manin. Corrected reprint of the second (1974) edition.

[RR96] M. Rapoport and M. Richartz, On the classification and specialization of F-isocrystals
with additional structure, Comp. Math. 103 (1996), 153-181.

[Wed99] T. Wedhorn, Ordinariness in good reductions of Shimura varieties of PEL-type, Ann.
Sci. ENS 32 (1999), no. 5, 575-618.

[LS13]




	1. Introduction
	1.1. Main Results
	1.2. Application to Galois representations

	2. Preliminaries on F-crystals and the Hodge filtration
	3. The generalized Hasse invariants
	4. The non-vanishing loci of the Hasse invariants
	5. Correction to WushiGalrepshldsI
	Acknowledgments
	Appendix A. The point of view of Ekedahl-Oort
	Appendix B. An elementary construction for the case F+ = Q
	References

