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STABILITY OF TALAGRAND’S INEQUALITY UNDER
CONCENTRATION TOPOLOGY

RYUNOSUKE OZAWA AND NORIHIKO SUZUKI

ABSTRACT. In this paper, we study the compatibility between Ta-
lagrand’s inequality and the concentration topology, i.e., if a se-
quence of mm-spaces satisfying Talagrand’s inequality converges
with respect to the observable distance, then the limit space satis-
fies Talagrand’s inequality.

1. INTRODUCTION

Gromov [4, Chapter 3.% +] introduced the observable distance func-
tion deone on the set X' of isomorphism classes of mm-spaces (metric
measure spaces). This comes from the idea of measure concentration
phenomenon which is stated as that any 1-Lipschitz function on an
mm-space is close to a constant function on a Borel set with almost
full measure. The observable distance function is defined by the dif-
ference between the sets of 1-Lipschitz functions on two mm-spaces.
The topology generated by the observable distance function admits a
convergence sequence of Riemannian manifolds of unbounded dimen-
sion. For example, the sequence {S"}9° , of n-dimensional unit spheres
deone-converges to one-point mm-space.

Talagrand’s inequality is one of the functional approaches to the
concentration phenomenon. An mm-space (X, dx, px) satisfies Tala-
grand’s inequality (7,(K)) if we have

2
W, (v, ux)? < 77 Ent(vlux)

for any v € P,(X). Here, W, is the LP-Wasserstein distance function,
Ent(v|px) is the relative entropy of v with respect to pix, and P,(X) is
the set of Borel probability measures with finite p'® moment. The case
p = 2 was first proved by Talagrand [8]. He proved that n-dimensional
Gaussian space satisfies Talagrand’s inequality (75(1)) for any n € N.
After that, Sturm [7] and Lott-Villani [5] introduced the curvature-
dimension condition CD(K, 0c0) for mm-spaces. This is a generalized
notion of Ricci curvature bound from below by K € R. Lott-Villani
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2 RYUNOSUKE OZAWA AND NORIHIKO SUZUKI

[5] proved that the curvature-dimension condition CD(K, 0co0) implies
Talagrand’s inequality (T5(K)).

In this paper, we study the compatibility between don.-convergence
and Talagrand’s inequality. Our main theorem stated as follows.

Theorem 1.1. Let {X,,}>2, be a sequence of mm-spaces satisfying
Talagrand’s inequality (T,(K)) for K > 0 and p with 1 < p < oco. If
X,, concentrates to an mm-space Y as n — oo, then Y also satisfies
Talagrand’s inequality (T,(K)).

Acknowledgment. During the work on this paper, the first author has
been supported by JSPS KAKENHI Grant Number 24224002 and post-
doctoral program at Max Planck Institute for Mathematics.

2. PRELIMINARIES

In this section, we give the definitions and properties stated in [4,
Chapter 3%+], [6], and [9,10].

2.1. Observable distance function.

Definition 2.1 (mm-Space). A triple X = (X,dx, ux) is called an
mme-space (metric measure space) if (X,dx) is a complete separable
metric space and if ux is a Borel probability measure on X.

Definition 2.2 (mm-Isomorphism). Two mm-spaces X and Y are said
to be mm-isomorphic to each other if there exists an isometry f :
supp ptx — supp gy such that fiux = py, where fiux is the push-
foward measure of ux by f. Such an f is called an mm-isomorphism.

Note that X is mm-isomorphic to (supp(ux), dx, tix). Denote by X
the set of mm-isomorphism classes of mm-spaces.

Let [ := [0,1] and X be an mm-space. A Borel measurable map
p: I — X is called a parameter of X it o satisfies p.L = ux, where
L is the Lebesgue measure. Any mm-space has a parameter (see [6,
Proposition 4.1]). For two px-measurable functions f,g: X — R, we
define the Ky Fan distance between f and g by

dxr(f,9) = inf{e > 0] ux({r € X[| f(z) —g(z)[>e}) <e}.

The distance function dgp is called the Ky Fan metric on the set of
px-measurable functions on X. Note that the Ky Fan metric is a
metrization of convergence in measure of px-measurable functions.

Definition 2.3 (Observable distance). Denote by Lip; (X)) the set of 1-
Lipschitz continuous functions on an mm-space X. For any parameter
¢ of X, we set *Lip1(X) :={foe|f € Lip1(X)}. We define the
observable distance deonc(X,Y) between two mm-spaces X and Y by

dconc (Xa Y) = ;ni dH(gp*‘CZpl (X>7 w*ﬁwl (Y))7
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STABILITY OF TALAGRAND’S INEQUALITY 3

where ¢ : I — X and ¢ : I — Y run over all parameters of X and
Y, respectively, and where dy is the Hausdorff distance function with
respect to the Ky Fan metric dxp. We say that a sequence of mm-spaces
Xn,n=1,2,..., concentrates to an mm-space Y if X, d.on.-converges
toY as n — oo.

The observable distance deope is a metric on X' (see [4, Section 3%.45]
and [6, Theorem 5.16]). We call the topology on X induced by deonc
the concentration topology.

Proposition 2.4 ([3, Proposition 3.5, Proposition 3.11, Lemma 5.4,
[6, Lemma 5.27, Corollary 5.35, Proposition 9.31]). Let X,, and Y be
mm-spaces, n = 1,2, .... If X,, concentrates toY asn — oo, then there
exist Borel measurable maps p,, : X,, — Y, positive real numbers &, with
en — 0 as n — oo and Borel subsets X,, C X,, with an(Xn) >1—¢,
such that

(2) (pn)sprx, converges weakly to py asn — oo, )
(3) dy (pn(2n), pn(27,)) < dx, (2, x3,) + € for any xn, z, € X,
(4) limsup  sup  dy(pp(xn), yo) < +00 for any yo € Y.

n—00 zneXn\Xn

We call X,, the non-exceptional domain of p, for an additive error ¢,,.

Remark 2.5. (1) By the inner regularity of uy, , we may assume X,
is a compact set.
(2) The conditions (1) and (2) of Proposition 2.4 imply the deonc-
convergence (see [3, Proposition 3.5], [6, Corollary 5.36]).

2.2. Talagrand’s inequality. Let X be a complete separable metric
space. A Borel probability measure 7 on X? is a coupling of two Borel
probability measures vy and vy on X if 7 satisfies (proj,).m = vy and
(proj, )s«m = vy, where proj; : X x X — X, i =0, 1, are the projections
defined by proj,(zo, x1) = o, proj,(zo, x1) = 1.

Definition 2.6 (Wasserstein distance). Let (X, dx) be a complete sep-
arable metric space and p € [1,00). For two Borel probability mea-
sures ¢ and v on X, we define the LP-Wasserstein distance between p
and v by

W, (1, v) == inf ( /X () dﬂ(x,w’))l/p, (2.1)

where 7 runs over all couplings of 1 and v.

Denote by P,(X) the set of Borel probability measures p satisfying

Wy (1,00 )? = /X dx(, zo)? du(x) < o0
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4 RYUNOSUKE OZAWA AND NORIHIKO SUZUKI

for the Dirac measure o, of some point o € X. The L,-Wasserstein
distance W, is a metric on P,(X) (see [9, Theorem 7.3] and [10, Chapter

6]).

Remark 2.7. (1) There exists a minimizer for the infimum in (2.1).
We will call it optimal coupling of vy and vy (see [10, Theorem
4.1]).

(2) The topology generated by the Wasserstein distance is stronger
than the weak topology. If a complete separable metric space
X is bounded, then the topology generated by the Wasserstein
distance and the weak topology coincide to each other (see [9,
Theorem 7.12] and [10, Theorem 6.9]).

Definition 2.8 (Relative entropy). Let X be an mm-space and v a
Borel probability measure on X. The relative entropy Ent(v|ux) of v
with respect to pux is defined as follows. If v is absolutely continuous
with respect to pux, then

Ent V’,U'X / d/L_Xlog< X) d,uX,

otherwise Ent(v|ux) := oo.

For an mm-space X, we denote P°(X) by the set of Borel probability
measures ¥ on X with compact support which is absolutely continuous

with respect to pux and the Radon-Nikodym derivative is essentially
bounded on X. Note that P®(X) is a dense subset in (P,(X), W,).

Lemma 2.9 ([6, Lemma 9.20]). Let X be an mm-space and v € P,(X)
with Ent(v|ux) < oo. Then, for any € > 0, there exists v € PP(X)
such that

Wy(v,v) <e, and |Ent(v|lvx)— Ent(v|ux)| <e.

Definition 2.10 (Talagrand’s inequality). Let X be an mm-space. X
satisfies Talagrand’s inequality (T,(K)) for positive real numbers K
and p with 1 < p < oo if we have

Ent(v|px) (T,(K))
for any v € P,(X).

Sturm [7] and Lott-Villani [5] introduced the curvature-dimension
condition CD(K, 00). This is a generalized notion of Ricci curvature
bound from below by K € R (see [7, Theorem 4.9] and [5, Theorem
7.3]). Lott-Villani proved the following.

Example 2.11 ([5, Theorem 6.1]). Let K > 0 and X be an mm-space
satisfying CD(K, 00). Then X satisfies Talagrand’s inequality (75(K)).
In particular, if M is a complete Riemannian manifold with Ricy; > K,
then M satisfies Talagrand’s inequality (7(K)).
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STABILITY OF TALAGRAND’S INEQUALITY 5

Remark 2.12. Consider the n-dimensional standard Gaussian measure
4™ on (R™ || - ||2). Since (R™, || - ||2, ™) satisfies CD(1,00) (see [7, Ex-
ample 4.10]), this space satisfies Talagrand’s inequality (75(1)). This
coincides with Talagrand’s result (see [8, Theorem 1.1]).

Combining Csiszar-Kullback-Pinsker’s inequality (see e.g. [1, Theo-
rem 8.2.7]) and [10, Theorem 6.15], we obtain the following example.

Example 2.13. Let K,, be the complete graph with n vertices, unit
distance and uniform probability distribution. Then K, satisfies Tala-
grand’s inequality (T7(1/4)).

3. PROOF OF THEOREM 1.1

For a Borel subset B of an mm-space X with positive measure, we
define a Borel probability measure ug by

px|B

pix(B)

For two Borel measures ;1 and v on a metric space X, we write p < v
if u(B) < v(B) for any Borel set B of X.

KB =

Lemma 3.1. Let X be an mm-space. If we assume that every v €
P(X) satisfies the condition of the definition of Talagrand’s inequality
(T,(K)), then we have the following.

(
(1) px € Pp(X).
(2) X satisfies Talagrand’s inequality (T,(K)).

Proof. We prove (1). Let C' C X be a compact set with pux(C) > 0
and zo € X. Then, we obtain

W, (/“LX76$0) < W MX;/’LC) + W, (MC:éIO)

\/— Ent(pc|px) + sup dx (2, zo)

zeC
2 Jog —— + sup dx (=, z0)
=,4/—=1lo su T, x
K s NX(O> meg x 0
< 0.

(2) follows from Lemma 2.9. O
Lemma 3.2 ([3, Lemma 3.13], [6, Lemma 9.33]). Let X,, and Y be
mm-spaces, n = 1,2,. Assume that a sequence of Borel measurable
maps pn : X, — Y and a sequence {€!}°°, of positive real numbers

with €, — 0 satisfy (1)—~(3) of Proposition 2 4. For a real number d > 0,
we give two Borel subsets By, By CY such that

diam B; <, puy(B;) >0, and py(0B;) =0
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6 RYUNOSUKE OZAWA AND NORIHIKO SUZUKI
fori=0,1, and set
B; :=p Y(B)NX, C X,
where X,, is a non-exceptional domain of pn. Then, there exist a
sequence {,}0° 4 “of positwe real numbers with &, — 0, Borel prob-

ability measures &y, ¢ on X, and couplings m, between Eg and f?,
n=1, 2, ..., such that, for every sufficiently large natural number n,
(1) & < (1+0(8Y)pg, (i =0,1), where O(:) is a Landau symbol,
(2) dX (2o, 21) > dy(Bo, By) — ey, for any z; € B;, i=0,1,
(3) supp " C { (w0, 2,) € X7 | dx, (20, 27,) < dy(Bo, B) + 5121,
(4) —e, < W, (50,51) dy (By, By) < 6Y2 for any p > 1.

Let 6(-) : R — R be a function such that #(¢) — 0 as ¢ — 0.

Proof of Theorem 1.1. By Lemma 3.1, it suffices to prove
2
Wy(v, py)? < 7 Eut(vuy) (3.1)

for any v € P(Y). Let p, : X,, = Y, n=1,2,..., be Borel measur-
able maps as in Proposition 2.4. To prove the theorem, we first prove
the inequality

W) < (VEni(ulin) + VEGm)?. (32)

for any u,v € P(Y).
We take any p,v € PP(Y) and fix them. For any natural number
m, there are finite disjoint Borel subsets B; C Y, j = 1,2,...,J,

such that U}.Izl Bj = supp pUsupp v, diam B; < m~%, py(B;) > 0, and
py (0B;) = 0 for any j. For each (j, k) € {1,...,J }*, we apply Lemma
3.2 for B; and By, to obtain Borel probability measures 7" € PL(X,),
n=1,2,..., such that

Em < (14 0(m™))ug,. (3.3)

for any sufficiently large natural number n. By the diagonal argument,
we may assume that (p, ). 7k converges weakly to a Borel probability

measure 5;’,; € PL(Y) as n — oo for each (j,k,m) € {1,...,J}? x N,
Let 7 be an optimal coupling for W,(u, ). We define

Wik = 7T(B X Bk)

J

Z U)Jk g = Z wjkf,?;” € PCb(Xn),
J J 3

= widl, =Y wplly € PUY).
g,k=1 g k=1
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STABILITY OF TALAGRAND’S INEQUALITY 7

Then, (p,).2™" and (p,).0™" converge weakly to ™ and 0™, respec-
tively, as n — oco. g™ and U™ converge weakly to p and v, respec-
tively, as m — oco. Moreover, W,((p,)«"™", ), Wp((pn) 2™, v) — 0
as n — oo and then m — oo.

Let 7 be an optimal coupling for W, (™", 7™"). By supp ™", supp 7" C
X,,, and Proposition 2.4 (3), we have

WD) ™, ()™ P < / Oy (D (), D) P A5 (i, )

XnXXn

< / (dx, (Tn, x)) + n)P dt (20, 2)
XnXXn
< (Wp(a™,0™") + en)".
Then, we have

Wy(p,v) = lim lHm W,((pn)«fa™", (pn)2™") (3.4)

m—00 N—r00

< lim inf lim inf W, (™", 0™").
m—0o0 n—oo

By (3.3), we have

J
—(1 +9(m—1))zﬂ><3 .

In particular, we have i™*(B;) < (14+-6(m~"))u(B;). The monotonicity
of f(x) =logz and the previous inequality imply

Ent (2™ |pix,,)

() e
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8 RYUNOSUKE OZAWA AND NORIHIKO SUZUKI

Since B; satisfies py (0B;) = 0, Proposition 2.4 (2) and the portman-
teau theorem (see [2, Corollary 8.2.10]) imply

lim 1ix, (B;) = dim g, (. (B;) N X,,) = py (B))

and then we obtain

lim sup Ent(2™"|px,) (3.5)
<(1+0(m™1)) ]Zl w(B;)log ;;/((Bé])) +0(m™).

Define a probability measure ™ by

Combining this inequality and (3.5) and taking the limit as n — oo,
we obtain

lim sup lim sup Ent (2" |px, ) < Ent(u|py). (3.6)

m—ro0 n—o0

In the same way, we also obtain

lim sup lim sup Ent (7" |ux, ) < Ent(v|uy). (3.7)

m— 00 n—oo

The triangle inequality and Talagrand’s inequality on X, imply
Wi (™", ™) < Wi (™, px,,) + W (px,, 7™")

2 ~ =
Y g(\/Ent(um”\uxn) + v/ Ent(7m"px,, ),
which together with (3.4), (3.6), and (3.7) imply (3.2).
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Let us next prove that py belongs to P,(Y). We take an optimal
coupling 7 for W, (ux,, ™). By Proposition 2.4 (4) and g™ (X, \
X,) = 0, there exists a constant D > 0 such that

dy (pn(22), pu(2))) < D

for 7| x \%,)xx, 8¢ (Tn,2;,) € X3 This together with Proposition
2.4 (3) and Talagrand’s inequality on X,, imply

Wo((Pn)tix,s (pn)<™)"
< / (dx, (Tn, 2)) + €p)P dT (20, 1))
XnxXn

4 / dy () pa(@) )P d (e, )
(Xn\f(n)x)?n

< (Wy(px,, i™") + €,)F + DPe,

p
2
- <\/? Ent(:&mnl,an) + En) + Dpfn-

By the inequality just before and (3.6), we have

. . ~mn 2
lim sup lim sup Wy ((pn)hx,,, (Pu) ™) < 4/ 5= Ent(plpy). (3.8)
m—00  Mm—00

We take any point gy € Y and fix this. Fatou’s lemma, Proposition
2.4 (2), and W,((pn)+f£™", ) — 0 as n,m — oo together imply

/ dy (4 90)" dpiy (y) < lim inf / (dy (v, 90) A R)? duy (1)
v R—oo Y

= liminf lim (dY (y7 yO) A R)p d(pn)*,an (y)

R—oo0 n—oo v

< lim inf / dy (y,90)" d(pn)«pix,, (v)
Y

n—oo

= llggf Wp(<pn)*:an7 5yo )p

P
2
< < gEm(M’MY) + ”p(ﬂa5y0)>

< 00.

This means py belongs to P,(Y). We apply Lemma 2.9 for py and
then obtain the inequality (3.1). This completes the proof. O
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