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1. Introduction

1.1. Motivation. One important development in representation theory in the last
decade is the theory of categorical actions of Lie algebras, in the sense of Chuang
and Rouquier [9]. The basic object of this theory is a 2-category £l(g) associated
with a semisimple or Kac—-Moody Lie algebra g, introduced independently in two
different presentations by Khovanov and Lauda [22] and by Rouquier [33] (these
were shown to be equivalent by Brundan [5]). The notion of a categorical action
of g is made precise by the structure of 2-morphisms in £i(g), and it provides an
algebraic way of understanding deep structures of the quantum group U(g) such
as canonical bases [28, 29, 20].

One case of particular interest is when g = sl,., where Schur duality plays a
basic role. The Grothendieck group of {l(sl,) coincides with the modified quantum
group U = U(sl,), and the classes of indecomposable 1-morphisms are identified
with Lusztig’s canonical bases [24, 38]. In the quantum setting, Schur duality
relates the quantum group U(s(,) to Hecke algebras of type A, see [18]. Beilinson,
Lusztig, and MacPherson [7] constructed the modified quantum group U(sl,) as
a limit of a family of finite-dimensional algebras known as Schur algebras, and
they realized the Schur algebras using functions on the points of r-step partial
flag varieties over a finite field. The BLM construction was then adapted in [17]
to realize quantum Schur duality. This geometric realization of U(sl,) has been
lifted to a categorical action of fl(sl,) in [22]. This construction also leads
to a categorified Schur algebra, which is intimately related to singular Soergel
bimodules [40, 31, 39].

Schur duality has been generalized in [8] in connection to the Kazhdan—Lusztig
theory for the BGG category O of type B/C. While other generalizations of Schur
duality have changed sl to a different classical Lie algebra [4, 32], this construc-
tion replaces the Hecke algebra from type A with one of type B/C. Like in type A,
this construction admits a BLM-type realization [6], where U(sl,) is replaced by
the coideal algebra U’/ associated with the Cartan involution composed with the
diagram involution of the A,, Dynkin diagram. Note that (U(sly;+1), U/) forms
a quantum symmetric pair in the sense of [25]. The commutant of the Hecke
algebra of type B/C in this setting is called j-Schur algebra. They are naturally
quotients of U/, and admit a geometric realization in terms of partial flag varieties
of type B/C over finite fields. The idempotented coideal algebra can be realized
as a limit of the family of j-Schur algebras. Based on this construction, it was
shown in [30] that U’ admits a canonical basis with desirable positivity proper-
ties, analogous to Lusztig’s canonical basis for U as defined in [29, Chapter 25].
The A = Z[q, g~']-span of this basis gives an integral form 4U’.
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By analogy with the “weak sl,-categorifications” discussed in [9, 5.1], we can
think of the construction of [8] as a weak categorical action of U/. The construc-
tion of [6] shows the existence of a similar weak action of U’/ on constructible
sheaves on partial flag varieties of type B/C. Following the analogy with type A,
it is natural to expect that we can define a strong categorical action of U/ by a
2-category £/ analogous to 1.

The existence of this 2-category together with its basic 2-representations is the
principal result of this paper.

1.2. Main results. To explain the definition of our 2-category I/, let us first give
a description of U/. The idempotented algebra U/ can be viewed as a category
with objects indexed by a weight lattice X, and morphisms generated by

EitA—A+a and Fi:d — A —q;,

fori =¢,0+1,...,r—owitho = % See Section 2.3 for a precise definition. For
i > o, the generators &;, F; satisfy the same relations as standard Chevalley gen-
erators in U. However, the relations are different when i = ¢: there is no relation
between length 2 monomials in €, and F,. Instead they satisfy inhomogeneous
J-Serre relations (2.9) and (2.10), whose summands are no longer canonical ba-
sis elements. In particular, U/ does not have a triangular decomposition like that
of U.

To define $1/, we follow the approach of [24, 22]: we already know of a weak
{1/ -action on the modules over cohomology rings of partial flag varieties, so we
can extract the relations in £/ based on computations in this category. While the
2-morphisms acting on &; and JF; for i # ¢ satisfy the same relations as in il, new
relations appear for i = .

One can think of these new relations as combining the KLR relations for
the elements {E,, E_o} in Ut (sl3) and for {E,, F,} in U(sl,). In particular,
the usual bicross relations which categorify the commutator relation for &; and
F; (3.12)—(3.13) combine with (3.5) to give (3.14)—(3.15). Similarly, there is a
new relation involving a triple point (3.17) which combines the relation of [24,
Proposition 5.8] with (3.6); this relation is used in proving the categorified j-Serre
relations, as we will explain in Section 4 and Appendix A. The bubble relations
and bubble slide formulas for i = ¢ here are also somewhat different from [24].

The complexity of this last triple point relation makes it difficult to verify
the relations of I/ directly (much like the presentation of lin [22]). However,
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we show that if £; and F; satisfy the relations of the coideal subalgebra at the
decategorified level, then (3.17) is forced by the other relations in £I/; see Propo-
sition 4.10. The reader can think of Proposition 4.10 as a weak version of “control
from Ky theorems, such as [33, 5.27].

Now, let us describe the main results of this paper. The first is that £/ is a
categorification of U/, in the same sense as the relationship of 4{ and U.

Theorem A (Theorem 6.5). There exists an algebra isomorphism between the
Grothendieck group of SV and 4 U’, with indecomposable self-dual 1-morphisms
matching the canonical basis of 4U’.

To prove this theorem, and as evidence for the usefulness of this categorifica-
tion, we ask for generalizations of the categorical actions of l discussed earlier.
Let G be either the group SO(2m + 1) or Sp(2m), and let g be its Lie algebra. One
can define a 2-category §r» analogous to the “flag category” of Khovanov and
Lauda [22] using cohomology rings of partial flag varieties of G, see Section 5.2
for the precise definition. The 2-category £/ admits the following categorical ac-
tions.

Theorem B (Theorem 5.8, Theorem 6.1, Proposition 6.3, Theorem 7.6). (a) There
is a functor T':W — §, ., for each m. This functor is essentially surjective on
1-morphisms (and becomes full on 2-morphisms after a small modification).

(b) The category SV acts on the category O of g such that an object A € X ;1
sent to a block of O, and &;, F; act by translation functors on blocks.

The actions in Parts (a) and (b) provide the desired enhancements of the weak
categorical actions in [6] and in [8], respectively.

These actions are related via the classic links between projective functors,
Harish-Chandra bimodules and singular Soergel bimodules given by [34, 35, 37]
and [40]. The action of Part (a) allows us to show that {1 acts on any category
of representations of Lie algebra of type B/C which are of finite length and are
closed under tensor product with finite dimensional modules (see Theorem 7.6).
Category O is an example of such a category, as are many of the variations on it.

1.3. Structure of the paper. In Section 2 we will recall the basic structure
results on the algebras U and U/, along with their idempotented forms Uand U/.
In Section 3, we give the definition of the 2-category I/, presented in diagram-
matic terms, and study some basic properties of it. In Section 4, we precisely
formulate the categorification of the j-Serre relations, which allows us to define a
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surjective algebra homomorphism U/ — Ko(i1V). The categorification of j-Serre
relations involves some lengthy diagrammatic computation, which will be given in
Appendix A. We construct the 2-functor I": WV — $r.m in Section 5, and prove it is
locally full in Section 6. This allows us to deduce the isomorphism U’/ ~ K, ()
and the matching of canonical bases. Finally, we describe the action of {l/ on
category O in Section 7.

1.4. Future developments. The construction of this paper seems likely to be
only one of a family of categorifications corresponding to coideal subalgebras,
and relevant to the representation theory of classical groups and Lie algebras of
types B/C/D in many contexts. Whereas categorical actions of any Kac—-Moody
algebra are built from categorical sl,-actions, actions of {( include a new basic
building block, which may be useful in other contexts. For reasons of space and
complexity, we have left the consideration of several natural questions that arise
in this framework to future work.

In a sequel to this work, we will consider analogues of cyclotomic KLR
algebras for £I/; these are algebras which naturally categorify the restrictions to
U/ of finite-dimensional simple U-modules and their j-canonical bases defined
in [8]. We will also study the relationship between £I/ and £ which can be regarded
as a categorical quantum symmetric pair.

The connection between the coideal algebras and category O of type D has
been independently observed in [11], where they also studied relations between
morphisms in O with Nazarov—Wenzl algebras and affine Brauer algebras. We
expect the categorical action of our 2-category £I/ will bring a new perspective
on these algebras. Note that there should also be a type D analogue of our main
results; see [1] for Kazhdan—Lusztig theory of type D and [15] for geometric Schur
duality of type D.

The algebra U’ is merely a special example of the coideal algebras arising from
quantum symmetric pairs [25, 23]. Particularly important special cases include
the coideal subalgebra U* C U(sl,, ) associated to its diagram automorphism, and
the affine analogues of these algebras, attached to diagram automorphisms for
sl,, see [16]. The former also appears in geometric Schur duality and the study
of category O in type B/C, see [8, 6, 30] while the latter is expected to play a
fundamental role in the study of modular representations of type B/C. These other
symmetric pairs will require more work to categorify. Since these algebras admit
natural geometric realizations and canonical bases, the techniques of this paper
can likely be applied to them as well.
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2. Preliminaries on coideal subalgebras

2.1. Notations and conventions. Let ¢ be a formal variable and let A =
Zlq.q']. Fora € Z, let

q“ —q°

[a] — and [a]! =[1][2]---[a] fora =0.
q—4q

The a-th divided power of an element E in a Q(g)-algebra is the element E@ :=
E?/[a].

Let C be an additive category. For any object x in €, we denote by 1, the
identity endomorphism of x. A grading on C is an auto-equivalence {1}: C — C.
Let {£} denote the £-fold composition of the auto-equivalence {1}. Given an object
xinCand f = ) fiq° € A, we write (P, x or x®/ for the direct sum over s
of fs copies of x{s}. The split Grothendieck group K, (C) is the abelian group
generated by symbols [x] for x an object, with the relation [x & y] = [x] + [¥].
A grading induces an A-module on K((C) such that g[x] = [x{1}]. Given two
objects x, y, let Hom®(x, y) denote the space Hom(x{s}, y) of morphisms of
degree s. We abbreviate Hom®(x, y) = @,., Hom’(x, y). The idempotent
completion (or Karoubi envelope) € is the category whose objects are pairs (M, ¢)
of M € Ob(C) and idempotent endomorphisms e: M — M, with (M, e) serving
as the image of the idempotent e. The category C is universal among idempotent
complete categories with a functor from C.

Given a ring Kk, a graded Kk-linear 2-category 21 is a category enriched
over graded additive k-linear categories, that is, a 2-category such that the
Hom categories are graded additive Kk-linear categories and the composition
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maps Homg(x,y) x Homs(y,z) — Homg(x,z) form a graded additive k-lin-
ear functor. We will abbreviate A(x,y) = Homy(x,y). Objects and mor-
phisms in 2((x, y) will be respectively called 1-morphisms and 2-morphisms in 2.
A 2-category is called strict if 1-morphisms compose strictly associatively, and a
2-functor is called strict when it preserves compositions of 1-morphisms on the
nose. We will always assume that 2((x, x) has a unit object, denoted by 1,. The
Grothendieck group of 2 is the category Ko (2l) with same objects as 2, and with
morphisms given by the Grothendieck group of the corresponding Hom-category.
If 2 is graded, then K(2l) is an A-linear category.

Recall that a functor is essentially surjective if any object in the target is
isomorphic to an object in the image. It is full/faithful if it is surjective/injective
on Hom sets. A fully faithful, essentially surjective functor is an equivalence.
A 2-functor ®: 24 — B is locally full (resp. faithful, essentially surjective) if
the induced functors 2(x, y) — B(P(x), ®(y)) is full (resp. faithful, essentially
surjective) for all objects x, y € 2.

2.2. Reminders on U. Fix a positive integer  and define
. 1 .
]I:]I2,={16Z+§‘—r<z<r}. (2.1)
Due to an extensive use of % throughout the paper, we will often write

o= —.
2

Consider the root datum of type A,, with Cartan matrix indexed by I, weight

lattice X, simple roots {«; };er C X, simple coroots {o,"};cr, and the coroot lattice

Y = @, Za’. There is a perfect pairing

() YxX — Z. (2.2)

The entries of the Cartan matrix are given by («,”, ;) for i, j € L.
Consider the lattice @Z: Zg, with the standard pairing (eq4,€p) = 84.-
We will identify

—r

X = éZea/Z( Xr:ea).

a=—r a=—r

Then o; = gi—o — €i4o (MOAZ Y . __ &,) lies in X.
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The quantum group U = U, (sl,41) is the Q(g)-algebra generated by E;, F;,
KL, i €1 subject to the relations

KiKj = KjKi, KiEK'=q% % E;,

K; — K1
[Ei. F}] = 5:‘176;_ -

. KiFK' =g @ ),
and the quantum Serre relations (see (2.3) below). We may write U = Uy, 4 if
necessary. It is a Hopf algebra, with a coproduct A: U — U ® U such that

AK) =K, QK;, AE)=1QE+E®K; !, AF)=F®I1+K ®F,

for all i. There is a unique involution (called bar involution) ¥:U — U as Q-
algebra which sends ¢ to ¢~', K; to K; ! and fixes E;, F;, for all i.

We will be interested in an idempotented (or modified) form of U introduced
by Lusztig [29]. Consider the (g)-linear category U with the object set X and
morphisms generated by E;: A — A + «;, F;: A — A — o, subject to the relations

[Ei, Fj]1, = 8 [{e”, A)]14,

S EEPEED =Y ) FORFEY =0, foralli # ). (2.3)

a+b=1—(o) ;) a+b=1—(o) ;)

Lusztig’s idempotented algebra (also denoted by U) can be identified with the
direct sum of all Hom-spaces in this category. Let 4 U be the A-linear subcategory
of U with the same objects and with morphisms generated over A by Ei(a), Fi(a)
fori € I, a = 0. This corresponds to Lusztig’s integral A-form of U.

2.3. The coideal category U7, Set
IV=TI/=INRsg={c,0o+1,...,0+r—1} 2.4

We shall consider a Q(g)-algebra U’/ which admits a presentation with generators
Si,Cﬂ-,JC;JEl for i € 1/, and a set of relations; see [8, Section 6.1]. There is an
embedding of algebras j: U/ — U such that

&+ E;+ K '"F_;, Fi+—> FK}+E., X;+— KiKZ},

for all i € I/. We will consider the algebra U’ as a subalgebra of U under the
embedding ;. We may write U/ = U} if necessary.

The subalgebra U’ has a further compatibility with the coproduct A: it is
a coideal subalgebra of U. That is, the coproduct A on U restricts to a Q(g)-
algebra homomorphism A: U/ — U’ ® U. The specialization of U/ atg = 1 is
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just the enveloping algebra of 5[3, 41, the Lie subalgebra fixed by the involution
U:slyr41 — slar4+ given by rotating (2r 4+ 1) x (2r + 1)-matrices by & radians.
Hence (U, U’) is an example of a quantum symmetric pair [25, 23].

Let 6 be the involution of the lattice X induced by letting 0(g,) = —e_, for
—r < a < r. We may write A = 6(1), for . € X. Denote by X? the sublattice
of O-fixed points in X. Note that af = o_; forall i € I, hence 6 induces an
automorphism of the root system. Set %o = aY —aY; fori € I/. Let

X, =X/X’. Y =Pz (2.5)
iel/
The lattice X, can be regarded as a weight lattice for U/. The pairing (2.2) induces

a nondegenerate pairing
()Y xX, — Z.

For A € X, we write
Ai = (%) A), foralli eT/.

For A € X we will denote its image in X, again by A if there is no confusion. In
particular, we will often regard o;; € X for i € I as an element in X,. Note the
unusual pairing

o, ao) = 3.

Let U’ be the Q(q)-linear category with the object set X, and morphisms
generated by £;: A > A+ = A —o, Fiidl > A —o; = A + ay, for all
i € I/, subject to the following relations for i # j:

[€:, Fj]10 =0, (2.6)
[Ei, Filly = [Ai]1,, foralli # o, 2.7
Y (=nee@ee? =3 (-5 5P =, (2.8)

a+b=1—(a) a;) at+b=1—(a) ;)
(EPTFy — €6F 0o + FToED) 1, = —(g* 12 + g 2)E01;, (2.9)
(TP = To€oTo + ETINi = —(¢* 7 + 477 HTelh.  (2.10)

The definition of U’ here is basically the same as the one in [30] but differs from
the one in [6] which used a different object set. Note that a major difference in the
presentation of U’ with respect to U is that there is no relation between monomials
of length < 2 in €., F,, but rather they satisfy the inhomogeneous relations (2.9)
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and (2.10), which will be referred as j-Serre relations. Note also that the algebra
U’ or U/ does not have any natural triangular decomposition due to the mixture
of &, and F, in these j-Serre relations.

Let 4 U’ be the A-linear subcategory of U’ with the same objects and with
morphisms generated by divide powers 81@ 11, ?f”) 1,,foralli e I/, A € X,, and
a > 0. It was shown in [6, 30] that 4 U’ is a free A-module and Q@) ®a AU =
U/.

Denote by = the unique element in X, such that

we =1, w; =0 (i el/\{o}).

The following are the idempotented counterparts of the symmetries for U’ given
in [8, Lemma 6.1].

Lemma 2.1. (a) There exists an involution w, on U’ as a Q(q)-algebra which
sends 1 to 1_)_4 and switches &; with 3, for all i and A € X,.

(b) There exists an anti-involution o, on U’ asa Q(q)-algebra which sends 1)
to 1_j_ and fixes €;,JF;, foralli and A € X,.

(c) There exists an involution (called bar involution) v, on U’ asa Q-algebra
which sends q to g1, and fixes 1y, &;, Fi, forall i and A € X,.

In particular, all three (anti-)involutions w,;, o0, and ; preserve the A-form
AU/

Proof. Follows by inspection of the defining relations for U/ in (2.6)-(2.10). 0O

3. Coideal 2-categories

In this section, we introduce the main object of this paper, the 2-category I/
(see Definition 3.3). This is an analogue of the category &l introduced in [22,
Section 5.1] (denoted by U therein). Recall that 41 is a strict graded additive k-linear
2-category with object set X. Its 1-morphisms are generated by

Eiidh—A+40a;, FiiA—A—qa; (el),

with generating 2-morphisms given by diagrams modulo certain diagrammatic
relations. We will not reproduce these here, since they appear in the rela-
tions (3.1)—(3.16) below (with eoziv everywhere replaced by «;”) which do not in-
volve i = ¢.
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We start by introducing a weak version £l of this 2-category, which lacks the
most difficult relation to verify. This notion is useful since we will show later that
a representation of €W satisfying certain conditions on its Grothendieck group
descends to an action of I/ (Proposition 4.10).

3.1. The 2-category 1/, Fix a commutative ring k with identity such that 2 is a
unit. Fori, j € IV we set

-1, ifj=i-1,
lij = .
1, otherwise.

Definition 3.1. The weak coideal 2-category $/ is the strict graded additive
k-linear 2-category with objects A for all A € X,. The 1-morphisms are generated
by

Eii A=A +ao;, Fid—A—q;, foriell.

Here “generated” means taking all the direct sums of compositions of shifts of
these 1-morphisms. The generating 2-morphisms are presented by diagrams:
denote the identity 2-morphisms of &;1, and F;1, by l+ailTk and *—“ilw, and
the other generators are

X = Tx;&iu &1,

x' = ifl:ffilk — F;1,{-2},

1

T = ><,\ 28,'8]'11 — Ejgilk{(aiv’ajnv

4 J

¢ = XA FoF 1, — FF ) o)

1 J
i
n= q: 1, —)ffigil,\{l —(eaiv,)t+o¢i)},

i
1= 1l = &Fila =1+ (. 2)),
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A
e= [(\:&Til = Li{=1+ (% 1),
1

A
=L\ Tl = L{l— oy A+ o))
1

The 2-morphisms are subject to the following relations (1)—(7).
(1) (Adjunction)

UpUe Uhekepl o

(2) (Cyclicity of x and 1)

ey = e
i
\><A =15 io=1 5. (33)

(3) (Quiver Hecke relations)

i i , ! 0

otherwise,

ifi = j,
A if[i —j|>1,
i J (3.5)

i t,-j/+v|\/l +tji/|\$/l otherwise,
J i J

]

~—>

2

Wl [ fi=k#sandii-ji=1
L = iJ
A ; 0 otherwise.

(3.6)
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(4) (Bubble relations)

O {o ifs < (Y, 2)—1,

o1y, ifs = (%Y, A) -1,

s — {0 ifs <1— (%, 2+ ),

L, ifs=1- (% 1+a),

Z f(i)l(f)s =0foralln > 0.

t,SEZ
t+s=n— (901v a;)

(5) (Nodal relations) Set

J
J

Then for any i we have

Q m 6 )

(6) (Bicross relations)

Fori # <, we have

i
J

-y

t4s=—17
1

oy Tl

uts+r=-2 tm

x=28u

uts+r=-2 \[\ﬂl

1

655

3.7

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

(3.13)
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Fori = ¢, we have

=y s&l—ip—lp. (3.15)

u+s+r=-2 [\V
>

In all the sums above, the indices that are not on a circle run over non-negative
integers.
(7) (Mixed relations) For any i # j,

f:I?’ A:i?- (3.16)
J 1J

4

Remark 3.2. The bubbles with negative labels are determined by the relation (3.9)
and called fake bubbles. Note that because of (3.7), these can only be defined when

2 is invertible.

We organize the generating 2-morphisms with their degrees (other than the
identity 2-morphisms of degree 0 and x, x” of degree 2) in the following table.

deg | (%’ A+o;)—1 | 1= A) | 1= (%, 1)

deg | (%o A +ai)—1 | —(a), ;) —(e;, o)

The grading on 4 is well defined, i.e., all the relations in the definition are
homogeneous. This can be checked in the same way as in [22]. Note that the main
difference here is that

1+ 2, ifi #o,

—1 4 oy A+ ) = .
2—|—Ai, ifi = o.
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It follows that the diagrams y, x’ in (3.10) have degree zero unless i = j = o,
and in that case they both have degree 1.

Note that subcategory of Y generated by &;,F; with i > o satisfy the
relations of Khovanov-Lauda’s 2-category i, _; of rank » — 1. This yields a functor
U1 — §1/. We will show in a future work that this functor is faithful.

3.2. The coideal 2-category /. For the sake of simplicity, we make the fol-
lowing convention.

We will omit the index < from the diagrams, that is, all the strands without labels
should be viewed as labeled by ©.

Definition 3.3. The coideal 2-category VV is the quotient of the 2-category & by
the relation

TR TN
. uisngr 3 8i (3.18)

s+ttutv=-3 Y stttu+v=-3

This 2-category 41/ admits an induced grading from {1/ as the relation (3.17)
is homogeneous of degree 0.

We let £l denote the idempotent completion of {4/ Note that since the quiver
Hecke relation holds in &/, the divided powers E(“) F; @ are well defined in il see
for example [22, Section 3.5]. We may also write £_; = F; for i € I/ whenever
this is convenient.

Remark 3.4. Note that we have automatically the relation

(RO AN
LT ez 1Y

s+t+ut+v=-3 s+t+ut+v=-—3 ﬂt

in 447, since it is the image of (3.17) under the isomorphism End(FoE.F) =
End(E.F+E) given by adjunction.
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3.3. Symmetries of $I/. Recall [22, 3.3.3] that the KLLR 2-category i admits
several symmetries which categorify the standard (anti-)involutions for the quan-
tum groups. We will describe the analogues of such symmetries for $1/, which cat-
egorify the three (anti-)involutions in Lemma 2.1. We will use the notation of [22,
3.3.3] and let (L17)°P, (417)°°, (LI7)°°°P to denote the 2-category I/ with the com-
position of 1-morphisms, 2-morphisms and both 1- and 2-morphisms reversed,
respectively.

Definition 3.5. (a) Consider the functor
Yyt — (W)
which sends
Ar— A, 1,&, &, 1ty — 1,&, -+ &, 1a{—t},

forA,u € X,,t € Z,and iy,...,iy € I/. It acts on 2-morphisms by reflection
through the x-axis and reversing orientation of all strands. Note that this action
on 2-morphisms preserves all defining relations on 2-morphisms in 7. It induces
a duality on {{ which will be again denoted by v ;. We have 1#,2 = id and in
particular v, is invertible.

(b) Consider the functor

wy W — (3.19)
which sends (recall we write €_; = F; fori € I7)
Ar— —A—w, 1,& &, Lty r— 15 - Eilj—wit}.
It acts on 2-morphisms by
X — x’, X —x 1+ =17, v — —1,

nr—270%ip sy er— 280 e

Thus, each diagram is sent to the diagram with reversed orientation, times certain
unit in k. The functor w; is an equivalence. An inverse is provided by the functor
which coincides with w, on objects and 1-morphisms, and acts on 2-morphisms

/ / / /
XH—Xx', X +—Xx, TH——> -7, T +— —T,

n— 1, 7 —2in er—sé€, € 2%
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(c) Consider the functor
o, U4 — (W)P (3.20)
which sends
Ar— —A—w, 1,& & L{tyr— 1 _5&, & 1 __wit}
It acts on 2-morphisms by

X — X, X' —x, 1+— —1, 7 — =7,

n— 20y sy e i e

Thus, every diagram is sent to its reflection through the y-axis, times certain unit
ink. The functor o, is an equivalence. An inverse is provided by the functor which
coincides with o, on objects and 1-morphisms and acts on 2-morphisms as

i / / /
X+—>Xx, X —Xx, T+ —7, T +— —T7,

n—1n, nr—2Bien er—se, 2%,

Remark 3.6. The presence of the factors of 2 above reflects an asymmetry in
the definition of 41/, specifically in the relations (3.7)—(3.8). We can rescale the
generators 7’ and €’ so that the bubbles in (3.7)—(3.8) evaluate to any pair of scalars
whose product is 2%.>. One obvious choice is to switch the role of clockwise and
counterclockwise bubbles; we denote the resulting (isomorphic) 2-category with
this presentation '4l/. Alternatively, we could give a more symmetric definition by

8; O . .
choosing a square root V2, and using V2°"% in both (3.7) and (3.8). In this case,
the definitions of o, and w, would not require the factors of 2.

One perspective on how these different forms arise is that this 2-category is
connected to geometry and representation theory in types B and C. Many aspects
of these constructions, such as the cohomology rings of the partial flag varieties
and the category of Soergel bimodules only depend on the Weyl group and its
reflection representation, and thus are identical in types B/C. Others, such as the
Demazure operators discussed in Section 5.3, and thus the formulas for integration
on flag varieties do depend on the root systems, and thus differ by powers of 2
between types B and C. The category I/ naturally arises from the computations
with type B flag varieties (which we choose to use), while ‘1 would arise most
naturally with type C geometry.
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4. The Grothendieck group of £(

Throughout the rest of the paper, we assume that k is a complete local ring and
continue to assume that 2 is a unit; equivalently, we require that the residue field
of k is not of characteristic 2. A particularly important case is when k is itself a
field of characteristic # 2.

In this section, we provide a categorification of the j-Serre relations in the
framework of 2-category {(. This allows us to define a surjective map to the
Grothendieck group of I from AU

4.1. Reformulation of j-Serre relations. First let us rewrite the j-Serre
relation (2.10) in the form (4.1)-(4.3) and the j-Serre relation (2.9) in the
form (4.4)—(4.6), respectively:

o if Ay, > 2,

FoloToly = TP E, + (E0T — [ho —20P)1a + [Ao] - Tolp: (4.1
o if o = 1,
FoloFoly = FP o1y + EoFD 1y +2-Foly; (4.2)
o if ko <0,
FoloFols = E6TFP1, + (FPE — [<Ao]T) 1) + [<Ao + 2] - Fols; (4.3)
o if A, < -3,
EoFolols = EPToln+ (Foed —[-3-A0l€e) I +[~1 = Ao]-Eoln. (44)
o if Ay = —2,
EoFolol) = FolP1, + P T 1, +2- 8,15 4.5)
o if A, > —1,
€eFololy = FolP1+ EPFo —[1+16]€0) 11 + [Ao + 3]-E61;. (4.6)

In each of the formulas (4.1)—(4.6) above the right-hand side is the expansion of
the left hand side in terms of canonical basis elements of ,U/. Knowing these ex-
pansions facilitates understanding the structure of the corresponding 1-morphisms
in $1/, but we will not use explicitly the fact that this is the canonical basis expan-
sion. It can be proved in several ways, but we will leave aside the proof. In fact,
we can also derive this from Theorem 6.5 below by showing that the factors on
the right-hand sides correspond to indecomposable self-dual 1-morphisms in the
2-category il (see Remark 4.2 below).
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4.2. Categorification of j-Serre (4.1). We denote by 80?53) 1, the idempotent
X
in End(€,921,) as a 1-morphism in £[.

Lemma 4.1. Let A € X, such that A, = (%, 1) > 2.

(a) The element

| A

A ! .
RIS

a+b+c=-2
b
| A

1 c 5

-3 e € End(€,521;)
a+b+c=-3

is an idempotent. We denote the image of this element in €52 by
(E6FS — Ao —20Fo)1,
when considered as a 1-morphism in the idempotent completion of 9.

(b) We have the following isomorphism of 1-morphisms in the idempotent com-
pletion of W7,

803‘1&2)11 ~ (803'53) _ [Ao . 2]:}'0)1/1 ® :}folj‘lé[lo—Z]'
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Proof. We shall prove the two statements together. We first have the following
system of 2-morphisms

£ 721,

Lo Do—3
L1 ho—4

Folp{re—3} @ Folp{ro—5} Folp{5—Ac} @ Folp{3—As}

7 Tro—4
o Ao—

eoFP1,

where the 2-morphisms ¢; and 75 are defined as follows (0 < s < A, — 3)

1 C’a A
Ts =35 b b -3 >

at+b=s—Ao+1 a+b=s—As

and

We have (0 < 5,5 < Ao —3)

”s'ls’:_% Z

at+b=s—Ao+1

Ao—3—s"
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Then we have

0‘1 A (}a A
b b+Ao—3—s"

1 1
2> -2 T
at+b=s—As+1 a+b=s—As+1

Ao—3—S,

| G |”
R :
a+d+c=s—s'—3 Od

. / .
\{ oy s ifs—5">0;

0, ifs —s' <0.

Therefore 75 - 1y = 85,. Hence we know (575 (0 < s < A, — 3) are mutually
orthogonal idempotents in W (€,F21y, £,F21;). The idempotent

k=id; o, — D b
0<s<Ao—3
can then be expressed diagrammatically as in the lemma. O

Remark 4.2. One can show that (80?53) —[Ao—2]F) 1, is indecomposable in oW,
In fact, since 7k = Kty = 0, a direct diagrammatic computation implies that the
algebra End(Eo?gz)lx) is spanned by « and (54, x5, for0 <s <s+t < A, —3.
In particular, the algebra KEnd(So?gz)l A)k is a rank one k-module spanned
by «. It is a local ring, hence (803'"22) — [Ao — 2]F,)1, is indecomposable.
Similar arguments can be used to show that all the individual terms appearing
in the sums on the right-hand sides of (4.1)—(4.6) correspond to indecomposable
I-morphisms.

We denote by 3"§>2’5<>1 » the 1-morphism in the idempotent completion of 11
(or in 1) defined as the image of the idempotent

A
x T € End(F2€,1,).
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Proposition 4.3. Let A € X, with Ao = (%), 1) > 2. Then,

(a) we have the following split surjection in the idempotent completion of @
(and in 1),

FPE1; @ (EoFP — Mo — 2Fo) 11 @ Fol Pl s Foe Foly;

(b) we have the following isomorphism in $\

ToloToly = TN, @ (8T — (Ao — 2To)1; ® To1FV0L

Proof. We introduce the following diagrams (0 < k < A, — 1):

A * 1 K
cl=>g< , c2=>§< S k=3 Y l}fx - @8)

s+t=k —Ao—2+t

Following (A.8)—(A.9), we introduce modifications of 7, _; and Py as follows:

G-t % r@”a -0

s+t=Ao—1 —Ao—2+t 4 9
+ 5 Z ui A )
s+ttu=Aio—1 —Ao—2+t
_ A
P(;:l;ﬂ—z l + > uf@ A
A D s+ttu=—3 Y (4.10)

+qixm_© lxm'

Recall the 2-morphism « € End(£,321,) in Lemma 4.1. We define the 2-mor-
phisms:

By
K - B2

Py

P |1 FoleToly — TP, @ (€T — [ho — 20To)1; & Fo 1]

Po—1 ]
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and
(SRR IRR (N E
FPEr ® (E:FF — [ho —20To) 14 & Fo 1T — o€ T 1.

The proof of the proposition is reduced to verifying the identities (4.11)—(4.12)
below:

B
K'Bz
P} ~J
P, '[Cl Caok o v Dho— Iio—l]=id<xo+z)xao+z) in 40,
_P/lo—l_
4.11)
and
_ B, -
K'Bz
’ P/ s S/
Cl CZ'K 10 Ao—1]|" 0 —ldg‘ogogou in 4. (412)
_PA‘O_I_

The proofs of the identities (4.11)—(4.12) via elementary but lengthy diagrammatic
computations are given in the Appendix A (see Proposition A.14 and Proposi-
tion A.22). O

4.3. Categorification of j-Serre (4.2) . In this subsection we shall assume
A e X, with Ao = (%Y, 1) = 1, and recall in this case the expression of the
J-Serre relation in (4.2). We denote by 3"53)30 1, the image of the idempotent

A
x T € End(32€,1,)

and by 803"53) 1, the image of the idempotent

A
x T € End(F2€,1,)

in the idempotent completion of & (or £1).
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Proposition 4.4. Let A € X, with Ao = (%0}, 1) = 1. Then,

(a) we have the following split surjection in the idempotent completion of i
(and in 1Y ):

FPE1, @ TP, @ Fol) @ Foly —> FToloToly;

(b) we have the following isomorphism in o

FoloToly = FTPE1, @ EeTFP1, @ Foly ® Foly.
Proof. In this case, the relation (3.17) simplifies to the form
U \
QA N A
(4.13)

We introduce the following diagrams

A

A
BIZ_M ’ Bz:% ’

ne| ﬁ\k_ﬂ Y’ "N Y’

c1:>g<*, c2:>§<*,
Ih="U y_l o=y y.

We consider the following 2-morphisms:

B

B

P2 FoloFoly —> FOENL @ (EeTD — [Ao — 2Fo)1, @ Fo 120
0

Py

and
[Cl C2 Io 11]1
FPoly ® (E6FY — Ao —21Fo)1; @ Fo1®) s 52,91,
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The proof of the proposition is reduced to verifying the two identities

By

B -

a6 G 1o 1] =idea in {1, (4.14)

0

Py

and
By
By | . o
[Ci C Iy Ii]- Py =idg, e 7,1, inil . (4.15)

Py

The identities (4.14) and (4.15) admit proofs which are analogous (and much
easier) to those of the identities (4.11) and (4.12) given in the Appendix A. We
will leave the details of these computations to the reader. |

4.4. Categorification of j-Serre (4.3)—(4.6). In this subsection, we complete
the categorification of the j-Serre relations (2.9) and (2.10) in the remaining cases
(4.3)—(4.6) by using results from Sections 4.2 and 4.3 and the equivalences (3.19)
and (3.20).

Indeed the categorification of the j-Serre relation (4.1) implies the categori-
fication of the j-Serre relation (4.3) under the equivalence (3.20). Then entirely
similarly the categorification of the j-Serre relations (4.1)—(4.3) implies the cate-
gorification of the j-Serre relations (4.4) — (4.6) under the equivalence (3.19). We
shall only prove the categorification of the j-Serre relation (4.3) here and leave
the other cases to the reader.

Proposition 4.5. Let A € X, with A, = (%), 1) < 0.
(a) We have the following isomorphism of 1-morphisms in 4\

TPe1; 2 (0P80 — [AolT) i @ T 1T,

where (3"53)80 — [—A6]F o)1, is the image of the idempotent k in Lemma 4.1
under the equivalence o, in (3.20).

(b) We have the following split surjection in the idempotent completion of I
(and in {1):

EeTP1; @ (FPEo — [Ao]To) i @ Fo1 24 s 56,51,
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(c) We have the following isomorphism in S1:

FoloToly = LT, @ (FPEo — [~Ao]Fo) 1y @ Fol§IHet?,

Proof. Let A’ = —A + oo — w. We have A, = —A, + 2 > 2 by assumption.
Thus, the desired maps are just the image under the equivalence o, of the split
surjection and the isomorphism in Lemma 4.1 and Propositions 4.3-4.5 applied to
FoloTFoly. O

4.5. The Grothendieck group

Lemma 4.6. The assignment A +— A, E(a)lk > [E(a)lx] 3"(“)1,1 > [3"( )1,1]
forall A € X,,i € I/, a € N defines an A-linear functor X: AU/ = Ko(W).
Furthermore, we have R o ¥/, =, o X,

Proof. It suffices to prove that the assignment in the lemma defines a Q(¢)-linear
functor U/ — Q(q) ®4 Ko(&l). To this end, we must check that all defining rela-
tions (2.6)—(2.10) in U/ are satisfied in Ko (il) For (2.6)—(2.8) this follows from
the same argument as in [22, Proposition 3.27]. The j-Serre relations (2.9)—(2.10)
are proven in Proposition 4.3. O

Our goal in this subsection is to show that the functor N: AU/ = Ko(4) is
full (see Proposition 4.8). We achieve this by showing that the graded category
associated with a filtration on 4V is equivalent to the KLR categorification of the
positive half of AU. Let us explain this in details.

Fix A € X,. Recall from (2.1) and (2.4) that I = I’ U —I/, and that we

write £_; := JF; fori € I/. Given a sequence i = (i1,is,...,in) € I we write
&i = &;, &, -+ &;,. Consider the category
e - @ i‘l(ks /’L).
neX;

We will always view &; as the object £i1, in C, hence omit 1, from the notation.
Since N is the identity on objects, it is enough to prove that K¢(C) is in the
image of RX. The category C is Krull-Schmidt, hence its Grothendieck group is
a free A-module generated by indecomposable objects. Up to a grading shift, any
indecomposable object P € C is a direct summand of &; for some sequence i.
We define the width of P to be the minimum length of such a sequence i. We
define the width of a morphism f:u — v in C to be the minimal m such that
B factors through a sum of objects of width < m. Let Cg,, (respectively, C,)
be the full subcategory of € generated by indecomposable objects of width < m
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(respectively of width < m). The quotient category gr” C = Cgp/C<py is the
additive category with the same objects as in Cg,,, and Hom-space given by the
quotient of the Hom-space in Cg,, by the 2-sided ideal of morphisms of width
< m. The indecomposable objects in gr” € are in bijection with those in C of
length m. Hence we have K((C) = Ko(grC), where grC = @, g C.

Let CT be the monoidal category (under induction) of graded projective mod-
ules over the quiver Hecke algebra of type A,, (with I identified with the Dynkin
diagram of this type). This is a graded k-linear monoidal category with objects
generated by E;, i € I, and the morphisms generated by

X = }\:Ei — Eif{-2}, t= >< CE;Ej — E;Ei{{a).a;)}
i 1

subject to quiver Hecke relations (3.4)-(3. 6) By [21, Proposmon 3.18], Ko(CT1) is
isomorphic to 4 U, the positive part of AU generated by E @ i el LetTl 2 be
the polynomial ring in the commuting variables (for i € 17)

S{DA 1y — {205+ 1 -’ 1)}, fors > (%Y, 1) —1,

Then Ko(I1;) = A and we have Ko(CT ® IT;) ~ Ko(CT); see [22, Proposi-
tion 3.35] for more details.

Lemma 4.7. There is a full functor ¢: CT ® 1 — gr € which sends E; to &, for
all sequences iand a diagram D to (—1)? times that diagram with the orientation
on the i-th strands reversed for all i < 0. Here d is the number of dots on strands
whose orientation was reversed.

Proof. Let us first show that ¢ is well defined. It is enough to show that
the assignment in the lemma defines an algebra homomorphism from R,, =
Ende+gm, (Bjij=m Eila) t© Sm = Endgmm e (D)=, ila)- In other words {(x)
and ¢(7) satisfy the quiver Hecke relations for all i, j € I. This is obvious
if i and j have the same sign. Next, note that indecomposable summands of
Em = Djij=m €i are in bijection with primitive idempotents in A = Ende(Em).
By definition S,, is the quotient of A by the 2-sided ideal / of morphisms of
width < m. Now, relations (3.14), (3.15), (3.17) in £/ modulo morphisms of
width < 2 give the quiver Hecke relations for i, j of different sign. We deduce
that ¢: R, > A/I = S, is well defined.

It remains to show that {: R,, — S, is surjective. To this end, note that
Ende (@Ii|=m &€il,) is spanned by diagrams where no pair of strands cross twice
and all bubbles are at far left. Every such diagram either has no cups or caps
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(except in bubbles) or has width < m. Thus S,, is spanned over IT, by diagrams
without cups or caps. The image of { contains all diagrams of this type, so the
surjectivity follows. |

Proposition 4.8. The functor R: AU > Ko({0) is full, i.e., for any A, u € X 5o it
defines a surjective map

AU (4, 1) —> Ko(Wh(A, ).

It will be proved in Theorem 6.5 that N: AUJ — K (il) is in fact an equiva-
lence.

Proof. The same argument as in [22, Section 3.8.3] implies that the map
Ko(£): 4UT ~ Ko(CT @ 1) —> Ko(gr ). (4.16)

is surjective.

By [27, 7.8], the algebra 4 U™ has an A-basis M whose elements are mono-
mials in divided powers Ei(“). Hence K(({) maps them to a spanning set of the
A-module K (grC) which are monomials in 81@ for i € I. By the isomorphism
Ko(C) = Ko(grC), we deduce that K((C) is also spanned by these monomials,
which are contained in the image of X. Hence R is full. O

Let M be a monomial basis of 4 U™ in the sense of [27, 7.8]. Let

AU 0= = @@ AV (.
neX,

Form = El.(f‘)El.(ZCZ) .-+, we write m’ = 8,‘161)8,(;2) .-~ accordingly. The corollary
below was known only for some special choice of the monomial bases (see the
proof of [6, Theorem 4.7]).

Corollary 4.9. For any A € X, the assignment m — m’ for all m € M yields an
isomorphism of A-modules

SZAU+ - AU"(A, -).

Proof. The proof of [23, Proposition 6.2] adapted to the idempotented algebra
case implies that ¢ is an isomorphism after base change to Q(¢). Since AUt s
free over A, we get injectivity of ¢. The surjectivity follows from the proof of
Proposition 4.8. O
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4.6. Control from the Grothendieck group

Proposition 4.10. Let € be any idempotent complete 2-category. A 2-functor
¢: 81 — € induces a 2-functor & — € if and only if the classes of $(Eo1))
and ¢(F,1,) satisfy the j-Serre relations (2.9)—(2.10) in Ko(C), for any A € X,.

Proof. Let E denote the right hand side of (3.17). Since € is idempotent complete,
the 2-functor ¢ factors through ¢l if and only if ¢ (Z) is identity for all A. We may
assume A, = 2, as the proof for the other cases are similar. By Proposition 4.3,
we have a split surjective map

T:Fo€oFoly —> FPE0 @ (EoFD — (Ao — 2Fo) 13 & Fol 2]

in the idempotent completion of oW givenbyI' = Bi @ (k- B2) ® P{®---® Py 1.
A splitting is provided by IV = C1 + (Ca-x)+ Io+---+ 1,1, thatis, ToI" = id;
see the proof of Proposition 4.3 for the notation. Furthermore, we have E = I'"oT’
by Proposition A.22. It follows that & is an idempotent in £/. Hence ¢ (&) = 1
if and only if ¢(I") is an isomorphism, if and only if the j-Serre relation holds in
Ko(©). O

5. The Schur 2-category

5.1. Soergel bimodules. We start by reviewing some standard facts about sin-
gular Soergel bimodules from [40] that will be used below.

Let W be a Weyl group with the set of simple reflections S, and let t be a faithful
k-linear reflection representation of W. Consider the graded ring of symmetric
product R = S(t) with elements in t in degree 2. Then the W-action on t induces
a homogeneous action on R.

Given I C S, let Wy be the parabolic subgroup generated by /. We write
RT = RWI for the invariants in R under W;. Given a triple I D K C J, we view
RX as an (R!, R7)-bimodule via the canonical embeddings R! < RX <> R/,

Let Bimw denote the 2-category with objects consisting of subsets in S,
and Bimw(J,I) = R!-gmod- R/, with composition given by tensor product
of bimodules. The category of singular Soergel bimodules SBimyy is the full
2-subcategory of Bimy generated by the same objects and 1-morphisms R! <
RK «> R for all triples I D K C J. In particular, indecomposable objects in
SBimw(J, I) are direct summands of

R" ®ps R2®@ps @+ @psy_y R™



672 H. Bao, P. Shan, W. Wang, and B. Webster

for certain sequence I = Iy C J1 D I, C J, D - C Jy—1 D I, = J. Let
v:SBimy — SBimy be the duality given by taking graded duals. In particular
Yo{l} ={-1}oy.

Consider the Schur algebroid Sw associated with W. This is an A-linear cat-
egory with objects finitary / C S, and morphisms from / to J given by intersec-
tions of parabolic modules over the Hecke algebra Hw, see [40, Definition 2.7].
Note that Sw (@, @) = Hy.

Theorem 5.1 ([36, 40]). (a) There is an equivalence of categories
Kk: Ko(SBimw) =5 Sw

which is the identity on objects, and is given by the character map on morphisms.
(b) The equivalence k intertwines W with the bar involution on Sw.

(c) For each element w in Wi\W/Wj, there is a unique self-dual inde-
composable object By, in SBimw (I, J) characterized by a support condition.
These objects form a complete and irredundant set of indecomposable objects
in SBimw (I, J) up to isomorphism and grading shift.

(d) If the residue field of k has characteristic zero, then k sends [By] to the
element in the canonical basis of Sw(I, J) indexed by w.

We have a geometric interpretation of SBimyy as follows. Let G be a connected
reductive group with Weyl group W. Fix a Borel subgroup B and a maximal
torus T. Take t to be the k-module spanned by the characters of T. For I C S let
B C P; C G be the parabolic subgroup corresponding to /. The diagonal G-orbits
in G/P; x G/P; are parametrized by W;\W/W ;. Then Sw(/, J) is the generic
algebra of A-valued functions on G\ (G/P; x G/Py) arising from the convolution
product of functions on Py (F2)\G(Fg2)/Py (IFq2) over finite fields Fgo.

Proposition 5.2. The category SBimw (I, J) is equivalent to the category of
G-equivariant parity complexes on G/Py x G/Py, with By, corresponding to the
unique parity sheaf €, whose support is the closure of the orbit O,,.

All the machinery needed to prove this result is given in [19, 4.1] but it is not
stated there. In type A, this is discussed in greater detail in [39, Theorem 6], and
the proof is identical in other types. When the residue field of k has characteristic
zero, the parity sheaf £, is an intersection cohomology complex.
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5.2. Schur categoryin type B/C. From now onlet W = W, be the Weyl group
of type B,/ Cy, with simple reflections S = {sq, 51, ..., Sm—1}. Taket = EB?’;I kt;
with s; acting by permuting ¢#; and t;4+1, and so(t;) = (—l)sislti. ‘We have

R=S® =K[t1,...,tm].

Let G = SO(V) with V = C?"*+! equipped with a standard nondegenerate
symmetric bilinear form.

Recall I} from (2.4). Let >, m be the set of (weakly) increasing maps from
I — [0,m], and we write an element a € X,, as an increasing sequence
a = (do,dot1,...,404r—1). To @ € X, ,, we associate the subset I, of S with
sa, removed for all p such that a, < m. Note that if r = m, then every subset of
S is of this form. Given a € %, ,, and i € I} let

at =(....a;_1.a;,a; + 1,a;41,...), a'=(...a;_1.a;i —l,a;,ais1,...),
+ia=(..,a;—1,a; + 1,ai41,...), —ia=(..,ai-1,a; — 1,ai41,...).

For any sequence a of r integers, we write

ga_ R ifac T,
0, ifagX, .

Then R* is naturally an (R+i?, R®)-bimodule. Indeed a®’ is a sequence of
r + 1 integers. If it belongs to X, 1, then 1;a also belongs to X, ,;, moreover
I.aD I+ C Iy hence R* is an (R+/®, R?)-bimodule. If a*' & %, ;1 ,, then
R = 0, the statement is trivial. The partial flag variety :Gr, := G/Py, is the
variety of isotropic flags

O:F_r_oC"'CF_QCFoC"'CFoJ,_r:V

such that F, = F4, dim F_, = m — a, (and so dim F, = m + 1 + a,) for all
pell.
Consider the following 1-morphisms in SBimy for all i € I}
I, := R* € R*-gmod- R?,
&1y := Ra+i{1 +a; —a;jy+1} € RT? -gmod- R?,
Fily = Ra_i{l +ai—1 —a;} € R—*-gmod- R?.
Here and below, we use the convention

d—o = —do, dogyr = m.



674 H. Bao, P. Shan, W. Wang, and B. Webster

We define the Schur 2-category §rm, as the locally fully faithful monoidal
2-subcategory of SBimw with object set X, ,, and with 1-morphisms given by
direct summands of direct sums of products of 1,, §;1a, Fila, fora € X, ,,
i € I}. Recall that the locally fully faithfulness here means that we impose for any
1-morphisms M, N in §,,, that Homg, , (M, N) = Homgymy, (M, N).

Recall that the Schur category S{,m (also called the j-Schur algebra) is the
category with object set X, ,, and S{,m(a, b) := Sw(la, Ip), for a,b € %, ,.
Similarly, we have a fully faithful functor Si,m — Sw.Fora e %, ,,,letA(a) € X
be such that

(i, AM(@)) = —a;—1 + 2a; —a; 41, foralli eI, (5.1)

In this way X, ,, can be viewed as a subset of X,. It is easy to see that A(a) =
aoto+ Yoy (ai —ai1)sio € X,
By [6, Proposition 3.1, Corollary 3.13], there is a well-defined functor

y: U/ — 8/, (5.2)

such that for A € X; we have y(1) = a if there exists a € X, , (which must
be unique by (5.1)) such that A = A(a), and y(A) = 0 otherwise. The images
e, = y(&). f; = y(F;), fori € I}, generate S, ®.4 Q(q).

Proposition 5.3. (a) Fora, b € ¥, ,,;, we have §rm(a,b) = SBimwy(a,b).

(b) There is an equivalence k: Ko(Fr,m) = S{,m such that
k(@) =a, «([6la]) =eila, «([Fila]) =fila.

It intertwines the duality W on §,m and the bar involution.

(c) If the residue field of k has characteristic zero, then k sends self-dual
indecomposable objects in §m to canonical basis in Si,m.

Proof. The nontrivial statement here is part (a). The rest follows automatically
from Theorem 5.1 and (a). To prove (a), let &;‘,m be the 2-subcategory of SBimwy
with object set X, ,, and such that S/,m (a,b) = SBimw(a,b) foranya,b € X, ,,.
By definition, we have a locally fully faithful embedding ¢: §rm — 3§ ,, which
sends indecomposable 1-morphisms to indecomposable ones. We must show that
¢ is full, that is all indecomposable 1-morphisms in §, ,, are in the image. This is
true if and only if the fully faithful functor [¢]: Ko(Fr.m) — Ko (&;‘,m) induced by
¢ is an equivalence. Note that the morphism spaces of both Grothendieck groups
are free A-modules with bases given by classes of indecomposable 1-morphisms,

hence [¢] is a split injection. Hence it is an equivalence if and only if it is so after
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base exchange from A to Q(¢). Now, by Theorem 5.1, we have Ko(3F} ) = Si .
Therefore Ko(%},m) ®4 Q(q) is generated by 1,, €;1,, fila, i € I]. By the
definition of §,, all these generators lie in the image of [:]. Therefore [¢] is an
equivalence after base change to Q(g). Part (a) is proved. |

Remark 5.4. We write 7, for the 2-category defined with the same R = S(t) as
for §, , but with W,, replaced by the symmetric group S,, = (51,52, .., Sm—1)-

Remark 5.5. We will also consider a quotient S¢l of the 2-category I by setting
to O all objects of weight which are not of the form A(a). The functor I': 4l — ;1
factors through this quotient. We claim that

Ko(S$l) = S/, (5.3)
Indeed, consider the following composition of functors
AU — Ko(¥l) — Ko(S) —> Ko(Grm) —> S -

Since the map AU > S} is surjective, with kernel generated by the objects not
of the form 1y, see [6, Proposition 4.11, Lemma A.20, Theorem A.21], we must
have Ko(Sl) = S}

5.3. Frobenius forms and Demazure operators. Let / be a subset of [1, m].
Let A; be the ring of symmetric functions in {t;;i € [I}. For p = 0, let
ep1 = ep(tisi € I) be the p-th elementary symmetric polynomial, and let
hp,1 = hp(t;;i € I) be the p-th complete symmetric polynomial. They are
defined by the following generating functions

ep1z? = iz), pIZ0 = —tiz)
Yoepaz? =[[+uz). Y hprz? =[] -u2)™

p=0 iel p=0 iel

where z is a formal variable. Note that

Z (=DPep 1hs,1 = Sk0. (5.4)
p+s=k

We also write Aj for the ring of symmetric functions in {t7; i € I}, and ¢) ; =

ep(t?si € I), h) ;= hp(t?;i € I). For future use, we introduce the convention
J .

that 7, , = 0if p ¢ IN.
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Let B be a k-algebra, and A a finitely generated B-algebra which is free as a B-
module. A (B, B)-linear map ¢p: A — B is a Frobenius form if A — Hompg (A, B),
a +— (b — ¢(ab)) is an isomorphism. The Casimir element associated with ¢ is
anelement 7 € (A®p A)4 suchthat (p ®1)(7) = (1®¢)(xr) = 1. The restriction
from A to B is left adjoint to A ® p — with counit given by ¢ and unit given by
A A®p A, 1 — m. See for example [33, Section 2.3] for more details.

We recall some basic facts on Demazure operators. Let oy = —2f1, and

s, = Ip — lpt1 for p > 0. For any reflection 7 € W, let o/ denote the

corresponding positive coroot. For s € S the Demazure operator ds: R — R
is given by

o

3s(f) = f_a—i(f) forall f € R.

N

For w € W let 0, = asil 3s,-2 ... for a reduced expression s;,s;, ... of w. Itis a
well defined operator of degree —2£(w), where £(w) is the length of w. For I C S,
let wy be the longest element in W;. Let d; be the product of o) for all reflections
7 in Wy. Then

1

aw[ (f) = |WI|

> wd;'f). forall f eR.

weWy

It yields a Frobenius form d,,, : R{—2¢(w;)} — R, see e.g. [41, Section 3.1].

Remark 5.6. As mentioned before, everything we have done up to this point only
depends on the Weyl group, not on the underlying root system. However, d; does
depend on the choice of a root system; if we let d; be the corresponding product
of coroots in type C rather than type B, dy and d; differ by a power of 2.

For I’ ¢ I C S,letwy,pr = wywy!, drp = dp/dp. Let W' be the set of
minimal coset representatives of Wy /Wj.. Then

, _ 1 _
8w1.[,:R1 {—26(11)1/11)1 1)}—)R1’ f —> W Z u)(dl,ll,f)
weWw!.1’/

(5.5)
is also a Frobenius form by [33, Lemma 2.12]. Let us compute this form in some
useful examples.
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Example 5.7. Let1 <a <b < m.

(a)

(b)

(©)

Consider I’ = {sp; pela+1,b—1]} C I = {sp; p € [a,b — 1]}. Then
Wi, 1 = Sp—1 ... Sq. We will write djp 4] = 9w, ,,. The Frobenius form (5.5)
in this case becomes

Ob,a): Klta] ® Ags1,512(a — D)} —> Afaps

f — Zs(a p) (f l_[(ta - [u) )
u=a+1
Here we have ignored the variables t; for i ¢ [a, b], since d[,4 5] acts trivially
on them. An easy computation shows that dp 4 (lé‘) = hk—p+a,a,pb) for all
k. Therefore {t*} and {(—1)" erla+1,0]) are dual bases with respect to the
Frobenius form dy; 4). Hence the Casimir element is given by

b—a
Tb,a] = Zlb “ r®( 1) €r,la+1,b]-

r=0
Consider I' = {sp; p € la,b —2]} C I = {sp; p € la,b — 1]}. Then
Wy = Sq...5p—1. We will write dj4 5] = (—1)”_"8 The Frobenius
form (5.5) in this case becomes

w1!1/-
3[a,b]2 A[a,b—l] R K[tp]{2(a — b)} — A[a,b],
b b—1
f— Zs(p,b)(f [T - lu)_1>-
p=a u=a
We have 0, 1) (t,f) = Nk—p+a,[a,p] for all k, and the Casimir element is

—a
bl = 9 (1)" 77 ® (<) epfap1.
r=0

Consider I’ = {s,; p € [0,a —2]} C I = {sp; p € [0,a — 1]}. We have
wr,;r = Sg—1...515051 -..5q¢—1. Call this element y,. Note that y,(t;) =

(—=1)diar;. Write 5[1,a] = (—1)40 The Frobenius form (5.5) in this case
becomes

w1!1/'

8[1 al: Ajl ae 1] Q K[t:1{2(1 — 2a)} — A[l al’

f— Z S(p,a) (1 + ya)(f H(tj — 13)—1(2161)—1)‘
p=1 u=1
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Let us compute 5[1,(1] (tk). Note that (1 + y,)(t¥) = 2t¥ if k is even, and zero
otherwise. Hence 0y 4] (t¥) is nontrivial only when k is odd, and in this case

by Example (b)

a a—1
Op.a)(t4) = Zs(p,a) (téc_l l_[(tf - Zuz)_l>
=1 u=1

— 5]
= Mg—1yj2-a+1.[1.a]"
The Casimir element is given by

b—a

g = (e ®1+1®1) Y 1247 @ (=1)el .y

r=0

5.4. Action of 31/ on the Schur 2-category. Recall Khovanov and Lauda de-
fined a 2-functor I'®: 81 — §¢ in [22], giving a 2-representation in terms of (equi-
variant) cohomology rings of partial flag varieties of type A. We now define an

analogous 2-functor

W — From.
On objects I is given by
I, if A = A(a),
X, 24— a 1 @)
0  otherwise.

On the generating 1-morphisms I" sends

L{s} s {Ra{s} if A = A(a),

otherwise,

Eily{s}— {Ra+i{5 +1+a; —aiy1} ifA = A(a),
1
0

otherwise,

R s+ 14+ai_1—a;} ifd=2A(),
Fily{s} —
0 otherwise .

(5.6)
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On the generating 2-morphisms I" is given as follows.

679

e If M is a monomial in only &;’s or only F;’s, then the multiplication map
identifies the bimodules I'(M) with a subring of R. Thus we will write the
image of I' on diagrams consisting of only upward arrows or only downward
arrows in terms of endomorphism of R which preserves the corresponding

subrings. Then

(2 =t 1(42) =t

1 l

Bar +1 ifi = j,
F( XA ): ([aj-i-l _tai-l-l) ifi =j+1,
i 1 otherwise,
Bar—1 ifi = j,

r(}@ )= ta, —1a)) ifj=i+1,

roJ 1 otherwise .

e The adjunction maps are given by

4 i i
I‘([\ ): R" ® g+ia R - Sio +ai—1 —ait1}

1
— RM1— (%) A+ a;)},
f ®grH— a[ai+1,ai+l](fg)’

i —i —i
P )R — R @poin R {aimy —aisr + (o A)),

1 > Majy1.ai]>

2 —i —i
P(V): R @gein R {1+ aict — a1}

1

— RY=1+ (. A)},
5[1,ai](fg)’ ifi =0,
Ola;_,+1,4;,1(f8), otherwise,

f®g'—>{

5.7

(5.8a)

(5.8b)

(5.9

(5.10)

(5.11)
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F(U)

A

R® — R* ® g+id Ra+i{2 — 80 +ai—1 —aiy1 — o A+ o)),

1 — {ﬁ[l’”i‘f‘l] ifi = o,

Tla;_ +1,a;+1] Otherwise.
(5.12)

Theorem 5.8. The above assignments define a locally essentially surjective
2-functor
W — Frm.

Proof. Obviously I' induces k~! o y on the Grothendieck group; see Proposi-
tion 5.3 and the paragraph above it for the notation. Hence it is enough to check it
is well defined on 2-morphisms.

First, let us check the compatibility with the grading. This is obvious on the

A
generators x and t. For ﬂ , note that the coefficient a;_; for ;;a is the same as

the one for aif i # ¢, but it differs from the one for a by —1 fori = ©. This is why
—8;,0 appears in the degree shift on the left. Recall that A; = —a;—1 + 2a; —aj+1
and (eaiv, @) =2+ ;0. Hence

1=6io+ai—1—aj+1—1+ (eaiv,)t 4+ ;) =2+ 2a; —2a;+1

= deg(a[ai+1,ai+l])-
Using similar computations, we can verify that the other three adjunction maps
are compatible with grading.

Next, let us check the relations in £I/. By definition, the 2-morphism generators
which do not involve i = ¢ act in the same way as in [22], hence all the
relations involving only these generators are satisfied. The computations for
relations (3.2)-(3.6), (3.11), (3.16), even with i = ¢ involved, are also entirely
similar to loc. cit. , and we omit the details. The adjunction (3.1) fori = ¢ follows
from the fact that 5[1#,.] is a Frobenius form, see Example 5.7(c).

To check the bubble relations and the bicross relations for i = ¢, let us write
a =das, b = as4+1. By Example 5.7, we have

a
F(QA ) =2 Z(—I)Pelj,,[l’a]h—lo-l-1—2p+s,[a+1,b]’ (5.13)
' p=0
b—a
r(©r) = DD epartbh iy ) (5.14)

p=0
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Let z be a formal variable. Then we have

ZF( OA )Zs = 22Z(_1)peé’[1,a]22phs—2p,[a+l,b]Zs_zp

SEZ Ao—l+s SEZ p=0 (5.15)
C2[lin (=222 '
= ,
[licar1 (1 —1:2)
A s _ _1\P rpJ s—=p
(O ) = L e s
SEZ SEZ p=0
b (5.16)

e (T =1tiz)
B 1_[?=1(1 - tizzz) '

All bubble relations for i = ¢ now follow from that

LHS (5.15) - LHS (5.16) = RHS (5.15) - RHS (5.16) = 2.

To check the bicross relations (3.14)—(3.15), note that we have

F(><) (1®1)
= F(fi l) . (bia 111 g (—1)ses,[a+1,b])
5=0

b—a—1b—a—s—1

- F(ﬂ TD (X Y teduT T el @ (D e wiin)
k=0

s=0
=1®1,

r(><) (1®1)
= F(l h) : (Z(—l)“_s(laﬂei[l’a] ® 124
s=0

tel @i hele 1)

a 2(a—s)—1 .
e )k
([T ) (e L el @2 w0k
s=0 k=0
2(a—s)

2a-9)-k o k
+ Y dpaen  ed)en)
k=0

=—lg+1®1 -1 14+1.
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The last equality follows by noting that only the terms with k = 2a — 1,5 = 0
contribute. This shows that the relations (3.14) and (3.15) are correcton 1 ® 1. On
the other hand, a direct diagram computation shows that both sides of each of these
relations have the same commutator with multiplication by x ® 1 or 1 ® x, so the
relations are correct on all elements of the form (x? ® x?)-(1® 1) =2, @t ;.

This completes the verification of all relations of generating 2-morphisms
under I, and so I is well defined on £I/.

Finally, by Proposition 5.3 and (5.2), the j-Serre relations hold in the Grothen-
dieck group, so Proposition 4.10 implies that this representation of I/ factors
through 7. We are done. |

Remark 5.9. A cyclic version of £l was introduced in [2]. There is also an
analogue of the cyclic version for {1/, and let us denote it by £I/-¥¢, In the definition
of I', if we use adjunctions defined by Demazure operators dy,, ,, in Example 5.7
instead of 04 3], then the same formulas define a 2-functor /% — F, ,,,; we will
not use this version in this paper.

5.5. Decategorification. A 2-representation of a 2-category € is a 2-functor
from € to the 2-category of k-linear categories. That is to each object of €,
we associate a graded k-linear category, to each 1-morphisms a functor between
corresponding categories, and 2-morphisms are sent to natural transformation
of functors. The 2-category §,m, has a 2-representation given by sending a to
R? -proj for a € ¥, ,, and the 1-morphisms sent to the functors

& =R ®pa—: R -proj —> R+i® -proj,
F = R¥ ®pga — : R*-proj —> R—? -proj.

Combining it with I" defines a 2-representation of I/ on @aezr,m R? -proj.

Since R? is a polynomial ring, all projective modules over it are free, so
Ko(R?-proj) =~ A for all a. We will identify this with the constant A-valued
functions on the set of the IF > points of G/Pa; these have a natural action of the
J-Schur algebra S{,m via convolution (and hence of U/ by the pullback of y (5.2)).
Let 4L(m) denote P,cyx, , Ko(R?*-proj), which we have identified with locally
constant A-valued functions on ||, G/Pa.

Under the duality of [6], if we identify Schubert constant functions on UG /P,
as the tensor product V®™, then this space has mutually commuting actions of
U’ and the Hecke algebra Hy,. The subspace 4L(m) C V®" is precisely the
invariants of Hy; if we set ¢ = 1, then L(m)|,=; = Sym™ (L(1)).
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6. Categorification and canonical bases

In this section we will show that a slightly extended version of the 2-functor
'3 — §,m is locally full. This leads to the completion of the proof of the
main theorem that the 2-category I/ categorifies 4 U/. Moreover, the natural
projection from 4U’ to the j-Schur algebra sends canonical basis elements to
canonical basis elements or to 0.

6.1. Local fullness of I'. Following the idea of [39, Theorem 9, Proof #2], we
prove the theorem below.

Theorem 6.1. If r = m, the 2-functor T: 4] — Fy.m is locally full.

Proof. We must prove that for any A, u € X, the functor
Homy (1. 11) —> Homg, ,,((2). (1))

is full, that is, it is surjective on morphisms. We may assume A = A(a), u = A(b)
for some a, b € %, ,,, otherwise the statement is trivial. By definition, the right
hand side is a full subcategory of the category of RP-gmod- R2. So it is enough
to prove the following (here we recall notation Hom® from Section 2.1).

Claim (x). Forany M, N € Jomy (A, ) monomials in &;, F;, the map
Ty, :Homg, (M, N) —> Homb,, emod. ga(T(M). T (N))
induced by T is surjective.

The proof will be carried out in two steps. Set

0=(0,1,2,....m—1,m,m,...) € Zpp. (6.1)

SteEP 1. THE caskE a = b = o. In this case, we are considering the category of
(nonsingular) Soergel bimodules, since I, = @ and R® = R. Let

Bs, = I'(Fota€o+ta)lo = R @rsa R{—1}for0<a <m—1.

Such bimodules are called Bott-Samelson bimodules. They are generators for the
I-morphisms 0 — o, since they generate the tensor category of Soergel bimodules.
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Next, recall the 2-category S&l from Remark 5.5, by definition the 2-functor
1 — St is full, and I" factorises through this quotient. Hence it is enough to show
() for 1-morphisms M, N in S{. But Ko(S£{(A(0), A(0))) is the same as Sy (0, 0)
by (5.3). Since the classes [B;,] generate the algebra Sy (0, 0), the 1-morphisms
FotaCotq for 0 < a < m — 1 also generate the 1-morphisms in S£L(A(0), A(0)).
Thus it suffices to show (%) for all M, N that are tensor products of Fo1;E0+44’s.

The category of Bott-Samelson bimodules has a description due to Elias and
Williamson [13], using Soergel calculus, via a set of generators and relations
for homomorphisms between them. We will not need the full power of this
presentation, just that it gives us a small set of generators for all morphisms; this
was shown earlier by Libedinsky using his light leaf basis [26]. Given a monoidal
category C and a collection C of objects which is closed under tensor product,
we say that morphisms between these objects are locally generated by a finite
collection F of morphisms if there is no proper subset of morphisms between the
objects in C which contains F', and the identity on each object, and is closed under
composition and tensor product.

Proposition 6.2 ([26, 5.1], [13, 6.28]). The morphisms between Bott-Samelson
bimodules are locally generated by (for s,t € S):

(a) all polynomial multiplications on the left and right;

(b) the unit, counit, multiplication and comultiplication for the Frobenius exten-
sion R D R*;

(c) the unique nonzero (up to scalar) degree 0 morphism

b:Bs ®r B ®r Bs++ —> B; Qr Bs Qr B; -+

mst mst

where mg; denotes the order of st in the Weyl group.

Thus, in order to complete Step 1, we must find 2-morphisms in £/ whose
images are the morphisms listed in Proposition 6.2. Let us consider these in turn:

(a) By the equations (5.13)—(5.14), we see that the degree 1 bubbles with label
o give £t;. Those with label a + ¢ give +¢, F t,+1 by [22, (6.23)], for
1 < a < m — 1. Together, these generate all elements of R acting on the
identity 1-morphism of o.

(b) The adjoints in LI/ are sent under I" to the adjoints induced by the standard
Frobenius structure for R O R* by the definitions (5.9)—(5.12).
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(c) Fixi,j elVandleta =i —candb = j —o. Lets = s and t = s3. If
li — j| > 1, then we simply need an isomorphism By, By, = By, B,,, which
is supplied by the following mutual inverse diagrams:

i1 J I 1o

If j =i+ 1withi > o, then b (up to a scalar multiple) is given by the
diagrams

JoJ i i J J io0j J i
B%’ C%. (6‘3)
i JjoJ i JoJoioi Jo
Ifi = oand j = ¢ + 1, then b (up to a scalar multiple) is given by the
diagrams

JoJoiodioJoJ i ioiJ Joioi Jo

ioioj o oioiJjoJ JoJoioioJoJoii
(6.4)
The confirmation that the morphisms of (6.2) act correctly is straightforward
from the definition. The case of (6.3) is confirmed by [31, 6.8]. Of course, we
could verify (6.4) by direct calculation, but in fact, we have arrived at this formula
systematically by applying the results of Elias [12] on Soergel bimodules for
dihedral groups. This gives a formula [12, 6.4] for writing the degree 0 morphism

in terms of the Frobenius square R O R®, R" O R*'. This square gives four
Frobenius extensions:

A=R, A =FR (6.5a)
A=R, A =R (6.5b)
A=R’, A =R (6.5¢)
A=R' A =R". (6.5d)
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Elias’s formula allows us to write the desired morphism in terms of
(i) all polynomial multiplications on the left and right;

(ii) the unit, counit, multiplication and comultiplication for the Frobenius exten-
sions A D A’ listed in (6.5);

(iii) the obvious isomorphism of (R*, R)-bimodules

Rs.tRs’t Q Rs.t R* @ps Rp =~ Rst RR = psut R*! QRs.t R’ ®prt Rr. (6.6)

Here and below, the left and right subscripts indicate the bimodule structure.
For example, gs.: Rg stands for R viewed as an (R*’, R)-bimodule. In order to
describe these 2-morphisms in terms of the category LI/, we need to consider
some auxiliary objects:

e 0,=(0,1,...,a—l,a+l,a+1l,a+2,a+3...)satisfies I, = {s,} and
R% = R%a,

© 05041 = (0,1,....,a—1l,a+2,a+2,a+2a+3,...)satisfies I,, =
{Sa,Sq+1} and R% = RSa-Sa+1,

Furthermore, recallinga = i —o and b = j — ¢, we have bimodule isomorphisms
(ignoring grading shifts):

10u8i10 >~ prsa RR, loffiloa >~ rRRRsa,

@ o
b

loa!bei((:j loa = Rsa-sp RSuRSu, loa,bgi = Rsa-sp RshRSb,

2
Loy FjFilo, = Rsa R* gsa.sy. lob:}'lg Moy = gon RY prasy.

In order to apply Elias’s formula, we must find a 2-morphism which induces an
isomorphism &;E;&;1, = 8§2) €j 1, since this will give (iii). Note that &; 8§2) lo =
0, since the flag variety corresponding to (0, 1,...,a+2,a+1,a+2,...) isempty.
The equation (3.5) shows that the 2-morphisms

B:_>g<’ C:>g<’
i J i i i J

are inverse to each other and thus give the desired isomorphism. Substituting these
into [12, Notation 6.4] gives the equations (6.3) and (6.4). Hence Claim (x) in the
case of Step 1 is proved.
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STEP 2. THE GENERAL CASE. Let us first assume b = o and a is arbitrary.
First, assume that we have found an object P € i1/ (A(0), A(a)) such that I'(P) =
aR and such that for Q € i1/ (A(a), A(0)) the adjoint of P, the product PQ has
1) as a direct factor in degree zero. Let n: 1) <> PQ be a split embedding.
Then T sends it to a split embedding R* = I'(1@)) — R = I'(PQ), with the
latter viewed as a (R?, R®)-bimodule. We have a commutative diagram

(%)

Homu/(MP,NP) _ Homu/(MPQ,N) —>H0mu/(M,N)
|r |r |r
Homg, , (T(MP),T(NP)) = Homg,, (I'(M) ®gas R, T(N)) 3 Homg, ,, (T'(M), T (N)).

Here (%) is the transpose of the map Mn: M — MPQ. It is surjective, so is
its image by I'. Since M P and NP belong to il (0, 0), Step 1 implies that the
leftmost vertical map is surjective. Hence, the rightmost vertical map is surjective
too. The case for arbitrary b follows from the same argument by considering
Homy, (OM P, QN P) on the left top corner for the Q defined for b.

It remains to find P. Without loss of generality, we may assume

Ao < Uot1 < < Uots = Aots4+1 = - =M, for some p. (6.7)

Indeed, if there is any index p such that do4p—1 = dotp < dosp+1, then let @’

be the sequence with ay, , = do4p+1 and a; = a; fori # o + p + 1. We have

a split surjection S"iaj;”+1_a°+”) i@ Eiaj;p+‘_a°+”) 5@ — lia), and hence
we get the following commutative diagram

Homyy, (MF gttt maetn) nglleotrai=dors)y  Homy, (M. N)

Ir Ir

Homg,, (D(MF et ri=aesn)y p(vgetrii=aet))) o Homg, ,, (I(M). T(N)).

The surjectivity of the left vertical arrow implies the surjectivity of the right one.
Hence, up to replacing a by a’ inductively, we are reduced to consider the sequence
of the form (6.7).

For such a, we have k < a.y; for all k. We choose a sequence i =
(i1,i2,...,1y) such that the weight A®) = A(0) + oy, + --+ + o, satisfies
A = A(a) and (%, A®) > 0 for all k > 0. To do so, we proceed induc-
tively: set a® = o and define a® = ;; a*~D forall k > 0. Let i; be the largest
element such that i} — ¢ < a;,. Given iy, we then

o iftheset{j < iy | a](-k) < a;} is non-empty, then we let i1 be the maximal
element in this set;

)

e otherwise, we let ix4; be the largest element of {j > iy | a](.k <aj}.
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(k) (k) (k) 9]
i1 — 4, =landa;” —a; 7,
ir = < this inequality follows from the fact that ag:) > 1. Thus, we have that
(90:1.\]/c ,A®) > 1 for all k. We then define the mutually adjoint 1-morphisms:

Then for each k, we always have a < 2. For

P = lk(a)ein Lo inmés 11(0)>
0 = LioJilanTi 10 ... Fi, 1a@)-

Since (eail A > 1 for all k, it follows from (3.7) and (3.9) that

A 0.,V (k)y_
) (aik’/\ ) 128,‘3}11—)1,1

ik
is split surjective. Hence 1, is a direct factor of &;, JF;, 1« of degree zero.
Applying this successively, we obtain that 1) is a direct factor of PQ of degree
zero.

This completes the proof of Claim (x) and hence the proof of Theorem 6.1. O

For an arbitrary r, there is an obvious problem with extending Theorem 6.1:
the images of the bubbles under " do not generate R? unless a; = a;+; for some
i ora, = 0. We are able to make the proof work for r > m, since one of these
conditions will be forced by the pigeonhole principle, but for » < m, the obvious
extension of Theorem 6.1 fails. However, this failure to surject to R? is easily
fixed, and it proves to be the only obstruction to fullness.

Fixing this issue requires us to add more 2-morphisms to I/, analogous to the
extension of Y discussed in [39, Section 2.1]. Let us write I/, I" and X, as LT
and X, , to indicate the dependence on rank r. Note that for r < s, there is a
natural embedding X, , — X, s given by sending the class of Y/ _ k;é&; to the

class denoted by the same notation in X, ;. We have a well-defined 2-functor
Lt U — W

which is given by the above embedding on objects, sending &;, F; to themselves
fori € I, and sending the generators of 2-morphisms in &I to the same diagram
in 4. Now, for each A € X, ,, consider the ring Z/(ls) = End(1;). Using
arguments as in [22, Proposition 3.6], we can see that Z/(ls) is generated by bubbles
indexed by i € I, and that for any pair of 1-morphisms M, N € &/, the space
Hom}, , (M, N)is generated by the image t,s (Homg, ,(M.N )) and Z )(f). We define
14/ as the full 2-subcategory of £/ | generated by objects and 1-morphisms in
the image of ¢ 1.
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Next, consider the embedding j, s: ¥, ,, < X, whichsendsa = (a1, ...,a,)
to jrs(a) = (a1,...,a,,m,m,...). This induces a tautological 2-functor §; , —
§s.m which is fully faithful, since R? = RJrs@ Moreover I intertwines tr,s With
this 2-functor. Hence we obtain a commutative diagram

Hom, (M, N) Hom{, (M. N)
Hom%y, ,nea. ga(T(M). T'(N)).

Hence T extends to a 2-functor I'*t: (/"' — F, .. and we have a similar
commutative diagram with 4/, T . on the left-downward arrow replaced by their
extended version. Now, if s = m, then the theorem implies that in the diagram
above the map I'as v on the right is surjective. Further by formulas similar to
(5.13)—(5.14), T" sends positive degree bubbles labeled by i to 0 if i > r + 1.
Therefore we have established the following extension of Theorem 6.1.

Proposition 6.3. The 2-functor T 4" — §,. . is locally full for any r and m.

Note that 47" only differs from 4/ by bubbles labeled by ¢ + r, which
live in strictly positive degree. Hence the canonical embedding £} — £
sends indecomposable 1-morphisms to indecomposable ones, and induces an
isomorphism on Grothendieck groups (as argued in [39, Proposition 3]). Applying
[39, Lemma 10], we have established the following corollary.

Corollary 6.4. The map Ko(V') — Ko (8r.m) induced by I" sends the classes of
indecomposable 1-morphisms in V) which are not annihilated by T bijectively to
the classes of indecomposable 1-morphisms in §y m.

6.2. Canonical basis. Recall the functor X: AU/ — K (il) defined in Lemma 4.6,
and the equivalence « in Proposition 5.3. By construction, we have a commutative
diagram

AU —2 5 Ko

ly lr (6.8)

Si,m <;_ Ko(Srm)-

Recall also the canonical basis B/ for AUJ defined in [30, Proposition 5.4, Theo-
rem 5.5]. It can be characterized as the unique basis such that y maps each element
in it to an element in the canonical basis of S7.,, for infinitely many m.
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Theorem 6.5. (a) The functor N: AU = Ko (£0) is an equivalence of categories.

(b) Assume the residue field of k has characteristic zero. Then R sends canon-
ical basis of 4 U’ to the classes of self-dual indecomposable 1-morphisms in 1.

Proof. To prove (a), note that R is identity on objects, and it is full by Propo-
sition 4.8. It remains to show it is faithful, i.e., the map N, ,: AU/ (A, p) —
Ko(SL(A, p)) is injective. Note that if u is in the kernel of R, ,, by the commu-
tativity of (6.8) and the fact that « is invertible, we deduce that y(u) = 0 for all
m € IN. By [6, Theorem 4.7], this is possible only when u = 0. We are done.
Part (b) follows from the characterization of B/ and Corollary 6.4. O

As a corollary of Theorem 6.5 and Corollary 6.4, we obtain the following
refinement of [30, Proposition 5.11].

Corollary 6.6. The map y: AU > S in (5.2) sends B’ \ (B’ Nker y) bijectively
to the canonical basis of S}, for all m.

7. Categorical action on category O

In this section, we assume k = C.

7.1. Reminders on Harish-Chandra bimodules. Let g be a complex semisim-
ple Lie algebra and t C g a Cartan subalgebra. Let U = U(g) be the enveloping
algebra of g and let Z be the center of U. We view the ring R = S(t) as the co-
ordinate ring of t*. Recall that the Harish-Chandra morphism &: Z — R is aring
homomorphism such that an element z € Z acts on a Verma module of highest
weight A by the value of £(z) at A.

Consider the dot action of the Weyl group W on t* by w e A = w(A + p) — p,
where p is the half sum of positive roots. Then & sends Z isomorphically onto W -
invariant functions on t* for the dot action. Equivalently, the central characters of
Z are in bijection with W-dot-orbits in t*. For A € t*, denote the corresponding
central character by y, and write /) = ker y,.

We say that y, is integral if A is an integral weight of g. Let 7, be the
completion of Z at A. Let A*: R — R be the pull back of the translation map
t* > t*, x > x + A. Then A* 0 £&: Z — R induces an isomorphism Z; ~ R"*,
where R is the completion of R at the ideal generated by t, and W, is the stabilizer
of A under the dot action. We abbreviate R* = RW* and denote by m, the maximal
ideal of R"x.
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Recall that a Harish-Chandra bimodule over g is a (U, U )-bimodule for which
the adjoint action of g is locally finite [3, 35]. Typical examples of Harish-Chandra
modules are £ ® U, where E is a finite dimensional left U-module. The left U-
actionon EQ®U is induced by the g-action suchthat u(x®y) = (ux)Qy+x(uy)
for u € g, and the right action is the right action of U on itself. In other words,
it is the tensor product of U with E considered as a bimodule with the usual left
action and trivial right action.

Let J{ be the category of finitely generated Harish-Chandra bimodules of finite
length. It is a direct sum of subcategories of the form

3Hu = (M € H|IJ]M = MI" = 0 forn > 0}

for A, u € t*. Let 3}, be the full subcategory of 3}, consisting of modules M
such that M1 = 0. Let ﬁx be the completion of U at ;. Let AJA{M denote the
category of finitely generated U,,0 1,)-bimodules.

Theorem 7.1 ([35, 37]). (a) There is a unique exact functor
V: 3 H, — R*-mod- R*

defined by the property that it sends the unique simple module of maximal
Gelfand—Kirillov dimension to the trivial module C, and all the other simple mod-
ules to zero. For each n = 0, it induces an exact functor

. DA D
V: 1K), — R”*-mod-(R" /m7},).

(b) For any n > 0, the category 3,37, has enough projective objects, given by
direct sums of direct summands of modules of the form E @ U/(UI}}), where E is
a finite dimensional g-module.

(c) For any n > 0, the functor V restricts to a fully faithful functor on the full
additive subcategory ,'P), of projective objects in )J(},.

Proof. The definition of V is given in [37, p.357], Part (b) is proved in [37,
Theorem 1.1], and Part (c¢) follows from [37, Theorem 4.1]. O

Let M be the category of (left) U-modules M over which Z acts locally finitely.
It is a direct sum over u € t* of subcategories , M C M consisting of modules
over which 7, acts locally nilpotently. Denote by pr,: M — ,M the projection
functor. Let j; M C ,M be the full subcategory consisting of modules over which
I} acts trivially.
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Recall that a projective functor M — M is a direct summand of £ ® —
for some finite dimensional U-module E. Direct sums and compositions of
projective functors are again projective functors. Given E a finite dimensional
representation, consider the projective functor

F: M — M, M+—pr(E®M).

It is nontrivial if and only if A — pu is a weight of E. The restriction of F to the
subcategory , M is represented by a direct factor , ®(E)}, of £ ® U/U 1]}, which
is an object of 1 P},. For m > n, we have a projection , ®(E)j} — 1 P(E)}, =
A@(E)}; /1. Taking the limit yields an object ,®(E), = l(iLnACID(E)Z in AHT(M
which represents the functor F. Let ACIADM be the full additive subcategory of WK "
generated by direct summands of , ®(E),, for all E.

Corollary 7.2. The functor V induces a fully faithful functor

V: 3P, — R*-mod- R*.
Proof. To see this, note that for any object M in ;@M we have M = Lln M/MI.
Applying V to the natural projection M/ M1} — M/M 1 yields a surjective map
V(M/MI]) — V(M/M]I}). Define V(M) as the limit of the projective system
{V(M/MI}})}n>o. It is still an object in R*-mod- R*. We have \A/(M)/m/’i =
V(M/MI[}). Finally, for two objects M, N in ACIADM, we have

HomA,JgM (M,N) = l<i£1H0m5{(M, N/NI})
= lim Hom, ¢y (M/M 1}, N/N1},)
= LiLnHomﬁA@)ﬁu(V(M/MI[Z), V(N/NI}))
= 1im Hom gy g e (V(M) /. V(N) /m},)
= Hom g, g g (V(M), V(N)).
where the first equality is the universal property of projective limit and the second

oneis because I} C Z is central, the third equality is given by Theorem 7.1(c). [

Lemma 7.3. For M € A@u and N € MT’J\DV we have M ®g, N € 3P,. Moreover
there is a natural isomorphism 17(M ®g, N) =~ KA/(M) ® pu KA/(N), which is
functorial with respect to M and N.

Proof. The first statement follows from the fact that composition of projective
functors is again a projective functor. The proof of the second statement is similar
to [35, Proposition 13], details are left to the reader. O
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7.2. The case of types B and C. Now, let us apply the above results to
the type B/C situation. Let g = soypm41 Or g = sp,,,. We choose a =
(@ao,a140,-..,ar—o) € X m,m; by convention, we have a,+, = m. To this vec-
tor, we associate a weight p(a) € t* such that

u@ +p=1(,...,0,—1,...,—1,...,—r,...,—r)

with 0 appearing a., times, and —k appearing ay ., — ax—o times for k > 0. By
definition, we have that W,,(y) is the subgroup of W generated by the reflections
in I, C S (see Section 5.2 for notation). Thus, we have R%w@ = R2. Note that
if g = sp,,, then every integral central character is of this form for r sufficiently
large. For g = 502,,+1, we have p € ZZLI (Z + %)ea, and so the highest weights
for modules with central character y(a) lie in ), (Z + %)ea; in particular, the
block of the spin representation lies in this image and the block of the trivial
representation does not.

The weights of the natural representation V' are +e; for k = 1,...,m for
g = SPy,, (and O in addition for g = s02,+1). Hence we have , ®(V) ) is
nontrivial precisely when A = p(4;a) for some i € I/ (for 4;a as in Section 5.2),
or A = pu(a)if g = so02,+1. Recall the bimodules &;1,, ¥; 1, from Section 5.2,
and let &; 15, F; 1, be their completions with respect to their grading.

Lemma 7.4. We have
@(M(Ha)q}(v)u(a)) = éilay ﬁ\/(;L(_,-a)CI)(V)M(a)) = ﬁila- (7-1)

Proof. The image V(, +:2)P(V) u(a)) is @ completed singular Soergel bimodule.
Its rank as a left module over R+i? is the number £ of weights v of V' such that
w(a) + v is in the dot-orbit of 1 (4;a). This is precisely a; —a;—; if i > ¢ and 2a,
ifi =o.

We claim that &; 1 is the only completed singular Soergel bimodule with this
property. By [40, Theorem 1], the indecomposable singular Soergel bimodules
are in bijection with the cosets W+ia\W/ Wa. By [40, Section 7.5], the rank 0£ the
bimodule associated to a longest double coset representative w as a free left R+i2
module is the sum ZueW/ w, Piv.u(1) where pi,  (x) is the parabolic Kazhdan—
Lusztig polynomial. The constant term of pj, ,(x) is 1, and all its coefficients are
non-negative by [10, 3.11, 4.1], so p§, ,,(1) > 1 whenever uW, < wW, in Bruhat
order. Thus, the rank of an indecomposable singular Soergel bimodule over R+i8
corresponding to w is at least the number of left cosets less than wl¥, in Bruhat
order. This number is £ for the double coset of the identity, and thus > ¢ for any
other coset.
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Thus, éi 1, is the unique singular Soergel bimodule with rank £, which shows
the equality V(,, 4+ P(V)uia)) = &ila. The same argument with left and right
hand actions reversed shows that \A/(M(_I. ) P(V) ua) = Fila. O

For u = p(a), A = u(b), recall that by Proposition 5.3(a) the category §(a, b)
defined in Section 5.2 is a full subcategory in R®-mod- R®, hence we have an
obvious completion functor ™ §(a, b) — R? -mod- R".

Lemma 7.5. There exists a unique functor
U:3(a,b) — ACIADM
such that
V o U: (a,b) — R?-mod- R®
is the completion functor.

Proof. By Corollary 7.2, the functor V induces an equivalence between AZTDM and
its image. Hence to prove the lemma, it is enough to prove that the image of §(a, b)
under the completion functor lands in V (j P ). This is a consequence of (7.1) and
Lemma 7.3. O

This shows that the 2-category §, » has 2-representations given by sending a to
the category ,,(ayM, or more generally, to any subcategory of ;)M closed under
the action of projective functors. Composing with r:4 — Sr.m from (5.6), we
obtain the following theorem.

Theorem 7.6. The category ) has a representation sending A in X, to the
category @M if A = A(a) for a € X, ,,, and to zero otherwise. This action
descends to the intersection of ;)M with any subcategory of U -mod which is
closed under the action of projective functors, including:

o the subcategory of finite length U-modules,

e the subcategory of finite dimensional U -modules,

o the subcategory of modules locally finite for a subalgebra t C g,
e the BGG category O and its parabolic generalizations OF,

e the subcategory of projective-injective modules in these categories.
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Tracing through the definitions, this action sends the 1-morphisms €4; to the
translation functor from the block ;)M to | a)M. By (7.1), these are always
given by summands of the functor V' ® — of tensor product with the defining
representation. In future work, we will expand the discussion of this categorical
action in greater detail and describe further applications.

Appendix A. Categorification of the j-Serre relations

In this appendix we shall derive some bubble slide formulas. We then prove the
identities (4.11) and (4.12). This completes the proof of Proposition 4.3 on the
categorification of the j-Serre relations.

A.l. Bubble slides. We first provide several bubble slide formulas for £/, which
are the counterparts of Lauda’s bubble slide formulas [24, Propositions 5.6, 5.7].

We recall our convention that all the strands without labels should be viewed as
labeled by ©.

Lemma A.1 (bubble slides). The following relations hold for all A € X, (recall

)Lo — <9 \Y, )L))
’ g A.l
$_A9a_3 +T 92+a Z(s + 1)—/10 —5+a— s$ ( )
A A ‘
AO‘FC(IZ/l + )LO+2+O[ Z(S + 1) AO 1ta—s ’ (A.Z)

Gr= Oti- OF- Otis O

/1<>—1+(¥ /{o-‘r()l—l /1.<>+Dl X<>+Ol+1 A<>+2+Ol
(A.3)

—Ao— 5+ /1<>+ot 5 )L<>+a 4 —Aota—3 /1<>+ot 2
(A4)

Proof. We shall first prove the case when A, > —2. Note that in this case only
real bubbles appear on the left hand side of the equation (A.2), since bubbles with
negative degree are set to be 0. We shall proceed in the following steps:
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prove (A.1) for o > A, + 3, and prove (A.2) for all «;

prove (A.3) by using (A.2);

to complete the proof of (A.1) for 0 < o < A, + 2 (fake bubbles), we use
induction on « based on the definition of fake bubbles, with the help of (A.3).

prove (A.4) by using (A.1) (similar to (b)).

We now proceed with Step (a).
From the relation (3.14), we have (for m > 0)

$(§1+T(§*

m+1

A Ao+3
Y Getd- O }A

=0 —ho—5j| Aet3TIAm

£ ot

—Ao— 547
A<>+3
S Qedd—jy) O tr
;) ¢ —Ao—5+j Ao+3—j+m
/1<>+3+m
- Gotd—jt+m O tr
j;) ¢ sy j| Aet3—itm

Replacing m + A, + 3 = « above, we have proved (A.1) for @ > A, + 3 (thanks
tom > 0).

In an entirely similar way, we can prove (for « > —1 — 1,):

Orr+ A—Z(s+1) Qe

Aota+1 Ao +2+a Ao—14+a—s

On the other hand, if « < —2 — A, then ¢ < 0 by the assumption in (a). If
a < 0, both left and right hand sides of the identity (A.2) are 0. If « = 0 (which
is non-trivial only when A, = —2), then both sides are equal to 21 4. So we have
established (A.2) for all «.
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Let us proceed with Step (b). We can rewrite the right hand side of (A.3) as

follows:

ofi- oo olss O

/{<>+Dl—1 /l<>+a /’\,o+0[+1 /1.<>+2+Cl
3 2 2
=( Othi+ Orr)-2( Orr+ O9r)
/{<>+Dl—1 /l<>+a /1.<>+Ol /1.<>+d+1
+( O+ O )
Aota+1 Ao+2+a

Then by applying (A.2) three times, we obtain the identity (A.3).

Now we proceed with Step (c), that is, we prove (A.1) for 0 <o < A, + 2 by
induction on «. Thanks to the bubble relations (3.7)—(3.9), we have

—)k<>—2 /1.0—1

and a recursive definition of fake bubbles as follows, for o > 0:

, Oy O G
—Ao—2+4+a =1 Ao—14+] —Ao—2+a—I
(A.5)

=—Z O Q.

/’\0—1+l —Ao—24a—1

The base case « = 0 of (A.1) is trivial, since both sides of identity (A.1) are

.



698 H. Bao, P. Shan, W. Wang, and B. Webster

The case o = 1 of (A.1) can be verified using (A.3) by writing the fake bubbles
in terms of the real ones using (A.5). For « > 1, it follows by (A.5), the inductive
assumption, and (A.3) that

(ba 18
-39 é* 1.0, .80

)L<>—1+l —)\,o—3+(¥—l )\,o—l+l —)\,o 2+(¥ l

_Z( Oy 4 O

Ao+l 1 Ao+l

+ O Ot Q-

Ao+l+1 Ao+1+2 —Ao—34a—I

+3(- Otv+ O

= Ao+I—1 Ao+l
Q'
v ot O
Aotl+1 Aot+l+2 ~do—2+a-l

To simplify the right-hand side above, we will compute 4 sums (each of 2 sum-
mands which line up vertically) as follows. First, by the induction hypothesis and
using the relation (3.9), we have

o

ot o (- o F
Ao+l 1 —Ao —3+a—! Ao +j 1 —Ao —2+a— l

l=1 =1

=XZ:(_ Ao_fl) (Z(s—l—l) o l}ﬁs
—Z(erl)( Z C G)H—oco )}*iﬁ

_1 )LQ 1+l —)LQ 5+a l —S

=—2((x—2)}\:.
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Similarly we have

o

A
ot Cl)+x(of Gl
,10_,_1 —Ao —34a—I Ao+l —Ao—2+4a—1

=1

o

Q*
)+ x(, © )
/1<>+l+1 —/\0—3+a -l Ao+I+1 —Ao—24a—1

=1 =1

=2ua }\2

Finally, by the definition of fake bubbles in (A.5) we have

Ao _,_1_,_2}\ —Ao—3+a—I Ao +1+2T —Ao—2+a— l

zoi(s—i-l)( Z O O)H—ao ) T‘S

=1 Aot+2+] —Ao—54+a—I—s

+
I=

—ZZ(s—I-l) O ?.

—Ao—5+a—s

Summing up the above 4 identities, we finish the proof of (A.1).

The proof of Step (d) that the identity (A.4) follows from (A.1) is entirely

similar to the proof of Step (b) that the (A.3) follows by (A.2). We skip the detail.

This finishes the proof of the bubble slide formulas for the case A, > —2.

The case A, < —3 is entirely similar, where the left hand side of the identity (A.1)
involves only real bubble, hence can be easily proved, as well as the identity (A.4).
The proof of the identities (A.2) and (A.3) follows a similar argument as above.
Alternatively, we could simply apply symmetries of £{/ in Section 3.3. O

Corollary A.2. The following relations hold for all A € X:

T [s + 1 }*
Ao—2+a —0 )L —5+a—s
A= Z [

NeG .
)L<>+2+Ol Ao—14+a—s
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Proof. The proof follows from Lemma A.1 by induction on «. |

We can also formulate the downward arrow counterparts of the bubble slide
relations in Lemma A.1. The proof is similar, hence shall be omitted.

Proposition A.3. The following relations hold for all A € X:

Q*r+| Q12 —Z(s+1) o

Aota—2 Ao—1+4a S— Ao—d+a—s

A+ l A=y (s+ l)i ;
—Ao‘i‘ai —Ao+14a Z /1<>—2+a —s

o2+« —Ao— 2+ —Ao— 1+ —Ao"ra —)n<>+1+

Ol =G -1 G -4 G| G

Aota—4 Aot+a—4 Aota—3 Aota—2 Aota—1

C},A_ s+1‘L
o—4+a—s

Ao—14a

ll_zs—i-l idl

o—2+a—s

—Aot1+d

A.2. Proof of Proposition A.6 . In this subsection, we shall first establish a vari-
ant of the identity (4.11), as a preparation toward the proof of the identity (4.11).

Let A € X, with A, > 2. Recall the 2-morphism « € End(€,521,) in
Lemma 4.1. The following lemma follows from the proof therein.

Lemma A4, We havek -1, =0, for0 <t < A, — 3.

Let us define

K2=2 é and K3=§ O
a+b+c——2 a+b+c——3



Categorification of quantum symmetric pairs I 701

Recall the definition of ¥ in Lemma 4.1 uses ts, which consists of the top parts
of k, and k3. An alternative way of decomposing « is available by use of the low
parts of k» and k3. To that end, we set

k=id, g0 — Y L (A.6)

The following lemma is a counterpart of Lemma A.4, whose proof is skipped.

Lemma A.5. We have 1,1y = 85, idg,1,, for0 <s <A, —3and0 <t < i,—-3.
Moreover, we have 7t; -k = 0 for0 <t < A, —3.

Recall the diagrams B, B, Pr,C1,C, and I, for 0 < k < A, — 1,
from (4.7)—(4.8). We shall establish first a simpler version of the identity (4.11).

Proposition A.6. The following identity holds in T

B
K - Bz
Po €1 Gk Iy o D] =10 42)x (e +2)- (A7)

_PA‘O_I_

The proof of the identity in Proposition A.6 is divided into Lemmas A.7-A.13
below. As we shall not need the relation (3.17) in the process, the identity holds
.o
in 4.

Lemma A.7. We have By - C; = 0and By - C, = 0.

Proof. We have

A A

B,-Cy=— = — =0.

The proof for the second identity is similar and will be skipped. O
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Lemma A.8. We have Py - Iy = 8k ¢idg,1,, for 0 <k, { <A, — 1.
Proof. By the bubble relation (3.9), we compute
_1 @ _
Pe- Iy =7 s—l—Xt;l lgx;tlkﬂ (Sk,ll- O
Lemma A.9. We have By - Iy =0and P, -C, =0, for0 <k <A, — 1.

Proof. We have

v

! ! O

B Ik = — — s = — u =0
1 2 s-|§=:k 9 A 2 u+v-|§k—1 d A
—Ao—2+t —Ao—2+t

thanks to the vanishing of bubbles of negative degree in relations (3.7)—(3.8).
Again because of the vanishing of bubbles of negative degree in relation (3.7),

we have
Ao—1—k
Pk . Cl = A = 0. O

Lemma A.10. We havek - By - I, =0, for0 <k <A, — L.

Proof. We have

1 1
Boli=y 2 | & =3 X

s+t=k u+s+t=k—1

—Ao—2+t

Hence B, - I} is of the form

By- Iy =) - xi.

0<t<Ao—3

for some suitable x;. By Lemma A.4, we have

K-B2‘1k=2m,x,=0. O
t

Lemma A.11. We have Py, - Cy -k =0, for0 <k <A, — 1.
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Ao—1—k
Pr-Cy = A,

Pe-Cy= Yy,

Proof. We have

which is of the form

0<s<Ao—2
for some suitable y;. This implies by Lemma A.5 that Py - C, -k = 0. O
Lemma A.12. We have B, - C; = id?(z)SOIA .

Proof. Using equation (3.15), we compute that

: : .
v -8 1l
X1

Q

A

s

where
. .
b 2 =0, ford, > 2,
a+b+c=-2 Qa
because of the bubble relation (3.7). O

Lemma A.13. We have k - B - C, = k.

Proof. We compute that

A

By-Cy = = > | r-
a+b+c=-2 a
32

Note that the third summand above equals ideo F@ 1, and the second equals 0.
Denote by Y the first summand above. It remains to show thatx - Y = 0. Note that
Y isof the formY = > _,_, 3tz for some z,. This implies by Lemma A.4
that k - ¥ = 0. The lemma follows. O

c A A

Therefore, we have completed the proof of Proposition A.6.
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A.3. Proof of the identity (4.11) . Now we would like to modify some 2-mor-
phisms involved in Proposition A.6. Introduce

A=Y, B=1: I e
fﬂ\/k 2u+s§:=—3 }(%A ﬁ\l

1 1 1 J 1 U
LD B CR RO DO T s

u+s+t=—3 ey ry -1 ry
We define Iio_l =(1—-C+ D)- I, _;. Itis easy to show that

1 5 A 1 s
TS M B FRECA R SR Re ¥
stt=Ao—1_| —Ao—2+t¢ s+t+u=Ao—1 —Ao—2+t
=L,.1—12)+1(3).
(A.8)

The second line above defines /(2) and /(3) as the second and third summands
without signs in the first line; these notations will be used below.
We also define P; = Py - (1 — A + B — E). Then we can show readily that

Bl i 1S
G ikm_ © ym -

=Po—PQ2)+ P(3)— P(4) + P(5).
The second line above defines P(2), P(3), P(4), and P(5) as the second to fifth
summands without signs in the first line.

We would like to redo Proposition A.6 with 7, _; and Py replaced by / /{0_
and P;, respectively.

1

Proposition A.14. The identity (4.11) holds, that is, we have

By
K'Bz

/ .
Py -[C1 Cr-k Ip -+ 1,{0_1]=1d(/10+2)x(xo+2)~
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Thanks to Proposition A.6, we only need to consider the relations involving
PgorI; _,. The computation is divided into Lemmas A.15-A.21 below.

Lemma A.15. We have B; - 1/{0_1 = 0.

Proof. Recall from (A.8) that 1/{0_1 = I,-1 —1(2) + I(3). By Lemma A.9
that By - I),—; = 0. By the same argument as for Lemma A.9, we show that
By - I(3) = 0. Finally, we have

The lemma is proved. O
Lemma A.16. We have k - B, - I )’L ;=0

Proof. We compute that

t+s=—1 SQ A

B,-1(3) = Yo G+

a+b+t Ao—1 u+s+t=/l<>—2
—Ao —2+t

Observe that B, - I(k) for k = 2, 3 are of the form

By I(k) =) t/-ey

for some o;, and this implies by Lemma A.4 that « - B, - I(k) = 0. Recall
k- By 1I),-1 =0 from Lemma A.10. The lemma follows. O

Lemma A.17. We have P, - Iio—1 =0,for0<k <i,—1

Proof. We have Py - I, ,_; = 0 by Lemma A.8. Now we compute that

Ao—1—k

— ; ! (5 A
Pr-(=12)+103)) = - +5 2t
! m 2 u+S+tZ=A.<>—1 i d .

s+Ao—1—k

A A
Thoa bt
o—1—k o—1—k

The lemma follows. O
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Lemma A.18. We have Pj-C, -k = 0.

Proof. Recall from (A.9) that P; = Py — P(2) + P(3) — P(4) + P(5). First we
note that

P(4)-C, = Om A =0;

similarly it can be shown that P(5) - C, = 0.
On the other hand, we compute that

QE’A O |+
PQ2)-C, = = > J ,
a+b=-1 /](‘><

and

SQA
P3)-C= > " t

u+s+t=—3

uts+t=—4

= Z (u+1)ui;<%l.

The particular forms of P (k) - C,, for k = 2,3, allow us to apply Lemma A.5 to
conclude that P(k) - C, -k = 0. Note Py - C, - k = 0 by Lemma A.1l. The lemma
now follows. O

Lemma A.19. We have P} - C; = 0.

Proof. First we compute that

A
P(2)-C1:Q<‘L =0.

On the other hand, recall from Lemma A.9 that Py-C; = 0 thanks to the vanishing
of bubbles of negative degrees. Similar computations show that P(i) - C; = 0
(i = 3,4,5) again thanks to the relations (3.7) and (3.8). The lemma is proved.

|
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Lemma A.20. We have P§- I =0, for0 <k <A, — 1.

Proof. Recall Py - I = 0 by Lemma A.8. We now compute that

D &
PorPeNE= Y £ 43 Y Y 4 =0

s+t=k = —),—2+t utv+w=—3 str=k w{j’“

—Ao—2+t

by the bubble relation (3.9). In addition, thanks to the vanishing of bubbles of
negative degrees, we have P (i) - I = 0 fori = 4,5. The lemma follows. O

Lemma A.21. We have Py-1; _ =0.

1

Proof. We compute that

A

A 1
P(; . ])/LQ_1 =Py 1,1 — \t + 5 Z f‘és
o uts+t=Ao—4 Q[

. f(ﬁ)tA Jrz(ﬁlA - 3 s+ f(ﬁ)tA

s+t==3 s+t=—3

A A

N Z th _ Z (s+1) f@t
s+t=-3 s+t=-3

1
+§ Z a+

a+b+c=—3
u+s+t=-3

+Q1' -4y Gy
=(§y JrcﬁliA - Y G+ f(ﬁ)zA —o0,

s+t=-3

<

ok
o -ol"+o" -0l
ﬁﬂ l l l

where the last identity follows from Lemma A.1. O

This completes the proof of Proposition A.14.
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A.4. Proof of the identity (4.12)

Proposition A.22. The identity (4.12) holds in ', that is, we have

- B ]
K-Bz
[C1 Cr-k Ip - /{0_1] Py
| Pao—1]

ﬁ;ﬁ Ko BT TN

The last identity follows from the relation (3.17). So it suffices to prove only the
first identity. We first compute [ C1 Ca«]- [K?éz ] . We list the relevant computation
in the following lemma.

Lemma A.23. We have

A
A

(©)

R FPO ] SRS T ML e

s+ttu=-2 ¢ s+t+u=—-2 §

1 A4 1 R Su+1
+ 5 Z 0\{ 2+ 3 Z QJ P
stttu=—2 R+l stttu=—2 R+l

N
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(d)
1 1
C2 ‘K3 B2 = 5 Z @ i}’g A + 5 Z 0 i},‘uz—l
s+tdu=—3 5 Y s+ttu=—3 Y
1 1 1
A ot el s ot
s+ttu=—3 S R+l s+ttu=—3 [yl
C2'K2'Bz—C2'K3'BZ
1 v
:52 l81+ @+1) Y u\{gx
s+t+v=-3 mt v+t+u+v——4 nt
(e 1 v 1 v
B N PRI S
s+u+v=-3 Sm s+ttutv=—4 va
1 % 1 1
32 i A +5(§l 2 O i
stu+t=-3 Smt -1

Proof. The first four items are straightforward. Here we show the computa-
tion for (e). We remind the reader that we shall use the bubble slides lemma

(Lemma A.1) extensively here. We have

C2'K2'Bz—C2'K3'Bz

1 1 +1
- _ Z Q }/ka + = Z @ J/le
2 . 1 2 d 1
s+t+v=—2 ¥ Y+ s+t+v=—2 S [yt
1 1 +1
3 L Ohtioy T
2 3 ot 2 2 ot
s+ttv=—3 & s+ttv=—3 [a*
1 1 +1
i 5 O }(Uv/{ n 5 Z O lUvA
s+ttv=—2 R+l stttv=—2 [yl

1 Uv 1 X Sv+1
2 s+t+2v=—3 Sé \{ f‘!&“ 2 s+t+2v=—3 Sé \{ f‘!&il

:%s 3 (u+1)u$8v1—%2 Ql%x

+u+tv+t+1=-3 Sm+1 s+t+1=0 s
1 v

5 X wa @t ¥ oL
s+u+1+v+t=-3 va s+2+t 0 s

+% > (u+1)u+f x——Z Qi

stut+v+i=-3 s=—1 s
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=% 3 (u+1)M{E§A+— 3 (u+1)u+&8”x

‘utvt+i=—4 m+l stu+v=-3 m

SRV R PNl b

Stutvt+e=—4 Ve, s+t=—1 s Y

LE Sk Bk

s+t=—-2 § =—1 s
. 1 v
=§Z J/;B)L‘l‘i Z (M—Fl)u}/;gl
s+t+v=-3 m s+u-§;{v2+1t=—4 m
1 v 1 v
) Z u 8 Y Z U 41 8 A
s+u+v=-3 %f\— Stutv+t=—4 ?f!j
1 1 1
32 %“Fg@ful—g @iwl
Stu+t=-3 Sm s -1 a
This finishes the computation. |

Then we compute the product
Py

[l 1 ]-]
P .1

Recall the definition of Pj and / /{0_1 in (A.8) and (A.9). We list the relevant
computation in the following lemma. The computations are straightforward, hence
the proof shall be omitted.

Lemma A.24. We have

Ao—1
(a) Z I - Py = 8 A
t+s+v——3

r¥

O 1@+ P == ] 4
m v+s+tu=-3 m
Y

(c) lo- (=P2)+ P(3)) = A+

ﬂ
@ o (P + P(5) = %@J . @{UA.
-1 r
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Now combining Lemma A.23 and Lemma A.24 gives us Proposition A.22.
Finally Proposition 4.3 follows by Proposition A.14 and Proposition A.22. This
completes the categorification of the j-Serre relations.
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