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Huehn: Newtonian Gravitational Potential For An Oblate Spheroid

Newtonian Gravitational Potential
For An Oblate Spheroid’

KemeroN L. HuEnN?

Abstract. By considering a boundary value problem of
Laplace’s differential equation, we construct a gravitational
potential function for an oblate spheroid using Newton’s law
of universal gravitation. We construct this function by retain-
ing only four terms of an absolutely convergent series. The
first of these four terms is the contribution due to a sphere
while the other three terms contain coefficients which are
functions of the oblateness of the spheroid.

INnTRODUCTION
Newton’s law of universal gravitation for “point” masses states
that every two particles of matter attract each other with a
force which acts along the line joining the particles and whose
intensity varies as the product of their masses and inversely as
the square of their mutual distance apart.

An oblate spheroid is the solid formed by revolving an ellipse
about its minor axis. We assume that matter is continuously
distributed throughout the spheroid.

BounpARY VALUE PROBLEM

In spherical coordinates (R,8,a), Laplace’s differential equa-
tion for a function V, of (R,8,a), is

sin 8 Dg(R®DRV) + Dg(sin B DgV) +
csc B Dy(DgV) =0
(1)
where D, = %l—, for u = R,B8,a. The oblate spheroid is found
by revolving the ellipse

52+ (H2=1, a>b>0
(2)

about the z-axis. The spherical coordinates corresponding to the
rectangular coordinates (x,v,z) are
x = R sin 8 cos «
y = R sin 8 sin (8)
z — R cos B

1 This paper is a portion of the author’s Master of Sceince thesis written under the
suggestion and guidance of his major professor, Dr. Clair G. Maple.
2 Jowa State University of Science and Technology.
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We require the potential function to be symmetric with respect
to the z-axis by setting
DaV = 0

Equation (1) reduces to
Dg(R2DRV) + csc B Dg(sin B8 DgV) = 0.

(4)
1t has been shown in Churchill (1941) that

R"(m+l)Pm(cos 8)

5
is a solution of (4) for each non-negative integer m where(P,z,
is the Legendre polynomial of order m. Further, a linear com-
bination of terms of type (5) is also a solution to (4). The
gravitational potential function that we seek is a linear combina-
tion of terms of type (5) which satisfies a boundary condition
that we are going to construct next.

The potential function due to an oblate spheroid, given by
(2), at a point R (R = a) on the axis of rotation is given by

b X
xdxdz
1(R) = 2npG [ [ ——
-b 0 (R-2z)¢ + x

(6)
where G is the Gaussian constant, p is the homogeneous density
constant and

g (%)2(b2 - 2z%), a>b >0.
(7)

It we integrate (6) with respect to x, we get

b R
) = 2we [ V(22 + @205 o

b
- {b(R-Z)dZ].

(8)
If S is a positive real number such that
2 2
b2

then the first integral can be written as
https://scholarworks.uni.edu/pias/vol69/iss1/66



Huehn: Newtonian Gravitational Potential For An Oblate Spheroid

1962] GRAVITATIONAL POTENTIAL 433

s-1 I f) (R2+b S<) - (3224-1%)2 dz.

TN
(1

For R = a > b > 0, we make the following change of variable

n (10):
z = S'2[-R + (%);/ R® + 1252 sin E]
(11)
If we use (11) in (8) and integrate the second integral directly
then we get
. E
2(pl 1n2a2 2
iI(R) = 2nps[aﬂ +b78%) |
v2s’ E
1
cos®E dE - 2Rb]
(12)
where
2a2
sin By = Rb_- b5 and
a ,‘ R2 + b252
2a2
sin E, = Rb _+ b°S =
RZ + b2S
(13)
If we let
_ b
~ R (14)

and integrate (12), we get

2 2
I(R) = QﬂPG{:__EiliK_l - B+

oRKD

sin E2 cos E2 - sin El cos E‘l) - 2Rb],
(15)

where
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2
sin E; = b - RK and
2
aJ1l + K
2
sin E2 - b + RK
ayf 1 + K
(16)

From (16), we find that
sin E2 cos E2 - sin El cos El =

2K§a2 - 2b2)
a®(1 + K°)
(17)
and
2K
E, - By = arcsin l:
2 1 1+ K2
(18)
From (15), (17), and (18), we get
2
I(R) = B—MG—Q [L;'—I{-L:larcsin
2RK
2K ] -1
[l + K° }
(19)
We define e, the coefficient of oblateness, such that
b? = a?(1 —e?), a>Db > 0. (20)
From (9), (14), and (20), we see that
K= (%), (21)
and for R > aand e < 1,
2K
0<K<1_|_K2<1 (22)
If we expand the arcsine in (19) in powers of %{3 and retain

the first four terms, then

o - 23 5]
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] Al

If we expand each of the terms containing [ri%f] according

to the appropriate binomial expansion and retain only powers of
K less than or equal to 8 then we are left with

—— e mvmsen | Sem—

R )3 I5'R 55\ R
_ 1 ,ae\6
3%

(24)
Equation (24) is the boundary condition that the gravitational
potential function must satisfy. Along the positive z-axis, we have

cos B8 = 1 and

o (cos 8) =1 (25)
form = 0, 2, 4, 6. Therefore if R = (RB,a) is any point of
“free space” then

(26)

(26)
where Py (cos ) = 1. (26) is the gravitational potential func-
tion for the oblate spheroid since it is a solution to (4) and
satisfies the boundary condition, (24), along 8 = 0.
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