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Abstract

In this research, we propose a new objective function for optimizing damping

materials to reduce the resonance peak response in the frequency response

problem, which cannot be achieved using existing criteria. The dynamic com-

pliance in the frequency response problem is formulated as the scalar product

of the conjugate transpose of the amplitude vector and the force vector of

the loading nodes. The proposed objective function methodology is imple-

mented using the common solid isotropic material with penalization (SIMP)
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method for topology optimization. The optimization problem is formulated

as maximizing the complex part of the proposed complex dynamic compli-

ance under a volume constraint. 2D and 3D numerical examples of optimizing

the distribution of the damping material on the host structure are provided

to illustrate the validity and utility of the proposed methodology. In these

numerical studies, the proposed objective function worked well for reducing

the response peak in both lower and upper excitation frequencies around

the resonance. By adjusting the excitation frequency, multi-resonance peak

reduction may be achieved with a single frequency excitation optimization.

Keywords: , Damping material, Optimal design, Topology optimization,

Sensitivity analysis, Finite element method

1. INTRODUCTION

Suppressing vibrations is one of the most important performance factors

for mechanical devices subject to dynamic forces. Using damping materials

is an important solution for this issue, and is especially effective for reduc-

ing the response peak. For example, sheet-like damping materials are often

laid over metal plates in vehicle bodies to reduce the response to external

loads. However, increasing the amount of damping material reduces the cost-

effectiveness and increases the weight of the devices. Thus, there is growing

demand for optimizing the shape and layout of damping materials.

Various methodologies for optimizing damping materials have been pro-

posed. One of the early works on such optimization is the theoretical and

experimental study of damping material layout for plates and beams by Plun-

kett and Lee [1]. Numerical analysis, such as the finite element method
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(FEM), have been introduced for accurate analysis and detailed optimiza-

tion in recent research. Chen and Huang [2] studied location and thickness

optimization for damping materials based on a topographical optimization

method. Zheng and Tan [3] also studied location and thickness optimiza-

tion for damping materials using a genetic algorithm. They extended this

methodology to optimization of damping material layout on cylindrical shells

[4]. Although these researches are limited to location optimization for a fixed

shape of the damping material, some papers have studied distribution op-

timization of damping materials. Alvelid [5] proposed an original gradient-

based method, while Chia et al. [6] used cellular automata to study this

issue.

Topology optimization (TO) [7, 8] is a methodology that achieves de-

tailed optimization of device shapes, and has led to significant improvements

in vibration characteristics of structures. Both maximization of the eigenfre-

quency [9, 10, 11, 12] and reduction of the response in the frequency response

problem [13, 14, 15, 16] have been studied. However, these studies ignore the

damping effect, whereas an optimization methodology for damping material

distribution on a host plate has recently been proposed. Ling et al. [17]

developed an optimization to maximize the modal loss factor based on eigen-

frequency analysis. Kang et al. [18] proposed an optimization methodology

based on frequency response analysis. They also extended their work to

simultaneous optimization of the damping and host layers [19]. An exper-

imental verification of these works has also been reported [20]. Fang and

Zheng [21] studied the effect of modal sensitivity analysis on optimization of

the damping material. Moreover, TO has been further extended to transient
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response optimization [22] and mode shape optimization [23, 24].

Of these approaches, we focus on frequency response-based optimization,

which is more straightforward than the eigenfrequency-based method when

the excitation frequency can be predicted. A typical objective function pro-

posed in previous research is minimization of the amplitude of the loading

domain [18, 19, 21]. However, in actual mechanical design, the damping

material is usually used to reduce the response peak at resonance near the

excitation frequency rather than the response under the specified single fre-

quency. Because the response amplitude is decided by the mutual effect of

the mass, stiffness and damping of the vibration system while the response

peak is affected only by damping in theory, the optimal solution obtained

from this objective function will not always work well for peak reduction.

Thus, an alternative criterion for the damping effect that can be used as an

objective function in the peak reduction design problem is required.

On the other hand, the dynamic compliance proposed by Ma et al. [13,

16, 25], which was originally the scalar product of the force and amplitude

vectors, is an effective objective function for optimization of non-damped

structures. The advantage of dynamic compliance is that its sensitivity can

be calculated without solving the adjoint equation as with static compliance

[8]. Jog [26] re-defined dynamic compliance as the energy dissipated per cycle

through damping. Although peak reduction optimization was not studied in

this paper, the objective function can be used for this issue because it directly

represents the damping effect.

Based on this research, we introduce a new objective function for opti-

mizing damping material distribution on a host structure in peak reduction
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optimization by extending the original dynamic compliance into complex

space. This paper is organized as follows. The complex dynamic compliance

is first formulated as a criterion for the damping effect based on a discrete vi-

bration system subject to a dynamic force. The proposed objective function

is implemented using the solid isotropic material with penalization (SIMP)

method for TO. The relationship between the physical properties of the ma-

terial and the density function is defined. The optimization problem is then

formulated as maximizing the complex part of the proposed complex dy-

namic compliance under a volume constraint. The optimization algorithm

is constructed using the method of moving asymptotes (MMA) [27] as an

optimizer. We finally provide 2D and 3D numerical examples to illustrate

the validity and utility of the proposed methodology.

2. Criteria for damping effect

2.1. Design objective

Let us consider a vibration problem involving a thin plate structure com-

posed of a host layer Ωh and a damping layer Ωd as shown in Fig. 1. The

design target is optimal distribution of the damping materials in a damping

layer on the fixed host layer. The damping and host layers are modeled as

damped and undamped linear elastic bodies, respectively. The hysteretic

damping model is introduced for the damping material. Thus, the stiffness

of the material Ed including the damping effect is formulated as follows:

Ed = Edo(1 + iη), (1)

where Edo and η are the Young’s modulus and the loss factor of the material

respectively. This forced vibration problem is analyzed by the FEM. When
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the whole structure is discretized into a discrete system with n degrees of

freedom (DOFs), the equations of motion for the structure with an external

dynamic force l is formulated as follows:

Mz̈+Kz = l, (2)

where M and K are the mass and stiffness matrices respectively, and z is

the complex displacement vector. The stiffness matrix K is composed of

a real part Kr and an imaginary part Ki, so that K = Kr + iKi. Let us

consider the case of a complex dynamic load l = feiωt applied to the structure,

where f and ω are the load amplitude and angular frequency. Assuming that

the periodic response is z = ueiωt, where u = [u1, ...un]
T , uj = urj + iuij

is the complex amplitude with real parts urj and imaginary parts uij, and

replacing Ki by the equivalent viscous damping matrix C = Ki/ω, Eq.(2)

may be represented as follows:

−ω2Mu+ iωCu+Kru = f . (3)

We assume that the above equation has a unique solution u that avoids the

repeated eigenvalue issue.

The energy Wd dissipated per cycle through damping is calculated as

the integral of the scalar product of the damping force and the infinitesimal
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displacement vector as follows:

Wd =

∫
Cycle

Re(Cż)TRe(dz) =

∫ 2π/ω

0

Re(ż)TCRe(ż)dt

=

∫ 2π/ω

0

ω2[−ur1 sinωt− ui1 cosωt, ...,−urn sinωt− uin cosωt]C

· [−ur1 sinωt− ui1 cosωt, ...,−urn sinωt− uin cosωt]
Tdt

= πωu∗Cu,

(4)

where Re(·) indicates the real part of a number, and the superscript ∗ indi-

cates the conjugate transpose. In this research, considering that the response

can be decreased by increasing the energy Wd dissipated by damping, maxi-

mizing Wd is set as the design objective.

Figure 1 is about here.

2.2. Complex dynamic compliance

The dynamic compliance proposed by Ma et al. [13] and calculated as the

scalar product of the excitation force vector and the displacement vector is

one of the basic criteria in the vibration optimization problem. However, their

original work ignored damping and few subsequent studies have extended it

in terms of the damping effect. Thus, we generalize dynamic compliance to

handle the damping effect. First, let us multiply on the left by the complex

conjugate transpose of the amplitude vector u∗ in Eq.(3) as follows:

−ω2u∗Mu+ iωu∗Cu+ u∗Kru = u∗f . (5)
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We define the right side of Eq.(5) as the complex dynamic compliance, so that

ld = u∗f . Of the three matrices in Eq. (5), the mass matrix M is positive

definite and the real part of the stiffness matrixKr and the equivalent viscous

damping matrix C = Ki/ω = ηKr/ω are both positive semidefinite. Because

the complex quadratic forms for positive definite and positive semidefinite

matrices must be positive and non-negative real numbers respectively, u∗Mu,

u∗Kru and u∗Kiu are all real numbers. Thus, the following relationships can

be obtained:

Re(ld) = −ω2u∗Mu+ u∗Kru, (6)

Im(ld) = ωu∗Cu, (7)

where Im(·) indicates the imaginary part of a number. Comparing Eqs.(4)

and (7), the energyWd dissipated by damping can be maximized by maximiz-

ing the imaginary part Im(ld) of the proposed complex dynamic compliance.

Note that, because the damping matrix C is always positive semidefinite

even for the general viscous damping problem, the above discussion can also

be applied to the general viscous damping problem.

Furthermore, when there is no damping in the system, Re(ld) is equal

to the original dynamic compliance [13]. When the force vector f is a real

number vector, that is, no phase difference is considered in the excitation

periodic load, Im(ld) is equal to the dynamic compliance proposed by Jog

[26].
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3. Formulation of optimization methodology

3.1. Topology optimization

The TO method is used to optimize the damping material distribution

in the damping layer Ωd, because this method can perform fundamental

optimization over domains with arbitrary shape and topology, including those

with holes. The fundamental idea is to introduce a fixed, extended design

domain D that includes a priori the optimal shape Ωopt. The damping layer

design Ωd corresponds to the design domain D in this study. The material

distribution in D is represented by the use of the following characteristic

function:

χ(x) =

 1 if x ∈ Ωopt,

0 if x ∈ D \ Ωopt.
(8)

Using this function, the material distribution problem in D is replaced by a

material physical property χA distribution problem, where A is an arbitrary

physical property of the original material of Ωd. Unfortunately, the optimiza-

tion problem does not have any optimal solutions [28]. A homogenization

method is used to relax the solution space [7, 28]. In this way, the original

material distribution optimization problem with respect to the characteristic

function is replaced by an optimization problem for the “composite” consist-

ing of the original material and a material with very low physical properties,

mimicking holes with respect to the density function. This density function

represents the volume fraction of the original material and can be regarded as

a weak limit of the characteristic function. In the optimization problem, the

relationship between the material properties of the composite and the density

function must be defined. The most popular approach, which sets a penalized
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proportional material property [29, 30], is the SIMP method. In this paper,

the SIMP method is applied with relationships between the three material

properties of the composite used in vibration analysis (Young’s modulus E,

mass density ρ and loss factor η) and the density function ϕ satisfying a

simple equation involving the penalized material density:

Eeff = ϕpEEo, (9)

ρeff = ϕpρρo, (10)

ηeff = ϕpηηo, (11)

with

0 ≤ ϕ(x) ≤ 1, x ∈ Ω, (12)

where the subscript eff signifies that the material property relates to the

composite, the subscript o signifies that the material property relates to the

original material, and pE, pρ and pη are positive penalization parameters.

The above modeling is only introduced for the damping layer shown in Fig.

1 because the optimization target of this research is the distribution of the

damping material on the fixed host layer.

3.2. Optimization problem

Based the damping effect criteria formulated above, we pose the opti-

mization problem as the problem of maximizing the imaginary part of the

complex dynamic compliance with an added volume constraint on the damp-

ing material:

maximize Im(ld) = ωu∗Cu = u∗Kiu, (13)
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subject to

Eq. (3),∫
Ωd

ϕdx ≤ Vmax, (14)

0 < ϕ ≤ 1, (15)

where Vmax is the allowable volume of the damping material.

3.3. Optimization algorithm

The optimization is performed using an algorithm that incorporates sen-

sitivity calculations and updates the design variable using MMA [27]. To

avoid element discontinuity and the mesh dependency problem in topology

optimization, the so-called density filter, which averages the density of each

element against the densities of neighborhood elements [31] is introduced.

The optimization algorithm is presented in Fig. 2.

Figure 2 is about here.

3.4. Sensitivity analysis

To perform optimization, we use the MMA technique, which requires

first-order sensitivity analysis of the objective function and constraints with

respect to the design variable ϕ. Thus, we must derive the first-order sensi-

tivity of the complex dynamic compliance.

We first introduce a Lagrangian, which is the sum of the dynamic compli-

ance and a zero function which is the inner product of the complex conjugate
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transpose of the vibration equation in Eq. (3) and a Lagrange multiplier ũ

as follows:

l = u∗f + {u∗(−ω2M− iωC+Kr)− f∗}ũ. (16)

The derivative of the Lagrangian with respect to the j-th design variable

ϕj, which equals to the derivative of the objective function, is then obtained

as follows:

∂l

∂ϕj

=
∂u∗

∂ϕj

f +

{
∂u∗

∂ϕj

(−ω2M− iωC+Kr) + u∗
(
−ω2∂M

∂ϕj

− iω
∂C

∂ϕj

+
∂Kr

∂ϕj

)}
ũ

=
∂u∗

∂ϕj

{
(−ω2M− iωC+Kr)ũ+ f

}
+ u∗

(
−ω2∂M

∂ϕj

− iω
∂C

∂ϕj

+
∂Kr

∂ϕj

)
ũ.

(17)

When ũ = −ū and f = f̄ , where the overbar (-) indicates the conjugate,

the first term is zero because it equals the conjugate of the vibration equation

in Eq. (3). Finally, under the condition that the force vector f is a real

number vector, the first-order sensitivity of the complex dynamic compliance

is obtained as follows:

∂l

∂ϕj

= −u∗
(
−ω2∂M

∂ϕj

− iω
∂C

∂ϕj

+
∂Kr

∂ϕj

)
ū. (18)

Deriving the first-order sensitivity of the complex dynamic compliance

is thus the self-adjoint problem, as with the original dynamic compliance

[13]. The first-order sensitivity of the objective function in Eq. (13) is easily

obtained by taking the imaginary part of Eq. (18).
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4. Numerical examples

4.1. Setting of penalization parameters

Several numerical examples are provided to confirm the validity and util-

ity of the proposed methodology. Before studying the TO problem, the pe-

nalization parameters for the interpolated physical properties in Eqs. (9-11)

are determined using a single DOF system imitating the density optimiza-

tion of one element in the damping layer as shown in Fig. 3. The design

variable is the single DOF system, while the mass, spring and damper are

formulated as functions of the design variable ϕ: k = ϕpkko, m = ϕpmmo

and c = ϕpηηok/ω = ηpk+pηko/ω. The values ko, mo and ηo are set to 1, 1

and 0.3 respectively. The frequency response problem for this system under

the periodic excitation load feiωt is considered using the periodic response

x = ueiωt, where f is set to 1.

First, the typical values of the penalty parameters pk and pm are 3 and 1

respectively in the existing vibration TO literature [11, 17, 18]. The reason

behind this setting is that the angular eigenfrequency ωn is then
√

k/m =√
ko/moϕ, which guarantees an increase in ωn as ϕ increases in the interval

0 ≤ ϕ ≤ 1. It may also be possible to base the response reduction on the

eigenfrequency shift. In this research, we base the response reduction not

on the eigenfrequency shift but on the damping effect, which means that the

variation of the eigenfrequency should be small according to the variation of

the design variable. Thus, pk and pm are both set to the same value 3.

The penalization parameter pη of the loss factor is then studied by intro-

ducing the complex dynamic compliance u∗f into this single DOF system.

Figure 4 shows the relationship between Im(u∗f) and ϕ (0 ≤ ϕ ≤ 1) with pe-
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nalizations pk = pm = 3 and pη = 1, 3, 6 in the cases where ω = 0.5ωn = 0.5

and ω = 1.5ωn = 1.5. Im(u∗f) must be zero when ϕ = 0 because these is no

damping effect in that state. However, when 0 ≤ pη ≤ 3, Im(u∗f) approaches

∞ or some non-zero number as ϕ → 0 and Im(u∗f) is discontinuous at ϕ = 0.

When 3 < pη, this discontinuity problem is resolved. Based on the above,

and also considering the penalization effect of the intermediate value of ϕ, pη

is set to 6 in the following numerical examples.

Moreover, as opposed to the original dynamic compliance calculated as

uf without damping in this single DOF example, Im(u∗f) remains positive

in the both the upper and lower frequencies of the eigenfrequency. That is,

Im(u∗f) is positive even when the phase is opposite between the excitation

load and the displacement of the loading point. Thus, this can be used as a

general objective function independent of the phase difference between the

excitation load and the displacement at the loading point.

Figures 3 and 4 are about here.

4.2. 2D cantilever example

A numerical example involving a 2D cantilever is provided first to con-

firm the validity of the proposed methodology. In this example, a 2D plane

strain model is used to approximate a cantilever plate composed of host and

damping layers with a dynamic line-distributed vertical excitation force of

-0.1N/mm on the bottom edge of the right side as shown in Fig. 5. The ma-

terial of the host layer is assumed to be aluminum with a Young’s modulus
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of 70 GPa, a Poisson’s ratio of 0.3 and a mass density of 2.7 × 103 kg/m3.

The damping material is assumed to be one used in automotive bodies with a

Young’s modulus of 1 GPa, a Poisson’s ratio of 0.4, a mass density of 1×103

kg/m3 and a loss factor of 0.3. The optimization problem in Eqs. (13-15) is

solved according to the algorithm set out in Fig. 2. At each iteration, we

perform a finite element analysis of the vibration equation and a single up-

date of the design variables. The upper limit constraining the volume of the

damping material in Eq. (14) is set to 60% of the full volume of the damping

layer. The initial value of the design variable is set uniformly to 0.6. All

finite element analyses are performed using the commercial software COM-

SOL Multiphysics for quick implementation of the proposed methodology

and to effectively solve the vibration equations with a multi-core processor.

The domain is discretized using 1 mm × 1 mm square second-order Lagrange

finite elements.

Figure 5 is about here.

As a reference model for optimization, we consider the fully-covered (FC)

plate where the damping material is 3/5 the thickness of the damping layer

shown in Fig. 5. The total volume of the damping material is then the same

as the upper limit on the volume. The first, second and third eigenfrequencies

of the structure are 5.1 Hz, 32.0 Hz and 89.2 Hz, respectively. We also

confirmed the same eigenfrequencies were obtained using 2 mm × 2 mm and

0.5 mm × 0.5 mm square second-order Lagrange finite elements.
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To reduce the resonance peak at the first, second and third eigenfrequen-

cies, we set the excitation vibration frequencies to 2 Hz, 8 Hz, 26 Hz, 42 Hz,

80 Hz and 100 Hz. These are used as the lower and upper frequencies for

each eigenfrequency. In addition to the maximizing the imaginary part of

the dynamic compliance (abbreviated as IDC hereafter) in Eq. (13), we also

minimize the amplitude of the loading point (abbreviated as AMP hereafter),

which is a typical objective function in damping material optimization based

on frequency response [18, 19].

The convergence history of the IDC in maximizing the IDC under 2 Hz

and 8 Hz excitations is shown in Fig. 6 to confirm smooth convergence. Fig-

ures 7-9 show the optimal results for each eigenfrequency after 50 iterations,

including the optimal configurations, a comparison of IDC with the initial

and FC plate results, and a comparison of the amplitude of the loading point

with the FC plate and amplitude minimization results. The results in Figs.

7 (a), (b) and (c) are almost the same because the damping material on the

left side contributes to increased energy loss due to damping and to ampli-

tude reduction due to stiffness. However, (d) is quite different because the

excitation frequency is greater than the first eigenfrequency so the optimizer

decreases the first eigenfrequency to reduce the response amplitude under

the 8 Hz excitation. From Figs. 7 (e) and (f), because the IDC and AMP

perform better than the initial and the FC plate at each excitation frequency,

they may both succeed in optimization. However, as shown in Fig. 7 (f),

only the IDC criterion successfully reduces the peak amplitude.

Note that, in Fig. 7 (e), the initial and FC plates attained higher IDC

values than the optimum in the frequency ranges of 5.3 Hz to 5.4 Hz and
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of 4.1 Hz to 5.3 Hz, respectively. That is, the IDC for the initial and FC

plates can have better objective functions than the optimal solutions in the

neighborhood of the resonance frequency, contrary to what is observed in

other regions. In this frequency range, a local optimum that is inferior at

reducing the response peak could be generated. Thus, we need to use an

excitation frequency that is not close to the resonant frequency. This also

indicates an initial dependency in the proposed method. If the resonant

frequency of the initial guess is close to the excitation frequency, then the

proposed methodology does not work well. Thus, the initial guess should be

a shape having resonant frequencies close to the optimal solution’s ones.

The discussion above can also be applied to the solution around second-

and third-order eigenfrequencies. The only difference is that the layout of the

damping material fails in the AMP optimization for lower frequency excita-

tions. As shown in Fig. 8, damping material decreases the second and third

eigenfrequencies because of its mass. Thus, removing the damping material

may be optimal under a single excitation frequency near under the second or

third eigenfrequency. In these frequency domains, only IDC maximization

provides effective solutions for reducing the response peak.

Figures 6, 7, 8 and 9 are about here.

4.3. 3D plate example

Our second numerical example, shown in Fig. 10, involves optimizing the

layout of damping material over a 3D host plate. A dynamic line-distributed
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vertical excitation force of 1N/mm is applied to the right bottom edge of the

host plate.

The materials in the damping and host layers are the same as in the

previous example. The upper limit on the volume of damping material in

Eq. (14) is set to 50% of the volume of the damping layer. The initial value

of the design variable is set uniformly to 0.5. The domain is discretized using

4 mm × 4 mm × 2 mm cuboid second-order Lagrange finite elements. The

design variable is set to be a 2 mm × 2 mm × 2 mm cubic mesh on the

damping layer based on the concept of multi-resolution TO [32].

Figure 10 is about here.

An FC plate with damping material half the thickness of the design do-

main is considered as a reference model for 3D optimization. Figure 11 shows

the integral of the amplitude of the loading point under a force with a fre-

quency of 0-50 Hz. Mode shapes at the response peaks are also shown. In the

above frequency range, there were no repeated eigenvalues and all responses

were obtained uniquely. The response peaks are observed at 2.2 Hz, 13.9 Hz,

34.6 Hz and 40.0 Hz. We also confirmed that similar eigenfrequencies within

0.2 Hz errors were obtained using 8 mm × 8 mm × 2 mm and 2 mm × 2

mm × 1 mm cuboid second-order Lagrange finite elements. To reduce these

response peaks, we use excitation frequencies of 1 Hz, 12 Hz and 38 Hz. In

particular, the last excitation frequency is chosen to reduce the third and

fourth response peaks simultaneously.
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Figure 11 is about here.

Figures 12-14 show the optimal solutions including the optimal config-

uration, deformation, IDC and AMP around the resonance frequency. Al-

though all optima should have upper and lower symmetry shapes, the re-

sulting shapes were slightly asymmetric due to numerical errors. Notice that

the damping material is arranged to cover the high strain part of the base

plate in each vibration shape. Because the response peaks are lower than for

the FC structure, the optimization succeeded in every case. In Fig. 14, the

third and fourth mode responses were reduced even with single frequency

excitation optimization.

Figures 12, 13 and 14 are about here.

5. Conclusions

We have derived a new objective function, namely the complex dynamic

compliance, to use in damping material layout optimization on a host struc-

ture with the intention of reducing the response peak at resonances. The

complex dynamic compliance was formulated as the scalar product of the

conjugate transpose of the amplitude vector and the force vector. Its imagi-

nary part represents the energy dissipation per cycle through damping. The

proposed objective function was implemented using the SIMP method for

TO by regarding the Young’s modulus, the mass density and the loss factor
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of the damping material as functions of the density function. We then con-

firmed that peak reduction optimization could be achieved by maximizing

the imaginary part of the dynamic compliance.

The optimization was successful in 2D and 3D FEM analysis models.

In particular, in the 3D problem, simultaneous reduction of two resonance

peaks was achieved with a single excitation frequency. However, the proposed

objective function should not be set too close to the resonance frequency, be-

cause dynamic compliance has its peak at the resonance frequency while

inferior solutions can take better values than the optimal solution near reso-

nance.

In further research, simultaneous topology optimization of the damping

and host structures should be considered. In addition to resonance response

reduction, specification of the resonance frequency is also a fundamental de-

sign factor for mechanical devices. This may be affected by the shape of the

host structure rather than the shape of the damping layer. By integrating

two criteria, the imaginary part of the dynamic compliance and the reso-

nance frequency, a multi-phase topology optimization of the damping and

host materials would be achieved for both increasing the damping effect and

specifying a resonance frequency.
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Damping layer Ωd (Design domain)

Host layer Ωh (Non-design domain)

Damping material 

Figure 1: An outline of the design target structure composed of the damping and host

layers.

Set an initial value of design variable.

Calculate the complex amplitude.

Calculate the objective function and the constraints.

Calculate the sensitivities of the objective function
and the constraint.

Converged?

End
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Update the design variable using MMA.

Figure 2: Flowchart of the optimization algorithm.
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Figure 3: A single DOF system for deciding penalization parameters.
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Figure 4: Relationship between the design variable and the imaginary part of the complex

dynamic compliance with (a) ω = 0.5ωn = 0.5 and (b) ω = 1.5ωn = 1.5.
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Figure 5: (a) Outline and (b) mesh discretization of the design domain for the 2D example.
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Figure 6: Convergence histories of IDC in maximizing the IDC under 2 Hz and 8 Hz

excitations.

28



1

0

0.5

1x10-5

1x10-4

1x10-3

1x10-2

1x10-1

1x100

1x101

1x102

1x103

0 2 4 6 8 10

Initial
FC

2 Hz IDC optimum
8 Hz IDC optimum

Excitation frequency [Hz]

ID
C

 [N
 m

m
]

1x10-1

1x100

1x101

1x102

0 2 4 6 8 10

FC
2 Hz IDC optimum
8 Hz IDC optimum

2 Hz AMP optimum
8 Hz AMP optimum

Excitation frequency [Hz]

A
M

P 
[m

m
]

(a) (b)

(c) (d)

(e)

(f)

Figure 7: Optimal results for reducing the first mode resonance response. (a)-(d): Optimal

configuration of the damping layer plotted by gray scale. (The host layer is shown in gray

beneath the damping layer.) (a): Maximization of IDC under 2 Hz excitation. (b):

Maximization of IDC under 8 Hz excitation. (c): Minimization of AMP under 2 Hz

excitation. (d): Minimization of AMP under 8 Hz excitation. (e): Comparison of IDC in

the 0-10 Hz excitation frequency range with 0.01 Hz resolution. The broken black lines

indicate the frequency range where the initial or FC plates attained higher IDC values than

the optimal configuration. (f): Comparison of AMP in the 0-10 Hz excitation frequency

range with 0.01 Hz resolution. In (e) and (f), the results of maximization of IDC at 2 Hz

and 8 Hz and minimization of AMP at 2 Hz overlap.
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Figure 8: Optimal results for reducing the first mode resonance response. (a)-(d): Optimal

configuration of the damping layer plotted by gray scale. (The host layer is shown in gray

beneath the damping layer.) (a): Maximization of IDC under 26 Hz excitation. (b):

Maximization of IDC under 42 Hz excitation. (c): Minimization of AMP under 26 Hz

excitation. (d): Minimization of AMP under 42 Hz excitation. (e): Comparison of IDC

in the 24-44 Hz excitation frequency range with 0.01 Hz resolution. (f): Comparison of

AMP in the 24-44 Hz excitation frequency range with 0.01Hz resolution. In (e) and (f),

the results of maximization of IDC at 26 Hz and 42 Hz overlap.
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Figure 9: Optimal results for reducing the first mode resonance response. (a)-(d): Optimal

configuration of the damping layer plotted by gray scale. (The host layer is shown in gray

beneath the damping layer.) (a): Maximization of IDC under 80 Hz excitation. (b):

Maximization of IDC under 100 Hz excitation. (c): Minimization of AMP under 80 Hz

excitation. (d): Minimization of AMP under 100 Hz excitation. (e): Comparison of IDC

in the 76-116 Hz excitation frequency range with 0.01 Hz resolution. (f): Comparison of

AMP in the 76-116 Hz excitation frequency range with 0.01 Hz resolution.

31



Fixed
100mm

150mmHost layer Ωh (2mm)

Damping layer Ωd (2mm)

x
z

y Periodic load

(b)

(a)

Figure 10: (a) Outline and (b) mesh discretization of the design domain of the 3D example.
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Figure 11: Frequency response and deformed shapes at resonance frequencies for the 3D

FC structure with 0.01 Hz resolution. Gray solids show the deformed shapes while the

lines indicate the original shapes.
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Figure 12: Optimal results for reducing the first mode resonance response. (a): Optimal

configuration of the damping layer plotted by gray scale on the XY-plane. IDC was

maximized under a 1 Hz excitation. (b): Deformed shape of the plate. Lines indicate

original shapes. (c): Comparison of the line integration of AMP in the 0-5 Hz excitation

frequency range with 0.01 Hz resolution.
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Figure 13: Optimal results for reducing the first mode resonance response. (a): Optimal

configuration of the damping layer plotted by gray scale on the XY-plane. IDC was

maximized under a 12 Hz excitation. (b): Deformed shape of the plate. Lines indicate

original shapes. (c): Comparison of the line integration of AMP in the 10-20 Hz excitation

frequency range with 0.01 Hz resolution.
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Figure 14: Optimal results for reducing the first mode resonance response. (a): Optimal

configuration of the damping layer plotted by gray scale on the XY-plane. IDC was

maximized under a 38 Hz excitation. (b): Deformed shape of the plate. Lines indicate

original shapes. (c): Comparison of the line integration of AMP in the 30-45 Hz excitation

frequency range with 0.01 Hz resolution.
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