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oot

Almost all problems in computer vision are related in one form or another to the

problem of estimating parameters from noisy data.
Zhengyou Zhang

00000000O0oO0000000OO0000000O0OOO00O000O0O00000000
00o00oO0o0oO0O0ooO00o0o000000o0O00O0O0o00o0O00000000000000
0000000000000 00000000000000000000O0O000000000O0
O00oooooooo

0000000000000000000O000O00O00O0000000C0O00COO000O0000
ocooooooooOooOOoOOoOoOoOoOooooooooOoOoeoOOOOOOOOOOOOOOn
00000000000000000000000000000000000O00000000O0
o0o0ooo0o0boo0o0oooo0o0ooOo0oo0ooOo0o0ooOo0o0bOoOoO00O0obOO000B00O0

0000o000000000000o0o0000000000000000000000000O0
000000o0O000o0o0O00o0O0o0000o00oo0oooooooooo0ooooooon
00o000o0o0o000o0o0o0o0o0O0bO0o0ooO0oo0ooO0ooO0o0oo0oo0oo
oo0oooo

0000000000000 0000000000000O00000O000000000000
O000o0000oO00oO0o0oo0oo0oo0oo0oo0oooooooooooo0oooooo
0000000000000 Oo0oo0oooo0ooooooooOo0oOo0oOoooooooo
0000000000000000000O000000O000O0O00O00C0O00CO0O0GCOO00O0
oooooooo

0000000000000000000000000000000000000000000
O0o00o0ooo0o0ooo0ooooU0o0o0ooo0oO0oo0oOoooO0oDo0ooooo
O (camera calibration) 000 00000000000000000O0O0O0OO0DOODOOOO0OO
0000000000000000000000000000000020 (image matching) 00
000000000000000000000000000000O000O0O00O0000O0000O0
O00000000000000 3000000 (three-dimensional reconstruction) 0000000
joooo0Oz200000000000000000O0C0O0O0O0O0O0O0COCOODOOOOOOOO0
000000000000 (pose estimation) 00 0000000000000 O0O0OO0OOOO
00 (tracking) 0000000000000 0OOD0OD0ODO0OO0OOO0OOOO (motion analysis)
O00ooO0o0oooooooo



12 020 00O00obobobOoboOoobooboobaon

gboboooooobooobobuoouoooobobobbooboboboobooboboo
goobobobooboobobooboobobobooob0obOobooDoobobooobogoa
gooboooooooboobobobobobobooooooboUbobUobUobobooobooog
000000000000000000000000000000 (parameter estimation) 00 O
goboboobooboobuooboobobboobobo0oboobuoobooboboboo

gboobooobobobobobbOobobooooob0obobobUoobooooboboo
dobobooooooboobooboobuoboboooooog

y=ax+b (2.1)

oooooooooobboobD eD0D00U0O0OODMODOOODOODDOOODODOOOOOOOOOD
o0oooooooooooo0oOooooooooD 20000000 e,b000O0DOOCDOO
0000 200000000000000000000 (x1,y1), (ze,y2) 00000000000
oooooooooooboo

y1 =ax1+b (2.2)
Y2 = arz +b (2.3)

oo00o0bo00e,b00000D000000DOODO0OOO0O0ODOO0OOO0DODOOOOOODO
go

y1 — Y2 = a(z1 — 2) (2.4)
Ood
a = -y (2.5)
1 — T2

goboboooboobooboobooboboon

Y1 — Y2
- — =
Tl — T2

b= Y1 1 (26)

gbobooboobooboobobooboobooooboboooobooboooobooboooonoa

gbooboooboooooboobOooooobOoobOOoobO200000000000000
oodbooooobooobooboobooobooobooboobooboobobooboooboooon
oobobooobooooooooobooboobobooooooboboboobobobDooooog
gbobooobooooboooboobooboobooooboooobooooboooboooboobooo
obbb00d z;, =2, 0000000000000DO0CO0O0O0O0O0DOOOOOOO0OOO0OOOOO
gobooooooooboboooboooboooboogoobboooobooobooboboobboooobooo
gbobooboobobooooboooboooboobobooboooooooobooboboooooo
gboooboooooooboo

0000000000000 0000000000000000000 (eonic)0OOO0OOOO
gobooooboogooooooboooobooobooboooooboobobooobOoobbooobooo
gboboobooooboobooboobooboooooboooooooOooooooobooo
gboboooboobooobooobooobooobooobbooooooooboobooboooooon



21. boooOoobooobo 13

x
A

p 8

outlier observation
l A . o~ With noise
g

°
o bbgglo

oo

02100000000

gbooobobobobooobobobobooboboboboooooooooobobo
goo

000000000000 000000 Zhang2lDOOOOOOOOOOO MeerO [1]O000
gboaboooboobogboboboaoboabooobaon

21 0JU0b0obooood

211 000000000

ooooboooobooobooboboooboobbooboooooooobooobooobooDbo
ooood

U21db000booobooboobooooobooooooooooboooboooboonbn
obooooOoboooooobooon

F=-mg (2.7

00 FODOODOOODOOOOOmOOO0OO0OO0O0OOO0g0O00O0O0O0ODOODODOOOOOODOO
obooboobobooobooooobooobooobooobooooobooooooobooooobooag
oboooboobo 00000

d’z
2
= (29)

booobOoboooobobo0000

v = Z—f = /—mgdt = —gt+ g (2.10)
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000000000000 20000
1
x:/7m+mﬁ:fyﬁ+mHmo (2.11)

U000z 000 ¢t=00000000000v» 000000000
goboboo000¢t000000b00b00b0o0bOobDbOobbOOn

r=at’ +bt+c (2.12)

o0oooonaebc0DO00,0000000D0CCOO000O0O0DODOOOOOOOOODDOO
oboooooboooobooboooooboboobooooboo
1

a=-2g (2.13)

b= v (2.14)

¢ = xo (2.15)
good

gbooogoob e00000OD gOODODOOO0OODOODLOO gODODODLODODOD
gbooboboooooboboboobobobooboboooboobobooboobobooa
0000 (known parameters) 0 0000000000000 0O00OOO0O
gooooooooogd h,eOOOOOOOUOODODDOOOOOOODODOODDODODOOOO
gbooooboboboboooobooboboboooooobobLDooooboboboona
ooboboooboooboobooboobo
gooodboobobobooobobooobooobobooobUbooDoUboonoobooo
0000000000000000000000000000000000000 (observation)d
0000000 (measurement)J 00000000000 (estimation) 000000000000
0000000000000 000 (prediction)DOO00O
000000000 v,2000000000000000 (unknown parameters) D 0000
00000000000 ty,te,...0000000000 z(t1),z(t2),...00000000000OO
O (observed data) 000000000000 UOOO0OOOOOOOOOOOOOOOOO
gbodboboboobooobobobobobDoobooooLoUobobboooooboboo
0000000000000 00o0oUo0ooUoon (hbeyOOO 220000000 =(t;)0
googboboooboboobooobobo2b0booboboo 200bo0bOoboOong
gobobobooboooboobuooboobobobobooobooo
goobooobooboboobooobomoobboboobboooobooooooooooboo
(error, noise) 0000000000000 0U0OOD0OOD0OOD0OOD0OODOOUOOUOOUOOUOOUDOUDO
goboboobooboobooboo bt mmioooooooboobon
oobobooobooboobo0oboboboboboobooobooboon

z(t) = at® + bt + ¢ (2.16)
00000000000000 (model) 00000000 DO0O0UDOOO0ODOOOODOOOD

x(t1)+n1, x(t2)+n2, (217)
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gobobooobooobobooobooooboooobooooboboooooboooooobooboog
ooboooooobOoobOobooobooboobooooooobo0n ng,ne,... 0000
oo oOOOOO

1 —z?
= 202 2.1
n(w) = e (218)

000000000000 000000000000000000000000000 (noise model)
gobbooooobooobooboooboooooooboooooboooooooboOooboonboog
ooboooboooboboooooboooboooboooboooooboooooobboobooOoooboooo
gooooooo
oboobooobooboobooboooooooobooboooboooobooonn
obooobOoboooooboooobdob cobooboobobobooboobooon

a(t) +n1, o(t2) +n2 +a, ... (2.19)

gooboooboodboobboobbooobooobooobbobbooobobbo
0000000000000 00000D00O00Dn (outliers) DO0O0O0OOO0OOOODOOOODO
000 (inliers) 00000 D

gogboboooboobooobooobbooobbobooobboobnboobobboon
gobobobbooboboobbooobooobbobooubbobboobbooob o
uboboooobobobobooooooboboobooooobobobobOoboooboo
oooboobooboobooboooboobobobobobobDooooobobobobOobobo
(robust estimation) 0 0 0 O

21.2 JO00OO0OOOO0O0O0obDOoOOOd

gdoboboooooboooooboooooboooooooooooooooooboooooon
goboooooooboooboobbooooooobooooooooooooobooDn
gobooobooobooboobooooooboooobooooobooboooboobo0oboobooooboooobbooo
oooooobooooooo
goboooobooboobobooobooobooboooobooboooooooboooDn
oobobOooboooOoboooobOoobOoobooobooobooobooooooobooboOooo
goboooboooobooobooooboobobooooboooboboooboooooboooooooooo
goooboooboooboooboooooboooobooboobboobboboo 2000bDoOoOoDOO
gboooboooobooobo
oobOoooboooooobooooobOooboooboobboooboooobooobooooDn
goboooboooboboooobooobboobbooooboooooooooooboooobooobooo
boooboooooooboood
goboobooooooboobboobobooobooboooooooobooobooOooooon
obooobOoboooobooboooooboboooooboooooon
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2.1.3 00000040

gobobooobooobboooboobooboboboobbooobbooobooobon
gbobooobooboobooobbooooooooobooobooobooobobooooboobooon
ooo

gobooboobooboobbooboobooboobboomOobOoO0obOo0obooon
gooood

p=(p1, . ,pm)" (2.20)

obooooboboooobooboboooboooobooboooobobooooOobooon
oooooooooooooooopog0gooo fO000000O0O0OOOO0OO0OO0OOOOO0OOO

00000000000 fO0O0O0 ZOUOOOOUOOO Z=f(p)D0OOODOOODOOOOOOO

ooooooO0oo0 zobooooooooooooOoooooooobooooDboooooooo

fp.Z2)=0 (2.21)

gbobooboooooobobobobobobob20000o0b0obooobobon 20
gbot:ooooooboooobooboooboobaon

z(t) = at> + bt + ¢ (2.22)

gobooboobooo

p=(bo) (2.23)
m=2

00000000000 OO0OO0O0
Z = (z,t)" (2.25)

00000000000000000 f000000D0000CO0D0000OO000O0O0
f(p,Z)=a— (at?> +bt+¢)=0 (2.26)

goooooOooooOoooOoOooooOoOoOooOooooO fOoO0O0OOOOO fOODOOOOO
oboboooooooooboobboobogeobbOoOooboboobobooboooooooon
oboooboobooooobobooo

y=Z+ce (2.27)

0000000000000 0 y, 000000000000 O000O0O0O0 f(p,y;)=00000

ooog
oboooboobooobobooobooooboooobooooboboooboobooobooOoo

nO0000000000 {y1,9y,.--,y,; 0000000000000 O00 pO00O0O0O0O0OOOOO
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0000000000000 0O000000000000000000000 (objective function,
cost function) 0 0000000000000 O0OOUOOOO0OOOOOOOOOUOOOOOOO
gooooboooooon

F(payla"'7yn) (228)

00000 (optimization problem) 00 0000000000000 O0OOOOOOOOOODO
obobOobobobooboooboooboobOobobOoboooboooooboobooboboooboOonoo
00000 (minimization) 000 00 (maximization) 0000000000 FO0O00O0O0OO
0000 -FOoO000DOO0O0O0O0DODOO0OO0OO0O0OODOOOOODOOOOOODODOOOO0OD
gboboobobooooobooboobooooono
obooooooooOooboobobobooboooobob0o FOOOOOODOOODOODOOOO
gooogd
min F (2.29)

max F' (2.30)
P

OO00min00000 FOOOOODOOOOO pOOOoOooODOOOOO0OODDOOOOOOOD
P
gboboobOobooooboboooooboooooobooooooboooooboooo

argmin F' (2.31)
P

argmax F (2.32)
P

oo0o0o0ooOO00oooOOo0o0oooOo0o0bDo0ooDOo0ooODO00 pOOLDOp = argmin F
p

0000000000 p=minFOOOOOOOO

p
uboboobodpyoboobobooobooboobooboooobo 20000000000
ooo

OF(p1,Yy,---) —0 and 82F(p17y1a"')

2.
= 3o >0 (2.33)

gobobOoooobooooobobbooub pbOO0obobOOoO0O0obO0OOobOOoobOoOoooobObOong

214 0O00OO0OOO

0000000000000 000000000000 (Jacobian) DOOO0O0OOOOOOOO
O (Hessian) 00000000000

ooooo

gboooboobooboobbooboobg pboobobn
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gbobobobobobooboooouob gobO0bObOO0bOObOOObOObO0OyOOOOO
ooooooooooooobo0ooobz0yO00DODO0OO0 fOOODOODOOODOOOO

y=f(z) (2.34)

0000000000 d:D0Oy000000dyODOfODOO %DDDDDDDDDDDDDD
goooog

df
2.
dy mdx (2.35)

000000000000mO0000 21,...,2,0 n0000 y1,...,4, 0000000 fi,..., fa
00000000000000000000

1= fi(z1,...,Tm) (2.36)
Y2 = fu(®1,... Tm) (2.37)

2.38)
Yn = fu(T1,- s Tm) (2.39)

gbooobooboobooobooobobooobobooboobooooboobo@moobooooboon
ooooooooo

0f of1
=21 P 2.4
dy o, dey + ...+ T Az, (2.40)
dfa Of2
dys = —2d o+ 2 da, 2.41
Y2 o T, + + oz, T ( )
: (2.42)
dyn = ey v Oy (2.43)
0x1 Tom,
000000000000 0000000000000000
dY = (dyy,...,dy,)T (2.44)
dX = (dxy,...,dx,)" (2.45)

gboooboobooooboobooooboboooooboooooobooooboOoboooon
OF

ooood
Oh . 9h
or _| " o (2.47)
ox | : '
oy . O

oxy 0T,
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ooooooobooobDboObO0o0ooDb eX,dyoooonoooooooobooboooo1oo
ocoooooooooooooooooooooooog fA,..., f,00D000000000O0DO
oooooo

gooooobooooobobo FOOOOOODODODOUOO pobOooooD %DDDD
ooooo0o0 FOOODOOODOOOOODOOOODOOOODOOOODOOODOODOOOD
ooo

oOF oF oF
— ==, ..., 2.48
Op (3171 3pm> (2.48)
00000000000000000000000

or

Op1
F
%: 5 (2.49)
P OF

Opm

gboogboooboobgoobooobooboobbobooboobooboobooobog

ooooo

goboooboooooo1oobbooboooooooobooobbooooboooo 200D
goooo
obooooOobO FrO0O00 pOoOOCOO0OO0OO0OOCOOODOOOOCODOODOOOOODOOO

oF oF
oF Op1p1 o Opmp1
% - (2.50)
OF OF
Opmp1 o Opmpm

DDDDDDDDDDDDDg;f>0|]DDDDDDDDEDDDDDDDDDDDDDDD
ooboooooboooboboooboooooooboooooooboboOoobooobooobooooo
ooboooooooooo (positivedeﬁnit)l]l]l][ll][]l]gig>ODDDDDDDDDDDDD
goobooooobooboooooboboooon (positivesemi—deﬁnit)DDDDDDDgigZOD
goo

ooboooboobooooboooobooooobooobboobooOoooooobooooooooDn
goobogooboogooooboooobooooboooobooobobooboboobooobooooboOoboo

bbooboboobooboooobooboooooboobooobooboobooong
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gboooooboooood

obooooOobooooobobooobooooboobooobooboooooboooobooon

atd + bt +c¢
= ) = aba 7d77 T 251
£ <3dt2+2€t+f> py = (a.be.d.c.f) (2.51)
fo=abt> + b?ct +d, py=(a,b,c,d)” (2.52)

fL0000000000DO

ofy _(t# t 1 0 0 0 (2.53)
op, \ 0 0 0 32 2 1 ‘
f000000000000000000

21];2 = (bt?, at?® + 2bct, b*t, 1)" (2.54)
0 2 0 0

Pfr | 2 26t 0 (2.55)

ops [ 0 2t 0 o0 '
0 0 0 0

215 0OO0OOooOoOodo

gbobooooobooooobooboobooboboooooboobOoboboooooooooon
gboboobobobobooobobobobooooboobobobobooooobbonda
gobgoboobooboobooboobooobo

gbooobOobooooboooobooboooog

OF OF oF
oF _ () (2.56)
op op1 Opm
000000000000000000000
p=(p1,- - pm)" (2.57)
0000000000000000000000
b= (by,...,0p)7" (2.58)
bll blm
B= : : (2.59)

bml o bmm
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F=p'b00O0O

000000000000 00000000000000000000000
F=bipi+ - +bmpm =Y bip; =p"b (2.60)
=1

gboooboooobooobo

OF  0pTb
o= gp = (b1,...,bm) = b7 (2.61)
F=b'pDOO

obooobOobooobobooobooooboboooboboooboOoooooboOoobooooOoon

F=bip1+-- +bupm = Z bip; = pr (262)

i=1
oboooooooooooon

OF 0b'p

- = = (b1,...,by) =b" 2.
ap ap (b1, bm) (2.63)

F=p'BpOOQO

gbooobooboobgoobgooooobobobooboobooboobooobog

bir -+ bim D1
F=p"Bp=(p1,....pm) | : : (2.64)
>y bipj
= (p1s-++sPm) : (2.65)
Z;nzl bmjpj
=3 bipips (2.66)
i=1 j=1

gooooobooo p,0b0b000ob0obooboconoa

m m

oF
or > biipi + ; bikpi (2.67)

j=1
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gboobooboooboobobooboobooooobooooon

or (& m m "
p = | 221+ D biapis s 3 bmips + 3 bimi (2.68)
J=1 i=1 j=1 i=1

Z b1pj,---s Z bmjp; | + <Z biipis - - s Z bimpi> (2.69)
=1 =1 im1 im1

(Bp)" +p"B (2.70)

00 BOOOOOBT=BOOOOO(Bp) =p’BT=p"’BO00000000000000

oFr

=92(Bp)T =2p'B 2.71
ap (Bp) D (2.71)

oobobOoooobooooboobocooboooooobooooooooobooooooboooooon

22 0JO0O0O0obboOoOoooobbbooooobobbobobooon

oooooooboooooooobobOooooooooooooooooboooooooooon
gboboobooaoboaboaoooon

gbobooboolobooooooooboboboboobooboboooobobon
gooo

Yi=m+e (2.72)

gooooooobmbOO0OO edDbO0O0OD0DO0OO0OO0OD yyOUODODODOODOOOODOODOO
gboooboooooboobobod y,y,...00000000000000000O000O000
OmdOOoOoOoooooon
oooobooooooooobooooooonooooooooooooooOo0oooonys,ye,. .-
oo mOobOO0OO0OO0OO0DOO0OO0ODODOO0OMmOobOOOO0OOOO0ODOO0O0OO0DOODOODOO
gboooboobooobooboooobobooooboooobooboooooboobooboooo
gbooooobooboobooboooobooboooonog

221 0000OOO

000000000000 0000000000000000000e00000 (Normal dis-
tribution, Gaussian distribution) 00 000000000000 mO00O0O0O0 o 000000
N(m,c)DOOODOOOO

ocoooOO0O0O000000ooobO 000000000 cO0O0OOOOOODOOODOBOOO
ooooo

e~ N(0,0) (2.73)
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JooooooD ¢, 0000 mdO000O0 oO0O0O0ODO0DODODOO0OOOOO
i~ N(m, o) @)

O0mO00D000O0O0D00O00O0D0O0O0O00DO0DOOO0DO00O0O0DO c0O0DOOOOODO
gobooobooooooobbooobooooboboobobooooooboooooobooooDboo
gboboobOoboooboobooooboboooobooooobooboooobobooog
obboobOddesebOO0OOO0OOOODOOOOOODOO

ooboobbooubD ywwOouo mbO0OO0O0O cO0O0DOOOO0ODOOODOOODOODOOOODO
mUO0000000000C0000000000000000000O0000O0O0O0ObOO0O0O0O0
obooboooobooooooboooobooooooooboooobooobooboooboog
oobooobboooooobobooobooooobooobooboooooooobooobobooooboo
oooooboooooboobooooooobooooboooobobooboog

gboboboobobol1boboobooooobooooboobobobOobOobooooon
gobooboboboobooboooboobobooooooooooboooooooooboboooboog
ooboooboooboooooooobobOooboooboobboobooOoooboOoobooobooo
ooooobooooooobooobooobooobooobooobboobboobooooogboboobooo
gbobooboboobol1ooboboooooboboooobooboooobobooooobo

gobooboooooooboooboooooboooooooooboooboooobooooooonn
goooboobooooboobooboooooobooboobooobooooobbbooboobooobooo
oooooooooo

000000000 (likelihood) D0 ODOO0OO0OOOOOOOOOOOOOOOODOOOOOOO
obooobooooboooooboooooboobooboooooobooobobooobooboboobOoooo
gboboboboooooboboobooboobobobobobooooooooboobobobono
ooboobooboobooboboobobooboooooooooooobooooobooboog
obooobooooooooo

00000600000 OROOODOOO X,,...,X, 000000000 f(Xy,...,X,16)0
ooo0ooooooooooUoooooo L@ X1,...,X,) 000000000000

LO| X1,...,Xn) = f(X1,..., X0 | 0) (2.75)

obooobooooobooobooobOooobooooOoobooobooobobooboooboog
gbooobooogobooooboooobooobooboooobooooboboboobooog
oooooobooooobooboooooooo

00000000000 00000 X, 000000000000 000000 X; ~N(m,o)
obooOobooooobobooooobooooooboonoo

1 —(x;—m)?
f(Xi]6) = Nor 207 (2.76)

oooé=mec0O000000O0O0O0ODOOOOOOOOOOOOO

1 —(X;—m)?

e 202 2.77
V2o ( )

L(01X;) =
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oo0oooooooooooooDooo

00000000 X4,...,X, 000000000 (statistically independentlly) 000 O 0O 0O
000000000000000000 id.d.(independent and identically distributed) 00 OO
ool oo ooooon
oooooooooo

L0 | X1,...,Xn) = f(X1,..., Xn | 0) (2.78)
= f(X1]0) f(X2[0) -+ f(Xu |0) (2.79)
=TI/ 10 (2.80)

=1

gboooobooboooboooooboooooobooooobobooobooooooooooooon
goooooog

log L(0 | X1, ..., X,) = znjlog F(Xi10) (2.81)
=1

0000000 (log likelihood) 00 00
0000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000
000000000000000000000000000000000000000

mgxxL = meaxlogL = ngn —logL (2.82)

0000000000000 (Maximum Likelihood Estimation, MLE) 0O OO OO0OO0OO00OO0O
gboobooooboobobobogobooooooboboboboboooboobobobobg
good

222 QJO000OO0OOOO0OO0OO0OOOOOO

obobooobooobooboooooooboooboboooboboOooooooboboooooOonoonn
bobdd sboobodeUibbOOOOODOOOOO0OO0OODOODOODOOODOOO
gbooooobooooooobo

oboooooboooogoo

1 —(yg—m)?
e 202 (2.83)

f(yilo) =

)
;
Q

gobobooobooboobooboboboboobooboobooboobooboon
1

202 (yi - m)2 (284)

1
—log f(y:]0) = §log 2o +

oboboooboooboooobooobooobooobooboooboobooobooobooobbooooon
obooooobooooooDo
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oooooO0O0ooo0o00ooooooooooogfoOo00oOoOOoOooOOOoOoOoooOOO

—log L(0 | y1, .-, yn) = — Y _log f(y; | 0) (2.85)
i=1
n 1 — 9
=5 log 2o + 257 Z(yl —m) (2.86)

i=1
ooboobooobsebOO0OO0O0ODbOOOOOOO0ODOODODOOODOODOOOObDOOODOO
oo mdbOODOOO0OO0OO0OOOO0ODOOOOOCOOOODOODOODOOOOOOOOOOO0O0OO
0oooooooooooo100 sleg2rc 00000000 20000000 #DDDDD
ooooo
uboboobobooobooboooooboooboooon

min — log L = min Z(yl —m)? (2.87)
i=1

oooooo0o0oooo0oooDObO FODOOOODOOO

F=Y (yi—m) (2.88)
=1
0000000 000000000000000000000000
dF
— =0 2.89
T (2.89)
d n
2
il _ =0 2.90
dm izl(yz m) (2.90)
2> (yi—m) = (2.91)
=1
> yi—nm=0 (2.92)
i=1
! Zn: (2.93)
m = — i .
n =1 i

gooooboooobobD ywO0OooOoboooobob mOOOOO0OOO0ODbOO0O0OO0
gooooooboboobobobooboobobooboboooboboobOobDOobOoDoooo
goooboooboobooobboooooooooooooboooobooobooboOoobooag
gboobooooboooobooooboooobooooboooobooooboooog
goboooboooooooooboooboobobooobooooooobooooobooboooDboo
gboboobOoboooobobooooobooooboobooonoo
goboooobooooboooboobooobooobooooobooobobooooobooobooDn
obOobOoboooooboobooooobooboobooboobooooooboobooboobOonoo
goobooobooooboooboboobboobooobooooooobooobbboobobooboOoDboo
oboooooboooboobooboobooboooooobooobooobooooboobog
gboboobOoboooobooooboobooooboboooobobooooooo
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223 0000O0OOO0OOOODOOOO

obobseO0O00OO0OO0OOOOOOOOOOOOOODOODOOOODOOOOOODOOOOO
gboooobooooboboooogan
obooooooboobooooobobooobooboooobooboob FOODOOO

n

(y; —m)? (2.94)
=1
0000000000000 00000000000 000000000000 00
O0mOOOOO0O0O

log 2ro + — 952

oF
3 = 0 (2.95)
Yl m) =0 (296)
> (yi—m)=0 (2.97)
=3 (2.98)

gobobooboobooboobobobobbooboobooan
000?2000000062000000000000000000000

or
Oo?

JL ?li: (2.100)

ﬁé- (2.101)

000000 ¢?000000000000000000000

=0 (2.99)

3\*—‘

224 0000ODOOOODOODODOOOODLOODODOOOO

obooboooooooboooooooooooboooboooobooooboooobDoboooDOon
gbooobooboooooboooobooon

00000 0000000000 UOD ¢g(e,) 000000 OUOOOOUOOOODODOOO
oooooo

yi = g(xi,0) + ¢ (2.102)

000000 g(z;,) 00000000000 e0000O0O0OOOOOOOO y,OOOOOODOO
obooooooooooooboboooooo

e~ N(0,0) (2.103)
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00000000 40000000000
yi ~ N(g(2:,0),0) (2.104)

gbboobodgbooobogobobooboaoboobooboobobboobooboan
gboooboooboobgoooooboo

1 —(yi—9(4,0)>

:10) = e 2z 2.105
f(y:16) Noro (2.105)
000000000000000000000000
—logL =~ log f(yi | 0) (2.106)
=1
== log 270 + 1 zn:(y — g(x:,0))? (2.107)
2 20_2 Pt 1 K3} .

gobooooboooobooobooboobbooooboooboooboobbooooboOoDoo
gobooboobooobooobooobobooboboobooooooooooobooobooooboog
obooooobooooooboon

in — log L = mj i — g(xi,0)) 2.1
min — log rrgn;(y 9(:,0)) (2.108)
00o00oO0o0oo0oo0oo0o0oo0oo0oOOo0OO0o00o00O0 g0O00OOO0OO
gbooboooooobgooaboo

gboogoboooboobooboobooboobg ywOoobobob ghobbOobDbOobDoOo
00000000000 000O000 (the sum of square of differences) 000000000000

FZE:@—ﬂ@mﬂf (2.109)

goboboobbooubooboobooboobbooubooubboobbooobb o
00000000 (Least Square Estimation, LSE) D 00O

0000 (MSE)UDOOUOOO (LSE) 000000000000 O0O0O0OO0OOooooood
godboogobbuoooboooboboobobooobobooobbooobbooobbobobbo
gooboobobooooooboobooob bbb bboobbooobb o
bobobobobooboooboobooboboobOoboobobooooooboobOobOonag
ooobooooboooooooboooboobboobooooooboooobooobbooboooooboooo
goobooobooobbuoooboooooobbooobbooobboooboobobbo
oboobobooooooboooboooboooooooboooobooobooooboobog
goboobooooooobooboobboobooooobooobooboooooooobooo
obooobOoboooobobooooobobooooobobooooon
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23 0OOOoOn

0000000000000 0000o0o0oU0oo (LSE)D0000o0oooooooooon
gbooooooboboboooooboobobbooooobobobooooboboboobg
goo

O0000000000000000000 (linear regression) 00 000000000000
gboooobooobobgobooobooboboboobooboooboboooobobobg
gbooooboooobobooooboboooooboooobobouoog ;00000
0000 g(z;) 0000 2, 000000000 00000000000 00O0O0O0ODOOOOO
ooo

23.1 OODOLSEOOOOODOODO

goboobobooboobooboobooo
g(z) =ax+b (2.110)

O0D00000000000000000 «000 b0000x,2.,...0000000000
y1,2,...0000000000000000000000O0O0O0O0O0O0
00000000000 FOOOOOOOOOOOOOO0OO0O00O000
F—lﬁé(-( ;+0))? (2.111)
=3 Yi azx; .

i=1

goboobooboobooboobobboon

min F’ (2.112)
a,b

gooo
gbooobOobooooboooobooboooog

oF
o5 =0 (2.113)

oF
0b
goboobooboobboodnb oo O

=0 (2.114)

%;; =0 (2.115)
> (i) (yi — az; = b) =0 (2.116)

i=1
aixf+bixi7iwiyi:0 (2.117)
i=1 i=1 i=1

(2.118)
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00bs0000
OF
— =0 2.119
2% (2.119)
> —(yi—azi—b) =0 (2.120)
i=1
a wi+bn—> yi=0 (2.121)
i=1 1=1

obooobOoooooobooog

aizf+bix¢7ix¢yi:0 (2.122)
i=1 i=1 i=1

azn:xi—l-bn—zn:yi:O (2.123)
i=1 i=1

ooooooooooooOoOoOoDOooo0OoOoooD e, bO0DDOOODOCODOOOOOOODO
gooooood

( 22:1 DD ) < a ) _ ( 2%1 Tili > (2.124)
Yo n b Dim1 Yi

O00000000000000 (normal equation) 0000
gobobooobooobboooobobboobboooboobboooboooooo
2x2000000000000O00O000000OO

(V)

23.2 0J0O0O0OOOOO

gobooooooobooobbooooboooooboooooooooobooobboooobDoooDo
bobooboboooboobobooooobooooboboooobobooooooboon

ooooooOooooOo0obOo0ooOooOooO0ooDo0ooOoOoOoooDoO00b0D0 y=ax+00
gbooobooooboboobobooobob eb0b0OO0O0ODOOO0OOO0ODOODOOODbOODOODOO
goooooboooooooooobboobooobooobooooobooboooobDoooDoo
uoboooboodobeebOO0b0obOO0o0obOoOobObbOOo0obo0ooo0oobooobooonboog
ooooooooooooo0o0ooooooDoobobo0dby=er+0b0000000000O00ODO
gbooobooboooooboboooooo

gobooooooooboooboobboooooobboooooobbooboboooooDooDbo
Oy=aer+b000000000000000000000000y; 0 g(z;) =az;+b0000
ooooooboboz00y0O0O00000 x:%yngDDDDDDDDDDDDDDDDDDD
gobooboooooobooboooooooboooooboone; O %yi—g[lDDDDEID
obooboobooobooboobooboooboobooboooobooooboooboog
gboobboooboboobd ywOOoOoOO0oOOoobOooboobbooboboobooooooon
oobobOooboooooooooobooooobooobooobooobooooooooooooboooo
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0000000000000 0000000O000000O00O00O000O000O000 (invariant)
0000000000 000000000 (not invariant) 0000000000 OO0OO

gbgbooobooboobobobobobooboboboboboboboooooboban
00000y 0g¢g(x)00000000000000000000O0O0O0O0O0O0 20000 g(ay)
gbobooobooboobooobooboobobobooooooobooboboOobobOonboonoog
oon

gbobooogooboboobobobooboboboboboboboooobaban
goboboobooboobooobon

233 0O00OO0OOOOO

gbobooobooobooooooobooooboobooobooooooooboooboooboon
gobobboaoboobooboooboobooboobooboobon

gbobogooooooooobobobobobobobobooooooooobobobon
goooo

234 0O00OO0OOOOO

goboboboboooboooboooboooooo
ar+by+c=0 (2.125)

gbobooobobooboobtbzs0byOO000OO0ODODOODOOOOOOODODOOCOODOO
gboboboooooooboooooboooooobobOobobobobOobOoboooooboooo
ooobooooooooobooooogd eb,cO00O00D0ODODOODOOODOOOODOOODOOOO
’+p*=1000000000000000000000000c=1000000000000
gbooobooooo

00000o0ooU0ooooO (x,y) 0000000000 0UUOOODOOOOOOOOOOO
000o0oooo (r,y)DOOODOO0d0O00OO00O0O0O0OOO0O0OO0

d=/(w =20 + (y — yo)? (2.126)

O (z0,y0) 0 0000000000000 OODOdO0OOOOOOODOODOOOOOODOOOO
obooooobooooooo

mind subject to ax+by+c=0 (2.127)

000 «*+$?=100000000000000000000000000000000000
000000000000000000000000000000000 a,b,c000000000
000000000 (z0,5)0000000000000000000000000O000O0O0
00 (z,y) 0000
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O00000000000000000000 (coditional optimization) 00000000000
o000 d000000000000000 ex+by+c=00000000000000 “subject
to” J0000000000 (subject) 000000000

00000000000 00000000000000000000000 (Lagrange multiplier)
oooooooooooooooboooooOoooooo AODOOoOoOoDbOOoOoooooooo

min f subject to g=20 (2.128)
gdoboodouooooooobooooboooooooo
F=f-\g (2.129)

gboabuoobouoobobobobboaoboaoboobuooboood

000000000000000000dO0000D0 d?00000000000000000
oooobooo0ooooooooo0oooo A ooooboooooboboobobObooooooooo
oood

F=(z—x0)*+ (y—0)? — Mazx + by +¢) (2.130)

000o0o0O00oo0o00oo0O0on (»y)D0O0O0DO0OOOODOOOOOOO AOOOODODOO
obooobOoooooboobooooobooon

OF

— = 2.131
Ox 0 (2.131)
OF

— =0 2.132
oy ( )
OF

- = 2.1
55 =0 (2.133)

goooobobbbooooo

oF

e 2(x —xp) —ar=0 (2.134)
1x=%A+% (2.135)
oF

 — oy —yo) — bA = 2.1
oo =2~ ) A =0 (2136)

b

Ly =gAt (2.137)
oF

gbobooboobooooobooooooboooo

ngx+m (2.139)
b
y=-A+yo (2.140)

2
ar+by+c=0 (2.141)
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ooooooooooooobOooo0ooooooo0ooooooAODODODOODDODOOOOOO
000 z,y00000O000O0ODOOO0DODOOOXNOOODOOOODOOOOODOOOO

ar+by+c=0 (2.142)

b
a(g)\+xo)+b(§>\+yo)+620 (2.143)
a’X + 2azg + b2\ + 2byo + 2¢ = 0 (2.144)
(a® + b)X 4 2(azo + byo +¢) =0 (2.145)
(a® + )X = —2(azo + byo + ¢) (2.146)

—2(axg + byo + ¢) (
a? + b2 '

oo0o0oO0o00oD «,y0OO0OO0OD0OOCOODOOODOOOD ANODOOODDOOODODOOOO
ooo

A:

a(azxg + byo + ¢)

=1z — 2.14
T = xo pra (2.148)
blazo + byo + ¢)
=yYy—————5—— 2.14
Y =10 TR (2.149)

oooooooooo0ooo0ooobobo Js00000goooboDD z,y00d00O0O000O
gon

a®(axg + byo +¢)* b (amg + byo + ¢)?

2
d? = CENGE CESGE (2.150)
axo + byo + ¢)?
= % (2.151)
d= % (2.152)
=azrg+byo+c (a®+b*=1) (2.153)

gbobdoooboobooboobooooboooobooooboooboooboooooooboOooo
gbooooobooooooboooooon
000«®++?*=100000000000000000000000000000000000
000000e*+6*=1000000000000000000062+0*000000000
O00a?+v*#£00000000000000 «*+4*=0000000000000000000
ooooog
oobooooobobooobboooobooooboooobboooooooboobboooobooooDo
0000D000D0000c¢=10000000e*+4?*=1000000020000000000

oboooobdOce=1000

gbhoboboboopooboobobooooboboboboboobobooobooboboon

gboooooobooobooboooooboooboooboooooooooobooboooooon
ooo
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nO0000000 (¢,y,) 000000000000 az+by+c¢c=000000000d;00
oooooooo0odd ce=10000000000000D0O00O00O000O0DAO @,b,cO000nODO
ooooobobooooobooo

oooooooooboboooooooon

J=> d (2.154)
i=1
= (azi +by; + )’ (2.155)
i=1
n
= (am; + by +1)? (2.156)
i=1
= Z aQ:E? + b2yi2 + 2abx;y; + 2ax; + 2by; + 1 (2.157)
=1
0000000000000 000000000000
6,b000000000
oI
5 = ; 2ax? + 2bay; + 2; (2.158)
=20 2} +20) ziyi+2) ;=0 (2.159)
i=1 i=1 i=1
aZa:f+bZa:iyi+Za:i:O (2.160)
1=1 =1 =1
oJ
7 202 + 2 Ui + 2y 2.161
5 ; y; + 2ax:y; + 2y (2.161)
=20 i 420> i +2) 4i=0 (2.162)
i=1 i=1 i=1

bef+aZl’iyi+zyi =0 (2.163)
i=1 i=1 i=1

gboabuogboooboobobboaoboaobodanod

Vi Yl miy a ) _ [ —Xia (2.164)
Z?:l LilYi Z?:l yzQ b - Z;L:l Yi
Odoo0oodoooooooobooooooooon
-1
b Z?:l LilYi E?:1 912 - Z?:l Yi

O00e,b0000OOO
gobooooboooooooooobooobobooboboooooobooboooboonbn
c=1000000000000000000000000000CDODOO0ODO0O0O az+by+c=00
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Oo00O0000D0000e=10000000000000000000 z,yO0000 az+by+1=0
boooobooboooooboboooooboboooboobobobz=0,y=00000000
obooooobooooon
oooooooobboobooboboobooobbooboooooobbooobbooooDoooDo
gbobooboobOoboobooboobobooobooboobobouobbe=10000000
obooooboooooobobooobooboooooboooon
gbobgbogbobobodgbobuoobbioibd «0bO0obobobulbd y=ax 0O
oooooobooooobooooooboooog

( Y il T ) :< Yia® L wod ) (2.166)
Z?:l TiYi Z?:l yf Z?:l T;0x; Z?=1(a$i)2
:< YT X ow] ) (2.167)
Yijaxd YL, o}
( Yl aXi e ) (2.168)
ayliyai oy al

iﬁ( b ) (2.169)

obooobooboz200001000 «ObOO0O0oOoooobooooo

gboboooobobobobgobooboboboboooooboboboooobon
gbooooboobooooboobooboobooboboboobooooooobooooobooboooo
gbobooobooooooboooboooobooooooooboooboboooooobooooOon
gboooobooobooooobooboooooooobooobooobooboobobooobboon
gobooboobooobooboobobobon

gboboobooboobooboobbooboboooboobobooooboooboboOoooboooon
y=ar+bU0 ax+by+c=00000000000 az+by+c=00000000000 200
00000000 c=10000000000000000000000000a2+0?=100
gbboobooboooooobooobooboon

000000000e?2+v*=1000

0000 «?+p*=100000000000000000 ez+by+c=000000000
;0000000000 (¢,y;,) 000000000000 OOOODOOOOOOO a,b,cO0O
obooooobooooobooboonog

obooobooooooobooooobooo

n

n
J:dezz:(axi—i—byi—&—c)Q (2.170)
i=1 i=1
ogoooobooooooobobbbboooooooon oo ooooooon
googboboooobobooboooboboooobooooooobobobooobobooon
goboboooboooboobuoobobobobobooboooboobuooboobobooboo



23. OO0O0OO 35

uboboobobo cobOoboobOobobobo ecbobooooan

aJ
= =0 2.171
9 (2171)
> 2(axi +by; +¢) =0 (2.172)
=1
ay wi+bY gty =0 (2.173)
=1 =1 =1
n n
aZmi—i—bei—Fnc:O (2.174)
=1 =1
a4 — b —
c:—EZaci—EZyi (2.175)
=1 =1
(2.176)

0000000000000000LY" 2,02000000000LY" »0y00000O
0000000000000000000 (m,,m,) 0000000000000000

¢ = —amgy —bmy (2.177)

a,b000000000D00CO0O0cO @,bO00000DOOO0OODOO
gbobooboboooobooooooboooo

amg +bmy +c¢=0 (2.178)

00000000000 00000000000000 (mg,my) 000 ax+by+c=0000
gboogboobooboobooboobobobooboobooboobob@mboobooobo
gooooood

oboOcOO00O0O0DOO0OOOOOODOOOOOOODOOOOODOODOOn

J = i(axi + by; —amy — bmy)2 (2.179)
= 2 _(alws = mq) + bys = my))? (2.180)
= ZGQ(% —myg)? + 2ab(x; — my) (yi —my) + b (y; — my)? (2.181)

i=1
RS “ (5 —my)? (zi — ma)(yi — my) a
=3 () ( = m) @ —my)  (gi—m,)? > < b ) (2452
—(a ) ( Tl mma)t S me) (s —my) ) ( a ) (2189
> ie1 (@i —ma) (yi —my) > i1 (Yi — my) b

obooobOoboooooboooobooboooooboooobooboooooo
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2x2000000000000000D00

o2 = Z(xl —my)? (2.184)
=1

op =Y (yi—my)? (2.185)
i=1

02y = pe = ) (@i — m)(yi —my) (2.186)

=1

gbooooboooobobooogooo

or o}
C = ( s ) (2.187)
O'y g

x y
00000000000 (covariance matrix) 000000000000 yO00OOO0O0OOOOO
000000000000000000O0CcCT=Cco00n

000oooooDo o, 0000000000000 0000 eO0OQOQOO

a= ( Z ) (2.188)

000D0e?+$2=1000000000000000000000000000000]|all?2=1
oooo
000000000000000000000000000000

J=a"Ca where |la|®=1 (2.189)

00000000000 0000000J0 «0000000O0O0ODOOOOO
aJ
£ =924TC 2.190
Oa a ( )
00000000000000 « 0000000000 0OO00O0O0OO0OOOO0ODOOO COODO

000000000000 e00D0O0O0OO0O0OO
a’™C=0 or Ca=0 (2.191)

000000000 oO0000D0O0D0O0D0O0DO000O0OUDO0DDOOO (null vector) O
goo

gbobOooooboobooobooboobooboboooooooboboboobOoboooooon
obobooobooooobooooobooooooboOoboooboooboooboOobooobooooboon
googooo

2.3.5 MELOOOOOOOODOODOO

oboooooooobooobooboboooooobooboboooooooboooobooboooboooDo
0000000000000 o (LSE) 0000000000000 o0o0o0oooooooog
gooooao
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oo0ooo0o00 (MLE)DOOOOOOOOOOOOOOOOOOOOOOO0DOOOOoOoOOO
ooooooooooon

gbgbgboobobobobooboboboboboooobobobobooooboooan
goboboooooboboobooboooo 200b0bobooooboboboooobobo
gboboobOmoooobobobooobdm=00000000

Ay =0l (2.192)

gooooo2000000

1 1 -1
—z(@-m)A; (z—m) 2.193
al0) = 5ie (2.199)
gboaboooboobogboboboaoboabooobaon
0000000000000 00000D00D0D000000D00D00000 @; = (z4,y:)700
00 m=(m,m,) ' 0000020000000000100000000000000000O
ooo

1 —3(x—m)A; (z—m
f(z|0) = oA ‘e 3 ( )AL ) (2.194)
R - LR 2.195
= W@ 20 W@ 20 ( . )
1 @immae)+wi—my)?
= 202 o (2.196)

gboboboboboooobooobooobooooooboobob0o s OO 0O 20
00000000000000000000000000 @4 = (24,y,)7 000000000 o
oooob 20000000000

ubobooboooobooboooooo

—logL = —log f(x1,...,xn) (2.197)
= — logﬁ flx:) (2.198)
=4%ﬂﬂMﬂm (2.199
_ — Gy (2.200)
= nlog 2n0> + 53 Z {(xi —z5)* + (yi — ys)?} (2.201)

000000 «2000000000000000000000000000000000000
0000000000000000000000000 o= (24,y:) 00000000000

min Z { ;— xm + (yi — yti)2} subject to axy + by +¢ =0 (2.202)

{zi9:}
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ooooooobooooooooboooboOoooOoooOooD AODOOODODOOOOOO0ODOOO
gooooao

n

J=3"{(wi—2a)® + (Wi —ye)*} = 3 Nilawe + bysi +¢) (2.203)
i=1 i=1

0000000000 o = (2u,4,)  00000000000000000000000000
0oooo0ooo

000000000 JO oy,y4, 0000000

aJ
nzﬁ:@+gM (2.205)
aJ
= —2(yi —yti) — Nib= 22
L — 3y~ ya) ~ Ab =0 (2.200)
b
St =Yit A (2.207)
aJ
oy, 0 +byy +c=0 (2.208)

i00000000004i000 24,y 00000000000000000000000000
000000000000 000000000000000000000
000000000000 24,y,0000000

azy + by +¢c=0 (2.209)

a (ml + g)\i) +b <yi + g)\z> +c=0 (2.210)
ar; +by; +c= —%(a2 +v?) (2.211)

= —2lazit byt o) (2.212)

a? + b2
Oo00o NxOO0O0O0D00

00000000000 0000D0 24,y 00000000 \,00000000000000
obooooobooooon

J1 = 2": {(wi —20)? + (i —yu)”} (2.213)
S {60 (3] e
_ zn: (“2 I b Ag) (2.215)

= Z(axi + by; + ¢)? (2.216)
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oooooo 00000000000 00D0O000O0DOOOODODO0O00O0 a,b,cO000
obooobObOoo0ooobOobooobooboooobooooon

. . . 2
g};ﬂ;(axl +by; +¢) (2.217)

gobOo0oooooobooobooobooboobOoobOoooooooooooobOooDnn
obooooboooooobooboboooobobooboooobooooboboobooo

goboooboooooobbooobobooooboobbooboooooboooboooooDooDo
oboooboooboooobooobooobooboobooobooooo0oooboooboonog
goooobooobooboooboooboobooobobobooo 200000000000 0DO000b000
gooboooooooooooboboooooboobooooboooobooooooooooboOoDboo
obooboooobooooobobooobooboobooboobooooboooboobog
gooobooooon

oobOoobobooobooobooobobooboobooooboobbooboooOoooboooobooOoOoDbn
gobooooboooboooobooooobooboooboooboobboobobooboobooooDboOoobooo
obboooboooobooooooooboooboooboooooooboooboobooobog
obooboooboooobobboooobooboobooboobooboobooobooooog
gbooooOoboooobobobooob0oboooooDbon
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obbooobooobobooooooobooobooboobooooooooobooboOooDbn
gbooobOoboooobooooboobooooono

obooobOmnOODOO0OO0OO0OODOOO0OOCODOO0OO0 pOOOOOOOOCOOODOOOOODO 100
00000 |lp/|l=1000000000000000000000O00O0OOOO

J=p'Bp (2.218)

O00mxmO0 BOODODOOOOOO B=RBT00000000000000O0000O00OO
ooooo

minJ with |[|p||=1 (2.219)
P

JOpOODOOOODOOOODOOO

oJ

— =Bp=0 2.220
op L4 ( )
pU000 BOODOOOOOODOOODOOOOOOODOOOOODOOODOOODOOOOOOoOOOO
0000000000 00000JOUO0O00000000000000o0ooooO (Eigenvalue
problem) 00 0000000000000 O00OOO0OO0OOOOOOOOOOOOOOOOOOO

gboooboobooboooboboo
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00 BOOOODODOO (eigenvector) e, 000000000000 D0OOOO
Beizviei (2.221)

00000000000 e, 0000 (eigenvalue) 000000 mxmO0O BOmOO0OO
gbooboooooboboooooobobobobobooooooboobbooooboboboobg
gbooblooooobooooboboooooboooobobooooboobooboooboooboon

el'e; =0;; (2.222)
00000000000 00000 BOOODOOODOO0OO0DO000O0000000
B=UDUT (2.223)

000 pOOOO00OOOO0OO0OODOOOOODOOUTUOODOOOOOOOOOOOODOOOOD

D= , ;, v <vp <<y (2.224)

U=(e1ey - ey), UUT=UY=1 (2.225)

00000000000 (diagonalization) 0000000000 BOOOOO UOOOOOOO
b0 pOooooobooooobooobooooboo
dbombOOoO0OOOO0OODOOO0OCOO1000000DO000O0O0OmOODOOOOOOOO0
obooooooobobonOOoOODODOO0OmOOOODOODOOOOOOCOOODOODOOOOO
pOO000O0O0OO0ODOOODOOOOOODOOODOO0ODO

p=ae;+ - +anpe, = Zaiei (2.226)
i=1

0000000D0000000000 «00000000000000000000a; =pTe;D
goboooboooobooobooobooobooobopboboOooboboOooboOooboooooo
gboooobooobooboboooobooon

pU0000100000000O00O0O0O0O0O0OO0O0DOO0O0DOOODOOOOOOOOO0O0OO
gooooobooboooobooboboooooooooboooboooboobboobobobooboooboo
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0oooooo
Ipll* =p"p (2.227)

= (Z aiei)TZaiei (2.228)

1=1 =1
m m

= aie])> aje; (2.229)
i=1 j=1
m m

- Z Z ajaje] € (2.230)
i=1 j=1
m

=Y i (2.231)
1=1

=Y ai=1 (2.232)

Ub0bb0pO0O0001000000O00O0O0O00O0O0ODO1DOD00DO0O0ODOODOODOOO
goooo

ooooooooboooooooooboOoooooboOooooooDoO0 BOoODDOOODOO J
oobo0oobooboopOOOO0OOOOOOOOOOOO0OO0OOBOOODOOODOpOOOODOOO
O0000000000o0o0o0ooU0ooooUd {e;}0000000O0O0ODOOOO0ODOOOOO
goooobooobooo

r{nir}lpTBp with B=BT, p= Zaiei subject to Za? =1 (2.233)
a; i=1 i=1

g0o00ooOOdo0ooo A DODO0DOOO0DOO0DOO00O0DOO0O00O0ooOOobOOoooDooDOoooo
m
J_pTBp+A<Za$ ) (2.234)
i=1
0000pTBp00000000000000 Ufp00000OOOOOOOOD
el aT
Ul'p = : (are1+ -+ amem) = : (2.235)

T
A

0000pTBp0O00O000D000
p'Bp=p'UDUTp (2.236)

V1 a1 T
=(a1,...,am) : (2.237)

39

Um a

=> alv; (2.238)
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gboooobooooooboooobobooooona

J= i aZv; + A (i a? — 1) (2.239)
=1 =1

00, A0000000

0J <
i=1
Y@=t (2.243)

gboooboobooooboboooobooooobooboooobobooboDooboooo

000", ¢?=10000000¢0000000000000000000000 ;00
O000000000a(v;+A)=00000000e;,=00000 A=—-y,0000000000
obooooooobooooobon

0oooooos0AN=—y, 0000000000000
ai(vi—l—/\):ai(vi—vi):O (2.244)

0000000 0000000000000000D000M 000000000000 j(#£4)
goooo

a;(vj +A) = a;(v; —v;) =0 (2.245)

0000000« =0000000000000000000000O000000O00v; #v;00
00000000000 ¢0 ;400000000 j(#40e;=000000 Zyilaleﬂﬂ
oboobotdbe; =10000000000

oboooooobooooooooDo

a; =1 (2.246)
a; =0 (j#1) (2.247)
A= -y (2.248)
minJ = v; (2.249)

gbobo:0::=1,.... mUO00O0O000OO0O0OmUOO0OO00OO00OO0O0O0C0OOO
gboooobobooooobobooooob nOODOOOO0OOOODOODOOOODOODO
oboooooob:=10000

a =1 (2.250)
a; =0 (j#1) (2.251)
A=—v (2.252)
minJ = vy (2.253)
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gboboobobooboobob nw<wn<--- <9, 0000000000000C
oobOo0O0ooboooobooobOoobO0ooboobpbOO0OoOOOOOOOOO0ODOOOODO
oood

m
pP=) ae —e (2.254)
i=1

000000000 »O0OO0DO000000 e, 0000000000
J=p'Bp=elUDUTe; = elUDU"e, = (1,0,...,0)D(1,0,...,0)" =, (2.255)

gbooobOoobooooobooooobooboooon
000000000000000pPp 000000 pO0BOOOOONOOODOODODOOO

ooooog
gobooboooobooobobooobooboboobooooboobooooOoooobooonn

gbboobOobooboobooooobooboooooboobooboobooboooonog

24 0O0OO0OOOO

gobooboobooooobooboobooboboOoooboobooobooo 2000000
0000000000000 00000000002000000 (conic fitting) 1000000
ooooobooobooo
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