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CONHARMONICALLY FLAT FIBRED RIEMANNIAN SPACE
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ABSTRACT. We prove that a conharmonically flat fibred Riemannian space with to-
tally geodesic fibre is locally the product manifold of two spaces of constant curvature
with constant scalar curvatures K and —K respectively.

1. Introduction

It is well known that the angle between two vectors at a point is invariant under
conformal transformations. But, in general, the harmonicity of functions, vectors
and forms are not preserved by conformal transformations. Related to this fact,
Y. Ishi [2] have studied conharmonic transformation which is a conformal transfor-
mation that preserves the harmonicity of a certain function. In [5], it is proved that
the conharmonic curvature tensor is invariant under conharmonic transformations.
In this paper, we study the fibred Riemannian spaces with vanishing conharmonic
curvature tensor. It is also proved that conharmonically flat manifold A is locally
the product of two spaces of constant curvature with constant scalar curvatures K

and — 1 respectively.
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Throughout this paper, the ranges of indices are as follows :
Lk, oo 1,2, n4p=mn,
a,be, 1,2, 0,

Y, 2,41 n4p

unless otherwise stated.

2. Conharmonic transformation

Let M be an m-dimensional Riemannian manifold with metric tensor G and p
a positive function on M. Then the Riemannian manifold (M,G = €?G) is con-
formally diffeomorphic to (M, G) and the conformal diffeomorphism ¢ : (M,G) —
(M, G) is called a conformal transformation. When p is constant, ¢ is called a
homothety. A harmonic function is defined as a function whose Laplacian vanishes.
It is well known that the harmonic function is not in general transformed into a
harmonic function by conformal transformations [2,5]. In this point of view, Y. Ishi

[2] have studied the condition on p in order that the function

2.1) f=eerf

may become a harmonic function with respect to the Riemannian metric G for a

suitable constant « and a harmonic function f. In [2], it is proved that

Proposition 2.1. Let f be a harmonic function on (M,G) and a = 2;4"1 (m > 2).
Then the function f defined by (2.1) is harmonic for G if and only if

m— 2

2.2 '
(2.2) Vp+ 5

ldp|l® = 0.

Y. Ishi [2] defined a conharmonic transformation which is the conformal trans-
formation ¢ : (M,G) = (M,G) satisfying the equation (2.2). The conharmonic

curvature tensor T is defined by

1
(2.3) Tiji* = Rijit + ;n—_—i{sikts,’-' +S;*Gik — S8 - SkPGy;)

T ,P! ‘ ia
Preen . ! li 4 ! 2]
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and T is invariant under conharmonic transformations [1,2,5].

3. Fibred Riemannian space
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Let (M,B,G,r) be a fibred Riemannian space, that is, Al an m-dimensional

total space with projectable Riemannian metric G, B an n-dimensional base space,

and 7 : M — B a projection with maximal rank n. The fibre passing through a

point & € M is denoted by F(x) or generally F', which is a p-dimensional subman-

ifold of M, wherep=m —n .

Let h = (hy3") and L = (L4P) be the components of the second fundamen-

tal tensor and normal connection of each fibre respectively. The geometric objects

{R,S, '} are the Riemannian curvature, Ricci curvature and scalar curvature ten-

sors of M respectively. {R,S, K} and {R,S, K} are the corresponding objects of

B and F. Then the structure equations are given by [3,4]

(31) Rdcba = Rdcba - Ldachbf + Lcachb( + 2de6Lbac,
(3.2) Rup® = =*Vahy®, +7 Vo Lay® + Lo Les® + by jh %,
(3.3) Rg-ﬂaa = R57ﬂa + h&geh.,ae — h-,ﬁehaae,

where we put

(3.4) *th7ﬁ“ = Odh.,/,“ + Pgehwje - Qd7€hcga - Qdﬁch—yga,
(3.5) "*VsLeo™ = 05Lep® + T§Lep® — L5 Ley® — Lp5Lce®,

(36) Qcﬂa = c/.?a - hﬁaca
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and P.3* are local functions defined by .
L¢,C = Py E,

where {E®,C®} are dual to the local frame {E,,Cg} of M and Lc, is the Lie
derivative with respect to Cz. Let g and g be the Riemannian metrics on B and F

respectively.

The Ricci curvature and scalar curvature are given by

(37) S = Seb— 2Lee L — hpach®s + —;—(*vch:b +* Voheto),
(3.8) S =** Vyhety =" Vehy y +7 VeLo®, — 205 Lo®,
(3.9) S16 =8y = hypthfe +* Vehys® + Laey L5,

(310) K =K+ K = ||ILo®|1? = lhyplI® = hy"ehs™ +2° Vb,
where we put

(3.11) **Vah-yﬁa = 85h.,[3“ - F§7’leﬁa - f‘f;[»,hw“ + Lea‘;hwje,

(3.12) *VaLep® = 8aLev® — TacLet® — T b Lce®™ + Qac“Lab®.

The following lemma is well known [3].

N R R T L rem——— - il w
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Lemma 3.1. If the components L = (Lp*) and h = (h,5*) vanish identically in
a fibred Riemannian space, then the fibred space is locally the Riemannian product

of the base space and a fibre.

4. Conharmonically flat fibred Riemannian space

Let M be a conharmonically flat fibred Riemannian space with totally geodesic

fibre and m = dim M > 2. Then, by use of (2.3) and (3.2), we have

(4.1) (m=2)(**VyLap®+La®yLep®) = —(Sab—2Lbec La®)0S— (S +Laey L) gas.
If we contract (4.1) with respect to b and d, then we get

(42)  (m=2)Laey L% = (K = 2LIP)8S + n(5,® + Laer L*°),

and that

(4.3) (m— 2)||L||2 =p(i — 2||L||2) + n(I;' + “L||2),
that is
(4.4) (3p - 2)||L||2 =pK +nk.

Since the scalar curvature I vanishes in the conharmonically flat space, we obtain
(4.5) K+ K =|L)?

from (3.10). If we consider (4.4) and (4.5), then we have

(4.6) 20— 1)K+ (3p—2-—n)K =0.
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From (2.3), (3.1) and (3.7), it follows

. 1
(4.7) Raco” — Lg®cLep® + Le® Lap® + 2L4. Ly, = - 2{de5§ + Sc*gap — Scp0y

—S54%gcb — 2(Lde Lo 03 + Lee L cgdp — Lee*Lo® 03 — LaeeL®*“geb) }-

Contracting (4.7) with respect to a and d, we have

(4.8) PSct = Kgep — (n + 3p — 2) Leee Lp** — 2||L||% ges,
that is
(4.9) (p—n)K = (2 -3m)||L|*.

If we assume that n = p, then L = 0. This fact and Lemma 3.1 give

Theorem 4.1. Let M be a conharmonically flat fibred Riemannian space with
totally geodesic fibre. Then M is locally the Riemannian product of the base space

and a fibre when n = p.

Hence, we see that

K
(4.10) Seb = ~— 9eb

from (4.8), that is B becomes an Einstein space. If we consider L = 0 and (4.10)

in (4.7), then we get

a I{ a
(4.11) Ry = W_—I)(chﬂﬁ — 9bad;),

that is B is a space of constant curvature.

1S
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Theorem 4.2. Let M be a conharmonically flat fibred Riemannian space with

totully geodesic fibre. Then the base space is a space of constant curvature when

n=np.

On the other hand, by use of L =0, (2.3), (3.3) and (3.9), we see that

D a 1 ' « S ax Q (o Q. ax
(4.12) Rsyp® = 2{5ﬁ65~, + 55995 — 54505 — S6%91s}-

m —

If we contract (4.12) with respect to « and 4, then we get

_ K _
(4.13) Sy8 = —0p-
p
Hence if we substitute (4.13) into (4.12), we obtain

_ K
R\ p® = ——— (94805 — §ps02).
5@ p(p-—l) (g‘Yﬂ é 9ss ‘7)

Thus we have

Theorem 4.3. Let M be a conharmonically flat fibred Riemannian space with

totally geodesic fibre. Then each fibre is a space of constant curvature when n = p.

Finally, if we consider (4.5) and Theorems 4.1, 4.2 and 4.3, then we have

Theorem 4.4. Let M be a conharmonically flat fibred Riemannian space with

totally geodesic fibre and n = p. Then M is locally the Riemannian product of two

spaces of constant curvature with constant scalar curvatures K and — K respectively.
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