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ABSTRACT. We study the twisted product manifold with vanishing conharmonic
curvature tensor which is invariant under the conharmonic transformation, and char-
acterize the total space, base space and each fibre.

1. INTRODUCTION

For a generalization of the warped product of two Riemannian manifolds in-
troduced by Bishop and O’Neill [2], Chen [3] introduced the twisted product of
two Riemannian manifolds in order to construct a large family of totally umbilical

submanifolds.

In general, the harmonicity of functions is not preserved by the conformal trans-
formation. In this point of view, Ishi [4] introduced the conharmonic transformation
which is a conformal transformation with preserving the harmonicity of a certain
function. The conharmonic curvature tensor is invariant under the conharmonic

transformation.

In this paper we study the twisted product manifold with vanishing conharmonic

curvature tensor and characterize the total space, base space and each fibre.
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2. PRELIMINARIES

Let (B, g) and (F, §) be Riemannain manifolds with dimensions n and p respec-
tively, and f a positive differentiable function on B x F. Let 7 : B x F — B and
0 : BxF — F be the canonical projections. Then, the twisted product M = Bx ¢ F

is a differentiable manifold B x F, equipped with the metric G defined by
(2.1) G(X,Y) = g(m.X,mY) + f2§(0.X,0.Y)

for any vector fields X and Y on B x F. If the function f depends only on the point
of B, then B x F is a warped product. For a local coordinate system (u®) of B, the
metric tensor g has the components (gy,). Similarily, for a local coordinate system
(u®) of F, g has the components (g,,). Then with respect to the local coordinate

system (u®,u”) of M, G has the components
0
2.2 Gp)= (% . )
22) @)= (% o
Throughout this paper, the ranges of indices are as follows :
iajvky"' : 1’23"' mt+p=m
a,b,c,---:1,2,--- . n
T,y 2, :n+1,--- ,n+p
unless otherwise stated.
Let V, (resp. V) be the components of the covariant derivative with respect

to g (resp. g) and {2} (resp. {;;}) the Christoffel symbol of g (resp. g). Then the

Christoffel symbols { ﬁ} of G on M are given as follows
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2. 3) {&}={&},

(2 49) {5} = {5} + L(£,0 + £.02 - 25,2),
(2. 5) {2} = 4 a2

(2. 6) {8} = ~F1°Gay

and the others are zero, where f, = 3‘% and f, = 56“-%.

Let R, R and R be the curvature tensors of M, B and F respectively. Then we

have

2.7 Rya® = Racy®,

(2. 8) Razy* = 3(0afy)8% ~ $(8af*)gzy — o fafybi + Frfaf*Fays

(2. 9) Razs® = $(Vafs)6Z, Razy® = —f(Vaf*)day,

(210)  Reys® = —f(0f")gyz + £(By )Gz — f* fyGez + £ fulyz,

(2.11) Ruys® = Ry + H(Va )85 +(Vy )82z — (Vo )Gy — (Vy f2)62}

_Tzf(fzfzézl,u + fyfwga:z - f:cfwgyz - fyfz‘s:tn”)
+”fe”2(grz‘5;) - gyz(s;;v) - ]L{f#l_(gyzé;l;” - ga:zéz,v)v
and the others are zero.

The components of Ricci tensors are given by

(2-12) Sab = Sab - %(Vafb),
(213) S’am = _(p - 1)(%80.)(:: - _li'fafz;)a
(2.14) Sye = Sye — F(DGyz — 3 (B Gy — EF2V, f,

+2222 £ £~ (0= DI elP8ye — B2 ful 20,

where Af =V f¢,Af =V.f* and S, S and S are the Ricci tensors of M, B and F

respectively.
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Let K, K and K be the scalar curvatures of M, B and F respectively. Then

we have

(215) K =K+AK-2(0f)- 230 (Af) — 2B £, |j2 — =Ne=1 £ 2

3. CONHARMONICALLY FLAT TWISTED PRODUCT MANIFOLD

A harmonic function w is defined as a function whose Laplacian vanishes. Let
p be a positive function on M. Then (M, g = e??g) is conformally diffeomorphic to
(M, g) and the conformal diffeomorphism ¢ : (M, g) = (M, g) is called a conformal
transformation. A harmonic function is not in general transformed into a harmonic
function by the conformal transformation. For the harmonic function w, @ = e**°w

may become a harmonic function for a suitable constant c. Then we obtain [4]

(3.1) Agi = Ve @ DP{A w + 2a(Agp)w + (4a + m — 2)p' (G;w)

+2a(2a +m — 2)||p;]|?w}.
Immediately we have

Proposition 3.1. Let w be a harmonic function on (M,g) and a = 2_—4_m‘ Then

the function w defined by (3.1) is harmonic for g if and only if

(3.2) Dgp+ 52| pi||? = 0, where m > 2.

In this point of view, Y. Ishi [4] called it a conharmonic transformation which is
the conformal transformation ¢ satisfying the equation (3.2). It is well known that

the conharmonic curvature tensor T' defined by

(3.3) Tkjih = Rkj,'h + ;‘_—2-(5,*6;‘ + g;—‘ﬁik - SijJ,’c‘ - S‘};g”)

DRy~ ERe s R

~—
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is invariant under the conharmonic transformation [4]. If T vanishes identically
on M, then we call M a conharmonically flat manifold. It is well known that the
conformally flat manifold is conharmonically flat if and only if the scalar curvature

vanishes.

Let M = B x; F be a conharmonically flat twisted product manifold and m > 2.
Then, the identites (2.7)-(2.14) and (3.3) imply

(3.4) Racy® = =25(Scb03 — Sap02 + Sa®geb — Sc®gas)

— a7 (03Vefo — 8¢V afs + 9o Vaf* — g Ve f*),
(3:5)  2FN(0afy)0; — "7 (Buf*)Fey — Pt fafyi + 25t fuf*Guy = O,

(3.6) 272 (Vafo)0; + Spadz + 7:{5: — f(AN)6Z — (A f)8Z — B2V, f*

+2ED £ 5 (p— 1)1 £el26% — BR2£, 1262 gba = 0,

(37) (n - 1){f(6:cfa)gyz - f(ayfa)gzz + fafyg:cz - fafzgyz} =0
and

Rzyzw = Tan;_)’(Szy(s;u + S;ugzy - Szzé;u - Sv;fgzz)

+ (mfz)f{(vyfz)‘s;;u + (szw)gyz - (Va:fz)é;u - (Vyfw)gzz}

(3‘8) “(‘ﬁ%ﬁ'(fyfz‘s;;u + fszgyz - fxfz‘s;f - fyfwgzz)
+ 2B o2 (3y20% — Gesb) + B | ful2(Gye0Y — G2262)

—'szzf(Af)(gyz‘sg - gxzé;”) - (m_fzj'f(Af)(gyz‘s}: - gzzé;”)-

Since the scalar curvature tensor vanishes on the conharmonically flat manifold,

we obtain
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(3.9) K+ 4K -2(Af) - 20 (Af)
—2 | f||2 — E=UE=D | £ |12 =0

using (2.15). We also have
(3.10) (p—1(n - 1){$(8afy) - fsfafy} =0

by contracting (3.5) with respect to z and z .

Due to the following equality

%(aify) - 71,fdfy = 040y (log f),

for p # 1 and n # 1, f is a product of certain functions f* on B and f on F.

Now Theorem 3.2 can be easily shown if we consider the fibre with the metric

g::y = fzgzy-

Theorem 3.2. If, for p # 1 and n # 1, the twisted product manifold M = B xs F
of the Riemannian manifolds B and F' is conharmonically flat, then M is the warped

product space B x¢. F* of B and F™.

Using (3.6), we can get

(311)  2AVuf +pSia+ F (K —pfAf - XU (A
— @=L 7,112 — p(p ~ D)l|fell*}gba = 0

and

(3.12) pK + 2K — Z(Af) - 2D (A f)

— 2= | £ |12 — 2EEER £ |12 = 0.

| 3.4 S

.-
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Now
(3.13) (n—p)K = 2EUAf

due to (3.9) and (3.12).

Using (3.4) and (3.13), we obtain
(3.14) PSes = 32K g — B2V £y,
Hence we can state

Theorem 3.3. Let M = B x; F be the conharmonically twisted product manifold

of B and F. If K is constant and n = 2, then B 1is the space of constant curvature.

If K =0, then the identity (3.14) implies
Seb = =272V fs
and that the curvature tensor of B is reduced to
Racp® = 725(8cb65 + S3gcb — SbadS — S2gba)
due to (3.4). Thus we have

Theorem 3.4. Assume that the twisted product manifold M = B xy F of the
Riemannian manifolds B and F is conharmonically flat. Then the base space B

with n > 3 is also conharmonically flat if and only if K = 0.

Now, if we contract (3.8) with respect to z and w, then we get

17
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nSyz = Kgyz + ﬂttf;zlvyfz + g#Z(Af)gyz
(3.15) _@Sjgf_ﬂfyfz + n(p—a)—gpz—l)(zi—ﬁ ”f:z”2gyz

+(n = p)(p — DllfellPy= — 2(p — 1) F(AS)Fyz,

and (3.15) implies
(3.16) K = 22 (Af) + =@ £ |12 4 p(p — 1) fell?

for n — p # 0 where K is the scalar curvature of F.

Using (3.16), (3.15) is reduced to

(317) Syz = LnT_vafz + @gyz - gI)Tgl)fyfz

+ 82121128y + (0 — D fell?Gys.
If we consider the case of p = 4, then
(3.18) K = $(Af) +12||fe| .
The condition K = 0 leads the identity (3.18) to
(3.19) Af +2fllfell”> = 0.
Integrating (3.19) on B x F, we have

(3.20) Joxp F*BDAV + [, p 2f | felPdV =0,

where f = f*f was introduced in Theorem 3.2.

—
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Theorem 3.5. (Green, [5]) On a compact orientable Riemannian space M, we

have
fM(GjiVjij)dU =0

for any scalar field f, where do is the volume element.

If we assume that F' is compact, then

(321)  [fpop S (BHAV = f5 f*dVp [p(Af)dVE =0

using Theorems 3.2 and 3.5. Therefore, from the equation (3.20), we see that
fllfell> = 0, and from the equation (3.19), we see that Af = 0. Using the identities
(2.2), (2.4) and (2.6), the Laplacian A f becomes

(3.22) Af =GRV, = Af + 2 + Blfll? + B2 £
Since Af =0 and f. = 0, we obtain
(3.23) Af = 22|50

The following is the well known lemma by Hopf.

Lemma 3.6. (Hopf, [5]) Let M be a compact Riemannian manifold. If f is a
function on M such that Af > 0 everywhere (or Af < 0 everywhere), then f is a

constant function.

The following theorem can be deduced from the equation (3.22) and Hopf’s

Lemma.

19
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Theorem 3.7. Let M = B xs F be the conharmonically flat twisted product mani-
fold of compact Riemannian manifolds B and F with K =0. Ifp=4 andn # 1,4,

then M is the Riemannian product of B and F.
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